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HOMOMORPHISMS OF COCOMPACT FUCHSIAN GROUPS
ON PSLy(Z,[x]/( f(x))
BY
JEFFREY COHEN

ABSTRACT. We obtain conditions under which PSL(Z,.[x]/(f(x))) is a factor of
(I, m, n). Using this, certain results about factors of cocompact Fuchsian groups are
obtained. For example, it is shown that:

(1) T has infinitely many simple nonabelian factors.

(i1) T has factors with nontrivial center.

(iii) For each n, there exists m such that I" has at least n factors of order m.

Further, all factored normal subgroups can be taken torsion-free. Also, new
Hurwitz groups and noncongruence subgroups of the modular group are obtained.

1. Introduction. Any cocompact Fuchsian group I' may be represented as a
(discrete) subgroup of PSL,(R) where R is an algebraic number ring. The group T,
therefore, has finite factors which are subgroups of PSL2(§), where R is a finite
quotient ring of R. For R = GF(q) this situation has been investigated in [7] with T’
restricted to the class of triangle groups. We shall rework [7] for more general R and
obtain generalizations of Theorems 6, 7, and 8 of that paper. Explicitly, new
noncongruence subgroups of the modular group and new Hurwitz groups will be
constructed.

From our results on factors of triangle groups it is not particularly difficult to
obtain results on factors of arbitrary cocompact Fuchsian groups I'. For example,
the proof of a folk theorem emerges. This is a demonstration that ' always has
simple nonabelian factors, a fact which seems not to be found in the existing
literature and which will enable us to generalize the Bundgaard-Nielsen-Fox theorem
and a result of Leech as was promised in [1]. While investigating Hurwitz groups,
Leech [5] found a miscalculation in [9], an early and otherwise excellent paper
pertaining to Hurwitz groups. This led Leech to ask whether a Hurwitz group could
have a nontrivial center—a question he answered affirmatively in [6] and which
could also be resolved by the methods of [1], as noted there. Here, however, it shall
be further established that any cocompact I' has a torsion-free normal subgroup N
such that I' /N has nontrivial center. Finally, we shall generalize a result of [1] by
proving (see Theorem 8) that no bound exists for the number of factors of I' having
fixed order.

Received by the editors June 30, 1980 and, in revised form, April 22, 1981.

1980 Mathematics Subject Classification. Primary 20H10: Secondary 20HOS, 20H15, 20H2S.

Key words and phrases. Cocompact Fuchsian group, noncongruence subgroup of the modular group,
Hurwitz group, simple factor, factor with center, matrix group over Z,[x].

©1984 American Mathematical Society
0002-9947 /84 $1.00 + $.25 per page
571



572 JEFFREY COHEN

2. Ring theoretic preliminaries. Let ¢ = p™ for p a prime number. Then GF(q) (the
field of g elements) is the homomorphic image of Z[a] where « satisfies a poly-
nomial f(x) € Z[x] of degree m which is irreducible modulo p. We define Z .[«] to
be the ring homomorphic image of Z{a] modulo p”, or more explicitly,

m—1 Z .[x]
Z.al=1 D aa:a, €2, =2
g { : ’ } (f(x))

i=0

with multiplication subject to f(a) = 0.
PROPOSITION 1. | Z .[a]|= (p")" = q".
As usual, if R is a ring denote its group of invertible elements by R*.

PROPOSITION 2. | Z%[a]|= ¢"" (¢ — 1). In fact {po: 0 € Z,.-\[al} is the set of
noninvertibles of Z . a].

PROOF. Let Z,.[a] 4 Z,[a] be the natural epimorphism. We need only show that
o € Z[a] if and only if #(¢) # 0. If m(0) # 0, then as Z,[a] is a field one can
choose 7 so (1) = (7(0))™". Thus 7#(o7) = 7(0) - 7(7) =1 so that o1 =1+ pV
for some V € Z,.-[a]. Letting o’ = r3/-(-pV) it follows that oo’ =1+
(-D""(pV)" =1 so that o is invertible; since invertibles map to invertibles, the
converse is clear.

3. Matrix groups over Z,.[a]. As usual, let SL,(R) denote the group of all 2 X 2
matrices of unit determinant. Bucking tradition, define PSL,(R) = SL,(R)/{=I};
the reason for this definition is that for R = Z,.[a], PSL,(R) usually has nontrivial
center.

PROPOSITION 3. Let SLy(Z,:[a]) —0» SL,(Z,[a]) be the canonical homomorphism.
Then the SL(Z [ a])-conjugacy classes of ker 8 satisfy the following:

(1) If p # 2, each nonidentity class contains a unique representative of the form
I+ p(03) with o € Z,|a], unless 0 = 0 in which case there is another class whose
representative is obtained by conjugation of I + p(°3) by a matrix with nonsquare
determinant. In each nonidentity class the number of elements is given by

(a) g(q¢ — 1) if o is not a square and there are precisely 3(q — 1) classes,

(b) g(q + 1) if 0 # 0 is a square with 3(q — 1) such classes,

(c) (g + 1)(g — 1) if o = 0 with 2 classes.

(ii) If p = 2, there are 2™ + 1)(2™ — 1) conjugates of 1 + 2(°5) with 2™ classes of

this type. Further there exist 2™ central elements ('}?7,2,.) with 1 € Z,[a].

ProOOF. The kernel of 8 consist of those matrices I + pA where the trace of A4 is
congruent to 0 modulo p. Thus | ker | = ¢° and | SLy(Z,:[a]) |= q*(g+ 1)(g— 1)
so that to establish the proposition it suffices to compute the orders of the
centralizers of all elements in question. A simple computation yields that the
centralizer in SL,(Z,2a) of I + p(§) is

a oc+pk) 2 _ _
{(c a+ph).a,cEsz[a],h,kEZp[a],a oc’ + p(ah — ck) = 1}.
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Therefore if o is not a square, choosing a and ¢ so that not both are noninvertible
while choosing 4 and k arbitrary makes the quadratic polynomial take an invertible
value. Since this polynomial takes all nonzero values modulo p, it is clear it takes all
values in Z [ a]. By Proposition 2, the centralizer has order

(¢* = ¢*)a)q)/9(a—1) =¢* (g +1).
If 0 #0 is a square not both of a and ¢ are noninvertible. Now under this
restriction, however, the quadratic can equal 0 modulo p if a € {*c/o + p:
¢ € Zh[a), 7 € Z,[a]}. This set has cardinality (p,2)"'2(¢*> —¢)g. Thus the
centralizer order is given by

[(¢* - 4) ;;(izq—) 9)a)(9)(q) _ Pla—1) ifp2,

[(¢* —¢%) —(¢* —@)al(a)(a) _ .
(¢°—9q)

If 6 = 0 and p = 2, the above argument goes through. If 0 = 0 and p # 2 we have
that a = =1 + pr with 1 € Z,[a], ¢ € Z2[a] and k € Z,[a] may be chosen arbi-
trary forcing h. Thus the centralizer has order 2¢(g2)(q) = 2¢*. Since the determi-
nant of any matrix centralizing ({) has square determinant, one obtains another
class in the prescribed manner. To see that all conjugacy classes have been accounted
for, note that

4:24m

ifp=2.

0 o) _
det(l 0)"0

and that
1+3(g-Dalg—1D) +3(g=Dqlg+1)+23(g+1)(g—1) =¢°,
2m2m + 1)(2m — 1) +2m = 2%,
Both answers are the same number as | ker 6| .

COROLLARY 1. Suppose p # 2 and tr(A) = tr(B) =0 (mod p). Then I + pA is
SL,(Z,:[a])-conjugate to I + pB if and only if det A = det B (mod p), provided
det A = 0. If det A = O then there is one other nonidentity conjugacy class.

Suppose p = 2 and that A and B are not multiples of I with tr(4) = tr(B) =0
(mod2). Then I+ pA and I + pB are conjugate if and only if det A =det B
(mod 2).

PROPOSITION 4. Let n = 3,

4= l+pa 1+ pc
"\ pp 1+pd]

Then over Z 2[al,

An=

1+ plna+ (6] n+pl(5)a+ ()b +ne+ (5)d] )
npb 1+ p[(3)b + nd]
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In particular if p = 5,

A”:(l ”).
0 1

CoROLLARY 2. For p =35, SLyZ,[a]) contains no subgroup isomorphic to
SLy(Z,[a]).

PRrOOF. (Induction on n.)

ProOOF. Since PSLy(Z,[«]) is simple, the only nontrivial normal subgroup of
SLy(Z,[a]) is (*1). Thus any subgroup G of SLy(Z,:[a]) with G = SL(Z,[«])
must meet Ker @ trivially. Hence /G is an isomorphism so that G contains an
element of the form 4. Thus I # A? € G N Ker 6.

For n=n’ let 6;: SLy(Z,.[a]) = SLy(Z,.[a]) denote the canonical homomor-
phism. Then the following are clear:

" = identity, 62 =0;

17

6/.0" = 6. whenevern=n’=n".

LeMMA 1. Ker 0", is an elementary abelian p-group of order q°.
PrROOF. Since Ker8' , = {I+p""'4: r4=0 (mod p)}, it follows that
| Ker 6", |= g>. To see that Ker 8 , is elementary abelian, note that since 2n — 2
=n,
(1+p"~'4)(1+p""'B)=p" (A +B)+p*" 4B+ I
=1+4+p"(4+ B) (mod p").
Thus (I + p"~'4)? =1 + p"~'(pA) = I so that Ker 6, has exponent p.
A simple induction now yields

PROPOSITION 5.
ISLy(Z,-[a]) 1= ¢*"2(¢ + D(¢ — 1),

_ [a(g + (g —1),
|PSL2(ZPn[d]) |= {%q:;n-Z(q + 1)(q — 1) otherwise.

THEOREM 1. Suppose G <SL,(Z,:[a]) and 6(G) = SI(Z,[a]). If p = 3, further
assume tat G N Ker 8 # (1). Then G = SLy(Z:[a]) when p # 2.

PROOF. Let H = G N Ker§. Then by Lemma 1, Ker @ is abelian so that H <
(Ker 8, G)= SLy(Z,:[a]), because 6/G is surjective. By Corollary 2 if p = 5, then
H # (1) and, by hypothesis, if p = 3, H # (1). Thus H is a union of conjugacy
classes so that by Proposition 3 there exist nonnegative integers a, b, c, i with

(*) pP'=|H|=1+aq(qg—1)+bg(qg+1)+3c(qg+1)(g—1),

1<i<3m, 0<c<2, 0<ab<i(qg—1).
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Thus p divides 1+ 3c(g+ 1)(g— 1) = [cg®> + 2 — ¢)]. As (p,2) =1, we have
P | (2 — ¢) so that by (*) ¢ = 2. Therefore by Proposition 3 and normality of H, H
contains all GL,(Z,[a])-conjugates of S = p({9). Hence for all o € Z¥[a], by
Corollary 1,

0 o

T=1+p(0 0

Jen
By multiplicative closure ST € H and

ST=1 +p((1) 8)

By Proposition 3, H contains elements from each SL,(Z,:[a])-conjugacy class of
Ker 8. This, together with the normality of H, yieids that H = Ker 6, proving the
result.

THEOREM 2. Suppose G < SLy(Z .[a]) and 87 /G is surjective.

(@) Ifp =5, then G = SLy(Z [ a]).

(b) If p = 3 and 6(G) N Ker 67 # (1), then G = SLy( Z;.[a]).

(c) If p = 2, 0] /G is surjective, and 07(G) N Ker 8 # (1) then G = SLy(Z,.[a]).

PROOF. If n = 2 this 1s just Theorem 1. Suppose n > 2 is minimal for a counterex-
ample. Since by hypothesis

SLZ(Zp[a]) =07(G) = 677'67_,(G),
it follows by induction that
6;_(G) = SL,(Z,.:[a])
and therefore
SL,(Z,-[a]) = G N (Ker 6, ,).

Let p be a Sylow p-subgroup of G and H = P - (Ker8"_,) so that H is a Sylow
p-subgroup of SL,(Z.[a]). Let T € Ker §,_,; then

T=I+p" 4= ltlpnﬁla prie )
p" b 1—p"la
Define
_ I+p" 24 ifn=4,
B {(1 + 1p*(a* + bc))(1 + pA) ifn=3.

Thenif n = 4,
detS=1-—p*" *a?+bc)=1.
If n =3,

det S =[1+ §p*(a® + be)’[1 = p*(a® + be)]
=[1+ p2(a® + be)][1 — p*(a® + be)] = 1.
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Therefore S € Ker 8" a normal p-subgroup of SL,(Z,.[a]) so that S is a member of
every Sylow p-subgroup and in particular S € H. Now if n = 4,

P
SP = (1 +pn—2A)P =1 _l__Pn—IA +pn 2 (‘l;)pj(n—Z)—nAj
J=2
=1+p4=T.
If n = 3 a similar calculation shows that S” = T. Thus T is in the Frattini subgroup
of H so that P = H and the result follows.

THEOREM 3. Suppose Z,[a] is not GF(3). Then SL,(Z;.[a]) contains no subgroup
isomorphic to SL,(Z,[a]) unless n = 1.

PROOF. Suppose n =2 and G < SL,(Z;:[a]) with G = SL,(Z;[a]) and Z;[a] #
GF(3). Then PSL,(Zy(a)) <4 SL,(Z,[a]) so that 6]'/G is an isomorphism. Let
G= 67(G); then 62/G is an isomorphism. Let ¢ € Zy:[a] be arbitrary; then since
62/G is an isomorphism, there exists a unique K € G with

1 + 3a o+3b)
3¢ 1+3d/°

As det K = 1, we deduce a + d = co (mod 3). Thus remembering we are working
modulo 3?2,

-

2 —
K3:(1 3(°+C°))eKer0,2rwG:{1}.
0 I

Thus 6 + co? = 0 (mod 3) so that either (i) 6 =0 (mod 3) or (ii) ¢ = ¢~' (mod 3).
Thus for all 0 € Z3[a],

(1)

K = 1 + 3a o+ 3b
"\ -3/ 1-3(a+ 1))

Let 0, 7 € Z%[a]. Then by multiplicative closure G contains a unique element of the
form

1+3a o+ 3b 1+3x 7+ 3y
(2) (—3/0 1—3(a+l))(—3/1- 1—3(x+1))
1+3a+x—o/r) 7+0+3(ar+y—o(x+1)+b)
“3(1/o+ 1/7) 1—3(r/o+a+x+2)

Now if 6=' + 77! = 0 (mod 3), then comparing (1) and (2) yields
atx—o/r=1/0+a+x+1 (mod3)
which yields
oc=1 (mod3)
so that Z;[a] = GF(3).

COROLLARY 3. If Z;[a] # GF(3), G < SL,(Z;:[a]), and 8 /G is an epimorphism,
then G = SL,(Z;.[a]).
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PrROOF. 6;(G) N Ker 67 # {1}, else 6;(G) is mapped isomorphically onto
SL,(Z,[«]) contradicting Theorem 3. Thus by Theorem 2(b), G = SL,(Z;.[«]).
The next order of business is the characteristic 2" case.

THEOREM 4. Suppose Z,[a] is neither GF(2) nor GF(4), G < SLy(Z,[«]), and 8} /G
is an epimorphism. Then G N Ker 07 contains some noncentral element.

PrOOF. Negate. By surjectivity, for G € Z,[a] there exists K in G:
K = (l + 2a o+2b)
2c 1+2d
so that

K2:(1+2C0 2o(l+a+d))
0 1+ 2co .

From det K = 1 follows a + d = co (mod2). As K* € G N Ker 67, by hypothesis
either (i) 0 =0 (mod2) or (iii) a + d =1 (mod2). Thus for all 0 € Z}[a], there
exists K € G with

K= 1+2a o+2b
\ 2/0 3+2a)

Moreover any L with §7(L) = (), 7) has the form K. By multiplicative closure for all
0,7 € Z}[a], G contains

(1+Za o+2b) 1+2x 7+2y
2/0 3+2a)\2/r 34 2x

:(1+2(a+x+0/7) T—0+2ar+y+b+ox)
2(1/0+ 1/1) 1+ 2(r/0+a+x)

Thus either 6™' + 77! =0 (mod2) which gives 6 =7 (mod2) or (by comparison
with K) (1 —0)' =77! + 67! (mod2). Hence if o and 7 are distict invertibles of
Z,[a], then 6? + o7 + 72 = 0 (mod 2) so Z,[a] < GF(4) contrary to hypothesis.

LEMMA 2. For G <SL,(Z,[a]) and Z,[a] < GF(4) if 0}/G is surjective, then
G = SL,(Z,[a)).

PrOOF. Let H = G N Ker §} so that H <1 SL,(Z,[a]) and hence H is a union of
conjugacy classes. By Theorem 4, H contains some noncentral element so that by
Proposition 3(ii) there exists 0 € Z,[a] with 4, € H where

_ 0 o
PRSTNIIN)

Let

(1+a?)o ac

a V(1 + a?)o

A, =1+2
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so that

V(A +a%0  (a+1)o | g
A A, =1+2 — | =1+2B
a+1 V(1 + &?)a

By normality of H and Corollary 1, A, and 4, A4, are elements of H. Since det B =0
(mod 2), H contains all / + 2C where det C = 0 (mod 2). Thus the following belong
to H fort € Z,[a]:

[1+2(‘1) g)”1+2(8 8)] :1+2(?
).

RS IR IR | EYRE

By Proposition 3(ii), H contains representatives of all conjugacy classes of Ker 2.
Since H is normal, this implies that H = Ker ;.

oS O3

3

THEOREM 5. If G <SL,(Z,.[a]), n=3, and 6}/G is surjective, then G =
SLy(Zy.[a)).

PRrOOF. (Induction on n.) We need only show that Ker§_, is contained in the
Frattini subgroup ¢ of a Sylow 2-subgroup of SL,(Z,.[«]).
Case n = 3. Note first that

z) a= —d+ 2bc (mod4)}.

3 4= |a
Ker 6, {I+2A.A (c 27T 1

Squaring a typical element of Ker 6; yields a typical element of ¢:

1+ 4(d*+d+c+ be) 4b
4c 1+ 4(d*+d+ bc)

(l+2a 2b )2:
2¢ 1+2d

As a — a® sets up a (2.1) correspondence on Z,[a] we note that these squares form a
subgroup of index 2 in Ker 6;. Since some diagonal matrix lies in the nontrivial coset
it merely remains to show that all diagonal matrices are in ¢. Let

(1 1 (1 0 _ (1 4c)
S‘(o 1)’ T—(4c 1)’ v (0 1/

Then STS™'T-'U € ¢ and a calculation shows that [S, T|U = (1 + 4¢)I. Inductive
step: If n =4 and tr 4 = 0, then det(1 + 2"724) = 1. Thusif 1 +2"7'4 € Ker ",
then 1 +2"7'4 = (1 + 2" 24)* € ¢.

COROLLARY 4. If G < SLy(Z,.[a)), Z,[a] £ GF(4), and 8] /G is an epimorphism,
then G = SL,(Z,-[a]).

PROOF. This is an immediate consequence of Theorem 5 and Lemma 2.

4. Some more ring theory. For x an indeterminate and f(x) € Z[a][z] let f(x)
denote the canonical image of f(x) in Z,[a][x].
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LEMMA 3. Suppose that over Z[a]x], f(x)g(x)= h(x), degh = degh, and
(f1» &) = 1 (mod p). Then for each n, there exist unique f,, §, € Z,.[a][x] with

(i) deg [, = deg f,, deg f,, deg g, = deg g,

(ii) f, = f (mod p), g, = g (mod p),

(i) h,(x) = £(x)8,(x).

PROOF. By induction /,(x) = f(x)g,(x) + p" " 'k(x) € Z,[a][x], deg f, = deg f,,
deg g, = deg g, f, = f, (mod p), and g, = g, (mod p). Thus following Euclid, there
exists S(x), ((x) € Z,[a][x] with

(a) deg s < deg f,

(b) sg, + tf, = k (mod p). Take

LX) =F(x) +p7'S(x),  g.(x) = g,(x) +p"1(x).
Then
fo8n = 18+ p" (S8, +1f,) =k, (mod p").
From (a) deg f, = deg f, = deg f, so that
deg g, = degh, — deg f, = deg h — deg f = deg g,.

Uniqueness follows similarly.
REMARK 1. Lemma 3 obviously extends to n factors by an easy induction.

COROLLARY 5. Z,.[a] is isomorphic to Z,.[ Bl iff | Z,-[a]|=| Z,.[B]] -

PROOF. Suppose g(x) € Z[x] is a monic polynomial with g,(8) = 0 and such that
g,(x) is irreducible. As all irreducible polynomials of degree m split over Z, [a] =
GF(q), it follows from Remark 1 that g,(x) is a product of linear factors over
Z .| a]. Taking the constant term B’ of one of these and mapping B’ to 8 induces an
isomorphism.

S. Generation theorems for PSL,(Z,.[¢]). In this section certain results that
appear in [7] for n = 1 will be shown to hold for arbitrary n. Just as in [7], denote by
E(a, B,v) the set of all (A, B,C) with trace4 = a, trace B= B, traceC = v,
det A =detB=detC=1,ABC=1.

THEOREM 5. If o® + B* + y* — afy = 4 (mod p), then E(a, B,v) # ¢. In fact if
a=a B=PB,and Y=y (mod p) and (A, B,,C,) € E(&, B, Y), then there exists
(A,, B,,C,) € E(a, B, ) congruent to (A,, B, C,) (mod p).

PROOF. Let

A=(01 1) and B:(x y)

_ a zZ w

and as in [7] find that (4, B, B"'A™") € E(a, B, v) if f(z,w) = 1 + Z%? + w? + azw
— Bw — yz =0 (mod p") is solvable. In [7] this was proven possible with n = 1
after perhaps permuting (a, 8, y) which we assume done. By induction there exist z,
w, T € Z,.-1[o] with f(z,w) = 7p" (mod p"*1). In an attempt to solve the equation
by perturbing (z, w)letZ = z + ijp" and w = w + jp", so that

f(z,w) =1p" +[i(2z + aw — v) + j(az + 2w — B)] p".
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If 2z + aw — y € Z}»-1[o], then taking i =7/(2z + aw — y) and j =0 (mod p)
yields the desired solution with a similar statement for az + 2w — B. This procedure
fails only if

2z+aw =y

(1) az +2w =S (mod p)

which we shall show cannot occur.
Case 1. p # 2. Multiplying the first equation in (1) by z, the second by w, and
adding yields

20z +azw+w?)=Bw+yz (modp);
since f(z, w) = 0 (mod p) this implies that
(3) Bw+yz—2=0 (mod p).

An immediate consequence of (1) is that (4 — a®)z =2y — af and (4 — o®)w =28
— ay so that using (3) one finds

2(4 - a®) =(Bw + yz)(4 — &) = B(2B — ay) + ¥(2y — aB) (mod p)
which simplifies to a®> + B2 + y2 — aBy = 4, contrary to assumption.
Case 11. p = 2. The previously mentioned permutation need only be effected if
a = 0. By hypothesis (a, 8, v) Z 0 (mod 2). By (1) w = y/a and z = B/a so that

0=f(z,w) =1+ B%/a*+v?/a* + aBy/a* — YB/a
which implies the same contradiction as obtained in Case I.

COROLLARY 7. Suppose p} Imn and there exists {+ A}, (=B} € PSLy(Z,[0]) such
that

(i) (tr 4)* + (tr B)* + (tr AB)> — (tr A)(tr B)(tr AB) = 4 (mod p),

(iiy A" = B" = ABC = C = I (mod =).
Then there exist A, B, C € SLy(Z,[0]) such that

8;(4) =4, 6{(B)=B, 6;(C)=C
and
A'=B"=C"=ABC=1 (mod =I).

PROOF. Since p}|A|, it follows that 4 diagonalizes with primitive sth roots of
unity on the diagonal where S € {/,2, /}. Thus the trace of 4 is the homomorphic

image of A = VT +1 / VT, taken as a member of an algebraic number ring. Exactly
the same holds for B and C where one obtains say u and v. Mapping A, 4, v modulo
p" and applying Theorem 5 proves the corollary, since the projective order of a
matrix with characteristic polynomial x2 — Ax + 1 is /.

It is worth noting that the quadratic form condition of Theorem 5 is equivalent to
the statement that the trace of 4 'B~'AB is not equal to 2. Another fact of utility is
that o> + B2+ y> — aBy — 4 is -4 times the determinant of the quadratic form
g(&,1,8) =&+ n* + {2+ and + BEE + vén. Thus if p # 2, the Q factors if and
only if this quantity vanishes. That Q also factors in characteristic 2 precisely under
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the same condition is easily checked. In [7] any triple (4, B,C) € E|(a, B, v) that
causes Q(a, B, y) to factor is called singular and it is proven that such triples always
generate solvable groups.

DEFINITION. A finite group is said to be a ([, m, n) := (x, y, z: x' = ym" =z" =
xyz = 1); this latter group is called a triangle group.

COROLLARY 8. Suppose Z,[0] # GF(q) for q € {2,3,4}. Then PSL)(Z[0]) is a
(1, m, n)-group iff PSL,(Z,[a]) is, provided that p t Imn.

PROOF. Since PSLy(Z,[0]) is not solvable, no generating (/, m, n) triple can be
singular. Thus if PSL,(Z,[«a]) has a generating (/, m, n) triple, then by Corollary 7,
this triple lifts modulo p”. By Theorem 1 and Corollaries 3 and 4 this new triple must
generate PSL,(Z,[0]).

COROLLARY 9. SL,(Z,) can be generated by two elements of trace 2 whose product
has trace -2, provided that p # 2.

PROOF. A matrix realization of (2,2, -2) is

A:(—Ol ;) B:((l) ‘11) C:(_lz —01)'

The result follows from parts (a) and (b) of Theorem 2 since over Z, the relation
I # B® € Ker 6} holds.

This is our analogue of Theorem 7 of [7]. The analogues of Theorems 5, 6, and 8
of [7] follow.

CoroLLARY 10. Suppose Z,[o] # GF(q) for q € {2,3,4} and that Z,[o] =
Z,la, B, Y]. Assume that (@, B, ¥) is neither exceptional, singular, nor irreguiar (see [7]
for definition), and that (a, B, v) € (Zpr[o])3 is congruent modulo p to (a, 3, v). Then
there exist (4, B, C) € E,(a, B, v) such that (A, B)= SLy(Z,[0]).

Next, a result of Newman (see [8]) will be slightly strengthened.

CorOLLARY 11. If | Z,[0]|> 13, then PSL,(Z,[0]) is a factor of the modular group
modulo a noncongruence subgroup. In particular if n has a prime divisor = 13, and T
denotes the modular group and T, the principal congruence subgroup at level n, then
there exists N <<T with T /N =T /T,.

PROOF. Let |Z,[0]|= ¢ and n = g + 1. As usual let y be the trace of a 2 X 2
matrix over the algebraic integers, whose order is n and let y, denote y’s image in
Z,[o]. It is how in [7] that any (0,1, ,) triple generates PSL,([0]). Thus by
Corollary 10 such a triple exists and lifts to a (0,1, v,) triple which generates
PSL,(Z,[o]). That the normal subgroup is noncongruence follows at once from the
Fricke-Wohlfahrt theorem of [10]. To prove the second part note thatif n = [[¢ 5 p®
then

T/T,~ [ SLy(Z,u)/((-1,...,~1)).
ses

A fundamental result of Riemann surface theory appears in 3. This states that for
Riemann surface S of genus g, | Aut S |< 84(g — 1) with equality occurring iff S is
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uniformized by a group whose normalizer in LF(2, R) is isomorphic to (2,3,7).
Because of this (2, 3,7) has been the object of much study and its finite factors are
called Hurwitz groups.

COROLLARY 12. The group PSL(Z,[c]) is a Hurwitz group if and only if
() Z,/[o] = GF(7), or

(i) Z,[o] = Z, ifp == 1 (mod7), or

(i) | Z,[a]|= p® otherwise.

ProoF. This is a special case of Corollary 10. The reason that PSL,(Z,,) fails to
be a Hurwitz group is that by Proposition 4 every element of order 7 lies in Ker 2.

If (i) appears unsatisfactory we refer the interested reader to [2] where all Hurwitz
extensions of an abelian group by PSL,(7) (and hence certain algebraic curves that
cover the famous curve in [4]) are determined. Taking p = 2 in (iii) yields an infinite
family of Hurwitz groups with nontrivial center. If a subgroup of order 2 is factored
out of PSL,([o]) one obtains a factor of (2,3,7;9) also found by Leech in [6].

PROPOSITION 5. The center of PSL,( an[o]) is trivial unless p = 2 in which case its
order is

| Zy[o]ifn=3, §|Z,[e]|ifn=2, lifn=1.
The center is composed of diagonal matrix cosets.
6. Three generalizations of Bundgaard-Nielsen-Fox.
PROPOSITION 6. If (A, B, C) € E(a, B, ) then the trace of AB* is By — a.

LEMMA 4. Each infinite exceptional triangle group has PSL,( p) among its factors for
infinitely many p.

PROOF. (~1,y2,v2). By the results in [7] a matrix realization of this triple
generates either S,, PSL,( p) or PGL,( p)—the latter depending on whether p = =1
(mod 8) or not. By Proposition 6 some matrix in the generated group has trace 3.
Now S, contains elements whose orders are 1, 2, 3, and 4 and no others so that if S,
is generated then 3 € {0, =1, = V2 } which cannot occur p > 7. (Actually PSL,(7) is
a (3,4, 4)-group as well, since the commutator has order 7.) The remaining infinite
exceptional triangle groups are handled as follows where 6> + 6 — 1 = 0.

Group Trace Triple
2,5,5) ©,6,0)
3,5,9) (1,9,6)
3.3,9) (1,1,8)
5,5,5) 4,6,0)

LEMMA 5. Suppose (I, m, n) is not one of the following: (2,2, n), (2,3,3), (2,3,4),
(2,3,5), (2,3,6), (2,4,4), or (3,3, 3). Then there exist infinitely many prime numbers p
such that PSL,( p) is a homomorphic image of (I, m, n) where the generator of order [
(resp. m, n) maps to an element of order [ (resp. m, n).
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PrROOF. By Dirichlet’s theorem infinitely many primes are congruent to one
modulo 2 /mn. Let p be one of these. Choose a homomorphism (/, m, n) — SL,( p)
and suppose the associated trace triple is (a, B8, v). By Theorem 5 of [7] if PSL,(Z,)
is not generated, then either (l m, n) is exceptional, in which case Lemma 4 applies,
or g(a, B,v) := a®*+ B2+ y? — aBfy = 4. If no member of the trace triple is zero,
then replacing a by —a yields a nonsingular triple. Suppose a = 0 so that / = 2, fix 8
and note that g is a quadratic in y. Thus for groups in our list there can be at most
two traces associated with an element of order n and by symmetric argument the
same holds for m. Hence m, n € {2,3,4,6}. To see that (2,6, 6) and (2,4, 6) should
not be included in the above list consider the following triples and note that Q # 0:
(0,V3,V3),(0,v2,V3).

We now consider the following group:

(e 8) = {509z, = T x _H[y,,z]

i=1

If2g—2+2_,(1 —1/v,)>0, then I is called a cocompact Fuchsian group and
is infinite. It is known that a homomorphism of I' has torsion-free kernel if and only
if x, maps to an element of order », fori = 1,...,s. We set (v,,...,»,) = (v,,.. 9).

as,

THEOREM 6. Every cocompact Fuchsian group I has PSLy(Z,) as factor for
infinitely many primes p where the associated normal subgroup is torsion-free.

Proor. Let n = 8][;_,», and choose p an odd prime where p =1 (mod n). If

= 3, then setting z; =1 shows that the free product (»,,...,»,) with the free group
of rank g is a factor of I'. Without loss of generality », =», = --- = »_. Pick
A, EPSLy(Z,)sothat 4y =1 = (), 4,) where2<j<s—2and K= {(p + 1).
By the construction in Lemma 5 one may vary the choice of 4, so that (A4,, 4,) or
(A, Ay, A3) is PSLy(Z,) unless s = 3 and (v,, »,, »;) is one of the listed groups or
s = 4 and » = 2 for each i. In either case if g > 0, then one picks an image c for y, so
that (4,, C)= PSLy(Z)).

If s < 2, then I has as factor (i) (»; 1) or (ii) (»,, »,; 1). If (i) note that PSL,(p) is
a (v, k, k) group and that for some a, 8 € GF(p) this is exhibited by the trace
triple (a, B, B). Suppose (x, y~!, T) is a matrix realization of this triple. Then since
all matrices of trace B are conjugate there exists z € PSL,( p) with z7'yz = T so that

xy,z=xp 'z lyz=xp"'T=1
Case (ii) is handled similarly.

COROLLARY 13. Every cocompact Fuchsian group T has infinitely many simple
nonabelian factors.
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THEOREM 7. Every cocompact Fuchsian group T has a torsion-free normal subgroup
of finite index (in fact infinitely many such subgroups) such that I' /N has nontrivial
center.

PRrOOF. If T' has a nontrivial factor A4, then choose a nonabelian factor I'/M of T’
where M is torsion-free. By the Jordan-Holder theorem I'/M X A is a factor of T, If
I' has trivial abelianization, then g = 0 and the v, are pairwise coprime so that
PSL,(Z,[o]) is a factor of I" for approximate o. Choose a simple nonabelian factor
of I' as above and take the direct product

It is worth noting that T has factors with arbitrarily large center. To see this take a
direct product of SL,(Z,[0]) with SL,(p;) for suitable prime p;, and factor out

(-I,I,...,-I)).

THEOREM 8. Let T be a cocompact Fuchsian group. Then for each positive integer n,
there exists m so that there are at least n torsion-free normal subgroups of T’ of index m
whose factors are pairwise nonisomorphic.

PrOOF. Use Corollary 13 to obtain a torsion-free N <T' with I'/N a simple
nonabelian group. Set n = exp(I'/N) and { = e?""/"). Then I'/N acts on N/N’ by
conjugating and this action may be extended to N/N’ ® C. By a celebrated theorem
of Brauer Q({) is a splitting field for the irreducible characters of I'/N. Thus (see
§1, extension of Theorem 1) N/N’ ® C({) is the I' /N-module theoretic direct sum of
two representations of degree g where N = ( ; g). Equivalently, there exists a change
of base matrix C with C~/(Ny)C block diagonal with two g X g blocks for each
y € T. Now each entry of C is of the form I C(s;, i, j)§° where C(s; i, j) is
rational and clearly only finitely many primes are factors of the denominators of
these rationals. By Dirichlet’s theorem pick a prime number p with the following
properties:

(1) p = 1 (mod n);

(ii)) p does not divide the denominator of C(s;i, j) for s =1,...,¢(n), i,
j=1...,2g,

(iii) The Galois-theoretic norm of the determinant of C is not divisible by p.

By (i) for each i, there is a natural ring homomorphism Z[{] - Z.. By (ii) this
homomorphism may be applied to each entry of C. (Surely it may be applied to the
entries of the integral matrices that represent the action of Ny.) By (iii) the image
matrix C is invertible. Thus C~'(Ny)C is the direct sum of two g X g-block diagonal
matrices with entries in Z,.. Equivalently there exist N, < T, k = 1,2, so that

N/N'N? = N,/N'N? ® N,/N'N?".
Therefore if j < i, then I'/N’N/’ is an extension of (Z,)+(Z,,)8 by I'/N and
N/N’N{’ is the Fitting subgroup because I'/N is simple nonabelian. Hence letting
i +j=2(n— 1) and varying i between 0 and n — 1 gives n nonisomorphic factors
of T.
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