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PROJECTIVELY EQUIVALENT METRICS
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WILLIAM TABER

Abstract. This work examines the relationship between pairs of projectively

equivalent Riemannian or Lorentz metrics g and g* on a manifold M that induce the

same Riemannian metric on a hypersurface H. In general such metrics must be

equal. In the case of distinct metrics, the structure of the metrics and the manifold

are strongly determined by the set, C, of points at which g and g* are conformally

related. The space (M — C, g) is locally a warped product manifold over the

hypersurface H. In the Lorentz setting, C is empty. In the Riemannian case, C

contains at most two points. If C is nonempty, then H is isometric to a standard

sphere. Furthermore, in the case that C contains one point, natural hypotheses imply

M is diffeomorphic to R". If C contains two points M is diffeomorphic to S".

Introduction. This work considers the extent to which a Riemannian or Lorentz

metric is determined by its geodesies. Historically, this problem has been viewed as

an "inverse problem" in the calculus of variations. The problem is also related to the

classical works on affine and projective connections of Cartan, Thomas, Veblen,

Weyl and others.

As Hilbert and Cohn-Vossen point out in [5], this problem "... plays a certain

role in modern physics because the trajectories of material points [particles] are

regarded in the theory of general relativity as geodesies of a four dimensional

continuum [Lorentz manifold]." To observers in a space time, only information

concerning the trajectories of particles is available; the metric that determines these

trajectories must be obtained through the coupling of this available information with

the Einstein field equations.

An important result, which motivated the problems considered here, was obtained

by Alexander in [1]. Using techniques from geometric measure theory, Alexander [1]

proved the following

Theorem. Let d and d* be continuous distance functions on the plane such that the

straight lines are the shortest paths between points for both d and d*. If H is a simple

closed curve bounding a region U in the plane, and if for each pair of points p, q in H,

d(p, q) = d*(p, q), then d and d* agree throughout U.
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This result leads to the problem of differential geometry addressed by this work.

Suppose that g and g* are two metrics (either both Riemannian or both Lorentz) on

a manifold Af. Moreover, assume that g and g* are projectively equivalent (i.e. that

they have the same geodesies as point sets). Finally, suppose that they induce the

same Riemannian metric on some hypersurface (codimensional-one submanifold) H

of M. What is the relationship between g and g*?

After recalling the classical results concerning projectively equivalent and confor-

mally equivalent metrics, we consider the situation in which Af has dimension

greater than two and H has nondegenerate second fundamental form. Under these

hypotheses we establish that unless H possesses strong symmetry with respect to Af,

the two metrics agree throughout M.

In the situation in which the two metrics are distinct, the structure of (Af, g) is

strongly determined by the number of conformai points in Af, that is, those points at

which g and g* are conformally related. Under natural hypotheses the restriction of

the metrics to the complement of the set of conformai points are, locally, warped

product metrics. In addition, sufficient conditions are given to ensure that the

restricted metrics are global warped product metrics.

If g and g* are Lorentz metrics, then M contains no conformai points. In the

Riemannian setting, Af can have at most two conformai points. If, in fact, Af

possesses conformai points, then H is a metric sphere about each of them and is

isometric to a standard sphere. If Af contains a single conformai point whose

complement is a warped product manifold, then M is diffeomorphic to R". If Af

contains two conformai points, it is diffeomorphic to an «-sphere.

Alexander's Theorem also suggests the following: Suppose d and d* are distance

functions on a manifold M that have the same distance realizing curves. Moreover,

suppose that d(p, q) = d*(p, q) for each pair of points p, q belong to a hyper-

surface H bounding an open convex region U of Af, then d and d* agree throughout

U.

The author [14] has proved this assertion under the added assumption that d and

d* arise from totally convex Riemannian metrics on Af.

The above problems have much the same flavor as the problems addressed by

Muhometov [9] and Romanov [11] in their work on the "inverse kinematic problem

of seismology". Briefly, this problem asks that one determine the internal structure

of the earth by measuring the time required for shock waves to travel between points

on the surface. Muhometov and Romanov consider this problem to be equivalent to

the determination of a conformally flat, totally convex metric, g, on a bounded

region U of R" from knowledge of a geodesic distance function on the boundary of

U. If such a metric exists, it is shown to be unique.

Throughout this work the word " metric" will mean either Riemannian or Lorentz

metric. In statements concerning two metrics on a manifold it is implicit that both

are Riemannian or both are Lorentz. All manifolds and hypersurfaces are assumed

to be C°° and connected. Moreover, all hypersurfaces are assumed to be smoothly

imbedded. The tangent bundle to Af is denoted by FAf, the tangent space to M at p

by Mp, and the projection from FAf to M by tt. Adjectives referring to geometric

structures in Lorentz manifolds follow the conventions of Sachs and Wu [12].
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1. Projectively equivalent metrics.

1.1 Examples of projective equivalence. Two metrics on a manifold are said to be

projectively equivalent if the geodesies of one are, after suitable reparametrization,

the geodesies of the other. In other words, the metrics possess the same pregeodesics.

Two metric manifolds (Af, g) and (TV, h) are projectively equivalent if there is a

diffeomorphism P from M onto TV such that the pullback of h along P is projectively

equivalent to g. The map is called a projective equivalence.

The «-dimensional Riemannian spaces of constant curvature are locally projec-

tively equivalent. That is, if (M, g) and (TV, h) are two such «-dimensional spaces

then two points p and q of M and TV, respectively, have projectively equivalent

neighborhoods. The projective equivalences can easily be realized by isometrically

imbedding Af and TV as hypersurfaces in either (« + 1/dimensional Euclidean or

Minkowski space and using central projections. The following example illustrates

this idea.

Example 1.1.1. Imbed S"(k) and S"(r) [the «-spheres of constant curvature k and

r, respectively] in (« + l)-dimensional Euclidean space, E"+x, so that the two

spheres intersect in an (« — l)-sphere which is not a great sphere of either one. Let

E" be imbedded as the hyperplane in En+X that contains the intersection of the two

spheres. Using E", we shall construct a projective equivalence P from S"(r) to

S"(k) that is not a homothety. Furthermore, the pullback metric on S"(r) will give a

second metric projectively equivalent to the standard metric, such that both induce

the same metric on the (« — l)-sphere of intersection.

Express S"(r) as H+ (r) U S"'\r) U H~(r), where S"~\r) is the great sphere

of S"(r) parallel to E"; H+ (r) is the open hemisphere that is bounded by S"~](r)

and does not intersect E"; and H~(r) is the open hemisphere intersecting E".

Similarly, express S"(k) as H+ (k) U S"~\k) U H~(k). Define a map P from

S"(r) onto S"(k) as follows.

(i) Let P map H+ (r) onto H+ (k) by the composition of the central projections

from H+ (r) to E" through the center of S"(r) and from E" to H+ (k) through the

center of Sn(k).

(ii) In the same way, let P map H'(r) onto H~(k).

(hi) If p is a point of S"~x(r), let P(p) be that point q in S"_l(Är) such that the

ray from the center of S"(r) throughp is parallel to the ray from the center of S"(k)

through q.

One easily verifies that F is a diffeomorphism. It is clear by construction that P

carries geodesies of S"(r) to pregeodesics of S"(k). Furthermore, one can see that

the standard metric on S"(r) and the pullback metric induce the same metric on the

(n — l)-sphere of intersection, and hence cannot be homothetically equivalent (see

Figure 1.1).

By use of an intermediary hyperplane we can similarly construct local nonhomo-

thetic projective equivalences between any pair of constantly curved spaces. Note,

however, that in the case of negatively curved space H"(k) [«-dimensional hyper-

bolic space of constant negative curvature k], the imbedding is into (n + 1)-

dimensional Minkowski space. The center of the imbedding is the vertex of the light

cone asymptotic to the imbedding.
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s U)

Figure 1.1. Construction of a nonhomothetic projective equivalence between

S"(k) and S"(r).

1.2. Classical results on projectively and conformally equivalent metrics. We say that

two metrics g and g* on a manifold M are conformally equivalent if there is a positive

smooth function fon M such that g* = /g. We say g* is conformally related to g by /.

The following classical result relates the connections of g and g*.

Proposition 1.2.1. Suppose g and g* are metrics on M such that g* is conformally

related to g by a function f. If V and V * are the metric connections associated with g

and g*, respectively, then for vector fields X and Y on M,

VxY=VxY+[l/2f]{X(f)Y+ Y(f)X-g(X,Y)gradf)

where grad / denotes the gradient off with respect to the metric g.

The proposition may be proved by a straightforward application of the Koszul

formula,

g(VxY, Z) = \{Xg(Y, Z) + Yg(X, Z) - Zg(X, Y)
-g(X,[Y, Z]) - g(Y,[X, Z]) + g(Z,[X, Y])}.

For example, see the paper [8] of Kulkarni.



PROJECTIVELY EQUIVALENT METRICS 715

Just as we can state the relationship between the connections of conformally

related metrics on a manifold M, we can give the relationship between projectively

equivalent, torsion-free connections v* and v on a manifold. The following

fundamental proposition is due to Weyl [15]. A proof of statement (i) may be found

in Spivak's text [13]. The proof of (ii) is given in Eisenhart's book [4].

Proposition 1.2. Let M be an n-dimensional manifold with torsion-free connections

V and V*.

(i) The connections are projectively equivalent if and only if there is a unique

one-form « such that for all vector fields X and Y on M, VXY = \7XY + u(X)Y +

u(Y)X.

(ii) // V and V * are projectively equivalent metric connections corresponding to the

metrics g and g*, respectively, then the one-form « of (i) is exact. Moreover,

u = dln(Q) where Q is the function such that dV* = Q"+xdV, and dV and dV* are

the canonical volume elements associated with g and g*, respectively. [In coordinate

notation, Qn+X = xj\ det g* |/| det g |.]

As an immediate consequence of (ii) above, we see that if V and V* are

projectively equivalent metric connections, and X and Y are vector fields on M, then

V¿F = vxY + Z(ln Q)Y + Y(ln Q)X. Henceforth, the above equation shall be

referred to as the Weyl formula.

Propositions 1.2.1 and 1.2.2 provide an easy proof of the following classical result.

This theorem will be an important tool in establishing that, under suitable hypothe-

ses, a metric is determined by its geodesies and the metric it induces along a

hypersurface.

Theorem 1.2.3. // the metrics g and g* on the manifold M are projectively and

conformally equivalent and M has dimension two or more, then g and g* are

homothetically related.

Proof. Let g* be conformally related to g by the function /. Given any pair of

vector fields X and F on Af we can compute the difference, \7XY — VXY, by using

either Proposition 1.2.1 or 1.2.2. When the results of these two computations are

equated we see that all vector fields X and Y on M must satisfy the equation

o>(X)Y + o>(Y)X = [l/ (2f)]{df(X)Y + df(Y)X - g(X,Y)grad f}.

Clearly, this equation can be satisfied for all X and Y only if grad / is identically

zero on M. Thus / must be constant on Af and consequently g and g* are

homothetically related.   Q.E.D.

1.3. Warped product examples. An important class of metric manifolds, for which

one can construct projectively equivalent metrics inducing the same Riemannian

metric on a hypersurface, are the codimension-one warped product manifolds.

Definition 1.3.1. Let (M, g) and (TV, «) be Riemannian manifolds and let/be a

smooth, positive, real valued function on TV. The Riemannian warped product of M

and TV through fis the manifold Af X TV together with the metric, f2g + h, defined as

follows: If {X¡, Y¡) belongs to (M X N\p q), for i G {1,2}, then

(f2g + h\p,q)[{Xx, YX),(X2, Y2)] =f2(q)g(Xx, X2) + h(Yx,Y2).
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The semi-Riemannian warped product of M with TV through f is the manifold M X TV

together with the semi-Riemannian metric f2g — «. If the dimension of TV is one, we

shall call the semi-Riemannian warped product a Lorentz warped product. These

manifolds will be denoted by <3l(Af Xf TV) in the Riemannian case and t(M Xf TV)

in the semi-Riemannian case. When it is unnecessary to distinguish between the two

cases, we shall simply write Af Xf TV. The submanifolds Af X {q} will be called

leaves, and the submanifolds {p} X TV, fibers of the warped product. Finally, the

dimension of TV will be referred to as the codimension of the warped product.

We shall investigate the projective properties of the codimension-one warped

product manifolds in this section. Let (H, h) be a Riemannian manifold with metric

connection D, and let (I, m) be a one-dimensional, connected Riemannian mani-

fold. Finally, let a be a positive, smooth function on / and consider the warped

product (H, h) Xa(I,m). (There is no need to distinguish between the Lorentz or

Riemannian cases in the present context.)

If £ is a vector tangent to H X / at (p, u), then E can be expressed uniquely as

%(E) + L31t(£), where %(E) is tangent to the leaf H X {«}, and <Ül(E) is tangent

to the fiber {p} X / at (p, u).

The second fundamental form of the leaves, which measures the difference

between the connection V of ( H, « ) X a ( I, m ) and the connection D of the fibers,

may be used to obtain a (1,2) tensor T on (H, h)Xa(I, m). As in O'Neill's paper

[10], we define F by

TEF _= 9fc[v%£)3C(F)] + %[Voc(£W)]

for any vector fields E and Fon H X I.

Vector fields on H and / have canonical extensions to the warped product

manifold (H, h) Xa(I, m). More explicitly, we identify the vector field X on H (or

/) with the vector field (X,0) (or (0, X)) on H X I. (Here 0 denotes the zero vector

field on H or /, depending upon context.) These canonical extensions of the vector

fields on H and / are called the basic vector fields on ( H, « ) X a ( I, m ).

To keep notation manageable, whenever X denotes a vector field on H or /, we

shall also let X stand for the corresponding basic vector field on the warped product

(H, h) Xa(I,m). In addition to maintaining manageable notation, this convention

facilitates the comparison of covariant derivatives of basic vector fields with their

counterparts on H and /. For example, suppose X and Y are vector fields on /. A

straightforward application of the Koszul formula shows that VXY, the covariant

derivative of the basic vector field Y with respect to the basic vector field X on

H X I, is the basic vector field corresponding to the covariant derivative of F with

respect to Xon /. Thus we say V^-Fis the same on both (I, m) and (H, h) Xa(I, m).

Further application of the Koszul formula yields the following lemma due to Bishop

and O'Neill [3].

Lemma 1.3.2. Let X and Y be vector fields on I, and V and W vector fields on H.

Then

(i) VXYis the same on either Ior(H,h)Xa(I, m),

(ii) VXV = \7VX = TVX = ( Xa/a)V,
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(iii) m.iVyW) = TyW = -ah(V, W/)grad a,

(iv) %(VVW) = DyW.

The examples of projectively equivalent metrics constructed in subsection 1.1 are,

in fact, special cases of completed warped products of an (« — 1/sphere with an

interval ofF1. The above lemma enables us to generalize these constructions.

Moreover, as we shall see in §3, the following construction is essentially the only

possible construction of projectively equivalent metrics inducing the same Rieman-

nian metric on a hypersurface.

Proposition 1.3.3. Suppose that m and m* are metrics on I, and that a and ß are

positive smooth functions on I. The warped product manifolds (H, « ) Xa(I, m) and

(H, h) Xß(I, m*) have the same pregeodesics if and only if there exist constants c and

k such that

(i) ß2 = c2a2/(l +ka2),

and

(ii) m* =[c2/(l + ka2f\m.

Proof. Let g and g* denote the metrics of(H,h)Xa(I,m) and (H, h) Xß(I, m*),

respectively. Let V and V * be the corresponding metric connections. Finally, since

/ is one dimensional, m and m* are conformally related. Let m* = fm.

By Proposition 1.2.2, the two metrics g and g* are projectively equivalent if and

only if there is an exact one-form u such that

(1) V£F- \7EF=u(E)F+w(F)E

for any vector fields E and Fon H X I.

Since the difference of two connections is a (1,2) tensor, the value of v^F — v£F

at a point p is determined by Ep and Fp. We may choose any convenient extension of

Ep and Fp to evaluate this difference. Thus we take E and F to be X + V and

Y + W, respectively, where X and F are vector fields on /, and V and W are vector

fields on H. By Lemma 1.3.2 we have

(2) V£*F- V£F= V*Y- VxY + [(Xß/ß) - (Xa/a)]W

+ [(Yß/ß)-(Ya/a)V]

+ h(V, IF)[agrad a - /îgrad*/?]

where grad and grad* denote the gradients with respect to g and g*.

From (i) of Lemma 1.3.2 we know that \7XY and vxY can be computed on

(/, m*) and (/, m). Moreover, since / is one dimensional the metrics m* and m are

necessarily projectively equivalent. Thus the Weyl formula yields

(3) WxY-vxY=x(lnff)Y+Y{lnff)x.
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Substituting this result into (2) and simplifying we have

(4) v£*F- V£F=*(lnv7)F+ Y¡lnTf)x

+ X(ln(ß/a))W+ Y(ln(ß/a))V

+ h(V,W)[agrada- ßgrad*ß].

Furthermore, since V and W are vector fields on H, equation (4) may be expressed

as

(5) V¿F- \7EF=E\lnff\Y+E(lnß/cc)W

+ F\lnff\x+ F(lnß/o)V

+ h(V,W)[agrad a - /Sgrad*/?].

From equation (5) it is apparent that the difference, v*F — V£F, can be

expressed as in (1) if and only if a, ß and/satisfy

(6) a grad a — ß grad* ß = 0

and

(7) f=ß«/c2a4

for some nonzero constant c. Expressing grad a and grad* ß in terms of an w-unit

vector field TV on / and combining with equation (7) yields

(8) ±N(a) = ^-N(ß).
a ß

Thus (i) and (ii) follows from (7) and (8).

It is an easy matter to show that if/and m* satisfy (i) and (ii) then equations (7)

and (8) are satisfied and hence g and g* are projectively equivalent.   Q.E.D.

From the above proposition it is clear that we can construct a one-parameter

family of projectively equivalent metrics on H X I, all of whose members induce the

same metric on some leaf H X {u}.

2. Projectively equivalent metrics inducing the same metric on a hypersurface.

2.1. Recovery of g*. In this section we shall determine conditions sufficient to

insure that projectively equivalent metrics, inducing the same Riemannian metric

along a hypersurface, are identically equal. The following proposition will be an

important tool in this and the following section.

Proposition 2.1.1. Let g and g* be projectively equivalent metrics on a manifold M,

and let V and V * be the corresponding metric connections. Choose a geodesic y of the

metric g and let V be its velocity. If X and Y are parallel vector fields along y with
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respect to the connection V, then

Q2(t)
g*(X(t),Y(t)) =

Q2(o)'

j¿X(Q)(s)ds

0(0)

f¿Y(Q)(s)ds

ß(0)

V(0) + X(0),

V(0) + Y(0)

where Q(t) denotes Q ° y(t).

Proof. The proof consists of solving a sequence of differential equations. We

begin by differentiatingg*(V, V). Recalling the Weyl formula, we obtain

jtE*{V, V) = 2g*(vvV, V) = 2g*{vvV + 2K(ln Q)V, V).

Since y is a geodesic with respect to g, we know that \7*V = 0. Thus g*(V, V) must

satisfy the differential equation

ftg*(V(t),V(t))=4J-t[lnQ(t)]g*(V(t),V(t)).

Hence

(1) g*{V(t),V(t)) =[Q\t)/Q\0)]g*{V(0),V(0)).

Using this result, we can compute g*(V(t), X(t)). Differentiating, applying the

Weyl formula and keeping in mind that both V and X are parallel along y with

respect to V, we have

d
dt

g*(V, X) = 3V(lnQ)g*(V, X) + ^r(ln Q)g*{V, V).

Applying the result of (1) above, we see that g*(V, X) must satisfy the differential

equation

jtg*(V(t), X(t)) = 3|[lnß(0]g*(n0, *(0)

+ X(lnQ)(t)^g*(V(0),V(0)).

By assuming a solution of the form c(t)ea{,), and solving for c(t) and a(t), we obtain

(2) g*(V(t), X(t)) =[Q\t)/Q<(0)]\fx(Q)(s)ds\g*(V(0),V(0))
I/o

+ [Q\t)/Q\0)]g*(V(0),X(0)).

Finally, using the result of (2) and proceeding as before we find that g*(X, X)

must satisfy the differential equation

jtg*(X(t), X(t)) = 2J-t[lnQ(t)]g*(X(t), X(t)) +[2*(lnô)23(0/Ô3(0)]

X
j¿X(Q)(s)ds

ô(o) g*(V(0), X(0)) + g*(V(0),V(0))\
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Solving as above gives

Q\t)g*{x(t), x(t))
Q2(oy

f¿X(Q)(s)ds

0(0)

¡¿X(Q)(s)ds

V(0) + X(0),

V(0) + X(0)
0(0)

Polarization now yields the desired result.   Q.E.D.

2.2. Aligned metrics. We now begin the investigation of our central problem.

Suppose that g and g* are projectively equivalent metrics on a connected manifold

Af and that they induce the same Riemannian metric on some hypersurface H. What

is the relationship between g and g*?

As in the preceding subsection, we let V and V * denote the metric connections

corresponding to g and g*. Locally on H, we may choose unit normal vector fields

with respect to g and g*; call these normal fields TV and TV*. Finally, we let S and S*

be the second fundamental forms of H with respect to g and g* (in other words, for

any vector fields X and Y tangent to//, the vector field S( X, Y) is the component of

V^Fg-normal to //).

Definition 2.2.1. A hypersurface of a metric manifold (Af, g) is said to be

properly curved in (M, g) if its second fundamental form is nondegenerate on a

dense subset of the given hypersurface.

Definition 2.2.2. Let g and g* be metrics on a manifold M. The metrics are said

to be aligned along a hypersurface H if (i) they induce the same Riemannian metric

on H, and (ii) g and g* have the same normal lines along H.

While the notion of aligned metrics along a hypersurface seems quite strong, the

following theorem shows that the idea occurs naturally in our context.

Theorem 2.2.3. Let g and g* be projectively equivalent metrics on the manifold M

that induce the same Riemannian metric along a hypersurface H of M. If H is properly

curved in ( Af, g) and M has dimension greater than two, then

(i) g and g* are aligned along H,

(ii) Q is constant along H,

(in) there is a positive constant, c, such that if TV and TV* are any pair of local unit

normal fields on H pointing in the same direction, then TV* = cN.

Proof. Since g and g* induce the same metric on H, the projection of their

connections to H must agree. Thus if TV and TV* are local unit normals to H, and X

and Y are vector fields tangent to H,

VxY-[g*(v*xY, TV*)/g*(TV*, TV*)]TV* = vxY-[g(vxY, N)/g(N, N)]N.

Applying the Weyl formula to this expression, we obtain

\7XY = A/In Q)Y + Y(ln Q)X

+ [g*{vxY+ X(lnQ)Y+ Y(lnQ)X, N*)/g*(N*, N*)]N*

= VxY-[g(vxY,N)/g(N,N)]N.

Since X and F are g*-orthogonal to TV*, the above equation can be simplified.
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Noting that g*(TV*, TV*) = g(N, TV) = ± 1, we have

(1) X(lnQ)Y+ Y(lnQ)X= g(N, N)[g*(vxY, N*)N* - g(vxY, N)N].

Since any vector V tangent to Af at a point of H can be expressed as

V= {V-[g(V,N)/g(N,N)]N} +[g(V,N)/g(N,N)]N,

it follows that

(2) g*(V, TV*) = g(V, N)g*(N, N*)/g(N, TV).

Combining (1) and (2), we see that for the particular case when X and Y are equal,

(3) 2X(lnQ)X= g(vxX, N)[g*(N, N*)N* - g(N, N)N].

If Y is tangent to H and orthogonal to X, it follows that

(4) 0 = g(vxX,N)g*(N,N*)g(N*,Y).

By definition, S(X, X) - g(N, N)g(vxX, N)N. Furthermore, at a point p in H

where S is nondegenerate, the set Up of vectors X which are tangent to H at p and

for which S( X, X) is nonzero is dense in H . Thus, the collection of vectors F, which

are orthogonal to some vector of Up is dense in H . Hence it follows from equation

(4) that at those points of H for which the second fundamental form S is

nondegenerate, the vector TV* must also be g-orthogonal to H. Since H is properly

curved, the metrics g and g* have the same normal lines along H and hence are

aligned along H. Applying this result to equation (3), we see that 2 A/In Q)g(X, X)

= 0 for any vector X tangent to H. Therefore X(Q) = 0 and thus Q must be

constant on H.

Finally, recall that when g and g* are expressed in local coordinates, Q<2n+]i =

| det g* l/l det g |. Since Q is constant on H and the metrics g and g* are aligned

along H, it follows that there exists a fixed positive constant c such that whenever TV

and TV* are local unit normals on H pointing in the same direction, they must satisfy

TV* = cN. Moreover, the value of c is [l/Q(H)]n+x (where Q(H) is the value of Q at

any point of //).   Q.E.D.

Remark. In the proof of the above theorem, we did not invoke the hypotheses

concerning the curvature of H and the dimension of M until after equation (4) had

been established. These hypotheses were necessary to show that the normal lines of

H with respect to the two metrics were collinear. Once this fact had been established,

the rest of the theorem followed easily. These observations lead to the following

Corollary 2.2.4. // g and g* are projectively equivalent metrics on M and are

aligned along the hypersurface H, then (i) Q is constant on H and (ii) there is a constant

c such that if TV and TV* are any local unit normals on H pointing in the same direction,

then TV* = cN.

Remark. In Theorem 2.2.3, the hypothesis that Af have dimension at least three

cannot be weakened. Examples of two-dimensional, projectively equivalent metric

manifolds exist such that the two metrics in question induce the same metric on a

properly curved hypersurface (i.e. a curve). Yet the metrics are not aligned along this

curve [14],
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Remark. If, in Theorem 2.2.3, the hypothesis that H is properly curved is deleted,

then g and g* need not be aligned. For example, let xx,...,x" be the usual

coordinate functions on R". Let g, g* be the metrics

n n

g = 2 dx' ® dx1,       g* =   2  gfjdx' 9 dxJ
1=1 ',.7=1

where the g* are constants satisfying

(0 ft* = fy/for i, / « n - 1;
(ii) £*„ = 1. g*„ = £„* for all /' less than «;

(hi) 0 < 1 - 27=/g*,2« < 1.
The metrics g and g* are Riemannian, projectively equivalent, and induce the same

metric on the totally geodesic hypersurface x" = 0; yet they are not aligned along

this hypersurface.

2.3. Equireflective hypersurfaces. The examples of §1 demonstrate the existence of

distinct projectively equivalent metrics on a manifold M that induce the same

Riemannian metric on some hypersurface of the manifold. However, in each of the

examples cited, the hypersurface chosen possesses a great deal of symmetry with

respect to its ambient manifold. In this subsection we shall demonstrate the necessity

of such symmetry.

Definition 2.3.1. Let H be a Riemannian hypersurface of the metric manifold

(M, g). Suppose that y is a geodesic segment in Af with velocity V, and that the

endpoints, p and q, of y lie in //. Let TV and Nq be the unit normals to H at p and q.

The geodesic y is said to be equireflective with respect to its endpoints if

\8{N„V)\=\g{Nq,V)\.

We say that H is equireflective if each geodesic that joins two points of H is

equireflective with respect to those points.

Remark. As will soon be evident, the leaves of a codimension-one warped product

manifold are equireflective. Thus any Riemannian manifold can be imbedded as an

equireflective hypersurface of some Lorentz or Riemannian manifold.

In the Riemannian setting, we can interpet the above definition as follows: A

hypersurface H of a Riemannian manifold (Af, g) is equireflective if for each

geodesic, y, in Af that joins two points, p and q, of H, the angle between y and the

normal line to H at p is equal to the angle between y and thenormal line to H at q.

In the Lorentz setting recall that at any point p of H, there is an instantaneous

observer (p, Z ) whose instantaneous rest space is Hp. Let (p, Zp) and (q, Zq) be

any pair of these instantaneous observers on H that are joined by a geodesic y in Af.

H is equireflective if and only if for each such pair the energy of y as observed by

(p, Zp) is equal to the energy of y as observed by (q, Zq).

Having established the idea of an equireflective hypersurface, we are ready to state

one of our main results.

Theorem 2.3.2. Let g and g* be projectively equivalent metrics on the manifold M,

that are aligned along the hypersurface. If H is not equireflective in ( Af, g), then g and

g* are equal on M.
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As an immediate consequence of Theorems 2.3.2 and 2.2.3, we have the following

Corollary 2.3.3. Suppose that g and g* are projectively equivalent metrics on the

manifold M and that they induce the same Riemannian metric on a hypersurface H. If

M has dimension greater than two, and H is properly curved and not equireflective in

( Af, g), then g and g* agree throughout M.

Proof of Theorem 2.3.2. We first show that g and g* are equal on //.

Let y be a geodesic in Af, with velocity V, which joins H at p and q, and is not

equireflective with respect to p and q. Let TV and TV* denote unit normal fields at

either p or q, and assume that TV and TV* point in the same direction.

At p and q, the velocity of y can be expressed as

(1) V - e N + h T V - e N + h T\l)                                   rp        p   p         p p' q        q   q qq

where Tp and Tq are unit tangents to H at p and q, respectively. Since y is a geodesic,

we have

(2) ep2g(TV,TV) + «2 = ^g(TV,TV)+«2.

By Proposition 2.1.1, we know that

(3) g*(Vq,Vq) =[Q4(q)/Q4(p)]g*(Vp,Vp).

However, by Corollary 2.2.4, Q is constant on H and there is a positive constant c

such that TV* = cN. Thus equations (1) and (3) yield

(4) e2g(N, N)/c2 + h2p = e2qg(N, N)/c2 + h2q.

Equations (2) and (4) can be satisfied simultaneously only if e2 = e2orc2=l.

However, the nonequireflective choice of y rules out the case e2 — e2. Thus c = 1,

and g and g* are equal on H.

To show that g and g* are equal at each point of Af, we now need only show that

they are conformally related on Af.

For a point p in H, consider the open neighborhood U of (p,0) in TM such that

the restriction of the exponential map of g to each fiber is a diffeomorphism onto

■tt(U). The set, §, of points in tt(U) that can be joined to tt(U) n H by a geodesic in

it(U), transverse to H, forms an open neighborhood of ir(U) n H. If x is in § but

not in H, the inverse image, Dx, of tt(U) Cx H under the exponential map is a

hypersurface in the tangent space Mx. Furthermore, Dx does not lie in any vector

subspace of Mx. Consequently, the values of g*(V, V) for Vin Af^ are determined by

the values that this quadratic form assumes on Dx.

Consider any vector v in Dx and let y be the geodesic with respect to g having

velocity F such that V(0) = v. By Proposition 2.1.1, we know that

g*(V(l),V(l))  =[Q* o y(\)/Q4(X)]g*(V(0),V(0)).

However, by definition, y(l) belongs to H. Thus, from the fact that g and g* are

equal on H, we have

g*(V(l),V(l)) = g(V(l),V(l)) = g(v,v).
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This fact together with the fact that Q is identically one on H yield g*(v, v) =

Q4(x)g(v, v) for all v in Dx. Consequently, g* is conformally related to g at x and

hence g and g* are conformally related throughout §. Thus by Theorem 1.2.3, g and

g* are equal on ö. Now let B be the maximal open subset of Af on which g and g*

are equal. By applying the same argument as above, one can show that B must

coincide with M. Q.E.D.

The last half of the proof above also yields the following

Corollary 2.3.4. // g and g* are projectively equivalent metrics that are equal

along some hypersurface H of M, then g and g* are equal on M.

3. The structure of distinct aligned metrics. Throughout this section we assume

that g and g* are distinct projectively equivalent metrics on a manifold Af and that

they are aligned along some hypersurface H. Recall that g and g* are aligned along

H if (i) they induce the same Riemannian metric on H, and (ii) they have the same

normal lines along H. By Theorem 2.2.3, the second condition follows from the first

if M has dimension greater than two, and the second fundamental form of H is

nondegenerate.

In addition to assuming that g and g* are aligned on H, we asume that we can

make a global choice of unit normal field on H. As before, TV and TV* will denote the

g- and g*-unit normal fields. We shall always assume that TV and TV* are chosen so as

to point in the same direction. Moreover, we assume that g and g* have been

appropriately labelled so that the constant c, for which TV* = cN, is positive and less

than one. Finally, we take V and V * to be the connections of g and g*, respectively.

In order to investigate the full relationship between g and g*, we need to develop

a means of comparing them away from the hypersurface. This comparison will be

accomplished by using g to view g* as a (1,1) tensor on M. We shall show that the

warped product examples of §1 are essentially the only examples of projectively

equivalent aligned metrics.

Where possible, we shall simultaneously treat both the Lorentz and Riemannian

cases. Occasionally, however, we shall need to treat the two settings separately.

Finally, although we shall be dealing with two metrics on M, metric notions, such

as unit speed, orthogonality, exponential map, lightlike and so on, should be

assumed to be in reference to the metric g unless stated otherwise.

3.1. Definition of the maximal line field. The metric g* determines, on each tangent

space to Af, a symmetric linear operator G, where Gp(v) is that unique vector in M

such that g(Gp(v),w) — g*(v,w) for all w in Mp. Since G is symmetric and

nondegenerate, it is diagonalizable. Furthermore, the invariant subspaces corre-

sponding to distinct eigenvalues are mutually orthogonal with respect to both g and

**•
The nondegeneracy of G guarantees that all of its eigenvalues are positive. While

this fact is obvious in the Riemannian setting, some comment is called for in the

Lorentz setting. Let vx,... ,vn be an orthonormal basis of eigenvectors of 6 on J^,

for some/? in H. Let \x(p),... ,\„(p) be their associated eigenvalues. Since g and g*

are aligned, it is clear that we may set u, = TV, and take v2,...,vnto be tangent to H.
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Since v2,... ,vn are spacehke with respect to both metrics, TV is timelike with respect

to both. Furthermore, since g(G(v¡), vf) = À,(/?)g(u,, v¡) = g*(v¡, vX it follows in

the Lorentz setting, as in the Riemannian setting, that the eigenvalues of G along H

are 1/c2 and 1. It is well known that there are « continuous functions Xx,...,\n on

Af that represent the eigenvalues of G on Af [6, p. 122]. Since these functions are

positive along H and nowhere zero on Af, they must be positive on Af.

From the preceding paragraph it follows that G has a simple maximum eigenvalue

at each point of H in both the Riemannian and Lorentz settings. We let ty be the

connected open subset of M containing H on which G has a simple maximum

eigenvalue. The maximum eigenvalue is a smooth function on 6D. Furthermore, the

line field 911, formed by the eigenspaces of the maximal eigenvalues, is smooth on ty

[6]. We shall call 9H the maximal line field on Af.

The line field 911 has a useful interpretation in both the Riemannian and Lorentz

settings. Let/* be the quadratic form determined by g*. If g and g* are Riemannian

metrics, and Sp~x is the g-unit tangent sphere to Af at a point p in 6D, then the

restriction of/* to Sp~x assumes its maximum at precisely those g-unit tangent

vectors that span 911 at p.

If g and g* are Lorentz, we can make a similar interpretation of 9H. If Hp ' is the

set of tangent vectors A"in Mp such that g(X, X) = -1, then at any point/? of 6D, the

restriction of/* to H¡¡~x assumes its maximum at precisely those g-unit timelike

vectors that span 911 at/?.

3.2. Properties of the maximal line field. The line field 911 is an important key in

understanding the structure of (Af, g). However, to utilize 911, we first restrict our

attention to a special subset Y of M. Consider the set %. of vectors W in the normal

bundle v(H) that satisfy

(i) exp(tW) belongs to ^ for all t in the interval [0,1];

(ii) exp is regular at tW for all t in [0,1].

We define Tto be the image of % under the exponential map. Thus Tconsists of the

points on geodesic segments orthogonal to H, each segment extending until it either

leaves 6!), or encounters the first focal point of its base point on H. One easily sees

that Tis an open nonempty subset of M.

Our first step in understanding the structure of (Af, g) will be to show that the

integral curves to 911 in T are actually geodesies.

Lemma 3.2.1. In <Y, a unit speed curve a is an integral curve of ^ if and only if a is

a geodesic orthogonal to H.

Proof. We first assume that a is a unit speed integral curve of 91L with velocity

V(t) and that a(0) belongs to H.

Since \g(V(t),V(t))\= 1, the acceleration, VVV, of a must be orthogonal to V.

Moreover, those vectors g-orthogonal to 911 are also g*-orthgonal to 911. Hence

g*( VVV, V) = 0. This fact together with the Weyl formula yields

jtg*{V(t),V{t)) = A[j-lnQoa(t)]g*{V(t),V(t)).



726 WILLIAM TABER

Thus,

g*(V(t), V(t)) = [g4 o a(t)/Q4 o a(0)]g*(V(0), V(0)).

Since «(0) lies in H, its velocity is given by V(0) = ±TV = ± 1/cTV*. Hence

g*(V(t),V(t))=[Q4oa(t)/b4c2]g(N,N)

where /? = Q(H).

On the other hand, consider a unit speed geodesic y in T thai is orthogonal to H

and passes through a(t). If we take Z to be the velocity of y, then by Proposition

2.1.1,

g*(Z,Z)=[c?4°y/Z?V]g(TV,7V).

Hence, at a(t) we have g*(Z, Z) = g*(V, V). But from subsection 3.1 we know that

g*(Z, Z) and g*(V, V) have the same value if and only if Z also spans 911. Thus, y

and a must be tangent at a(t).

Choose an open neighborhood U of a(t )in Tthat is the diffeomorphic image of

some open subset of v(H) under the exponential map. From the above it follows

that a must be tangent to the geodesic vector field on U that is the image, under the

differential of the exponential map, of the unit vector field tangent to the fibers of

v(H). Hence a must be a geodesic orthogonal to H.

Thus, if y is a maximal unit speed geodesic in T orthogonal to H with y(0) in H,

then y must coincide with the maximal unit speed integral curve of 9H that satisfies

the same initial conditions. Moreover, since any point in "V lies on a maximal

geodesic orthogonal to H, it follows that every maximal integral curve of 911 must

intersect H.   Q.E.D.

We next consider the distribution % on Tof vector fields orthogonal to 91L. From

the Gauss Lemma and Lemma 3.2.1, it follows that if the vector field tN is a local

section of the subset % of v(H) over some open subset of H, then the image of this

section under the exponential map is a hypersurface of T which is everywhere

orthogonal to 911. Thus % is integrable. Furthermore, each connected leaf of % must

be at a constant orthogonal distance from H in T.

Every vector field E on Tcan be expressed uniquely as %(E) + 91t(£), where

%(E) is the component of E that lies in %, and 91t(£) is the component of E in

91L. Define the (0,2) tensors « and m on °V by

(0 h(X,Y)=g(%(X),%(Y)),

(ii) m(A\F) = g(9H(A-), 911(F))

for vector fields X and F on T. We can thus express g on Tas h + m.

Proposition 3.2.2. If L is a leaf of the distribution %, then Q is constant along L.

Furthermore, throughout "(the metric g* is given by

(1) g*=[Q2/b2]h+[Q4/b4c2]m

where b denotes Q(H).

Proof. We first show that if Xis in % then X(Q) = 0.
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Let y be a geodesic orthogonal to H with velocity V. Choose a vector field X

parallel along, and orthogonal to, y. Since y is an integral curve of 91L, we have

g*(V, X) = 0. But, by Proposition 2.1.1,

g*{V{t), X(t)) =
03°y(0

b
(\xinQ)oy(s)ds g*(V(0),V(0))

+ Qi°^{t)g*(v(oyx(o)).

Thus for every choice of t,

f'(xlnQ) °y(s)ds = 0.

Therefore X(Q) = 0 and hence Q must be constant along each leaf of %.

If Xq and Yq are any vectors orthogonal to 911 at a point q in T, they may be

viewed as the parallel translation of some vectors XH and YH tangent to H along

some geodesic orthogonal to H. Once again employing Proposition 2.1.1, we have

g*(Xq,Yq)=[Q2(q)/b2]g*(X„,Y„).

But g*(XH, YH) = g(X„, YH) = g(Xq, Yq). Hence

(2) g*(Xq,Yq)=[Q2(q)/b2]g(Xq,Yq).

By Proposition 2.1.1 and the fact that 1 /cN* = TV, it follows that if V and W are in

91L, then

(3) g*(V,W) = Q4/b4c2g(V,W).

Since % and 91L are also g *-orthogonal, we have

(4) g*(E, F) = g*(%(E), %(F)) + g*(91t(£ ), 911(F))

for all vector fields E and F on CY. Combining (2), (3) and (4) yields equation (1).

Q.E.D.
The second fundamental form of the leaves of % can be used to give a (1,2)

tensor, T, on T. As in §1, we define F by

T(E, F) = m[v%(E)%(F)] + %[v%(Eßi(F)]

for any vector fields E and F on T. One easily verifies that T is multilinear over the

Cx -functions on T, and is indeed a tensor on T. The following proposition

summarizes the properties of F.

Proposition 3.2.3. Suppose X and Y are vector fields belonging to % and Z is a

vector field in 9H. Then

(i) F(A-,F)=[9l(lnC?)/?2CV(^2-Ô2)][g(A-,F)/g(9L,9l)]9L

where 91 is a unit vector field in 911.

(ii)    F(A-, Z)=[g(vxZ, X)/g(X, X)]X = [b2c2/(Q2 - ¿?2c2)]z(ln(2)A-.
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Remark. The denominator of (i) above cannot be zero in T; for if Q2b2 — c2 = 0,

it then follows from Proposition 3.2.2 that g* = (Q2/b2)g. However, this con-

tradicts the requirement that G has a simple maximum eigenvalue throughout T.

Proof of Proposition 3.2.3. (i) Let 91 be a unit vector field in 9H. By the

definition of F and the hypothesis that X and Y belong to %, we have

(1) F( A", Y)=[g(vxY, 91 )/g( 91, 9L)] 91..

Since X and Y belong to % we know that g*(X, %) = g*(Y, 91) = 0. Differentiat-

ing g*(Y, 91) by X and applying the Weyl formula gives

(2) 0 = g*{vxY, 91) + g*(Y, v*9l) + 9l(ln Q)g*(X, Y).

Routine algebra, Proposition 3.2.2 and the observation that g(vxY, 91) =

-g(Y, V^-91) when applied to equations (1) and (2) yield the assertion of (i).

(ii) Since F is a tensor on T we may choose any convenient extension of Zp when

computing F(A", Y)p. Thus we assume that Z has constant length. Consequently,

Ag(Z, Z) = 0 and V XZ must be orthogonal to 911.

Choose X,...,Xn_x locally to be a orthogonal collection of vector fields spanning

%. Then g(vxZ, A,) = ~g(vxXi, Z). Applying (2) from above, together with

Proposition 3.2.2, we have

g(vxZ, X,) = -[b2c2/{b2c2 - ô2)]Z(lnô)g(A-, A",),

from which (ii) follows.   Q.E.D.

The leaves of the distribution % and the geodesies tangent to the maximal line

field 911 provide the framework necessary for establishing the warped product

structure of (T, g). The integral submanifolds of % will be the leaves of the warped

product; the normal geodesies will be the fibers of the product. It is clear that,

locally, % and 9H provide a manifold product structure. To prove that they, in fact,

provide a local warped product structure, we need to show that translation along

normal geodesies carries a leaf of % homothetically to a leaf of %.

Proposition 3.2.4. If p is a point o/T, then there exists a neighborhood 9li of p, an

open subset U of H, an interval I, and a function f on I such that (%, g) is isometric to

(U, h0) XAI, m), where «0 is the metric induced on U by g, and m is the standard

metric on I.

Proof. Recall the definition of the open subset % of v(H) used to define Tat the

beginning of this subsection. Let U be a connected open subset of H and let / be an

interval containing zero such that (i) U X I is a local trivialization ofv(H) under the

correspondence that identifies (x, t) with tNx, and (ii) the trivialization U X I is

contained in % and is carried diffeomorphically to a neighborhood of /? by the

exponential map.

Define/on /by

Q2(t)-b2c2 ]'/2

(i-c2)g2(o.
/(*) =
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where Q(t) = Q(exp[U X (F)]). The exponential map will provide the desired isome-

try between (U, h0) Xf(I, m) and <¥.

To establish that this map is indeed an isometry, it suffices to show that exp

carries the leaves of (U, h0) XAI, m) isometrically to the leaves of % in %.

Consider a vector field J0 on U and let J be the canonical vector field it determines

on U X I. Similarly let Z denote the canonical extension of the unit vector field 9/9?

on / to U X I; note that [/, Z] = 0. If we let g denote the warped product metric of

(U, h0) Xf(I, m), then on the leaf U X {t},

g(J, J) = {[Q2(t) - b2c2]/[(l - c2)Q2(t)] }h0(J0, J0).

Let J and Z denote the images of J and Z under the differential of the exponential

map. The vector field J is a Jacobi field along the geodesies normal to H in 9lf; the

vector field Z is the velocity field of geodesies. Since [J, Z] = 0, it follows that

[J, Z] = 0 and hence vzJ = VjZ. Consequently, by Proposition 3.2.3 and the fact

that Z has constant length on 9ii, it follows that

(1) T(J, Z) =[b2c2/(Q2 - b2c2)]z(lnQ)J.

We may assume that U is sufficiently small so as to allow the existence of an

orthonormal basis field «,,... ,t3„_, on U. Let Vx,...,Vn_x be their extensions to %

via parallel translation along normal geodesies. Then there are functions /,,...,/„_,

on % such that J = 2"=//¿F,. Identifying % with U X I by the exponential map, we

may regard the / as functions on U X I.

Since V¡ is parallel with respect to Z it follows that

n-X

(2) vzj= 2 z{j,yvt.
i=X

Recall that Q2 — b2c2 is positive on T. Combining this fact with the definition of Z,

equations (1) and (2) yield

^=[tV/^-bV)}^p.j,.

But one can easily verify that

[¿?V/(C?2-/?V)]|-lnô = ^|-ln
dt 2 dt

Q2 - b2c2

Therefore

J,{x,t) Jiix,0).
Q2(t) - b2c2

[(l-c2)Q2(t)

Thus, if J^ denotes the parallel translation of J0 along geodesies orthogonal to H, we

have

1/2
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Hence the exponential map carries the fibers of (U, hQ) Xf(I, m) isometrically to

the leaves of % in <¥.    Q.E.D.

Remark. By applying Propositions 3.2.2 and 1.3.3, we see that (9ri, g*) is also a

warped product manifold.

3.3. Visibility and its implications. In the last subsection, we limited our attention

to the set % which is foliated by the geodesies orthogonal to H. We next investigate

the complement of Tin Af. For this purpose we shall require assumptions concern-

ing the global relationship between M and H.

Definition 3.3.1. We say that (Af, g) is weakly visible from H if the exponential

map is surjective from v(H) to Af. We say that (Af, g) is visible from H if for each

point /? of Af there is a vector F in v(H) such that (i) exp(F) —p and (ii) the

exponential map, when restricted to v(H), is regular at tV for each t in the interval

[0,1).
Note that weak visibility does not imply visibihty. For example, let S" be the unit

sphere in En+X, and let S"~x be a great sphere of S". If p is any point in S" — S"~x

that is not equidistant from the points of S"~ ', then S" — (/?} is weakly visible from

S"~' but is not visible from S""1.

The condition that M be visible from H is a natural restriction upon Af in either

the Riemannian or Lorentz setting. If (Af, g) is a complete Riemannian manifold

and H is a complete hypersurface, then (Af, g) is visible from H. In the Lorentz

setting, if H is a Cauchy hypersurface in (M, g) then Af is visible from H.

In addition to the idea of visibihty, the concept of a conformai point will play an

important role in the determination of the structure of (Af, g).

Definition 3.3.2. A point /? of Af is said to be a conformai point of Af if the

metrics g and g* are conformally related at/?.

Throughout this subsection, we focus our attention on the situation in which Af

has no conformai points. We shall see in the final subsection of this work that under

the assumption of visibihty, the number of conformai points is severly restricted.

Moreover, if Af does indeed possess conformai points, H is completely determined.

Proposition 3.3.3. If(M, g) is weakly visible from H, and M contains no conformai

points, then g and g* are locally warped product metrics on M.

Proof. By Proposition 3.2.4, it suffices to show that Tcoincides with Af.

Suppose there is a point p of Af that is not contained in T. Let y be a geodesic

orthogonal to H that contains /?. Since p is not in T, there must be a first point at

which y leaves T; call it q. By the definition of T, the point q must be either the first

focal point of H along y or a conformai point. The latter case is ruled out by

hypothesis, hence there is a nonzero Jacobi field, J, along y that vanishes at q. From

equation (3) of the preceding proof, such a Jacobi field, when restricted to the

portion of y in T, can be expressed as

J(t) = y(Q2°y(t)-b2c2)/Q2°y(t)}x(t)

where X(t) is the parallel translation of 7(0) along y. From this expression it is clear

that H vanishes at q only if Q2(q) = b2c2. Hence, by Proposition 3.2.2, the point q
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must be a conformai point of M, a contradiction. Therefore, Tand Af must coincide.

Q.E.D.
Remark. The above proof shows that if a geodesic normal to H escapes from T,

the point at which it leaves Tis both a focal point of H and a conformai point of M.

Furthermore, it follows that if Af is visible from H, the only points of Af not

contained in Tare conformai points.

We next give conditions which insure that M is globally a warped product.

Proposition 3.3.4. Suppose that M is weakly visible from H and has no conformai

points. If each geodesic normal to H intersects H in only one point, and each normal

vector field of constant length intersects the domain of the exponential map in a

connected set, then ( Af, g) and ( Af, g*) can be isometrically imbedded as open subsets

of warped product manifolds.

Proof. As in the preceding proposition, we have Af = T There are two cases to

be considered: Case (1) in which no geodesic orthogonal to H is periodic, and Case

(2) in which there exists a periodic geodesic orthogonal to H.

Case (1). If there are no periodic geodesies normal to H, then for each p in M

there is a unique point (x(p), t(p)) in H X R such that exp[t(p)Nx(p)] = p. Define

constants a and ß by

a —  inf t(p),       ß = sup t(p).
P^M p£M

Let / denote the interval (a, ß). Consider any t in /; by assumption the vector field

tN intersects the domain of definition of the exponential map in a nonempty

connected set, say Ut. Since exp(U,) is a leaf of %, on which Q is constant, we may

define a function / on / by

[ g* o exp(q) - ¿>V 11/2

n)     l(l-c2)ô2°exp(c/,)

The map S from (M, g) to (//, «) Xf (I, m) given by &(p) = (x(p), t(p)) is

injective. Furthermore, from the proof of Proposition 3.2.4, it is clear that S is a

local isometry. Therefore it must be an isometric imbedding. By applying Proposi-

tions 1.3.3 and 3.2.2, we can find an isometric imbedding of (Af, g*) into a warped

product of H and an interval.

Case (2). If there is a closed geodesic normal to H, we simply replace the interval /

by a circle having the same length as the closed geodesic and proceed as above.

Q.E.D.
Although the hypothesis of Proposition 3.3.4 concerning the connectivity of the

image of vector fields in the domain of the exponential map is somewhat awkward, it

is satisfied if (Af, g) is a complete, Riemannian manifold and H is a complete

hypersurface. Letting gH stand for the metric induced on H by g, we have the

following

Theorem 3.3.5. Suppose that g and g* are projectively equivalent Riemannian

metrics on the manifold M, aligned along a hypersurface, H, admitting a global choice

of unit normal field. Suppose further that (M,g) and (H, gH) are complete. If each
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geodesic orthogonal to H intersects H at only one point and M contains no conformai

points, then (Af, g) is isometric to a Riemannian warped product of (H, gh) and a

complete one-dimensional Riemannian manifold.

Remark. One can easily construct examples that demonstrate the necessity in

Theorem 3.3.5 of the hypothesis that each geodesic orthogonal to H intersect H at

only one point. Suppose that (//,«) is a complete Riemannian manifold that admits

a nontrivial self-isometry \p, and that/is a smooth positive function on R (the reals)

with period P. Let m be the standard metric on [0, P]. Construct Af from H X [0, P]

by identifying (x,0) with (\p(x), P). By Proposition 1.3.3, the metrics g = f2(t)h + m

and

/2(0)+/'(')      (f'(o)+f2(i))-

are projectively equivalent on Af. Furthermore, they are aligned along H X {0} and

are both complete on Af. Finally, H X {0} admits a unit normal field and Af has no

conformai points.

We end this subsection with a theorem concerning strictly convex, complete

Riemannian manifolds.

Definition 3.3.6. A Riemannian manifold (Af, g) is said to be strictly convex if

for each pair of points in M there is a unique geodesic that joins them and each

geodesic segment is distance realizing between its endpoints.

Theorem 3.3.7. Suppose that (M, g) is a strictly convex, complete Riemannian

manifold, and that g and g* are projectively equivalent metrics aligned along a

complete hypersurface H that admits a global unit normal field. If M has no conformai

points, then (M, g) is isometric to a warped product manifold of H with Ex.

Proof. There are no closed geodesies in M; thus by Theorem 3.3.5 it suffices to

show that each geodesic orthogonal to H intersects H at only one point.

Suppose that some unit speed geodesic y orthogonal to H intersects H at two

consecutive points, y(0) and y(r). Since Q ° y(0) = Q ° y(r), there is a value t

between 0 and r such that (d/dt)Q ° y(t) = 0. Thus by Proposition 3.2.3, the

maximal integral submanifold Ht of % passing through y(t) must be a totally

geodesic hypersurface of (M, g). This hypersurface is the homothetic image of H

under the map which carries x to exp[tNx], where TV is the extension of the initial

velocity of y to a unit normal field on H. Thus //, is a complete hypersurface in

(M, g). But a complete totally geodesic hypersurface of a strictly convex Rieman-

nian manifold separates the manifold into two disjoint open convex sets. Since y(0)

and y(r) he on opposite sides of //,, and H cannot intersect //,, the hypersurface H

cannot be connected, a contradiction.

Therefore, every geodesic orthogonal to H intersects H at precisely one point.

Q.E.D.
3.4. A Clairaut theorem. As Bishop has shown in his paper [2], the geodesies of a

warped product manifold satisfy a "Clairaut Theorem". Thus the first result of this



PROJECTIVELY EQUIVALENT METRICS 733

section could be deduced from Bishop's work. [While Bishop's results were obtained

for Riemannian metrics, they can easily be generalized to the semi-Riemannian

setting.] In the context of this work, we can easily provide an independent proof, and

do so for the sake of completeness.

Theorem 3.4.1. Suppose that g and g* are projectively equivalent metrics on M and

that they are aligned along the hypersurface H. Let T be the open neighborhood of H

defined in subsection 3.2. If y is a geodesic in "(with velocity V(t), and %[V(t)\ is the

component ofV(t) tangent to %, then the function

b2c2-Q2oy(t)

Ô2°Y(0

is constant.

-g(X[V(t)],X[V(t)])

Proof. In order to keep notation manageable let Q(t) stand for Q ° y(t),

E(t) = %[V(t)], and Y(t) be the component of V(t) tangent to the line field 91.

By Proposition 2.1.1,

(1) g*(V(t),V(t)) =[Q\t)/Q\0)]g*(V(0),V(0)).

But by Proposition 3.2.2 we know that for a geodesic y in T,

(2) g*(V(t), V(t)) = öMg(£(0, £(0) + ̂ Ç-giYit), Y(t)).
bL ¿?VZ

Thus, from (1) and (2) we have

= ̂ P-gWi), £«) + Q^-g(Y(i), r(0).
b be

Simplifying equation (3) and rearranging terms we obtain

b2Q2(0) 1        b2c2

+ gj^[g(E(0),E(0))+g(Y(0),Y(0))]]

,2Mi^_pigiEitlEit))

+ ^-[g(E(t)> E(t)) + g(Y(t),Y(t))]
be

But since V is the velocity of a geodesic,

g(E(t), E(t)) + g(Y(t), Y(t)) = g(V(t), V(t))
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is constant. Thus simplifying (4) we have

>=Í^g(m,EU))===^s{m,m).

Since the right-hand side of this equation is constant, we have the desired result.

Q.E.D.
Theorem 3.4.1 has useful geometric interpretations in both the Lorentz and

Riemannian settings.

Recall Clairaut's Theorem for surfaces of revolution: if y is a geodesic on a surface

of revolution, 0(t) is the angle between y and the meridian passing through y(t), and

r(t) is the distance from y to the axis of revolution of the surface, then r(t) sin 6(t) is

constant.

In the Riemannian setting of Theorem 3.4.1 the value gCX[V(t)], %[V(t)]) can be

regarded as | V(t)\sin$(t), where 6(t) is the angle between V(t) and 911. Since

| V(t)\ is constant, it follows that ]¡Q2(t) — b2c2/Q2(t) sin0(t) is constant along y

in T Thus in the Riemannian case the theorem can be viewed as a generalization of

Clairaut's Theorem to higher dimensional spaces.

In the Lorentz case g(%[V(t)], %[V(t)]) does not measure the sine of an angle

between V(t) and 911, but measures the square of the momentum of y as observed

by the family of freely falling observers that 911 determines. If p(t) denotes this

observed momentum, Theorem 3.4.1 implies that vo2(0 — b2c2/Q2(t) l/KOI is

constant.

Just as Clairaut's Theorem enables one to deduce global properties of the geodesic

of a surface of revolution, Theorem 3.4.1 enables us to establish the following useful

corollary.

Corollary 3.4.2. Suppose that (M, g) is visible from H. Then a geodesic y in T

can escape from "(only if it is orthogonal to H.

Proof. Suppose y lies in Tand escapes from T From Theorem 3.4.1 we know

that ifV(t) is the velocity of y, then

(1) [(Q2 ° Y(0 - b2c2)/Q2 o y(t)]g(%[V(t)],%[V(t)])

is constant at those points of y in T Let q be the first point at which y leaves T

Since Af is visible from H, there is a geodesic a orthogonal to H containing q such

that there are no focal points of H on a between H and q. Consequently by the

Remark following Proposition 3.3.3, q must be a focal point of H and a conformai

point. Moreover, since it is the first such point along a, we must have Q2(q) — b2c2

— 0. But since (1) is constant, it must be identically zero. Therefore, y must be

tangent to 911 and orthogonal to H.   Q.E.D.

3.5. The implications of conformai points. In subsection 3.3, we saw that if Af has no

conformai points and is visible (or weakly visible) from H, then (Af, g) is locally a

warped product manifold. In this subsection we shall see that visibility strictly limits

the number of conformai points in Af and that if Af does have conformai points, the

structure of H is uniquely determined. In addition, we shall see that, unlike the
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preceding sections, the results for Lorentz manifolds are not merely analogues of the

Riemannian results.

Theorem 3.5.1. Suppose that g and g* are projectively equivalent Lorentz metrics on

a manifold, Af, and that they are aligned along some Riemannian hypersurface H. If

(Af, g) is visible from H, then M contains no conformai points.

Proof. Suppose /? is a conformai point of Af. Let S be a strictly convex

neighborhood of /? and let q be any point of this neighborhood. Since M is visible

from H, there is a geodesic y joining q to H, that is orthogonal to H and whose

interior points lie in T Let q* be an interior point of y that lies in B. Because q* lies

in B, there is a geodesic (in B) joining q* top. Since q* also lies in T, it follows from

Corollary 3.4.2 that this geodesic is orthogonal to H and hence coincides with y.

Thus the geodesic from p to q must be y, which is timelike. Therefore, every vector

tangent to Af at /? is timelike, contradicting the hypothesis that g is Lorentz. Thus

there can be no conformai points in M.   Q.E.D.

We now turn our attention to the Riemannian setting. From the constant

curvature examples of §1, it is clear that in this case the metrics g and g* may indeed

be conformally related at some point of Af. However, in each of these examples the

hypersurface H is a standard sphere. If conformai points exist, this condition upon

H is necessary.

Theorem 3.5.2. Let g and g* be projectively equivalent Riemannian metrics on M,

aligned along some hypersurface H that admits a global unit normal field. If M is

visible from H and contains a conformai point, then H is isometric to a standard sphere.

Proof. First note that it follows as in the proof of Theorem 3.5.1 that every

geodesic ray from a conformai point p intersects H orthogonally. Moreover, the

interior of a distance realizing geodesic segment joining p to H contains- no

conformai points, and hence hes in T Since % is orthogonal to the geodesies

orthogonal to H, it follows from the Gauss Lemma that the leaves of % between p

and H are metric spheres centered about/?.

Let Sf be the map from Mp to Af given by &r(V) = exp[rV], for all V in Mp such

that rV is in the domain of the exponential map. If R is the distance of H from /?,

then &r maps Sp~ ' [the unit tangent sphere to Af at /?] onto H.

Because H has a global unit normal field, &r is globally injective from Sp~x to H.

To show this we suppose there are two vectors in Sp~x, say V and W, such that

&R(V) = &R(W). Consider the two geodesies, yv(t) - &R(tV) and y^r) = &R(tW).

Since there is only one geodesic through SR(V) orthogonal to H, the velocities of y y

and yw must be the same or opposite at &R(V). Let Z be the outward pointing unit

normal field on Sp~x in Mp. Then d&R(Zv) and d^>R(Zw) are the velocities of yY

and yw at &R(V). Certainly, d$R(Z) is a vector field along the map &R which is

everywhere orthogonal to H. Furthermore, if TV is a unit normal field on H, then

g(d&R(Z), TV) is continuous and hence constant on Sp~x. Therefore, d&R(Zv) =

d&R(Zw). Consequently, V and W must be equal. Similarly, it follows that, if r is

between zero and R, then Sf maps Sp~x bijectively to the metric sphere, S(p; r), of

radius r about /?.
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Let gr denote the metric induced by g on S(p; r). One can easily verify that, for

any Riemannian manifold (Af, g), the standard metric on S" ~x is equal to the limit

metric given by limr^0(l/r2)&*gr, where &*gr denotes the pullback of along &r of

the metric g". However, in our warped product setting, the spheres (S(p;r),gr) with

radius less than or equal to R, are homothetically equivalent to one another. Thus

each such sphere must be homothetically equivalent to the standard ( « — 1 /sphere.

Q.E.D.
The proof of Theorem 3.5.2 also yields the following

Corollary 3.5.3. // (M, g) is visible from H, then the set of conformai points

consists of at most two points.

Proof. We saw in the proof of Theorem 3.5.2 that if p is a conformai point, then

there is a choice of normal field TV along H such that every geodesic from H tangent

to TV passes through /?, always at the same distance from H. Furthermore, no

conformai point occurs between H and /?. Since there are only two choices of normal

field to H, there can be at most two conformai points.    Q.E.D.

The following theorems summarize the implications of the existence of conformai

points.

Theorem 3.5.4. Let g and g* be projectively equivalent Riemannian metrics on a

manifold, M, aligned along some hypersurface H which admits a global unit normal

field. Suppose that (Af, g) is complete and visible from H. If M contains exactly one

conformai point p and each geodesic orthogonal to H in M — {/?} intersects H in

precisely one point, then M is diffeomorphic to R". Furthermore, M — {/?} is isometric

to the warped product of the standard (« — l)-sphere with the positive real numbers.

Proof. Let p be the conformai point of Af and let q be any other point of Af.

Since there is a unique geodesic in T orthogonal to H containing q, it follows that

there is a unique vector V(q) in M such that exp[V(qy] = q. Furthermore, since/? is

the only conformai point of Af, it can have no conjugate points. Hence, the

exponential map is regular at V(q). Therefore, the map from Af to Af^ that carries q

to V(q) is bijective and regular. Identifying Af with R", this map gives the desired

diffeomorphism. The warped product structure of (Af—(/?},g) follows from

Theorem 3.5.2 and Proposition 3.3.4.    Q.E.D.

Theorem 3.5.5. Let g and g* be projectively equivalent Riemannian metrics on M,

aligned along some hypersurface H which admits a global unit normal field. //(Af, g) is

visible from H and contains two conformai points, p and q, then M is diffeomorphic to a

sphere. Moreover, M — {p,q} is isometric to a warped product of the standard

(n — l)-sphere with an interval.

Proof. Let D be the distance between /? and q. Let /?* be any point of the sphere

S"(tt2/D2) and let 6 be an orthogonal transformation from Mp to S"(tt2/D2)Pt.

Finally, let q^ be the point antipodal top*. For each x in M — {</}, there is a unique

V(x) in Mp such that exp[F(x)] = x and | V(x)\< D. Define a function / mapping

A/ontoS"(7r2/D2)by

/(*) = exp*[e(Fi>))]    foix*q,       f(q) = qm,
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where exp* denotes the exponential map on the tangent bundle to S"(it2/D2).

From the proof of Theorem 3.5.2 it is clear that/is the desired diffeomorphism. The

warped product structure of M — {p,q} follows from Theorem 3.5.2 and Proposi-

tion 3.3.4.    Q.E.D.
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