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ON SOME NONEXTENDABLE DERIVATIONS
OF THE GAUGE-INVARIANT CAR ALGEBRA!
BY
GEOFFREY L. PRICE

ABSTRACT. We provide examples of some approximately inner, commutative
»-derivations which are generators on the gauge-invariant CAR algebra but which
have no closed densely-defined extensions to the CAR. Necessary conditions are
given for a class of generators on the GICAR algebra to extend to closed *-deriva-
tions on the CAR.

1. Introduction. Given a pair 8, 8 of closed *-derivations on a C*-algebra &7, we
say that &’ is an extension of § if its domain D(§”) contains D(8) and its restriction
8’| ps) coincides with §. We say that § is extendable if it admits an extension §” which
is the infinitesimal generator of a strongly continuous one-parameter group of
x-automorphisms. (For brevity, we refer to 8’ as a generator.) Recently a number of
articles [3,4,6—9,11] has appeared concerning the extendability of *-derivations
commuting with a compact group {a,: g € G} of »-automorphisms of &, ie., a,
leaves D(§) globally invariant and a,(8x) = §(a,x), all x € D(5). A very recent
result of Bratteli and Jergensen [3] says that if G is abelian and &7, the subalgebra
of elements fixed by G, is AF, then under the assumption that §| ¢ is a generator, &
itself must also be a generator. Moreover, in certain more restrictive cases the
authors show that any two generator extensions of 8| ¢ to &/ which commute with G
are related by a one-parameter subgroup of the action of G.

The latter result suggests the following problems. Let (&, G, &) be as above,
and suppose §; is a closed *-derivation on &/ ¢ which generates a C*-dynamics. Then
must it follow that there is a densely defined closed *-derivation on &/ which restricts
to 8; on & 9? In particular, are there extensions commuting with the action of G?

In this paper we consider the particular situation where &/is the CAR algebra (a
UHF algebra of Glimm type 2®), G = T, the circle group, and &#/T = &/ is the
GICAR algebra (gauge-invariant subalgebra of the canonical anticommutation
relations algebra). We exhibit a class of commutative *-derivations on #° (in the
sense of [13]) which generate a C*-dynamics on %/ ° but have no closed extensions to
the CAR (Corollary 4.1).

Some of our techniques are inspired by the results in [1,12,14], and we thank
Robert T. Powers for acquainting us with the material therein. We also wish to
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record our thanks to Fred Goodman, R. T. Powers and Palle Jorgensen for helpful
conversations at the April 1982 CBMS conference in Iowa, and we are grateful to O.
Bratteli for sending us a preprint of [3]. Finally, we thank S. Sakai for pointing out a
serious error in the original manuscript.

2. Preliminaries and notation. We recall some facts needed from [1] and [2] about
the GICAR algebra and introduce some notation. Let B be the 2 X 2 matrix algebra
over C with matrix units {e,;: 1 < i, j < 2} satisfying the identities (i) e, e,, = §,,¢;,
and (ii) e,; + e, = 1. For kK € N, let B, be a copy of B with corresponding matrix
units {ef}. Denote the 2" X 2" matrix algebra ®,_, Bi by ¥, with matrix units
consisting of the tensorse; ; ® --- ® e ; . Then we have the inclusions %, € %, €

- and the uniform closure of their union, % = ®,’(“21 B,, is a UHF algebra of
Glimm type 2%, the CAR algebra (cf. [10]).

For § € T let uy € B be the unitary exp(if/2)e;; + exp(—if/2)e,,, and let uf be
the corresponding elements of the B,. Then the mapping 6 » oy = ® 1 Ad( uk)is
a strongly continuous representation of T as product automorphisms on % (the
gauge group of automorphisms). A straightforward argument shows that

(1) ap = s-lim Ad(V,,(6))
n—oo
on A, where

n
V() = [L(e07%eh + =72k
k=1
We denote by A° the AF C*-subalgebra of elements fixed by the gauge group (called
the GICAR algebra). A% =U,,,A°, where A=A, N A°. AY is generated by
elements of the form e/ and ef; ® e}, for 1 < i,/ < 2,1 <k, [ < n: in particular, a
matrix unite} ; ® --- ® ¢ liesin A if and only if =7_,(i, — j,) = 0.

For fixed n € N, %Y decomposes as a direct sum %2 = Z7_o M, , of (}) X (})
matrix algebras M, , (where (}) are the binomial coefficients). M, , is spanned by
matrix units e}, ® - ® ¢! € AN wherek = #{r:1 <r<n,i,=1}. Let E{ be
the maximal projection in M, ,: then E; is the sum of the (}) (diagonal) matrix units
M, , of the form ¢;; ® --- ® ¢/, . Clearly 27_, E; = 1, and the E} generate the
center Z (A°) of AL. An easy observation shows that the following identities hold
forn € N:

) E{*t = Efen,
Er*' = Efeltt + EF_jef't, 1<k<n,
Eyil = EJen .
Given any set of operators B (in % or %A°), we define B¢ (respectively, B ), the
relative commutant of B in A (respectively, in A°), by

B={xe€W:xb=>bx,allbe B}
(respectively, B = {x € A% xb = bx, allb € B}).
Finally, we introduce the class of infinitesimal generators to be studied here. Let &
be the set of all sequences { h,: n € N} of selfadjoint elements 4, € A such that for
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all n€N, h,,; —h, € (A2)%. Then it follows easily that the sequence (,)
consists of a mutually commuting family of selfadjoint elements (note that 4, — 4,
€ (A%, m > n) and the same observation shows that for fixed n € N, and any
x, € A,

(3) eith,,,(xn)e—ith,,, - eith,,eit(hm—h,,)(xn)e-it(h,,,—h,,)e—ith,,
= e (x,)e " form > n.
For arbitrary x € %° and & > 0, choose n sufficiently large so that ||x — x,|| < &/2
for some x,, € A2. Then for p > ¢ > n we have, by (3),
"eithp(x)e-uhp _ e"h‘i(x)e_”hq”
< "e"hp(x — xn)e-ithp” + ”eithp(xn)e-ithp — eithq(xn)e—ithq"
+ "eith(x _ xn)e—nhq“

<g/2+0+¢/2 =k,
so that the sequence {e"*»(x)e~"*»: p € N} is Cauchy, all x € %°. Using this and
other similar approximation arguments we have

LeMMA 2.1. Let (h,) € & be a sequence defined as above. Then the limit

B,(x) = lim " (x)e i
n— oo

exists for all t € R, x € A°. The set {B,: t € R} is a strongly continuous group of
*-automorphisms of %°.

For a fixed sequence 4= (h,) €%, let {B/ t <R} be the corresponding
one-parameter group of *-automorphisms of %°, and §, the corresponding infinitesi-
mal generator. In Theorem 4.1 (see also the Remark following Corollary 2.3) we
shall show that some derivations §, fail to extend to generators on the CAR.
Roughly speaking, the reason that §, may not lift is that, whereas the operators
exp(it[h, — h,,]) tend to commute with finite tensors in %A° for large n, m, the same
may not hold for finite tensors in %A. As a preliminary we examine the structure of
the sequence (4,,).

LEMMA 2.2. Let (h,) € . Then for all n € N there exist constants X}, p; € R such
that

n
(4) Byer — by = 3 EF(Nielt! + presst).
k=0

PROOF. Since (h,,, — h,) € A, (hence in A, ,,), we may write (h,,, = h,) =
T2, XentY, where x,, € %, r, s = 1, 2. Moreover, (h,,, — h,) € (%7)° (hence
in (A2)°) by hypothesis; but clearly ertl e (A9, so it follows directly that for
eachr, s, x,, € (A%)° N «A,. By [1, Lemma 3.7), (A9)° N A, =2 (AY), so that each
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X,, is a linear combination of the E;, 0 < k < n. In particular, x,, € A°, but then
ay(x,,) = x,,, all § € T, and therefore

rs?

2
1 27 .
= -i(r=s5)0,n+1 - n+1 n+1
= ) x”/o e et dl = x; el + x5e5 .

Finally, the selfadjointness of A, , — h, implies the same for the x ;, so the x,; are
real linear combinations of the projections E;, and the result now follows im-
mediately.

LEMMA 2.3. Suppose 4 = (h,) and 4’ = (h)) are two sequences in &. Then the
generators 8, 8., on A° coincide if and only if, for eachn € N, h,, — b}, € Z(A?).

PROOF. If §; = §,,, then B/ and B/ coincide on A2, allr € R, n € N. Let x € A,
Then, by (3),

eith,,(x)e—ith,, = eith’,,(x)e—ith’,, or e—ilh',,(eith,,) e (%2)60’ allz € R.
Taking (d/dt)|,_, then gives h, — h/, € (). On the other hand, if h, — h, €

Z(A2), then clearly Ad(e'") = Ad(e'*") on AY. Hence B/ agrees with B/ on A?°,
all n € N, and, by continuity, 8 = B/, hence §; = §,..

COROLLARY. Given a sequence 4’ = (h,) € & with generator §,, there exists a
unique sequence 4 = (h,)) € S with §, = b, such that

(i) h =0,
(i) heir — Z Efvfel'!, k€N,

where vy} € R,0 < I < k,and v} = yf_,.

PROOF. We construct (h,,) inductively. Since AV = Z(AY), we may apply the
lemma to assume A; = 0. Suppose {h: < n} have been chosen to satisfy (i),
(i), and also h, — k), € Z(AY). Using (4) and the assumption A, — k), € Z(A?),
we may assume there are £/, 7] € R (0 < / < n) such that

hpir —h,= (hn+l h, ) +(h' —h ) = Z E (gleill+1 + n,e"”).
=0
Choose

Boir =hpir — [Eﬂ?E"“] (61— & —m)E

(note that h,,, — k)., € Z(A2,,)). Then using (2) a straightforward calculation
shows h, ., — h, satisfies (i) of the corollary, where v = £/ — 17, ,, for 0 < /<
n—1,andy, = §;_, — ), = v,_,. Hence the induction step holds.

To prove uniqueness suppose #4, 4" satisfy properties (i) and (ii) above and let
n > 1 be the first index such that &, # k. Then note that h, — k! & (A2)%, so
0, # 8, by the lemma.
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REMARK. Let [#] denote the set of equivalence classes of sequences in & which
generate the same dynamics on %°. Let &, be the subset of & consisting of those
sequences ¢ satisfying properties (i) and (ii) of the corollary. Then by the lemma and
its corollary there exists for each ¢ € [#’] a unique sequence # € &, such that
[#A]= 9.

Suppose £ = (h,) € %,, &, is the associated derivation on A°, and { B%: ¢ € R} is
the one-parameter group of automorphisms of %° generated by §,. It follows easily
from Corollary 2.3 that for each n € N, &, lies in the maximal abelian subalgebra of

9, generated by the diagonal elements e, 1 < k < n,i = 1, 2. Hence, for ¢ € R,

(5) B,"(ei’;) = lim exp(ith,) ek exp(-ith,) = limek = e,
n n

so that B/ fixes the m.a.s.a. of A generated by the diagonal elements. Now suppose
that (A,) is a sequence of real numbers, with A, =0, and #’ = (h},) is a new
sequence of operators defined by setting h,, = h, + Li_; A,ef,. Observe that (4") €
&p—note

’ L — _ n+1
w1~y =h, g = h, A el

and

n
Avren™ = X EMA el
1=0
We show that the generator &, on %° has an extension to a generator on ¥ if and
only if the same holds for §,. For suppose §, has a generator extension to %, and let
{B,: t € R} be the corresponding one-parameter group on %. Then it is clear that
g0 = B/, so that, in particular, B,(ef) = ef, k € N. Define another group {p,:
t € R} of automorphisms on U by setting, for x € U,

n n
p,(x) = lim exp(it Y )\ke{‘l)x . exp(—it )\ke{‘l).

n k=1 =

k=1

It is straightforward to show that this limit converges, and { p, } is a group of product
automorphisms on %, where

p(x,) = Ad[exp(it)\ke{‘l)](xk), X, € B,.
Furthermore, we have

B.(p,(x)) = limBs[exp(it Zn: Ake{‘l) ‘X exp(—it i )\ke{‘I)]
n k=1

k=1

= limBs‘[exp(it i >‘ke{(l)] 'Bs(x) : Bs‘[exp(—it an }‘ke{cl):l

k=1 k=1

= lim cxp(it Y Ake{‘l) B(x) - exp(—it Y Ake{‘l)
n

k=1 k=1

= p,(B,(x)),
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s0p,°B, = B,°p, s, t €R, from which it follows that the set (B =p,°B:teR}is
itself a one-parameter group of automorphisms of %. Finally, for x € %A°, we note
that

m PABON =x _  aBC0) = BEC) | BE0)

t—»O -0 t
='11_I’I;l)( f[pt( ) ])+64(x)
= Ad[i Xn: Al x] +8,(x) = 8,(x).
k=1

Hence { 8/} is a one-parameter group on ¥ having a generator which extends §,..
The argument in the reverse direction is identical. Thus we have proved

LEMMA 2.4. Let #, #' € %, be two sequences such that b/, = h, + X7 _, e}, for
some sequence (\,) of real numbers. Then 8, on A° has a generator extension to U if
and only if §,. has one also.

DEFINITION 2.1. Denote by ¥y, the subset of &, consisting of all £" = (h))
satisfying the conditions

(i) h; = 0, and

(i) hfyy — By = Tk (Eftlel L ke N where £ € R,and ¢f_, =& =0

Given £ = (h,) € &,, where h, ., — h, = ZF_, ky,"e{‘l“, as in (ii) of Corollary
2.3, let (}\ ) be the sequence of real numbers A, =-v/-1, and let h, = h, +
L7_1 Aet;. Then one verifies easily that £ = (k) hes in & indeed,

h;:+1 Z E/nglenﬂ,

where £/ =y — v, 0 <[ < n, so that £’ satlsfles (i) and (ii") above. Using the
preceding lemma and some technical results below, we shall be able in Theorem 4.1
and its corollary to determine a necessary condition for a generator §, (# € %)) to
extend to a closed *-derivation on .

For the remainder of the section, fix Z = (h,) € %,,—i.e., h; = 0, and

k
hesr = he= 2 Eféfel(, g_1=¢&=0
1=0

and let 8, be the corresponding *-derivation generating the group {8, = B/ ¢t € R}
on A°. The following condition on the coefficients £ (which we shall call Condition
C) ensures that §, extends to a generator on % (Lemma 2.5).

Condition C. For § > 0 there exists N (= N(8) € N) such that if

(@) {/;: 1 <j < q} is a strictly increasing (possibly infinite) set of integers with
[, = N, and if

(b) r is any fixed integer, 0 < r </}, then

< 4.

TR
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Condition C clearly implies the following condition.

Condition C'. For § > 0 there exists N (= N(8) € N) such that if

(@) {/;: 1 <Jj < q} is a strictly increasing finite set of integers with /; > N, and
(b) r is any fixed integer, 0 < r < /;, and

(c)misa fix Jpositive integer greater than /, + 1, then

q
Y (&, - &b, ) — (gm0t — gmrinh)| < 8.

j=1
LEMMA 2.5. Let /£ € S, and B,, t € R, be as above. Then if Condition C is satisfied,
the generator 8, on A° extends to a generator on U.

ProOF. We begin by showing that the sequence {exp(ith,)(ej,)exp(~ith,)} is
uniformly convergent. For § > 0, let m > n > N(8). Then

(6) llexp(ith,,s,)(el, )exp(=ith,,.,) — exp(ith,)(el, Jexp(~ith,, )|
= llexp(it[ A1 = h,])(elz)exp(=it[ By = B,]) = el
Using (i') and (ii") of Definition 2.1, one has
m k
hm+l - hn = Z Z Elkgl’(e{(1+1’
k=n [=0
SO

m k
™) expit[sr — h]) = exp(,-, 5 z:E,ks,keﬁ“)

k=n 1=0
m k
=TI TT explukfefet,).
k=n =0
Next note that e}, may be decomposed as the s

1 o2 ... pm+l
Z €12€4,i, € itimel Z elzem
Ies Ies

where S is the set of all m-tuples I = (iy, i3,...,i,.1), With i; either 1 or 2, and
2 ... em*l  Fix one of these I, and suppose that

€= €
r=#{j:2<j<nandi,=1}.

Lb1] Imstim+1
Furthermore, let {/;: 1 <j < q} be the ordered set of indices /, n < / < m, such that
i;y1 = 1. Then using (2) one has, fort € R,k > n

exp(itEfEfeli ") elpe; = exp(itéf ) etsey,
ifbothi,,; =land/=[1+ #{,:2 <j<k,i;=1}]hold, and
CXP(”E §;‘e{‘1+1)e12e,, enerr
otherwise. Applying (7), we then have, by the preceding calculation,
exp(it[hyyy — hy,])ene, = CXP("tgﬁlﬂ)cxP(itfiﬂz) T CXP(itgﬁﬂq)eizeu
= exp(zt )3 §r+,)eizen-

Jj=
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A similar calculation gives
q
enerrexp(=it[h,. — h,]) = e{ze,,exp(—it )y §£’+j—1)'
j=1
Combining these last two results, we then have
exp(it[hm+l - hn]) : eizellexp(_it[hm+1 - hn])
q
= exp(it ) ( :‘j+j - §£’+j—1)) “elsey
j=1
Denote the coefficient on e},e;; by ¢;(¢).Then
lexp(it[h,,.y = h,])erexp(~it[hy,.y = h,]) = ep,l
) [exp(it[hm+1 — h,]) - elrer - exp(=it[ b,y = h,]) - eizen]

(8) Ies
=X (cr(1) = 1)elyeyy <||eizl| 2 (e (1) = 1)ey,
Ies Ies

= I;lg;{lc,(t) -1},

where the last equality follows from elementary spectral theory, using the fact that
the e;; are mutually orthogonal projections. Using the condition of the lemma one
sees that for fixed ¢, sufficiently large n, and all I € 4, c,(¢) can be made arbitrarily
close to 1, so that Ad(exp(it[4,,.; — h,]))(el,) converges uniformly to e},, for n, m
large. From (6) it now follows immediately that {Ad(exp(ith,))(e},)} is a uniformly
convergent sequence.

A similar argument shows that for any k € N, the sequence {Ad(exp(ith,))(ef,):
n € N} converges uniformly: taking adjoints, the same holds for e5,. In addition,

Ad(exp(ith,))(ek) = ek,

since &, and e lie in the m.a.s.a. of % generated by the diagonal elements. Hence,
{Ad(exp(ith,)Xef)} is uniformly convergent for all matrix units e. One then easily
extends these results to polynomials in the matrix units e,-"j, whence a straightforward
approximation argument shows that {exp(ith,) - x - exp(-ith,)} is norm convergent
for all x € A, ¢ € R. Therefore, the automorphism group { B,: ¢ € R} extends to U,

so that §, has a generator extension to ¥ as asserted.

3. A necessary condition for extendability. In this section we show that Condition
C’ is necessary for a generator §; on A° (#£ € %) to have a generator extension to
9. The following lemma is the main tool used to obtain this result. First we
introduce some notation required for the lemma.

For indices / and p, 0 </ < p, let Ef be the projection in %Ig defined as in the
previous section. For 1 <k <p and 0 </<p — 1, we define F*” to be the
projection in %Ig consisting of the sum of all diagonal elements in % , of the form

1 ... pk=1 Lk+1

L =4 ! . eP.
elx'l e—1tk-1 te+1tk+1 iplp

b
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where / of the subscripts iy,...,ix_1; ix415---5i, are equal to 1. Then one observes
that the following identities hold (see also (2)):

) Ef = e FP,
Ef = efyFif + en FP, 1<i<p-1,
— ok Fk,
E} = ey, 4.
Note that F/**» commutes with all matrix units ef; € B,.

LEMMA 3.1. Let # = (h,) be a sequence in %, i.e., h, = 0, and
k
By — he = X EfEfel™, ¢ €R,  and &, =¢=0.
=0

Let B, = B/, t € R, be the group of automorphisms on %° generated by §,.
Then
(i) B,(ek) = ef, k €N, and

(ii) for positive integers m > n + 1,

n—1 m-1 j—1
B,(e;r‘ef'z“)=exp(—itz E,"é,") -exp(it Y X EN(EH - H)edl!
=0 j=n+1 [=0

m—1

-cxp(it ) Fz"“""ﬁz'”) (egt - epyth).
=0

PROOF. Part (i) has already been obtained in (5).

To prove (ii) we begin by noting that since e} 'e3*! € A, ,, a calculation
similar to (3) gives

B,(entlent?) = exp(ith,,,,)(es ers* ! )exp(~ith,, 1)
= exp(ith,, 1) (e} eyt exp(=it[ A,y — h,))exp(=ith,,).

Moreover,

exp(=it[ A,y = hy))

m

exp(—ft ) E/"ﬁ;’"el”i”)
=0

m

[T exp(-itEgref;*)

.\
[=]

m
IJ)([I - E,’"e{"l“] + exp(-ité]") - E,’"e{'{“),

~

SO

el exp(=it[hpiy = b)) = €3,

and therefore,

B(efitets™) = expl(ith,.,) - e3ilefs™ - exp(-ith,,)
= exp(ith,,.,) - e5'* - exp(~ith,,) - ep*!
= exp(it[hy4y = h,])exp(ith, ) €5 texp(~ith, Jexp(=it[h,, — h,])el3"!
= exp(it[hysy — hy])e3 exp(~it[h,, — h,]) ey
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(Note exp(-ith,) € A, and thus commutes with e,’J“, r € N.) Therefore,

B (e5tes™) = explit[hyiy — b)) s Yexp(-it[ b, = h,])els "

m J m-1 J
=exp|it ), Y E/¢le] 1)ei’lﬂexp(—it Y ¥ E/é{e{f'l) ept!

Jj=n [=0 Jj=n [=0

J
=exp(n ZE/ﬁfe{f‘) ;lexp(—an,"e,e"“)

=0

J
exp( —it E EE/gfef“) e+l

j=n+1l [=

Jj=n+1 [=0

0
= exp(—zt Y Eré; exp(zt Y Z E/§1e1“) ent!

m—1 J
exp(—zt Y, Y Ejjel; ) ent!

j=n+1 [=0

n
= exp(—itz E| §,)exp it Z Z E/&fef“)e;'l“
=0 j=n+1 [=0
m—1 J
~exp|-it Y, Y Eftfe{;|-entl.
Jj=n+1 [=1

Using (9) (and recalling §/_, = ¢/ = 0, all ) a straightforward calculation gives

j=n+1 [=0 j=n+1 [=1

exp(zt Z ZE/ﬁ,e”l)e;‘l“exp(—tt Z ZE/ﬁfef“)
1

m-1 Jj—
=explit Y, Y F'ViEfeli! | el lexp
Jj=n+1 [=0

m-1 Jj-1 -
-it ¥ X FrMEel!

j=n+1 [=1

j=n+1 [=0

m—-1 j—1
=exp(iz z ZE"“”(H—ﬁfﬂ)eﬁ“) est,
and therefore,

m-1 j—1
.B(ei'lﬂeinzﬂ) = CXP(—”Z E’E] )CXP(” )IEDY F"Hj(ﬁj - §1+1) 1)

=0 Jj=n+1 [=0

CXp(ll Z Elmé-[ elrr{+l)e£rl+lem+1
=0
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Finally, one has

m
exp(n Y Erer eﬁ“) eg et = exp(ir ¥ ErEp )e;f tepy !
1=0 1=0

m—1

= exp(it Z Fln+1,m£1 )enl+le1”5+19

1=0
from (9). Combining this with the previous equation gives the desired form for
B.(e5 e ). This completes the lemma.

Suppose 8 is a generator on 9 with one-parameter group { 8,: 1 € R} extending §;.

Then it is straightforward to verify that B,ho = B. We consider B,(e}z). For fixed n
we may write (see [S, Lemma 2})

B,(eiz) =2 e}lj, ei':,j,,(xl.l(t))’
1.Jes

where Jis the set of n-tuples I = (iy,...,i,) withi, € {1,2}, and x,,;(¢) € (%,)°. By
Lemma 3.1(i),

(e%l)Bt(eiZ)(e;Z) = Bx("h)Bz(e}z)Bz(e;z) = Bz(eileizeiz) = B(el2),
so we may assume that i, = 1 and j, = 2. Similarly, B,(e},) commutes with the

projections e; ,_ - e} , , and as an easy observation we conclude that x,,(7) = 0
unless i, = j,,...,i, = j,. Combining we have,

(10) (912) )y e12e1212 ei':,i,,(xl(t))’

Ies’

x(t) € (A,), £ is the set of (n — 1)-tuples (iy,...,i,), with all i, either 1 or 2.
Using [5] again, let ¢,, n € N, be the conditional expectation of the trace 7 from %
onto A . Then

¢n(/§x(e}2)) =X e{Zeizziz el ¢(1),

Ies’

where ¢;(t) = 7(x;(t)). Using the strong continuity of {B,}, it follows that for
0 <& <1 and for a fixed interval [-s, s] C R, there exists n sufficiently large so that

I, (B,(el2)) = B(el2)ll < e/2, allt € [-s,s].
But
[B,(e}z)]*B;(e{z) = Bx(eéleiz) = Bz(eéz) = ey,

from Lemma 3.1(i), so
e > [|[¢,(B ()] *6u(B(e12)) - enl

) eéZeizziz e ler(0)1? = ex
Ies

X (e () = l)eézeizzi2 cee e

”'l’l
Ies’

= max {|(le, (1)1 = 1)1}.

’n’n
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Therefore,
(le; ()| = 1) <e, alll s, allte [-s,s].
This establishes the first two parts of the following lemma.
LEMMA 3.2. Let # € ¥y, and let 8, generate the one-parameter group { B,: t € R}
on A°. Suppose { B,} extends to a one-parameter group { B,: t € R} of automorphisms

on A. Then for € > 0 and positive s € R there exists n € N and constants c¢;(t)
(I € F’ the set of (n — V)-tuples (i,,...,i,)) such that:

(i) lle;(¢)| =1 <e, allt€[-s,s],alll €5
@) JA(eh) = T ehed, - ena()]

Ies’

<e/2, alte|-s,s].

(iii) For any m > n, t € [-s, s), and any projection P of the form P =
e"tl wherej =1or2,

Jm+Um+1’
1B,(ek,) P — €, Pc, (1)l < e/2, whereJ = (jy,...,j,) € F".

PROOF. Only (iii) remains to be shown. Multiplying the expression in (ii) by P we
have

2 ..
€ria

5> a(eh)p = T eher, e

res’
=||ﬁ,(eiZ)P - c,(t)e{zP”.

This completes the argument.

Finally, we may combine our results to provide a necessary condition for a
generator &, (# € %) on A° to extend to a generator on A.

LEMMA 3.3. Let /4 = (h,) € %y, 6, and B,, t € R, be as in Lemma 3.1. Suppose §,
has an extension to a generator 6, on U (equivalently, { B,: t € R} extends to a group of
automorphisms { B,} of %). Then Condition C’ of §2 must hold.

PRrOOF. For a fixed positive integer k > 2, choose ¢ such that

0 <& < (lexp(i/2%) — 1)) /2,
and choose n sufficiently large so that conditions (i)—(iii) of Lemma 3.2 hold with
s = 1. Choose any finite strictly increasing set {/;: 1 <j < ¢} of positive integers
with n < /;, and let m be any integer greater than / , T 1. Finally, let r be an integer,
0 < r </}, and consider any projection P of the form

— L2
P = e,

L L+l
. ei,lli,lezlz o e 65"2’
withr = #{k:i, = 1,2 < k < I,}. Let x € A° be the operator

h+1 1h+1 Iq+1 m+1,m+2

= .. . .. emtq.
X =€y €y € "€ ep en
we observe that

(11) B.(x*)B,(el,) PB,(x) = B,(el,)B.(x*) PB,(x)
= B,(el,)B.(x*Px) = B,(el,)x*Px,
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where B,(x*Px) = x*Px follows from Lemma 3.1(i). Since ||x|| = 1, we have, com-
bining (11) and Lemma 3.2(iii),

"B,(x*)[e}ch,(t)] B(x) - eizx*chl(t)”
<[B.(x)[etaPes ()] B.(x) = B(x*)[B(el2) P] B (x)]
+ ||B,(e{2)x*Px - e}zx*ch,(t)"
<|leloPe; (1) = B.(el,) Pl + B (el,) x*Px — elyx*Pxc, (1)
<e/2 +|B,(el,) x*Px — e}, x*Pxc;(1)|.

Next note that x*Px is a projection satisfying e, x*Px = x*Px, where ¢, = ¢/,
e/, » so another application of Lemma 3.2(iii) yields

IBz(e}Z) * 3 (eiz)en - eize,,c,(t)” <e/2,
and therefore

|18, (x*)[ €12 Pe; ()] B.(x) — elyx*Pxc,(1)| < e, forte[-1,1].
But clearly |c,(¢)| > 1/2 by Lemma 3.2(i) and the choice of ¢, so

(12) |8,(x*)el, PB,(x) — elyx*Px| < 2¢, e [-1,1].

We now compute B,(x*)e}, PB,(x), beginning with

L+1 m+1 h+1 41
'Br( €2 €2 )eUPBt(eZl €12 )

By Lemma 3.1(ii),
I 1 s .
B(en entt) = exp| it b3 L EUI(E - &) el
Jj=4L+1 [=0
h-1 m—1
~exp(—it Y. Ehgh exp(it > F}"“"”&,’”)eéll”e{':‘z“.

1=0 =0

Noting that

Ad (el,P) =el,P,

m—1 j-1
eXP(_” > EFIlHJ(g §,+1)e{1+1)

Jj=hL+1 [=0

our expression simplifies to

h+1 em+1 Li+1 m+1
Br( € )eIZPBI(en )

h-1
(“’12 eé’{“)exp(—zt Y Fhth mgm)CXP(” > E/l{;’)elz
I= 1=0
h-1

Pexp(—zt Y. Ehgh )exp(zt Y, Ehtlmgm ) exlemtt,
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But recalling the expression for P, we have

h-1 hH—1

h¢l, N | L+l . ,m ; L ¢l

exp(zt Z Ellgll)eIZelzzz etllllllel eZZCxp(_lt Z Elléll)
=0 =0

= exp(itg}, 1) ef, Pexp(- itglh) = eXP(lt[frﬂ fﬁ‘]) “e1pP.

Continuing (and using similar calculations) we have

1) 1 Lm+1
:Br(elz en’ )eIZPBr(e211+ enr™!)

m—1
= exp(ir[ £, — £1]) el e;;“exp(-it ) F/l“'mz,"’)eiz
=0

m-—1
Pexp(tt Z F11+1 mgm) Il+1€in2+l

1=0
—exP(’t[§r+1 glll)exP( i[&n, - &])e ’2+1"2”i+leizPelzll+le{"2+l
= exp(it[£, — &) )exp(-it[ £, — &7])
enehy, e el e - efent!

To complete the calculations we write B8,(x*)e], PB,(x) as

TT8( ") et | T84 2]

and using successive calculations similar to the one above, we arrive at

B.(x*)e1, PB,(x) = [l:[ exp(lt[$r+j §£j+j_l])}
q
[ st —spl |t
L

From (12) we obtain

[ﬂ explie[ €11, = €1, J)H.ﬁ exp(-it [ €7,/ - s:r;f_zl])] -1

Jj=1

< 2.

Now (recalling the condition on ¢),
(13) lexp(i/2%) — 1] > 2¢

q v
exp(it[ Y ( o= &l 1) —(gﬂ"}j_l - 8":}"_—11)]) -1

j=1

> 9

all ¢ € [-1,1]. Using (13) a straightforward argument now shows that for any finite
increasing set {/;: 1 <j < g} of integers with/; > n,0 < r </j,andform > [, + 1,

q
j—1 1
E ( r+] r+j 1) (gr""-#-‘;j gr"':;j 1 )

—.
o] 2
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But this last inequality implies that Condition C’ must hold (since £ may be chosen
arbitrarily), and this completes the proof of the lemma.

4. Existence of nonextendable derivations to the CAR algebra. We may now
combine the results of the previous section to obtain necessary conditions for §,,
4 €%, to extend to a generator on A. Using some of the results in [3] on
derivations commuting with compact abelian group actions, we may apply our
results to show (Corollary 4.1) that there exist generators on A° admitting no
extensions to closed *-derivations on %.

THEOREM 4.1. Let /4 = (h,) € ¥, be a sequence of operators—i.e.,
k
hy=0, hey—ho= Y ENfel, vfeER, vyl =4k
=0
8, the corresponding generator on the GICAR algebra A°. For k € N, 0 < I < k, let
¢F = v} — yF. Then &, admits an extension to a generator on the CAR algebra % only
if Condition C’ (on the numbers £F) of §2 holds.

Proor. First suppose that 8, admits a generator extension 8, on . Set £#" = (hy,)
where

n
Wy=h,+ Y Aek, and A, =/}, keN.
k=1
Applying Lemma 2.4, §,,, must also have a generator extension. Moreover,

ooy —hy=h,y —h, - Y:eflﬂ
n n
= Z E/"(YI" - Y:)ei'1+1 = 2 E/"(§7)3f1+1’
/=0 =0

so that £” € F, (note &) _, = & = 0). Therefore (Lemma 3.3) Condition C’ holds.

COROLLARY. Let /= (h,) € %y, be a sequence for which 8, has no generator
extensions to N. Then there are no densely-defined closed *-derivations on W extending

8,.

PROOF. Suppose there exists a closed *-derivation § on % extending 8,; i.e., D(9) is
a dense *-subalgebra of A, D(§) 2 D(§;), and d,p(s,) = 8- By Lemma 3.1(i),
Bi(el)=el(i=1,2,n € N), so e € D(8;) (C D()), and clearly §(e") = 8;(e!
= 0. Since 6 is closed it is immediate that ¥ € D(§), where %is the maximal abelian
subalgebra of &/ generated by the diagonal elements e}, and that 8¢=0. In
particular, 8[V,(8)] = 0 (see §2). Hence if x € D(§),

Ad(V,(6))(x) € D(8) and 8[Ad(V,(8))(x)] = Ad(V,(8))(8x).
Recall from (1) that

a5(x) = lim Ad(V,(6))(x)
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(respectively,
ay(8x) = lim Ad(¥, (6))(8x) = lim8[Ad(¥, (6))(x)] ).

Thus ay(x) € D(8), by the closedness of 8, and §(ay(x)) = ap(8x). But & also
enjoys the property that its restriction &, to the invariant subalgebra %° is a
generator, and therefore [3, Theorem 3.1] § is itself a generator on ¥, contrary to
hypothesis. This contradiction yields the result.

REMARK (Condition C and uniform convergence of (h},) € ¥y,). Suppose 4’ = (h},)
is a sequence in ¥y, (as in Definition 2.1) such that {A: n € N} is a uniformly
convergent sequence of operators. Then it is straightforward to show that §, extends
to a generator 6’ on % with one-parameter group { 8/} given by

B, = lim Ad(exp(ith,)).

Thus, by Lemma 3.3, Condition C’ must hold. In fact, one sees that Condition C
holds also. This may be shown directly as follows. Using Definition 2.1 (ii") we have
(form > n)

m k-1
Y X Efgef).

k=n [=0

(14) = lim{lt,, ~ A = lim

Arguing as in the proof of Lemma 2.5, one may show that

m ke
Z Z feﬁH

m k-1
e Z ZEI Ike{(1+1
k=n =0

max )
k=n [=0
where £is t.he set of (m + 1)-tuples (iy,... i, ), i, =1o0r2, e, =e}, -+ el .
Then, arguing as in the proof of Lemma 3.3,
m k-1
kgk k+1
-’ Z Z EjEfery r+, 1)
k=n 1=0
where r = #{ j: ij=l,l<j<ll},and,withn<l1 < .- <lq<m,{lj:1<j<

q} is the set of indices / such that i,,, = 1. But then combining this last result with
(14) obviously implies Condition C.

On the other hand, we have been unable to determine whether Condition C
implies uniform convergence of the sequence (4),) € ¥y, (or even whether Condition
C is a necessary condition for the extendability of a derivation 8, (4 € F) to %).
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