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ABSTRACT. It is shown that for every annulus P = {z 6 Cn : 6 < \z\ < r},

b > 0, there exists a set-valued correspondence z —> K{z): P —> 2C , whose

graph is a bounded relatively closed subset of the manifold {(z,w) 6 Px

Cn : ziwi + ■ ■ ■ + ZnWn = 1} which can be covered by n-dimensional analytic

manifolds.

The analytic set-valued selection K obtained thereby is then applied to

several problems in complex analysis and spectral theory which involve solving

the equation a\X\ + ■ ■ ■ + anxn = y. For example, an elementary proof is

given of the following special case of a theorem due to Oka: every bounded

pseudoconvex domain in C2 is a domain of holomorphy.

0. Introduction. Consider the family of complex hyperplanes

Lz = {w G Cn : ZfWf + ■ ■ ■ + znwn = 1},        z G Cn \ {0}.

By Hartogs's theorem there does not exist a single-valued analytic selection from

{Lz} over the annulus

P6,r = {zGCn:6<\z[ <r}.

Yet a need of such a selection or a good substitute is apparent in connection with

various questions of spectral theory, since solving the equation aiXi + - ■ -+anxn = e

in a suitable Banach algebra or module is all that spectral theory is about.

In [11, §4] the author has constructed a set-valued selection from {Lz}z over P,

analytic in the sense explained below, and obtained some interesting applications

of it [11, §§5-6].

The purpose of this paper is to extend the construction of this selection to

arbitrary dimension and to apply the obtained multifunction to several topics in

complex analysis and spectral theory.

The following theorem states the basic properties of the selection we are looking

for.

THEOREM 0.1. Let 0 < 6 < r and n be an integer. Then there exists a set-

valued function z -» K(z) : Ps,r —* 2C", such that K(z) C Lz for every z G Ps.r,

which is analytic in the sense of the next definition.

DEFINITION 0.2 [12, §2]. Let G c Cfc be open. An upper semicontinuous set-

valued function (shortly:  multifunction) z —> K(z): G —> 2C" is called analytic
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if for every (n + l)-dimensional complex plane L C Cfc+n, the intersection Y =

Ln{(z,w): z G G, w G K(z)} has local maximum property in the following sense:

there does not exist a function f(z,w) analytic in a neighbourhood of a point

(z*,w*) such that |/| | Y has strict local maximum at (z*,w*).

The reader is referred for background and further information on analytic mul-

tifunctions to [3-4, 8-10 and 11-15].

1. An analytic set-valued selection. Similarly as in [11, §4] we are looking

for a set-valued selection of the form

(1.1) K(z) = {xGCn: (z,w) = l,\w - z\z\-2[ < e?^1^,

where z G Ps,r and p: (logé,logr) —► R is a smooth function. ((z,w) denotes

the bilinear form ZfWi + ■ ■ ■ + znwn.) The motivation is that both the manifold

(z, w) = 1 and the graph of K,

(1.2) Y = {(z,w)GPs,rxCn:wGK(z)},

are preserved by the group G consisting of biholomorphic maps

(1.3) (z,w)-> {Az,A~w): C2n^C2n,

where A is any unitary n x n matrix.

We will prove now the lemma which gives a sufficient condition for the multi-

function (1.1) to be analytic.

LEMMA 1.1. Let 0 < 6 < r and let p: (log6,logr) —> R be a convex, C^-

smooth function satisfying the inequality

(1.4) p"(x)(e2p^+2x(p'(x) - 1) - 2) > 2(p'(x) + l)2.

Then the graph Y of the multifunction K: P$¡r —> 2e", defined by (1.1) can be

covered by n-dimensional analytic manifolds.

PROOF. The case n = 2 of this lemma was proved in [11, Theorem 4.3 and

Lemma 4.4]. (The reader will note a misprint in equation (4.7) in [11].) We have

shown that the set {(z, w) G C4 : 6 < [z\ < r, w & K(z)} is strictly pseudoconvex

in {(z, w) : 6 < [z\ < r} and so, as is well known, its complement can be covered by

(open pieces of) two-dimensional analytic manifolds.

Decompose C2n = H © V, where V = {zf = z2 = Wf = w2 = 0} and H is its

orthogonal complement. Since Y C\ H is the graph of the multifunction (1.1) for

n = 2, for every p G H H Y there is a two-dimensional complex manifold M such

that p G M C H D Y and M is relatively compact in Y.
ASSERTION. For fixed M there is e > 0 such that M x ßn_2(e) C Y where

ßn_2(£) = {ueCn-2: |u| <e}.

To prove this let

(1.5) F(z,w) = R(\z\2)-]w\2 + \z\-2

where R(t) = exp(2p(^ logt)). Then the set Y is defined by the relations

(1.6) F(z,w)>0,    (z,w) = l,    6<|z|<r.

Let us represent points of M as (a, 0, b, 0) G C2n; we have to show that F(a, u, b, 0)

> 0 for u G C"-2, with |u| small enough. Set

fa,b(u) = F(a,u,b,0) = R(\a\2 + \u\2) - \b\2 + (\a\2 + H2)"1.



AN ANALYTIC SET-VALUED SELECTION 369

Since R(t) = R(\a\2) + R'([a\2)(t - ]a[2) + o(t - \a\2),

(1.7) /0,6(«) = (R(\a\2) - |6|2 - |a|"2) + (£'(|a|2) - |a|-4)|U|2 + o(\u\2).

The scalar R'(\a\2) - \a[~4 is positive. (Indeed,

i?'(|a|2) - |a|-4 = |a|-2(e2"(lo8lal)p'(log|a|) - |a|~2)

= e-2x(e-2xD + e2p(x) +e-2x),

for x = log |a|, and D = (p'(x) — 1) exp(2p(x) + 2x) — 2 is positive by assumption

(1.4).)
Thus the function fa,b(u) is convex in some ball Z?n_2(e), and by smoothness

of F and relative compactness of M in Y, £ > 0 can be chosen independently on

(a, b) G M. Furthermore by (1.7) grad/a,b(0) = 0. Therefore

/a,6(tt)>/a,b(0)=í,(o,0,6)0)>0,

for (a, b) G M, \u\ < £, and so (a, u, b, 0) G Y, which settles the assertion.

To complete the proof of the lemma observe that every point q G Y is the image

by a biholomorphic map gA £ G (cf. (1.3)) of some point p G H H Y and so

q G gA(M x B^2(e)) C Y.   Q.E.D.
REMARK. The lemma can also be checked directly by parametrizing the manifold

(z,w) = 1 (for z\ t¿ 0) by z\,... ,zn,w2,..., wn and substituting w\ = Zf1 -

Zf1(z2w2-\-\-znwn) into (1.5). Direct computation of the Hessian of the resulting

function at points with z2 = ■ ■ ■ = zn = w$ = ■ ■ ■ = wn = 0 yields fairly quickly

condition (1.4).

REMARK 1.2. We have to give an example of the function p(-). By substituting

p(x) = \f(4x) - x we reduce inequality (1.4) to the simple form

r(e/(/'-l)-l)>¿(/')2.

The function f(x) = \ (x - a)2 + (x — a) + 2 satisfies this inequality in (a, oo).

The relation of Lemma 1.1 to Definition 0.1 and to another notion of analyticity

of set-valued functions is discussed in §3.

2. A proof of the corona theorem for n generators. The following theorem

was proven independently and in different ways by Alexander and Wermer [2] and

by the author [15].

THEOREM 2.1. Let X be a compact subset of 3D x Cn (D denotes the unit

disc). Assume that for every z G 3D the section Xz = {w G Cn : (z,w) G X}

is convex. Then for every point (z*,w*) in the polynomially convex hull h(X) of

X there exists a bounded analytic function g: D —> C™ such that g(z*) = w* and

(z,g(z)) G h(X) for all z G D.

This theorem and the next proposition (cf. [11, Theorem 3.2] for n = 1 and [13,

Proposition 2.3] for arbitrary n) are the basis of the recent approach to the corona

theorem due to Berndtsson and Ransford [6].

PROPOSITION 2.2. Let L:G -> 2C", where G is a bounded planar domain, be
an upper semicontinuous multifunction whose restriction to G is analytic. Then the

graph of L is contained in the polynomial hull of the set X = {(z, w) : z G dG, w G

L(z)}.

(The proof is sketched at the end of this section.)
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COROLLARY 2.3 [6]. Let L: D —> 2C" be an upper semicontinuous multi-

function whose restriction to D is analyticc. Then there exists a bounded analytic

function g: D —> C" whose nontangential limit g(e%e) belongs to L(e10) for almost

all 9.

Berndtsson and Ransford [6] made an important observation that this fact, which

is a direct consequence of Theorem 2.1 and Proposition 2.2, is all that is needed

to get a proof of the corona theorem, provided a suitable multifunction L is con-

structed. In this way they obtained a new proof of Wolff's ô-theorem (and thereby

a new proof of the corona theorem). After being informed about this proof, the

author has pointed out that Corollary 2.3 and [11, Theorem 4.3] yield a direct proof

of the corona theorem without the <3-equation (in case of two generators). Subse-

quently Berndtsson and Ransford obtained another direct proof (in the same case)

[6, §2], and the author applied his argument to an arbitrary number of generators,

as presented here. (See also final remarks in Berndtsson and Ransford [6, §3].)

Let /i,...,/„ê H°°(D) satisfy the inequality

(2.1) ¿2<|/1(*)|2+--- + |/„(2)|2<1,        zGD.

We are looking for gi,...,gn€ H°°(D) satisfying

(2.2) gi(z)fi(z) + --- + gn(z)fn(z) = l,        zGD,

and a uniform estimate

sup(\gi(z)\2 + --- + [gn(z)\2)<C¡,
\z\<l

where Cs depends only on 6. We can assume without loss of generality that

/i,...,/„ are continuous on D. Set f(z) = (ff(z),... ,fn(z)). Then f(D) C

P6 = {zGCn: 6<\z\< 1}.

LEMMA 2.4. Let K: Ps —> 2C" be any multifunction satisfying the conditions

of Lemma 1.1.  Then the multifunction L(z) = K(f(z)), z G D, is analytic in D.

PROOF. Fix z* G D and w* G L(z). Then (f(z*),w*) G Y (= gr(K)). By
Lemma 1.1 there exists an n-dimensional analytic manifold M such that (f(z*), w*)

G M c Y, M is locally given by n analytic equations gi(u,w) = 0, i = 1,... , n,

(u,z) GC2n. Let

N = {(z,w) gCxC": gz(f(z),w) = 0,1 < i < n}.

Then N is an analytic variety such that (z*,w*) G N C gr(L) and has dimension

> 1 at (z*,w*). Observe then that for no analytic function h(z,w) defined in

a neighborhood of (z*,w*) can [h[ restricted to gr(L) have strict maximum at

(z*,w*), for this would violate the open mapping theorem for the function h\N (by

[7, Proposition 10, p. 54]).    Q.E.D.
(A more elementary but longer proof follows from [11, Proposition 5.1]; cf. also

discussion in §3.)

PROOF OF THE CORONA THEOREM. We construct the multifunction L as in

Lemma 2.4, assuming in addition that the function p is continuous in [logé,0].

Then L satisfies the uniform bound sup{|u;|: z G D,w G L(z)} < Cs.  Applying
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Corollary 2.3 to L, we obtain a bounded analytic function g: D —> Cn such that

g(e%e) G L(et6) for a.a. 6. By construction of K (cf. (1.1)) this means that

(f(e^),~g(ee)) = l    a.a. 0,

which implies (2.2). Of course

sup \g(z)\ < sup \g(el9)[ < C8.       Q.E.D.
zGD 9

Proof of Proposition 2.2 (Sketch). If not, then there is a polynomial

p(z,w) and e > 0 such that maxu|gr(L) > maxu[X, where u(z,w) = |p(2,w)|2 +

s(\z\2 + ]w\2).   Let (z*,w*) be any point at which u|gr(L) attains its maximum;

z* G G. Using the complex Taylor formula at (z*,w*) we can write

u(z,w) = Rep(z,w) + h(z,w) + r2(z,w),

where p(z,w) is an analytic polynomial with degp < 2, h is a strictly positive

homogeneous function in z - z*, w - w* of degree 2 (i.e., Hessian) and r2 =

o([z - z*\2 + \w - w*|2). Therefore the restriction of Rep = u - h — r2 to gr(L) has

strict local maximum at (z*,w*). Thus Definition 0.2 fails for exp(p(z)).    Q.E.D.

3. Approximation of analytic multifunctions by projections of poly-

nomial hulls. In this section we apply the set-valued selection of §1 to prove the

following result.

THEOREM 3.1. Let G be a bounded planar domain and K: G —> 2C" an an-

alytic multifunction with bounded graph. Then there exists a sequence of upper

semicontinuous multifunctions Ks : G —► 2e  , s > 1, analytic in G and such that

(3.1) Ks+l(z)cKs(z);        K(z) = f] K°(z);

S>1

furthermore, for every s there is an integer m = m(s) and a compact subset Xs

ofdG x Cn+m such that gr(Ks) = ir(h(Xs)), where it: C"+m+1 -> C"+1 is the

standard projection.

For the purpose of further discussion we will compare first Définition 0.2 with a
weaker notion.

DEFINITION 3.2 [11, Definition 4.1; 12, §2]. Let G be an open subset of Cfe.

An upper semicontinuous function K : G->2C" is said to be weakly analytic if for

every open subset G' of G and for every plurisubharmonic function u(z, w) defined

in the neighbourhood of gr(K[G') the function v(z) = max{u(z,w): w G K(z)} is

plurisubharmonic in G'.

It turns out that the two notions are equivalent in case k = 1 but not in general.

EXAMPLE 3.3. Let K(z) = 3D for z ¿ 0, z G C2 and K(0) = D. Then

K: C2 —> 2C fulfills Definition 3.2. However, hyperplane {w = 0} intersects gr(K)

at a singleton which does not have the local maximum property.

PROPOSITION 3.4. Let G be a planar domain and K: G —> 2C" an upper

semicontinuous multifunction. Then K is analytic if and only if for every plurisub-

harmonic function u(z, w) in a neighbourhood of gr(K) the function

(3.2) v(z) =max{u(z,w): wG K(z)}

is subharmonic in G.
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PROOF (SKETCH). Necessity (cf. [11, Theorem 3.2 for n = 1]). First take u

strictly plurisubharmonic in a neighbourhood of gr(K\G'), where G' C G, and let

D be a closed disc in G'. The same argument as in the proof of Proposition 2.2

shows that

maxu|gr(/i|D) < maxu|gr(/!T|f3/))),

and so max.v[D < maxv\3D. Replacing u(z,w) by u(z,w) + Rep(2), where p(z) is

a complex polynomial, we get

max(u + Rep)|D < max(u + Rep)|f3D,

for every p and D, which implies that v is subharmonic by [5, §4].

Sufficiency. Suppose f(z, w) is analytic in a neighbourhood of a closed ball B

centered at (z*,w ) and |/| |gr(/i) n B has strict maximum at (z*,w*). In the

same way as in [13, Proof of Theorem 5.1] we find an open set U and a number

d < \f(z*,w*)\ such that (z*,w*) £ V, [f\ ]3B < d, gr(K) C U U B, and the
function

„(~ ,.,\ _ Í max(|/|, d),    (z, w) G B,
l'   j~\d, (z,w)GU\B,

is plurisubharmonic in U U B. Then the function defined by (3.2) has strict maxi-

mum at z* and is not subharmonic.    Q.E.D.

REMARK 3.5. By the last result and [11, Proposition 4.2(iii)] it suffices to

consider only G' = G in Definition 3.2.

REMARK 3.6. By Proposition 3.4 and [11, Proposition 4.2(iii)] every analytic

multifunction K: G —► 2e", G C Cfc, is weakly analytic. (Consider a complex line

L in Cfc and note that gr(K[L) = gr(K) f)(Lx Cn).)

REMARK 3.7. The selection of Lemma 1.1 is analytic and so weakly analytic.

(Apply [7, Proposition 10, p. 54] as in the proof of Lemma 2.4 or [13, Proposition

3.5(b)] and note that by [13, Corollary 2.6] the class of fc-maximum sets is preserved

by biholomorphic maps.)

In the proof of Theorem 3.1 we use the fact that composition of weakly analytic

multifonctions is weakly analytic [11, Proposition 5.1]. (Note that Lemma 2.4 was

a special instance of this.) The corresponding result for analytic multifonctions,

which is less elementary, will appear in a subsequent paper.

PROOF OF THEOREM 3.1. This proof is an extension of [11, §5, Proof of

Theorem III]. Consider an annulus

P = {(z,w) G Cn+1: 62 < \z - z*\2 + \w- w*[2 < r2}

containing gr(K). Let L: P —> 2C" be an analytic set-valued selection of Lemma

1.1 and let

(3.3) R(z) = {(w, u) G C2n+1 : w G K(z), u G L(z, w)}

for z G G. Observe that R is the composition of the multifonctions

z -> {z} x K(z),    (z, w) -> L(z, w),

and so is analytic in G by [11, Proposition 5.1(i), (ii)].
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Since gr(L) is contained in the variety  (z - z*)uf + (wf - wl)u2 +-h

(wn - wn)un+i = 1, therefore pr(h(gr(R))), where pr: C2n+2 -> C™+1 denotes

the standard projection, is disjoint with a neighbourhood of (z*, w*).

By the countable covering argument we obtain now that there exists a sequence

of annuli Pi containing gr(K) and analytic multifonctions L¿ defined in P¿ such

that if Ri is defined as in (3.3), then

(3.4) gv(K) C pr(/i(gr(A¡))) C C"+1 \ U%

where {[/¿} is a covering of Cn+1 \ gr(K).

Define further for (z,w) G P\ D ■ ■ ■ f) Pa and for z G G

Ls(z,w) = Lf(z,w)x- ■ -xLs(z,w),        Rs(z) = {(w,u): w G K(z),u G Ls(z,w)}.

Multifonctions Ls are analytic by [11, Proposition 5.1(iii)], and then Rs are ana-

lytic, in the same way that R was.

By construction of Ls and (3.4)

(3.5) pr(h(gr(R°))) C pr^gr^"1))) D pr(h(gr(R°))) C C"+1 \(UfU---UUs)

where pr denotes a suitable projection. Define

Xs = {(z,u): zg3G,ugRs(z)}.

By Proposition 2.2 gr(/2s) C h(Xs). Let Ks be a multifunction with domain G

whose graph is the projection of the polynomial hull of Xs onto C™+1. By (3.5) we

get gr(K) C gr(K3+1) C gr(Ks); the intersection of gr(Ks) equals gr(K).    Q.E.D.

4. Consequences of the approximation theorem. The following theorem

generalizes [11, Theorem III]. It will be applied in §5 to the study of analytic

perturbations of the Taylor spectrum.

THEOREM 4.1. Let G be a bounded planar domain and K: G —► 2C an an-

alytic multifunction with bounded graph. Then there exists a separable uniform

algebra A and functions f,gi,- ■ ■ ,gn G A such that

(i) J(Ma) \ Í(9a) = G, where 3a denotes the Shilov boundary of A;
(Ü) 9(f~l(z)) = K(z) for every z G G, where g = (gi,..., gn).

PROOF (SKETCH). We apply Theorem 3.1 as well as its proof. By construc-

tion the sets gr(K) *- h(Xl) <- h(X2) <-...«- h(Xs) <- ••■ considered with

the natural projections, form an inverse system of compact sets whose limit can

be identified with a compact subset Y of CT, where T is some countable index

set. Then Y is polynomially convex in CT as the intersection of a family of (in-

verse images of) polynomially convex sets. (We consider polynomials in any finite

number of variables.) Define A to be the uniform closure of restrictions of all poly-

nomials to Y, and let /, <?i,..., gn be the coordinate functions z, W\,...,w„. Then

(/, gi,..., gn)(Y) = gr(K) (by properties of Xs), which proves (ii). Now it is clear

that the Shilov boundary of A is contained in the inverse limit of the sets Xs and

so f-^dG) Cd a.    Q.E.D.
We apply now Theorem 3.1 to disprove two plausible but false conjectures con-

cerning polynomial hulls:

(1) If Y = h(X) where X c 3D x Cn and Y ¿ X, then Y can be approximated
by analytic varieties.
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(2) If AT, F are as in (1) and if

(4.1) Y = {(z,w):zGD,wGco(Y(z))},

where

(4.2) Y(z) = {wGCn:(z,w)GY}

("co"=convex hull), then Y is polynomially convex.

EXAMPLE 4.2. Conjecture (1) is false. Consider any bounded analytic mul-

tifunction K : D —> 2C with convex fibers K(z) and examine the consequences of

(1) for the multifunction K. Approximate K by multifonctions Ks(z) such that

gr(Ks) = pr(h(Xs)), with Xs and Ks satisfying conditions of Theorem 3.1. Let

Ys = h(Xs) and define Ys(z) and Ys by (4.2) and (4.1) respectively. Then

(4.3) pr(Ys(z)) = co(K3(z)).

If (1) is true, for every neighbourhood U of h(Xs) in D x Cm there exists a closed

analytic variety M in D x Cm contained in U. Consider U containing gr(Fs) and

bounded in the direction {0} x Cm. By well-known facts M is the graph of a finitely

valued bounded analytic function z —► {ai(z),... ,an(z)}: D\E —► Cm, where E

is a discrete sequence of isolated branching points. Then n~1(af(z) + ■ ■ ■ + an(z))

defines an analytic function au'- D —> Cm whose graph approximates Ys fairly well

because of the convexity of Ys(z). Taking a suitable sequence of neighbourhoods U

and applying Montel's theorem to {au}u we find an analytic function as: D —> Cm

such that a3(z) G Ys(z) for z G D, and so by (4.3)

fs(z) = pr(as(z)) G co(Ks(z)),        z G D.

Let f(z) be the limit of some subsequences of {/3}- By (3.1) and convexity of K(z),

f(z) G K(z) for all z G D. Thus we have found a single-valued analytic selection

from each bounded, convex-valued multifunction K: D —> 2C. This is, however,

impossible by [6, Lemma 3.5], and so (1) fails.

REMARK 4.3. Conjecture (1) is a variant of the general problem posed by

Alexander and Wermer concerning the possibility of approximating general singu-

larity sets (which correspond to graphs of analytic multifonctions in our terminol-

ogy) by analytic varieties [1, Part I, Question 1]. Various positive results related to

the latter problem were obtained in [1, Parts I and II, 2, 15, 18], but the answer

is negative in general, as shown in [6, Lemma 3.5].

In Example 4.2 n is rather large (but can be estimated). The case n = 1 of

conjecture (1) is still open.

EXAMPLE 4.4. Conjecture (2) is false. Let <p be a subharmonic function in D.

Then K(z) = D(0,exp<p(z)), z G D, is an analytic multifunction. Let ip be such

that {ip = -co} has limit points inside D. Then the only single-valued analytic

selection from K(z) over D is f(z) = 0.

We now apply to K the same approximation procedure we did in Example 4.2.

Thus the sets XS,YS,YS have the same properties and (4.3) holds. Conjecture (2)

and Theorem 4.1 imply that Fsn(öx Cm) can be covered by graphs of analytic

functions, and the same holds for the graph of z —* co(Ka(z)): D —* 2C. Since

K(z), being convex, is the intersection of co(Ks(z)) (cf. (3.1)), Montel's theorem
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implies that gr(K) can be covered by graphs of analytic functions, which contradicts

the initial observation.

In the last example n could be rather large. The next example, found indepen-

dently by H. Alexander and J. Wermer (oral communication of Professor Wermer)

and by the author, shows that conjecture (2) fails for n = 1 as well.

EXAMPLE 4.5. Let X = {(z,w) G C2: ]z\ = l, w2 = z}. Then Y(z) =

co{\fz, -\/5}, z G D, where Y = gr(K) and Y is defined by (4.1). To show that Y

is not polynomially convex consider the set Z = {(z,w): z G D, [w+\/w2 — z\ < 1}.

One checks easily that sections Z(z) are ellipses with foci \/z, —\fz for |z| < 1 and

line segments with endpoints yfz, —\[z for [z\ = 1. Furthermore Z is the union of

flat analytic discs {(z, (a + az)/2) : z G D}, where |a| < 1, and so by the maximum

property Z c h(Zf)(3D x C)) = h(Y n (3D x C)). Since Z(0) = {w. [w\ < ¿} ±

Y(0), we conclude that Y is not polynomially convex. (It can be shown that Z is

the polynomial hull of Y.)

We will now apply Theorem 4.1 to give a rather elementary proof of the following

special case of Oka's theorem on the equivalence of pseudoconvex domains and

domains of holomorphy.

COROLLARY 4.6. Every bounded pseudoconvex domain G in C2 is a domain

of holomorphy.

PROOF. Choose two discs D, Df in C such that DxDf contains G. Let K: D —>•

2C be the upper semicontinuous multifunction such that gr(K) = D x Df \G.

By [11, Theorem II] K is analytic, and so by Theorem 4.1 (or Theorem III in [11])

there exist a uniform algebra A and functions f,g G A such that K(z) = g(f~l(z))

for z G D and /(Ma) \ }(3a) = D. In [16, Proof of Theorem 2, p. 15, and Lemma

2, p. 14] it was proven in an elementary way that the set

U = {(z,w) GC2:zG f(MA) \ f(3A),w <¿ g(f-\z))}

is a domain of holomorphy (for any uniform algebra A and /,g G A). Since G

is a union of connected open components of U, it is a domain of holomorphy

itself.    Q.E.D.

5. Analytic perturbations of the Taylor spectrum. It was shown in [11,

Corollary 3.3 and Theorem 4] that analytic multifonctions in dimension one and

multifonctions of the form z —» sp(T(z)), where T(z) is an analytic family of

bounded operators, are locally the same. One way generalization to higher di-

mension was obtained by the author in [14]. (Below sp(Ti,... ,Tn) denotes the

joint spectrum defined in Taylor [17].)

THEOREM 5.1 [14]. Let Ti,...,Tn: G —> B(X) be analytic operator-valued
functions where G is an open subset of Ck and X is a complex Banach space.

Assume that for each X G G operators Tf(X),... ,Tn(X) commute. Set K(X) =

sp(Ti(A),... ,Tn(X)) for X G G.  Then K: G —* 2C" is an analytic multifunction.

In this section we present a partial converse to this theorem when k = 1 and for

arbitrary n. The case of arbitrary k seems to be open at present.

THEOREM 5.2. Let K: G —* 2C" be an analytic multifunction with bounded
graph defined in a planar domain G.    Then there exist analytic operator-valued



376 ZBIGNIEW SLODKOWSKI

functions Tj: G —► B(H), j = 1,... ,n, w/iere // is a separable Hubert space such

that for each X G G operators Ti (A),..., Tn(X) commute and

K(X) = sp(Tf(X),...,Tn(X)),        XGG.

PROOF. The proof follows closely that of Theorem IV in [11, §6]. We will recall

the general argument and indicate the modifications that should be made.

Choose a separable uniform algebra A and its elements f,gi,- ■ ■ ,gn satisfying

conditions of Theorem 4.1 relative to the given multifunction K. For this algebra

A we construct a separable Hilbert space H and a representation T: A —» B(H) in

the same way as in [11, Lemma 6.1]. Namely, we choose a sequence of probability

measures mn on X (=Shilov boundary of A) representing a dense sequence of

characters pn in Ma- We let Hn be the completion of A[X in L2(mn) and H the

Hilbertian direct sum of all Hn's. For any hG A define Th G B(H) as the operator

of multiplication by h. It was proven in [11, Lemma 6.1] that T is an isometric

isomorphism of algebra A into B(H) and that

(5.1) o-^Ta) C a(X)    for a G A,

where an denotes the approximate point spectrum.

Assertion. If 0 6 f(MA) \ f(X), then

(5.2) sp((Tgfr,...,(Tgnr) = {zGCn:(0,z)G(f,g)(MA)},

where (Tgj)~ denotes the operator induced by Tgj on the quotient space

H/lm(Tf),andg = (gf,...,gn).
(Note that by (5.1) the quotient space is a Banach space.) We prove first that if

(0,z) G (f,g)(MA) then

(5.3) (Tf)(H) + (T9l - zJ)(H) + ■■■ + (Tgn - znI)(H) ± H.

We argue as in [11, Lemma 6.1, p. 379, last paragraph]. Take the sequence (xk) C H

defined there; it was proven that linifc(T/)*xfc = 0. The same argument shows that

limk(Tgj - Zjl)*xk = 0. Since ||xfe|| = 1, this proves (5.3), which in turn, by

definition of Taylor spectrum [17], implies that (0,z) ^ sp((Tgi)~,..., (Tgn)~).

To prove the reverse inclusion in (5.3), consider (0,0) £ (/, g)(Mx).   Then the

equation [gi - Zfl]hf +-h [gn - znI]hn = e is solvable in the quotient algebra

A/(fA). Since H/lm(Tf) is a module over this quotient algebra, Lemma 1.1 in

[17] implies that z &. sp((Tgi)~,..., (Tgn)~)- The Assertion is proved.

Set now V(X) = Tf - XI, Sj(X) = Tgj, j = 1,..., n, as at the beginning of the

proof of Theorem IV in [11, p. 381].
There we have defined a covering {Gj} of G, a Hilbert space H', and analytic

operator-valued functions

(5.4) Rj : Gj -+ B(H, H'),    U3 : Gj -+ B(H').

These objects depended only on V(-) and we take them without change. They have

the following properties:

Uj(X)-1 oRj(X) = Uk(X)-1 oRk(X),        X G GjHGk,

kerRj(X) = lmV(X),        XgG3.

We conclude that functions {U7lRj} define an analytic function B: G —► B(H')

such that kerß(A) = ImF(A) and ImB(A) = H' for every A G G. Let S¿(A)~ G
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B(H/lmV(X)) and B{\)~ G B(H/lmV(X),H') be the operators induced by Sj(X)

and 5(A) respectively. Set

Tj(X) = B(X)~ o Sj(A)~ o (ß(A)-)-1,        XgG.

By the Assertion sp(Si (A)~,..., Sn(X)~) = K(X), and since the Taylor spectrum

is preserved by simultaneous similarity (which follows directly from its definition

[17]), then sp(Ti(A),..., Tn(A)) = K(X) for A G G.
Of course Ti(A),..., T„(A) commute and are bounded for each A G G. Finally,

by [11, Corollary 6.4] functions Tf(-),..., Tn(-) are analytic.    Q.E.D.

REMARK. The construction of families Uj(X) given in [11] depended on the

assumption that spaces H/\m(Tf — XI) are infinite-dimensional for A G G and had

to be modified otherwise. The author thanks Professor T. W. Gamelin for pointing

out that these quotient spaces must be automatically infinite dimensional because

of the way they are constructed. (Note: each Hn is invariant for Tf - XI and

(Tf - XI)Hn ¿HniíXG G.)
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