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LOCALLY GEODESICALLY QUASICONVEX FUNCTIONS 
ON COMPLETE RIEMANNIAN MANIFOLDS 1 

TAKAO YAMAGUCHI 

ABSTRACT. In this article, we investigate the topological structure of com-
plete Riemannian manifolds admitting locally geodesically quasiconvex func-
tions, whose family includes all geodesically convex functions. The existence 
of a locally geodesically quasiconvex function is equivalent to the existence 
of a certain filtration by locally convex sets. Our argument contains Morse 
theory for the lower limit function of a given locally geodesically quasiconvex 
function. 

O. Introduction. A function on a Riemannian manifold is geodesically convex 
if its restriction to every geodesic segment is convex as one variable function in the 
usual sense. Geodesically convex functions arise naturally in a number of geometric 
contexts, and the topological and Riemannian structures of complete manifolds 
which admit certain geodesic ally convex functions have been investigated [1, 7-
10, 14J. Specifically, a recent result of Greene and Shiohama [9J states that if a 
complete Riemannian manifold M admits a locally nonconstant geodesically convex 
function tp: M -t R without minimum and with {x E M j tp( x) = a} compact for 
all a > inf M tp and if M has noncompact isometry group, then M is isometric 
to the Riemannian product of a compact Riemannian manifold and the real line. 
A function is called locally nonconstant if it is nonconstant on every nonempty 
open subset. This result shows that the existence of geodesically convex functions 
of certain types imposes strong restrictions on the Riemannian structure of the 
manifolds. On the other hand, it is known [2, 6J that the inclusion map of a 
closed totally convex set in a complete manifold (it appears, for instance, as a 
sublevel set of a geodesic ally convex function) into the whole manifold is a homotopy 
equivalence. A subset of a Riemannian manifold is called totally convex if it includes 
all geodesic segments whose end points lie in it. 1 

From this point of view, it is natural to expect that the topological structure of 
manifolds, for instance in the sense of homeomorphism or diffeomorphism type, may 
be restricted by the existence of more general functions than geodesic ally convex 
functions. We say that a function tp: M -t R U { -oo} is geodesically quasiconvex 
on an open subset U of M if its restriction to every geodesic segment "I: [a, bJ -t U 
is quasiconvex, that is, 

tp 0 "I(t) ~ max{tp 0 "I(a), tp 0 "I(b)} 
for all t E [a, bJ. A function tp is geodesically strictly quasiconvex on U if the 
inequality is strict whenever t E (a, b) and "I is nonconstant. If each point in M has 
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a neighborhood on which cp is geodesic ally quasiconvex (resp. geodesic ally strictly 
quasiconvex), then cp is locally geodesically quasiconvex (resp. locally geodesically 
strictly quasiconvex). If cp is geodesically quasiconvex on M (resp. geodesic ally 
strictly quasiconvex on M), then it is simply said to be geodesically quasiconvex 
(resp. geodesic ally strictly quasiconvex). We abbreviate "geodesic ally convex" and 
"geodesic ally quasiconvex" as "convex" and "quasiconvex", etc. 

It is well known that convex functions are locally Lipschitz continuous, and 
therefore differentiable almost everywhere. On the other hand, locally quasiconvex 
functions are not necessarily continuous. It should also be remarked that there 
are numerous complete manifolds which admit locally nonconstant quasiconvex 
functions, but not locally nonconstant convex functions. We shall give an example 
of a Riemannian manifold with this property (Example 3 in §1). 

There is one metric consequence of the existence of a certain locally quasiconvex 
function on a complete manifold: The volume of such a manifold is infinite (Propo-
sition 3.4). The main purpose of the present paper is to investigate the topological 
structure of complete manifolds admitting locally nonconstant locally quasiconvex 
functions. We note that every Riemannian manifold admits a continuous noncon-
stant locally quasiconvex function which is constant on an open set (see Example 
1). Hence, to obtain a topological implication of the manifold, it is natural to 
consider only locally nonconstant locally quasiconvex functions. 

Let cp: M - R U { -oo} be a locally nonconstant locally quasiconvex function 
on a complete Riemannian manifold M of dimension n. We denote by Ma (cp) the 
sublevel set {x E M; cp(x) ::; a} for the sake of brevity, and note that Ma(cp) is 
locally convex (for the definition, see §1). It follows from a result of Cheeger and 
Gromoll [6] that each connected component of the closure Ma(cp) of Ma(cp) has 
manifold structure with (possibly empty) boundary aMa(cp) for every a E cp(M). 
If Ma(cp) has a connected component of dimension n, then it is connected (Lemma 
3.3). We consider the lower limit function cp*: M - R U { -oo} of cp defined by 
cp*(p) = inf{a;p E Ma(cp)}, and note that cp is lower semicontinuous if and only if 
cp = cp*, and that cp* is also locally quasiconvex. The function cp* is well suited to 
our purpose. We set 

Al = inf{a;dimMa(cp) = n}, M<p = MAl (cp*). 
The set M<p is a closed connected locally convex set with dim M<p < n if it is 
nonempty (Lemmas 3.8 and 4.2). It is just the minimum set, when cp is continuous. 

We shall prove the following topological structure theorems. 
THEOREM A. Suppose that M<p is nonempty. Then: 
(1) There is a smooth manifold L such that M - M<p is diffeomorphic to L x R. 
(2) M is homeomorphic to the normal bundle lI(M<p) of M<p in M. If M<p has 

no boundary, then M is diffeomorphic to lI(M<p). 
COROLLARY. If M admits a lower semicontinuous locally strictly quasiconvex 

function cp with a minimum such that dim Ma(cp) = n for every a E cp(M), a > 
infM cp, then M is diffeomorphic to Euclidean space Rn. 

In fact, cp is of course locally nonconstant, and M<p coincides with the minimum 
set of cp, which must consist of a single point, because it is connected and locally 
convex. 

In some special cases, M has a product structure. 
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THEOREM B. Suppose that for some a E 'P(M) with dim Ma('P) = n, 8Ma('P) 
is disconnected and has a compact connected component. Then: 

(1) 'P* has a minimum. 
(2) M", is a compact totally convex hypersurface of M without boundary, and the 

normal bundle of M", in M is trivial. 
(3) Each compact connected component of8Ma('P) is homeomorphic to M"" and 

M is diffeomorphic to M", x R. 

THEOREM C. Suppose that 'P* has no minimum and that for some a E 'P(M) 
with dim Ma('P) = n, 8Ma('P) has a compact connected component. Then: 

(1) MC('P) has dimension nand 8MC('P) is connected and compact for every 
c E (infM 'P, a]. In particular M", is empty. 

(2) There is a smooth compact manifold L homeomorphic to 8Ma('P) such that 
M is diffeomorphic to L x R. 

In the case where M", is empty and all the connected components of 8Ma('P) 
are noncompact for every a E 'P(M), it is unknown whether M has a topological 
product structure even if 'P is continuous. We shall construct such a function 'P 
on the Poncare disk M2 such that 8 Ma ('P) consists of infinitely many noncom-
pact connected components for every a E 'P(M) (Example 9). The end structure, 
however, can be completely described: 

THEOREM D. If M admits a locally nonconstant locally quasiconvex function, 
then M has at most two ends. 

For the sake of intuitive comprehensibility, we give some examples of (locally) 
quasiconvex functions in §1. After some preliminary arguments in §§2 and 3, the 
reduction of 'P to 'P* is carried out in §4. The main technique for the proofs is 
to construct a smooth complete vector field X over M associated with 'P: M -+ 
R U { - 00 }, a > A 1 and a compact set K in lnt Ma ('P) with the following proper-
ties: The function 'P. and the distance functions from all points in K are strictly 
decreasing along each integral curve of X within M - lnt Ma ('P), and the integral 
curves of X intersect sublevel sets of 'P. transversally at all points in M - Ma ('P ). If 
the vector field X were constructed, the Morse theoretic argument would apply to 
the lower semicontinuous function 'P •. This is achieved in §5. §§6 and 7 are devoted 
to prove the topological structure theorems. The end structure is discussed in §8. 

For a point p and a subset Sin M, and for € > 0, we denote by B(p, €) and Te(S) 
the metric ball of radius € around p and the €-neighborhood of S in M respectively. 

Quasiconvex functions are closely related to peakless functions. For information 
about the basic properties of peakless functions, see Busemann and Phadke [5]. 

ACKNOWLEDGMENT. The author would like to express his thanks to Professor 
K. Shiohama for valuable advice and constant encouragements. He is also indebted 
to Professor A. Morimoto for kind advice on the first manuscript. 

1. Examples. Let M be a (not necessarily complete) Riemannian manifold. 
A subset A of M is called convex if any two points in A are joined by a unique 
minimizing geodesic segment, and if it lies in A. A subset A of M is called locally 
convex if any point in A has a neighborhood U in M such that UnA is convex. 
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In this section, we give some examples of (locally) quasiconvex functions, which 
will be useful in later arguments. First of all, we note t.hat a function <p: M -+ 

RU{ -oo} is quasiconvex if and only if MB(<p) is totally convex for every a E <p(M), 
and that <p is locally quasiconvex if and only if every point in M has a neighborhood 
U such that MB(<p) n U is convex whenever it is nonempty. We denote by d the 
distance function induced from the Riemannian metric on M. 

EXAMPLE 1. Let M be an arbitrary Riemannian manifold. For any point p 
in M, take a positive number r such that B(p,p) is convex for 0 :::; p ::::; r. The 
function <p: M -+ R defined by 

( ) _ { d(p, q) if d(p, q) < r, 
<p q - r if d(p, q) ~ r 

is continuous and locally quasiconvex. 
EXAMPLE 2. Let M = (R2, g) be a surface of revolution with finite area as 

in Figure 1. The exponential map at the point p is injective on the tangent space 
TpM. In particular, the single point set {p} is totally convex. Hence, the function 
<p: H -+ R defined by <p(p) = 0, <p(q) = 1 (q -::f. p) is quasiconvex. By the result of 
Yau [15], M does not admit any nonconstant convex function. 

The following example also indicates that there are a large number of Riemannian 
manifolds which admit locally nonconstant quasiconvex functions, but not locally 
nonconstant convex functions. 

EXAMPLE 3. Let c: R -+ R3 be a smooth curve parametrized by arc length 
such that c is not a straight line and that the c-tubular neighborhood Te(c) of c 
in R3 is well defined for a positive number c. We define M to be the boundary of 
Te(c). Let et,e2 and e3 be orthonormal frame fields along c with el(t) = c'(t). M 
is parametrized by 

x(t,O) = c(t) + ccosOe2(t) + csinOe3(t). 

For every t, the curve "'1(0) = x(t, 0) is a geodesic, so the image {x(t, 0); 0 E R} must 
be totally convex. Since the set {x(t, 0); t :::; a, 0 E R} is also totally convex for 
every a E R, the function <p: M -+ R defined by <p( x( t, 0)) = t is quasiconvex. By 
the argument in [9, Lemma 21, however, M does not admit any locally nonconstant 
convex function. Otherwise, M would split isometrically as a Riemannian product 
of the circle of radius c and the real line, and this would contradict the assumption 
on c. 
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FIGURE 2 

EXAMPLE 4. Let I: R -+ (-1, 0) be a strictly increasing function. A locally 
nonconstant quasiconvex function tp on the Euclidean plane M = R2 is defined by 

(X )_{/(X) ify:::;O, 
tp , y - y if y > O. 

We note that 8 MO (tp) consists of the x-axis and that every distinct points p and q 
in 8MO(tp) satisfy tp(p) ::f. tp(q). 

EXAMPLE 5. Let M be the Poincare disk with constant negative curvature, and 
let p be the center of M. Let "Y and (1 be unit speed geodesics in M with "Y(O) = 
(1(0) = p, h'(O),(1'(O)) = O. Let I: (0,00) -+ (-2,-1) and g: [0,00) -+ [-1,0) 
be strictly increasing functions. For every t > 0, let St denote the metric circle in 
M of radius t around "Y(t): St = {q E Mj db(t), q) = t}. For every t :::; 0, let Ht 
be the horocircle at "Y( 00) through "Y( t), that is, H t is the boundary of the convex 
set Us>t Bb(s), s - t). For every t < 0, let Ct be the Euclidean segment in M 
perpendicular to "Y at "Y(t). The function tp: M -+ R defined by 

{ 

-2 
I(t) 

tp(x) = g(O) 
g(-t) 
-t 

if x = p, 
if x E St - {p}, 
ifxEHo-{p}, 
if x E H t nD, 
if x E Ct 

is strictly quasiconvex with minimum -2, where D is the connected component of 
M - (1((-00,00)) containing "Y(1) (see Figure 2). We observe that although tp is 
strictly quasiconvex, 8 MO ( tp) consists of the geodesic (1. 

EXAMPLE 6. Let M be the Euclidean plane. We set 1= {(x,O)jO :::; x :::; I}, 
and define the function tp: M -+ R by 

{
I if (x, y) E I, 

tp(x,y) = y if (x,y) ~ I and y ~ 0, 
IYI + 1 if y < O. 



312 TAKAO YAMAGUCHI 

z 

I 
I 
I 

-------------------.---------t-----1~---·-···~ x 

FIGURE 3 

z 
4-

o 

---------------10 L: ---------------

(1, y, z)-plane 

FIGURE 4 

The function cp is locally nonconstant and locally quasiconvex, but not quasiconvex. 
EXAMPLE 7. For an arbitrary Riemannian manifold N, let M = N x R be 

the Riemannian product. For each quasiconvex function f: R -+ R U {-oo}, a 
quasiconvex function cp on M is defined by cp(x, t) = f(t). 

(1) Let f(t) = t (t ~ 0), f(t) = -t + 1 (t < 0). Then M1(cp) = N x [0,1]' and 
the minimum set MO(cp) is included in 8M1(cp). 

(2) Let f(t) = t (t > 0), f(t) = -t + 1 (t ~ 0). Then cp has no minimum, but 
M1(cp) is bounded if N is compact. 

EXAMPLE 8. There is a complete metric on the cylinder M = 8 1 X R which 
admits a locally nonconstant continuous quasiconvex function cp with minimum 
such that cp-1(a) is compact, but cp-1(C) is not compact for some a > c > infM cpo 
Consider the "convex" curve in the (x, z)-plane described in Figure 3 which is 
tangent to the line x = 1 at z = 5. We define the function cp on the surface 
of revolution of rotating the curve in (x, y, z)-space about the x-axis as follows: 
cp(x, y, z) = Ixl for x < 1. For x = 1, the level sets of cp are described in Figure 4, 
and we define cp there by cp(1,0,z) = "p(lzl), where"p: [0,00) -+ [0,00) is a strictly 
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FIGURE 5 

increasing continuous function with ~(5) = 1, ~(1O) = 10 and 

sup {~(t);t E [O,oo)} = 20. 
[0,00) 

313 

It is a locally nonconstant quasiconvex function with minimum O. Although cp-1(a) 
is compact for a ;::: 20, cp-1(c) includes two lines for 10 ::; c < 20. 

EXAMPLE 9. Let M be the Poincare disk and let S1 = [0, 1l/{0, 1} be the 
boundary circle of M. We set M = MUS 1. Take a sequence 0 = Po < P1 < P2 < ... 
of points in S1 with limpi = 1. For each positive integer i, let A2i - 1 (resp. A2i ) 
be the geodesic arc joining Po and Pi (resp. joining Pi and PHd. We define cp == -i 
on A2i- 1 U A2i . Now for each i ;::: 1, take qi E S1 with Pi-1 < qi < Pi and choose 
continuous strictly monotone functions Ii: [-i, 00] ---+ S1 and Yi: [-i, 00] ---+ S1 
such that li(-i) = Pi, gi(-i) = Pi+1 and li(oo) = gi(OO) = qi+!, where we 
assume that 10 and go are defined on [-1,00] with lo( -1) = Po, go( -1) = P1 and 
10(00) = go(oo) = q1. For every i ;::: 1 and every t E [-i, 00) (resp. every t E [-1,00) 
for i = 0), take a geodesic arc Bi,t: [-00,00] ---+ M such that Bi,t( -00) = h(t) 
and Bi,t(OO) = gi(t). We define cp == t on Bi,t. Next, for each i ;::: 1, take an 
interior point Si of A2i+!. Let "Ii: [-i - 1, -i] ---+ M be a geodesic (as image) with 
"Ii ( -i -1) = Si, "Ii ( -i) = Pi. For each S E [-i -1, -i), let Ci,8 denote the union of 
the two geodesic arcs joining Po and "Ii (s) and joining "Ii (s) and Pi+!. We set cp == S 
on Ci ,8' The function cp on M just constructed is a locally nonconstant continuous 
quasiconvex function such that a Ma (cp) consists of infinitely many pairwise disjoint 
geodesic arcs (see Figure 5). 

2. Locally convex sets and tangent cones. We recall some local properties 
of a locally convex set. See [6] for details. 
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FACT 1 [6]. Let A be a closed connected locally convex set in M. Then in 
the induced topology, A carries the structure of imbedded submanifold of M with 
(possibly empty) boundary 8 A. The interior Int A = A - 8 A is a smooth totally 
geodesic submanifold of M. The boundary 8A need not be smooth nor connected. 

If A is a connected locally convex set, then the closure A of A is also locally 
convex with Int A c A. Hence we can define the boundary 8A and the interior 
Int A of A as 8A = 8A and Int A = Int A. Now let A be a locally convex set and 
let {Aa}a be the family of connected components of A. Since each component Aa 
is also locally convex, we can set Int A = Ua Int Aa, 8A = Ua 8Aa. 

FACT 2 [6]. For a closed locally convex set A in M, if "(: [0,00) -+ M is a 
geodesic such that ,,(([0,1)) C IntA and "((I) E 8A, then "((1 + c) tf. A for all 
sufficiently small c > 0. 

Let A be a closed locally convex set. The tangent cone Cp(A) of A at a point 
pEA is by definition the set 

{v E TpM; expp cv E Int A for all sufficiently small c > O}, 

where expp : TpM -+ M is the exponential map. The tangent cone Cp(A) is open 
in the subspace Cp(A) of Tp(M) generated by Cp(A). 

FACT 3 [6]. The tangent cone Cp(A) is a convex cone in TpM. 
PROOF. We give here a simple proof. For each Vb v2 in Cp(A) and A E [0,1]' put 

"(i(t) = expp tVi (i = 1,2), "((t) = expp tw, where w = (1 - A)V1 + AV2. Note that 
"(i((O, c]) C Int A for an c > 0. For each t E (0, c], let (1t be the minimizing geodesic 
segment from "(1 (t) to "(2(t). Fact 2 shows (1t([O, 1]) C Int A. Now an elementary 
calculation implies that the curve r(t) = (1t(A) in Int A is tangent to w, from which 
we have w E Cp(A). This argument yields that Cp(A) is convex. Together with 
Fact 2, this also implies the convexity of Cp(A). 

If p E 8A, then Cp(A) does not coincide with Cp(A) and is contained in an open 
half-space in Cp (A). Such an open half-space is called a supporting half-space for A 
at p E 8A. A tangent vector v to M at pEA is called normal to A at p if (v, w) ~ ° 
for all w E Cp(A). The set IIp(A) of all normal vectors to A at p is a closed convex 
cone in Tp(M). If p E 8A, the intersection IIp(A) n Cp(A) coincides with the set 
of outward normals to the supporting half-spaces for A at p. We consider the set 
II(A) = UPEA lip (A) with the induced topology from the tangent bundle TM of M. 
We call II(A) the normal bundle of A in M. If A has empty boundary, then II(A) 
is the normal bundle in the usual sense. 

We recall the following fact about a neighborhood of a closed locally convex set. 
FACT 4 [13]. If A is a closed locally convex set in M, then there is an open 

neighborhood U of A in M with the following properties: 
(1) For each q E U, there is a unique minimizing geodesic segment from q to A, 

and this segment is entirely included in U. 
(2) If 1I"(q) denotes the unique point of A with d(q,1I"(q)) = d(q, A), then the 

mapping 11": U -+ A is continuous. In fact, the restriction 1I"1(U - A) of 11" to U - A is 
of class C1. The gradient vector of the distance function to A at q E U - A is given 
by the unit vector tangent to the minimizing geodesic segment from q to 1I"(q). 

An open set U with these properties is called a tubular neighborhood of A, and 
the mapping 11": U -+ A is called the projection of U onto A. The neighborhood 
U is constructed as follows: Let r: M -+ (0,00) be a continuous function, called 
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a convexity radius function, such that (i) for each p E M the ball B(p, rep)) is 
convex, (ii) for every q E B(p,r(p)) the function x -+ d2 (q,x) is strongly convex 
on B(p, rep)), that is, its restriction to every nonconstant geodesic segment has 
positive second derivative. By definition, for each pEA, there is r1(p) E (O,r(p)] 
such that A n B(p, r1 (p)) is convex. The neighborhood U can be defined as U = 
UPEA B(p, r1(p)/2). It is straightforward to verify that U satisfies properties (1) 
and (2) (cf. [7, Proposition 1.2]). 

We note that v E vp (A) if and only if 11"( expp cv) = p for small c > O. Thus U 
is simply covered by geodesic segments normal to A. Hence we may take U to be 
homeomorphic to veAl. 

The following proposition will be needed in §5 to construct a smooth vector field. 
For the proof, see [4, Lemma 11.1]. 

PROPOSITION 2.1. If C is an open convex cone in Euclidean space Rn with 
C # Rn, then it contains an element v such that 1: (v, w) < 11"/2 for all wEe, 
where 1:(v, w) is the angle between the vectors v and w. 

3. Basic properties. From now on, M will be assumed to be n-dimensional 
and complete. Let rp: M -+ R U { -oo} be locally nonconstant and locally quasi-
convex, unless otherwise stated. For a locally convex set A, we denote by dim A 
(resp. dim A) the smallest dimension (resp. the largest dimension) of connected 
components of A. Note that each sublevel set Ma(rp) of rp is locally convex. 

LEMMA 3.1. The level set rp-1(a) is included in 8Ma(rp) for every a E rp(M) 
with dim Ma(rp) = n. 

PROOF. The local quasiconvexity and local nonconstancy of rp imply that 
rp-1([-00,a)) is locally convex and is dense in Ma(rp). Together with Fact 1, 
this yields Int Ma(rp) C rp-1([-00, a)) and rp-1(a) C 8Ma(rp). 

Since Ma(rp) is closed locally convex and dimMa(rp) = dimMa(rp) for every 
a E rp(M), it follows from the Baire Category Theorem that dim Ma(rp) = n for 
some a E rp(M). We set 

>'1 = inf{a;dimMa(rp) = n} (possibly, M>'l(rp) = 0). 

LEMMA 3.2. If the set M >'1 (rp) is nonempty, then dim M >'1 (rp) < n. 

PROOF. Suppose dimM>'l (rp) = n. Let N be a connected component of M>'l (rp) 
with dim N = n. The set rp-1([_00, >'d) n N is locally convex and is dense in N. 
From the Baire Category Theorem, there would be some a < >'1 with dim Ma(rp) n 
N = n, and this would contradict the definition of >'1. 

It should be noted that if rp is continuous, locally nonconstant and locally qua-
siconvex, then it is quasiconvex. Otherwise, rp 0 ')'(to) = sup{rp 0 ')'(t); 0 ~ t ~ I} > 
max{rp 0 ')'(0), rp 0 ')'(1)} for a geodesic -y: [0,1] -+ M and to E (0,1). If we set 
a = rp 0 ')'(to), it turns out ')'(to) E rp-1(a) = 8Ma(rp) and ')'(0), ')'(1) E Int Ma(rp). 
Since ,),([0,1]) c Ma(rp) and Ma(rp) is locally convex, this contradicts Fact 2. In 
the general case, we show that rp is "almost quasiconvex" in the following sense (cf. 
Example 6). 

LEMMA 3.3. For every a> >'1, Ma(rp) satisfies the following properties: 
(1) Ma(rp) is connected. 
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(2) For all points p E lnt Ma(<p) and q E Ma(<p), lnt Ma(<p) includes all geodesic 
segments T [0,1]- M from p to q except for the end point q. 

(3) IntMa(<p) is totally convex. 
(4) For all points x and y in Ma(<p), there is a minimizing geodesic in Ma(<p) 

joining x and y. 

PROOF. We prove (1) and (2) at the same time. Take a connected component 
U of Ma(<p) with dimU = n. For p E Un lntMa(<p) and q E Ma(<p), suppose 
that there is a geodesic segment "I: [0, I] - M from p to q such that "1([0,1]) is not 
included in Ma(<p). The local quasiconvexity of <p implies that there is a subdivision 
0= So < S1 < ... < Sk = 1 such that <P0"l(t)::; max{<p0"l(Si);O::; i::; k} for 
all t E [0,1]. Thus <p has a maximum b on "I. By the assumption and Lemma 
3.1, "1((0,1)) meets 8Mb(<p). Since "1(0) E lntMb(<p) and "1([0,1]) C Mb(<p), this 
contradicts Fact 2 and shows (1). Together with Fact 2, this argument also shows 
that "1([0,1])) C lntMa(<p) for all geodesics "I from p to q. 

(3) This is clear from (2) and Fact 2. 
(4) Take sequences Xi and Yi in lntMa(<p) with Xi - x and Yi - Y as i - 00. 

Take minimizing geodesics "Ii joining Xi and Yi, which are included in lnt Ma (<p) 
by (3). The limit geodesic of a subsequence of "Ii certainly lies in Ma(<p). 

We now discuss a metric consequence of the existence of a locally quasiconvex 
function. The following proposition is closely related to the result of Yau [15] for 
a convex function. 

PROPOSITION 3.4. Suppose that M admits a locally quasiconvex function <p 
satisfying one of the following: 

(1) <p is locally nonconstant. 
(2) <p is continuous, nonconstant and quasiconvex. 

Then M has infinite volume. 

From Lemma 3.3, we know that for a E (A 1, sup M <p), lnt Ma (<p) is a totally 
convex set of dimension n with Ma(<p) =f:. M. Hence this is a direct consequence of 
the following 

PROPOSITION 3.5. If M has a proper totally convex set A of dimension n, then 
M has infinite volume. 

PROOF. Let v be a unit element in the tangent cone Cp(A) of A at a point p 
of 8A. Take an c > 0 with exp cv E lnt A and exp -cv ~ A. Suppose that M has 
finite volume. By the Poincare recurrence theorem, we can take unit vectors Vi and 
positive numbers ti such that Vi - V, ti /' 00 and Ft;(vi) - v as i - 00, where Ft 
is the geodesic flow on the unit tangent bundle. Let U1 C lnt A and U2 C M - A 
be neighborhoods of exp €V and exp -cv. For a sufficiently large i, exp cVi E U 1, 

expCFt;(Vi) E Ul and exp-cFt;{Vi) E U2. If "I is the geodesic with "1'(0) = Fe(Vi), 
then "1(0) E A, "I ( ti - c) ~ A and "I ( ti + c) E A. This contradicts the total convexity 
of A. Therefore M has infinite volume. 

REMARK 3.6. (1) When conditions (1) and (2) in Proposition 3.4 drop out, the 
proposition does not hold in general (see Examples 1 and 2). 

(2) A slight modification of the proof of Proposition 3.5 shows that the proposi-
tion is still valid for a n - 1 dimensional proper totally convex set A. 
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LEMMA 3.7. Suppose that cp is lower semicontinuous and a ~ A1. For every 
tubular neighborhood U of Ma(cp) and every compact set K with K n Ma(cp) -=I- 0, 
there is bE cp(M), b> a with Mb(cp) n K c U. 

This follows directly from the lower semicontinuity of cpo 

LEMMA 3.8. Suppose that cp is lower semicontinuous. Then for every two 
points in M<p = M >'1 (cp), there is a minimizing geodesic segment joining them 
which is lying in M<p. In particular, M<p is connected. 

PROOF. For every point x and y in M<p, let B be a metric ball around x 
containing y. By Lemma 3.7, for every positive c, there is c > A1 such that 
MC(cp) nBc To (M<p). Lemma 3.3(4) shows that there is a minimizing geodesic 
segment "10 in MC(cp) joining x and y. Since "10 C To(M<p), passing to a subsequence 
if necessary, we can conclude that "10 converges to a geodesic in M<p as c -t O. 

PROPOSITION 3.9. Suppose that cp is lower semicontinuous and that M<p is of 
dimension n - 1 and has no boundary. Then M<p is totally convex. 

PROOF. Suppose that there is a geodesic segment a: [0,1] -t M such that 
a(O) E M<p and a(1) E M<p but a is not included in M<p. By local quasiconvexity, 
cp has a maximum b > A1 on a. Since Inta meets 8Mb(cp), Fact 2 implies a C 
8Mb(cp). In particular, x:= a(O) E M<pn8Mb(cp). We show M<p C 8Mb(cp), which 
is a contradiction since a is transversal to M<p at a(O) and a C 8Mb(cp). Let v be 
a unit vector in vx(Mb(cp)). Since Cx(Mb(cp)) J Cx(M<p) = TxM<p, v is unique 
and perpendicular to TxM<p. The tangent cone Cx(Mb(cp)) coincides with the open' 
half-space in TxM bounded by TxM<p and with outward normal v. Using the fact 
that M<p is totally geodesic, we have M<p C 8Mb(cp). 

REMARK 3. 10. There is a C1 surface M which admits a lower semicontinuous 
locally nonconstant "locally quasiconvex" function cp with not totally convex M<p. 
In this case, a geodesic means a local isometry of R into M. We take as M a 
C1-smoothly capped half-cylinder. More precisely, consider the curve c in the 
(x, z)-plane defined by x2 + z2 = 1 (z ~ 0) and x = ±1 (z ~ 0). Let M be the 
surface of revolution of rotating the curve c in the (x, y, z)-space about the z-axis. 
We set 

S = {(x,y,z) E M;z ~ O}, L = {(x,O,z) E M;z ~ O}, 
P1 = (-1,0,0), P2 = (1,0,0) E L. 

The set S of the spherical part is covered with those minimizing geodesic segments 
"IIJ (0 ~ () ~ 11"/2) joining P1 and P2 that make angle () with L. We define cp by 

CP(q)={~ 
11"/2 + z 

if q E L, 
if q E 81J - {Pi, P2}, 
if q = (x,y,z), z > O. 

In the generalized sense, cp is locally quasiconvex and M<p = L is not totally convex. 

4. Reduction. For an arbitrary function f: M -t R U { -00 }, we consider the 
function f*: M -t R U { -oo} defined by 

!*(p) = inf{a;p E Ma(f)}. 
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The function r is the lower limit function of I. We have immediately: 
(1) r:::; I, that is, Ma(f*)::) Ma(f) for all a E Ru {-oo}. 
(2) infM r = infM I. If I has a minimum, then so does r. 
(3) r is lower semicontinuous, that is, Ma(f*) is closed for every a E RU{ -oo}. 
( 4) I is lower semicontinuous if and only if I = r. 
Let <p: M -+ R U { -oo} be locally quasiconvex. 

LEMMA 4.1. <p* is also locally quasiconvex. 

PROOF. For every x E M, take a convex ball B around x such that <pIB is 
quasiconvex. We fix two points p and q in B. For every positive integer i, there are 
Pi and qi such that d(p, Pi) < iii, d( q, qi) < iii, <p(Pi) < a+ iii and <p(qi) < a+ iii, 
where a := max{<p*(p), <p*(q)}. If "Yi is the minimizing geodesic segment joining Pi 
and Qi, then the quasiconvexity of <pIB shows "Yi C Ma+1/i(<p) for large i. Hence 
Ma(<p*) includes the minimizing geodesic segment joining P and q, which is the 
limit of "Yi. 

LEMMA 4.2. II<p is locally nonconstant, then Al = inf{aj dim Ma(<p*) = n}. 

PROOF. We set Ai = inf{ajdimMa(<p*) = n}. Clearly Ai :::; AI. Suppose 
Ai < AI. Then dimM>'l-E(<p*) = n for small positive c. By the definition of <p*, 
the set M>'l(<p) includes M>'l- e (<p*). This contradicts Lemma 3.2 

LEMMA 4.3. Suppose that <p is locally nonconstant. 
(1) II a> AI, then Ma(<p*) = Ma(<p). In particular, 8Ma(<p*) = 8Ma(<p) and 

lnt Ma(<p*) = lnt Ma(<p). 
(2) <p* is also locally nonconstant. 

PROOF. (1) To prove Ma(<p*) = Ma(<p), it suffices to.show Ma(<p*) C Ma(<p). 
Suppose that there is a point q in Ma(<p*) - Ma(<p). From Lemma 3.3(4), for every 
P E IntMa(<p), there is a unit speed minimizing geodesic segment "Y: [O,d] -+ M 
in Ma(<p*) from q to p. Hence, we may assume d is so small that q and p lie in 
a neighborhood U on which <p is quasiconvex. For each positive integer i, we may 
take qi with d(q,qi) < iii, <p(qi) < a + iii. For small c > 0, let q' = "Y(c) and 
let "Yi: [0, dJ -+ M be the unit speed minimizing geodesic segment from qi through 
q'. We may assume q' ~ Ma(<p). Then it turns out <p(q') :::; max{<p(qd, <Phi (d))}, 
which is a contradiction since <p(qi) < a + iii < <p(q') and "Yi(d) E IntMa(<p) for 
large i. 

(2) Suppose that there is an open set U on which <p takes the value a. We assert 
a > AI. By Lemma 3.2, we can take p E U such that b := <p(p) > AI. Since 
p E 8Mb(<p), we see U - Mb(<p) "# 0. Hence a + c > b for every c > 0, because 
x E Ma+e(<p) for all x E U. Thus a ~ b> AI. From (1) and Lemma 3.1, we have 

(<p*)-l(a) = Ma(<p*) - (<p*)-l([_oo, a)) 
C Ma(<p) - <p-l([_OO, a)) 
C Ma(<p) - IntMa(<p) = 8Ma(<p). 

This is a contradiction. 
REMARK 4.4. As we see in the following, M<p = M>'l(<p*) does not coincide 

with M>'l (<p) in general. 
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(1) Let M = N x R be the Riemannian product. For the function ip: M ~ R 
given in Example 7(2), we observe A1 = ° and MO(ip) = 0, but M<p = N x 0. 

(2) Consider the function ip: M ~ R given in Example 6. We observe that 
A1 = ° and MO(ip) = {(x,O);x::; 0, or x ~ 1}, but M<p coincides with the x-axis. 

5. Construction of a generalized gradient vector field. Let ip: M ~ 
R U { -oo} be a locally nonconstant locally quasiconvex function. 

LEMMA 5.1. For every a> Al, we have 

Int Ma(ip) = U Int MC(ip). 
>'l<c<a 

PROOF. Clearly, IntMC(ip) is included in IntMa(ip) for every c, A1 < c < a. 
Consider the union A = U>'l <c<a MC( ip), which is locally convex by the local 
quasiconvexity of ip. Since ip is locally nonconstant, we have II = Ma(ip), and 
hence IntA = IntMa(ip). Hence it suffices to show IntA = U>'l<c<alntMC(ip). 
Clearly, Int A J U>'l <c<a Int MC(ip). For every x E Int A, let B be a convex ball 
around x such that iplB is quasiconvex and B C Int A. We can take n + 1 points 
Yo, ... , Yn in B such that the smallest closed convex set C(yO, ... , Yn) including 
the set Yo, . .. ,Yn has dimension n and contains x as an interior point. Note that 
B n MO: (ip) is convex if it is nonempty. Since {Yo, . .. , Yn} C B n MC (ip) for some 
c E (AI, a), we have 

Hence x E Int MC(ip). 
We recall the definition of critical points of the distance function from a point 

in a complete manifold M (cf. [12]). Let p be a point in M and let distp: M ~ R 
be the distance function from p: distp(x) = d(p, x). A point q (# p) in M is called 
a critical point of distp if the set V (q; p) of all unit initial vectors to minimizing 
geodesic segments from q to p is not included in any open half-space of TqM. 
For a subset S of M, we also say that q is a critical point of dists if the set 
V(q; S) := UPES V(q; p) is not included in any open half-space of TqM. 

LEMMA 5.2. For a compact set K in M, let q not be a critical point of dist K , 

and let v be a vector in TqM such that <}:.(v, w) < 7r/2 for all wE V(q; K). Let V be 
a smooth extension of v to a neighborhood Uo of q. Then, there is a neighborhood 
U ofq such that <}:.(V(x),w) < 7r/2 for every x E U and every w E V(x;K). 

PROOF. Suppose the contrary. Then there is a sequence qi in Uo converging to 
q such that <}:.(V(qi),Wi) ~ 7r/2 for some Wi in V(qi;K). Let W be accumulation 
point of Wi in the unit sphere bundle. By compactness and continuity, we have 
wE V(q;K) and <}:.(V(q),w) ~ 7r/2. This is a contradiction. 

We denote by Cx(ip) the tangent cone of M<P(x)(ip) at a point x in M. 

LEMMA 5.3. Suppose that ip is lower semicontinuous. If a > A1, then each 
point q in M - Int Ma(ip) is not a critical point of distInt Ma(<p)' Furthermore, for 
a compact set K in Int Ma (ip), there is some neighborhood U of q and a smooth 
vector field V on U satisfying the following conditions: 

(1) <}:.(V(x), w) < 7r/2 for every x in U and every w in V(x; K). 
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(2) (i) If cp(q) ~ a, then Vex) E Cx(cp) for all x in U. 
(ii) If q E aMa(cp) and cp(q) < a, then Vex) E Cx(cp) for every x in U with 

cp(x) ~ a and Vex) E Cx(Ma(cp)) for all x in aMa(cp) n U. 

It should be noted that in the case q E aMa(cp) and cp(q) < a, there is no 
assurance that K c IntMcp(q)(cp). See Example 4. 

PROOF. If cp(q) ~ a (resp. q E aMa(cp)), we take a vector v in Cq(cp) (resp. 
in Cq(Ma(cp))) such that 1(v,w) < 7r/2 for all w E Cq(cp) (resp. for all w E 
Cq(Ma(cp))). This is possible by Proposition 2.1 and Lemma 3.1. Lemma 3.3(2) 
implies Cq(cp) ::) V(q;lntMa(cp)) (resp. Cq(Ma(cp)) ::) V(q; Int Ma(cp))). Hence, 
q is not a critical point of distIntMG(cp), because 1(v,w) < 7r/2 for all w in 
V(q; Int Ma(cp)). Let V be a smooth extension of v to a neighborhood U of q. 
If U is taken sufficiently small, then condition (1) is satisfied by Lemma 5.2. More-
over, the last condition (2)(ii) is satisfied as follows: Since v E Cq(Ma(cp)), we have 
expcV(q) E IntMa(cp) for small c > O. By continuity, expcV(x) E IntMa(cp) for 
all x sufficiently close to q. Hence Vex) satisfies condition (2)(ii). 

To assert that condition (2)(i) is satisfied, we suppose the contrary and derive 
a contradiction. Suppose that cp(q) ~ a and that there is a sequence qi in U 
converging to q with V(qi) ~ Cq.(CP). This can be divided into the following two 
cases. Let "'I and "'Ii be the geodesics with "'1'(0) = V(q), "'IHO) = V(qi). Set b = cp(q), 
bi = cp(qi) and take c > 0 with "'I(c) E IntMb(cp). 

Case (I). bi ~ b for infinitely many i. 
Passing to a subsequence if necessary, we may assume bi ~ b for all i. Since 

V(qi) ~ Cq,(cp), Lemma 3.3(2) shows that the "'Ii(t) are not contained in Int Mb. (cp) 
for all t ~ O. Since bi ~ b> '\1, we have "'Ii(c) EM - Int Mb.(cp) eM - Int Mb(cp) 
and "'I(c) = lim "'Ii (c) EM - IntMb(cp). This is a contradiction. 

Case (II). bi < b for infinitely many i. 
We may assume bi < b for all i as before. Since cp is lower semicontinuous, 

cp 0 "'1(8) -+ b as 8 -+ O. It follows from Lemma 5.1 that there is c E cp 0 "'1((0, c)) 
such that "'I(c) E IntMC(cp) and c > '\1. Since c = CPC"Y(t)) < b for some t E 
(0, c), q = "'1(0) is not contained in MC(cp). Thus it turns out that for large i, 
qi ~ MC (cp) and "'Ii (c) E Int MC (cp) E Int Mb. (cp) since bi -+ b. This contradicts the 
assumption V(qi) ~ Cq.(CP). 

The local vector fields constructed in the previous lemma patch together to form 
a global one with properties (1) and (2) in the lemma. 

PROPOSITION 5.4. Suppose that cp is a lower semicontinuous. If a > '\1 and 
K is a compact subset of Int Ma (cp), then there is a smooth complete vector field 
X over M with the following properties: 

(1) X has unit norm on M - Int Ma(cp). 
(2) 1(X(q),w) < 7r/2 for every q EM - IntMa(cp) and every w E V(q;K). 
(3) X(q) E Cq(cp) for every q with cp(q) ~ a and X(q) E Cq(Ma(cp)) for every 

q E aMa(cp). 

We call a vector field X with the above properties a generalized gradient vector 
field of (cp, distK) supported on M - Int Ma(cp). 

PROOF. Applying the previous lemma to each point in M - IntMa(cp), we 
obtain a locally finite open covering {Uih of M - IntMa(cp) and smooth vector 
fields Vi on Ui which satisfy the conditions in the lemma. Let {pili be a partition of 
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unity dominated with {Uik Then X:= LPiVi/1 LPiViI makes sense as a smooth 
complete vector field over M. It is clear from the convexity of tangent cones and 
the construction of X that X has properties (1), (2) and (3). 

PROPOSITION 5.5. Let X be a generalized gradient vector field of (rp, distK) 
supported on M - intMa(rp). Each integral curve ¢(t) of X has the following 
properties: 

(i) If rp(¢(O)) ~ a, then rp(¢(t)) is strictly decreasing as long as rp(¢(t)) ~ a. 
(ii) If ¢(O) E M - IntMa(rp), then distp(¢(t)) is strictly decreasing for every 

p E K as long as ¢(t) EM - Int Ma(rp). The flow ¢(t) goes to infinity as t ----t -00 

and intersects BMa(rp) in a single point. 
As a result, we see that Ma (rp) is a strong deformation retract of M. 

PROOF. (i) This is an immediate consequence of Lemma 3.1 and property (3) 
ofX. 

(ii) For fixed p E K, let B be a large metric ball around p containing ¢(O). From 
the compactness argument using the continuity of distp, it is easily checked that 
the number 

8 = inf{7I'/2 -1(X(q), w); q E B n (M - Int Ma(rp)), wE 1J(q; p)} 

is strictly positive. The function t ----t distp(¢(t)) is locally Lipschitz continuous, so 
differentiable almost everywhere. Since X has unit norm on M - rnt Ma (rp), the 
first variation formula implies that (d/dt)distp(¢(t)) :::; -sin 8 for almost all t with 
¢(t) E B n (M - Int Ma(rp)), and hence that 

distp(¢(t)) = distp(¢(O)) + lot ! distp(¢(t)) dt 

:::; distp(¢(O)) - tsin8 

for t > 0, and distp(¢(t)) ~ distp(¢(O)) -t sin 8 for t < O. This argument shows that 
the function distp(¢(t)) is strictly decreasing whenever ¢(t) EM - Int Ma(rp), and 
that ¢(t) goes to infinity as t ----t -00. By property (3) of X, the curve ¢(t) intersects 
BMa(rp) in at most one point. Now suppose that ¢(t) does not intersect BMa(rp). 
The curve ¢(t), t ~ 0, would have to always be lying in Bn(M -Int Ma(rp)) because 
of a > A1' Put do = inf{distp(x); x E BMa(rp)}. The above calculation implies 
distp(¢(t)) < do for all t > (distp(¢(O)) - do)/sin8. Since this is a contradiction, 
the curve ¢(t) intersects BMa(rp) in a single point. 

COROLLARY 5.6. If rp: M ----t R U {-oo} is a locally nonconstant locally qua-
siconvex function, then for every a > A1, M - rnt Ma(rp) is homeomorphic to 
BMa(rp) X [0,00) in such a way that in the case BMa(rp) is smooth, the homeomor-
phism becomes a diffeomorphism automatically. 

PROOF. Proposition 5.5 is applicable to the function rp* by the argument in 
§4. We note that Lemma 4.3(1) shows Ma(rp*) = Ma(rp). Take a point p in 
Int Ma(rp). Let X be a generalized gradient vector field of (rp*, distp) supported on 
M - IntMa(rp). For each q E BMa(rp), let ¢q(t) be the integral curve of X with 
¢q(O) = q. Proposition 5.5 shows that the homeomorphism F: BMa( rp) x [0,00) ----t 

M - Int Ma(rp) can be defined by F(q, t) = ¢q( -t), and that if BMa(rp) is smooth, 
F is actually a diffeomorphism. 
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6. Proof of Theorem A. We begin with the reconstruction of a generalized 
gradient vector field with an additional condition. 

LEMMA 6. 1. Suppose that ip: M - R U { -oo} is lower semicontinuous. Let 
c> A1 and let a compact set Kin lnt MC(ip) be given. Let Uo be open and H closed 
in M with He Uo - MC(ip). Let T be a continuous vector field on Uo - MC(ip) 
with T(x) E Cx(ip) for all x E Uo - MC(ip). Then there is a generalized gradient 
vector field X of (ip,distK) supported on M -lntMC(ip) with 1(X(q),T(q)) < 7r/2 
for all q E H. 

PROOF. For each q E Uo - MC(ip), take a vector v in Cq(ip) such that 1(v, w) < 
7r/2 for all w E Gq(ip). The set V(q;K) is compact in the open convex cone Cq(ip). 
Hence, we can take v E Cq(ip) sufficiently close to v so that T(q) and V(q; K) are 
included in the open half-space with outward normal -v. Using the argument in 
Lemma 5.3, we extend v to a smooth vector field Vq on a neighborhood Uq of q in 
Uo - MC(ip) so as to satisfy 

(1) 1{Vq(x), T(x)) < 7r/2, 1 {Vq (x), w) < 7r/2, 
(2) Vq(x) E Gx(ip) 

for every x E Uq and every wE V(q; K). For q in (M -lnt MC(cp)) - (Uo - MC(cp)), 
take Uq and Vq in the same way as in Lemma 5.3, where we may assume UqnK = 0. 
The argument in Proposition 5.4 shows that these local vector fields patch together 
to form a required global one. 

PROOF OF THEOREM A. We assume that M.., is noncompact, because the 
compact case is simpler. Let Uo and U be tubular neighborhoods of M.., with 
U c Uo, and let a point p in M.., be fixed. We may assume d(x,7r(x)) ~ 1/10 for 
all x E Uo, where 7r: U - M.., is the projection. We set c = 1/100, Bi = B(p, lOi), 
B~ = B(p, lOi + 5) (i = 1,2, .. . ). Choose a sequence C1 ~ C2 ~ ... with c ~ Ci > 0 
such that the ci-tubular neighborhoods Di = {x;7r(x) E M..,nBHt. d(x,7r(x)) < ci} 
of M.., n BH1 are included in U. Since the function x 1--+ d(x,7r(x)) is of class C1 
on U - M.." the boundaries Li of Di are of class C1. We first construct a G1 
hypersurface L by connecting these Li as follows: We set Ai = {x E Li; lOi + 2 ~ 
d(p, 7r(x)) ~ lOi + 3} c B~ - Bi. Let fi: Ai - [ci+1, ci] be C1 functions such that 

. _ {Ci on a neighborhood of {x E Ai; d(p, 7r(x)) = 10i + 2}, 
It - cH1 on a neighborhood of {x E Ai; d(p, 7r(x)) = lOi + 3}. 

For each x E Ai, let IX: [0, cd - M be the minimizing geodesic from 7r(x) to x, 
and let Gi = hx(/i(x)); x E Ai}. By replacing Ai with Gi , we can connect Li and 
LH1 and construct the G1 hypersurface L. If 8M.., = 0, we may assume that L is 
smooth. We also note that if x ELand 7r(x) E Bi - B~_l' then x ELi. 

Let 0 be the open neighborhood of M.., bounded by L and let U1 be a tubular 
neighborhood of M.., with U1 cO. By Lemma 3.7, we can take Ci E ip*(M) with 
Ci > A1, C1 ~ C2 ~ ... so that MC; (ip*) n Bi+1 c U1. It should be noted that 
there is no assurance that M.., C lnt MC; (ip*). Let T be the unit vector field on 
Uo - M.., such that T(x) is tangent to the minimizing geodesic segment from x to 
M..,. Take Pi E lnt MCi+ 1 (ip*) n B(p, c) and generalized gradient vector fields Xi of 
(ip'",dist{p;_loPi,Pi+d) supported on M - IntMC;(ip*) with IXil ~ Ion M. From 
Lemma 6.1, we may assume 1(Xi(q), T(q)) < 7r/2 for all q E Bi+1 n (U - Ud. Let 
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Pi: M --> R be smooth functions with 0 :s; Pi :s; 1 such that 

{ lon B i -Bi _ l , 

Pi = 0 outside a small neighborhood of (Bi - Bi- t}. 

If X := E:l PiXi, we may assume IXI :s; 2 over M. Let 8: L --> R be a positive 
function of class Cl such that for every x E L, the neighborhood U - U 1 contains 
the point y(x) on the minimizing geodesic segment from x to 7T(X) with d(x, y(x)) = 
8(x). Let U6 be the open neighborhood of M<p bounded by the C l hypersurface 
L6 = {y{x);x E L}. We note Ul C Ul C U6 C U6 C U, aU6 = L6 and au = L. 
Let p, 1": M --> R be smooth functions with 0 :s; p, I" :s; 1 such that 

_ {Ion M - U, _ {Ion M - U6, 
P - 0 on U 6, I" - 0 on U 1 . 

Then Y := pX + 1"{1- p)T makes sense as a smooth complete vector field over M. 
ASSERTION. The function 8 can be taken so small that for every x E M - U6, 

the integral curve ¢x{t) of Y with ¢x{O) = x intersects L6 transversally with a 
single point. 

We assume this for the moment. The integral curves of Y give rise to a C l 

diffeomorphism of M - U6 onto L6 x [1,00), which fits with the C l diffeomorphism 
of U6-M<p onto L6 x (0,1] to form a Cl diffeomorphism of M -M<p onto L6 x (0, 00). 
It follows from a basic result in differential topology that L6 contains a smooth 
structure and that the C l diffeomorphism between M - M<p and L6 x (0,00) can be 
approximated by a (smooth) diffeomorphism. For every x E L6, let O'x: [O,c(x)]--> 
M be the minimizing geodesic segment from 7T(X) to x, where c{x) = d(X,7T(X)). 
Let 1/lx: [0,00) --> M be the extension of O'x to O'x U ¢x, that is, 1/lxl[O,c(x)] = 
O'x and 1/lx(t) = ¢x{c{x) - t) for t ~ c(x). Then the correspondence O'x(t) 1-+ 

1/lx{tan(7Tt/2c{x))) gives rise to a homeomorphism of U6 onto M. Therefore M is 
homeomorphic to the normal bundle v{M<p). If aM<p = 0, then M is diffeomorphic 
to U6, and to v(M<p). 

PROOF OF ASSERTION. If we set Ki = inf{(T,X)(x);x E Bin{U-Ut}} > o and 
rli = min{l, Kd, then we see (Y, T) = p(X, T) + (1- p)(T, T) ~ 'TJi on Bi n (U - Ut}. 
Take 8 so as to satisfy 8{x) < 'TJi+1/2 for all x E L n (Bi - Bi-l). Since Y is 
transversal to L6, it suffices to show that for every x E Bi - U6, the integral curve 
¢x(t) intersects the set {y E L6; d{p, 7T{y)) :s; 10i + 2}. Since x E B{pi, Wi + c) 
and Y = X on M - U, distpi { ¢x ( t)) is strictly decreasing as long as ¢x ( t ) E 
B{Pi,10i+c)-U. Hence there is to ~ 0 such that ¢x(to) E B(Pi, 1Oi+c)n(U -U6) C 
B(p, 10i + 28) n (U - U6). We consider the following two cases. 

Case (I). ¢x(to) E (B(p, 10j + 210) - B;'_l) n (U - U6) for some j :s; i. 
We first note that d(¢x(to), M<p) :s; Cj and that ¢x(t) E B(p,1Oj + 1 + 210) -

B(p, 10j - 6) for every t E [to, to + 1/2] since WI :s; 2. It follows 

[
t d 

d(¢x(t), M<p) = d(¢x(to), M<p) + -d d(¢x(t), M<p)) dt 
to t 

= d{¢x(to), M<p) - ft (Y, T)(¢x(t)) dt 
lto 

:s; Cj - Kj+l(t - to) :s; Cj - 'TJj+l(t - to). 
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Thus we must have ¢x(t) E LI5 for some t E [to, to + 1/2]. 
Case (II). ¢x(to) E (Bj - Bj ) n CU - UI5) for some j::; i-I. 
Suppose that ¢x(t) E B(p, lOj + 5 + 3c) - UI5 for all t ~ to. Since 

inf{ (Y, T)(¢x(t)); t ~ to} ~ Kj+1, 

it turns out ¢x(t) E UI5 for some t < to + Cj/Kj+1. This is a contradiction. Hence 
we may assume ¢x(td E B(p, lOj + 5 + 3c) for some t1 > to. Since d(pj, ¢x(to)) < 
lOJ·+5+c and d(pj, ¢x(td) > lOj+5+2c, there are r E [lOj+5+c, lOj+5+2c] and 
t2 E (to, td such that d(pj, ¢x(t2)) = rand d(pj, ¢x(t)) > r for every t E (t2' ttl· 
Since the function t f-+ distpJ (¢x (t)) is strictly decreasing as long as ¢x (t) E M - U, 
we see ¢x(t2) E U. We note ¢x(t2) E (Bj+1 - B;.) n U. Hence by Case (I), ¢x(t) 
meets LI5. 

7. Special cases. In this section, we consider the case where a locally non-
constant locally quasiconvex function cp: M -+ R U { -oo} has a sublevel set of 
maximal dimension whose boundary includes a compact connected component, 
and prove Theorems Band C. For this, we need some lemmas. From now on, 
let cp: M -+ R U {-oo} be a locally nonconstant locally quasiconvex function. 

LEMMA 7.1. Suppose that for some a > >'l,oMa(cp) has a compact con-
nected component L. For some c E (>'1, a], suppose that there is a continuous 
curve a: [0,1] -+ M such that a(O) E L, a([O, 1]) n oMC(cp) =I 0 and a([O, 1]) C 
Ma (cp) - Int MC (cp). Then there is a compact set K in M satisfying the following 
conditions: 

(1) a([O, 1]) eKe Ma(cp) - Int MC(cp). 
(2) If L1 denotes the connected component of oMC(cp) containing a point of 

a([O, 1]) n oMC(cp), then it is homeomorphic to L and includes a([O, 1]) n oMC(cp). 
Moreover, oK = LULl, where oK = K n (M - K). 

(3) Iflnt K = 0, then K = L, whereInt K = K -oK. In the caseInt K =I 0, for 
each y E Int K, if Ly denotes the connected component of oM'P'(y) (cp*) containing 
y, then it is homeomorphic to L and included in K. 

(4) K is included in B(p, R) for every p E MC(cp) and R > ° with L c B(p, R). 
(5) In the case L n MC(cp) = 0, K is homeomorphic to L x [0,1]. 

PROOF. Let p be any point in IntMC(cp) = IntMC(cp*), and let X be a gener-
alized gradient vector field of (cp*,distp) supported on M - IntMC(cp*). For each 
x, let ¢x(t) be the integral curve of X with ¢x(o) = x. From Proposition 5.4, for 
every x E L, there is unique s(x) ~ ° such that ¢x(s(x)) E oMC(cp*). We note that 
X is transversal to L at every point x of L, because X(x) E Cx(Ma(cp*)). Define 
the mapping F: Lx [0,1]-+ M by F(x, t) = ¢x(s(x)t) and put K = F(L x [0,1]). 
We have to show that K satisfies the given conditions. 

(1) From the construction, certainly K C Ma(cp*) - IntMC(cp*). Now consider 
the set 

1= {s E [0,1]; ¢<7(s)(t) (t ::; 0) meets L}. 
The set I is closed, because the mapping (q, t) -+ ¢q(t) is continuous and L is 
closed. Moreover I is open, because L is a compact hypersurface of M without 
boundary. Since ° E I, we have 1= [0,1] and a([O, 1]) C K. 
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(2) The argument in (1) also shows F(L x {I}) :J 0'([0,1]) n 8MC(cp*). Since 
the correspondence x I--t 4>x(s(x)) is continuous and injective, F(L x {I}) is a com-
pact submanifold of 8MC(cp*) homeomorphic to L. Hence it must be a connected 
component of 8MC(cp*) and coincides with Ll . It remains to show 8K = LULl. 
Clearly LULl C 8K. We show 8K C LULl. For z E 8K with the representation 
z = 4>x(s(x)t), x E L, suppose s(x) =1= ° and t =1= 0, 1. Then there is a neighborhood 
U of x in L such that s(x') =1= ° for all x' E U. It turns out that K includes a 
neighborhood of z in M. This is a contradiction. Hence z E LULl. 

(3) If Int K = 0, we observe that s(x) = ° for all x E L, and K = L. Consider 
the case IntK =1= 0. Since IntK C IntMa(cp*) - MC(cp*), we see cp*(y) E (c,a) 
for each y E Int K. We may consider X as a generalized gradient vector field of 
(cp*,distp) supported on M - IntMb(cp*), b:= cp*(y). Proposition 5.5 shows that 
for every x E L, there is unique s(x) E [0, s(x)] with 4>x(s(x)) E 8Mb(cp*). Similarly 
to (2), we have Ly = {4>x(s(x))jX E L}. 

(4) The set K is uniquely determined by given L and c and independent of p 
as is checked by the following: For any other point p' in Int MC (cp*), construct K' 
in the same manner. Applying (1) to each curve t I--t F(x, t) (0 ::; t ::; 1), we have 
F(x, t) E K' and K = K'. The decreasing property of the function distp(4)x(t)) 
shows K c B(p, R) for every p E Int MC(cp*) and R > ° with L c B(p, R). 
Therefore, the assertion is valid. 

(5) This follows from the fact that s(x) > ° for all x E L. 
LEMMA 7.2. Suppose that for some a > )'1, 8Ma(cp) has a compact connected 

component L. If Mcp is nonempty, it is compact. 
PROOF. Suppose that Mcp is not compact. Then it is unbounded since cp* is 

lower semicontinuous. We note that L is not included in Mcp. Otherwise, L is a 
connected component of Mcp, because dimMcp < n. Since Mcp is connected, it turns 
out L = Mcp. This is impossible by the assumption. We first carry L near Mcp using 
Lemma 7.1. For q E L - Mcp, take Xo E Mcp and a unit speed minimizing geodesic 
0'0: [O,do]- M from Xo to q with d(q,xo) = d(q,Mcp) and 0'0([0, do]) C Ma(cp*). 
For R > ° with L c B(xo, R), put 

6=!inf{r(x);xEB(xo,2R)}, e=6jl0, €=min{e,do}, 
Co = inf{ cp* (O'o(t)); € ::; t ::; do} > AI, 

where r is a convexity radius function over M. Lemma 7.1 shows that the point 
qh := O'o(€) is contained in a compact set Lo in B(xo, R) homeomorphic to L. 
Take a unit speed minimizing geodesic ray /: [0,00) - M emanating from Xo with 
/([0,00)) c Mcp. By our assumption and Lemma 3.8, such / certainly exists. Put 
Xl = /(6) and b = cp*(qh). Since d(Xb qh) < 26 and dimMcp < n, we can take a 
point ql in the set 

{expv; Ivl < 26, v E TXIM - Cx1(Mcp)} nIntMb(cp*). 
Let 0'1: [0, dl] - M be the unit speed minimizing geodesic segment from Xl to ql, 
and let Cl be the minimum of cp* on the broken geodesic al = (O'll[e, dl])U/l, where 
/1 is the minimizing geodesic segment from ql to qh. Notice that Cl > Al from the 
choice of ql. Applying Lemma 7.1 to Lo, Cl and al we see that the point qi := 0'1 (e) 
is contained in a compact set in B(xo, R) homeomorphic to Lo. In particular, 
qi E B(xo, R). On the other hand, we have d(xo, qi) ~ d(xo, Xl) -d(Xl' qi) ~ 6 - e. 
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Repeating the above argument for X2 = 1(26), we get a point q~ in B(x, R) with 
d(xo, q~) ~ 26 - c. Continuing this, we see that for every positive integer k, there 
is q~ in B{xo, R) with d(xo, qU ~ k6 - c. This is a contradiction. 

LEMMA 7.3. Suppose that/or some a > At, 8Ma(cp) is disconnected and has 
a compact connected component L. 1/ u: [0,1] - Ma(cp*) is a continuous curve 
withu(O) E L andu(l) E 8Ma{cp)-L, then/or everyc > Al, u intersects both Mcp 
and Int MC (cp*). In particular, Mcp :f. 0. 

PROOF. Put Cl = inf{cp*(u(t)); 0 ~ t ~ 1} and suppose that u does not intersect 
Mcp. Since Cl > At, for p in Int MCl (cp*) we can consider a generalized gradient 
vector field X of (cp*,distp) supported on M - IntMC1(cp*). Let <Px(t) be the 
integral curve of X with <Px(O) = x. From the open-closedness argument as in 
Lemma 7.1, it turns out that the curve <Pu(s)(t), t ~ 0, intersects L transversally 
for every s E [0,1]. This is a contradiction, because u(l) E 8Ma(cp) = L. This 
argument also shows that u intersects Int MC(cp*) for all C > Al. 

PROOF OF THEOREM B. Let L be a compact component of 8Ma(cp). 
(1) By Lemmas 7.2 and 7.3, Mcp is nonempty and compact. Hence cp* has a 

minimum. 
(2) We consider the following two cases. 
Case (I). Mcp coincides with a compact connected component of 8Ma(cp). 
Then Mcp is a compact connected totally geodesic hypersurface of M without 

boundary. For every x E Mcp, there is a unique unit normal vector V(x) to Mcp 
at x with V(x) E Cx(Ma(cp*)). Since V is a globally defined smooth unit normal 
vector field over Mcp, the normal bundle of Mcp is trivial. 

Case (II). Mcp does not coincide with any compact connected component of 
8Ma(cp). 

We first prove 
ASSERTION 1. M - Mcp is disconnected. 
We can take x E L - Mcp and y E 8Ma(cp) - (L U Mcp). To show that x and y 

cannot be joined by any continuous curve in M - Mcp, suppose the contrary. Let 
u: [0,1]- M - Mcp be a continuous curve from x to y. Put c = inf{cp*(u(t));O ~ 
t ~ 1}. We observe Al < c ~ a. For p E Int MC(cp*), let X be a generalized gradient 
vector field of (cp*, distp) supported on M - Int MC(cp*). For each s E [0,1], let 
U(8) be the intersection of 8MC{cp*) and the integral curve <Pu(s)(t) of X with 
<Pu(s)(O) = U(8). Take to, tl with U(O) = <Px(to) and u(l) = <py(tl). It turns out 
that the curves <Px(t) (0 ~ t ~ to), ii and <py(t) (O ~ t ~ ttl form a continuous curve 
in Ma(cp*) - Int MC(cp*) joining x and y. This is impossible from Lemma 7.3. 

Now, we see that Mcp has dimension n-1, n = dimM, because dimMcp ~ n-1 
by Lemma 3.2, and because dimMcp ~ n - 1 by the disconnectivity of M - Mcp. 

ASSERTION 2. Mcp has empty boundary. 
Suppose that there is a boundary point Po of Mcp. We show that this yields 

the connectivity of M - Mcp, which is a contradiction. For every x E M - Mcp, 
take p E Mcp with d(x,p) = d(x,Mcp). Let v E 1/p (Mcp) be the unit normal vector 
to Mcp at p tangent to a minimizing geodesic from p to x. The vector v is joined 
to a vector v' perpendicular to Cp(Mcp) by a curve Vi in the set of unit vectors in 
1/p (Mcp) as follows: If p E Int Mcp, we set Vi = v since v is perpendicular to Cp(Mcp). 
If p E 8Mcp, we only note that the set {u E 1/p(Mcp); lui = 1} is connected, which 
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is easily verified. For a fixed Xo E Int M<p, let,: [0,1] --+ M be a broken geodesic 
in M<p from P to Po with the break point Xo. Let Wt , 0 ::; t ::; 1, be the parallel 
translate of Vi along ,. Since Int M<p is totally geodesic and since ,lies in Int M<p, 
except P and Po, we see Wt E 1I-y(t)(M<p) for all t. Now for a given unit vector 
wE IIpo(M<p), let Zt be a curve in IIpo(M<p) joining WI and w with IZtl = 1. Take 
an c > 0 such that Te(M<p) is included in a tubular neighborhood of M<p. The 
curves expcvt, expcWt and expcZt form a continuous curve in M - M<p joining 
expcv and expcw. Thus x and expcw are joined by a continuous curve in M -M<p, 
in an obvious way. Hence M - M<p is connected. 

The total convexity of M<p follows from Proposition 3.9. 
The disconnectivity of M - M<p also implies that the normal bundle of M<p is 

trivial. 
(3) Since II(M<p) is trivial, Theorem A shows that M is diffeomorphic to the 

product M<p X R. To prove that L is homeomorphic to M<p, we first obtain 
ASSERTION 3. L = M<p, or L n M<p = 0. 
It suffices to show that if there is x E L n M<p, then L = M<p. In fact, similar to 

the proof of Proposition 3.9, we can conclude M<p c aMa(cp*) and M<p = L. 
Now we may assume L n M<p = 0. We proceed as in the proof of Theorem 

A. Let U be a tubular neighborhood of M<p with Un L = 0. From Lemma 3.7, 
there is C > >'1 such that MC(cp*) is included in an c-tubular neighborhood U1 

of M<p with U1 c U. Let T be the vector field on U - M<p such that T(x) is 
tangent to the minimizing geodesic from x to M<p. For P E Int MC(cp*), let X be 
a generalized gradient vector field of (cp*,distp) supported on M - IntMC(cp*) so 
that (X, T)(x) > 0 for all x in au1 • The integral curve of X issuing from each point 
of L meets aUl at a single point. This gives rise to a homeomorphism of L onto a 
connected component of au1 , which is homeomorphic to M<p. We have concluded 
the proof of Theorem B. 

REMARK 7.4. Under the situation in Theorem B, if cp is lower semicontinu-
ous and quasiconvex, M<p coincides with the minimum set of cp because a compact 
Riemannian manifold cannot possess any proper closed totally convex set (see [2, 
Corollary 1]). Hence cp must be constant on the compact totally geodesic subman-
ifold M<p. 

PROOF OF THEOREM C. (1) Since cp* has no minimum, Lemma 7.2 implies that 
M<p is empty, that is, dim MC(cp) = n for every C E (infMcp,a]. Moreover, Lemma 
7.1 shows that aMC(cp) has a compact connected component. From Theorem B, 
we have that aMC(cp) is connected. 

(2) We note that MC(cp*) is unbounded for every c E cp*(M). For a tubular 
neighborhood U of Ma(cp*), take c > 0 with Te(Ma(cp*)) cU. Since the function 
x 1--+ d(x, Ma(cp*)) on U - Ma(cp*) is of class CI, the boundary L of Te (Ma (cp*)) 
is a compact C1 hypersurface of M. We have to prove that L is homeomorphic 
to aMa(cp*) and M is C 1 diffeomorphic to L x R. For each nonnegative integer 
i, choose Ci E cp*(M) and Pi E M so that a = Co > Cp*(Po) > C1 > cp*(pt} > 
C2 > ... , lim Ci = inf M cp* and Pi E Int MC; (cp*). Take generalized gradient vector 
fields Xi of (cp*,dist{p"pi+d) supported on M - IntMc,(cp*). By Lemma 6.1 we 
may assume that (Xo(x), T(x)) > 0 for all x E L, where T(x) is the unit vector 
at x tangent to the minimizing geodesic from x to Ma(cp*). For smooth functions 
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Pi: M ~ R with 0 :::; Pi :::; 1 such that 

{ Ion MCi-l (<p*), 
Pi = 0 outside a small neighborhood of MCi-l (<p*), 

Y .- E:o PiXi makes sense as a smooth complete vector field over M, where 
Po == 1. From the construction, each integral curve of Y intersects Land oMa(<p*) 
transversally. This gives rise to a homeomorphism of L onto oMa(<p*), a C1 dif-
feomorphism of M onto L x R. 

REMARK 7.5. From Theorems B, C and their proofs, we have that for every 
a> A1, oMa(<p) has at most two compact connected components: 

(1) If oMa(<p) has exactly two compact connected components Lo and L1, then 
oMa(<p) = Lo U L1 and Ma(<p) is homeomorphic to Lo x [0, IJ. 

(2) If 0 Ma (<p) consists of a single compact connected component Lo and if 
Mcp = 0, then Ma(<p) is homeomorphic to Lo x [0,00). 

8. End structure. Let M be a noncompact manifold. If K1 and K2 are 
compact subsets of M with K1 c K2, then each connected component of M - K2 
is included in a unique connected component of M - K 1. An end of M is by 
definition an element of the inverse system 

{connected components of M - K; K compact in M} 

directed by inclusion and reverse inclusion. Specifically, an end c is an assignment 
to each compact set Kin M a connected component c(K) of M - K in such a way 
that c(Kd ::J c(K2) if K1 c K2. Every noncompact manifold has at least one end. 

It has been shown in [7J that if a complete Riemannian manifold admits a locally 
nonconstant convex function, then it has at most two ends. We generalize this result 
to manifolds admitting locally nonconstant quasiconvex functions. 

THEOREM D. If a complete Riemannian manifold M admits a locally noncon-
stant locally quasiconvex function <p . M ~ R U { +00 }, then M has at most two 
ends: More precisely, 

Case (I). oMa(<p) has a compact connected component for some a > A1. 
(1) If Mcp f. 0 and oMC(<p) is connected for every c E (A1,a], then M has 

exactly one end. 
(2) If Mcp f. 0 and oMC(<p) is disconnected for some c E (Aba], then M has 

exactly two ends. 
(3) If Mcp = 0, then M has exactly two ends. 
Case (II). For each a > A1, every connected component of oMa(<p) is noncom-

pact. 
In this case, M always has exactly one end. 

PROOF. (1)(1) From Lemma 7.2, we can take a bounded tubular neighborhood 
U of Mcp. By Lemma 3.7, there is c E (A1, aJ with MC(<p*) C U. In particular, 
MC(<p*) is compact. On the other hand, M - Int MC(<p*) is homeomorphic to 
oMC(<p*) x [0,00) by Corollary 5.6. Since oMC(<p*) is connected, this observation 
implies that M has exactly one end. 

(2), (3) In these cases, the conclusions have already been shown in Theorems B 
and C. 
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(II) We divide this case into the following two cases. 
Case (i). M<p = 0. Let K be a compact set of M. By the lower semicon-

tinuity of cp*, we can take a E cp*(M) so that K does not meet Ma(cp*). For 
p E Int Ma(cp*), let X be a generalized gradient vector field of (cp*, distp ) supported 
on M - Int Ma (cp*). Let U be an unbounded connected component of M - K. Since 
Ma(cp*) is connected, we observe that U :J Ma(cp*) or Un Ma(cp*) = 0. Suppose 
Un Ma (cp*) = 0. Then there is q E U such that the integral curve ¢>q (t), t -::; 0, of 
X with ¢>q(O) = q does not intersect K. Let P: M -Int Ma(cp*) -+ 8Ma(cp*) be the 
projection onto 8Ma(cp*) via the integral curves of X. Since the connected com-
ponent L of 8Ma(cp*) containing P(q) is noncompact, we can take q' E L - P(K). 
Let (1 be a continuous curve in L joining P(q) and q'. It turns out that for large 
t > 0, the curve 8 1-+ ¢>u(s) (-t) joins ¢>P(q) (-t) and ¢>ql (-t) in M - K. Thus q and 
q' are also joined in M - K in an obvious way. Hence q' E U and Un Ma (cp*) I- 0. 
This is a contradiction. Therefore U is the only unbounded connected component 
of M - K with U :;:) MQ(cp*), and M has exactly one end. 

Case (ii). M<p -::fi 0. We note that M<p is unbounded by Lemma 3.7. Let 
F: M - M<p -+ L X (0, 00) be the Cl diffeomorphism given in Theorem A, where 
L is a Cl hypersurface of M. Note that F-l(X, t) goes to infinity as t -+ +00 for 
each x E L, and that F defines the projection pr: M -+ M<p. For every compact 
set K of M, we can. take p E M<p - pr(K). Let U be an unbounded connected 
component of M - K. We can choose q E U such that if we set F(q) = (xo, to), 
then F-l(XO, t) tt. K for all t ~ to. Now similarly to Case (i), the points p and q 
are joined in M - K. Therefore M has exactly one end. 

ADDED IN PROOF. In a future paper, we shall show that if M admits a locally 
nonconstant locally quasiconvex function cp with M<p = 0, then there is a Coo 
manifold N such that M is diffeomorphic to N X R. 
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