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THE SPECTRUM OF THE SCHRODINGER OPERATOR

MARTIN SCHECHTER

Abstract. We describe the negative spectrum of the Schrödinger operator with

a singular potential. We determine the exact value of the bottom of the spectrum

and estimate it from above and below. We describe the dependence of a crucial

constant on the eigenvalue parameter and discuss some of its properties. We

show how recent results of others are simple consequences of a theorem proved

by the author in 1972.

1. Introduction

For V(x) > 0 in L   (R"), the smallest constant CX(V) which satisfies

(1.1) (Vu.u) < Cx(V)(]]Vu]]2+X2]]u\]2), UGCn

is of importance in the study of the spectrum of the Schrödinger operator

(1.2) H = -A-V

We shall show that -XQ is the smallest point of the spectrum of H if and only

if, A0 is the smallest value of X > 0 such that CX(V) < 1 (if CX(V) > 1 for all

X > Ö, then the operator H is not bounded from below; the smallest point in

the spectrum is -oo ). In 1972 the author obtained an expression determining

the exact value of CX(V) (cf. [1, p. 498]). It is given by

f
(1.3) Cx(V) = infsupw(xyX       V(y)¥(y)G2X(x-y)dy

V>0    x JR»

where G2 x(x) is the Bessel potential of order 2. It is the kernel of the operator

(1.4) G2Xf = (X2-A)   Xf, '2 — w2,0-

In (1.3) one obtains an upper bound for CX(V) by picking a particular function

y/(x) > 0, e.g., y/(x) = 1 . One can improve the estimate by varying i//.

The cases A = 0 and X = 1 have received much attention. In 1962 Mazya

[2] showed that for « > 2, CJV) < 1 if

(1.5) ív(x)dx< ^-j^cocap(e)
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holds for all compact sets e c R" . Here co is the surface area of the unit ball

in R" and cap(e) is the Green capacity of e . More recently Adams [3] showed

that

(1.6) l^ljx-y]2-"V(y)dy^   dx<cjv(y)dy,       ecR",

implies a bound for C0(V). In [4], Fefferman and Phong show that

\ i/p

up Up-n f
< ,x  \ J\x-i

(1.7) C0(F)<Cpsup   «T*-"/ V(yYdy\

if p > 1. The proof of (1.7) given in [4] is rather long and involved. In the

next section we shall show that it is a simple consequence of (1.3). In fact, we

shall give a direct easy proof of (1.7) without involving the ideas of [4]. In [1]

Kerman and Sawyer show that

f(fQGxx(x-y)V(y)dy)2dx
(1.8) CX(V)~   sup       Vg     •      v(  , , -'--

löl<*-" }QV(y)dy

where the supremum is taken over all dyadic cubes ßCR". Previous to [1],

sufficient conditions for (1.1) to hold for various values of X were obtained

by Kato, Rollnik, Schechter, Simon (cf. [14, 15] for references). Other sets

of sufficient conditions were recently obtained in [12 and 16]. These authors

were apparently unaware of the results of [1] where a condition which is both

necessary and sufficient is obtained.

In §3 we show that there is a constant C   depending only on n and p such

that

(1.9) Cx(V)<Cp]\M2pX/xlVp]CP,       X>0,

where

MaS[V](x) = supra-n f V(y)dy.

This allows us to show that the lowest point -p of the spectrum of the operator

(1.2) satisfies

Hp2 < sup i 2Cp lo-" I V(y)pdy)     -<T2
x,S  \       P \ J\y-x\<S I

which is another estimate of Fefferman-Phong [4]. In our estimate only one

constant appears (the one from (1.9)) and can be readily estimated. In proving

(1.9) we show that there is a constant Cs depending only on s,n and q such

that

(1-10) WIs.öfW^CsJK.öfWq
where

',*/(*)= / ]y-x]s-"f(y)dy.
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The estimate (1.10) is of interest in its own right. Our proof extends a method

of Muckenhoupt-Wheeden [5]. As a consequence of (1.10) we obtain

(1-11) \\GsJ\\q<C'sJMsXlxf\]q

where

GsXf = (X2-A)~s/2f

In §4 we show that the constant CX(V) is continuous in X in the interval

[0, oo). Moreover

p=    inf   X2CAV)=    inf   X2
Q(K)<1 ^ Ck(V)<\

2 2
=    sup  X =   sup  X CX(V).

CX(V)>\ Q(V)>\

From this it follows easily that

supX2[Cx(V) - 1] < p  < s\xpX2[2Cx(V) - 1].

Next we show that if V is in the Muckenhoupt-Wheeden class A^ (cf. [5]),

then

(1-12) CAT)<N.p\\M2All^.

In §5 we show that the essential spectrum of H is the same as that of -A,

i.e.,

(1.13) <xf(//) = [0,cc)

provided

(a)   Cx(V)^0 as X ̂  oo ;
rR

(b)   CAo(FA) - 0 as R - cc

for some X0 > 0, where

Ä f0, \x\<R,
V (x) = -^

I V(x),

2. A SIMPLE PROOF OF THE FeFFERMAN-PhONG ESTIMATE

We now show that (1.7) is a simple consequence of (1.3). Let

(2.1) M<t[V](x) = supr"-n [ V(y)dy,       M = M0,
r J\y-x\<r

denote the maximal function. The right-hand side of (1.7) is equivalent to

KPw2p[vp\iïip:

By Holder's inequality

(2.2) Mx[Vx/2u] < M [Vql2]xlqM[\u\q']xlql
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holds for any q > 1, where l/q + Ijq = 1. If we take q = 2p > 2, we have

(2.3) ]\Mx[Vx/2u}\]2 < *;/2||M[|«|?']1/i'll2 = Kf\\m\u\«'t%

<C'KXl2]]]u]q'\]X2% = C'KXl2]]u]\2

since q < 2. By a theorem of Muckenhoupt and Wheeden [5], this implies

(2-4) ]]Ix[VX/2u]\]2<C"KXJ2\\u]]2,

where Is = Gs 0 . Inequality (2.4) is equivalent to

\\VX/2I2[VX'2u]\]2<C"2Kp\\u\\2.

If C > C" K   and h > 0 is in L , then there is a 0 > 0 in L2 such that

(2.5) 4> = h + C~xVx,2I2[Vx/2(f>].

This shows that the right-hand side of ( 1.3) is bounded by a constant times K

Hence, (1.7) holds.

Another approach is to note that (2.4) is equivalent to

(2-6) ]]Vxl2Ixv]]2<C"Kxpl2]]v]]2

which in turn is equivalent to

(2.7) (Vu,u)<C"2Kp]]Vu]]2

which shows that (1.7) holds.

3. Estimates for arbitrary X

For p a locally finite Borel measure, we define

(3.1) IsSdp(y)=f \x - y]5'" dp(x),       0<s<n,
J\x-y\<S

and

(3.2) Ms g dp(y) = sup rs~" f dp(x),       0<s<n,
r<ö J\x-y\<r

Mc du = M, _ du.s   ^ s ,oo    ^

For 1 < q < oo we let

]]u]]q=[jRn\u(x)]qdx}

by the norm in Lq(Rn). Our first result is

Theorem 3.1. There is a constant Cs    depending only on s ,n and q such that

(3-3) \Us.ödf\\q<CsJMsSdp]]q.

Moreover
Csq < 2"-s+x + (co/s)5n-snn/22{n+2~s]<l+2s+2.

Before proving Theorem 3.1 we state some consequences.

1/9
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Theorem 3.2. For each p > 1 there is a constant Cp depending only on n and

p such that

(3.4) CAT) < Cpsup(M2pA/xVp)x/p,       X>0.

Moreover, there is a constant C, depending only on n such that

(3.5) Cx(V)>CxM2xßV.

Corollary 3.3. If -p2 is the lowest point of the spectrum of the operator (1.2),

then

(3.6) p.2 < sup (iC.S 2 sup(M2  sVp)xlp - 6'
<$>0  \ x

2

(2C'(á""t„</W'*)

Up
= sup|2C0(<T V(y)"dy)     -<T:

x.S

and

P  >s\iplcxô    supM2SV-Ô    J
ö

(cx5-n i V(y)dy-S-2).
V J\y-x\<ô J

= sup
x,S

Corollary 3.4. // CpM2pVp < 1, then p = 0.

Corollaries 3.3 and 3.4 are proved by FefFerman and Phong [4]. Their proof

is rather long and involved. They require two constants in (3.6) and do not

provide a way of estimating them. Our proof is much shorter. They were

unaware of the authors results in [1].

Proof of Theorem 3.1. Let

(3.7) St = {xGRn\Isidp(x)<t}

for each t > 0. If St £ R" , then

(3.8) S, = \jQj.

where the cubes Q   have sides parallel to the coordinate axes, have disjoint

interiors and satisfy

(3.9) d(Qj,Sct)<^^l(Qj)

where Mc is the complement of M in R" and l(Q) is the edge length of Q

(cf. [6, p. 10]). By subdividing Q. if necessary, we may require that

(3.10) Pj = 4*/»Wj)$&
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If (3.10) is achieved by subdivision, we lose (3.9).   But in this case we can

require

(3.11) 3<2pr

Thus we can make each Q. satisfy (3.10). If it does not satisfy (3.11) as well,

then it will satisfy (3.9).

Let b , d be positive numbers to be determined later. Define

(3.12) Ej = {xg Qj]Is mdp(x) >tb, Ms s dp(x) < td).

Let Q be one of the cubes ß , and let E c Q be the set given by (3.12).

Assume first that Q satisfies (3.10) and (3.11). Then we have

tb\E\ < j Is Sj2dp(x)dx

]x-y]5~" dp(y)dxSIJO J\v>Qj\y-x\<6/2

I /        Jx-yf
' U-y\<m

veo

< (co/s)(â/2)s f     dp(y)
JQ+S

where co is the surface area of the unit sphere in R" and Q + S is the cube

having the same center as Q but edge length equal to l(Q) + S . Assume that

E is not empty, and let x0 be any point in E. The cube Q + Ô is contained

in the ball with center x0 and radius Vñl(Q) + (ô/2) < (p/4) + (S/2) < 3<J/4
by (3.10). Hence by (3.11)

tb\E\ < (co/s)(ô/2)s(p/4 + S/2)"-sMsSdp(x0)

< (co/s)ps(5p/4)"~s td

<(co/s)4s5"~stdnn/2\Q\.

Consequently,

(3.13) \E\ < (co/s)4s5n~snn/2(d/b)]Q].

Note that (3.13) holds if E is empty. Next assume that (3.9) and (3.10) hold.

Then there is a point x, not in 5, thatr i t

d(xx , Q) < 3s/7il(Q).

If x is in Q , then

(3.14) \x-xx\<p.

Consequently, if y is any point such that

(3.15) \y-x\>p,
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then

(3.16) \y - xx\ < \y - x\ + \x - xx\ < 2\y - x\.

Hence we have

, dp(x) =
>\y-x\<p     Jp<\y-x\<S/2

Is6i2dfJL(x)= I + ]y-x]sndp(y)
J\y-x\<p     Jp<\y-x\<S/2

<I    dp(x) + 2"-s f \y-xxrndp(y)
'\y-Xi\<6

<Ispdp(x) + 2"-sIsôdp(xx)

<Ispdp(x) + 2"-st

since xx is not in St. We now take b = 2n+x~s. This implies that if x e E,

we have

tb<L ndp(x) + tb/2

and consequently

tb/2<Ispdp(x).

Thus E is contained in the set

{x G Q]IS p dp(x) > tb/2, Ms s dp(x) < td}.

Hence, if x e E

tb\E\/2<  f I    dp(x)dx
Jq    *

= / /,        \x - yf" dx dp(y)

< (co/s)ps /       dp.
JQ+2p

Since 2p < S and the cube Q + 2p is contained in a ball of radius 5p/4 < Ô

about any point in Q , we see that

tb\E\/2 < (co/s)Ps(5p/4)"-sMsSdp(x0)

< (co/s)rs5"~sn"/2td]Q\

or

(3.17) \E\ < 22s+x(co/s)5"-snn/2(d/b)\Q\

if we take x0 G E. If E is empty, (3.17) holds as well. Thus we see that (3.17)

holds in all cases. If we sum over all the cubes Q , we see that

!{/, s/2dp(x) >tb,Ms sdp(x) < td}] < Cn sd\S,\

where
Ccn-s   n/2~is—n ,

n s = co5     n    2       /S.



122 MARTIN SCHECHTER

Hence

]{IsS/2dp(x) > tb}] < Cnsd]St] + ]{MsSdp(x) > td}\.

This means that

j   \{Isg/2dp(x)>tb}]dtq

<cnsd r ]st]dtq + r ]{Msädp(x) > td}\dtq
Jo Jo

or

•Nb

b~" JQ    ]{Ismdp(x)>-c}]dxq

¡-N ¡-Nd

<Cnsd       \St\dtq + d~q        ]{Msâdp(x)>r}\dTq.
Jo Jo

Letting N —> co, we have

Il W< * Cnsdbq]]Isôdp]]qq + (b/d)q]]Msâdp\]qq

and consequently

II', .6,2 <H < CxJq dx/qb ]]IS Â dp\]q + (bid)]]MS s dp]\q.

Now

I5 s dp(x) = Is mdp(x) + \x-yf " dp(y)
Jâ/2<\v-x\<ô

<I<sndp + 2"-sM^,dp.

>ô/2<\y-x\<ô

Hence

¥s .0 Mq ï cnqs ¿'"W,.6 dß\\q + (bd~x + 2"-s)\\Ms s dp\]q.

Take l/d = Cn s2qbq . Then

]]IS 6dp]]q<b(2d~X + l)]]Ms sdp\]q

= (2"-s+x + (co/s)5n-snn/22{n+2-s)q+2s+2)\\Msâdp\\q.

This gives the theorem.

Next we shall prove

Theorem 3.5. Under the same hypothesis,

(3-18) \\Gs,xdri\\q<C'sJMsX/xdp\\q

where the constant depends only on s, n and q. Here

(3.19) GsXdp(x) = j GsX(x - y)dp(y),

(X2 - A)~s/2f(x) = JGs x(x - y)f(y) dy.
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Proof. For each s > 0, the function Gs x(x) has been studied extensively by

Aronszajn-Smith [7]. In particular, it satisfies

X\x\ < 1,

-s\Xx\ye-XM,    X\x\>l,

where y = (n - s - l)/2 and the c   do not depend on X. Let

o, 4*| <i,
GsX(x),    X\x\>l.

It suffices to show that

(3-22) \\GsXdp\\q<C\\MsXlxdp\\q.

For by Theorem 3.1 and (3.20)

m,,-GSiX]dp\\q<cJIsX/xdp\\q<c0Csq\\MsX/xdp\\q.

Now by (3.20) and (3.21)

(3.20) GsJi(x)<^y.

(3.21) GsX(x) = ^

Gs x dp(y) <cxf Xn~s\X(x - y)\ye-xlx-yl dp(x)
JX\x-y\>l

oo     -

^ci*"~Sy2 (k + l)y e~k dp(x).
T^.Jk<k\x-v\<k+\L   | Jk<X\x-y\<k+l

The set k < \x\ < k + 1 can be covered by N(k) balls of radius 1 and centers

z(1), ... , zN{k) with N(k) < c2k"~x. Thus the set k < X\x\ < k + 1 can be

covered by N(k) balls with centers z^/X, ... ,zN[-k)/X having radius l/X.

Hence

oo  N(k)

Gs xdp(y) < cxX"-sJ2E(k + O^"* / ¿M*)
A:=1 ;=1 J\x-y-xV)/Xl<l/i

oo Af(fc)

<C,EE^+ ^""^.i/^O' + r0)M)-
k=\ j=l

Consequently

\\Gs,,dp\\q<cxf^N(k)(k+lYe-k\\MsX/xdp\\q.
k=l

This gives (3.22).

We can now give the

Proof of Theorem 3.2. Let â - l/X and put

K,m„p(JU     y'f.

If q = 2p > 2, then Holder's inequality gives

Mx s[VX/2u] < Mq,(Vq/2fqM0S(\u\q')X/q' < KXJ2(M\u\q')X/q'.
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Hence

\\Mx¿[Vxl2u]\\2<Kf\\(M\u\ql)Xlq'\\2.

Since q < 2, this is bounded by

<2iiA/iMr'ii^;<cX/2iii«r'ii^:=^/2ii«ii,

By Theorem 3.5, this implies

||GMF1/2K]||2<C'C{X/2|MI2-

This implies by duality

\\Vl/2Gx^\\2<c'c'x2KXJ2\\u\\2

which is equivalent to

(Vu,u)<c2C[22 Kp(\\Vu\\2 + X2\\uf).

Thus

Cx(V)<c'2C'x22Kp

which is precisely (3.4). To prove (3.5), let <¡>(x) be a test function which equals

1 for |x| < 1 and 0 for |x| > 2. Put <f>k(x) = tf>(X(x - z)), where z gR" is
fixed. Then

(K^,^)<q(K)(||V^|[2 + A2||^||2)

= Cx(V)X2-"(\\V<p\\2 + \\<f>\\2) = CX2~nCx(V).

Hence

X"~2 f V(x)dx<CCx(V)
JX\x-z\<\

and consequently

M2X/xV(z)<CCx(V).

Remark 3.6. The constant Cp in (3.4) can be estimated readily from the proofs

of Theorems 3.1, 3.2 and 3.5.

4. Properties of CX(V)

In this section we shall derive some properties of the constant CX(V).

Theorem 4.1.  CX(V) is continuous in X in the interval [0, co).

Proof. Suppose
CV(V)<A,        v>X.

Then CX(V) < A. For we have

(FUlU)<^(||VM||2 + i/2||M||2),        M6C0°°.

Let v —* X. Then

(FM,M)</f(||VM||2 + A2||u||2),        M€C0°°.
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Thus CX(V) < A . Next, suppose X > 0 and

CV(V)>A,       v<X.

Then CX(V) > A. For if CX(V) < A-e, we can find for each v < X a function

uu G Cq30 such that

(4.1) l|VMJ2 + i/2|KI|2=l

and

Cv(V) - e/2 < (Vuv , uv) < Cx(V)(\\VuJ2 + X2\\uJ2).

Thus

A - e/2 < Cx(V)(l + (X2 - v2)\\uf) < Cx(V)X2/v2

in view of (4.1 ). Let ¡/-»A. We have

A-e/2<Cx(V)<A-e

providing a contradiction. Since CX(V) is a decreasing function of A, it must

be continuous.

Theorem 4.2. // -p   is the lowest point of the spectrum of -A - V, then

2 .   r     ,2 ,2u  —    inf   X  =   sup  X
Q(n<i      q(k)>i

=    inf   A2C(F)=   sup  X2CAV).Q(K)<i      x Ci(V)>i      x

If the set CX(V) < 1 is empty, then p — oo. If the set CX(V) > 1 is empty, then

p = 0.

Proof. Let H be the operator (1.2). If CX(V) < 1, then (1.1) implies

-Cx(V)X2\\u\\2<(Hu,u).

Thus

(4.2) p2 < CX(V)X2 <X2,        CX(V)<\.

If CX(V) > I, then for every e > 0 there isa ue C^° such that

(Vu,u)>(Cx(V)-e)(\\Vu\\2+X2\\u\\2).

Thus

(Hu, u) + X2(CX(V) - e)||M||2 < (1 + e - Cx(V))\\Vu\\2.

For e sufficiently small, this is < 0. Thus

-p2<-X2(Cx(V)-e)   or   p2 > X2(CX(V) -e).

Letting e —► 0, we have

(4.3) P2>X2CX(V)>X2,       CX(V)>1.

In particular we see from this that

Cß(V) < 1.
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If p t¿ O, we see by (4.2) that

(4.4) CM(V) = l.

By (4.2),

(4.5) p<    inf   X2CAV)<    inf   X2.

But by (4.4) we see that equality holds. Similarly, by (4.2) we see that

(4.6) p  > sup X2CX(V) > sup a2.
Cx(V) Cl(V)

But there cannot be a positive e such that p > e+X2 holds for all X satisfying

CX(V) > 1. For that would imply the existence of a v < p suchthat CU(V) < 1,

contradicting (4.5). Thus, equality holds throughout (4.6) as well.

Corollary 4.3.

(4.7) p2<supX2[2Cx(V)-l],

(4.8) /z2>supA2[q(F)-l].

Proof. If CX(V) > 1, then

A2</2[2CA(F)- 1].

Thus sup A2 over the set CX(V) > I is bounded by the right-hand side of (4.7).

Similarly, if CX(V) > I, then

(4.9) X2Cx(V)>X2[Cx(V)-l\

On the other hand, the right-hand side of (4.9) is negative if CX(V) < 1. Thus

supX2Cx(V) over the set CX(V) > 1 is > the right-hand side of (4.8).

Now we turn to the

Proof of Corollary 3.3. By (4.7) and (3.4)

p2 < supA2[2C sup(M    x,xV")xlp - 1]

(4.10)
= sup[2C/-2(M2pX)1/'-<r2].

x ,S

This equals the last expression in (3.6). For let L be the latter expression. Then

V(y)Pdy)      <(L + <T2)/2C ,       ô>0.(-"I\y-x\<ö

This implies

(M2pSVp)Xlp<(ô2L+l)/2Cp.
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If we substitute this into (4.10), we obtain

p < sup[<r2(<j2L +1) - <r2] = L.
x,S

The same reasoning works in reverse. The second estimate in Corollary 3.3 is

proved in the same way using inequality (3.5).

Corollary 3.4 is an immediate consequence of (3.4) taking A = 0.

A function V(x) is said to satisfy the Aœ condition if there is p > 1 such

that

(ißf ' / V(x)"dx)   * <L\Q\~X f V(x)dx
\        Jq ) v Jq

holds for all cubes Q, where \Q\ is the volume of Q (cf. [8]). We have

Corollary 4.4. If V(x) satisfies the A^ condition, then

(4.11) C^KN^M.^VW^.

Proof. From the definition we see that there is a constant Lf   such that

(M2p,sVp)X/p<L'pM2jV

We now merely apply Theorem 3.2.

5. Invariance of the essential spectrum

For a closed operator A on a Banach space we define the essential spectrum

of A as

ae(A) = f]o(A + K)
K

where the intersection is taken over all compact operators K. We give sufficient

conditions for H to have the same essential spectrum as -A.

Theorem 5.1. Assume that

(a)   C,(K)->0 as A-+oo.

(b) For some A0 > 0,

C, (F*)-0   asR^œ

where

'R(x) = {
0, \x\<R,

V(x),    \x\ > R.

Then

(5.1) oe(H) = ae(-A) = [0,oc).

Proof. By (a) and (1.1), for each e > 0 there is a constant C£ such that

(FM,M)<£||VM||2 + CI|M||2.
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Moreover, if <¡>(x) G C™ is the function used in the proof of Theorem 3.2, then

ca„(^(1-^))^°   as.R-,00

by(b). These two conditions are necessary and sufficient for Vx/2 to be compact

from Hx '2 to L2 (cf. [14, p. 172]). This in turn is sufficient for H to have

a 1/2 extension satisfying (5.1) (cf. [14, p. 149]).
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