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ADDITIVE COHOMOLOGY OPERATIONS

JEANNE DUFLOT

ABSTRACT. The bigraded group {H;(Z,,Z/p)} becomesa Hopf algebra, if mul-
tiplication is induced by restriction, and comultiplication is induced by trans-
fer. Using Steenrod’s method of considering elements of this bigraded group as
mod-p cohomology operations, the primitives of this Hopf algebra correspond
to additive cohomology operations. In this paper we use the results known
about the homology and cohomology of the symmetric groups and the opera-
tions they induce in mod-p cohomology to write down two (additive) bases of
the bigraded vector space of primitives of the above Hopf algebra.

0. INTRODUCTION

Let X, denote the symmetric group on n letters. There is a graded Hopf
algebra R, = @, R.(X,) where R.(Z,) is the complex representation ring

of the symmetric group X, . The multiplication is given by induction of rep-

resentations, the comultiplication by restriction of representations. Let Rf“a'

denote the graded Z-dual of R, ; Atiyah [1] shows how R embeds in the
set of natural transformations of K° (considered as a set-valued functor) and
proves directly that the primitives in Ré give additive operations on K o_

*

the Adams operations. Moreover, one knows exactly the primitives of R_, and
therefore also of R® since R, is a self-dual Hopf algebra (see, e.g., [8]).

Now, let p be a fixed prime number. Consider the bigraded group (as in
[3) H, = {H'(Zj)},.>0’ ;>0- (All homology and cohomology groups, unless
otherwise denoted, have coeflicients in Z/p.) In [3], it is pointed out that

(a) H,, is a bigraded Hopf algebra with multiplication induced by transfer;
specifically by the transfer maps induced by the (standard) inclusions X x
Y, — Z,,,- Comultiplication is given by restriction maps induced by the
above inclusions.

(b) The bigraded dual of H__ is isomorphic as a Hopf algebra to fl** =
{H(X j)} i>0.j>0 » Where multiplication is induced by restriction, and comultipli-
cation is induced by transfer.

(c) Using Steenrod’s method [21] of considering elements of H, (X)) as
mod-p cohomology operations, the primitives of FIH (with respect to the
transfer comultiplication) correspond to additive cohomology operations. (See
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McClure [13] for a much more general proof of this fact.) More precisely, a
primitive a € H,(X,) corresponds to a sequence of additive cohomology oper-
ations &,: H* — H™™". (Here, for simplicity, we assume that ¢ is even if p
is odd.) From now on, if o € H,(X,) we denote by & or ()" the cohomology
operation corresponding to «. If we wish to specify & as acting only in the
cohomology degree g, we write & .

In this paper we continue the investigation of [3] by using the results known
about the homology and cohomology of the symmetric groups and the opera-
tions they induce in mod-p cohomology to write down two (additive) bases of
the bigraded vector space of primitives (with respect to the transfer comutipli-
cation) of H,, .

We also investigate the wreath product on H,, (which corresponds to com-
position of cohomology operations).

1. TWO BASES FOR THE PRIMITIVES IN H__

Let P and Q,, (resp. P, and QH ) denote the primitives and indecom-
posables of the Hopf algebra H,, (resp. H, ). Let V" be a vector space
of dimension n over Z/p; fix a one-to-one correspondence between V" and
{1,2,...,p"}. Using this correspondence, the set of translations E, of V" is
embedded in Zp" ;say it E, — X - is the embedding. Of course, E, is an ele-
mentary abelian p-subgroup of Ep" of rankn. Let j: Zp"_. XX an_l — Zp,,
be the “usual” embedding.
We will make use of the following lemmas.

Lemma 1 [3]. Q*,N:P*,N:Q«,N=ﬁ*,~=0 if N is notapowerof p. O

Let a: G — H be an inclusion of groups; we make the following table of

notation . o
a | cohomology restriction

a, | homology restriction

a homology transfer
«, | cohomology transfer
Lemma 2. (a) Q, ,, = H"(X,,)/im , (b) P, ,, =ker j
Proof. Statement (a) is Corollary 7 of [3]. Statement (b) follows from (a) by
duality; or can be proved directly using the same methods as for (a). O
Lemma 3. (a) im j, C keri™, (b) imi, C ker .
Proof. (a) is a theorem of Steenrod’s; see, e.g., [11 or 16].
(b) follows by duality from (a). O

We will also need the following details from calculations of Nakaoka [19]
and Cartan [2]. We adopt the notation of the above-cited works of Cartan and
Nakaoka.
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Let Z* = {n € Z|n > 0}. Let g be a fixed positive even integer. Let
S =(ay,8,y,...,a;,...) €U, {(Z")"13 i>1 suchthat ¢, #0, a; > pa,_ |
for each j > 1; a; =0 or 1mod2(p - 1)}. If () denotes the empty
sequence of integers, let £" = 7 U{( )}. If I = (a,,a,,...) € 7 define
d(I) = Y70, a; (the degree of I); e(I) = [pa,/(p — 1)] — d(I) (the excess of
I; I(I)= max{j|aj # 0} (the length of I); and r(I) = IU (the rank of 7).
Extend these functions to fp* by defining d(( )) = e(( ) =1 ))=0;so0
that r(( )) = 1. As in Nakaoka [19], define Q(p,q) = {I € 7 le(I) < q;
and if /(I) = j then a; > 1 when I = (a, ... ,aj,O, ...)}. Define U(p,q)
to be the Z/p-algebra generated by all elements I € Q(p,q) subject to the
relations IJ = (—l)d(”d“)JI for I,J € Q(p,q). The algebra U(p,q) is of
course generated as a vector space by monomials I;" > Ik ; one can extend
the definition of rank to the set of nonzero monomials so that r(I{"---L*) =

(I/‘

Zf yo;r(I;) for each nonzero monomial I . One can also define the

q- degree of a nonzero monomial as
k
g-deg(1}" Z (q+d(I

(Of course, r(0) = 0 = g-deg(0).) We then define U(p, q) to be the subspace
of U(p,q) generated by all monomials of g-degree d, and U(p, q)‘,i to be the
subspace of U(p, q)d generated by all monomials of g-degree d and rankr.
Then U(p,q) = EBd>0 >0 Up, q) becomes a bigraded algebra over Z/p .
As in Cartan [2], for each I = (a1 ,a2 ,...) € f define the natural transfor-

mation St': H"(—,Z/p) — H"**(~.Z/p) by St =St" oSt o--- where

Sta__{Sqaa p:2’
T\ g, p>2anda=2s(p—1)+e.

For I =( ), define St = identity.

Now, we consider the symmetric products SP™S? of the g-sphere for 0 <
m<ooslet i, 0 SP"S? — SP"S? for 0 < m < n< oo denote the usual in-
clusions. Using the Dold-Thom theorem, we recognize SP> S as an Eilenberg-
Mac Lane space K(Z,q). Let 1, be a generator for H'(SP"S?) = Z/p for
0 < m < 0o0; assume that these generators are chosen so that i:n A =1, for
0<m<n<oo.

Nakaoka [19] defined homomorphisms of Z/p-algebras
T,:U(p,q)— H (SP"S?) for0<m< oo

by T,(I) = St'(1,); notice that T, (U(p,q)") C H’(SP"S?). Define the

m
vector space homomorphisms

® H(E ) H""(SP*S"Y=H™"“(K(Z,q))=H"""(Z,q,Z/p)

.m 147 m
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and
Kk tH (X )—H""*SP"S?) (for0<m< o0)

a,m a\Tm

by & ,(c)=¢,0,) and k, (c)=2¢1,).

Theorem 4 (Nakaoka [19], Cartan [2], Steenrod). If ¢ > a + 1, there exist

vector spaces V, and vector space homomorphisms & m Vam ™ H(X,),
)mq—a (

Xom Vo = Ulp,9), m < 0; see Nakaoka [19] for a precise definition

of Vu,m’ éu,m and X(,,m) such that
(a) the diagrams below commute
éﬂ m .
a.m - }Ia(zm)
Up.a)," " = H" "~ (SP"s")
Tn=TwulU(p .4)y" ™"
éll‘ln
a,m - HH(Zm)

Xam 00 Jv q)u om l

Up,9)™™" — H™"*(Z,q,Z/p)

where x, . o =Aox, , with A:U(p,q)," "= Up,q)""".
() &, oo ms Xy m and T, are isomorphisms Jor m <oo. (For &, X,
and T, this is due to Nakaoka [19]; for K, m this is due to Steenrod, see [19].)
(c) T, isan isomorphism (Cartan [2], Nakaoka [19]).
(d) @ is injective (Steenrod, see [19]).
Proof. Nakaoka [19] proves commutativity of the first diagram in (a) directly,
but the same proof works for the second diagram in (a). For (b), (c), (d) refer
to the references cited in the theorem. O

Corollary s. (D"m = Tooolo T';l oK, ” : where 1 U(p,q)::q—u o U(p ’q)mq—a
is as in Theorem 4. 0O
Let 4%(Z,q,Z/p) be the subspace of H*(Z,q,Z/p) consisting of the ad-

ditive natural transformations H(—,Z) — Hd(— ,Z/p) . From now on, fix «;
assume ¢ is an even integer such that ¢ > a+1;let m = p" for some n>0.

,m

Corollary 6.

@, (P, ) ST AMUP, ), )n4"""(Z,q.Z/p).

Proof. Corollary 5 shows that
®, (P, ) C T, AMUP.a)h" "),

«a ,p"( a,pn p"

Let A4°“""(Z,q,Z/p) be the subspace of
H"™"(Z/p,q.Z/p) = H" """ (K(Z/p.q).Z/p)
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consisting of the additive natural transformations
H'(-,Z/p) - H"""*(~,Z/p).

Let &)a ot H(Z,) — H""“(Z/p,q,Z/p) given by ¢ — ¢,(1) where 1 is a
suitably chosen generator of HY(Z/p,q,Z/p) = Z/p . Then there is a commu-
tative diagram

H”'"""(Z,q,Z/p)

m
&

~

H”(Z/p,q,Z[p)* .,

H,(%,.)

p'l

(where B: K(Z,q) — K(Z/p,q) is the map defined by the homomorphism
Z — Z/p) such that g*(4° " “(Z/p,q,Z/p)) C A" " *(Z,q,Z/p). To see
this, choose 1 so that (1) = 1. - The diagram then commutes because éq
is natural. Also, 4"(—,q,Z/p) defines a functor on the category of abelian
groups (Cartan [2]) so 8" (4” " “(Z/p,q,Z/p)) C A" *"*(Z,q,Z/p). Now, by
[3or13], @, 'p"(ﬁ“ ) S A" (Z/p,q,Z/p); Corollary 6 follows. O

Define ,, H""""(Z,q) = T A(U(p,q)" ).
Corollary 7. For n >0, and o >0,

(a)

dim (an"""_”(Z,q) n A”""“’(Z,q,z/p))

~

> dim(P, ,) = dim(ker j'), > dim(im1,), ,
(b)
dim (, B (Z,q) " 47" (2,4, 2/p))
>dim(P, ,) = dim(Q, ,,) = dim(cok j,), > dim(im i), .

Proof. The first inequalities follow from Corollary 6, the middle equalities from
Lemma 2, and the last inequalities from Lemma 3. O

In fact, all the numbers in Corollary 7 are equal. It is possible to show
this using results in Mann [11] to construct a proof (by counting bases) that
dim(im j,) = dim(ker i")ll for each @ > 0 and n > 0. However, we will prove
(by counting bases).

Theorem 8.
. . . P phg—a plg—a
dim(imi,), = dim(imi")_ = dim (an (Z,q)N A4 (z,q,Z/p))

x

for a >0 and n>0.

Proof. This theorem follows directly from the following Theorems 9 and 10,
Corollary 11, and Lemma 12 (plus duality for the first equality). O
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Let A(p,q,n,0) ={I€Qp,q)r(l) =p", g+d(I)=p"q-a},if a >0
and n > 0.

Theorem 9 (Cartan [2, §16, Theorem 1]).
dim (,, B ""(Z,9)n 4" ""(Z,4,2/p)) = #A(p 4,1, )
for «a >0 and n>0. O

In the following theorem and corollary, we use the notation of Mui [16].

Theorem 10 (Mui [16], Mann [11], Milgram-Madsen [10] (for p = 2)).

(a) If p = 2, then there are elements Q, , € Hz"_zl(En) Jor 0 <i<n-1 such
that imi" =2/2[Q, o, .- ,Q, ,_,\1. (If K isafield, K[x,...,x,] means the
(graded) polynomial ring over K on {x,,...,x,}.)

(b) If p is odd, then there are elements Q, . € Hz(”"""‘)(En) for0<i<n-—1;
2(p"—p')—1 . 2p"—p'—p’)
R,, e H"?" ™ P7"UE) for 0<Si<n-1and R, , €H PPN E)) for

0<i<j<n-—1 such that

L Z/p[Q,,1aRn‘i)Rn‘,’7j|0Si<an*1]
({Rn,>R R Rn‘[‘an‘OIOS[<an_l})

n, tn.j

(The notation (S) means the ideal generated by the set S. The product here is
the cup product.) 0O

Corollary 11. Let (imi”)
imi*. Then

(a) if p =2, a basis (over Z/2) of (imi")

denote the homogeneous elements of degree o in

«

is given by

x

n—1
{QQ{O n S 2" -2 ) = aandr, >0f0r0<z<n—l}

i=0

(b) if p is odd, a basis (over Z/p) of (imi )(l is given by the union of the
Sfollowing two sets:

{R” ,ioRn.itl A2 ...Rno)‘ZI*]i'ZIQnOVO 'll‘ """] ||{/11 > ’12"}
c{0,1,2,...,n=1}and 0 < A, < 4, <~~~<lzi§n—1;rj20for

2 . X n—1
0<j<n=1; 3 (0" =20")+ Q0" =p™*) = 1)+ Y_2r,(p" = 1) =a}

j=1 j=0
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and

ro Ty Fn—1
{Rn,a. Ar ”Rn,lz,»_l ,lz,Qn,OQn,l "‘Qn",n—1|{'11 LR "121}

Q{O,l,...,n—l}ana’OS/l]<~~-<12i§n——l;rj20

2i n—1 ‘
JorO<j<n—1; 3 (0" =2p")+ Y 2r,(0" - p) =a}-

j=1 Jj=0
Proof. Left as an exercise using Theorem 10. O

Let

i=0

n—1 .
X(2,n,a)= {(ro,r1 Tl ) EE)Y (2" -2 = a}
and if p is odd,

X\(p,n, )= {({'10’)'1 N Y B (/T ITTNS )
€ Py (10,n—1)x (ZN)'0<i< 2" ~1);
2i a1 .
S0" 20"+ 20" - P - 11+ Y 2r, 0" - ) = a}
Jj=1 iy

and
X,(p,n,a)= {(S,(ro, s h ) EP0,n = 1) x (Z7)"0< i< 2"
if0<iand S={4,,...,4,},

2i n—1 )
then  (p" - 207 + > 2r,(0" -p') = a;
j=1 j=0

n—1
if i = 0 then Z?_rj(p" -p) =a} .

j=0
(Here, [0,n~1]={0,...,n—1}; P([0,n—1]) is the power set of [0,n—1];
P ([0,n — 1]) is the subset of ZP([0,n — 1]) consisting of sets of order k.
When we write elements of ([0,n — 1]) in the form {a,b,...} we will
always assume that they are written in increasing order.)

Lemma 12. (Compare with May [12], Madsen [9].)
(a) If p =2 there is a one-to-one correspondence

F:A4(2,9,n,0) — X(2,n,a).
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(b) If p is odd, there is a one-to-one correspondence

F:A(p,q,n,a) — X,(p,n,a) U X,(p,n,q).

Proof. (Recall that ¢ > a+1.) (a) F(a,,...,a,)=(¢—a +a,+ - +a
a, -2a,,...,a,-2a,_,).
(b) If SeZ2([0,n—1]) let ¢(S):[0,n — 1] — Z be the choice function:

0, k¢S,

n?’

Define F by
F(a,,ay,...,a,)=FQ2s(p-1)+e¢,....,25,(p— 1) +¢,)

n
(S(ey,...,¢,),
(lg—ea,,....a,)1/2,8, —PS; =€, ..., Sy — DS, — E,))
if #S(e,, ... ,¢,) 1s even;
(Sey,....¢,),
(lg—efa,,...,a,)—=11/2,s, —=ps, — &, ...,S,_, — DS, —¢€,))
if #S(e,, ... ,¢,) 1s odd;

where

efa,....,a,)=e02s(p-1)+¢,....,25,(p—1)+¢,)

n
=2s,p + 2¢, —Zal.:e(al,... ,a,) + €,

i=1

and S(e,,...,¢,) €[0,n—1] is defined by c(S(e,,....,¢,))(i))=¢,,. O

Therefore, one basis for IA’(l - (which we will call the Dickson basis) is given
as follows. For any n >0, H*(Z,,) = (keri™), @ (imi") , as vector spaces.

If p =2, forcach R € X(2,n,a), define D, € (H'(2,,)™ = H (Z,)
by Dglieri-), = 0, and {Dkl(imi‘)an € X(2,n,a)} is the dual basis to the
basis of (im i*)” given by Corollary 11. If p is odd, for each (A,R) €
X,(p,n,a)UXy(p,n,a) define D, p € (H'(Z, )" by D\ glyeri-), =0
and {D(A,R)l(iml‘),,I(A’R) € X,(p,n,a)UX,(p,n,a)} is the basis dual to the
basis of (imi*)“ given in Corollary 11. Then we have seen that {D,|R €
X(2,n,a)} is a basis for 13“‘2,, and {D(A‘R)|(A,R)eXl(p,n,a)UXz(p,n,a)}

is a basis for IA’“ - if p 1s odd.

To get a second basis for }A’” o> We use a theorem of Nakaoka’s:

Theorem 13 (Nakaoka [19]). Foreach 1 € A(p,q,n,«) there exists an element
b(Il) in H"(Zp"); moreover {b(I)|I € A(p,q,n,«)} is a linearly independent
subset of H“(an).

Proof. If n = 0, the only nonempty A(p,q,0,a) is A(p,q,0,0) = {( )}
for any ¢. In this case define b(( )) € Hy(Z,) as a generator for this one
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dimensional vector space. If n > 0, let Q(p,q,n,a) = {(j,;,Jy,---,J,) €
Z")"| foreach i, j,=0 or —1mod 2(p - 1); j,_, < pj, for i =2, ;
Lh>@=-VUy+-+J); Sy ti+ o+, =a; j, <qp-1)— 1}
(Uy»e--sJ,) €QWD,q,n,a), define a(j,...,Jj,) € Ha(an) as Nakaoka does
in [19, p. 248].

Nakaoka defines a one-one correspondence

x:QWw.q,n,a) = Ap,q,n,a)

by XUy»-eerdy) = (ifs .. ,i,) where i, = gp"*(p — 1) — j, . Define b(I) =
a(x_'(])); Nakaoka shows that {a(J)|j € Q(p,q,n,a)} are linearly indepen-
dent. O

Kahn and Priddy [7, Proposition 3.4] show that {b(I)|l € A(p,q,n,a)} is
a subset of (imi,) . Therefore, we have:

Corollary 14. (Compare with Kahn-Priddy [7, Proposition 3.7].) A vector space
basis for (imi,) is {b(I)|l € A(p,q,n,a)}. O

The basis of Corollary 14 will be called the Nakaoka basis for 13“ -

2. AN ALGEBRA-COALGEBRA OF “UNSTABLE”
ADDITIVE COHOMOLOGY OPERATIONS

There is a “wreath” product on H,, (see, e.g., [19 or 7]) which we review
here. This product is a function H,(X )x H.(£ ) — Z,..) -

i\“m j\<n 1+jm

If X, is a chain complex over Z/p, let X®" denote the chain complex

given by the usual m-fold tensor product of X_. The complex be'" becomes
a X -complex by setting

a(x,® - ®x,)=¢é(0,degx,, ..., degx, )(x, Sy @ ® Xy ))

for ¢ € X, ; here e: X, x (Z")" — {1} is a function that makes X>" a
X ,-complex, see [4] for a precise definition of ¢.

Define the wreath product X X, as the semidirect product of £ ~and
(£,)™; where X actson (Z,)” on the left via permutation of factors. If M,
is a chain complex over Z/p[X,] and L, is a chain complex over Z/p[X ],

then L, ® ME" becomes a Z/p[E, 1T ]-complex if we define
(0,7, ..., 7, )(1®Xx,® ®x,)=0l®d(t,x,®-®7T,X,).

m m

Proposition 15. If L, and M, are as above, A is a Z/p[X, ]-module, and B
is a Z/p[Z,]-module, then there is an isomorphism of chain complexes

p:(L,oM")®y 5 (48 B%") = (L, ®; 4)8; (M, oy B)®".
Proof. Left to the reader. O

Theorem 16 (see, e.g., [4]). If L, is a free acyclic £, -complex and M, is a free
acyclic Z,-complex, then L, ® be'" is a free acyclic £, X -complex. O
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Proposition 15 and Theorem 16 say that we may compute
H/(2%, ,4®B%")
by computing the homology of the chain complex
(L, ®;, A)®; (M, ®; B)™";

where L, and M, are as in Theorem 16. We assume L, and M, are as in
Theorem 16 from now on.

If ce H(Z,,) and deHj( ,) define c? deH,ﬂm(Z 1X,) by cid = the
homology class of

dode -od);
d times

where ¢’ € L;®; Z/p is a cycle representing ¢ and d’ € M 1 ®;,Z/p isacycle
representing d . The reader can check that this definition makes sense.

Now, once and for all, fix embeddings p, %X (% — X for

mn
every m,n > 1. Then if c¢,d are as above, define cod € H,_, (X as

i+jm
(P )ulced).

Theorem 17 (Nakaoka [19]). If c€ H/(X,)) and d € H(Z,), and i and j are
even if p is odd, then (cod) =¢od.

mn)

Proof. (The assumption that i and j are even if p is odd is used because the
definition of ¢ for ¢ € H/(Z,) gives ¢ only as an operation on even degree
cohomology.) We have

(cod)" = [(p,.,) (1d)] =(d)(p,,) (by[21)
=¢od (by Nakaoka [19, Proposition 6.3]).
(We are using the notation of [3].) O
From now on, assume i and j are even if p is odd.

Theorem 18. (a) If (1) is the generator of P 0.1 then (1)ox =xo(l)=x for
every xeﬁ
)IfxePp”, yeP o and ZGPk,,n then

(1) xo(on)-(Xoy)oZ,
(i) xo(y+z)=xoy+xoz,if j=k and m=1,
(ili) (x+y)oz=xo0z+yoz ifi=j and m=n.

o) If xe Pl.'p" and y € P”,,,, Lpnj prem

Proof. We use the following basic fact: if x and y € H (Z ) then x =y if
and only if x = y for some (and hence for all) even g < « + 1 (see Theorem
4(b)). So, in what follows g 1is a sufficiently large even integer.

It is easy to directly compute that ((1) q)A = identity, so using Theorem 17,

(a) follows.

then xoyeP
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By Theorem 17, ([x o (y + z)]q)/\ =X, 0 P+ z),. But X, is an additive
operation, so

a " ~ A ~ A~ A A
X004 2), =%, 09, +%,02,=[(xoy+xoz).
The other equalities in (b) actually hold for arbitrary (bihomogeneous) elements
of H,,, and follow from similar calculations.

By Corollary 5, @, (H (Z,)) S, H" " *(Z,q). So
(D[.'_pnj’pnwn(xoy) epn+me q_('+p j)(Z’q)'
Since x and y correspond to additive operations, so does x o y. Therefore
D, pren(X0Y) € o HY (7, q)
ﬂApn "mq—(i+p"j) (Z,q,Z/p) .

By Theorem 8§, xoy € P prem This proves (¢). O

i+pnj
We conclude that P - = {P L b0, n>0 (Where i is even if p is odd)
becomes a bigraded Z/p-algebra with multiplication
O PI p'l ® PJ pm P,+pnj ’p’l+ﬂl .

(Thus this “bigraded algebra” does not satisfy the usual bigrading conventions.)
From now on we assume that p = 2. There is also a “coalgebra” structure

on IN’ {P 2}i>0,j50- To discuss this coalgebra structure, we will use the

followmg theorems of Nakaoka and Hung. Let A ,: H (X,) — H(%,)®

*(Zz ) be the homomorphism induced by the dlagonal A%, —%,xZ,.
Theorem 19 (Nakaoka [20]). Let a € H,(Z,,) and suppose that Ai’n(a) =
Sa' ®a". Then, for any space X and any u,v € H*(X), we have a(uUv) =
Y@ wu @) (v). o
Theorem 20 (Hung [5]). Let {Dy|R € (Z%)",n > 0} be the Dickson basis of
P, ,.. Then A, (Dg) = 25+T=R Ds® Dy ; where R = (ry,...,r,_|) € (Z")"
is such that E'.'_' r,(2" -2)=i. o
Corollary 21. For i >0 and n >0, A, (P2,,)C69k+“ k2"®P O

Define an operation

0:(@Pk,2"®Pl.2") EB y2m @ Py o
k+1=i r+s=j

- @ 1)1 ,2n+m ® Pu ‘2n+m

t+u=i+2"j
by (z, ®w;) oo (z,®w,) = (z,02,)® (w, ow,) if z,,z,,w, and w, are
bihomogeneous elements of P, 5. - Let Dir1i B m®P ,, acton HX)®
H(X) (let X be any nice enough space from now on) by the rule

(@®B) (x®y)=a(x) e B).
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Lemma 22. [A, ,(6)]" o[A, ,(6,)]" =[A, ,(8,)00A, ,(8,)]" as operations on
H'X)®H (X)=ZH (X xX). O

tm' i,

Theorem 23. The homomorphisms A P o = Dy 1~’k o ®ﬁl om are such
that A, ,(xoy)=A4, ,(x)o0A, () for each bihomogeneous pair x,y € ﬁ* 2
Proof. We mimic Milnor’s proof of the existence of the coalgebra structure on
the mod-2 Steenrod algebra [15].

Let ¢: H'(X) ® H'(X) — H'(X) denote cup product. Then for each
6 e P m there is a unique element A, ’m(ﬁ) € D, P m ® P, such that
b(c(x®y)) = c([A, ,,(0)]"(x®y)) for every space X and every x,y € H"(X).

Existence is proved by letting A, | (6) be A, (6), and applying Theorem
19.

For uniqueness, by Theorem 4, @, ,, : H,(Z,,) — HY77'(SP™SY) is injec-
tive for ¢ > i+ 1 and m > 0. Thus,

B0t @D Pon @ Py — H TSP x SPSY)

k+1=i

im

given by a ® f — @, 2,,,( ) ® D, 2m0) is injective if ¢ > i+ 1 and m > 0.
Suppose p,,p, €Dy, P n ® Pl om and 6 € P om are such that

O(c(x®y)) = c(h,(x®))

for j = 1,2 and any x,y in any H*(X). Letting X = SP™S? x SP™S?,
x=1,x1and y=1x1_, wehave cp, x®y) = d):zm( ;) for j =1,2
(by naturallty of the operations induced by elements of P, 20 and standard
properties of the x and U products). So, p, = p, .

Now, since
[0, 06,1 (c(x®y)) = 0,(8,(c(x®)))
= c([[A, (01" o (A, (01" [(x ®))
= c([A, L(8,)00A, (0] (x®)),
we have A, (0,00,)=A, (6,)c0A, (6,). O

4. A COMPUTATION IN THE ALGEBRA P, .

Let |
D — { D(l.o.....O) € Hz"—l(zfl") lfp = 2’

Dy o o€Hyu (&) ifp>2;

D is an element of the Dickson basis for 13* ,- foreach n>1. Define D, as

(1) € Hy(E,). I (r,,...,r,) €(Z")", let (&'& &)™ denote the element
of the Steenrod algebra #/, dual to the monomial &'---&" in the Milnor basis
of ,9/17* , with respect to that basis.
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The following theorem is a special case of theorems of Mui [17, 18]:
Theorem 24 (Mui). (a) If p =2,

~ 0 ifg<l,
o= g ent

(b)If p>2,and q is even,

~ 0 ifg<?2,
(Dn)q = { (éiq—Z)/Z)dual lf'q > 2. O
Therefore,
(D)anig-iysr © D)y = (€ "™ 0 GTH™,
ifp=2,g>1;
(D,oD,,), =

N N "(q—2)/2) dual —2)/2\dual
(D,) D,), = (& T o (e

b

pmg—(2pm-2) o (
if p>2,giseven, g>2.

In particular, if p=2, (D,oD,); = identity; and if p is odd, (D, oD, ), =
identity. So, D, o D, # 0. But we see that

2n+m_ | ’2n+m ]
D OD G{ ~

2(pn+m_ |) ‘pn+m lf p > 2 ;

and by inspecting the Dickson basis for 13* - > that {D,,,,} is a basis for

{ P2n+m_| ‘2n+m ifp = 2 b

~

P

2(pn+m -1) pntm

ifp>2.

In any case, D, oD, is a nonzero scalar multiple of D, +m - Again, comparing
the cohomology operations in degree 1 (or 2, if p > 2) implies that D, oD, =
D

n+m’
On the other hand, Milnor’s formula [15] for computing (é,'()dual o (& ydual
saysthat (a=q—-1,if p=2; a=(g-2)/2,if p>2)

x— "+1) px dual
3@ e ) b(x q,p,n)

0<x<a
ifm=n,andgisevenifp>2,
(a—x)p" La—x ,x dual
G T
0<x<a
ifm#n, andgisevenifp > 2.

dual dual
o(&,) =

&

Here, b(x,q,p,n) is a binomial coefficient depending on the indicated param-
eters.



324 JEANNE DUFLOT

So, for example, if p =2, n# m, and g > 1, we have a relation

(g—1=x)2" pg—1—x ,x dual __
Z (én ém én+m) =0

0<x<g—1

in degree g .

5. CONCLUSION

In summary, this paper points out how the work of others on mod-p coho-
mology operations and the mod-p cohomology of the symmetric groups can
be used to compute a basis for an analogue of the Newton primitives (i.e., the
Adams operations) in complex K-theory.

Although the additive cohomology operations induced by these primitives
are, strictly speaking, unstable, they are essentially stable because Cartan [2]
has told us that every additive operation in degree ¢ in mod-p cohomology is
given by an appropriate element (depending on ¢q) of the Steenrod algebra.

One could ask whether or not the same is true of other cohomology the-
ories. In other words, suppose that (h*,h,) is a cohomology-homology the-
ory with a transfer, a Kunneth formula, an analogue of Steenrod’s power map
and whatever else is necessary so that it makes sense to discuss primitives in
@D, 1. (BZ,) and the cohomology operations they induce. Do you get any
essentially unstable additive operations on 4" in this way?
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