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HOMOTOPY THEORY OF MINIMAL SIMPLICIAL SPACES 

MARK D, PRITT 

ABSTRACT. Various aspects of homotopy theory in the category of minimal 
simplicial spaces are studied. It is shown that the usual results of homotopy 
theory hold in this category, and necessary and sufficient conditions are given 
under which a simplicial space has the homotopy type of a minimal simplicial 
space. Continuous cohomology in this category is also studied. 

INTRODUCTION 

Simplicial spaces are simplicial objects in the category of topological spaces. 
Many important topological spaces, such as the classifying space BG of a topo-
logical group [7] and Haefliger's classifying space B[' q for codimension q fo-
liations [5], are geometric realizations of simplicial spaces [8]. Unfortunately, 
the category of simplicial spaces is difficult to work with. For example, many 
of the results of homotopy theory do not hold in this category. In this paper 
we study minimal simplicial spaces and show that the subcategory of simplicial 
spaces having the homotopy type of minimal simplicial spaces is well behaved. 
In particular, the usual results of homotopy theory are valid in this subcate-
gory. We also give necessary and sufficient conditions for a simplicial space to 
have the homotopy type of a minimal simplicial space, and we prove several 
theorems about the continuous cohomology of these simplicial spaces. 

In the first three sections of this paper we present the main results, and we 
prove these results in the remaining four sections. As in [3], we shall be working 
implicitly in the category of compactly generated topological spaces [9]. We 
shall also assume for convenience that all simplicial spaces are connected; that 
is, given any two O-simplices x, y E Xo of the simplicial space X , there exists 
a I-simplex Z E Xl such that 00z = x and °1 Z = Y . 

I would like to thank R. Szczarba for his guidance with this work and his 
patient assistance during the preparation of this paper. 

1. HOMOTOPY TYPE OF MINIMAL SIMPLICIAL SPACES 

In this section we study simplicial spaces which have the homotopy type of 
minimal simplicial spaces. We begin by defining a continuous version of the 
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Kan extension condition [6, Definition 1.3]. Let X be a simplicial space. For 
n 2: 1 and 0::; k ::; n define 

X(n, k) = {(xo' ... 'Xk' ... ,xn) E (Xn_lnOjXj = 0j_1Xj , i < j}, 

where (Xp)q = Xp x ... x Xp ' q factors. There is a natural continuous mapping 
P = Pn k: Xn --> X(n, k) defined by p(x) = (oox, ... ,a;x, ... ,onx ), 

Definition 1.1. The simplicial space X is a semi-Kan space if for every nand 
k, 0 ::; k ::; n, there exists a continuous section A = An k: X(n, k) --> Xn of 
the mapping p which satisfies the "degeneracy condition;' A (p(s,x)) = sIx for 
0::;1::; n - 1 and x E Xn _ 1 • 

The continuous sections A = A k in this definition are called the semi-Kan n, 
maps of X. It is an easy exercise, using the semi-Kan maps, to show that the 
homotopy groups of a semi-Kan space are topological groups. 

Note that if we regard a semi-Kan space as a simplicial set (by "forgetting" 
the topology), then it satisfies the Kan extension condition [6, Definition 1.3]. 
We define a minimal, semi-Kan space to be a semi-Kan space which is minimal 
[6, Definition 9.1, Lemma 9.2] as a simplicial set; that is, homotopic simplices 
are equal. 

Why do we use the term "semi-Kan" rather than "Kan"? Brown and Szczarba 
have given a definition of Kan simplicial spaces [3, Definition 2.1] which appears 
to be stronger than that of semi-Kan spaces. They chose their definition so that 
the function space ~(X, Y) is Kan whenever Y is Kan [3, Theorem 2.17]. 
It turns out, however, that these two definitions are equivalent for minimal 
simplicial spaces (see the remark following Corollary 2.9). 

Let X be a semi-Kan space, and let * E X denote the degeneracies of a 
fixed basepoint * E Xo' Define X(n) and Xn by 

n+l } X(n) = {(xo' ... ,xn) E (Xn- 1) l:3x E Xn such that OjX = Xi ' 

Xn = {x E Xnloix = *}. 
Let P = Pn: Xn --> X(n) denote the natural continuous surjective map defined 
by p(x) = (oox, ... ,onx), and let v = vn: Xn --> 'lrnX be the natural quotient 
map. 

Theorem 1.2. Let X be a semi-Kan space with basepoint *. Then X contains 
a minimal, semi-Kan space as a strong deformation retract if and only if the 
following two conditions are satisfied: 

(i) For every n 2: 1 there exists a continuous section c = cn: X(n) --> Xn 
of p: Xn --> X(n) which satisfies the degeneracy condition c(P(skX)) = SkX for 
o ::; k ::; n - 1 and x E Xn- 1 . 

(ii) For every n 2: 0 there exists a continuous section 0: = O:n: 'lrnX --> xn of 
v: xn --> 'lrnX satisfying the degeneracy condition 0:(0) = *. 

This theorem is a special case of Theorem 2.2. 
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Definition 1.3. Let f: X -+ Y be a continuous simplicial map of semi-Kan 
spaces. Then f is a strong equivalence if the induced homomorphism f*: 7l""X 
-+ 7l"n Y is a homeomorphism for every n. In this case we say X and Yare 
strongly equivalent. 

In particular, homotopy equivalent simplicial spaces are strongly equivalent. 

Theorem 1.4. Let f: X -+ Y be a strong equivalence of minimal, semi-Kan 
spaces. Then f is a simplicial homeomorphism. 

The proof is given in §5. This theorem yields several interesting corollaries. 

Corollary 1.5. Let X be a semi-Kan space. Then X contains a minimal, semi-
Kan space as a strong deformation retract if and only if X has the homotopy 
type of a minimal, semi-Kan space. 
Proof. Suppose X has the homotopy type of a minimal, semi-Kan space M. 
Then there are continuous simplicial maps f: M -+ X and g: X -+ M such 
that fog ~ id x and g 0 f ~ id M. By Theorem 1.4, g 0 f is a simplicial 
homeomorphism. Let M' = f(M) , and define I = f 0 (g 0 f)-I. Then I 
is a simplicial homeomorphism with inverse gIM': M' -+ M. Thus, M' is a 
minimal, semi-Kan space, and using the homotopy between fog and idx one 
can check that M' is a strong deformation retract of X. 

Definition 1.6. A homotopy-minimal space is a semi-Kan space which has the 
homotopy type of a minimal, semi-Kan space. 

The following two corollaries of Theorem 1.4 are easy to prove. 

Corollary 1.7. Let X be a homotopy-minimal space, and let MI and M2 be 
minimal, semi-Kan spaces, both of which are strong deformation retracts of X. 
Then MI and M2 are simplicially homeomorphic. 

Corollary 1.8. Two homotopy-minimal spaces XI and X2 have the same homo-
topy type if and only if they are strongly equivalent. 

For 7l" a topological abelian group, let K (7l" , n) be the simplicial topological 
group defined by 

K (7l" , n) q = Z n (d[ q]; 7l"), 

the space of normalized cocycles, as in [6, pp. 100-101 or 3, §2, p. 59]. For 
7l" a nonabelian topological group, define K (7l", 1) by the usual bar construc-
tion [3, §2, Example 2]. 

Corollary 1.9. Let n be a positive integer and 7l" a topological group (abelian if 
n > 1 ). Let Z be a minimal, semi-Kan space such that 7l"nZ = 7l" and 7l"/Z = 0, 
i -I n. Then Z is simplicially homeomorphic to K(7l", n). 
Proof. Since Z is minimal, Z/ = * for i < nand Zn = 7l". Let f: Zn -+ 7l" be 
the identity map. By the addition theorem for simplicial sets [4, p. 19], f is a 
cocycle (i.e., L(-I)lf(Olz) = 0 for Z E Zn+I). Thus, there exists a continuous 
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simplicial mapping f: Z -t K(n, n) (see [3, Lemma 3.5 or 6, Lemma 24.3]) 
which is a strong equivalence, hence a simplicial homeomorphism by Theo-
rem 1.4. 

Remark. Let G be a simplicial topological group, and let (G, a) be its as-
sociated topological chain complex [6, Proposition 17.3], where Gq = Gq n 
keroo n ... n keroq _ 1 and a = Oq: Gq -t Gq_ l • It can then be shown that 
G is homotopy-minimal if and only if the chain complex ( G, a ) is splittable 
[3, Definition 8.2]. 

2. NATURAL POSTNIKOV SYSTEMS OF MINIMAL SIMPLICIAL SPACES 

To continue our study of minimal, semi-Kan spaces, we define semi-Kan 
fibrations and twisted products and use these mappings to define natural Post-
nikov systems. We first define semi-Kan fibrations. Let p: E -t B be a con-
tinuous simplicial map of simplicial spaces, and for n 2: 1 and 0 ::; k < n 
define 

E(n,k)={(b;eo"" ,ik, ... ,en)EBnx(En_l)nl 
0iej = 0j_1 ei for i < j, and pei = 0ib} . 

Then there is a natural continuous map p = p n ,k : En -t E (n , k) defined by 
p(e) = (pe; 0oe, ... ,oke, ... ,one). 
Definition 2.1. The mapping p: E -t B is a semi-Kan fibration if for every n 
and k, 0 ::; k ::; n, there exists a continuous section A = An k of p: En -t 

E(n, k) which satisfies the degeneracy condition A(p(s,e)) = ;,e for 0::; I ::; 
n - 1 and e E En_I' 

The simplicial space F = p -I (*) is called the fiber of the semi-Kan fibration 
p: E -t B. We call the continuous sections A = An k the semi-Kan maps. 
Associated to any semi-Kan fibration is the usual exact sequence of homotopy 
groups with connecting homomorphisms induced from the semi-Kan maps (cf. 
[3, Theorem 6.5]). 

Note that a semi-Kan fibration is a Kan fibration [6, Definition 7.1] as a map 
of simplicial sets. We define a minimal, semi-Kan fibration to be a semi-Kan 
fibration which is a minimal Kan fibration [6, Definition 10.1, Lemma 10.6] as 
a map of simplicial sets. 

Let p: E -t B be a semi-Kan fibration, let E' be a simplicial subspace of 
E, and define pi = piE': E' -t B. We say pi: E' -t B is a strong deformation 
retract of p: E -t B if there is a continuous simplicial map F: E x Ll[ 1] -t E 
defining a strong deformation retraction of E' in E such that po F(x, u) = 
p(x) for (x, u) E Eq x Ll[1]q' q 2: O. Given a semi-Kan fibration p: E -t B, 
define 

n+1 E(n) = {(b; eo'''' ,en) E Bn x (En_I) I 
:le E En such that pe = band 0ie = e), 
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and let P = Pn: En ~ E(n) be the map defined by p(e) = (pe; 0oe, ... ,one). 
We can now give the following generalization of Theorem 1.2. 

Theorem 2.2. Let p: E ~ B be a semi-Kan fibration with fiber F, and assume 
that Bo = *. Then E contains a simplicial subspace E' such that the map 
p' = piE': E' ~ B is a minimal, semi-Kan fibration and a strong deformation 
retract of p: E -t B if and only if the following two conditions are satisfied: 

(i) For every n ~ 1 there exists a continuous section c = cn: E(n) ~ En 
of p: En ~ E(n) which satisfies the degeneracy condition c(p(ske)) = Ske for 
0::::: k ::::: n - 1 and e E En_I. 

(ii) For every n ~ 0 there exists a continuous section a = an: 7rnF ~ Fn 
of the natural quotient map v = V n: Fn ~ 7r n F which satisfies the degeneracy 
condition a(O) = * . 

The proof of this theorem is given in §4. Note that the hypothesis Bo = * 
is satisfied when B is minimal (and connected). 

We now define twisted products. Let Band F be simplicial spaces, and let 
2t(F) be the simplicial space whose n-simplices are all continuous simplicial 
maps f: F x Ll[n] ~ F which are invertible (cf. [6, §19, p. 74]). There is 
a continuous simplicial action of 2t(F) on F given by a· X = a(x, Lln) for 
a E 2t(F)n' X E Fn. We define a twisting map to be a sequence T = Tn: Bn ~ 
2t(F)n_1 of continuous mappings which satisfy the usual twisting identities 
[6, Definition 18.3]. Note that 2t(F) is not necessarily a simplicial topological 
group, since the inverse map a ~ a -I may not be continuous. 

Definition 2.3. The twisted product E = B x, F is the simplicial space defined 
by En = Bn X Fn ' with face and degeneracy operators the product of those in 
B with those in F, except that 

0o(b, x) = (oob, r(b) . oox) 

for (b, x) E Bn x Fn. We often refer to the map p: E ~ B, defined by 
p(b, x) = b, as the twisted product, and we call E the total space, B the 
base space, and F the fiber. 

In Lemmas 2.4 and 2.6 we give conditions under which a twisted product is 
a twisted cartesian product (TCP) [3, §6, pp. 80-81]. 

Lemma 2.4. Let E = B x, F be a twisted product. Suppose each topological 
space Fq is locally compact and locally connected. Then E is a TCP. 
Proof. By [1, Theorem 4], the group of homeomorphisms of Fq is a topological 
group. It is then easy to check that 2t(F) is a simplicial topological group and 
E is a TCP. 

We now define principal twisted products. Let B x, G be a twisted product 
whose fiber G is a simplicial topological group. There is a natural simplicial 
inclusion G '----+ 2t( G) defined as follows. For x E G n ' let x: Ll[ n] ~ G be the 
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natural simplicial map determined by X, and define the continuous simplicial 
map eX: G x il[ n] ~ G by 

ex(g, u) = g. x(u) for (g, u) E Gq x Mn]q' 
Then the mapping x I--> ex defines the inclusion of G in 2(.( G) . 

Definition 2.5. Let B x r G be a twisted product whose fiber G is a simplicial 
topological group. We define B xr G to be a principal twisted product if the 
image of the twisting map r: Bn ~ 2(.(G)n_1 is contained in Gn_ 1 for every 
n. 

A principal twisted cartesian product (PTCP) is a TCP whose fiber and group 
are identical and in which the group acts on the fiber by left multiplication. The 
following lemma follows immediately from the definitions. 

Lemma 2.6. Principal twisted products are PTCP's. 

The proof of the following theorem is given in §6. 
Theorem 2.7. A mapping p: E ~ B, where Bo = *, is a minimal, semi-Kan 
fibration if and only if it is a twisted product with minimal, semi-Kan fiber. 

We can now define natural Postnikov systems. 
Theorem 2.8. Let p: E = B xr F ~ B be a twisted product with minimal, 
semi-Kan fiber F, and assume Bo = *. Then there is a sequence 

... ~ E(n) ~ E(n-I) ~ ... ~ E(I) ~ E(O) = B 

of twisted products such that the fiber of E(n) ~ E(n-I) is K(nnF, n), and 
Eq = E(n~ for q :s n. 

The proof is given in §7. 
Corollary 2.9. Let X be a minimal, semi-Kan space. Then there is a sequence 

... ~ X(n) ~ X(n-I) ~ ... ~ X(I) ~ X(O) = * 
of twisted products such that the fiber of x(n) ~ X(n-I) is K(nnX, n), and 
Xq = x(n~ for q :s n . 

The sequence of twisted products appearing in this corollary is called the 
natural Postnikov system of X. It is a very useful tool for studying minimal, 
semi-Kan spaces. For example, using it and the easily demonstrated fact that 
any twisted product of Kan spaces is Kan, one can show that minimal, semi-
Kan spaces are Kan (in the sense of [3]). In the next section we will use natural 
Postnikov systems to study continuous cohomology. 

For n > 0 and n a topological group (abelian if n> 1), let J: L(n, n) ~ 
K(n, n) be the "universal fibration over K(n, n)" [6, p. 102]. For a PTCP 
E = K ( G, n) X r K (H , n - 1) there exists a continuous simplicial mapping 
f: K ( G, n) ~ K (H , n) such that E is the pull~ack by f of the universal 
fibration over K(H, n) [6, Theorem 23.10]. Let f: G ~ H be the homomor-
phism induced by f [6, Lemma 25.1]. 
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Proposition 2.10. E is homotopy-minimal il and only illor every n there exist 
continuous (not necessarily homomorphic) sections olthe natural epimorphisms 

l: G -> imJ and H -> coker 1 
The proof of this proposition (which we leave to the reader) is an application 

of Theorem 1.2 and the fact that E is the pullback by I of the universal 
fibration over K(H, n). We now give several examples of simplicial spaces 
which are not homotopy-minimal. 

Example 2.11. Let I: K(lR., n) -> K(S' , n) be the simplicial mapping induced 
by the canonical epimorphism lR. -> S' , and let E be the pullback by I of the 
universal fibration over K(S' , n). The nontrivial connecting homomorphism 
in the exact homotopy sequence of the PTCP E = K(lR., n) x, K(S' , n - 1) 
is the canonical epimorphism lR. -> S' . Thus, E has the homotopy groups of 
K(Z, n) , but not its homotopy type by Proposition 2.10. 

Example 2.12. We now construct a noncontractible simplicial space whose ho-
motopy groups are trivial. Let lR." denote the additive group of reals with its 
discrete topology, and let k: K(lR.", n) -> K(lR., n) be the simplicial mapping 
induced by the natural homomorphism lR." -> lR.. Define U to be the pullback 
by k of the universal fibration over K (lR., n) . Then all of the homotopy groups 
of U are trivial, but U is noncontractible by Proposition 2.10. 

Example 2.13. We give another construction of a noncontractible simplicial 
space whose homotopy groups are trivial. Let g: K (Z, n + 1) -> K (lR., n + 1) 
be the simplicial map induced by the natural inclusion Z '-+ lR., and define V 
to be the pullback by g of the universal fibration over K (lR., n + 1). Define 
h: V -> L(S' , n + 1) to be the composition V -> L(lR., n + 1) -> L(S' , n + 1) 
of natural projections. Since the composition 

K(Z, n + 1) ~ K(lR., n + 1) L K(S' , n + 1) 

is the zero map, where I is the mapping defined in Example 2.11, the image of 
h is contained in K(S' , n) . Define W to be the pullback by h: V -> K(S' , n) 
of the universal fibration over K(S' , n). Then examination of the exact ho-
motopy sequence of W yields 7ri W = 0 for all i, but W is non contractible 
as one can check using Theorem 1.2. 

3. CONTINUOUS COHOMOLOGY OF MINIMAL SIMPLICIAL SPACES 

We now use natural Postnikov systems (Corollary 2.9) and the Serre spectral 
sequence in continuous cohomology [3, §8] to study the continuous cohomology 
of minimal, semi-Kan spaces. We first give an analogue of the Whitehead theo-
rem. We next prove that if the homotopy groups of a minimal, semi-Kan space 
are compact Lie groups, then its continuous cohomology is trivial. We finally 
turn our attention to simplicial manifolds and smooth cohomology and prove 
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that the smooth and continuous cohomologies of certain simplicial manifolds 
are isomorphic. 

Definition 3.1. A homotopy-minimal space X is simple if all of the twisted 
products in its natural Postnikov system are principal. 

It can be shown that the twisted products in the natural Postnikov system 
of a homotopy-minimal space X define a natural action of niX on nnX for 
every n, and it can also be shown that X is simple if and only if all of these 
actions are trivial (cf. [6, Theorem 25.7]). 

We now give an analogue of the Whitehead theorem for simple spaces whose 
homotopy groups are abelian Lie groups. Define the dual homotopy groups 
[3, §2, p. 63] of X by nn X = Homcont(nnX, JR), and let H n X denote its 
continuous cohomology [3, §2, p. 58]. 

Theorem 3.2. Let f: X -+ Y be a continuous simplicial map of simple spaces, 
and assume nnX and nn Yare abelian Lie groups for all n. Then f*: H n Y -+ 

H n X is an isomorphism for every n if and only if f*: nn Y -+ nn X is an 
isomorphism for every n. 

The proof is given at the end of this section. 
The following theorem is a generalization of a classical result [10, Theorem 2] 

for compact Lie groups. 

Theorem 3.3. Let X be a homotopy-minimal space, all of whose homotopy 
groups are compact Lie groups. Then H* (X) is trivial. 
Proof. Let X(n) be the nth space in the natural Postnikov system of X. 
Since the homotopy groups of X are Lie groups, the twisted products X(n) = 
X(n-l) x T K(nnX, n) are TCP's by Lemma 2.4. Furthermore, it is not diffi-
cult to sh~w that the continuous cochain complex C*(K(nnX, n)) is splittable 
[3, Definition 8.2], so we can apply the Serre spectral sequence [3, Theorem 8.3] 
to these TCP's. 

We will show that H*(X(n)) is trivial for all n. For n = 1, we have 
X(l) = K(nlX, 1). Since H*(K(nlX, 1)) is the continuous group cohomology 
of the compact Lie group niX, it is trivial by the Van Est Theorem [10, Theo-
rem 2]. As an inductive step, assume H*(X(n-l)) is trivial. Then, applying an 
inductive argument using the Van Est Theorem and the Serre spectral sequence 
to the universal fibration over K(nnX, q) for every q :::; n, it can be shown 
that the continuous cohomology of K(nnX, n) is trivial. Application of the 
Serre spectral sequence to the TCP X(n) = X(n-l) x K(nnX, n) then yields 

Tn 

H*(X(n)) = H*(X(n-l)). 

We now turn our attention to simplicial manifolds and smooth cohomol-
ogy. Our basic result is that for certain simplicial manifolds, the smooth and 
continuous cohomologies are isomorphic. 
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Definition 3.4. A simplicial space X is a simplicial manifold if each Xn is 
a (finite-dimensional) smooth manifold, and if the face and degeneracy maps 
are smooth maps. A semi-Kan simplicial manifold is a simplicial manifold X 
which is also a semi-Kan space with smooth semi-Kan maps. 

Definition 3.5. For a simplicial manifold X and locally convex topological 
vector space V, define the smooth cohomology of X with coefficients in V, 
Hs* (X; V), to be the homology of the co chain sub complex Cs* (X; V) of the 
continuous cochain complex C* (X; V), where Csn (X; V) is the space of all 
smooth mappings f: Xn ---t V which vanish on degeneracies. 

We call Hs* X = Hs* (X; JR) the smooth cohomology of X. Note that, for 
any Lie group G, the smooth cohomology of K (G, 1) is by definition the 
same as the smooth group cohomology of G. Note also that there is a natural 
homomorphism Hs* X ---t H* X induced by the inclusion C; (X) '---+ C* (X) . 

Definition 3.6. A PTCP E = B xr G is a smooth PTCP if B is a simplicial 
manifold, G is a simplicial Lie group, and the twisting map r = r n : Bn ---t G n-I 
is smooth for every n. 

It is easy to check that if E = B xr G is a smooth PTCP, then E is a 
simplicial manifold. 

Theorem 3.7. For any smooth PTCP E = B xrG, there exists a spectral sequence 
{~p,q} converging to Hs*(E) such that 

??i'q = H: (B; Hsq (G)). 
Proof. The proof is exactly analogous to that of [3, Theorem 8.3]. (Cf. §§IX.5.9 
and IX.6.1.5 of [2].) The only difference occurs in showing 

~ kero': C:(B; Csq(G)) ---t C:(B; C;+I(G)) 
(38) C:(B;Hsq(G))-

. - imo': C;(B; C;-I(G)) ---t C;(B; C;(G)) . 

Since Bp is a manifold, C:(B,.) is an exact functor from the category of 
Frechet spaces to Frechet spaces [2, §IX.6.1.5]. Applying it to the short exact 
sequences of Frechet spaces 

o ---t B; (G) '---+ zsq (G) ---t H; (G) ---t 0, 

o ---t zsq (G) '---+ C; (G) ~ B;+ 1 (G) ---t 0 , 

yields (3.8). 

We call {~p, q} the Serre spectral sequence in smooth cohomology. 

Theorem 3.9. Let X be a semi-Kan simplicial manifold which is simple and 
whose homotopy groups are Lie groups. Then the natural homomorphism Hs* X 
---t H* X is an isomorphism. 
Proof. Let X(n) be the nth space in the natural Postnikov system of X. Since 
K(7rnX, n) is a simplicial Lie group for every n and since the semi-Kan maps 
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of X are smooth, X(n) = X(n-I) x K(7r X, n) is a smooth PTCP for every 'n n 
n. Thus, X(n) is a simplicial manifold. 

To prove the theorem, it suffices to show that the map Hs*(X(n)) --> H*(X(n)) 
is an isomorphism for every n. For n = 1 this is the well-known result which 
gives an isomorphism between the smooth and continuous co homologies of a 
Lie group. As an inductive step, assume it is true for n - 1. Let {S';P, q} 
be the Serre spectral sequence in smooth cohomology, and {E~' q} the Serre 
spectral sequence in continuous cohomology, for the smooth PTCP X(n) = 
X(n-I) x, K(7rnX, n). There is a natural homomorphism {S';p,q} --> {E~,q} 

of spectr~l sequences induced by the inclusion Cs*(X(n)) '--> C*(X(n)). The 
natural homomorphism 

g'i'0 = H:(X(n-I)) --> HP(X(n-I)) = E~'o 

is an isomorphism for all p by the inductive step. Similarly, the homomorphism 

:5;0,q = Hsq(K(7rnX, n)) --> H q(K(7rnX, n)) = E~,q 

is an isomorphism for all q by Lemma 3.10 below. Since E~' q and :5;0, q are 
finite-dimensional as real vector spaces, the homomorphism 

cpP ,q _ cpP, ° ;0, cpO, q E P ,0 ,Q, EO, q - EP, q 
°2 - °2 '<Y °2 --> 2 '<Y 2 - 2 

is then an isomorphism for all p and q. This gives an isomorphism of spectral 
sequences, whence Hs* (X(n)) --> H* (X(n)) is an isomorphism. 

Lemma 3.10. If G is a Lie group, then for every q the natural homomorphism 

Hsq(K(G, n)) --> Hq(K(G, n)) 

is an isomorphism of finite-dimensional real vector spaces. 
Proof. For n = 1 , the isomorphism follows from the well-known result for Lie 
groups, and the finite-dimensionality follows from the Van Est Theorem [10, 
Theorem 2]. For n > 1, G must be abelian, and it is not difficult to show that 
G must then be of the form G = IRk X (Sl)m X Zl x H, where H is any finite 
abelian group. The lemma then follows by applying the usual Serre spectral 
sequence argument [3, Lemma 10.1] to the universal fibration over K(G, q) 
for every q. 

Proof of Theorem 3.2. We will need the following result. In [3, §2, p. 61] there 
is defined a contravariant functor Ll from the category of topological DG al-
gebras to that of simplicial spaces; Ll( A) is the "simplicial realization" of the 
algebra A. In [3, Theorems 2.11 and 2.13] it is proven essentially that, given 
a simple space X whose homotopy groups are abelian Lie groups, there exists 
an algebra M and a continuous simplicial map f: X --+ Ll(M) which induces 
isomorphisms in continuous cohomology and dual homotopy groups. Further-
more, given another algebra M' and a map j': X --+ Ll(M') which induces an 
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isomorphism in continuous cohomology, there exists an algebra isomorphism 
h: M' -t M such that the maps il( h) 0 f and r are homotopic. 

Suppose f*: H* Y -t H* X is an isomorphism. Choose algebras M and N, 
and continuous simplicial maps a: X -t il(M) and p: Y -t il(N) , as above. 
Since po f: X -t il(N) induces an isomorphism on continuous cohomology, 
there exists an algebra isomorphism h: N -t M such that il( h) 0 a c:::' p 0 f. 
That is, the following diagram commutes up to homotopy: 

X ~ Y 

il(M) ~ il(N) 
t:.(h) 

Applying the dual homotopy functor 1I:n(.) to this diagram for every n yields 
the fact that f*: 1I:n y -t 1I:n X is an isomorphism for every n. 

Conversely, suppose f induces an isomorphism on dual homotopy groups. 
Let X(n) and y(n) be the nth spaces in the natural Postnikov systems of X 
and y, respectively, and note that f induces a map f: X(n) -t y(n) . We will 
prove by induction that f*: H*(y(n)) -t H*(X(n)) is an isomorphism for every 
n. For n = 1 this is true since H q (K(1I: IX, 1)) is equal to zero for q> 1 and 
11: 1 X for q = 1. As an inductive step, assume j*: H*(y(n-I)) -t H*(X(n-I)) 
is an isomorphism. Then the map of PTCP's induced by f, 

K(1I:nX, n) ~ K(1I:nY, n) 

1 1 
f. 
~ 

1 1 
X(n-I) ~ y(n-I) , 

induces isomorphisms in continuous cohomology on the fibers and the bases. 
Since H Q (K(1I:nX, n)) is finite-dimensional by Lemma 3.10, the E2 terms of 
the Serre spectral sequences for the two PTCP's simplify to Ef' Q = Ef' 0 ®Eg' Q • 

Thus, f induces an isomorphism in continuous cohomology on the total spaces. 

4. PROOF OF THEOREM 2.2 

Let p: E -t B be a semi-Kan fibration with fiber F, and suppose E contains 
a simplicial subspace E' such that the map p' = piE': E' -t B is a minimal, 
semi-Kan fibration and strong deformation retract of p: E -t B. We must 
show that for every n there exist continuous sections a = an: 1I:nF -t Fn and 
C = cn: E(n) -t En of the natural mappings v = Vn: Fn -t 1I:nF and p = 
Pn: En -t E(n), respectively, which satisfy the degeneracy conditions a(O) = * 
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and c(p(ske)) = Ske. Let p' be the fiber of the minimal, semi-Kan fibration 
p': E' -+ B. Since p' is a strong deformation retract of P and since P~ = 
{x E P~ I 0iX = *} = n n (P') , ~he continuous section 0:: n n P -+ Fn is given 
essentially by the inclusion of P~ in Fn. 

We now show that a continuous section c: E(n) -+ En of the natural map 
p : En -+ E (n) exists and satisfies the degeneracy condition. This is done in two 
steps and is an immediate consequence of the following two lemmas. 

Let p: E -+ B be as above, and define spaces Hn and H (n) by 

H = {z E E l:3x EEl with OZ = oS IX for i < n - 1 n n n- I I n- -
and pz = sn_IPx}, 

H(n) = {(x, y) E En_I X En_Ilx \eJ y}. 

Let' = 'n: Hn -+ H(n) be the natural continuous map defined by ,(z) = 
(on_I Z, 0nz). Note that' is surjective. 

Lemma 4.1. Let p: E -+ Band, = 'n: Hn -+ H(n) be as above. Then there 
exists a continuous section h = hn: H(n) -+ Hn of': Hn -+ H(n) which satisfies 
the degeneracy condition h(x, x) = Sn_IX for x E En_I. 
Proof. For n ~ 0 and 0 ~ i ~ n, let hi: En -+ En+l be a collection of 
"homotopy maps" defining the strong deformation retraction of p': E' -+ B in 
p: E -+ B. That is, the hi'S satisfy the conditions 0oho = idEn , 0n+lhne E E~ 

for e E En' p 0 hi = Si 0 p, and hie' = Sie' for e' E E~ , as well as the usual 
conditions [6, Definition 5.1]. We will use the hi'S to define the section h. 

Let (x, y) E H(n). For n = 1, define h(x, y) = 00A(SISOPX; -, hox, hoy). 
For n > 1 , define Wi E En by induction from i = n - 1 to i = 0 as follows. 
Let 

Wn_1 = 0n_IA(snsn_IPx; °Osnhn_I x , ... , 
0n_2snhn_I x , -, hn_Ix, hn_Iy) E En. 

Then W n_l : 0n_Ihn_Ix \£J 0n-lhn_lY. For the inductive step, let 0 < r < n-1 

and assume wr+1 E En is defined so that Wr+l: 0r+lhr+lx \£J 0r+lhr+IY. Define 

Wr = 0rA(snSrPx; oOsnhrx , ... ,0r_Isnhrx , -, wr+1 ' 
0r+2snhrx, ... ,0n_Isnhrx , hrx, hrY) E En· 

(p) h (p) d fi h ( Then W r: 0rhrx ~ or rY· For r = 0 we get wo: x ~ y, so e ne x , y) = 
wO. It is straightforward to show that h satisfies the degeneracy condition. 

Lemma 4.2. There is a continuous section h = hn: H(n) -+ Hn of the map 
,: Hn -+ H(n) which satisfies the degeneracy condition h(x, x) = Sn_IX for 
x E En_I ifand only if there is a continuous section c = cn: E(n) -+ En of the 
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map p: En -+ E(n) which satisfies the degeneracy condition c(p(ske)) = Ske 
for O:S k :::; n - 1 and e E En_I' 

The proof of this lemma is straightforward, so we leave it to the reader. 
To complete the proof of Theorem 2.2, let p: E -+ B be a semi-Kan fibration 

with fiber F such that Bo = *. Suppose for every n there exist continuous 
sections a = an: 7rnF -+ in and c = cn: E(n) -+ En of the natural mappings 
v = Vn: in -+ 7rnF and p = Pn: En -+ E(n), respectively, which satisfy the 
degeneracy conditions a(O) = * and c(p(ske)) = ske. We must construct 
a simplicial subspace E' of E such that the map p' = piE': E' -+ B is a 
minimal, semi-Kan fibration and strong deformation retract of p: E -+ B. To 
construct E', we will need continuous sections P = Pn: En/ \£.J -+ En of the 

I · . E E /(P) natura quotIent mappmgs q = qn: n -+ n ~. 
Proposition 4.3. Let p: E -+ B be a semi-Kan fibration. Suppose for every n 
there exist continuous sections a = an: 7rnF -+ in and c = cn: E(n) -+ En as 
above. Then for every n there exists a continuous section P = P n : En / \£.J -+ En 
of the natural quotient map q = qn: En -+ En / \£.J which satisfies the degeneracy 
condition p(q(ske)) = Ske for e E En_1 and 0:::; k :::; n - 1. 

The proof of this proposition is given at the end of the section. 
We can now define the simplicial subspace E' of E. Let en: En -+ En 

be the continuous mapping defined by en = Pn 0 qn' Let E~ = *. Assuming 
E~_l is defined, let Yn = {x E En I 8ix E E~_l}' and define E~ = en(Yn). 
It is easy to check that E' is a well-defined simplicial subspace of E. Define 
p' = piE': E' -+ B. 
Proposition 4.4. p': E' -+ B is a strong deformation retract of p: E -+ B . 
Proof. For n :::>: 0 and 0 :::; i :S n we must define a collection of "homotopy 
maps" hi: En -+ En+l which satisfy the conditions 8oho = idE ' 8n+1 hne E E~ 
for e E En' po hi = Si 0 p, and hie' = Sie' for e' E E~ , as ~ell as the usual 
conditions [6, Definition 5.1]. The definition of the hi'S follows from standard 
simplicial techniques using the mappings en: En -+ En and c = cn: E(n) -+ En . 
We leave the details to the reader. 

To complete the proof of Theorem 2.2, we need only show that p': E' -+ B 
is a minimal, semi-Kan fibration. Since any retract of a semi-Kan fibration is 
semi-Kan, p': E' -+ B is a semi-Kan fibration by Proposition 4.4. Furthermore, 
since en(x) = en(y) for any pair of n-simplices x, y E En such that x \£.J y, 
it is easy to check that p': E' -+ B is minimal. This completes the proof of 
Theorem 2.2. 

Proof of Proposition 4.3. We must define a continuous section p: En/ \£.J -+ En 
of the quotient map q: En -+ En/ V!J which satisfies the degeneracy condition 
p(q(ske)) = ske. We will need the following two lemmas. 
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Lemma 4.5. Let p: E --t B be a semi-Kan fibration. Then for each n there 
exist continuous mappings 

qJ: {(x, z) E En X Enloix = 0iZ' px = pZ} --t En' 
n-\ n n n } 1fI:{(y,Z)EEnxEnloiY=so oOZ, PY=soooPZ --tEn' 

which satisfy the following properties. (For brevity, we will write qJ z and IfIz for 
qJ(', z) and 1fI(', z), respectively, where Z E En is a fixed n-simplex.) 

(i) 0iqJz(X) = S~-Io; Z and pqJz(x) = s~o;pz; 
(ii) 0ilflz(Y) = 0iz and Plflz(Y) = pz; 

(iii) x (fj x' -¢:> qJ z(x) (fj qJ z(x' ) ; 
(iv) Y (fj y' -¢:> IfIz(Y) (fj IfIz(y'); 
(v) IfIz ° qJ z(x) (fj X; 

(vi) qJ z ° IfIz(Y) (fj Y; 
(vii) qJz(z) = s~o; z; 

(viii) IfIz(S~o;z) = z. 

Lemma 4.6. Let p: E --t B be a semi-Kan fibration. Then for each n there 
exist continuous mappings 

n-I n 
0': {(X,a)EEnxElloix=so ala, px=soolpa}--tEn , 

n-I n ,: {(y, a) E En X Ellojy = So 0oa, PY = So ooPa} --t En' 
which satisfy the following properties. (For brevity, we write O'a and 'a for 
0'(" a) and '(', a), respectively, where a E E\ is a fixed I-simplex.) 

(i) OjO'a(x) = S~-I 00a and PO'a(x) = s~ooPa; 
(ii) OJ'a(Y) = s~-Iola and p'a(Y) = s~olpa; 

(iii) x (fj x' -¢:> O'a(x) (fj O'a(x'); 
(p) I (p) I (iv) Y '" Y -¢:>, a (y) '" 'a (y ) ; 

(v) 'a0O'a(x)(fjx; 
( (p) 

(vi) 0' a ° 'a y) '" Y ; 
(vii) O'a(s~ola) = s~ooa; 

(viii) 'a(s~ooa) = s~ola. 
Before proving these two lemmas, we complete the proof of Proposition 4.3 

by defining f3: En/ (fj --t En' Let u E En/ (fj , and choose a representative 
e E En of the p-homotopy equivalence class of u. Let 

Z = cn(pe; 0oe, ... ,one) E En' 
where cn: E(n) --t En is a continuous section of Pn: En --t E(n) satisfying the 
degeneracy condition cn(Pn(Ske)) = ske for e E En_I and 0 ::; k ::; n - 1. 
Note that Z is independent of the choice of e. Let 1)) = c\(*; *, o;z) E FI , 
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where CI : E(l) ~ EI is a continuous section of PI: EI ~ E(l) satisfying 
the degeneracy condition ci (PI (soe)) = soe for e E Eo' (Note that we must 
have Bo = * in order for w to be defined for every u E En/ (fj.) Define the 
continuous mapping p : En / (fj ~ En by 

P(u) = If/z 0 1'w 00:01/ 0 aw 0 f/Jz(e) , 

where 0:: 1CnF ~ Fn is a continuous section of the quotient map 1/: Fn ~ 
1CnF satisfying the degeneracy condition 0:(0) = *. Then by parts (iii)-(vi) of 
Lemmas 4.5 and 4.6, p is a well-defined map and q(P(u)) = u. Furthermore, 
by parts (vii) and (viii) of these lemmas, p satisfies the degeneracy condition 
P(q(sk e)) =Ske . 

Proof of Lemma 4.5. We first define the mapping f/J. For n > 0, let (x, z) E 
En X En so that 8ix = 8i z for all i, and so that px = pz. We define f/Jz(x) 
by an inductive construction. For 0 :-:; k :-:; n, let zk = S:_k8; Z E En' Then 
Zo = Z, zn = s~80n z, and zk = 80SnZk_ l • For 0 :-:; k :-:; n let xk E En be 
defined inductively as follows. Let Xo = x. Assuming xk is defined so that 
8ix k = 8i zk and pXk = pZk ' define 

Xk+1 = 80A(Snpzk; -, 8 l snZk , ... ,8n_ l snzk , x k ' zk)' 

Then 8iXk+1 = 8izk+1 and PXk+1 = PZk+1 . 
Define f/Jz(x) = x n ' Then 8i f/Jz(x) = 8ix n = s~-18; Z and pf/Jz(x) = pXn = 

s~8;pz. This proves part (i) of Lemma 4.5. 
We now define the second mapping, If/. For n > 0, let (y, z) E En X En so 

that 8iy = s~-18;z for all i, and so that py = s~80npz. We define If/z(Y) by 
an inductive construction. 

k k For 0:-:; k :-:; n define zk = sn_k80 Z E En as above. For 0 :-:; k :-:; n define 
Yk E En inductively from k = n to k = 0 as follows. Let Yn = y. Assuming 
Yk+1 is defined so that 8iYk+1 = 8i zk+1 and PYk+1 = pZk+1 ' define 

Yk = 8nA(Snpzk; Yk+1 ' 8l snZk , ... ,8n_ l snzk , -, zk)' 

Then 8iYk = 8i zk and Ph = pZk' 
Define If/z(Y) = Yo' Then 8i lf/z(Y) = 8iyo = 8i z and plf/z(Y) = PYo = pz. 

This proves part (ii) of Lemma 4.5. 
Parts (iv) and (v) of Lemma 4.5 follow easily from (iii) and (vi), while (vii) 

and (viii) follow from straightforward inductive arguments. Parts (iii) and ~vi) 
are also inductive arguments and require the following two lemmas. We leave 
the details to the reader. 

Lemma 4.7. Let U = A(b; -, el ' ••• ,en+l ) and 
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(p) , 
Proof. Let z : en ~ en ' and define 

, 
e=ooA(sn+,b; -,sne" ... ,snen_"z,u,u). 

Then e: 00u (£j oou'. Conversely, let e: 00u (£j oou' , and define 

Then z : en (£j e~ . 

Lemma 4.8. Let u = A(b; eo' ... , en_, ' -, en+,) and 

v=A(b; -,e" ... ,en_"onu,en+,). 

h (p) 
T. en eo ~ °0 v . 

.I' fi 1 be· (p) Proo). De ne e = 00A( ; -, sne, ' ... , snen_' ' snonu, U, v). Then . eo ~ 
°ov. 

Proof of Lemma 4.6. We first construct the mapping (J . For n > 0, let (x, a) E 

En X E, so that 0iX = s~-'o,a for all i, and so that px = s~o,pa. We define 
(Ja(x) by an inductive construction. For 1 S k S n, define 

a = S ... s- ... S a E E . k n-' n-k 0 n 

n 
x, = 0oA(sopa; -, a, ' ... , a, ' xo). 

Then 0iX, = Dial for all i, and pX, = pal . Assuming xk is defined so that 
0ixk = 0iak for all i and pXk = pak ' define 

xk+J = 00A(Snpak; -, o,snak' ... , 0n_,snak' ak , xk)· 

Then for k < n, 0ixk+' = 0iak+' for all i and pXk+, = pak+, . 
Define (Ja(x) = xn+,. Then 0i(Ja(x) = 0ixn+, = s~-'ooa for all i, and 

P(Ja(x) = pxn+, = s~ooPa. This proves part (i) of Lemma 4.6. 
We now define the second mapping, ,. For n > 0, let (y, a) E En X E, so 

that DiY = s~-'ooa for all i, and so that PY = s~oopa. We define 'a(Y) by an 
inductive construction. 

For 1 S k S n define ak E En as above. For 0 S k S n + 1 define Yk E En 
inductively from k = n + 1 to k = 0 as follows. Let Yn+, = y. Let k > 0 and 
assume Yk+' is defined so that 0iYk+' = 0iak+' for all i and PYk+' = pak+' . 
Define 

Yk = 0n+,A(Snpak; Yk+" o,snak' ... , 0n_,snak' ak , -). 
Then 0iYk = 0iak for all i and PYk = pak . Finally, define 

Yo = 0n+,A(s;pa; Y" a" ... , a" -). 
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Define ra(Y) = Yo' Then 0i ra(Y) = 0iYO = s~-Iola for all i, and pra(y) = 
PYo = s~olpa. This proves part (ii) of Lemma 4.6. 

The proofs of parts (iii)-(viii) of Lemma 4.6 are analogous to those of Lemma 
4.5, and we leave them to the reader. 

5. PROOF OF THEOREM 1.4 

Let f: X -> Y be a strong equivalence of minimal, semi-Kan spaces. Thus, 
the induced homomorphism f.,: 7rn X -> 7rn Y is a homeomorphism. We must 
show that f is a simplicial homeomorphism. 

Lemma 5.1. Let f: X -> Y be a continuous simplicial map of minimal, semi-
Kan spaces. Then there exist continuous mappings 

cp : {(x, z) E Xn x Xn I 0iX = 0i z } -> 7rnX, x 

If/x : 7rnX X Xn -> Xn , 

If/ : 7r n Y X Yn -> Yn ' y 

which satisfy the following conditions: 
(i) If/ (cp (x, z), Z)=X for x, ZEXn with 0iX=oiZ; 

x x 
(ii) If/ (cp (y, z), z) = Y for y, Z E Yn with 0iY = 0iZ; 

y y 

(iii) cp (f(x),f(z)) =f.,(cp (x, z)) for x, ZEXn with 0iX=oiz; 
y x 

(iv) If/y (f* (ex) , f( z)) = f( If/x (ex, z)) for ex E 7rnX and Z E Xn . 
Proof. Let cp and If/ be the mappings cp and If/ of Lemma 4.5 applied to 

x x 
the trivial semi-Kan fibration X -> *. Define cp and If/ similarly. Parts (i) 

y y 

and (ii) of Lemma 5.1 then follow immediately from Lemma 4.5(v), and parts 
(iii) and (iv) follow from a straightforward inductive argument. 

We now prove by induction that the strong equivalence f: X -> Y is a 
simplicial homeomorphism. The case n = 0 is trivial since Xo and Yo consist 
of a single basepoint. Assuming f: X n _ 1 -> Yn - I is a homeomorphism, define 
a continuous mapping g = gn: Yn -> Xn by 

g(y) = If/ U: I 0 cp (y , f 0 yt(y)) , yt(y)) , 
x y 

where yt(y) =.Ie (-, f- I (oIY)' ... ,f- I (0 y)). We claim that g is the inverse x n 
of f: Xn -> Yn • We have 

f 0 g(y) = f 0 If/ (f.,-I 0 cp (y, f 0 yt(y)) , yt(y)) 
x y 

= If/ U* 0 f*--I 0 cp (y, f 0 yt(y)) , f 0 yt(y)) by Lemma 5.1(iv) 
y y 

= If/ (cp (y, f 0 yt (y )) , f 0 yt (y ) ) 
y y 

= y by Lemma 5.1 (ii). 



112 M. D. PRITT 

Similarly, we have go f(x) = X, whence f: Xn --+ Yn is a homeomorphism. 

6. PROOF OF THEOREM 2.7 
We need to prove that a mapping p: E --+ B , where Bo = * , is a minimal, 

semi-Kan fibration if and only if it is a twisted product with minimal, semi-Kan 
fiber. If p: E --+ B is a twisted product with minimal, semi-Kan fiber, then an 
easy adaptation of [3, Lemma 6.7; 6, Proposition 18.4(ii)] shows that it is a 
minimal, semi-Kan fibration. 

Conversely, suppose p: E --+ B is a minimal, semi-Kan fibration. We will 
define fiber bundles and prove that any fiber bundle with a normalized, regular 
atlas is a twisted product. We will then prove that p: E --+ B is a fiber bundle 
with normalized, regular atlas, hence a twisted product. 

For b E B n ' let b: L1[ n] --+ B denote the simplicial map determined by b, 
and define Eb to be the pullback of p: E --+ B by the map b: Ll[ n] --+ B . 

Definition 6.1. A fiber bundle with fiber F is a continuous simplicial surjective 
map p: E --+ B of simplicial spaces such that for every n ~ 0 and b E Bn there 
is a simplicial homeomorphism a(b): F x Ll[n] --+ Eb such that the following 
diagram commutes: 

F x L1[n] a(b) 
---+ 

1 1 
Ll[n] ==== Ll[n] , 

where the vertical mappings are the natural projections. (Cf. [6, §19].) We 
also require the following continuity conditions. For every n the mapping 
a: Bn --+ ~(F, E)n' determined by {a(b) I bE Bn}, must be continuous; and 
the mappings 

defined by P(b, e, u) = a(b)-I (e, u), must also be continuous. 

The mapping a: B --+ ~(F , E) , called the atlas of the fiber bundle, need not 
be a simplicial map. If a 0 sk = Sk 0 a for all k, then the atlas a is said to be 
normalized, and if a 0 ok = Ok 0 a for k > 0, then a is said to be regular. 

Proposition 6.2. Let p: E --+ B be a fiber bundle with fiber F and normalized, 
regular atlas a: B --+ ~(F , E). Then p: E --+ B is a twisted product. 
Proof. For n > 0 we will construct a twisting function T = Tn: Bn --+ Q((F)n_1 
and a simplicial homeomorphism ¢: B x r F --+ E such that po ¢ (b , x) = b for 
(b, x) E (B xr F)q' q ~ O. The construction of T is adapted from [6, § 19]. 
Let b E Bn , and let Jo: Ll[n - 1] '--+ Ll[n] be the natural simplicial inclusion 



HOMOTOPY THEORY OF MINIMAL SIMPLICIAL SPACES 113 

map defined by t50(~n-I) = oO~n . Then the following diagram commutes: 

F x~[n] ~ Eb 

idE xOo r ridE xOo 

F x ~[n - 1] ------+ EBob 
Boa(b) 

Since the mapping a(b) is a simplicial homeomorphism, so are the mappings 
0oa(b) and a(oob). Thus, we can define a simplicial homeomorphism r(b): 
F x M n - 1] -+ F x ~[n - 1] by 

r(b) = a(oob)-I 0 0oa(b). 

We regard r(b) as an element of Q!(F)n_I by composing it with the natural 
projection of F x ~[n - 1] onto F. Since we are working in the category of 
compactly generated spaces, the mapping r: B n -+ Q!( F) n -I is continuous. 

To show that r is a twisting map, it suffices to construct a simplicial home-
omorphism ~: B x, F -+ E. Define ~ by ~(b, x) = a(b)(x, ~n) for (b, x) E 

BnxFn' and define a mapping 11: E -+ BX,F by l1(e) = (pe, a(pe)-I(e, ~n))' 
e E En' It is easy to check that ~0'l = idE' 110~ = idBx,F' and po~(b, x) = b. 
This completes the proof of Proposition 6.2. 

Let (Jk: ~[n] -+ Mn - 1] and t5k : ~[n] -+ ~[n + 1] be the canonical simplicial 
maps defined by (Jk(~n) = sk~n-I and t5k(~n) = 0k~n+I' We will need the 
following lemma. 

Lemma 6.3. Let p: E -+ B be a minimal, semi-Kan fibration with fiber F, and 
assume Bo = *. Then for n, q 2: 0 there exist continuous mappings 

f=fn,q: Bn xFq xMn]q -+Eq , 
b g = g n , q: {( b, e, u) E B n x E q x ~[n]q I (e, u) E E q} -+ Fq , 

which satisfy the following conditions: 
(i) (J(b, x, u), u) E E: for (b, x, u) E Bn x Fq x ~[n]q; 

(ii) oJ(b, x, u) = f(b, OjX, Oju) and sJ(b, x, u) = f(b, SjX, sju) for 
all i; 

(iii) f(b, g(b,e,u), u)=e; 
(iv) g(b, f(b,x, u), u) =x; 
(v) f(Skb, x, u) = f(b, x, (Jku) for all k, where (b, x, u) E Bn_ I xFqx 

~[n]q ; 
(vi) f(okb, x, u) = f(b, x, t5ku) for k > 0, where (b, x, u) E Bn+I x 

Fq x ~[n]q . 

Before proving this lemma, we complete the proof of Theorem 2.7. We must 
define an atlas a: B -+ 'J(F, E) for the minimal, semi-Kan fibration p: E -+ 

B. Let b E Bn , and define a continuous mapping a(b): F x ~[n] -+ Eb by 
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a(b)(x, U) = (f(b, X, U), u). Then a(b) is a simplicial map by Lemma 6.3(ii). 
Define a continuous mapping 

b p: {(b, e, u) E Bn x Eq x ~[n]ql(e, u) E Eq} -+ Fq x ~[n]q 

by P(b, e, u) = (g(b, e, u), u). Then parts (iii) and (iv) of Lemma 6.3 imply 
that a( b): F x ~[n] -+ Eb is a simplicial homeomorphism with inverse defined 
by a(b)-I(e, u) = P(b, e, u). Parts (v) and (vi) of this lemma imply that a 
is normalized and regular. Thus, by Definition 6.1, p: E -+ B is a fiber bundle 
with normalized, regular atlas a: B -+ 'J(F, E). 

Proof of Proposition 6.3. Before defining the mapping f of Lemma 6.3, we 
need to construct mappings hi' h;, and 1;. For n 2:: 0, the simplicial set ~[n] 
is contractible [6, Lemma 11.1 0], and there is a contracting homotopy given by 
the homotopy maps h;: ~[n]q -+ Mn]q+, defined by ho(~J = hi (~n) = sO~n 
and 

h;(~n) = S;_I" ·s081 ·· ·8;_I~n for 1 < i:::; n. 

Note that 80hou = u and 8q+lhqu = 0 for u E ~[n]q' For b E Bn , let 
b: ~[n] -+ B be the simplicial map determined by b. For q 2:: 0 and 0 :::; i :::; q , 
define continu~s mappings h;: Bn x ~[n]q -+ Bq+1 by h;(b, u) = b 0 h;(u) . 

Note that 8q+lhq(b~ u) = *. 
We will use the hi'S and double induction on q and i to define continuous 

mappings 1;: Bn x Fq x ~[n]q -+ Eq+1 for q 2:: 0 and 0:::; i :::; q. For q = 0, 
define fo: Bn x Fo x ~[n]o -+ EI by 

fa(b, X, u) =A(ho(b, u); -, x). 

For the first inductive step, let q > 0 and assume 1;: Bn x Fq_1 x ~[n]q_1 -+ Eq 
is defined for all i. Define Iq: Bn x Fq x ~[n]q -+ Eq+1 by 

fq(b,x,U)=A(hq(b,u); 1q_I(b,80x,80u), ... , 
1q_I(b, 8q_Ix, 8q_Iu), -, x), 

where (b, x, u) E Bn x Fq x Mn]q. For the second inductive step, let 0 < k < q 
and assume f k+l : Bn x Fq x Mn]q -+ Eq+1 is defined. Define f k : Bn x Fq x 
Mn]q -+ Eq+1 by 

fk(b, x, u) =A(hk(b, u); fk_l(b, 80x, 80u) , ... ,h_,(b, 8k_Ix, 8k_Iu), 

-, 8k + l fk+1 (b, x, u), h(b, 8k + l x, 8k+1 u), ... , 

Finally, define fa: Bn x Fq x ~[n]q -+ Eq+l by 

fo(b, x, u) = A(ho(b, u); -, 81~ (b, x, u), 

h(b, 8qx, 8qu)). 

fa(b, 81x, 8 I u), ... ,fa(b, 8qx, 8qu)). 
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Define f: Bn x Fq x Mn1q ----'+ Eq by f(b, x, u) = 80 f o(b, x, u). Then 

pf(b, x, u) = p80 f o(b, x, u) = 8oflO(b, u) = b(80ho(u)) = b(u). 

This proves part (i) of Lemma 6.3. 
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The proof that 8J(b, x, u) = f(b, 8ix, 8iu) is straightforward. To prove 
that sJ(b, x, u) = f(b, SiX, Si U ) , argue by induction, using the degeneracy 
condition for the semi-Kan maps A and the fact that the hi'S are homotopy 
maps, to show that 

This proves part (ii). 

if i ~ j, 
if i > j. 

We now define the continuous mapping g of Lemma 6.3. To do so, we must 
construct continuous mappings 

b gi: {(b, e, u) E Bn x Eq x Ll[n1ql(e, u) E Eq} ----'+ Eq+1 

for q 2: 0 and 0 ~ i ~ q. For brevity, let us define 
b Tn , q = {( b , e, u) E B n X E q x Ll[ n 1q I (e , u) E E q }. 

Define go: Tn,O ----'+ El by go(b, e, u) = A(ho(b, u); e, -). For the first induc-
tive step, let q > 0 and assume gi: Tn, q-l ----'+ Eq is defined for all i. Let 
(b , e, u) E T . For ease of notation, define n,q 

Ci = (b, 8qgq_ 1 (b, 8ie, 8iu), 8i u) E Bn x Fq_ 1 x Mn1q_1, 

and define go: Tn,q -+ Eq+1 by 

go(b, e, u) =A(ho(b, u); e, -, fo(C I ) , ... ,fo(cq)). 

For the second inductive step, let 0 < k < q and assume gk-l: Tn,q -+ Eq+1 
is defined. Define gk: Tn ----'+ E +1 by ,q q 

gk(b, e, u) = A(hk(b, u); f k- 1 (Co), ... ,fk- I (Ck_ 1), 8kgk_ 1 (b, e, u), 
-, h(Ck+I) ' ... , fk(cq)). 

Finally, define gq: Tn,q -+ Eq+l by 

gq(b, e, u) =A(hq(u); fq_1(cO),'" ,fq_1(cq_ I), 8qgq_ l (b, e, u), -), 

and define g: Tn,q ----'+ Fq by g(b, e, u) = 8q+1gq(b, e, u). 
Parts (iii)-(vi) of Lemma 6.3 follow from straightforward but tedious argu-

ments using double induction and the fact that p: E -+ B is minimal. We only 
remark that to prove (v) one needs the following lemma. (An analogous lemma 
is needed for part (vi).) 



116 M. D. PRITT 

~ ~ 

Lemma 6.4. hi(skb, u) = hJb, (Jku) for all k. 
Proof. It suffices to show that the square in the following diagram commutes: 

~[n]q 
hi 

Mn]q+1 ---+ 

Uk 1 Uk 1 
~[n - l]q ---+ ~[n - l]q+1 ---+ Bq+1 

h, b 

7. PROOF OF THEOREM 2.8 
Let p: E = B xr F -+ B be a twisted product with minimal, semi-Kan fiber 

F such that Bo = *. We need to define a sequence 

... -+ E(n) -+ E(n-I) -+ ... -+ E(I) -+ E(O) = B 

of twisted products such that the fiber of E(n) -+ E(n-I) is K(7CnF, n), and such 
that Eq = E~n) for q ::; n. For q, n ~ 0, let :!- be the equivalence relation on 
the q-simplices of E defined by [6, Definition 8.8]. Let E(n) be the simplicial 
space whose space of q-simplices, E~n), is the quotient space Eq/:!-, with 
face and degeneracy maps induced from those of E. By [6, Definition 8.8], 
Eq = E~n) for q ::; n, and E(O) is simplicially homeomorphic to B since 
Eo = *. For 0 ::; m ::; n ::; 00, let p:: E(n) -+ E(m) be the natural projection 
map, and define pn = p;: E(n) -+ B . 

Lemma 7.1. pn: E(n) -+ B is a semi-Kan fibration. 

Using this lemma it is straightforward to show that p:: E(n) -+ E(m) is 
a semi-Kan fibration, and by [6, Lemma 12.1] it is minimal. In particular, 
P~_I: E(n) -+ E(n-I) is a minimal, semi-Kan fibration, hence a twisted product, 
whose fiber Z is minimal and semi-Kan by Theorem 2.7. Since 7C i Z = 0 for 
i f=. nand 7CnZ = 7CnF, we have Z = K(7CnF, n) by Corollary 1.9. This 
completes the proof of Theorem 2.8. 

Proof of Lemma 7.1. Let A = Aq+1 ,k: E(q + 1 , k) -+ Eq+1 denote the semi-Kan 
maps of p: E -+ B. We will define semi-Kan maps 

- - (n) (n) 
A = Aq+1 ,k: E (q + 1, k) -+ Eq+1 

for pn: E(n) -+ B by an inductive construction. 
Let q and n be positive integers. If q ::; n, then E~n) = Eq , so Aq+l,k IS 

defined by Aq+ l , k when q ::; n. 
Assume q> n, and define 1= q - n. For x E Eq , let [x] E E~n) denote the 

equivalence class of x. Let 

(b; [xo], ... , [Xk_ l ], -, [Xk+l ], ... ,[xq+lJ) E E(n)(q + 1, k). 
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For each integer j such that 1 :::; j :::; I, let i j be an integer satisfying the 
following conditions: 

(7.2) o :::; i j :::; n + j + 1 and i j f:. k. 

Since 08 ... a [x] = 08 I'" a x E En' we can define 
I II I{_I II I 1- I{_I I{ 

Y(' .) =A(O ···o.b; -, alai' "'01, [XI']''''' I, , ... ,I, I, I, 1 I_I I 

0n+IOi l ••• 0i/-l [Xi)) E En+1 

for every possible I-tuple of integers (iI' ... , it) with the ij 's defined in (7.2) 
above. Since p: E -+ B is minimal, ooY(· .) = 000 ... a [x]. Thus, 

II"" ,II I, 11_ 1 If 

[Y(' .)] = a "'0 [x.] E E(n)I' For i < j we have oY(" .) = 
II,· .. ,I{ II I{_I I{ n+ I l.12 , .... I{ 

0j- I YU,i2 , ..• ,i{)' and if S is an integer such that I :::; S < I and is < is+ l , 

then 

For each integer r such that I :::; r:::; I and each (I-r+ 1)-tuple (ir' ... , it) 
of integers i j satisfying (7.2), there is an (n + r)-simplex Yu" ... ,if) E En+r 
defined inductively by 

Y(' .)=A(O .. ·ob· Y(o' .), ... 'Y(k-I,I·" ... ,I·{)'-' '" ... ,I, If I,' ,i" ... ,I, , 

which satisfies 
[Y(' .)] = a ... a [x], 

Jr ,·.· ,i, 1, 1
'
_ 1 I, 

P (y( . . )) = a ... O. b , I" ... ,I, I, I, 
OY(" .)=0 IY(" .) fori<j, 1 J, 1'+1 ,'" ,1, }- 1,1,+1 , ... ,If 

Yu" ... ,i{) = YU" ... ,is_I' iHI-I ,is' iH2 , ... , if) for r :::; S < I with is < is+ l · 

When r = I, we get a collection Yo' ... , Yk-I ' Yk+t ' ... , Yq+t of q-simplices 
in Eq such that 0iYj = 0j_tYi for i < j, PYi = 0ib, and [Yi ] = [xJ. Let 

Y=A(b; Yo"" 'Yk-t'-'Yk+t'· .. ,Yq+l ) EEq+l · 

Then 0i[Y] = [xJ, and pn([y]) = b, so define 

I(b; [xo], ... , [Xk_l ], -, [xk+t], ... , [xq+l ]) = [y]. 

To complete the proof, we must show that I satisfies the degeneracy condi-
tion 

I(smpn[x']; OOSm[x' ] , ... , 0k_tSm[x'] , -, 
I I ) I 0k+tSm[x ], ... ,0q+lsm[x] = sm[x] 

for [x'] E E~n) and 0:::; m :::; q. We will need some additional notation. 
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Keep I = q - n, and let [x'] E E~n). For I = (io' ... , ii_I)' an ordered 
I-tuple of integers ij satisfying (7.2), define co(l) = 8[[x'] E En . 

Foran ordered (1-1 )-tuple 1= (i l , ... , ii_I) of integers i j satisfying (7.2), 
define 

() 1( n , , , ) cI I =11. 8[p [x]; -,818[[x], ... ,8n+18[[x] EEn+l . 

Since 8i8[[x'] E En and since p: E ~ B is minimal, 80cI (I) = 808[[x']. Thus, 
8/1 (I) = 8i8j [x'] = coU, I) for all i. 

Let 0 < r < I and assume c,(1) E En+r is defined for all (l - r)-tuples 
1= (i" ... , ii_I) of integers i j satisfying (7.2) such that 8/,(1) = c,_I(i, I) 
for all i =I- k and pc,(1) = 8[pn[x']. Let 1= (i,+I' ... , ii-I) be an (l-r-l)-
tuple of integers ij satisfying (7.2), and define 

C,+I (I) = A(8[pn[x']; c,(O, I), ... , c,(k - 1, I), -, 

c,(k + 1, I), ... , c,(n + r + 1, I)) E En+r+I' 

Then 8i c,+1 (I) = c,U , I) for all i =I- k, and PC,+I (I) = 8[pn[x']. 
Finally, define 

CI=A(pn[X']; CI_I(O), ... ,cl_ l(k-l),-,cl_ l (k+l), ... ,cl_l(q)) EEq • 

Then 8A ... 8i ci = 8i 8i ... 8i [x'] for all i and for all integers i). satisfy-
I I-I I I-I 

ing (7.2), and pCI = pn[x']. Thus, [cI] = [x']. 
Now we are ready to prove the degeneracy condition. Let [xi] = 8ism [x'] 

and b = smpn[x'], and define all the simplices YUr , ... ,ill as in the construction 
of 

'X(b; [xo], ... , [Xk _ l ], -, [Xk+l ], ... , [xq+l ]) 

above. We leave it to the reader to prove by induction that 

{ 
c,(1) if 8i ... 8i sm = 8[ for some I, 

I I 

YU" ... ,il )= s,c 1(1') if8 .. ·8s =s 18[1 for some m' andI'. m r- If I, m m 

When r = I, we have Yi = 8i sm ci for all i, so 

Y = A(SmpcI; 80smcl , ... , 8k _ l smCI , -, 8k +lsmCI , ... ,8q+lsmCI ) 

= smci = sm[x']. 

This proves the degeneracy condition and completes the proof of Lemma 7.1. 
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