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RESONANCE AND THE SECOND BVP

VICTOR L. SHAPIRO

ABsTRACT. Let Q ¢ R" be a bounded open connected set with the cone prop-
erty, and let 1 < p < oo. Also, let Qu be the 2mth order quasilinear differ-
ential operator in generalized divergence form:

Qu=Y (-D"D%4,(x,&,w),
1< al<m
where for u € W™, & (u) = {D°u : |a| < m}. (For m =1, Qu =
—Ef; 1A;(x,u,Du).) Under four assumptions on A, —Carathéodory,
growth, monotonicity for |a|] = m, and ellipticity—results at resonance are
established for the equation Qu = G + f(x, u), where G € [W™'?(Q)]" and
f(x, u) satisfies a one-sided condition (plus others). For the case m = 1, these
results are tantamount to generalized solutions of the second BVP.

1. INTRODUCTION

Let Q c RY , N > 1, be a bounded open connected set with the cone prop-
erty, i.e., there exists a finite cone C such that each point x in Q is a vertex of
a finite cone C, contained in Q and congruentto C (see [2, p. 11 or 1, p. 66]).
The points of the open set Q will be designated by x = (x,, ..., xy), and the
elementary differential operators by D* = H?’: (0 /axj)"f for an ordered N-
tuple a = (o, ..., a,) of nonnegative integers with the order of the operator
D“ being written as |a| = Ef; ; @; . To write nonlinear partial differential oper-
ators in a convenient form, we introduce the vector space R°" whose elements
are ¢, = {¢, : |a] < m}, and divide each ¢, into two parts ¢, = (n,,_,, (),
where 7, = {n,; : |B| < m—1} € R is the lower order part of £, and
¢ = {¢, : la| = m} is the part of £ corresponding to the mth derivatives.
For ue W™P(Q), & (u)(x) = {D*u(x) : |a| < m}. (Note D©% %y =y
In this paper, we shall study the 2mth order differential operator in generalized
divergence form:

(1.1) Qu= Y (=)D, (x, &, ).

I<|a|l<m
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For the functions 4 (x, ¢,,), we shall suppose
(A-1) Each 4, : Q x R’ — R satisfies the Carathéodory conditions (i.c.,
A (x,¢&,) is measurable for x in Q for every fixed ¢, € R~ and
continuous in ¢, for a.e. fixed x € Q).
(A-2) 3 constants p and ¢, 1 <p < oo, ¢ >0, and a nonnegative function

heL”(Q) (o' =p/(p-1)) such that
4,0, E) S hX) +elE, P, 1<l <m,

forae. x € Q and forall £, € R™".
(A-3) Tiajeml4a(Xs Mp_ys $n) = Ay (X5 Ny > §II(E, =€) > 0 forae. x e
Q and for all (n,_,,(,) € R with { #{ , where A (x,¢&,) =
(A-4) There exists a positive constant ¢, and a function Z € L'(Q) such
that

1<]al<m 1<|al<m

p/2
E Aa(x,fm)éazco{ Z |éa|2} -Z(x)

forae. x € Q and forall ¢, € R, where p is the same constant as
in (A-2).

Next, we introduce the semilinear form

(1.2) Cu,v)= 3 / A (x, & (u) D%

1<lal<m '
which because of (A-1) and (A-2) is well defined on W™ x W™'? | (For ease
of notation, we henceforth designate W™'?(Q) by W™? )

Theorem 1 which we will present shortly will also deal with a function

f(x, £): QxR — R of the following nature:

(f-1) f(x,t) meets the usual Carathéodory conditions.

(f-2) 3K’ > 0 and 3k, € LY (Q) st. |f(x, )| < b (x) +K'|t|""" for ae.
x € Q and forall ¢t € R, where ¢ = pN/(N —mp) for p < Nm™' and
g>p for p>Nm™", and where ¢' =q/(q-1).

Also h,(x) >0 forae. x€Q.

(f-3) 3h e LY (Q) s.t. f(x, )t < h(x)|t| for a.e. x € Q and for all ¢ € R,

where h(x) >0 forae. x€Q.

In the sequel [W"™'?]" will designate the dual space of W™? | i.e., the space
of real bounded linear functionals defined on W™?,

We intend to prove two existence theorems at resonance for the differential
operator Q introduced in (1.1). These theorems will deal with generalized
solutions of Q given in terms of the semilinear form &(u, v) introduced in
(1.2). The first theorem we prove is the following.
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Theorem 1. Let 1 < p < oo and let Q be a bounded open connected set with
the cone property. Suppose &(u,v) is given by (1.2) where A (x,¢,) sat-
isfies (A-1)-(A-4) for 1 < |a| < m and f(x,t) satisfies (f-1)-(f-3). Also
suppose that G € [W™P]". Set f, (x) = limsup,_, f(x,t) and f_(x) =
lim inf f(x, t) and suppose furthermore that

(1.3) /Qf+(x)<-G(1)</Qf_(x).

Then 3u* € W™? such that
(1.4) eut, v) = G) +/ fx, uw Yoew™?,
Q

Theorem 2 is a corollary to Theorem 1 and is presented at the end of this
section.
From (1.2) and (A-4), we see that

p/2
a 12
(1.5) @’(u,u)gcofg{ S D% } —/QZ(x)

1<|e|<m
for u € W™? . Hence, we see that
(1.6) liminf @ (u, u)/||lul} >0, uew™?’.
liull o —o0

Also, we see that if ¥ = constant, then &(u, u) = 0. Therefore, if we compare
(1.6) and this last fact with the situation that would arise if Q were a linear
operator (see [6, p. 213; 4, p. 3]), we are well motivated to call Theorem 1 a
theorem at resonance with the first eigenvalue 4, = 0 (i.e., if G =0, (1.4) gives
a generalized solution of the problem Qu = i,u+ f(x, u)). Also we note that
if u # constant then

lim inf @ (eu, tu)/||tully, > 0.

Hence 4, = 0 acts as a simple eigenvalue.

Theorem 1 is motivated by the resonance theorems in [8, p. 611; 4, p. 13].
Condition (1.3) is usually referred to as a Landesman-Lazer condition. The
connection between the above theorem and generalized solutions of the 2nd
BVP (= Neumann BVP) for Q in (1.1) becomes apparent if we temporarily
restrict ourselves to the case p =2, m = 1. It is well known in this situation
that if the Q we are dealing with also has the C '-regularity property (see [1,
pp. 67 and 114]), then u € W' ’Z(Q) has a trace on the boundary of Q, i.e.,

(1.7) 3K > 0's.t. /aQuzdasKlluHiV.,z vuew'?,

Here, o represents the natural Borel measure on the boundary of our C L
regular domain Q. In the sequel, when we say g € L? (0Q), we shall mean
fra g'do <.
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Since we are dealing with the m = 1 case, {, = (n,{), where n € R
and { = ({;,...,{y) € RY. Hence we can write Q in (1.1) as Qu =
SN, -D,A(x,u, Du), where A(x,¢) = A(x,n,{), D; = 8/dx,, and

D=(D,,...,Dy). If A;(x,n, C)=Ej.v=la”(x)cj and

N N P
Qu=Y_ -D, (Z a”(x)Dju)

i=1 j=1
is strictly elliptic in Q (see [6, p. 178]), and if furthermore g € L’ (60Q) and
f(x, t) meets (f-1), (f-2), and (f-3), then the 2nd BVP for Q in Q becomes
Qu= f(x,u) ae.inQ,

(1.8) ARy A
Y 1> d"Du|v,=g ae onoQ,

i=1 \ j=1
where v = (v, ..., v,) is the outward pointing unit-normal for 9Q2. We

say u’ € w2 isa generalized solution of the 2nd BVP (i.e., of (1.8)) if the
following prevails:

(1.9) @(u#,v)=/f(x,u#)v+/ gvdo Vver’z,
Q Q

where @(u*, v) is given by (1.2), ie, €u*,v) = [((X} ;" (x)Du’ D).
This definition corresponds to the usual one for generalized solutions of the 2nd
boundary value problem (see [6, p. 215; 7, p. 160]).

Using (1.7), we see from Schwarz’s inequality that [,, gvdo = G(v), where

G € [W"]". Therefore (1.9) becomes
e’ v) = / fix, v +Gr) wew"?
Q

which is the same as (1.4). This gives the connection between Theorem 1 for
the p =2, m =1 case and generalized solutions of the 2nd BVP.
For the case of general p, 1 <p < oo, and m = 1, consider for example

N s
A, n, 0 =Y a"x)IP™?, i=1,..., N,
j=1
where aij(x) =0 for i # j and a”(x) =a(x)>¢ >0fori=1,...,N
(ie., 4;(x,n,¢) = a(x)Cl|C|"_2 for { #0, =0 for { =0). It is easy to see
that 4, so defined meets conditions (A-1)-(A-4). If g =0 in (1.8), the second
condition in (1.8) becomes

N
ZDiuui =0 a.e.ondQ

i=1

and (1.8) in this case can be viewed as the 2nd BVP with homogeneous boundary
conditions (or the Neumann problem with homogeneous boundary conditions).
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g = 0 gives rise to the case G = 0. Hence, for Q a bounded open set with the
cone property, Theorem 1 with G = 0 can be viewed as giving a generalized
solution to the 2nd BVP with homogeneous boundary conditions for the case
m=1 and 1 < p < oo. Generalizing from this case, we see that in a certain
sense we can view Theorem 1 as giving generalized solutions to the 2nd BVP for
a bounded open set with the cone property all at resonance for our differential
operator of order 2m and 1 <p < co.

In order to state Theorem 2, we need a different hypothesis than (f-3) given
above, namely the following:

(f-4) Given ¢ > 0, 3 a nonnegative function A, € L"'(Q) and a constant
ty(e) st

tf(x,t) <eltff +h (x)|f| forl<p<oo

for |t| > ¢y(¢) and a.e. x € Q.
We note that (f-4) is a generalization of the notion

limsup f(x, t)/sgnt|t)’ <0

{t] =00

uniformly for x € Q. Motivated by [4, p. 1], we set
(1.10) F.(x) =limsup f(x, 1)/ sgn e,
t—+o0
and note that if f(x, t) meets (f-4) above, then F_(x) <0 a.e. in Q.
We intend to establish the following theorem.

Theorem 2. Let 1 < p < 0o and let Q be a bounded open connected set with
the cone property. Suppose that &(u,v) is given by (1.2) where A (x,¢,,)
satisfies (A-1)-(A-4) and f(x,t) satisfies (f-1), (f-2), and (f-4). Also suppose
that G € [W™?]". Let F.(x) be defined by (1.10), and suppose furthermore
that

(1.11) /QZ(x)<0 and /Qgr_(x)<o.

Then 3u* € W™? such that

(1.12) @’(u#,v)=G(v)+/f(x,u#)v Yo e wm?
Q

Theorem 2 is essentially a corollary of Theorem 1 and will be established in
§4 of this paper. The ¢, = (n,,_,, {,) notation introduced at the beginning
of this section comes from Browder [3, p. 1]. Also, the author would like to
acknowledge conversations with Professor James Stafney on the subject matter
of this paper. Furthermore, the author would like to note that the proof of
Proposition 1 given below has incorporated the use of property (S,) at the
suggestion of the referee.
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2. A FUNDAMENTAL PROPOSITION

Throughout this paper, we use the familiar notation

1/p
(2.1) |l gym.p = { > ID%ull}, }

|a|<m

|P 1/p

for the norm in W™?, where |jv||,» = {fylv|°}’”. For our fundamental

proposition, we set
f(x,n) ift>n,
(2.2) ffx, =4 f(x,? if —n<t<n,
f(x,—-n) ift<-n.
Also, we observe that for g as in (f-2), it follows from [1, p. 97] that there
exists a constant K, such that

(2.3) lvll« < K llvligm, Yve wmP

We next prove the following proposition.
Proposition 1. Let n be a positive integer and Q be a bounded open connected
set with the cone property. Suppose (i) 1 < p < oo; (ii) & (u, v) is given by
(1.2) where A (x,¢&,) satisfies (A-1)-(A-4) for 1 < |a| < m; (iii)) f(x,?)

satisfies (f-1)-(f-3); and (iv) G € [W™"1". Then 3u, € W™ which solves the
Jfollowing equation:

(24) @(u, v)+n_l/ sgnulul’"'v —/ f(x, wv=Gv) Ywew™?,
Q Q

To establish the above proposition we think of n as a fixed positive integer
and observe from (f-2) that

(2.5) 1", w)| < hy(x)+K'n*™" vuew™?,

where h € L. Hence, we see from Holder’s inequality, (A-2), (1.2), (2.3), and
(2.5) that for u € W™'? there exists a constant K(u) such that the absolute
value of the left-hand side of (2.4) is majorized by K(u)||v|l,m.». Also the
left-hand side of (2.4) is linear in v. Consequently the left-hand side of (2.4)
defines implicitly an operator T" with the following two properties:

(2.6) T: W™ W™,
where

(2.7) (T(u),v)=@(u,v)+n"/9sgnu|u|”“v—/gf’(x,u)v

Yv € W™? ., It follows also from Hélder’s inequality, (A-2), (1.2), (2.3), and
(2.5) that T maps bounded sets in W™'? onto bounded sets in [W™?]".
Therefore,

(2.8) T is a bounded operator.
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Next, we observe from (2.3) and (2.5) that there exists a constant K, such
that

2.9) / "Gy )l < Kllullyms Vi€ WP
Q

Also, we see from (A-4) that

»/2
é?’(u,u)Zco/Q{ 3 |D“u|2} —/QZ(x).

1<]al<m

Consequently, since 7 is a fixed positive integer, there exists a constant K, > 0
such that

2100 @, u)+n" / P > K ulym.s / Z(x) Yue W™,
Q Q

Since 1 < p < oo, we conclude from (2.7), (2.9), and (2.10) that
(T(), w) _

lallym.o—00  ||24]| yym.p
We record this fact as
(2.11) T is a coercive operator.
Next we show that
(2.12) T is demicontinuous,

ie, u, —»uin W™ implies T(u,) — T(u) in [W™ P]". To establish (2.12),
let {u,};-, beasequence in W™” and suppose

(2.13) lu, —ullymr =0 ask — oc.

Since W™'? [1, p. 47] is a separable reflexive Banach space, (2.12) will follow

if we can show there exists a subsequence {u, } j=1 Such that
J

(2.14) lim (T(x, ), v) = (T(u), v) Vv e wmP

Jj—o0
To show that (2.14) holds, we observe from (2.13) that there exists a subse-
quence {u, }72, such that
J

(2.15) jlim &y (x)) =€, (u(x)) forae xeQ.

— 00 J
Next we observe from (2.13) and (A-2) that 3K, > 0 such that
(2.16) 145065 (Wl < K,

for 1 <|a|<m and k=1, 2, .... But then it follows from this last inequality
that for fixed v € W™?

(2.17) {4, (x, &, (u,))Dv},., is absolutely equi-integrable
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for 1 < |o] < m, ie, given ¢ > 0, 30 > 0 s.t. measE < J implies
Je14,(x, u)D%| < & for k =1,2,... and 1 < || < m. To see this
fact we apply Holder’s inequality and (2.16) to obtain

1/p
@17y [ umpotol <, { [0t}
Since v € W™'?, (2.17) follows. From (2.15) and (A-1), we also see that
lim[A4 (x,¢& (4, ) — A (x,&,(u)]D°v=0 ae x€eQ
Jj—oo j

for 1 < |a| < m. Consequently, it follows from (2.17) and Egoroff’s theorem
[11, p. 75] that :

(218)  lim /Q 4,(x, &, (1, )D" = /Q A (x,& (u)D*v Vo e W™?

and 1 <|a|<m.
In a similar manner, it follows that

(2.19) lim / sgnu, |u, F'v vwew™?,
Jj=oo Jo j
Likewise using (f-1), (2.3), (2.5), and (2.15), it is an easy matter to show
(2.20) lim / fHoc, u v =/f"(x, uv Ywew™?,
j—oo Jq i Q

From (1.2), (2.7), (2.18), (2.19), and (2.20), we conclude that (2.14) holds.
Hence, it follows that T is a demicontinuous operator and (2.12) is established.
Next we show that

(2.21) T satisfies the condition (S,) ,

ie,if 4, — u in W™’ and Iim(T(u,) — T(u), u, —u) <0, then u, — u
in VI{'"’” . Once (2.21) is established, it follows from (2.8), (2.12), and Necas
[10, 3.3.17, p. 50] that T is a pseudomonotone operator (see [10, Definition
3.3.9]). Also, W™? is a separable reflexive Banach space [1, p. 47]. Hence, it
will follow from the pseudomonotonicity of T, (2.8), and (2.11) in conjunction
with Necas [10, 3.3.6, 3.3.10-11, pp. 48-49] and (2.7) that a solution in W™?
exists for equation (2.4). Therefore to complete the proof of Proposition 1, it
only remains to show that (2.21) is indeed true.

Accordingly, we assume that the sequence {uk},;“;l has the following two
properties:

(2.22) lim w, = u  weakly in "7
(2.23) kﬁ (T(w,) — T(u), u, —u) <0.
— 00

To establish (2.21), it is clearly sufficient to establish the following:

(2.24) there exists a subsequence {ukj };:1 such that ,-li.To ”“k, —ul|ym., =0.
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We now show that (2.22) and (2.23) together imply (2.24). To do this, we invoke
the compact imbedding theorem for Sobolev spaces [1, p. 144] and apply this to
the separable reflexive Banach space W"'? to obtain from (2.22) the following
five statements for a subsequence (which for ease of notation we take to be the
full sequence):

(2.25) 3K, > 0s.t. |lugllym, <Ky fork=1,2,...,
(2.26) klgrolo |[D%u, — D°ull,, =0 forja|<m-—1,
(2.27) lim / Duw = / Duw vw e L’ and la| =m,
k—oo JQ Q
(2.28) lim (T'(u), u, —u) =0,
k—oo
(2.29) kl—l-vt?o My (U (X)) = 1,,,_, (u(x)) forae. x€Q,

where nm_l(u(x)) = {D*u(x):|a| <m-1}.
Continuing with our attempt to establish (2.24), we next observe from (2.3)
and (2.25) that there exists K, > 0 such that

(2.30) '/Q|uk-u|"51<g fork=1,2,...,

and from (2.5) that for measurable E C Q

1/4'

/E|f"(x, u)| lu, — ul 5K6{/E[h|(x)+K'nq_l]q,} fork=1,2,....

Consequently since n is a fixed integer, it follows that {f"(x, w) (U, — u)}pe,
is an absolutely equi-integrable sequence. From (f-1), (2.5), and (2.29), the
terms of this last mentioned sequence converge to zero a.e. in Q. Hence, it
follows from Egoroff’s theorem [11, p. 75] that

231) fim [ 117" Ce w1 +1770x. )l — ul = 0.

Also, it follows from Holder’s inequality, (2.25), and (2.26) that

(2.32) ;31’20/9““”1’-1 +1uP N, - ul = 0.

Consequently we conclude from (2.7), (2.23), (2.28), (2.31), and (2.32) that
(2.33) im&(u, , u, —u) <0.

Using this fact along with (2.25)-(2.29), we next propose to show there exists
a subsequence {u, };., such that
J

(2.34) klinolo Cm(ukj (x)) =¢,,(u(x)) forae xeQ,
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where {, (u(x)) = {D*u(x) : |a| = m}. Once (2.34) is established it will be
an easy matter to show that (2.24) holds. To establish (2.34), it is sufficient to
establish the following two facts:

(1) There exists a subsequence {ukj };.":’l such that

jliﬁolo Y- [4,(x, M1 (U )5 Sty ) = A (X My (), £y (W))]
(2.35) lal=m
x [D“ukj(x) - D%u(x)]=0 forae x€Q,

where ~f,,,(ukj) = (”m—l(ukj) > Cm(ukj)) .
(2) With {14,0};':l designating the same subsequence as in (2.35),
J

(2.36) {lé’,,,(tt,v()c))|}}°‘;l is pointwise bounded for a.e. x € Q,
J
i.e., 3 a finite constant K(x) s.t.
[Enlit, DI S K(x) forj=1,2,....

To see that (2.35) and (2.36) imply (2.34), let Q, be the subset of Q for
which (2.29), (2.35), and (2.36) all hold simultaneously for {zt,c}j‘;1 . Conse-
)

quently
(2.37) measQ = meas{2, .

Suppose there exists x, € Q, for which the equality in (2.34) does not hold.
Hence by (2.36) there exists a further subsequence {{, (4, (x,))}-, and a
i

¢ € R n-1 with

(2.38) Eo # C(u(x,))

such that lim,___{, (4, (x)) = C,‘” . Therefore from (2.29)
J1

Jim D 14X My (i )5 Sty )) = Aq (Ko s Ty ()5 E(0)]

lal=m

x (D" (xg) = D" ()]
= Z [Aa(xo’ "m_l(u) s C:n) - Aa(xo ) r’m—l(u) ) Cm(u))]

laf=m

(2.39)

x [C; - D“u(xo)] .

From (2.38) and (A-3) we see that the right-hand side of the equality in (2.39) is
strictly positive. Hence the limit on the left-hand side of the equality in (2.39)
is strictly positive. However x, isin Q, and from the choice of Q, and (2.35)
we see that the limit on the left-hand side of the equality in (2.39) is zero. We
have arrived at a contradiction. Consequently no such point like x, exists in
Q, . From (2.37), we have that the Lebesgue measure of Q, is the same as that
of Q. We conclude that (2.34) does indeed hold once (2.35) and (2.36) are
established.
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To establish (2.35), we shall show separately that
(240)  Jim / S A0 (), £(W)ID"uy (x) — Du(x)] =
|laj=m
and

(2.41) Jim / S A,0x, &, (u))D°uy (x) — D°u(x)] = 0

laj=m
To see that (2.35) follows from (2.40) and (2.41), we observe from the difference
of these two limits that

nay Jim /Q l\lg LA, (X, (1) $p0)) = AL, 1y ()5 &, (1))]
x [D*u, (x) — D*u(x)] =0

But by (A-3), the integrand in this last limit is nonnegative for a.e. x € Q.
Hence the sequence

{ DAL My ()5 () — Ay (X, M () 5 €, (w))]

laj=m
oo

x [D%u, (x) — Dau(x)]}
k=1

converges in L'-norm to zero, and (2.35) follows immediately from [11, p. 70].
To establish (2.40), we observe that

/Q A (x, 1, (1), (0D, (x) - D°u(x)]

= AL 1 0, G 0) = A, 05 Ty (1), G0
x [D%u, — D*u]
+ [ A, 1, 0), €, ()ID"w,(3) — D).
From u € W™” and (A-2), we see that A (x,n,,_,(u), () € L’ for
la| = m. Consequently, it follows from (2.27) that the second integral on

the right-hand side of the equality in (2.42) converges to zero as k — oo for
|a] = m. Therefore (2.40) will follow once we show that

Jim / [, (X, 1,y (), (W) — A, (x, 1, (), . ()]

x [D* u, — D°u] =
for |a| = m. From (2.25) and Hblder’s inequality we see that this last limit
will follow once we show

(2.43)  lim /Q[Aa(x’ M1 () s (1)) = A, (X, M (), £, )PPV =0

(2.42)
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for |a| = m. To see that (2.43) holds, we observe from (2.29) and (A-1) that
the integrand in (2.43) converges to zero as k — oo fora.e. x € Q. Also, we see
from (2.26) and (A-2) that the integrand in (2.43) is absolutely equi-integrable,
ie., given ¢ >0, 30 s.t. measE <J =

A |Aa(x ’ ﬂm_l(uk) s Cm(u)) - Aa(x, nm—l(“) , Cm(u))|l’/(1’—l) <e

for || = m and kK =1,2,.... Consequently, we conclude from Egoroff’s
theorem [11, p. 75], that (2.43) holds. But this establishes (2.40). It remains to
establish (2.41).

To establish (2.41), we observe from (A-2) and (2.25) that 3K, > 0 such
that

(2.44) /QlAa(x, ¢ )W <K forlo|=mandk=1,2,....
Consequently, it follows from (2.26) and Holder’s inequality that

kli_'n;/QAa(x, & (4))D°(u, —u) =0 for0<l|a|<m—1.
But then we obtain from (1.2) and (2.33) that

(2.45) fim /Q S A, (x, & () [D"t, (x) — D°u(x)] < 0.

k—o0
le|=m

Also, since u € W7, we have from (A-2) that 4_(x, ¢, (u)) € L’ for la| =
m . Therefore from (2.40), which we have already established, we obtain that

T [ 5 14,00 &) = 4,5 1y (1), £ ()

(2.46) k—oo JO 'MX::M m m m
x [D*u, (x) — D*u(x)] < 0.

But from (A-3) it follows that the integrand in this last expression is nonnegative

forae. x e Q for k=1, 2,.... Consequently, the integral is nonnegative for
every k, and we conclude that

oan o /Q HZ; (40065 Epn()) = A, (65 My (1), G, ()]

x [D*u, —Du]=0.

This last limit coupled with (2.40) gives (2.41). Since (2.40) has already been
established, we have that (2.35) is indeed true.

In order to establish (2.34), it remains to show that (2.36) holds. To accom-
plish this we proceed as follows.

Let Q, C Q be the set where the limits in (2.29) and (2.35) hold, where
&t ()1 Eu(u(¥)) s A, (X, Moy (0 (X)), G, (X)), h(x), and Z(x) are
finite-valued for 1 < |a| < m and j =1,2,..., and also where (A-2) and
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(A-4) hold. Then €, has the same Lebesgue measure as Q, and to establish
(2.36) it is sufficient to show that

(2.48) {1¢,,(u, (x))|}re, is pointwise bounded for x € Q, .
J
To the contrary, suppose that there exist a point x, € Q, and a subsequence
{IC,,,(uk“(x))|};’_‘;_1 such that
(2.49) Jim (£, (x)] = oo.
Let ¢ > 0 be such that ¢ < 1 and p —e > 1. Then it follows from (A-4)
that
colcm(ukjl(xo)ﬂp
< Y A (xgs My (U )5 $ () DUy (x0) + Z(X,)
1<]al<m ! ’ .
Also, for fixed k, we have that
A,(x , & (1 (¥))) D" ()
= 4,(x, &, (1, (x)))D°u(x)
(2:51) + A (X, Ty (), €, (W)[D" 2y (%) = Du(x)]
+[4,(x, &, () — Ay (x, m,,_ (), €, (w)]
x [D%u, (x) = D u(x)].
Next, we observe from (A-2), (2.29), (2.49), and the definition of Q, that both

Kim 4,(xq. &, (s, DD uCx)/ 1,1, (i)™ =0,
(2.52) lim A, (x,, nm_,(ukjl), $n(10))
x D%y (xg) = D ulx)l/ I, (xp))F ™" =0
for 1 < |a] < m. Also from the same observation we have
LI CHC N MUNDEVRENE MNCAPR M)
X [D%uy (xo) = D u(xg))/ Iy, (xo)I"* =0
for 1 < |a| < m — 1. Furthermore, from (2.35), (2.49) and the definition of
Q, we have
LA BRENCMUNDENCN MO R MO
(2.54) laj=m

(2.50)

(2.53)

x D"y, (xg) = Du(xp) /I, i)™ = 0.

Dividing both sides of (2.50) by |, (u, (xo))l” ~¢ and using (2.51)—(2.54), we
J
obtain that ’

¢ Jim [C,, (1, ()" =0.
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Since ¢, is positive, this gives that
N €
Jim 12,4y, (xp))I* =0.

But this fact is a direct contradiction of (2.49). We conclude that (2.48) is true.
Since Q —Q, is a set of Lebesgue measure zero, (2.36) is established. As we
have shown earlier, (2.35) and (2.36) imply that (2.34) holds. Hence (2.34) is
established.

It remains to show that (2.24) holds. In order to do this we observe that

(2.55) {16, (uy NP };.':1 is absolutely equi-integrable .

i
This fact follows from (2.50) with x, replaced by x, (2.51), and the following
four observations:

(2.56) {4,(x, 6”,(uk‘(x)))D°‘u}}°il is absolutely equi-integrable

for 1 <|a|<m;
(2.57)
{A,(x, My (), €, (w)[D°u, — D]}, is absolutely equi-integrable
J J

for 1 <|a|<m;

(2.58) {4, 0x 5 €1y ) = A (X5 My (), Cm(u))][Daukj - D))},
is absolutely equi-integrable
for 1 <|a|<m-1;
(2.59) the integrand in (2.41) is nonnegative.
Next, we observe from (2.34) that

Jim lDaukj(x) -Du(x)f =0 ae.inQ
for || = m. From (2.55), we have that
{|Daukj — Dul’}2, is absolutely equi-integrable for |o] = m.
Hence, it follows from Egoroff’s theorem that

lim / \D°u, —D°uf =0 for || = m.
j—oo Jq J

This fact coupled with (2.26) gives (2.24). Hence T satisfies condition (S,),
and the proof of the proposition is complete.

3. PROOF OF THEOREM 1

To prove Theorem 1 we invoke Proposition 1 and obtain a sequence {u,},.
such that

(3.1) u, € W™’ satisfies (2.4) forn=1,2,....
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We claim that
(3.2) {l|un||,,,,.,,,p};,“;1 is a uniformly bounded sequence.

Suppose the claim in (3.2) is false. Then without loss in generality, we can
assume

(3.3) lm [, lym.s = 0.

Replacing v with u, in (2.4), we notice the first integral on the left-hand side
is nonnegative, and apply (A-4) and (f-3) to obtain

p/2
c/g{ ) |D"u,,|2} SG(un)+/Qh(x)|un|+/QZ(x),

I<|a]<m

where h e LY and ¢ > 0. From (2.3), this last inequality, and the fact that
G € [W™?]", we see there is a constant K such that

p/2
(3.4) /Q{ > |D°u,,|2} 5K8||un||Wm,p+/QZ(x).

1<]al<m
Setting
(3’5) vn = un/”un”Wm'p

and dividing both sides of (3.4) by ||u,,||%,=.» , we obtain

p/2
a 2 1- -
| { > D v,,|} < Kyl %0 + /Q Z(x) |t 550

1<lal<m

Now p > 1, and we conclude from (3.3) and this last inequality that

. a p
(3.6) nan;lo/Q ID°v P =0 for1<l|a|<m.
Next, from (3.5) we see that

(3.7) 1o, lyms =1 forn=1,2,....

Hence, ||v,||%~.» =1, and from (2.1) we obtain that

p
L=, + > 1Dl
1<]al<m

We infer from (3.6) and this last equality that

(3.8) Tim v, llp = 1.

Next, we see from (3.7) that {||v,|l,m.»},., is a uniformly bounded se-
quence. Consequently we obtain from the compact imbedding theorem [1, p.
144] and the fact that W"™'? is a separable reflexive Banach space [1, p. 47]
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the existence of a subsequence (which for ease of notation, we take to be the
full sequence) and a function v, with the following properties:

(3.9) v, € WP
(3.10) Jlim |D%v, — D*vy||;» =0 for|aj<m -1,
(3.11) lim / Dvw = / Dvyw Ywe L’ and |a| = m,
n—oo Q Q
(3.12) nlif?o G(v,) = G(v,),
(3.13) '}LngoD v,(x) = D%vy(x) forae.xeQand|a|]<m-1.

Also from (2.3),

(3.14) {lIlv,ll«}oo, is a uniformly bounded sequence.

With 4 asin (f-3),i.e., h € L? , it follows from (3.14) and Hélder’s inequal-
ity that the sequence {hvn};,“;1 is absolutely equi-integrable. Consequently, it
follows from (3.13) and Egoroff’s theorem that
(3.15) ’}Ltgo/ hlo,| =/ hluv, .

Next, we observe from (3.6), (3.10), and (3.11) that fQD vow =0 for w € L"

and 1 < |a| < m. Consequently, D*v, =0 a.efin Q for 1 < |a| < m. Since
Q is a bounded open connected set, we conclude that v, = constant a.e. in Q.

From (3.8) and (3.10), we obtain that |lvy||,» = 1. Hence this constant is not
zero. Therefore, this constant is either positive or negative. We shall assume
it is positive. A similar argument will work in case it is negative. Hence, we
assume

(3.16) v,=c¢, forae xeQ,

1/p

where ¢, = [measQ]” ' . Continuing with the proof, we invoke (3.1) and put

v, =u,/|lu,ll,=.» in place of v in (2.4) and observe from (1.2) and (A-4) that

(3.17) -||u,,||;V‘m,p/ Z(x) gG(v,,)+/ M, u,)v,

for n=1, 2,.... Consequently, using (f-3), we infer from (3.17) that
Ll = 17, w1 = [ A< G+ s [ 20
Since Z € L'(Q) , we obtain from (3.3), (3.12), and this last inequality that

(3.18) 1i;g£§f{/ﬂ[h(x)|vn| — M x, u)v,] —/Qh(x)|vn|} < G(vy).
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From (f-3) we have h(x)|v,|-f "(x, u,)v, >0 a.e.in Q. Hence, using Fatou’s
lemma [11, p. 24] in conjunction with (3.13), (3.15), and (3.16), we obtain from
(3.18) that

(3.19) —c, [ limsup f"(x, u,) < G(c,).

Q n—o

Now u, = v,||u,|,m=.» . Therefore we have from (3.3), (3.13), and (3.16) that
lim, | u,(x) =oc ae. in Q. It is an easy matter to check from (2.2) that
limsup, , fM(x,u,) < f,(x). (Note also from (f-3) that f, (x) < h(x) a.e. in
Q.) Consequently, we conclude from (3.19) and the fact that ¢, is a positive
constant that —G(1) < [, f, (x). But this fact contradicts the first inequality
in assumption (1.3). Hence (3.3) is false and claim (3.2) is established.

One notes from (3.2) there exists a constant Ky such that
(3.20) lu,llym» <Ky forn=1,2,....

It therefore follows from the compact imbedding theorem [1, p. 144] and the
fact that W™ 7 is a separable reflexive Banach space that there exists a sub-
sequence (which for ease of notation we take to be the full sequence) and a
function u#* such that

(3.21) e w™?,

(3.22) lim (D%, — D), =0 forlaj<m-—1,
(3.23) nllngo/QDaunw = /QDau#w vw € L” and lo| = m,
(3.24) lim G(u,) = G(u"),

(3.25) lim 7, (u,(x)) = m,,_, (4 (x)) forae. xeQ.

We next propose to show there exists a subsequence {unk},‘z"=1 s.t.
(3.26) ]}Lngo Cm(unk (x)) = (m(u#(x)) forae. x € Q.

As in the proof of Proposition 1, once (3.26) is established, it will be an easy
matter to establish Theorem 1 from (3.20)-(3.26).

To establish (3.26), it is sufficient to establish the following two facts:

(1) 3 a subsequence {unk}f=l s.t.

U3 (4,06 s (4,), G 8)) = A, 06 My 1), £ ')
(3.27) la|=m
x [Daunk (x)-Du*(x)]=0 forae x€Q,

where fm(unk) = (M (1, ) 5 Cm(u,,k))-
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(2) With {unk};‘;l designating the same subsequence as in (3.27),

(3.28) {|Cm(unk ()c))l},;“;1 is pointwise bounded for a.e. x € Q.

The proof that (3.27) and (3.28) imply (3.26) is the same that is used in the
proof of Proposition 1 to show that (2.35) and (2.36) imply (2.34).
To establish (3.27) we show separately that

(3.29) lim /Q Y A (x,n,_,w,), Cm(u#))[Daun(x) -Du*(x)]=0

n—oo lalom
and
(3.30) lim / > Aa(x,{m(un))[Daun(x)—-D“u#(x)]50.
n—oo |

la|=m

Once again the proof that (3.29) and (3.30) imply (3.27) is similar to that which
was used in Proposition 1 to show that (2.40) and (2.41) imply (2.35) using
(A-3) and [11, p. 70]. We leave the details to the reader. Also the proof that
(3.29) holds is the same as the proof given for (2.40) in Proposition 1. We leave
the details to the reader.

We now establish (3.30). We observe from (A-2) and (3.20) that there exists
a K,, such that

(3.31) /Q|Aa(x, & )PPV <K% forl<|e|<mandn=1,2,....
Consequently, we obtain from (3.22) and Holder’s inequality that

lim [ A4 (x,&, (,)[D%, —D*u'1=0 for1<|aj<m-1.
Q

n—oo

Hence (3.30) will follow once we show

(3.32) im / 3 A4,(x, &, @)D, - D*u"1<0.
Q

n—oo
1<|a|<m

Now from (1.2), we see that (3.32) is the same as
= #
(3.33) ’lllrgo@’(un »u,—u)<0.

Hence, (3.30) will follow once we show that (3.33) holds. To establish (3.33),
we use (3.1) and replace v in (2.4) by u, — «* to obtain

e, u, —u') = Gu, - u") +/ £ ), — )
Q

)-

(3.34)

-1 p—1 #

-n /sgnunlun| (u, —u
Q

From (3.20), we see that {||u,||,»} is a uniformly bounded sequence. Also from

(3.22) we have that lim
inequality that

.o -1
(3.35) nll'ngon /ngnunlunf’ (u, —u

llu, — u#ll r» = 0. Hence it follows from Hélder’s

n—oo

#

)=0.
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We claim

(3.36) lim f"x u,)(u, —u')<0.

n—oo

To establish (3.36), we observe from (2.3) and (3.20) that there exists a constant
K,, such that

(3.37) lu,lle <K, forn=1,2,....

Next we observe from (f-1) and (3.25) that lim,_,__ f"(x, u,) = f(x, u*) ae
in Q. Hence it follows from (3.25) that

(3.38) gﬁﬂuwM%—ﬂ=0aemQ
Also given ¢ > 0, we observe 39 > 0 such that if (measE) < then

. " . A
(3.39) 1) fE|f X, u)u|<g forn=1,2,.

) [ " DU, <e forn=1,2,.
To see that (3.39)(1) holds, we observe from (f-2) that |f"(x, u,)| < h,(x) +
K'|un|"_l a.e. in Q where h1 € LY for n = 1,2,.... Hence it follows

from (3.37) that {| (x, u )|"I}‘;°l is a uniformly bounded sequence, and

(3.39)(i) follows immediately from Holder’s inequality and the fact that u* e
Lq
To establish (3.39)(ii), we observe from (f-3) and (3.37) that

/f"x u,)u, </hu <{/|h| }l/qK“

Since & € LY , (3.39)(ii) follows from this last inequality.

To establish (3.36), let ¢ > O be given and choose d > 0 such that if
(measE) < d, (3.39)(i) and (ii) hold. Next, using Egoroff’s theorem in con-
junction with (3.38), we see IE with (measE) < J such that

. # . .
nan;lof"(x, u,)(u,—u)=0 uniformlyin Q-E.
Consequently, 3n, such that for n > n,
L e, u,)(u, — u#)| < s(measQ)_] forxe Q-E.
It therefore follows from (3.39)(i) and (ii) and this last fact that

/Qf"(x, u,)(u, —u*) <3¢ forn >n,.

Since ¢ is an arbitrary positive number, (3.36) follows immediately from this
last inequality.

From (3.34), (3.24), (3.35), and (3.36), we see that (3.33) does indeed hold.
Since (3.33) implies (3.30) via (3.32), we see also that (3.30) is established.
Since (3.29) is already established, (3.27) follows from (A-3) and [11, p. 70].
It remains to establish (3.28). Now the proof that (3.28) holds is the same as
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the proof that (2.36) holds in the proof of Proposition 1. Replace u, by u,,
Uy, by Up, 5 u"n by unk,’ and u by u* and (3.28) follows. Hence (3.28) is
established. As we have already observed, (3.27) and (3.28) imply (3.26).

To complete the proof of the theorem, we have to show that (3.20)-(3.26)
along with (3.1) gives (1.4). In order to accomplish this, let v € W™? be given.
Then it follows from (3.1), (2.4), and (1.2) that

a -1 p—1
>, /QAa(x,Cm(unk))D v+n, /ngnunklunkl v

(3.40) 1<]a|<|m]|

=G(v)+/ S, u, v,

Q k
From (3.20), we see that ||unk lr < Kg for k =1,2,.... Hence it follows
from Holder’s inequality and v € W™'? that
. -1 p—1

(3.41) klln;(nk) /ngnunk|unk| v=0.
Next, from (f-2) we see that a.e. in Q
(3.42) 1 e, w)| < hy(x)+ K'lu " fork=1,2,...,

where A, € L"' . Also, we see from Holder’s inequality that

1 (¢-1)/q l/q
(3.43) e { / |u,,|"} { / |v|"} ,
E Q E

where E is a measurable subset of Q. From (2.3) and (3.20), we see that
the first integral on the right-hand side of the inequality in (3.43) is uniformly
bounded in n. Hence it follows from (3.42) and (3.43) that

(3.44) {f"(x, un)v}:';l is absolutely equi-integrable .
Likewise, we see from (f-1), (2.2), and (3.25) that

(3.45) Jlim fHx, u)v(x) = f(x, u')w(x) ae. inQ.

It consequently follows from Egoroff’s theorem, (3.44), and (3.45) that
(3.46) Jim /Q £,y o = /Q fix, dy.

Next, with {u”k }ro, the subsequence given in (3.26), we obtain from (A-1),
(3.25), and (3.26) that

lim 4,(x, &, (4, (x))D(x)

=A,(x, ém(u#(x)))Dav(x) a.e. in Q

for 1 < |a] < m. Also, we see from (3.20) and (A-2) that (3.31) holds. Hence it
follows from Hélder’s inequality that (2.17)" holds with K,, and n, replacing
K, and k respectively. Consequently

(3.48) {4,(x, :fm(unk))D"'v}:';1 is absolutely equi-integrable

(3.47)
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for 1 < |a] < m. Hence it follows from (3.47), (3.48), and Egoroff’s theorem
that

(3.49) lim / A (x, & (u ))D = / A (x, & (u)D%

k—oo Jo k Q
for 1 <|a| < m. From (3.40), (3.41), (3.46), and (3.49), we obtain that
> /Aa(x, ¢, (uh)D = G(v)+/ fix,u'yw vwew™?.
1<lalgm Q

But from (1.2), we see that this last equality is the same as (1.4), and the proof
of Theorem 1 is complete.

4. PROOF OF THEOREM 2
To prove Theorem 2, for n a positive integer, we set
(4.1) [, )= flx, ) —senelef~'n7h
It is clear f,(x,t) meets conditions (f-1). In (f-2) we have ¢ > p for p >

Nm~! and qg=pN/(N-pm) for 1 <p< Nm~'. So g > p also in this latter
case. From the fact that f(x, ¢) meets (f-2), it follows that

If,(x, 8)] < hy(x) +K'|t|q—l + |t|”'ln_l for a.e. x € Q and Vt € R,

where h, € L"'. Since ¢ — 1 > p—1 in all cases, it follows from this last
inequality that f, (x, ) also meets (f-2). Next, taking & = 2n)7" in (f-4), we
see that

tf,(x, 1) S B, 1(x)]f| forae. x € Qand |¢| > £,(1/2n).

Consequently, it follows from (f-2) that f (x, t) also meets (f-3). We record
all this as

(4.2) f,(x, t) meets conditions (f-1)-(f-3).
Taking ¢ = (2n)_1 in (f-4) once again, we see from (4.1) that
-1 -
fux, 1) S =77 /2n 4 by -1 (x)
for ¢t > t,(1/2n) and a.e. x € Q. It therefore follows that
(4.3) limsup f,(x,t) = —co forae. xe€Q.
t—o0

In a similar manner, using (f-4) for ¢ < —¢,(1/2n), we obtain that
(4.4) l}gj&ff,,(x, t)=o00 forae. xeQ.

Next, we observe that G(1) is always finite-valued. It consequently follows
from (4.1)-(4.4) and Theorem 1 that 3{u,},., with u, € W™7 s.t.

&(u,,v)=Gv) - n_I/ sgnu,|u, [P~
(4.5) Q

+/f(x,un)v voew™?,
Q
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We claim that
(4.6) {"un”Wm,p}:il is a uniformly bounded sequence.

Suppose the claim in (4.6) is false. Then without loss in generality, we can
assume that

(4.7) Bm [, yms = 0o.

Replacing v by u, in (4.5) and using (A-4), we see that

p/2
(4.8) CO/Q{ E IDaun|2} SG(un)+/Qf(x,un)un+/QZ(x)

I<|a|<m

Also, we note 3K, such that

(4.8) IG(w)| < Kppllwllym, YweWw™?.
We set
(4.9) v, =u,/|lu,llym, forn=1,2,...

and obtain from the last stated inequality on dividing both sides of (4.8) by
llt, |I5ym.» that

410) D%, |2 < |1, uwmp[ alltllyms + [ 05,4 [ Z<x>]

for 1 <|a|<m.
To handle the first integral on the right-hand side of the inequality in (4.10),
we proceed as follows. Given ¢ > 0, we set

(4.11) B, . ={x:|u,(x) < t(e)},
where #(¢) is the constant in (f-4) We then have from (f-4) that

/f(x u nS/B”ef(x,un)un+8/0|un|p+/9h*(x)|u”|.

It consequently follows from (4.11), (f-2), Holder’s inequality, (2.3), and (4.7)
all applied to this last inequality that

. -p
lim sup ||un||Wm,p/ flx,u)u, <e.
n—oo Q
Since ¢ is an arbitrary positive number, we conclude

(4.12) lim sup||u"||;,,pm.p/ flx, u,)u, <0.
n—oo Q

Recalling that ¢, is a positive constant and that Z € L', we see from (4.10)
and (4.12) that

(4.13) lim [D*v,[|;, =0 for 1 <|a|<m,
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Now from (2.1) and (4.9) we see that
(4.14) L=l lpme = w7+ D 1D, I

1<|a|<m
Hence, from (4.13) we obtain
(4.15) Tim Jlv, I = 1.
Next, as in the proof of Theorem 1, we use the compact imbedding theorem [1,

p. 144] along with the fact that W™? is a separable reflexive Banach space to
obtain (3.9)-(3.14). In particular from (3.10), we have that

lim 10", - Dyl = 0
for |a| = 1. Hence we conclude from (4.13) that Dy, = 0 a.e. in Q for

la| = 1. Since Q is a bounded open connected set, it follows that v, = constant
a.e.in Q. From (3.10) and (4.13)-(4.15) we see that |lvy||,» = 1. Therefore

v, = [meas Q' or v, = —[measQ]™ "/ ae. in Q. We shall suppose the
former case holds and conclude the proof to the theorem on this basis. In case
the latter case holds, a similar proof prevails. Therefore we have that

(4.16) v, = [meas Q' ae. inQ.
Also from (3.13) we see that
(4.17) nll’rgo v,(x) = [measQ]_]/p a.e. in Q.

Next taking v = u, once again in (4.5), we see from (A-4) that
(4.18) 0< G(u,,)+/ fix, un)un+/ Z(x).
Q Q

Also, taking & = 1 in both (f-2) and (f-4), we see that 31** € LY s.t.
(4.19) tf(x, ) <|tff +h™"(x)|t| VteRandae. xeQ.

Using (4.19) in conjunction with (4.18), we obtain
/Q (gl + h™ (), — f(x, )}
<G+ [l +h )+ [ Z(x),
Q Q

where all integrands are nonnegative a.e. in Q.
Now, from (2.3), (4.7), and Holder’s inequality, we see that

(4.21) Jim Ilunll;pm,p[)h**(x)|un| =0.

(4.20)

Likewise, we see from (4.8)" and (4.7) that
(4.22) lim G(u,)llu,llym.r =0.
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Hence dividing both sides of (4.20) by ||u,,||5=.» and using (4.7), (4.15), (4.21),
and (4.22), we obtain

lir?ligf/g ||un||;Vp'"»p{|un|p + h**(x)lunl =S, u)u,} < 1.

From (4.19) we see, for every n, the integrand in this last inequality is non-
negative a.e. in Q. Hence, it follows from Fatou’s lemma [11, p. 24] that

Lligg}f||un||}ﬁ,p{|un|p R |~ £, )} < 1.
From (4.17) we therefore have that
(4.23) / {[measQ]_l — limsup f(x, un)un||un||;,,pm,p} <l.
Q n—oo

Now u,(x) = ||lu,llm.»v,(x). Consequently it follows from (4.7) and (4.17)

that lim___u, (x) = oo a.. in Q. Also,

106, Yoy () [yl = S5, w0, ()17 sgmae, (), (%)

We consequently obtain from (1.10), (4.17), and (4.23) that
/Q{[measﬂ]—1 - [measQ]'IZ(x)} <l.

But then fQZ(x) > 0 and this is a direct contradiction of the first inequality
in assumption (1.11) in the hypothesis of Theorem 2. We conclude that (4.7)
is false and the claim in (4.6) is true.

The claim in (4.6) in the proof of this theorem corresponds to the claim
in (3.2) and (3.20) in the proof of Theorem 1. A close reading of the proof
of Theorem 1 shows that from (3.20) forward except for (3.39)(ii), the proof
only makes use of conditions (f-1) and (f-2) when dealing with f"(x, u,). The
analogue of (3.39)(ii) for the proof of Theorem 2 is: given & >0, 35 > 0 such
that if (measE) < J then fEf(x, u,)u, <e for n=1,2,.... But this fact
follows easily from (f-4), (4.6), (2.3), and Hoélder’s inequality. Since (f-1) and
(f-2) are part of the conditions in the hypothesis of Theorem 2, we see therefore
that the completion of the proof of Theorem 2 is the same as that for Theorem
1 from (3.20) forward. Hence the proof of Theorem 2 is complete.

5. A CONCLUDING REMARK

In this section, we prove a remark which shows that under certain special
circumstances, condition (1.3) in the statement of Theorem 1 can be both nec-
essary and sufficient for the solution of (1.4).

Remark. Let 1 < p < oo and let Q be a bounded open connected set with
the cone property. Suppose that &'(u, v) is given by (1.2) where 4 (x,¢,)
satisfies (A-1)-(A-4) for 1 < |a| < m and that f(¢) is a bounded continuous
function defined on R. Suppose also that lim,_, _ f(¢) = f(£) exists and that
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fl+ ( ) < f(t) < f(-) for t € R. Then a necessary and sufficient condition that
3u* € W™? such that

(5.1) e, v) /f(u W ovoewn?

is that

(5.2) f(+) < —[measQ] ' G(1) < f(-).

That condition (5.2) is sufficient follows immediately from Theorem 1 be-
cause the conditions in the hypothesis of the remark imply those of Theorem 1
and (5.2) in this case is the same as (1.3).

To see that condition (5.2) is necessary, suppose e WP exists satisfying
(5.1). Setting v =1 in (5.1), we see from (1.2) that

(5.3) —G(l)=/9f(u#
By hypothesis f( +) < f(u*(x)) < f(=) for ae. x € Q. Hence Jof(+) <
JofW") < fQ . This fact combined with (5.3) gives (5.2) and the proof of

the remark 1s complete.
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