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SUPPORT ALGEBRAS OF ¢-UNITAL C*-ALGEBRAS
AND THEIR QUASI-MULTIPLIERS

HUAXIN LIN

ABSTRACT. We study certain dense hereditary *-subalgebras of g-unital C*-
algebras and their relations with the Pedersen ideals. The quasi-multipliers of
the dense hereditary *-subalgebras are also studied.

1. INTRODUCTION

Let 4 be a CT-algebra and K(A) its Pedersen’s ideal. When A is com-
mutative, that is, 4 = Cy(4), the algebra of all complex valued continuous
functions which vanish at infinity on some locally compact Hausdorff space X,
then K(A4) = Cy,(X), the algebra of all complex valued continuous functions
with compact support. In [15], we define a dense hereditary *-subalgebra A4,
(we used the notation C(4) there) of a g-unital C*-algebra which satisfies:

(i) Forevery a in (4,,), thereisa b in (4,,) such that [a] < b, where
[a] is the range projection of a in 4™ .
(if) If 4 is nonunital, 4y, # 4.

(i) When 4 = Cy(X), A4y, = Cpo(X).

Naturally, we may view 4, as a noncommutative analogue of Cy,(X). In
fact the algebra A4, plays an important role in [15]. In this paper we shall
study the relation between 4,, and K(4). We also study the quasi-multipliers
of Ay, . In the view of [11], where Lazer and Taylor studied the multipliers
of K(A) as a noncommutative analogue of (unbounded) continuous functions
on locally compact Hausdorff space X , the quasi-multipliers of 4, is another
noncommutative analogue of C(X). The reason our attention is focused on
the quasi-multipliers of A4, and not on the multipliers of 4, is that the set
of multipliers of 4,, may not contain 4 and is not closed under a natural
topology.

We denote the quasi-multipliers of 4, by QM (4,,). In §2, we give some
basic concepts and facts related to quasi-multipliers of A, . In §3, we study the
order structure QM (A,,) . We also show that QM (A4,) = LM (Ay))+RM(A,,)
(a similar equation for 4 has been studied in [16, 3, 13, 14]). In §4, we
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prove an extension theorem in the sense of Tietse. We also give a version
of the Dauns-Hofmann theorem for QM(A4,). In §5, we study the dual and
bidual spaces of QM(A,,). We find that QM (4,,)" , the bidual of QM (4,,),
is isomorphic to the quasi-multipliers of the support algebra of M (4), the
hereditary C*-subalgebra of 4™ generated by 4. In §6, we study the problem
when 4,, = K(A4). Finally, in §7, we consider the uniqueness of A4, for certain
C"-algebras.

We shall be utilizing the following notations throughout this paper. Suppose
that 4 is a C"-algebra. Then K(A) denotes the Pedersen’s ideal (for a defi-
nition see [17 or 18, 5.6]), and M(A4), LM(A), RM(A), and QM (A) denote
the multipliers, left multipliers, right multipliers, and quasi-multipliers of A4,
respectively (see [18, 3.12]). For the element a in the C*-algebra 4, [a] shall
denote the range projection of a in the enveloping W *-algebra 4™ . Any other
unexplained notation may be found in [18 or 4].

2. PRELIMINARIES

2.1. Let A be a o-unital C*-algebra. Then A has a strictly positive element
e. Let f (t) be continuous functions satisfying

(1) 0<f(< 1y

(i1) £,(t)=0 ifandonlyif 0<t<1/2n;

(iii) Li)=1 ift>1/n

Define e, = f,(e). Then {e,} forms an approximate identity for 4. More-
over, e, e, =e.e,  =e, forall n. Let x, be the characteristic function of

the set (1/2n, |le||). Then p, = x,(e) is an open projection of A4 such that
[en] =Py and ©n Spn < €ns1

2.2. Definition. Let 4 and p, be as in 2.1. Denote the hereditary C*-
subalgebra p,4"*p, N4 by A4,. We call |J;2, 4, a support algebra of 4
and denote it by 4., (or A4y (e), or Ay ({e,}))-

2.3. By [15, 1.1], 4, is a norm dense, hereditary *-subalgebra of 4 contained
in K(A). Since e ¢ Ay, if A is not unital, then 4, # 4. Moreover, for
every a € (A,,), , there is an n such that [a] <e, . Thus, as in [15], we regard
Ay, as a noncommutative analogue of Cy,(X).

2.4. Example. Let X be a locally compact, g-compact Hausdorff space and let
A = Cy(X). (o-compact means X = U:‘;l X, , where each X, is compact.)
Then for any strictly positive element e, Ay, (e) = Cyy(X).

2.5. Example. Let H be a separable Hilbert space and let 4 = K, the compact
operators on H. Let {H,} be an increasing sequence of finite-dimensional
subspaces of H such that U;";, H, is dense in H. Denote by M, the set of
bounded linear operators on H, . Then |J, M, is a support algebra for 4 = K.
We shall see in §7 that, up to isomorphisms, |J, M, is the only support algebra
for K.

n
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2.6. Lemma. Suppose that A is a C™-algebra. Let a,p € A cand p<a<l.
If p is a projection, the ap =pa=p.

2.7. Lemma. Suppose that a, € A, , and p, are open projections of A. If {a,}
forms an approximate identity for A and a, < p, < a,,, foreach n, then there
is a support algebra Ay, of A such that

Ay =p,4"p,NA.

2.8. By 2.7, we may define 4, by an approximate identity {e,} together with
open projections {p,} satisfying:

e,<p,<e,, foraln.

If e, <p, <e,, foreach n, then ¢, e =ee, , = e,. Conversely, if

+1 n-n+l n
€,.16, =€,.e,. =e,,then Cnyl > [e,]. Thus we wil} always assume that every
support algebra 4, of A is defined by an approximate identity {e,} which
satisfies e, e, =€, ., =¢e,.

We now fix a g-unital C”-algebra 4 and a support algebra A, = 4,,({e,}) .

2.9. Definitions. A linear map p: 4y, — A4, is called a left, respectively right,
multiplier if p(ab) = p(a)b, respectively p(ab) = ap(b). A multiplier is a
pair (p,, p,) consisting of a right multiplier p, and a left multiplier p, such
that p (a)b = ap,(b) for all a, b € Ay,. A quasimultiplier is a bilinear map
p: Ay % Ay — Ay such that for each fixed a € 4,, the map p(a, -) is a left
multiplier and the map p(-, a) is a right multiplier. We denote by M(4,,),
LM(Ay), RM(Ay), and QM(A,) the sets of multipliers, left multipliers,
right multipliers, and quasi-multipliers of A4, , respectively. -

2.10. Suppose that p € QM(A4,), and a and b € 4),. Then we denote the
element p(a, b) by a-p-b. If pe LM(A,)), we denote p(a) by p-a and if
p € RM(Ay,), we denote p(a) by a-p. If z=(p,, p,) € M(4,,), we denote
p,(a) by a-z and p,(a) by z-a.

2.11. For a, b € A, , we have the following seminorms:

(i) zolla-zll+lz-al,  z€M(dy);
(i1) z—|z-al, z€ LM(A4y,);
(iii) z—|a-z|, z€ RM(Ay);
(iv) z—|a-z-b|, z€ QM(Ay).

We define (4y)-, L-Ay- R-Ay-, and Q- A4y~ topologies on M(A4,,),
LM(Ay), RM(Ay),and QM(A4,,) to be those locally convex topologies gen-
erated by the seminorms (i), (ii), (iii), and (iv) (forall a, b € 4, respectively.

2.12. Proposition. QM (A,,) is a locally convex complete topological vector
space under the Q- A-topology.

2.13. We define the following subsets of QM (A4,):
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OM;(A4y) = {p € QM(A4,): for each k, there exist N(p, k) such that
ple,,e)=ple,,¢e) if n, m>N(p k)},

OM,(4y) = {p € QM(A,): for each k, there exists N(p, k) such that
ple..e,)=ple,e,) if n,m>N(p,k)},

OM,(A44q) = QM,(Ag,) N QM (Agy) , and

oM b(AOO) is the subset of those elements in QM (4,,) such that

sup{lla-p-bll:a,be Ay, lla| <1, ||b]| <1} <.

2.14. Theorem. There are bijective correspondences between

(i) OM,(Ay) and  LM(Ay):;
(ii) OM,(4,,) and RM(Ay);
(iii) OM,(4y,) and — M(Ay);
(iv) OM’(4y) and  QM(A).

2.15. We shall use notations LM(A4,,), RM(A,,), M(A,,), and QM(A) in-
stead of QM,(A4,), OM,(4,,), QM (A,,) , and QMb(AOO). Thus

M(Ay) C LM(Ay) C QM(A4y,),

LM(Ay) N RM(Ay) = M(4,,),
and

Ay CACQM(A) C QM(Ay,).
2.16. Lemma. If A is not unital, then

QM (Ag) # OM"(4y) (= QM(4)).
Proof. We may assume that ¢, —e,_, # 0 for all n. Define
oC
z= Zn(en —e,_1)>
n=1
where the convergence is in Q — A4 ,-topology. Clearly z € QM(4,,), but
z ¢ OM’(4,,).

2.17. We notice that, in general, 4 ¢ M(A4,,) and M(A4,,) is not complete
under A ,-topology. These are the reasons why we choose QM (4,,) and not
M(A,,) as our main subject.

2.18. Proposition. A, is L- Ay-dense (respectively, R- Ay, dense, Q-Ay-
dense, and Ayy-dense) in LM (A,) (respectively in RM(Ay,), OM(Ay,), and
M(Ayy)).

2.19. We now define an operation

“w

on some of the elements of QM (A,).

If pe QM(A4,,), y € LM(A,)), and z € RM(4,), we denote by p-y the
element p(-, y(-)) and z-p the element p(z(-), ) It is easy to see that
the “natural” extension of the multiplication on M(4).

3 ” 1+
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2.20. Let p € QM (Ay,) . The involution p* of p isa quasi-multiplier defined
by p*: (a, b) = [p(b*, a")]". It is easy to see that the involution is conjugate
linear and Q- 4,-continuous. Moreover the involution is the extension of the
original involution on QM (A). Thus

LM (Ay)" = RM(Ay,).

An element is called selfadjoint if p = p*. We denote by QM (Agyy) s the
set of selfadjoint elements.

2.21. Example. Let X be a locally compact, o-compact Hausdorff space, and
let B be a unital C*-algebra. Denote by 4 the C*-algebra of all the continuous
mappings from X into B vanishing at infinity. One of the support algebras (in
fact, it is the only one) 4, is the set of all continuous mappings with compact
supports. One can check that QM (4,,) is the set of all continuous mappings
from X into B.

Throughout §§3-7, 4 will denote a ¢-unital C"-algebra, and Ay, one of its
support algebras. e, e,, and 4, will be the same as in 2.1.

3. DECOMPOSITIONS
3.1. Definition. We say that an element z € QM(4,,) is positive, denoted by
z>0,if a"za>0 forall a € Ay, - We let QM(A00)+ denote the set of all
positive elements in QM (4,,)) .
Suppose that y and z € QM(A4,,). We say that z > y (or y < z), if
z—y>0.

3.2. Corollary. The set QM(A,)
QM(A00)+ n (_QM(A00)+) = {0} .
3.3. Proposition. Let z € QM(A,). Then
(i) If -y <z <y forsome y e QM(A), _, then z € QM(A).
(i) If —a<z<a forsome ac A", then z¢c A.

(iii) If z € LM(A,,) and there is an element a € A" such that z*z < a,
then z€ A.

+ s a Q-Ay-closed real convex cone and

Proof. (i) Since y—z >0, a*(-y)a<a’za <a’ya forall a € 4y,. Therefore
a*za < a’ya. It follows that z € QMb(AOO) =QM(A).

(ii) By (i), z € QM (A). Then by [1, Proposition 4.5], z € 4.

(iii) For every b € A, we have b*z*zb < b*ab. Thus |zb|| < |a'/?b].
Hence z € QM(A4) N LM(A,). It follows from [1, Proposition 4.5] that z is
in A.

3.4. Let LM(A,,, A4,,) denote the set of those linear mappings p from 4,
into A4, satisfying p(xy) = p(x)y forall x,y € 4,,. Asin §2, we can view
LM(Ay, A4y,) as a subset of QM (A4,). If x € LM(A,,, AA,,), we define
x"-x(a,b)=(a-x")(x-b). Hence x"-x € QM (A), .
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3.5. Theorem. If z € QM(Ay),, then there is an x € LM(Ay,AAy,)
(C QM (Ay,y)) such that x™-x = z.

Proof. Let oy = ||z|,, ., Il Define b, = (1/a,,,)(1/2) (e, —e,_,) for k =

1,2, ... (where e, =0), ak—zl yb;,and b = E, b, Let z, = a,za,,
k=1,2, . Then, if k> m
k k
Iz = 2l < || D0 byzap|[+ || D azb;
i=m+1 j=m+l
ko k ko k
= X Sobzb | +| Y Yo bz
i=m+1 j=1 j=m+1 i=1
kK k o kK k o
< Z S+ N 2(1/2)'”
i=m+1 j=1 j=m+1 i=1
<1/@""

Thus z, converges to a positive element 4 in A in norm. It is easy to see that
ehe, =e .z, e, forevery k. Take u, = hl/z(b2 + l/n)'lb. Then, for every

R ||ekb<b +1/m) " h(B” + 1/n)” bekn
= ||b( +1/n)" ekhek(b +1/n)" bek||
= b(* + 1/n) "', e he a, (b +1/n) ' be, |
<oy |bd” +1/n) ' bea,, I’ <y .
So |lu,e,|l is bounded for every k.
Put d,, = (1/n+ bz)_l -(1/n+ b2)~l . Then, for each k,
luya, — | = |0'"*d,, bay |’
lbd,,,a,ha,d,,, bl

o, l16d, a0, ,9,d,,,b]
1/2”2

IA

= oy I, .00, (4, )

From spectral theory we see that the sequence {(1/n + b? )_'bak(ak +1)]/ 2} is
increasing to an element in 4 and by Dini’s theorem it is uniformly convergent
to it. Consequently
1/2
I, ba (@) "I =0,

so that {u,a,} is norm convergent to an element in 4 for each k. Since
lu,e, .|l is bounded and a, 4 D A4, , it follows that {u,y} is norm convergent
for every y € A, . Thus we have an element x € LM(4,,, A4,,) defined by

x(a) =limu,a foreveryae€ A4y.
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It is easy to check that for every k,

By X Wy = B 20,
Therefore x* - x =z.
3.6. The idea of the proof of 3.5 is taken from [3, 4.9; and 18, 1.44]. The
element x in 3.5 is in QM(4,,) but not in QM (4,), . In general, x may
not be taken from LM (4,,) .
3.7. Theorem. QM (Ay,) = LM(Ay,) + RM(A4,,).
Proof. Let z € QM(A,,) . Define

oo
X = Zekz(ek -e_)

k=1
and

o0
y=>Y (1-¢)z(e, —e,_,).
k=1
Both sums converge in Q- 4,-topology. It is easy to verify that x € LM (4,,)
and y € RM(A,,) . For every n,

n—1
2
en(x+y)en = (§ :ek € — € 1+€nZ(€n —€, )e +e Z(en+l n)en)
1

n—1
2
( (e,—e)z(e, —e_,)+(e,—e,)z(e, - en_,)en>
=1

k

I
2
= (Zenzek ek_l) +e,z(e,—e,) +e,z(e, —e,_,)

=e,ze, ,+e,z(e,—e,_|)=e,ze,.
So x+y=1=z.
3.8. The problem when QM(A) = LM(A)+ RM(A) had been studied in [16,
3, 13, 14]. In general, QM (A) # LM(A)+ RM(A).
4. THE TIETZE THEOREM AND DAUNS-HOFMANN THEOREM

This section is inspired by [11]. Our results are similar to the corresponding
ones in [11].

4.1. Let B be a g-unital C*-algebra and let ¢ be a *-homomorphism from A
onto B. Then By, = ¢(A,,) is a support algebra of B and ¢ can be extended
to a linear map ¢ from LM(A,)) into LM(B,,) as follows:

(i) $(2) - ¢(a) = ¢(z - a)

for z € LM(A,,) and a € A,,. We can further extend é from QM (Ay,) into
QM(B,) by

(i) d(a)-§(z)-$(b) = p(a-z-b)
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for z € QM(Ay,) and a, b € A4y . It can be verified that if z € QM(4,,),
x€LM(Ay), y€ RM(Ay), and a € 4,, then

(i) ¢< a)-$(y) = (a »):
(iv) 2)
v) x)
(vi) (2)' =a(z") and (z z € QM (Ay). .

4.2. Proposition. The extension ¢ is continuous when QM (Ayo) is considered
with Q- A,-topology and QM (By,) with Q- B,-topology.

)5
(X),
if

4.3. Next we shall show that the extension ¢ is surjective. In view of 2.20, the
following theorem can be regarded as a noncommutative extension of Tietze’s
theorem. The same results for bounded multipliers M(A) and bounded quasi-
multipliers QM (A) can be found in [9, 3]. A similar result for (unbounded)
multipliers of K(A4) can be found in [11].

4.4. Theorem. Let ¢ be a homomorphism from A onto B and By, = ¢(A,).
Then

(1) QM (Ay)) = QM (Byy);
(ii) G(LM(Ayy)) = LM(By);
(i) B(RM () = RM(By)
(iv) P(M(Ayy)) = M(By,) .
Proof. (i) We shall show that ¢ is surjective. Let Z € QM (By) and 7, =
e.ze,, where e, =¢(e), k=1,2,.... Suppose that y, € 4, such that
é(y,) =7Z,. Let z, =y,
Zies1r = Viwr ~ Vi1 T 2 k=1,2,...

Then z, | € A4y, ; moreover,
D(Zp11) = Zp) = €2k + 2 = 2y -
If kK > m, then
em(zk+l - Zk)em =€V ikr1€m ~ €l Vi 1€km te,2,6, —€,Z€,
Thus, if k, k' > m,
e, (z, —z)e, =0.
So {z,} isa Q- Ay,-Cauchy sequence. Suppose that z =1limz, . Then, by the
continuity of ¢ (4.2),

¢(z) =lim¢(z,) =limz, =z.

Then ¢ is onto.
(ii) Let X € LM(A,,) and X, =Xe,, k=1,2,.... Suppose that a, € 4,
such that ¢(a,) = X, . Define x, = a and x, |, = aq,,, —aq,, ¢ + X,
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k=1,2.... Then ¢(x, ) =X, k=1,2,.... Asin (i), {x,,} is an
L- A4 ,-Cauchy sequence, hence a Q- AOO-Cauchy sequence. Let x = limx, .
Then ¢(x) = x. To show that x € LM(A,), take a € A, . Then

X412 = X8 = X 16418 — Xp€,114
= (%41 = X4 )€pa =0
if k>n+1.So x,a=x,.,a forevery k >n+1. Thus x-a € 4,. We

conclude that x isin LM(A4,,).
We omit the proofs for (iii) and (iv).

4.5. Let z € QM(Ay,) and a € Ay,. Then z-a, a-z € QM(Ay,). In fact,
a-z € LM(Ay,), while z-a € RM(Ay,). The center of QM(4,,) is the set
Z={zeQM(Ay):a-z=2z-a forall ae€ Ay}.
4.6. Proposition. Z C M(A,,). Moreover, Z is the center of M(A,).
Proof. Suppose that z € Z . Then for every k,if n,m >k,

1/2_ 1/2 _ 1/2_ 1)2

e,ze,=ee ' ze' =¢/'"ze,' " =e, ze, .
Thus z € QM,(4,,)) = LM(A,,) . Similarly, z € RM(Ay,),so z € M(4,y,).
Let y € M(A4,,). Then

z-y-a=(y-a)-z=y-z-a foreveryae Ay,.

Hence z-y = y-z. Z isin the center of M(A4,). The center of M(A4,,)
contained in Z is trivial.

4.7. Lemma. Let z € Z. Then for each f € P(A), the pure state space of
A, f(z) = lim f(e,ze,) exists. Moreover, the function [ — f(z)is a weak*
continuous function on P(A).

Proof. Let f bein P(A),let = + be the corresponding irreducible representa-
tion of A, and let H be the associated Hilbert space. Suppose that z, = 2| 4,
Then z, is in the center of M(4,). We may assume that A, ¢ kern r Then
(7| 4T 7(4,)H) is an irreducible representation of A4, Lct q, be the pro-
jection corresponding to H, , the closure of = f(An)H . Then

nf(zn)lHn =4,q, forsome scalar 4.

Since ”f(zn+1)|11,, = nf(zn)IH” s A,y =4, foreach n. Thus m,(z) is a scalar
multiple of the identity. Moreover, © H(2) = f(z)-id,

Next we shall show that f — f(z) is continuous. Let f; € P(4). There is
k, such that 1 Zﬂ,(eko) > 1/2. Let V= {f € P(4): |f(ek)—f0 |< 1/4}.
Then for every f €V}, f(eko) >1/4.

Let & ’ be the associated irreducible representation and H f the associated
Hilbert space. Then, since 7 f(z*z) is a scalar, for every unit vector £ € H I

(n,(z°2)E, &) = f(z"2).
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Suppose that f(a) = (n (a)éf, <) for every a € A. Then

f(z ) l/f(ek) (”fz Z)ekéfaek':ﬂ
< l/f(eko) ||€k02 ZekOH
< 16||ekoz*zeko||
for every f € V.

Let M = max{l, 16|le,z"ze,||}. For ¢ > 0, choose k > k, such that
1> fi(e,) > 1 —82/8M. Denote

V=V,n{f€PA):|fle,) ~ fole,)l <& /8M, |f(e,2) — fyle,2)| < &/4}.
Soforevery fe V, |f(z°2)] < M and |f(1-e,)| < &’/4M . Hence, if feV,

|f(2) = /(D) < |f(2) = fle2)| + | (e, 2) = fole2)| + | foepz) = fo(2)]
<|f((1—e)z)|+e/4+1/((1 —e)z)|
<1 -e)' 2 f(2 )" + (1 - e)") P fy(2 ) +e/4
<f-e)*MP+f(1-e) "M +¢/4
<ef2+¢/8+el/d<e.

4.8. The idea of the proof of 4.7 was taken from [11, 5.41]. However, the proof
of [11, 5.41] is not complete. (The number M there depends on the choice of
a and a depends on ¢, so M depends on ¢.) Nevertheless, the proof could
be easily completed. The same result as [11, 5.41] is not true for QM(4,,) , as
we shall see in 4.14.

4.9. In the proof of 4.7, we see that if ny and m, are equivalent, then f (z) =
f,(z) for z € Z. Thus every z € Z defines a continuous function z on A by

2(7Tf) = f(2).

4.10. Theorem. The mapping z — % is a *isomorphism of Z onto C(A).
Moreover, the mapping is bicontinuous when Z is considered with the Ay

topology and C(A) with the compact open topology.
Proof. Clearly, z — 2 is a *-homomorphism. If 2, = 2, for z,,2z, € Z,
then n(z,) = n(z,) for every 7 € A. Thus z, = z,. Hence the mapping is
one-to-one.

Suppose that f € C(A4). For every k, by [11, 5.39], {n € 4: n(e,,,) # 0}
is contained in a compact subset of A. Thus /fk is contained in a compact
subset of 4. Thus f |A is bounded and by the Dauns-Hofmann theorem (we

use the version [18, 4. 4 6]), for every a € A, , there is p(a) € 4, C A, such
that

n(p(a)) = f(n)n(a) forme A,.
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Hence, the above equality holds for all 7 € A, and p defines a linear map from
Ay, into Ay, . Let a, b € 4,,. We have

n(ap(b)) = f(m)n(a)n(b) = n(p(a)b)

forall m e A. Thus z = (p, p) € M(A,,) C OQM(A,,) and, clearly, z € Z.
It is then easy to see that Z(n) = f(n) for each 7 € A. Thus the mapping is
surjective.

The proof of the bicontinuity is essentially the same as the proof of [11, 5.44]
with the obvious minor modifications.

~

4.11. Corollary. Let f € C(A). Then, for any z € QM(A,), there is y €
QM (Ay,) such that n(y) = f(r)n(z) forall n € A.

4.12. By [18, 4.417], we may replace A by Prim(4) in 4.10 and 4.11.

4.13. We shall denote FQM(A,)) = {z € QM(Ay): f(z) = lim f(e,ze,) ex-
ists for each f € P(4)}. Clearly, FQM(A4,,) is a *-invariant linear space
containing QM(A).

4.14. Theorem. (i) If z € FQM(A,,), then (z) € QM (n(A)) forevery m € A.

(ii) If C°(A) # C(A), then FQM(Ay,) # QM(A).
(i) FQM(Ay,) = QM(Ay,) if and only if n(A) is unital for each n € A.

Proof. (i) We may assume that z = z*. Let 7 € 4, H be the associated
Hilbert space, and & be a unit vector in H .
Since (n(e,ze,)¢, &) converges, we may assume that there is a positive num-

ber M.f such that

[(m(e,ze,)¢, &) < M, foralln.
Hence

Kn(e,ze,), S, 8 <M, foralln.
So

l(e,ze,)}*¢ll < M, forall n.

by the uniform boundedness theorem, {||(enzem)i/ 2||} is bounded. Hence

{llte,,ze,)_|I} is bounded. Similarly, {||(e,ze,)_||} is bounded, thus {||(e,ze,)||}
is bounded. This implies that #(z) € QM (n(A)).
(i) If Cb(A) # C(4), then, by Theorem 4.10, there is z € Z C QM(4,,)
such that z is not bounded. Thus z ¢ QM (A). However z € FQM(A,,).
(iii) Suppose that 7 € 4 and n(A) has no unit. By taking a subsequence if
necessary, we may assume that

n(e,,,) —nle,_,) #0.
Thus there are {, € H such that ||, || =1, and & L&, if k#j; and

17y 49) = m(e)) &l = @, > 0
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and
[m(ey,,) —m(ey),, =0 ifm#k
for every k. Define

y=3(k+ D)2 Jay) ey, — )
k

Then it is easy to see that y € M(4y,) C QM (4,,). Let & =35 (1/2)"%, ;
then ||&||=1. So f(:) =(-&, &) is a pure state of 4. But
Sy iaVeysr) 2 k.
So y e FOM(A,) -
Conversely, if m(A) is unital for each 7 € 4, then #(QM(4,,)) = QM(n(4)).
The conclusion is obvious.

5. DUALS AND BIDUALS

In this section, we shall study QM (AOO)' , the dual of QM(A4,) (the lat-
ter being considered with the Q- 4,,-topology), and QM (A4,,)" , the bidual of
OM(A4y) -

5.1. Theorem. QM (A,,) ={f(a-b):a,be Ay, f€A", and |f]| <1}.
Proof. For a, b € A,, denote

U, p ={z2€ QM(Ay): llazb| < 1}.
Then {U, ,} forms a neighborhood base at 0. Let
U, ={f € OM(4y): |f(2)| < 1if z€ U, ,}.

Then o
OM(Ay) =| U, ,:a,be Ay}

Suppose that f € Uf 5> then |f(2)] <1 foreach z €U, ,, or, equivalently,
|f(z)| < |lazb]| for each z € QM(A4,,).

Define a linear functional g on the normed linear space {azb: z € QM (Ay,)}
of A by g(azb) = f(z). Then g is well defined and |g(azb)| < ||lazb|. By
the Hahn-Banach theorem, we can assume that g isin 4" and |/g|| < 1. Thus

Uy ,C{fla-b): fed, |fl <1}
This completes the proof.

5.2. Let g € A; and p, = [e,]. Forevery a€ 4, define f(a) = g(p,ap,) -
Then f e A" and ||f| = ||g||. Moreover,

f(enm+laen+l) = g(pnen+laen+1pn)
=g(p,ap,) = f(a) foreveryae 4.
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Define f(z) = (e,,,ze,,,); then f € QM(A,,)' . We denote by L, the set

{f: fa)=g(p,ap,), g€ A,, foreveryac A4}.
Then L, C QM(A,) . If g € QM(A4,,)’, by Theorem 5.1, g(-) = f(a-b) for
some a, b € A, and some n. Clearly g(p,-p,) =g,s0 g€ L,.
5.3. Corollary. QM (A Un WL,
5.4. By 5.2 we can 1dent1fy L, with An.

5.5. Proposition. Let f be a positive Q- Ay,-continuous functional on QM (A,,) .
Then there is a positive functional g € (A"), and n such that

f(z) = gle,, ze,.,) forall ze QM(A).
Proof. It is an immediate consequence of 5.3.

5.6. Proposition. QM (AOO)' is the linear span of its positive cone.

Proof. Since L, (= A;) is the linear span of its positive cone, by 5.3 QM (Aoo)'
is the linear span of its positive cone.

5.7. We shall denote by M, (4) the norm closure of (J;-, 4," (cf. [15]). Then
Use 4, =Upe, p,A™p,, is a support algebra of M(A), where p, =[e,].
5.8. Let QM(A,,)" be the bidual of QM (4,,). The “strong” topology on
QM(A,,)" is the locally convex topology generated by seminorms

IFll, » =sup{|F(N): f€ U b}
where F € QM (A4,,)", a, b € 4,, and U , asin 5.1,

5.9. Theorem. QM (A,,)" is isomorpic to QM(J;2, A2") as topological vector
spaces, the former is considered with “strong” topology and the latter is considered
with Q-2 A;"-topology.
Proof. Let L, be the same as in 5.2. There is a natural isometry from L, onto
A, . We may identify L, with 4.

Let F € QM(Ay)". Define F,=F|, (= F|,.). Sothereis z,(F) € 4™
such that ’ ’

F(f)=z,(F)(f) forall fed .
We define a map ® from QM (4,,)" into QM(UZ, A;") as follows:
®: F - pp, where pg(a, b)=az,(F)b

forall a,be A", n=1,2,.... Since F, =F,, pp is well defined and
prp isin QM(U;2, 4,7). Clearly disa hnear map.

If p.=0,then F,(f)=0 forall feA4," andall n. So F =0. Hence ®
is one-to-one.

Take z € QM(U,2, 4,"). Then p,zp, € A;". Foreach f € A, (=L,)
define

F,(f)=f(p,zp,) forfeAd, (=L,).
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Thus we define an element F, in QM (A,,)" . It is easy to see that ®(F,) = z.
Hence @ is onto.

Now suppose that F,, F € QM(A,,)" such that F, — F in the “strong”
topology.

Let US = {f € QM(4y,)": |f(2)| < 1 if |le,,,ze,, || < 1}. Then

n+1'
sup{|E,(f) —= F(/): f € U} — 0.
If feA; (=L,) and IIf]l <1, then
|f(2)| = |f(pnen+lzen+1pn)” < Ilpnen+lzen+1pn < ||en+lzen+l” :

Hence f € U,? . Thus,

12, (pr = PpID, |l = sup{|f(p,e,(z,(F,) - z,(F))p,)|: f € 4, Ifl<1}

sup{|F,(f) - F(f)I: feL,, Ifl <1}

sup{|F,(f) = F(f)|: f € U} — 0.
Hence p; — pp in Q-U,-, 4, -topology.

Conversely, suppose that p. — p. in Q-{,., 4, -topology. For each n,
by 5.1, ’

IA

Uy C{f(e,y-€p): f€A4™, ISl 1}
Thus
Uy c{feL,;:Ifll<1}.
Hence
P, (g =PIl = sup{|f(p,(z,(F,) - z,(F))p,)I: f € L,, I/l <1}

> sup{|/(F,) - f(F)|: f € US}.
Thus |Ip,(py — Pp)p,|l — O implies

sup{|/(F,) - f(F)|: f€ U,} = 0.
So @ is bicontinuous.

5.10. Example. Let K be the C™-algebra of all compact operators on a separa-
ble Hilbert space. Let 4, = U;’i, M, be a support algebra of K, where each
M, is isomorphic to the n x n matrix algebra. Since M,” = M, , My(4) = 4.
Hence QM (U2, M™) = QM(A,,). By 5.9, QM(A4y)" = QM (A,) .

5.11. Proposition. Every o-unital dual C”-algebra has reflexive quasi-multipliers.

Proof. Let e be a strictly positive element of 4. By [4, 4.7.20], every nonzero
point of Sp(e) is isolated. So we may assume that e, are projections. Con-

sequently, A4, = e,Ae, and are unital dual C"-algebras. Thus A, are finite

dimensional. This implies that 4" = A,. Hence M,(4) = A. By 5.9,
QM(A()())H = QM(A()()) .
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6. PSEUDO—COMMUTATIVE C"-ALGEBRAS

In §3, we showed that QM (4,)) = LM(A4,,) + RM(4,,). We now con-
sider the problem when QM(A4,) = M(A,,). It turns out that the problem is
equivalent to the problem when K(4) = 4, .

6.1. Theorem. Let A be a o-unital C*-algebra and Ayo({e,}) asupport algebra
of A. Then the following are equivalent:

(i) M(Aoo) = QM(Aoo) .
(ii) For every n, there is an integer N(n) < n such that e,a = e,aey Sor
all ae A.
Proof. (i) = (ii). Since M(A,) = QM(Ay), A C M(Ay). So for every
a€d, eac Ay,thatis, e,a€ 4, for some k. Thus e,a =e,ae,,, . If (i)
does not imply (ii), there are a, € 4 such that

X =e,ale, —e,)#0

for some subsequence {n,}. We may assume that ||x,|| =1 for all k. Define
z=3%,(1/2)*x, . Then z € A C QM(4y). But

— k - k
e, 1Z=¢,,, (Z(I/Z) ) =Y (1/2)'x, =z ¢ Ay.
k=1 k=1
Hence z ¢ M(A4,), a contradiction.
(i1) = (i) For fixed n,

(ae,)" =e,a" =ea’ey, forallaed.

So ae, = Exnm 3y, -
Suppose that z € QM(A4,,) . For fixed k,
€,z6, = en+lenzekek+l = en+leneN(k+l)zek
=eynuynZ€ i n>Nk+1).

Thus z € QM;(Ay,) . Similarly, z € QM (A,,),s0 z € M(A,,) .

6.2. Definition. A ¢-unital C’-algebra 4 (without unit) is called pseudo-
commutative if A4 satisfies (i) or (ii) in 6.1.

6.3. Proposition. Suppose that A is a pseudo-commutative C*-algebra (without
identity). Then the following are true:

(i) The Pedersen ideal K(A) is a support algebra of A.
(i) M(A4)=QM(4).

)
(ii1) The spectrum A of A is not compact.
(iv) For every irreducible representation m of A, n(A) has a unit.

Proof. (i) By (ii) of 6.1, A, is a dense ideal of 4. Since K(A4) C A4, we
conclude that K(A4) = 4, .
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(ii) Suppose that z € QM(A4). Then z € M(A,,). For every a € 4,
eae,z€ A,y C 4.

Since z is bounded and |le,ae, —a|| — 0, we conclude that az € 4. Similarly
za€eA.So ze M(A).

(iii) If A is compact, by [11, 10.8], 4 is a PCS-algebra, that is, M(A) =
I'(K(A4)). It follows from (i) that I'(K(4)) = M(A4y). Hence M(A4) =
M(A,)) = QM (A,,) . However, by Lemma 2.16, if 4 is not unital, QM (4,) #
QM(A). A contradiction.

(iv) By [11, 10.4], n(A) is a PCS-algebra, so, as in (iii), QM (n(A)) =
QM(n(Ay,)) . By Lemma 2.16, it happens only when 7(4) has a unit.

The following lemma is taken from [11, 10.7] but in a slightly different setting.
The terminology follows from [11].

6.4. Lemma (cf. [11, 10.7]). Let A by a C"-algebra and let {x,} bean orthog-
onal sequence in (K(A)), (thatis, x,x,, =0, if n# m) such that the sequence
of partial sum {377 x,} is K-Cauchy. Let a € K(A), S be a subset of A,
and let {a,} be the sequence defined by

a, = sup{||n(a)l|: @ € S and |2 (x,)|| > llx,lsl/2}

where ||x,|sll = sup{||ln(x,)||: = € S}. If |x,|sll = o<, then o, — 0.
Iiroof . The proof is the same as the proof of [11, 10.7]. We only need to change
A and ||x,|| into S and |x, |||, respectively.

6.5. Theorem. Suppose that A is a o-unital C*-algebra. Then A is pseudo-
commutative if and only if one of its support algebras Ay, = K(A4).

Proof. Let Ay, = Ay, ({e,}). For every n, denote
F,={ne€A:|n(e,)|l>1/n+1}.
We claim that there is a b, € 4, such that
n(b,)=1 foreachmeF,.

If not, by taking a subsequence if necessary, we may assume that there are
n, € F, such that
n. (e, —e,_,)#0.

Let x, = B,(ey, — €,,_,), where B, =k -max(1, 1/||m,(ey —ey_)I), k =
1,2,.... Then x,x,, =0 if n# m and Y., X, is Ay-Cauchy. By letting
a=e,,and S =F, in Lemma 6.4, we have ||x;|F,|| — co as k — oo, hence
|, (e,)ll = 0 as k — oc. This contradicts the fact [|z(e,)|| > 1/n+ 1 for all
n € F, . So we complete the proof of the claim.

Now let a, = b,. Then a, € 4,,,s0 a, € AN“) for some N(1). Suppose
that a,, a,, ..., q, have been chosen from Ay s and assume that aq, € AN(k) .
Then

Glnk+1) = ENK)+1%% = By -
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So
{n € d: n(a,) # 0} C {m € 4: |(eyy, )l > 1}
C Fyust -
We choose @, | = by, - Thus n(aq,,,)=1 forall 7 € {n e A: n(a,) # 0} .
Hence a, a4, =a,a,,, =a;, . Forevery a€ 4,
n(aa) = n(a,)n(a) =0 if n(a,) =0.
Thus
n(e.a) = n(e)n(a)n(a,,,)
for all = € 4. We conclude that

a,a=a,aa forallae A and k.
k k¥ %k+1

Clearly {a,} forms an approximate identity for 4. By 6.1 we conclude that
A is pseudo-commutative.
The converse is (i) of 6.3.

6.6. Theorem. Let A be a pseudo-commutative C*-algebra. Then K(A) is the
only support algebra of A.

Proof. By the proof of 6.5, there is an approximate identity {a,} satisfying
a4 = qa,,, = a for each k and a.a = aqiaa, , for every a € 4.
Moreover, there are compact subsets F, of 4 such that F,CF,,, U;";l F,=
A, and
{ 1 forallmeF,,
n(a,) = . -~
0 ifrned\F,,.

Since a,a = aiaa,, forevery a€ A, Ay({a,}) is an ideal. So 4, ({a,}) =
K(A).

Now suppose that 4,, = 4,,({e,}) is any support algebra of 4. For every
n, there is k(n) such that

||ek(n)an -a,l<1/2.

Hence
||7r(ek(n)) -1<1/2 foralneF,.

Thus n(Ak(n)) =n(A4) forall n € F,. Since n(a,_,) =0 for n ¢ /f\ F,, we
conclude that €piny 2 Ay for every n. Hence

Ao 2 A({a,}) = K(4).

This completes the proof.

6.7. Definition. An approximate identity {e,} of A4 is said to be central if
e,a=ae, forall ae 4 and all n.
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6.8. Theorem. Suppose that A is a g-unital C"-algebra such that Prim(A4) isa
Hausdorff space. Then A is pseudo-commutative if and only if A has a central
approximate identity {e,} satisfying e, e, =e.e,  =e, forall n.

Proof. Suppose that 4 is pseudo-commutative. Let

T, = {n € Prim(A4): ||n(e,)|| > 1/n},
O, = {n € Prim(4): ||zn(e,)|| > 1/n+ 1},

and

F, = {n € Prim(A4): ||n(e,)|| > 1/n+1}.
by [18, 4.43 and 4.45], T, and F, are closed and compact and O, is open.
The element b, in 6.5 satisfies n(b,) = 1 for all m € F, . Since Prim(4) is a
locally compact Hausdorff space, there is f € C(Prim(4)) such that 0 < f <
1, f|T,, =1, and f|(PrimA)\0" = 0. By the Dauns-Hofmann theorem (cf. [6,
Theorem 3]), there is x, € 4, such that

n(x,) = f(n)n(b,) forall # € Prim(4).
Notice that 7, C O, C F, ; we have
n(x,) = f(n) forall 7 € Prim(A4).

Hence x, isin the center of 4. Moreover, {x,} forms an approximate identity
for A satisfying

X =x,x,,, =x, forall n.

n+lxn n’'n+l
The converse follows from (ii) of 6.1.

6.9. Proposition. Every homomorphic image of a pseudo-commutative C”-
algebra A is pseudo-commutative.

Proof. Let ¢ be a homomorphism of 4, B = #(A4), and By, = #(4,).
Clearly, by (ii) of 6.1, for every n, ¢(e,)¢(a) = ¢(e,)p(a)p(ey,,) for every
a€ A. Thus B is also a pseudo-commutative C"-algebra.

6.10. Theorem. Suppose that A is a o-unital C*-algebra with continuous trace.
Then A is pseudo-commutative if and only if A is a locally trivial continuous
field of matrix algebras.

Proof. Assume that A is a pseudo-commutative C”-algebra. Since A4 has con-
tinuous trace, Aisa locally compact Hausdorff space. Fix # € 4. Let F be
a compact (hence closed) neighborhood of n. Let I = {a:a € 4, n(a) =0
for m € F}, and ¢ be the canonical homomorphism from A4 onto A4/I. So
#(A)" is compact. By the argument used in (iii) of 6.2 and 6.9, #(A4) has an
identity. Thus, ¢(4,) = ¢(4) for some n. Let a € 4, such that n(a,) =1.
Then n(a,) =1 forall # € F. Since 4, C K(4), Tr(n(a,)) is continuous.
So Tr(n(a)) is a constant in some neighborhood of . This implies that A4 is
locally homogeneous of finite rank. By [7, Theorem 3.2], A4 is a locally trivial
continuous field of matrix algebras.
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Now we assume that A is a locally trivial continuous field of matrix algebras
and {e,} is as usual. Denote

F,={n €Ad: n(e,) > 1/2n}.

Then F, is compact. For each point 7 € F, , there is a neighborhood U, such
that 4 is trivialon U, , where U, is the closure of U, and we assume U, is
compact. Thus there is an a, € 4,,({e,}) such that p(a,) =1 forall p € Un .
Since F, is compact, we may assume that there are #,, 7,, ..., @, , such that

Uf=1 U, 2 F, . There is m, such that
le,a, —a,ll<1/2 fori=1,2,...,k.

So
n(e,)— 1l <1/2 forallmeF,.

Thus n(A4,,) = n(A) for each = € F,. Hence =n(e,,,) = | for each F,.
Now we can use the argument in 6.8 to construct a central approximate identity
{a,} satistying a,, ,a, = a,a, = e,. It follows then from 6.8 that 4 is
pseudo-commutative.

6.11. Examples. Clearly every og-unital commutative C"-algebra is pseudo-
commutative.

Let X be a locally compact and o-compact Hausdorff space, and let B be
a unital C"-algebra. Let 4 be Cy(X, B), the set of continuous mappings
from X into B vanishing at infinity. It is easy to check that 4 has a central
approximate identity {e,} such that ¢ _,e, =e., , =e€,. So 4 is pseudo-
commutative.

7. SINGLY SUPPORTED C*-ALGEBRAS

7.1. We see from 6.7 that a pseudo-commutative C*-algebra has a unique sup-
port algebra. It is evident that this may not be true for other C*-algebras. But
must every two support algebras of a given C*-algebra be *-isomorphic?

7.2. Definition. We say that a g-unital C"-algebra is singly supported if every
two support algebras are *-isomorphic.

7.3. Corollary. Every pseudo-commutative C*-algebra is singly supported.
7.4. Theorem. Let A be a CT-algebra with approximate identities {e,} and
{p,}. Suppose that e, and p, are projections and

oo

00
’
AOO = UenAen’ AOO: UpnApn'
n=1

n=1

Then there is a unitary u € M(A) (the multiplier algebra of A) such that
U AU = Ay -
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Proof. We claim that there are subsequences {e,)} of {e,} and {pm(k)} of
{p,}, elements {£,}, {fi}, {4}, {4.}, {v,},and {w,} in 4, and unitary
elements {u,} and {%,} in M(A) satisfying the following:
(i) fi» fi» 4, 4, are projections in A4, where f, g, € 4, and g,
Ji € Ay -
(ii) f,f;=0, fif;=0, q,q;=0,and g,q,=0if i # .
(1)qfk—fkq—0andqf fq=0f0rallzandk.
(IV) e1=f1 and Zl ]f+21 1 q _en(k)
(v)p =E,14+Z,1f
(vi) u n(k)uk_zi(lq+zﬂand ukp k)”k—zzlf"'zzlq
(vii) vkvk = fi> vkvk = fis wkwk = qk , and wkwk =q,.
We shall use induction.
Since A4, is dense in A, there is a selfadjoint element a € Ai)o such that
la—e,|l < 1/8. We may assume that a € p, Ap, for some n(1). By [5, Lemma
A.8.1], there is a projection ﬂ € pn“)Apn(l) such that

If, —ell < 1/4.
By [5, Lemmas A.8.1 and A.8.3], there is v, € 4 such that |jv, — ¢ < 1/2,
v;‘vl =e,,and vlvr = ﬂ , and there is a unitary element u, € M(A) such that
ueu =f and ujfiu =e,.
Let ¢, = p,,— f| - Then uiqiu, € (1-e)A(1-e)) (= (1-f)A(1-1).
Since (1 —e,)4,,(1 —e,) is dense in (1 —e,)A4(1 —¢,), by the above argument
there is a projection q; € (1 —e;)A4,,(1 —e,) such that

lgy — uiq,u, ]| < 1/4.
By [5, Lemmas A.8.1 and A.8.3], there is a w; € (1 —e,)A4(l —e,) such that
(w))"(w)) = g, wyw; = ujq,u, , and
lw; — gl < 1/2.

Moreover there is a unitary ' in (1 —e,)M(4)(1 —e,) such that («')q,(u)" =
uq,u, and

()" (uygyu,) (') = gy -
Let w, = u,w; and ¥, = (1 — f)u,u' + flu,. Then w'w, =q', (w,)(w,)" =
q,,and %, is a unitary in M(4) such that

—% —_ /_ !
ulpnlul=e1+ql_fl+ql‘

Now we assume that we have chosen e, (i) > f, R f q;» ql, i Wiy U,
and @, i=1,2,..., k. Suppose that qk € en k+|)Aen(k+l and let

k k
fonr = e (zf.-zq:) .

i=1 i
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Then Uy S By € (1=Dp) A —’pn(k))..Sin.ce (1 =Pyay)Ago(1 —pn(,k)) is dense
in (1 —pn(k))A(l —pn(k)) , there is a projection f;+1 e (1 _pn(k))AOO(l —pn(k))
(C Ay,) such that
"/‘;H _ka}wlﬁ;” < 1/4'
By [5, Lemmas A.8.1 and A.8.3], there is v, ., € (1 — P,))Ago(1 = P,i)) Such
that ) , ) ,
Wea) W) = figr Ve ) Vir)” = S B
and a unitary u; € (1 - p,,)M(4)(1 —p,,) such that
(ull )f}c+l(u/l)* = ﬁkf;wlﬁ;
and / ,
() W Srea Ty (uy) = f;+1 .

li —
Define V1 = Vi1 ¥ and

k k k k
Ik ’ — /
o= 60, (1-2 - 2al) 43 (S 30
i=1 i=1 i=1 i=1

* *
Then v, Veyy = ferr> Vip1Vs1 = Jipr» and
k+1

uk+1en(k+l)ul:+l Zq + ZfJ

Let
k+1
e+1 = Pme+1) ~ (Zq +ZfJ)
= DPmk+1) ~ uk+1en(k+l)uk+l .
Then

U1 Tir1¥ienr € (1= ) A1 — €, 4))
Since (1 — €niie1)) ool — €piperry) is dense in (1 — €ner1))A(1 — €, 1)) , there
is a projection q,'(+l e(l- en(k+l)l)A00(l - en(k+l)) (C Ay,) such that
! *
“qk+l - uk+lqk+1uk+1” <1/4.
By [5, Lemmas A.8.1 and A.8.3], there is a w;; € (1 — e, ) A(1 —€,,.,)
such that (wllc+l)*(wllc+l) = qllc+1 ’ (wllc+l)(wllc+l)‘ = ul:+lqk+luk+l ’ and
/ !/
”wk+l - qk+l” < l/2‘
Moreover, there is a unitary u'2 in (1- en(k+1))M(A)(1 — €,(k41)) such that
! I I\ % *
(uz)qk+l(u2) = uk+lqk+1uk+l

and

/AN * / !
() (Upey i Ui )(U2) = Gy -
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!
Define Wy, = Uy, Wy, and

— * ! *
Uy = (1 =ty 1€ ) Wiy Dy Uy + Upe 1€ 1) Uiy -
* i *
Then wk+lwk+l = qk+l > wk+1wk+1 = qk+1 > and
k+1 k+1

uk+lpm(k+1 Upy = Z/;H + Zq

This completes the induction.

Now we define
oo o0
U= Z v, + Zwk .
k= k=1

It is easily checked that u is a unitary in M(A4) and

U e, e, u = (f;(k) + pm(k—l))A(f;(k) + Poie—1))

if k> 2. Thus
* li
u A00u=A00.

7.5. Let A be a C*-algebra. We denote by Aut(4) the automorphism group
of A. If u is a unitary in M(A4), we denote the automorphism a — u*au by
aut(u) .

7.6. Corollary. Let A be a C"-algebra with an approximate identity {e,} con-
sisting of projections. Define

G = {p € Aut(4): p(4y({e,})) = 4y({e,})}.
Then for every ¢ € Aut(A) there are a unitary element u € M(A) and p € G
such that ¢ = aut(u)o p.
Proof. Let A(')0 = ¢(Ay({e,})). It follows from 7.4 that there is a unitary
u € M(A) such that

u(A:)O)u* = Ay, -

Thus p =aut(u”)od € G. hence ¢ = aut(u)op.
7.7. Recall that a C"-algebra A is called scattered if every state of A4 is atomic,

equivalently, if 4 has a composition series with elementary quotients (cf. [9,
and 10]).

7.8. Theorem. Every o-unital scattered C™-algebra is singly supported.

Proof. It follows from [13, Lemma 5.1; 5, Lemma 9.4] that 4 has a support
algebra A, = U,l | €,A4e, , where the e, are projections in 4. Let a be any

strictly positive element of 4 and Aé)o = Ayy(a) . By [12], Sp(a) is countable.
Thus there are ¢,, 0<¢, <1, suchthat 7, \,0 and g, '”a”](a) isin 4. Let

p,= X(t",llalll(a)‘ Then

=Up,4p,
n=1

By 7.6, A,, and A, are isomorphic.
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7.9. Let A be a o-unital C*-algebra and e,, p, be asin 2.1. Let B™ be the
enveloping Borel *-algebra of 4. We denote the norm closure of U:’;l p”B" p,
by B,(A). Clearly By(A4) is a o-unital C”-algebra. It follows from [15, The-
orem 3.7] that By(A4) does not depend on the choices of {e,}. We denote
the norm closure of (2, p,A""p, by M,(A4). Then My(A) is a o-unital C*-
algebra. By [15, Theorem 3.7], M,(4) is the hereditary C"-subalgebra of 4™
generated by A4, hence it does not depend on the choices of {e,}.

7.10. Theorem. For every g-unital C*-algebra A, By(A) and M (A) are singly
supported.

Proof. Clearly, U;“;l pnB**pn is a support algebra of B,(4). Take any strictly

positive element x of B,(4). By [15, Corollary 3.9], for every n, X /n’"x"](x)

€ By(4). Let g, = X/, (%) - Then the support algebra associated with the

strictly positive element x is {J;-, ¢,B™"q, . By 7.6, B (A) is singly supported.
The proof for M (A) is similar.

7.11. Corollary. Let A be a c-unital C*-algebra, and let Ay, and A:)o be two
support algebras of A. Then QM(Ay,)" is isomorphic to QM (Ay,)" .

Proof. By 7.10, M,(A) is singly supported. Therefore (up to isomorphism)
there is only one quasi-multiplier space for supported algebras of M (4). It
follows from 5.9 that QM (A,,)" is isomorphic to QM (A4y,)" .

7.12. The algebras in 7.8 and 7.10 have a rich structure of projections. Pro-
jectionless singly supported C*-algebras can be found in pseudo-commutative
C*-algebras. The following is an example of a projectionless singly supported
C"-algebra which is not pseudo-commutative.

7.13. Let B be a separable nonelementary simple AF C*-algebra with unique
trace 7. Suppose that p is a nonzero projection of B. Then pBp = B (see
[2]). Let o be a nonzero endomorphism of B, and 4 be the set of continuous
functions from [0, 1] into B such that f(1) = o(f(0)). We assume that
o(l) =p # 0. By [2], 4 has no nonzero projections. A is nonunital but is a
o-unital C”-algebra. Moreover, Prim(4) is homeomorphic to the unit circle.
It follows from 6.3 that A4 is not pseudo-commutative.
Suppose that g(B) = pBp for some nonzero projection p in B. Let

1 ifl/n<t<1;
e,=q p+nn+1)(t-1/n+1)(1-p) ifl/n+1<t<1/n;
)/ if0<t<1l/n+1.

Then {e,} forms an approximate identity for 4, and

€,.16, =€,8,,, =€, for all n.

Let A=[e,]4""[e,]N A4 and Ay, =", 4

n=1“"n"
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Suppose that {b,} is another approximate identity for A satisfying b, b, =

bb,,, =b, forall n. Define A" =[b,]4""[b,] A and Ay, = U2, 4, . For
each n, there is an m(n) such that ||b, (t)e,(t)—e,(1)|| < 1/2 forall m > m(n)
and ¢ € [0, 1]. Thus, if m > m(n), ||b,,(1)-1|| < 1/2 forall t€[1/n, 1] and
15,,(0)-pll <1/2. Soif m > m(n), b,(t)=1if te[l/n, 1] and b, (0)=p.

Without loss of generality we may assume that b,(t) = 1 if ¢ € [1/n, 1]
and b,(0) = p for all n. For each n, there is a number a, > 0 such that
I6,,,(t) —pll < 1/4 and |[b,(¢) - p|| < 1/4 for 0 <t < a,. Thus Sp(b,(t)) C
[0, 1/4]1U[3/4, 1] and Sp(b,,,(¢)) C [0, 1/4]U[3/4,1] forall 0< (< a,.

The characteristic function y = x, /a1 18 continuous on Sp(b,(t)) and
Sp(b,,,(t)) for 0 < t < «a,, and thus q, = x(b,) and ¢, = x(b are
continuous on [0, a,). Moreover.

g, () —pll<1/2, llg(t) —pll<1/2 f0<t<a,.

n+l)

Clearly,
a,(1) 2 [b,(0)] > q,(2).
Since (q,(1)) = 7(q,(¢)) for 0 <t < a,, we conclude that
) =[b,)]=¢q,(t) for0<t<a,.
Furthermore, since b, is increasing,
(b, (D1=1[b,(1)] if0<t<min(a,,a,,,).
Let A, be the C-algebra Aljo, (1/2)a,
[0, (1/2)ay],

- Since [b,(2)] = Xb,() for t €

a, = [bl(t)]|[0,(1.2)u|] €4,.
Put g(¢) = p forall 1 € [0, (1/2)a,]. Then q(¢) € 4, . By [5, Corollary A.8.3],
there is a unitary u, € M(A4,) such that

* _ d * _
u,qu, =a, an uau =q.

Define
1, t=0;
u, (1), 0<t<(1/2)ay;
v u (a, -1, (1/2)a; <t < ay;
1, a, <t<1.

It is easy to verify that u is a unitary in M(A4). Moreover, ub, u' < ey and
ue,u < by, where N>n and 1/N < (1.2)e,.
We conclude that
U Aggu = Ay, -
So A is a singly supported C”-algebra.

7.14. We denote K, ={a € A, : thereisa b € (4,), such that [a] < b}.
The following result may help to find a separable C~-algebra which is not
singly supported.
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7.15. Theorem. Let A be a separable C*-algebra with an approximate identity
consisting of projections. Suppose that A is singly supported. Then

K§={aeA+:a$p, D a projection in A} .

Proof. Suppose that a is a nonzero element in Kg but no projection in A4
majorizes a. Let b be an element in (4, ), such that 0 <[a] <b < 1. Let
B be the norm closure of (1—5)A(1—5) and a’ be a strictly positive element
of B. We may assume that 0 < a' < 1. Put e =a' +b. Then e is a strictly
positive element of 4. Since a'[a] = [ala’ = 0, it follows from Lemma 2.6
that [ale = e[a]. By considering the abelian C*-algebra generated by e, [a],
and 1, we obtain
p,= X(]/n,e](e) > [a].

Thus a € U5, p,4""p, N A. We also notice that 4, =, p,4"p,N4 isa
support algebra of 4.

Suppose that A:m is a support algebra of 4 associated with an approximate
identity {e,} consisting of projections. Since A is singly supported, there is
an isometry ¢ such that ¢(4,,) = 4,,. Thus we may assume that ¢(a) < e,
for some k. Then ¢>_l(ek) >a and d)'l(ek) is a projection. A contradiction.

7.16. To conclude the paper, we state the following questions.

(1) Is QM(A,,) the linear span of its positive cone?

(2) Is every o-unital C"-algebra singly supported?

If the answer of (2) is negative one may consider (3):

(3) Let A be a o-unital C"-algebra. We denote by s(A) the number of
nonisomorphic support algebras of 4. For every n, is there a g-unital C"-
algebra A such that s(4) =n?

(4) Are the dual C”-algebras the only C*-algebras which have reflexive quasi-
multipliers?

(5) Does every pseudo-commutative C”-algebra have a central approximate
identity?
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