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LINEAR SERIES WITH AN /V-FOLD POINT
ON A GENERAL CURVE

DAVID SCHUBERT

Abstract. A linear series (V, £?) on a curve X has an TV-fold point along

a divisor D of degree TV if dim(K n H°(X, &(-D))) > dimK - 1 . The
dimensions of the families of linear series with an TV-fold point are determined

for general curves.

1

We work over the field of complex numbers C.

Let X be a smooth projective curve. A gd on X is a linear series of

dimension r and degree d on X, i.e., a pair (V,f¿?) consisting of a line

bundle y of degree d and an r + 1 dimensional subspace V c H°(X ,3?).

The grfs on X are parameterized by a projective scheme Grd(X). If X is

general in moduli, then dixnGrd(X) — p(g, r, d) — g - (r + l)(g + r - d)

[ACGH].

Definition. We say that a gd(V, S?) has an TV-fold point along a divisor D of

degree N > 2 in X if dim(VnH°(X, Jzf(-D))) > r.

If n : X —► V is a flat proper irreducible family of smooth curves, there exists

a scheme Gd(X/V) which is projective over V whose fiber over each v e V

is Grd(Xv) where Xv =n~x(v) [EH-2]. It is easy to see that, by considering the

construction of Gd(X x v X ¡X ) as the degeneracy locus of a vector bundle

map, there is a closed subscheme N(X/V) c Grd(X xv XNJXN) such that the

fiber over each point (Px, ... , PN) e Xy consists of the gjs on Xv with an

TV-fold point along YJ P . We will write N(X) if F is a point.

Let Jf denote the moduli space of smooth curves of genus g > 3, and

let U be the open subset of Jf corresponding to curves without nontrivial

automorphisms. Let Z —> U be the universal curve over U. We will prove the

following theorem.

Theorem. With  g > N > 2,   g > 3,   z*>2  and the notation as above,

dim N(ZU) < p(g, r, d) - r(N - I) + N when u is a sufficiently general point

ofU.
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This extends a result of Marc Coppens who proved the case when N = 2

[C]. It is easy to see that p(g, r, d) - r(N - I) + N is a lower bound for the

dimension of tV(ZJ when N(ZU) ¿ 0. If p(g, r, d) - r(N - 1) + TV > 0 and

p(g,r-l,d-N)>0 then N(ZU) ¿ 0 [S].

Let X be a connected complete curve. We say that X is of compact type if

and only singularities of X axe ordinary double points, and the dual graph is

a tree. We say a connected closed subcurve Y c X is a tail if it meets X - Y

at at most one point. We say that a curve X of genus g is of special type if:

it is of compact type; each irreducible component is a nonsingular rational or

nonsingular elliptic curve; and each irreducible elliptic component is a tail.

We say that a sequence a = (a0, ax, ... , ar) is of type (r, d) if 0 < a0 <

ax < ■ ■ ■ < ar < d. If X is a smooth curve containing a point P, and L =

(V, y) is a gd on X, then the orders of vanishing of the sections of V

determine a sequence a of type (r, d). We call a the vanishing sequence

of L at P. We denote by W(a) = Y,(a¡- - i) the weight of the sequence a.

If h = (b0, ... , br) is a sequence of type (r, d), and a gd L has vanishing

sequence a = (a0, ... , ar) at P, we say that L satisfies the vanishing condition

b at P if üj > bj for i = 0, ... , r.

In §2 we show the existence of a family of smooth curves XT_,Q, -* T- {0}

which specialize to a curve X0 of special type and a family A1 of gjs with

TV-fold points on XT_,Q, —> T - {0}. The TV-fold points of A1 specialize to a

genus M tail of XQ . The gjs of A' also satisfy a vanishing condition a at a

point. The relative dimension of Â over T - {0} is 0, and the codimension

of Á in N(XT_{0]/T - {0}) is <N-M+W(a).

In §3 we use the theory of limit linear series as developed by Eisenbud and

Harris [EH-2] to show that the crude limit linear series on X0 induced by A1

forces p(g,r,d)-r(N -l) + M - W(&) >0.

The products involving P in the proof of Lemma 1 are taken over Spec C.

All other products are fibered over Jf   unless specified otherwise.

The author is grateful to Ziv Ran for his generous assistance.

The author would like to thank Marc Coppens for pointing out some errors

in the original version of this paper.

2

We will make use of Knudsen's results concerning stable «-pointed curves

[Kl, K2]. A stable «-pointed curve is a connected projective curve X and n

distinct nonsingular points Px, ... ,Pn of X such that: the only singularities

of X are ordinary double points; and on every smooth rational component

Y c X, #{Pj | Pj e Y} + #{Y n T^Y} > 3 . For each g and n , there exists

a coarse moduli space for «-pointed stable curves of genus g which we denote

by J(   n . For each g and « , Jf   n is a projective variety.

The functors of relative stable «-pointed curves and relative stable « - 1-

pointed curves with an additional section are isomorphic.  For each stable «-
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pointed curve (X, Px, ... , Pn) there is a curve Xc and morphism c: X —> Xc

such that: (Xc, c(Px), ... , c(Pn_x)) is a stable « - 1-pointed curve; and either

c is an isomorphism, or Pn lies on a rational component Y c X whose image

in Xc is a point and c\ X_Y is an isomorphism of X - Y with Xc - c(Y).

When we wish to consider Jf n as coarsely representing the functor of stable

n - 1-pointed curves with an additional section, we will write Jf „ - Z _,.

When n = 0 we will write Jf   instead of Jf  0 and Z    instead of Z   0 .

For each m < « and each subset {ix < ■ ■ ■ < im} of {1,...,«}, we have

a contraction morphism n : Jf n —> Jf m obtained by forgetting the points

not indexed by {ix < ■■■ < z'm} and collapsing certain rational subcurves, if

necessary.

There is a natural clutching morphism

y-^gl,n+l XC^g2,m+l^^gl+g2,n+m-

If (X,Pl,..JJ Pn+l) and (Y,Qx,...,Qm+x) correspond to a point (x, y) e

•^a „_Li xr^ „.i > then y(x, y) corresponds to the n + m-pointed curve

obtained by joining X and Y at the points Pn+X and Qm+X ■

Fix g > 3, 2 < TV < g, r > 2, and d. As before, we let U c J? be the

open subset corresponding to smooth curves without nontrivial automorphisms,

and we let n: Z -> U be the universal curve over U. Let H c N(Z/U) be

a component of the scheme of gd's with TV-fold points whose dimension is

maximal with respect to the property that n(H) = U.

We have a natural morphism a: H -» (Zg)N.   Let B be the closure of

a(H) in (Z )N, and let ß: B -> Jf   be the natural morphism.  Note that

ß(B) = l£g , because n(H) = U. Let M = N - min{dimß~x(x) \ x e ^£g}.

Note that 0 < M < N. If M = 0, then the theorem holds, because the

gd's on a general curve with an TV-fold point along a divisor whose support is a

general point have codimension r(TV - 1) by Theorem 4.5 of [EH-2]. We will

henceforth assume M > 1 .

Lemma 1. There exists a point b e B corresponding to a curve Xb which is of

special type and points Px, ... , PN e Xb which lie on a tail of genus < M or

Px = P2 = ■■ ■ = PN is a nonsingular point on a rational component of Xb .

Proof. All products involving P in this proof are fibered over Spec C. All

other products are fibered over Jf .

There is a set-theoretic map on closed points ô: Jf^    x (Z )N -» (Z0   )N

which we will now describe. A point w e ^#0 x (Z ) corresponds to a

^-pointed rational curve (X,QX, ... , Q ) and TV points Px, ... , PN on the

stable genus g curve X0      0   obtained by attaching a fixed elliptic curve E

to X at each point Qx, ... , Q . Let n: XQ      Q  -> X be the natural map

which collapses the elliptic tails. The point ô(w) e (ZQ ) corresponds to

(X,Q,,...,QA and the TV points n(P.), ... , n(PN).
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For each / = (/,,..., iN) such that 0 < i < g for j = 1, ... , N there is

a scheme D, which parameterizes g-pointed rational curves (X, Qx, ... , Q )

and points Px, ... , PN on XQ Q such that each P lies on the elliptic tail

attached to X at the point ß if z" > 0, or P lies on X if i, = 0. Each D,

is easily shown to exist by considering contraction and clutching morphisms.

Furthermore, there are morphisms 4>[ : D1 -> (Z0   )N and *F7 : D¡ —» ̂f0    x

(Z )^ such that ô o »F, = ^ . It follows that ¿(p^'(-#)) is a closed subset of

(Z0   )^ where pz is the projection of ^#0    x (Z )N to (Z )^.

There are morphisms

ÇN:(Z0JN^(Z0>f~(l>y   and   Çg: (Z0>/-» (Z0>3)* ̂ (P1)*

which correspond to forgetting about the last £ - 3 points on a ^-pointed

rational curve and designating the first three points as 0, 1 and oc. The mor-

phisms Cjv anc* C are products of contraction morphisms. There is a mor-

phism 6:/0g -» (Z0 )g which corresponds to associating the ^-pointed

rational curve (X ,QX, ... , Q ) to itself and the points Qx, ... , Q on X.

The morphism e exists because of the functorial properties Jf^ and Z0 .

We get a set-theoretic map

f = (CgoeopM) x (CW):^ x (z/ - (P1)* x (P'f

where pM  is the projection of JfQ    x (Z )     onto ^#0    .   Furthermore,

f(Pz\B)) is closed in (P1)* x (P1)" .

We will prove the lemma by showing that there exists a point

(Qx,...,Qg,Px,...,PN)e f(p-\B)) c (P1)* x (P1)"

such that either: (i) Px = ■ ■ ■ — PN and at most M of the Q,. are equal to P, ;

or (ii) there exists a point Q eP such that all of the P¡ axe distinct from Q

and at least g - M of the ß, are equal to ß. Suppose that (X, Qx, ... ,Q )

is a stable ^-pointed rational curve. Let Xn      n   be the curve obtained by
y.■ ut        ^

attaching the elliptic curve E at each ß, , and let n : Xn      n   ^ X be the
' yi.ys

map which collapses the elliptic tails as before. The map Z0 —> Z0 3 ~ P1

corresponding to forgetting about the last g-3 points of a g-pointed rational

curve and designating the first three points as 0, 1 and oc induces a morphism

X -* P1  and hence a morphism Xn      n  -> P1. Note that if P is a point

in P1 and k of the points ß,, ... , Q map to P, then the pre-image of P

in X0 n is a tail of genus k . hence condition (i) above implies that there

exists a point in B corresponding to a curve and TV points which lie on a tail

of genus < M. Note that the preimage of P1 - {P} in X0 0 is a tail of

genus g - k . Thus condition (ii) will also imply the lemma.
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Let Dk = {(P,, ... , PN) e (VX)N \ at least k points coincide}. We will

use the fact that if Y is a closed subset of (P1)^ and dim(7) > k - 1, then

DknY ^ 0. This fact follows from: the diagonal is ample in P1 x P1 ; thus

dim(Dk n Y) > 1 implies dim(Dk+x n7)^0; and œdixnDk = k - 1.

Let pg and pN denote the projections of (P'fxfP'f to (Px)g and (P1)^,

respectively.

The dimension of the fiber of f(p~x(B)) over each point of (0, 1, oc) x

(P1)^- is > N - M, because the dimension of the fiber of B over each point

of Jf   is > N - M. Hence

Pg(f(pj\B)) D (P1)* x DN_M+X) = (0, 1, oo) x (P1)*"3.

Let k = max{/c | (P1)* x Dk n f(p¿x(B)) ¿ 0}. We will prove the lemma by

showing that condition (i) holds if k = N and condition (ii) holds if zc < TV-1.

Suppose zc = TV.  Then pg(f(pzA(B)) n (PX)S x DN) has codimension <

N-(N-M+l) = M- 1 in (0, 1, oo) x (P1)*-3. Hence

dixn(pg(f(p-X(B)) n (pV x DN)) >g-2-M.

Let £M+1 = {(Öi. ... , öj)e(0, l,oo)x(py~3| at least A/+1 of the points

ß]> • • • > Qg coincide}. We have

dim(^+1) = g - 3 - M < dixnpg(f(pjx(B)) n (P1)' x Z)^).

Thus we can find (Qx,... , Qg, Px,..., PN) e f(P~x(B)) so that P, = ■■■ =

PN and at most M of the ß;'s are equal to Px.

Suppose K < N- 1. Let W be a component of f(p~x(B)) n (P')? x Z>K .

Then pJfF) is a point (P,, ... , PN) e (PX)N, because otherwise (Px)g x

DK+X nf(P~x(B)) ¿ 0. Choose a point R e P1 so that R ¿ P¡ for i =

1, ... , TV. If zc = TV-1, we choose /? € {0, 1, oo} . Now W has codimension

<zc-(TV-Af+l) in f(p~x(B))n(Px)8 xDN_M+x so pg(W) has codimension

<k-(N - M +1) in (0, 1, oo) x (P1)*-3.  Thus dixnpg(W) > g-M if

k < TV-2, and dimpg(lF) > g-M - 1 if zc = TV- 1. Since pg(W) is closed

in (0, 1, oc) x (P1)*"3 there are din\(pg(W)) factors of (Pl)^~3 so that the

projection of pg(W) to the product of these factors is onto. Thus there is a

point (Qx, ... , Qg) epg(W)c(0, 1, oc) x (P1)*-3 so that at least g - M of

the ß;'s are equal to R. Thus condition (ii) holds and the lemma follows.

We can find a smooth curve T containing a point 0 and a morphism </>: T —>

B c (Z ) such that (f)(0) is the point b e B described in Lemma 1, and the

induced map T -* Jf sends T - {0} to the subset of U where the fibers of

ß : B -> Jf   have dimension N - M.

After replacing T with a base extension, if necessary, there is a family of

0-pointed stable curves X -* T which corresponds to the morphism T —> Jf .
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Note that if T is replaced with a base extension and the singularities of X are

resolved by blowing up, the curve X0 will change by inserting chains of rational

curves at the nodes of X0 . Thus we may assume (by replacing T with a base

extension and blowing up the singularities of X if necessary) that there is a

family of curves X —> T which extends Z xv(T - {0}) and has the following

properties: (1) X0 is of special type; (2) there is a tail Y of X0 of genus < M

so that the sections sf. T -* X induces by the map (f>: T -* B c (Z )N axe such

that each s¡(0) is smooth point of X0 which lies in Y (if P, = P2 - ■■■ - PN

is a point on a rational component of Xb then, after blowing up, there will

exist Sj such that the s,.(0) lie on a tail of genus 0 in X0 ); (3) there is a section

s: T -> X such that s(0) is a smooth point of X0 which lies in a rational

component of X0 - Y ; and (4) X is smooth. Note that these properties are

unchanged if T is replaced with a base extension which sends one point to 0

and the singularities of the new X axe resolved by blowing up.

Theorem 2. There is a sequence a of type (r, d) and a closed subscheme A of

HxB(T-{0}) suchthat: A consists of all linear series in HxB(T-{0}) which

satisfy vanishing condition a along s(T - {0}) ; the fibers At are nonempty for

each t e T - {0} ; and dim ,4, = 0 for all but finitely many t e T - {0} .

Proof. Note that H xB (T - {0}) is proper over T - {0} , and the subset of

linear series satisfying a particular vanishing condition along s(T - {0}) is

closed. Since there are only finitely many sequences of type (r,d), the lemma

is a consequence of the following.

Lemma 2a. Let X be a smooth curve. Let A be a closed subset of Grd(X), and

let a be a sequence of type (r, d). If dim A > 1 and every linear series in A

satisfies vanishing condition a at a point P e X, then there exists a sequence a'

with a'j > üj for i = 0, ... , r and a'k > ak for some k such that A contains

a linear series which satisfies vanishing condition a' at P.

Proof. We may assume A is irreducible. Consider the natural map O: A —>

Pic (X). Suppose for some x e Pic (X), the fiber 0_1(x) has dimension

> 1, and let Sf be the line bundle corresponding to x. The set of (r + 1)

dimensional vector spaces of H (X, Sf) which have vanishing sequence a at

P is a Schubert variety, and hence is affine. It follows that A contains a gd

which does not have vanishing sequence a at P, because G>_1 (x) is closed and

dimO_1(x) > 1. So we may assume Q>(A) contains a closed curve in Pic (x).

If the lemma were false, then there would exist a family F of gd_a 's ob-

tained from A by taking (H°(Y, Sf(-arP))nV , Sf(-arP)) for every (V, Sf)

of A. But a family of gd_a 's is a family of divisors of degree d - ar.

Since dim(P) > 1, it must contain a divisor with P in its support. But

the linear series in A associated with this divisor satisfies vanishing condition

(a0, ... ,ar_x,ar + l).
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If T is replaced with an appropriate base extension, and the singularities of

X blown up, we may also assume that A —> T - {0} gives an isomorphism

A' —> T - {0} for some component A1 of A .

The codimension of HxBT in HxvT is N-M, and Â has codimension

< W(a) in H xBT. Thus the theorem will follow when we show that W(a) +

N-M<p(g,r,d)-r(N-l) + N.

3

The family of curves X -> T and Â determine a crude limit linear series

on XQ [EH-2]. This crude limit linear series is a collection consisting of a

gd for each of the components of XQ. If C is a component of XQ, the

gd(Vc, Sfc) on C is determined in the following manner. Let R be the local

ring of T at 0, and let t] be the generic point of Spec R. Then À determines
C C

a unique line bundle Sf on ^SpecJ? such that the restriction of Sf to X0

has degree 0 on every component of X0 except C. Also, Á determines a

subspace V c HQ(Xn ,Sfc\x). Let Vc = V n H°(XSpecR, Sfc). Then Vc =

Vc ® k(0) c H°(X0, Sfc\x ) and Sfc = Sfc\c where Jfc(0) the residue field

of R. _
Let ß = Yn(X0 - Y) and let Y' be the component of Y containing Q. Let

Yx, ... ,Yk be the remaining components of Y. In addition to parameterizing

a family of gjs on XT_,0X -*T— {0} , A' also determines a family of grd_N^

corresponding to the sections which vanish along \js¡(T - {0}).

Let (WY,, rjy,) be the grdZXN on Y' of the limit grj~jN on X0. Then

/ =SfY' (-¿2si(T) -^rijYj)    where n, > 0,

so rjy, = n   \y, = SfyA~ lZ Q¡) where the ß; are points not equal to ß. Also,

Wr = (Vy, n/f°(*SpM/{-/))®/c(0) c Fy, nH°(r¡Y.).

So the vanishing sequence b of ( Wy,, nY, ) at ß is a subsequence of the van-

ishing sequence c of ( VY,, Sfy> ) at ß.

The following lemma is an immediate consequence of Theorem 4.5 of [EH-2]

and Theorem 2.3 of [EH-1].

Lemma 3. If C is a genus g curve of special type and P and Q are two smooth

points in rational components of C, then the existence of a crude limit gd on C,

which satisfies vanishing conditions a and b at points P and Q, respectively,

implies that p(g, r,d)- W(&) - W(b) > 0.

Now the crude limit grj~_}N on XQ determined by A' restricts to a limit grj~_jN

on the genus M tail Y which satisfies vanishing condition b at ß. Hence

p(M, r - 1, d - N) - W(b) > 0.   Since b is a subsequence of c we have

W(c) < H/(b) + d-r. So W(c) < p(M ,r-l,d-N) + d-r.
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Let F be the component of X0 - Y which contains ß. If c' is the vanishing

sequence of VF at ß, then the definition of crude limit linear series requires

W(c) > (r + l)(d - r) - W(c)

>r(d-r)-p(M, r - I, d - N).

Now the crude limit gd on XQ determined by A' restricts to a crude limit grd

on X -Y satisfying vanishing conditions c at ß and a at 5(0). Thus,

0<p(g-M,r,d)- W(&) - W(c)

<p(g-M,r,d)- W(a) + p(M, r - 1, d - N) - r(d - r)

= (r+l)(d-r)-r(g-M)-w(&)

+ r(d-N-r+l)-(r-l)M-r(d-r)

= (r+l)(d-r)-rg- W(a) - r(N - 1) + TV - (N - M)

= p(g,r,d)- W(a) -r(N-l) + N-(N-M).

Thus W(a) + N - M < p(g, r, d) - r(N - I) + N, and the theorem follows.
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