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HOMOGENEOUS DISTRIBUTIONS ON THE HEISENBERG GROUP

AND REPRESENTATIONS OF SU(2, 1)

R. C. FABEC

Abstract. A 'Fourier' transform of tempered distributions on the Heisenberg

group is defined to analyze homogeneous distributions relative the group of

dilations (z, t) >-, (rz, r t), r e R. An inversion formula is derived for

the abelian central Fourier transform of the distribution. These formulas are

applied to the family of homogeneous distributions defining the intertwining

operators for the group SU(2, 1). Explicit unitary structures are determined on

subquotient representations and their spectral decompositions on the minimal

parabolic subgroup are obtained.

The object of this paper is two-fold. The first is to provide a framework

in which to analyze the tempered distributions on the Heisenberg group 77.

Of particular use would be a transform defined in terms of the group struc-

ture on the space. This essentially is the content of the Plancherel Theorem

when the distribution is defined by a Schwartz function or more generally by

a square integrable function. Then the transform is a Hilbert-Schmidt opera-

tor valued function defined on the dual of the group. The Plancherel Theorem

then provides an inversion process which allows one to reconstruct the function

from this operator valued 'Fourier transform'. The transform is not unique

but depends on the selection of representatives from the classes of irreducible

unitary representations of 77. In [2], L. Corwin and F. Greenleaf developed a

method applicable to a class of nilpotent Lie groups of obtaining a smooth func-

tion as the 'Fourier transform' of a Schwartz function. This smooth transform

depends on a smooth choice of irreducible representations and essentially pro-

vides a smooth parametrization of the kernels which define the operator valued

Fourier transform.

In order to handle higher order distributions the transform must not be given

by an operator valued function but by a distribution which is operator valued.

In fact for a distribution U we introduce a Fourier transform U which is a

distribution on a cosingular subset of the dual of 77 and has values continuous

linear transformations from the Schwartz space ^(R) into the dual Schwartz

space <5**(R).  Moreover, there is an analog of the Plancherel theorem from

which the distribution U can be recovered from its Fourier transform U. This
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inversion process is not complete since some information about the distribution

is lost by restricting test functions to only a part of the dual of 77. The operator

valued distribution U can be shown to be equivalent to an infinite matrix of

ordinary distributions. This matrix is obtained from a smooth parametrization

of the matrix coefficients of the irreducible infinite-dimensional representations

of 77. When the transform is considered as an infinite-dimensional matrix, the

transform of a convolution is an infinite matrix product which converges in the

weak sense.

As in the case in analyzing homogeneous distributions on R, the Fourier

transform on 77 provides the proper mechanism in which to analyze homo-

geneous distributions. The covariance of the transformed distribution U pro-

vides sufficient information to determine each matrix element in the infinite

transform up to a multiplicative constant.

In the second part of this paper these constants are determined for the family

of homogeneous distributions invariant under rotation which define the Kunze-

Stein, Knapp-Stein intertwining operators for the simple Lie group SU(2, 1).

The invariance under rotations makes the nondiagonal constants zero. The

intertwining operators are convolution operators on 77 defined by these distri-

butions. Since in this case, the infinite matrices are diagonal, the realization

of convolution as an infinite matrix product becomes a simple diagonal matrix

product.

The convolution operators can then be used to obtain the complementary

series and uniformly bounded representations as done in [3, 7, 18], etc. This,

however, is not our intent. Indeed, we use the intertwining operators at each

point to obtain a nested sequence of invariant subspaces on whose quotients

the intertwining operators and its principal values define invariant sesquilinear

forms. When these forms are strictly definite, one obtains unitary subquotients

of nonunitary principal series. This nested sequence of subspaces are the null

spaces of a series of operators with smaller and smaller domains. Furthermore,

by referring to the results of Kraljevic [9] one can see one obtains most of the

nonunitary principal series and noncomplementary series dual.

Moreover, because the methods developed are analytic, it is possible to de-

termine the spectral decomposition of the unitary subquotient representations

on theminimal parabolic subgroup. This, as far as we are aware, cannot be

obtained by algebraic methods.

Finally the author wishes to cite the paper [6] of Roger Howe. It was this pa-

per which convinced the author that homogeneous distributions on the Heisen-

berg group could be understood in terms of an appropriate Heisenberg group

theoretic 'Fourier transform'.

I. Analysis on the Heisenberg Group

In this part of the paper we develop methods to analyze distributions and

convolutions by distributions on the Heisenberg group. Because of our interest
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in the group SU(2, 1) and to keep notation simple we restrict ourselves to the

3-dimensional Heisenberg group 77 = C x R.

We begin by describing the Fock model. It is used to obtain the matrix

coefficients for the infinite-dimensional irreducible unitary representations of

77. These matrix coefficients are known to be Schwartz bases over C. The

Plancherel Theorem is presented and the group theoretic transform U is de-

fined. U is shown to completely determine U, the abelian Fourier transform

over the center, on all of C x R except on the singular set C x {0} . Moreover

a Plancherel formula relating U and U is presented. The distribution U is

shown to be determined by countably many distributions U   n .

Next we study convolution operators. Convolution operators by radial func-

tions are shown to be infinite diagonal matrix operators relative to the 'Fourier

transform' U >-> U. Finally, Sobolev spaces over 77 are defined. Sufficient

conditions insuring the boundedness of convolution operators between Sobolev

spaces are obtained.

1. The Fock model

The 3-dimensional Heisenberg group 77 is the set C x R with multiplication

defined by (z, t)(w , s) = (z + w, t + s + a(z, w)) ; where a is the symplectic

form a(x + iy, x + iy') = yx - xy = Im(z, w) and (z, w) = zw .

Let %? be the space of complex holomorphic functions /on C such that

| |/(z)|V|z|2 ¿Z < OC,

Let ( , ) be the corresponding Hermitian product. Then for / in %?, one

can show by using the residue theorem that

(1.1) f(0) = ^{f,l),

and in general

(1.2) f(z) = ^(f,kz),    where kz(w) = e{w'z).

%f is the Fock space on ^ and is complete for ( 1.2) implies Cauchy sequences

in %? converge uniformly on bounded sets.

Define a representation n of 77 on %f by

(1.3) n(z, t)f(w) = e-"e-lz¡2/2eiw'z)f(w - z).

Theorem 1.1.  n is an irreducible unitary representation of 77.

Proof. That n is unitary and a representation is immediate. That n is irre-

ducible follows from the infinitesimal formulas (1.5) below.   D

The functions zn in %f satisfy

(1.4) (zn,zm) = nn\ôntm,
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and thus en = (nn\)~1' z" , «=1,2,..., form a complete orthonormal basis

of X.
Let X and Y be the vectors in the Lie algebra of 77 satisfying

exp(xX) = (x,0),        exp(yY) = (iy, 0).

Then one has

,.   ., , v\   n "+1 n-1 ,vl   n .   n+\       ■     n-\
(1.5) %(X)z  =z     - nz     ,        n(Y)z  =-iz     - inz

Matrix coefficients. Using (1.3) one obtains

,        n.   n —|iX)|2/2   (z,w), .n
n(w, 0)z  =e e       (z -w)

-M2/2 <r^ z'w " t^      .J(n\     I   n-l
= e > .—r-r- > (-1)     ,   tu z

oo      <:—A:    n

ir=0 /=0

-|w|2/2v^         V^        , ,jfn\            1               l—l+r-n   r
= e > > (-1)       ,     -^--ri« lu z

„, W /  (/-r-r"-«)
r=0/=max(n-r,0) v    '   v                   ;

= e          >.«)            > -1)     ,    tt-1—^-rrZ .'^'n,    ^      (_1) l/y(/ + r-n)!'
r=0 /=max(«-r,0) \     /   v /

Hence one has the following.

Proposition 1.2.

/    / n\ \        (rX\ -\w\2/2—r-n ^ I     i\'fn\ \W\
(n(w,0)en,er)=i^j    e        w £     (-1) ^j    ^  '_

x     y /=max(n-r,0) \    /  v y

The Laguerre polynomials are defined by

r(« + a+l) X
l:w=E(-d

(n - m)!r(a + m+ I) mlm=0 \ /     \ i

Hence since (n(w , 0)en , er) = (n(-w, 0)er, en), one has

(1.6) (n(w,0)en,er)=(^\    e~^'^w   " L''" ({wD   if r>n.
-\w\2/2_r-nTr-nn     .2,

and

.    , \ 1/2 ,
•.n-r I r\ \ —\w\ ¡2    n-r Tn-r,,     ,2s

(1.7) (n{w,0)en,er) = {-l)"-'{jj    e"|U" "w"-'L",   (\w\*)   if n>r.

It follows from (1.6) and (1.7) that the representation n is square integrable

modulo the center.

Let IF be the conjugate space to %?. Thus ~W = %?, (f, g)~ = (f, g),

and Xf = Xf. Define n   on %? by

(1.8) n\z, t) = n(VXz, Xt)   for/l>0.
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For X < 0, set n = n~x. Thus n (0, t) = e~' ' and by the Stone-Von

Neumann Theorem, n is the unique up to equivalence irreducible unitary

representation of %? with central character e~' '. One has the following matrix

coefficients:
1 I")

(a  c\\     i   *■/        n\ \       ( ft" \ —A^|2/2 - (r—«)/2—r-n Tr-n f~,     ,2X
(1.9) (n (w,0)en,er) = l-^\    e   '"A1        w     Ln   (X\w\),

if X > 0, r > n

and
i l'y

t \   i n\      i   k,        nx ,        f    + \n-r i A*! \ —X\w\ ¡2 An—r)¡2     n—r T n-r, «.     ,2X
(1.10) (n (w,0)en,er) = (-l)     l—j    e   ' " Av        w     Lr    (X\w\),

if A> 0, n>r.

If X < 0, the matrix coefficients of n   are the conjugates to these.

2. The Plancherel Theorem

Let cS^(R) be Schwartz space on R. Recall one has

(2.1) II f(x)e-lxyeiyzdxdy = 2nf(z),

for f£^(R).
For each real number X define an irreducible unitary representation nx of

77 on L2(R) by

nx(x,0)f(r) = f(r-x),

(2.2) nx(iy,Q)f(r) = e-myrf(r),

nx(0,t)f(r) = e-a'f(r).

The Stone-Von Neumann Theorem implies nx is unitarily equivalent to n   for

A^O.
Clearly,

(2.3) nx(x + iy, t) = nx(x + iXy, Xt).

Theorem 2.1.

/ (v , nx(z, 0)w)(v', nx(z, 0)w') dz = ^-Av , v')(w', w),

for v , v , w , w' £ S?(R).

Proof. This follows from an application of (2.1).

Let <5"(H) be the space of Schwartz functions on 77. For / £ ^(H) and

a a unitary representation of ß? define

a(f) = j f(h)a(h)dh.
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Then the operator nx(f) is a Hilbert-Schmidt operator having Schwartz kernel

(2.4) Px(f)(x,y) = ¡jf(x-y + ir, t)e~m e'^*^drdt.

Thus

*x(f)<Kx) = JPx(f)(x,y)4>(y)dy.

In particular, nx(f) is trace class. For / e <5"{H), we shall use / to denote

the Fourier transform of f over the center of 77. Hence

dt.(2.5) f(z,X) = l f(z,t)eat

Theorem 2.2.  tr(nx(f)) = ^/(0, X).

Proof.

tr(7rA(/)) = I Pxf(x ,x)dx = HI f(ir, t)e~a'e~2Urx drdtdx

= W\JIffiir> t)e-irxdrdxe-atdt = ̂ /(0, A).   D

An immediate consequence of Theorem 2.2 is the Plancherel Theorem on

77. If T is a Hilbert-Schmidt operator, then ||r||2 = tr(T*r)1/2 is the Hilbert-

Schmidt norm of T.

Theorem 2.3. Assume f is a Schwartz function on 77. Then:

(1) f(e) = (l/2n2)ftr(nx(f))\X\dX,

(2) \\f\\22 = (l/2n2)!\\nx(f)\\22mdX,

(3) f(h) = (l/2n2)jtr(nx(h-l)nx(f))\X\dX.

Proof. First note by (2.1)

J-2 Itr(nx(f))\MdX=±lf(0,X)dX = f(0,0).

Thus (1) holds. Using /*/*(0) = ||/||2 and nx(f(h-)) = nx(h~x)nx(f), it
follows that (2) and (3) hold.   D

The usefulness of Theorem 2.3 is in part dependent on the fact that each nx

can be replaced by any unitarily equivalent representation ax.

Corollary 2.4. The mapping f >-, U(f), where U(f)(X) = nx(f), is a unitary

isomorphism of L (77) onto /eHS(L2(R))|A|i7A. Moreover, if B is the bireg-

ular representation of 77 on L (77) defined by

B(gx,g2)f(h) = f(g;lhg2),

then

U(B(gx, g2)f)(X) = nx(gx)U(f)7ix(g2l).
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We end this section by noting that the matrix coefficients of the representation

n   for A ,¿ 0 form a complete orthonormal basis of L (C).

In fact by Theorem 2.1 one has

(2.6) l(nx(w, 0)em , en)(nx(w, 0)er, es)dw = ^SmrSns.

Thus the matrix coefficients

(\X\/n)l/2(n\w,0)em,en)

form an orthonormal set. Moreover, by Proposition 1.2, the linear span of the

functions (n(y/Xw , 0)em, en) contains all functions of form P(w , w)e~x^ /2

where P is a polynomial in w and w for A > 0.

1/2        }
Theorem 2.5. For X ̂  0 the Schwartz functions (|A|/7t) ' (n (w, 0)em, en) form

a complete orthonormal basis of L (C).

3. Decomposition of Schwartz functions

In [6] Roger Howe discusses a strong Stone-Von Neumann Theorem. We

shall make extensive use of this theorem. We discuss this theorem and use it

to obtain Schwartz space decompositions of smooth functions. Let p be the

unitary representation nx.

For a Schwartz function / on C set

(3.1) p(f) = jf(z)p(z,0)dz.

Then p(f) is an operator on L (R) given by the Schwartz kernel

(3.2) Kf(x ,y) = jf(x-y + ir)e~ir{x+y) dr.

We will identify func

we shall mean Kj-(x, y)

2
We will identify functions on R   and on C. In particular, by KAx + iy)

Theorem 3.1 (Strong Stone-Von Neumann Theorem). (1) ||/||2 = j\\Kf\\2.

(2) f i-, Kj- is a topological isomorphism of S?(C) onto ^(C).

(3) If f(z) = (p(z, 0)h, k), then Kf(x, y) = nh(-x)k(y).

(4) If f(z) = (h, p(z, 0)k), then Kf(x, y) = nh(x)k(y).

(5) kr, u /■(•* >y) = (P® ~P)(hx, h2)Kf(x, y) where
"1    "2

r» r/   \ i{t+olz ,w)) r, \ r r/   \ —i{t+o(w,z)) r/ v
R(w,t)f(z) = e "f(z + w),       L(wt)f(z) = e "f(z-w).

The proof is essentially an application of Theorem 2.1.

For the general central character case we set

(3.3) px(f) = Jf(z)nx(z,0)dz.
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Since nx(x + iy, 0) = nx(x + iXy, 0), the operator px(f) has kernel Tí, defined

by

(3.4) K)

Thus

A       l_

(3.5) \\f\\\ = ^\\Kf\\2..

(3-6) K{nx(z,o)h,k)(x>y) = ñ-M-x)k(-y)>

A n
(3-7) K{h,nx(z,o)k)(x>y) = jx\h(x)k(y)>

and if RÀ(x + iy, t) = R(x + iXy, Xt) and Lx(x + iy, t) = L(x + iXy, Xt), then

(3.8) KlLlf = (nx®n_x)(hx,h2)Kf.
1       2

The relationship between K   and Px defined in (2.4) is

(3-9) Px(f) = Kf{.tX).

We thus define a mapping on S^(H) by

(3.10) Kf(z,X) = Kf{.X)(z).

By 3.4 one sees

Kf(u + iv , X) = ^Kf{x+iy/XX)(u + iv)

= ^lf(u-v + ir/X,X)e-r{u+v)dr

= If(u-v + ir,X)e-M{u+v)dr.

Thus

Kf(u + iv , X) = F2f(u - v, X(u + v), X),

where F2: S*(H) -, S^(H) is the partial Fourier transform defined by

(F2f)(x + iy,X) = I f(x + ir, X)e~irydr.

Define T on 77 by

(3.12) T(x + iy,X) = (x-y + iX(x + y), X).

Then

(3.13) K(f)=F2(f)oT.
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Note that T is C°° on 77 but is not invertible. However, T is a C°°

diffeomorphism of the open submanifold 770 = T7 - (C x {0}). Its inverse is

given by

(3.14) T'1 (x + iy, X) = (l/2(x + y/X + i(-x + y/X)), X).

We let ^(77) denote the space of Schwartz functions on 77 vanishing for

A near 0. A sequence fn is defined to converge in ^(77) if it converges in the

Schwartz topology and all the fn vanish together for A near 0. We then have:

Proposition 3.2. K is a topological isomorphism of S^Q(H).

We shall apply this proposition to decompose Schwartz functions in S"0(H).

First we take a Schwartz basis em of orthonormal functions in L (R). Thus

each em is a Schwartz function, the functions em are orthonormal in L (R)

and if / = YJamem, then / is Schwartz iff £(1 + wfc)|am| < °° for each

natural number k . We remark that the em's defined after (1.4) correspond to

the Hermite functions in L (R) and thus may be considered such a basis.

The discussion to be held below using the representations nx and a Schwartz
2 X

basis em for L (R) also applies to the representations n   on Fock space and

the basis em of %? defined after Theorem 1.1. A direct argument may be given.

There are alterations in the kernel operators Kx and in the transformation K .

Define

(3.15) hmJz,X) = (nx(z,0)em,en).

Then by 3.7

(3.16) 4    (x + iy) = £-en(x)e-m(y),
\A\

1 /2—
and thus by 3.5 the functions (\X\/n) ' hm n(z, X) form an orthonormal basis

of S*(C) whenever X ¿ 0. Thus if / G L2(77) one has

where cmn(X) = (\X\/n)Jf(z, X)hmn(z, X)dz . Moreover, f(-,X)£^(C) iff

£(1 + m + n) \cm n(X)\ < oc for each k .

For / £ S?(H),' define

(3-17) ?m,nW = {«x(f)em>en)-

Then

fm,nW = ¡I f(w > t)(nx{w , t)em , en) dtdw

t)e~' hm n(w, X)dtdw

= I f(w,X)hmn(w,X)dw.

¡fn,,
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Theorem 3.2. Suppose f is a Schwartz function on 77 whose central Fourier

transform f is in S^0(H). Then

ñ
n

f(Z>V=llTzZfm,nWhm,n(Z>V>

and this sum converges in <9^(H).

Proof. By Proposition 3.2, it suffices to show

m ,n      ^ '

in S%(H). But by (3.15)

K(fm<nWhmJz,X)) = ?mJX)Ki    (x + iy)
• ' m, n

= fm,nWjfien(X)êm(y)-

Hence

E^(JF/W,nWÄM)„(z,A)) = ^/m>„(AK(^M(y).
m,n      ^ '        m,n

The proof will be complete if

(Kf(.,X),en®ëm)=îmiX).

But

fm,nW = (M/X,, O = //(*, *)<**(*, 0)em,e„)dz

= {Pk(f(-A))em ,en) = I Kf(.X)(x + iy)em(y)en(x)dydx

= I Kf(x + iy, X)en(x)em(y)dxdy

= (Kf(-,X),en(x)®e-m).

4. The Plancherel Theorem for distributions

Let S?*(H) be the space of tempered distributions on 77 and let

Jt^(R) denote the space of Schwartz functions on R vanishing near 0. Let

J?(<9'(R), J^*(R)) be the space of continuous linear transformations from

«^(R) into ^*(R), where ^*(R) has the weak* topology. &(f(R),&*(R))

is given the simple topology.

Let U £ S"*(H). We define a 'distribution' on S^(R) with values in

5f(^(R),<9>*(R)) formally by

(4.1) U(<j>) = f dU(z,t) f <p(X)nx(z, t)dX.
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More specifically, if / and h are in ^(R), then

U(<t>)(f)(h) = I dU(z, t) I <j>(X)(nx(z, t)f, h) dX.

Theorem 4.1.   U is a continuous linear map from the space ^(R) into the space

5?(5"(R),^*(R)).

Proof. Note by Theorem 3.1 that

cp(X)(nx(z, 0)/, h) £ S*0(R)   if <f> £ ̂ 0(R) and f,h£ <9>(R).

Moreover, one sees by (3.6) that <p(X)(nx(z, 0)f, h) is continuous into ^(H)

as a mapping on S"0(R) x ^(R) x S*(R). Since nx(z, t) = e~atnx(z, 0), one

has U((p)(f)(h) = U((4>(X)(nx(z, 0)f, h)D and the result follows.   D

In the case where the distribution U is given by a Schwartz function /, the

distribution f is given by an operator valued function. Indeed

!(<!>) = II f(z,t) I <l>(X)nx(z,t)dXdzdt

= 10(A) If f(z ,t)nx(z,t)dzdt = I <P(X)nx(f) dX.

Thus the distribution / is defined by the operator valued function A >-, nx(f)

which is the analog of a Fourier transform of /. In this case we shall write

(4.2) ?(A) = nx(f).

Moreover, since nx(f) = f f(z, t)e~l 'nx(z, 0) dz dt, we see that

nx(f) = I f(z,X)nx(z,Q)dz,

and thus f(X) equals px(f(-, A)).

Furthermore, the operator /(</>) has a Schwartz kernel. Indeed, by (3.11) the

kernel is given by

(4.3) m
K~   (x,y)= f (b(X)K\,    (x + iy) dX

f(4>) J n 'Á)

= 14>(X)F2f(x-y,X(x+y),X)dX.

In particular, f(<j)) is a continuous linear transformation of ^(R) when <j> is

in^0(R).

We next attempt to reconstruct the distribution U from its 'Fourier trans-

form' U. First we note that if / is a Schwartz function on 77, then

f{z, t) = -^ltr(nx(-z, -t)nx(f))\X\dX.
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Thus formally,

IdU(z, t)f(z, t) = ¿2 / dU(z, t)tr(nx(-z, -t)nx(f))\X\dX

tr( I dU(-z,-t) I nx(z,t)\X\nx(f)dX

trldÜ(X)(\X\nx(f)),

2n2

2n2

where d(l(z, t) = dU(-z, -t). We shall show this formula holds when a

suitable interpretation is made for the trace and when f(z,X) vanishes for A

near 0.

First we extend the domain of the distribution  U.   Indeed, suppose <j> £

S^(R, J2?(S*(R), S?(R))). Define U{<p) by

(4.4) U(<p)(f)(h) = I dU(z, t) I(nx(z, t)(j)(X)f, h)dX.

By an argument similar to that given for Theorem 3.1, U is a distribution on

f0(R, 5?(S"(R), ^(R))) with values in &{S"(R), ^*(R)). We denote this

operator by /dU(X)(p(X) and define for a Schwartz basis {em} of ^(R) a

trace by

(4.5) tr (^1 dU(X)4>(X)^=YJ{Kl dU(X)(f)(X)em,em

where (T, f) = T(f) for T £ S?*{R) and / € ^(R).

Our main result concerning the distribution U allows one to reconstruct the

distribution Û on a dense open submanifold.

Theorem 4.2 (The Plancherel Theorem for distributions). Suppose U is a tem-

pered distribution on H. Then whenever / e yQ(R), one has

Ü(f) = ̂ XrUdU(X)\X\nx(f)\
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Proof.

¿E(/' dU(X)\X\nx(f)em,ë

= ¿E/í/c/(z'í)/iaIW^o^(/)^,^)^

^ldU(z,t)ll\X\e-a'f(w,X)

2%'

J_
2tt2

x (nx(w , 0)em, nx(-z, 0)em) dw dX

J_
2?  ,

J2fdU(z,t)ff\X\e-ütf(w,X)

x ^(nx(w , 0)em , ek)(ek, nx(-z, 0)em) dw dX

k

= T-2EÍdU(z> 0 ffWe~mZfm,k(Wm,k(-z> *)<«■
2n    m J JJ k

But by Theorem 3.2 EmEk\M?m,kWhm>k(-z,X) converges in S%(H)  to

nf(-z, X). Hence by (2.1)

~tr (IdU(X)\X\nx(f)^j =±ldU(z,t)f e~lXlf(-z, X) dX

= I' dU(z,t)f(-z,-t).

We note this theorem holds for any choice of Schwartz basis. Moreover,

it remains valid if the irreducible unitary representations %x on L (R) are

replaced by the equivalent representations n on Fock space and one uses the

orthonormal basis of Fock space defined in §1.

5. Distributions and convolutions

The Plancherel Theorem for distributions shows that the central Fourier

transform of a tempered distribution U on the Heisenberg group is determined

on a cosingular subset by the distribution U. But for any Schwartz basis em of

S^(R), the distribution U is determined by the family of distributions Um n

defined on ^(R) by:

(5.1) UmJ<t>) = (U(<f>)em,e-n).

Thus

Umn(4>) = j dU(z,t) j 4>(X)(nx(z,t)em,en)dX

(5.2) = ldU(z,t)J' <j>(X)hmn(z,X)e-atdX

= U(<p(k)hmn(z,X)),

where 0(f) = U(f).
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Next suppose / € ^(77). Then

( I dU(X)\X\nx(f)em , ?m) = I dU(z, t) j'(\X\nx(z, t)nx(f)em, em) dX

= ldU(z, t)Ie-at\X\(nx(f)em, nx(-z, 0)em)dX

= ldU(z, t)le-at¿2\MWK>ek)(ek>x¿-z> 0)eM)rfA
k

= J]|í/íJ(z,í)/^/Aí|A|?m>fc(A)^„I(z,A)í7A
k

= Y,Uktm(\k\fm^X)),
k

where the change in summation follows from Theorem 3.2. We thus see

Theorem 5.1. Suppose the central Fourier transform f is in ^(77). Then

#(/)=ÀE^,m(W/m,*W)-
271   k,m

Theorem 5.1 shows how to reconstruct the distribution U off the singular

t C x {0} from the distributions

functions, the process is complete.

set C x {0} from the distributions Um n . For distributions that are Lx or L

Theorem 5.2. Let U = ux + u2 where ux £ L (77) and u2£ L (77). Then

ü(f) = A¿2fdk,mWfm,kW\Mdx,

for all Schwartz functions f.

Proof. By the Plancherel Theorem, nx(f) is trace class for all A ̂  0 and nx(u2)

is a Hilbert-Schmidt operator for a.e. A. Moreover, 11tta(uj)11 < ||«illi • Thus

nx(f)nx(U) is trace class a.e. A. Furthermore, note that

(5.3) \Xtr(nx(f)nx(ux))\ < |A|tr(7tA(/*/*))1/2||Ml||,

is integrable in A and by Corollary 2.4

(5.4) \Xtr(nx(f)nx(u2))\ < \X\ \\nx(f)\\2\\n,(u2)\\2

is integrable in A. Furthermore, note by (3.9) that nx(f) has Schwartz kernel

K>,. X) for all A t¿ 0 and nx(U) has kernel Tí-        for a.e.  A. Thus

tr(nx(f)nx(U)) = y KJ(.X)(x, y)K~{. X)(y, x)dydx.
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Hence by (3.10) and (3.11)

tr(nx(f)nx(U)) = jjKf(x, y, X)KÛ(y ,x,X)dydx

= / F2f(x - y, X(x + y), X)F2Û(y - x, X(y + x), X) dy dx

= ^r I F2f(r,s,X)F2Û(-r,s,X)drds.

Thus by the Plancherel Theorem on R,

tr(nx(f)nx(U)) = p[j I f(r,s,X)U(-r, -s,X)drds.

Therefore

2n2

and

(5.5)

tr(nx(f)nx(U)) = ¿ U f{r,s, X)U(-r, -s,X)drds,

Ü(f) = HI f(r,s,t)U(-r,-s,-t)drdsdt

= -}- f\X\tr(nx(f)nx(U))dX.
2n  J

Now let Pn be the orthogonal projection of L (R) onto the span of the func-

tions ex,e2, ... ,en. Then by (5.3) and (5.4) and the Lebesgue dominated con-

vergence theorem, \X\ tr(Pnnx(f)nx(U)) converges in L   to \X\tT(nx(f)nx(U)).

But the trace of Pnnx(f)nx(U) equals 2Znk=x2Z"m=xU mk(X)fkm(X). The result

now follows.   D

The sums in Theorems 5.1 and 5.2 converge absolutely since they can be

reordered arbitrarily. Moreover, the analysis of the operator valued distribution

U is now reduced to the study of the ordinary distributions Um n .

The Fourier transform in the case of abelian groups is especially effective

in dealing with convolution. This continues to be the case with regard to the

distributions  U„ „.   The convolutions of a distribution  U and a Schwartz
m, n

function / are defined by

(U*f)(z,t)= f dU(w,s)f((w,s)~\z,t)),
(5.6) J

(f*U)(z,t) = J dU(w,s)f((z,t)(w,s)  ').

We also need the following consequence of Theorem 2.1.

(5.7) lhrJz + w,X)hmJz,X)e-iMw>z)dz = ^ôr^ns(w,X).

Theorem 5.3. Let f be a Schwartz function on 77 and let U be a tempered

distribution. Then

(f*V)Z,n=EVm,kfk,n>
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and

(U*f)2,n=lLfm,kUk,n,
k

where these sums converge weakly.

Proof. By (5.2),

(U*fi~J<f>) = lld(U*f)(z,t)l<p(X)hmJz,X)e-MdX

= Iff (I dU(w , s)f((-w , -s)(z, t))y(X)hm n(z, X)e~at dXdtdz

= ffffdU(w,s)f(z-w, t-s-a(w, z))e~a'<j)(X)hmn(z,X)dtdzdX

= f fIf dU(w , s)f(z -w , t)e~mdte~iXse~iXa{w's)<p{k)hm „(z, X)dzdX

= fffdU(w,s)f(z-w,X)e~Use~iMw'z)<t>(X)hmn(z,X)dzdX.

Thus by Theorem 3.2 and by (5.7) and (5.2)

(U •/£, ,(« = IßdU(w,s)^?pJX)hpJz-w,X)hmn(z,X)
p,q

-iXo(w,z),      -ils ,,„   ,,
x e dze      cp(X) dX

= ff dV(w,s)Yjp,^)om,phq,n(™,X)e-iïs4>(X)dX
JJ P,q

= ff dU(w, s)J2?mJX)hqn(w , X)e'ils4>(X)dX
J J q

= ¿2 11 dU(w , s)Cfm,q(X)hqn(w, X)e-asl>(X)dX)
q    JJ

= E [dvqjv(fmjww) = T.Cfm,fiq,nm.
q   J Q

The other case is handled similarly.   D

As noted before these results also hold if we use the series of representations

n on Fock space. These representations are particularly suited to studying

those distributions which have nice covariance properties with respect to rota-

tions on C. This is not surprising for the matrix coefficients

(5.8) hmJz,X) = (7t\z,0)em,en)

are covariant under rotations.

For instance, the radial distributions U on 77 are invariant under rotations.

Specifically:

(5.9) f dU(z, t)f(uz, t) = f dU(z,t)f(z,t)   if|«| = l.
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Theorem 5.4. If U is a tempered radial distribution on H, then Um n = 0 for

m ± n.

Proof. By (5.2)

Um,„(<P) = IdÛ(z,X)<p(X)hmJuz,X),

for all u. But by (1.10),

à, u     K „(z>¿)   if A>0;
m ,n

I u      hm   lz,X)   ifA<0.m,n^

Thus t/m n = 0 if m ¿ n .   a

By Theorems 5.3 and 5.5 we have the following corollary.

Corollary 5.6. Let U be a radial tempered distribution on 77. Then (f*U)^ n

= Vm,Jm,n and (u*f)Z,n=fm,n^n,n for every Schwartz function f.

Finally, we remark for a Schwartz function / we have defined a distribution

fm,n on ^o(R) and a matrix coefficient fm „(A) = (nx(f)em,en) for A # 0.

However, by (5.2) and (3.17) it follows that these are the same. Indeed

fmJ<t>) = f f(z,V f <t>WhmJz,X)dz

= IVw(/f(z,X)hm n(z,X)dz}dX

<p(k)lmn(X)dX.
/•

Thus fm n are distributions given by functions. This continues to be the

case when / is integrable or square integrable. The rapidity with which these

functions decrease at infinity is related to the smoothness of the transforms

?     .■> m,n

6. Convolution operators on Sobolev spaces

For each real number a define ^(a) to be the Sobolev space of all complex

functions / on 77 satisfying

/
\f(z,t)\2((l + \z\2)2 + t2)adzdt<oo.

Let u(z, t) be a function on the Heisenberg group 77. In this section we will

study the boundedness of the convolution operator f *-, u* f as an operator

between the Sobolev spaces ßf(ß) and ßf(—y).

Let x = (z, t) £ 77. Define a norm on 77 by

(6.1) |x| = |z|4 + /2.
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2
Then if yr(z, t) = (rz, r t) where r > 0, then

(6.2) \7rx\ = r4\x\,

and thus | | is homogeneous of degree 4 with respect to the group of dilations

yr, r > 0. A lemma of Stein and Folland implies there is a constant C > 1

satisfying

(6.3) \xy\<C(\x\ + \y\).

Define ga(z, t) = ((l + |z|2)2 + /2)o/2. Then SIT (a) = {/: f„\f(x)\2g2a(x)dx

< oo} . Moreover, if

(6.4) JJ=gaf,

then Ja is an isometry of W(ß) onto X(/J - a). From (6.3) one has

(6-5) ga(xy)<(2 + C)a/2ga(x)ga(y).

Furthermore, the natural Hermitian pairing between ßF(-a) and ß?(a) de-

fined by (/, h)a = f f(x)h(x)dx satisfies

(6.6) \(f, h)J < ||/||_0||A||„.

Lemma 6.1. Suppose ß > I, y > I, a < ß - I, and a < y - 1. Then

H g2a{xy)g2_ß(x)g2_y(y)dxdy < oo.

Proof. We do two cases.

Case 1: a > 0. By 6.5 one has

//      gl(xy)g2_Ax)g2 (y)dxdy
JJhxh

<(2 + Cf I g2a_2ß(x) dx I g2a_2y(y) dy < oo

if a < ß - I and a < y - 1 .

Case 2: a < 0. Then,

// gt(xy)g2_ß(x)g2_y(y)dxdy < oo

if

/ glß(x) dx < oc   and     / g2_y(y) dy < oo.

This occurs if ß > 1 and y > 1.

Proposition 6.2. Let ß > 1, y>l, c*</?-l, anrf a < y - 1. T/ze« / >-, ga*f

is a bounded operator from %?(ß) into %?(-y).

Proof. Define Lxg(y) = g(x'xy). Then ga*f(x) = (/, LxgQ)^ where /(y) =
-i

f(y~'). Thus by (6.6), \f*ga(x)\ < \\f\\ß\\Lxga\\_ß
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Set H(x) = \\Lxga\\_ß . Then by Lemma 6.1

\\H\\_y = lH(x)2g2_y(x)dx

-II
-II

gl(x ly)g2.p(y)g2Ly(x)dydx

gt(xy)glß(y)g2_y(x)dydx <oo.   D

Note that %*(ß) D %f(a) for ß < a. Hence we define the left limit Sobolev

space at a by

(6.7) X(a-) = f) ßf{ß).
ß<a

Theorem 6.3. Let ß > \, y > \ and a < ß - j, a < y — ¿. Then if u £

ßf(-a-), then the mapping ff-, u* f is a bounded operator from %?(ß) into

*(y).

Proof. Note \u * f(x)\ < f\u(xy)\ \f(y~ )\dy. Hence we may assume both

the functions u and / are nonnegative. Moreover, by the Cauchy-Schwarz

inequality,

\u*f(x)\2 = (Klgr(xy)(J_ßf)l/2(y'1)g_r(xy)u(xy)(Jßf)l/2(y-l)dy^

<U g2r{xy)J_ßf(y~l)dy\(g_2r(xy)u(xy)2Jßf(y~x)dy

Thus \u * f(x)\2 < A(x)B(x) where

(6.8) A(x) = (g2r * J_ßf)(x)   and   B(x) = (J_ru)2 * Jßf(x).

Choose r > a satisfying 2r < 2ß - I  and 2r < 2y - I.   By (6.4) and

Proposition 6.2, there is a constant Tí > 0 with

(6.9) \\A\\_2y<K\\J_ßf\\2ß=K\\f\\ß.

Moreover, by (6.4), Jßf £ ^(0) and J_ru £ ß?(r - a-) for u £ ß?(-a-).
2 i

Therefore (J_ru)  £ L   and

(6.10) ||5||0 < \\J_ru\\2o\\Jßf\\o < V-M&WfWß-

Thus by (6.4), (6.6), (6.8), (6.9), and (6.10):

\\u*f\\2_y = I \u*f(x)\2g_2y(x)dx

< I A(x)J_2yB(x)dx = (A,J_2yB(x))2y

<U\L2y\\J_2yB\\2y<K\\J_ru\\l\\f\\2ß.   D
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II. Representations of SU(2, 1)

In this part of the paper we develop techniques which allow one to determine

unitary structures on some subquotients of the nonunitary principal series. Es-

sentially we show at a reductive point of the principal series where the inter-

twining operator has a null space, there is a chain of null spaces corresponding

to a sequence of intertwining operators with decreasing domains. On each quo-

tient space of the successive null spaces, there is an invariant form which if

strictly definite on the quotient determines a unitary structure for the quotient.

For the group SO(4, 1), it was shown in [5] that the sequence can only have

length at most one, and that this process along with the unitary principal series

and complementary series yield all the irreducible unitary representations of

SO(4, 1). For the group SU(2, 1), the sequence may have length one or two.

Moreover, using results of Kraljevic [9] it can be shown again one obtains most

of the nonprincipal unitary and complimentary series dual. It is our intent to

investigate in a later paper precisely which can be obtained.

The approach taken in this part of the paper is to analytically describe the

convolution operators on the Sobolev spaces ß?(a) that define the intertwining

operators and use the techniques on distributions obtained in Part I to yield

trace integral descriptions of the invariant forms on the null-space represen-

tations mentioned above. This description is quite useful. It allows one to

determine for the unitary subquotients the spectral behavior of these represen-

tations on the minimal parabolic subgroup MAN. For example, most have

infinite multiplicity on N, but there are examples of uniform multiplicity one

and a mixture of one and infinite multiplicity on TV. Moreover there are ex-

amples of subquotients that are irreducible on MAN. This never occurs for a

unitary principal series or complementary series representation.

1. Decompositions of SU(2, 1)

Let G = SU(2, 1). In this section we establish the setup in which we will

analyze the principal series of G.

The Cartan involution 6 on G is defined by 6(g) = (g~ )*. Let K be the

fixed point set of 6 . Then Tí is a maximal compact subgroup of G. If A is

the subgroup exp(RA) where
"0   0   0"

h=   0   0    1

.0    1    0_

then A is a maximal abelian subgroup of the space P = {g: 6(g) = g~ }. The

centralizer M of A in Tí consists of all matrices

(1.1) u =

where \u\ = 1 .

u2 0 0

0 m 0

0    0«
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Define N to be the group of matrices having form

1 z z

(1.2) (z,t) = 2i^i tu     —t"!^*!-z   i-i|z|2 + n'

-z i|z|2 + i/ l + ¿izr - íí

This group is identified with the Heisenberg group defined in (1.1.1).

Set N = 9(N) ; then N is also isomorphic to the Heisenberg group 77. The

Iwasawa decomposition is

(1.3) G = NAK.

Moreover, using the Bruhat decomposition, one has NAMN is an open sub-

manifold of G whose complement is the set NAMw* where
"-1     0    0"

(1.4) w* =     0     -10

.0      0     1.

is a representative of the nontrivial element in the Weyl group M* /M, where

M* is the normalizer of the group A in K.

Define a(r) = exp(logrA) for r > 0. Then:

(1.5)

(1.6)

and

(1.7)

a(r)(z, t)a(r)-1 = (r lz,r 2t),

a(r)d(z,t)a(r)-l = (rz,r2t),

— 1 3
u(z, t)u     = (u Z , t) ,

-1
(1.8) u0(z, t)u     =6(u z,t).

Let J2fN be the Lie algebra of N. For x £ J?A, the Lie algebra of A, set

p(x) = jt^adxl^, ). By (1.6), one has

(1.9) p(h) = 2.

2. The principal series

Let a be a complex valued linear functional on ¿¿?A and let x be a character

on M. Then we identify a with the complex number a(h) and x with tne

integer p for which x(u) = uP ■

Set ^v 'a to be the Hubert space of measurable complex valued functions

f on G satisfying

(a+p)(loga)    ,     % /•/    \
'x(m)f(g)(2.1)

and

(2.2)

f(namg) = ey

/i/wr dk< 00.
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The principal series representation Rpa is defined by

(2.3) R"'a(g)f(x) = f(xg).

These representations are strongly continuous and are unitary when Re a = 0.

By Proposition 6.4 of [8] the representation Rp'a at the Casimir element C

satisfies

(2.4) Rp'a(C) = ±(p2 + 3a2-l2).

It follows that Rp'a can have unitary subquotients only if a is either real or

pure imaginary. But if a is pure imaginary, the representation Rpa is in the

principal unitary series. Thus we need only consider the case when a is real. By

Theorem 7 of [9] those irreducible unitary representations not occurring within

the unitary principal series occur as subquotients of Rp'a for some a > 0.

Now NAMN is a conull open subset of G. One then may consider the

Hubert space %?p,a as functions on N. Using standard arguments, e.g. [18],

involving explicit formulas for the NAMN decomposition of G, f >-, f\j¡

defines an isometry of ¿?p'a onto &{a) = L2(77, ((1 + |z|2)2/2 + t2)a dzdt),

where here Haar measure on K is chosen so that no constants are necessary in

the isometry.

The representation Rp'a on ß?(a) becomes

(2.5) Rp'a(g)f(h) = e(a+p){Xota)x(u)f(ti),

if hg = nauh'.

On MAN one has

(2.6) Rp'a(hx)f(h2) = f(h2hx),

(2.7) Rp'a(a(r))f(z,t) = ra+2f(rz,r2t),

and

(2.8) Rp-a(u)f(z,t) = upf(u-3z,t).

The natural Hermitian pairing (1.6.6) between ßf(-a) and ßf(a) gives an

invariant pairing between Rp ' ~a and Rpa . Namely,

(2.9) (RP'~a(g)fx,RP'a(g)f2)a = (fx,f2)a    if fx£^(-a) and f2£^(a).

3. Intertwining operators

The intertwining operators are defined formally on %?p 'a by

(3.1) A(p,a)f(z,t) = I f(w*6(w,s)~\z,t))dwds.

By results from [17], it is known that these integrals define bounded operators

when Rea > 0 and

(3.2) Rp'-a(g)A(p,a) = A(p,a)Rp'a(g).
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Hence, they are bounded when considered as operators between %?(a) and

ß?(-a) . Furthermore, using (2.1) to extend the integrand in (3.1) one sees

(3.3)   A(p,a)f(z,t) = II'(ÍM4 + /)
a/2-1

\W\    -SI

\x2\w\2-si\

,-1
x f((w, s)    (z,t))dwds.

Thus A(p, a)f = U * f where U is the distribution on T7 defined by the

function

(3.4) [\\z\4 + t2
*\\z\2-ti

L|||z|2-i/|J

These distributions are homogeneous with respect to the group of dilations yr

defined in §6 of Part I. Namely

(3.5) dU(yr(z, t)) = r2" dU(z, t).

Moreover, note U depends analytically on a and U is locally L   at (0, 0)

for a > 0. Using this one can see that

(3.6) U = ux + u2   where ux £ L (77) and u2 £ L (77) if 0 < a < 1,

and

(3.7)

Thus by (1.6.3)

U £^(-(a-l)-)    ifa>l.

(3.8) A(p, a) is a bounded convolution operator from %?(ß) into

¿F()>) if a > 1, ß>a-\,and y>a-\.

Since U(uw,s) = U(w, s) when |«| = 1,  U defines a radial tempered

distribution on 77. By Theorems 1.5.3 and 1.5.4, one has

(3.9)

and

(3.10)

U. = 0   if m ^ n

(U* f)      = f     U     .\ ■> >m,n       J m ,n    n ,n

Note by (3.6) that U is the sum of an Lx and an L   function if 0 < a < 1

Hence n (U) is defined a.e. A.

Proposition 3.1. Suppose 0 < a < 1 and 4> G ̂ q(H) ■ Then

d(cb)= f 4>(X)A(X)dX,

where

A(X) = n(U) = ff U(z, t)n(z, t) dz dt.
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Moreover,
1/2

<ll"illi>

\\A(X)\\<\\ux\\x + (^l\u2(z,X)\2dz^

Proof. By (1.4.1)

U(<p) = fff(f>(X)U(z, t)n(z, t)dXdzdt

Note

\ ux(z,t)n(z,t)dzdt

and by (1.2.5) and (1.3.3) that

/ / u2(z, t)n (z, t)dzdt = p (u2(-, X)).

But by (1.3.5)

(3.12) \\p\û2(.,X))\\2<^l\Û2(z,X)\2dz.

Thus

U((f>) = / <f)(X) ( ff u(z, t)n(z, t) dz dt\ dX= f (p(X)A(X) dX.   a

Note A (X) is a bounded operator on %f if A < 0 and is bounded on ¡%f

when A > 0. Define

\ (A(X)em ,em)     if A > 0,
(3-13) um JX) = { m    m

\(AWem,em)-    ifA<0.

Since Um m(4>) = (U((f>)em , em), it follows from Proposition 3.1 that

(3.14) Umm(<p) = ¡ct>(X)um,m(X)dX.

Next we diagonalize the operators A(X) relative to the basis em .   Such a

diagonalization is possible since Um n = 0 for m ^ n is equivalent to the

diagonalizability of A(X) relative to the basis {em} . Moreover, um m(X) give

the diagonal entries.

Note by (1.5.5) and the remarks after Theorem 1.5.2 that for 0 < a < 1 one

has

(3.15) U(f) = -L f\X\tx(n\f)A(X))dX
2n  J

for all Schwartz functions /.

Furthermore, (1.1.8) shows

ii  = no y^jj   and   n    =tc° y^-x   for A > 0.
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Therefore, if A > 0,

A(X) = / U(z, t)n o y^-x(z, t) dz dt

= f dU(z, t)n o y^-x(z,t)= f dU(y r—x(z, t))n(z, t).
J J VA

Thus by (3.6) we see

«i« Am    J*™^     in>0'
(3-16) A(X) = \ _,_„..„„   ., ,     -I 7i(U)/\X\     if A < 0.

Hence by (3.13) and (3.15) we have:

Proposition 3.2. Suppose 0 < a < 1. Then:

(a)    Ü(f) = ^-2(f  tv(/(f)û(U))\X\x-adX
2%       \J-CO

+

and

W un(X) =

l™tr(nk(f)n(U))\X\X-adX},

\X\-a(n(U)en,en)   forX>0,

^\X\-a(ñ(U)en,en)   forX<0.

To calculate the matrix coefficient (n(U)en , en), note by (1.1.6) that:

(n(U)en , en) = || U(z, t)e-''(n(z, 0)en , en) dzdt

= llu(z,t)e-itL°n(\z\2)e-^l2dzdt.

Thus by (3.4) and a change to polar coordinates, one has

(n(U)en,en) = 2nj l~(^/ + t
4     ,2\a/2-' / kr2 - it Np

x2r2 - it\

x e HLn(r )e r    rdrdt.

The change of variables r = v2x, t = xy yields

(3.18) (n(U)en,en) = 2nl°° (^°°xa-le-x{l+iy)L0n(2x)dx^j

,. ,   2,a/2-\f 1 - iy Y ,
X{l+y)        {\ï-iy-\)  dy-

But by (6.1.1) of [1]

f°° Lr

(3.19) /    t     e     dt = k~zY(z)   if Rez > 0 and Rek > 0.
./o
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Thus

/      2ln\        f°°f°°    a-\   -x(\+iy)T0,~,   , j v^/    iA 2«! Z"00    a+/-l   _x(l+j»   ,
/    x     e   y     'L(2x)dx=y (-1)-=■ /    x       e        "dx

h " j¿       (n-l)\(l\)2 Jo

= ¿(-i/      2'n]    M + iy)a+¡Y(a + l).
j¿  '(n-iy.dD2

It follows by (3.18) that

n /

(3.20)   (n(U)en,e) = 27in\y{~2)T{a + l7)

"    " tí  (»-OK/0

/OO

(1+í>)-a/2-W2-/-l(1_í>)a/2+,/2-lí/>;

-oo

Define I(r, s) by

/oo (l + it)~r(l-itysdt   whenr + j>l.
-OO

Then by (3.20) one has

Proposition 3.3. Suppose r + s > 1. T/ze«

4?r
/(f,s)

2r+î(r + 5-l)5(r,5)

l'   j     r(r + j)

¿s ¿/ze T?eta function.

Proof. Define /; by

«nr:;::://(A) = Í

Then for A > 0, f,£ LX(R) and by (3.19), f(t) = (1 + it)~'~lY(l + I).
Moreover, by the Plancherel Theorem on R one has

2n

Therefore

jf(t)g(-t)dt = Jf(X)g(X)dX.

HXr le kXs le kdX = ^- f Y(r)Y(s)(l + it) \\-it) sdt

= ^-Y(r)Y(s)I(r,s)   ifr>lands>l.
271
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Thus by (3.19)

T.        . 2% f°°   r+s-\   -2A   ,,
Iir>S\=YWV)Jo   X       6     dk

2n     v+i-i_, .     -r+s Y(r + s)
-2       r(r + 5 - 1) = 2    71-

~Y(r)Y(s) " ' (r + s-l)Y(r)Y(sY

for r > 1 and s > 1. The result follows by analytic continuation.   D

To continue the calculation we shall need the following identity of Vander-

monde:

Y(a)Y(w + n-2)       A       /        Y(a + l)

{       ' Y(w - a)Y(w + n)n\     f-^[     ' Y(w + l)l\(n - /)!'

By (3.22), Proposition 3.3, and (3.23) one has

(7i(U)e    e) = 2n2niY_^1)/r(Q + /)_
\nKu)en , en)     L7i "• Z^ („ _ l)U\Y(a/2 + p/2 + I + l)Y(l - a/2-p/2)

_27T2r(a)r(l + «+;p/2-Q/2)_

" T(p/2 - a/2 + l)Y(l - a/2 - p/2)Y(a/2 +p/2 + n + 1) '

Next notice

(n(U)en,en)~ = Il'u(z,t)(7i(z,t)en,en)dzdt

= II U(z, t)eu(7i(z,0)en,en)dzdt

= llu(z, -t)e-"(7i(z,0)en,en)dzdt

= (n(U)en,en).

Since U has the same parameters as U except that p is replaced by —p, one

has

,nmt>    p,     _27r2r(a)r(l + K-j>/2-a/2)_

K  K   ' » '   ";     Y(p/2 - a/2 + l)Y( 1 - a/2 - p/2)Y(a/2 -p/2 + n + lf

Define c„(a) by

f324)        ±(a) =_2n2Y(a)Y(l + n±p/2-a/2)_
{       '        nK)     Y(p/2-a/2+l)Y(l-a/2-p/2)Y(a/2±p/2 + n+iy

From Proposition 3.2 we then have for 0 < a < 1

f c+„(a)/Xa      if A > 0,
(3-25) un JX) = l

"'" \c;(a)/\X\a   ifA<0.

Moreover, the operators A(X) satisfy A(X)en = un „(X)en for these a.
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Formulas (3.14) and (3.25) completely determine the distributions Un n

when the parameter a is in the interval (0, 1). Furthermore, the distribu-

tion Ü may be calculated using the integral trace formula in Proposition 3.2

for a in this interval.

The functions c„  are defined for all a > 0. We hence define
n

("6) ""W=U-(a)M°      ¡fA<0.

Define A(X) by

(3.27) A(X)en = unn(X)en,

where A (X) is a linear operator on %? when A is positive and where it is linear

of %? when A is negative. As seen from Proposition 3.1, we have A(X) = n (U)

when a is between 0 and 1. By analyticity of the matrix coefficients of A(X)

with respect to a we can consider A(X) as an analytic extension of the operators

ti (U). The operators n (U) are not bounded for a > 1 but as can be seen

from (3.24), (3.26), and (3.27), the operators A(X) are bounded for all a > 0.

These operators are the principal bounded parts of the distributions n (U).

We shall also use the notation nb(U) to denote A(X) and nb = 7tb . We thus

have n (U) = nb(U) provided 0 < a < 1. Indeed we have:

Proposition 3.4. Suppose f £ ^(77) and (j> £ S^0(R). Then for a > 0

(a) c/(/) = -L(f  tr(/(/)5f6(£7))|A|,-arfA
2n   W-oo

+1°° tr(n\f)nb(U))\X\X-a dx"j,

(b) Unn(4>) = 14>(X)unn(X)dX.

Proof. Ü(f) is an analytic function of a for a > 0. By Proposition 3.2 (a)

holds for 0 < a < 1. But the right-hand side of the equality in (a) is also

analytic in a for a > 0. Hence the equality holds for all a > 0. The second

statement is proved similarly.   D

We remark that from Theorem 1.5.4 one has

(3-28) (A(p, a)f)m>n = fm>nUnm,

if / is a Schwartz function on 77. By continuity of the operator A(p, a) and

the L   density of the Schwartz functions, this identity holds for all / in ß^(a).

4. Representations of MAN

In this section we describe the unitary dual of the minimal parabolic subgroup

P = MAN. We also establish equivalences of each infinite-dimensional unitary
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representation of P which is nontrivial on the center of N with all members of

a family of representations of P defined in terms of the matrix coefficients of

n on 77 and a real parameter a. These equivalences will be used to obtain the

spectral decompositions of restrictions to P of representations of SU(2, 1).

Define a unitary operator Tu,  \u\ = 1, on <%* and <%* by

(4.1) Tj(z) = f(u\).

An easy calculation using (1.1.3) shows

(4.2) Tu7i(z,t)T-l=7i(u3z,t),

and similarly

(4.3) Tuñ(z,t)T7l=ñ(u3z,t).

Suppose p is an integer. Define rp'+ and tp'~ on L ((0,oo),X) and

L ((-oo, 0), %*) respectively by

(4.4) xp'±(h)f(X) = 7i\h)f(X),

(4.5) xp'±(a(r))f(X) = rif(r-2X),

(4.6) rp'±(u)f(X) = upTuf(X).

By (1.5), (1.7), (1.1.3), (1.1.8), (4.2), and (4.3) the tp,± are unitary representa-

tions of P. Moreover, by (4.4) one has

f°°   i
(4.7) tP' + \h= I    n dX

Jo
and

(4.8) J'~\h= f    *<**■
J — oo

Let x De any nontrivial character of 77. Let x be the unitary representation

of P induced by ^ . By the Mackey subgroup theorem and the triviality of x

on the center of 77, t is trivial on the center of N. Applying Mackey's little

subgroup method one obtains

Proposition 4.1. The representations t,^'   ,p an integer, form a complete list

of the infinite-dimensional irreducible unitary representations of P.

We remark that the finite-dimensional irreducible unitary representations of

P are just the characters of MA extended to P.

The irreducible representations of P which are nontrivial on the center of

N play a significant role in the remainder of this paper. They are sufficient

to decompose the representations of SU(2, 1) which we construct in the next

section.

Let a be a real number and let c > 0. Let l2 be the Hubert space of all

square summable complex sequences (cQ, c,, c2,... ). Then

jr+ = L2((0,oc),l2,c\X\-adX),

¿T~ = Ü'((-oo, 0), /,, c|Afa dX)
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are Hubert spaces. Define representations R    on %?T by

(4.10) R±(a(r))f(X) = ra-lf(X/r2),

(4.11) (R±{u))f(X)m = uPTimf(X)m, and

(4.12) (R±(h)f)(X)m = Y/(n\hflem,el)f(X)l.
i

Clearly R±(a(r)) and R±(u) are unitary.   Moreover, by Parseval's identity,

||T?+(z, t)f(X)\\2 = ||/(A)||2. Thus, R±(z, t) is unitary.

Theorem 4.2. R    is a unitary representation of P unitarily equivalent to t" '

Proof. We show the equivalence of 7?~ with ■cp,~ . Define a linear transfor-

mation W from L2((-oo, 0),W) into ¿T+ by

„-l/2M,a/2,
(4.13) (rVf)(X)m = c-^\Xr(f(-X),em).

Then
||FW)||2 = c~!Wa||/(-*)ll2.

Hence by (1.8), W is an isometry. Moreover, W is surjective. An easy calcu-

lation shows W-rp'~(a(r)) = R~(a(r))W. Furthermore, if \u\ = 1, then

(Wrp'-(u)f)(X)m=c-l/2\X\aI2(rp'-(u)f(-X),emf

= c
-l/2M|a/2

\*.r(i?Tuf(-k),em)-

c-xl2\k\al2ttV(-k),T;xem)-.

But by (4.1), Tu xem = u   mem on the conjugate space %?. Thus

rVTP'-(u)f(k)m = c-l/2\Xr/2up+3m(f(-X),em)

= up+3mrVf(X)m = R-(u)Wf(X)m.

Finally note that

Wrp'-(h)F(X)m=c-l/2\X\a/2(xp--(h)f(-X),em)-

= c-l/2\X\a/2(n-\h)f(-X),em)-

= c-l/2\X\a/2(f(-X),n-\h-l)emr

= c-1,2\k\a/2J2(Ah~l)em,ek)(f(-k),ek)-,
k

since  (n~x(h~x)em, ek)~ = (nx(h~x)em, ek)  for nÀ and n~    are conjugate

representations. Therefore Wxp'~(h) = R~(h)W.

That R+ is equivalent to rp'+ is proved similarly.

5. Null space representations

The intertwining operators A(p, a), Rea > 0 are strongly analytic in the

parameter a as operators on L2(K\M) = ßTp'a. In this section a sequence
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^P'a° = N0D NXD N2D ■■■ D NkD Nk+X=0 of invariant subspaces will

be constructed along with invariant nondegenerate forms on the subquotient

spaces NJNi+x for the representation Rp'a° at any value a0 where A(p,aQ)

has nontrivial null space. For expository reasons it is advantageous to develop

the setup in the situation where the operators A(p, a) act on the fixed Hubert

space L (K/M). The natural Hermitian pairing (1.6.6) between %'p,~a and

%?p'a is then

(5.1) (f,h) = I f(k)W)dk.

By (2.9) one has

(5.2) (Rp'-a(g),f,Rp'a(g)h) = (f,h)   foralU.

Moreover, since A(p, a) intertwines Rpa with Rp'~a and by (2.9) the form

( , ) is invariant under Rp'~a x Rpa , the form (A(p, a)f, h) is invariant

under the representation Rpa .

Suppose now that one has a bounded operator valued strongly analytic func-

tion a h-> B(a) all defined on a closed subspace Nk of L (K/m) having values

m L (K/M). Furthermore, suppose Nk is invariant under the representation

Rp'a° and one has

(5.3) B(a)Rp'a(g)f = Rp'-a(g)B(a)f   for all / € Nk ,  g £ G.

Define A^+1 = {f £ Nk:B(a0)f = 0}. Then A^+1 is a closed subspace

of A^ ; and by (5.3) and the invariance of Nk under Rp'a°, it is an invariant

subspace of Rp'"°.

Since B(a0) intertwines Rp'a° and Te"'""0 on Nk, the form (B(a0)f,h)

is invariant under the representation Rp'ao and factors to an invariant form on

Nk/Nk+X. Define C(a) on Nk+X by:

B(a)

,   a — an
(5.4) C(a) fi-

fi if Ot ¿ Q0 ,

..       B(a)   ,
hm ———f   if a = an.

a-»a0 a — Qq

Then C(a) is a strongly analytic bounded operator valued function defined on

Nk+X which satisfies (5.3). This procedure can be inductively repeated and we

obtain the following result.

Theorem 5.1. Suppose a0 > 0. Then there is a finite sequence

¿rp'a° = N0DNxDN22---ÀNkD Nk+X = {0}

of closed invariant subspaces for the representation T^'"0 such that

lim(A{p'a\f,h)
«-*o \ (a - a0)J        I
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defines an invariant form for the subquotient representation of Rp'a°   on

Nj/Nj+1 ■

The sequence terminates since the principal series have finite Jordan-Holder

series. For later reference we also note:

(5-5) NJ+x = {f.  lim-^4/ = o|.
7 + 1 L        a-a0 (Q _ a()y J

Next we will develop explicit information in regards to the sequence A^ D

Nx D N2 D ■ ■ ■ D Nk D Nk+X = 0 described in Theorem 5.1. To emphasize the

dependence of the distribution U on a , we shall sometimes write Ua .

First one needs to determine when there are / in ^(a0) satisfying the

equality A(p, a0)f = 0.   By (3.28) one has (A(p,a0)f)~>n = fm<nUnn.

Thus A(p, a0)f = 0 implies fmnUnn = 0 for all n . By (b) of Proposition

3.4 and by (3.26) one sees ?m¡nUn¡n = 0 iff fm n = 0, or c>0) = 0, or

c~(a0) = 0. Indeed if one sets

7l..w = i(p.co)W/«..w.

/;,BW=l(-oo,0)W/m,„W.

then fmnUn n = 0 occurs if

cUao) = cñ(ao) = 0>    or

c„+K) = 0'        /;,„ = 0,    or

c;(a0) = 0,       ?:,„ = 0.

Since fm n = 0 for all m, n implies f = 0, one has

Proposition 5.2. The null space Nx is non trivial if and only if there is an n such

that either c*(a0) = 0 or c~(a0) = 0. Moreover, if f £ TV,, then

/;,„=0   ifc;(a0)¿0.

By (3.24) one obtains

Corollary 5.3.  TV, ̂  0 iff p + a0 or p - a0 is a nonzero even integer.

Note in [9] Kraljevic showed T?P'Q° is reducible precisely in these cases.

By (5.4) and (5.5) one sees the operator Aj(p, a0) defined on NJ by

(5.7) Aj(p,a0)f= lim ^^-f
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exists in %?(-aQ). In particular, by (3.28) one has

(^. °*)f)2.n = Ja (r^'T  = Ä T^f-a^ao\(a-a0Y   )m,n     aao (a-a0y

But by (3.25),

U.
lim

n,n

"-'«o (q - a0)J

is a distribution on ^(R) defined by the function

C     (q) -n C    (a) -n
lim      "y ' .\X\ a°l,      m(A) + lim      "v ; .|A| a°l,n    .(A).

Define cjy(a0) by

(5.8) c± (Q)=iim^>)

where they are taken to be oo if the limit does not exist. In summary one has

Proposition 5.4. Thejth null space TV. is nontrivial iff c*  (a0) ^ oo or c~  (a0)

^ oo for some n . Moreover, if f £ Nj, then f*m n = 0 whenever c*  (a0) = oo

and f~m n = 0 whenever c~ .(a0) = oo.

The above discussion shows that

(5-9) (AJ(p,a0)f)2,n = /MX„,

where t/7 n is the distribution defined by the function

~j  m    K+>o)/W  if¿>o>
(5.10) w„ „(A) = <

•      u;>o)/w  ifA<o.
By Corollary 5.3 we may assume a0 = p + 2k > 0 for some integer k , for

otherwise TV, = 0. Then by (5.8) and (3.24)

(5.11)
+   ,    ,     -i-;  2_,    v .. T(l +n-x)

Cn,j(ao) = 2       n  rK)llnl
x->k (x - k)JY( 1 - x)Y(l -p- x)Y(x + p + n + 1)

/« n\     -   /     \      iW   2t,,     s,. r(l+n-p-x)
(5.12) c„ ,.(an) = 2     7T T(an) hm--.-.

"•■'   ° ° x^k (X - k)JY(l -x)Y(l -p - x)Y(x + n + I)

But the gamma function satisfies

(5.13) lim(x - k)Y(x - I) = \,   ',„    ifl>k,
x^k (I - k)\
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and

(5.14)

Hence

(5.15)

and

(5.16)

(-1)
l-k+l

hm(x - k)Y(l - x) =   {k_ni

Hmä^A = (-l)'-m{k-m)l
jc->fc Y(m - x)

]imBLA = (-i}
x->k T(x - m)

Thus by (5.8)

i+m-\(m-k)\

(k-iy.

if / < k.

k > I and k > m,

k> I and k < m.

(5.17)
± Í 0

->0}Hoo
implies £,*(«o) = {

0     fork<j,

oo   for k > j.

It follows by (5.11) and (5.12) that cn 3(c*0) = oo for all n . Thus by Propo-

sition 2.4, the null space TV3 is trivial. We thus need only calculate the nonzero,

noninfinity values of c* 0(a0), c„ x(a0), and cn 2(a0).

Using (5.11) and (5.12) and the limit properties (5.13)—(5.16) of the gamma

function for a0 = p + 2k > 0 one obtains

(5.18)    c+n AaA = (-l)n2nY(aç.)--1-,,.,  ^~l\n-ttt
v       '     n'°K °J     v     ' v °J(-k -p)\(k + p + n)\(k - n - 1)!

ifO<-k-p<n<k;

( ,_un+P+k2T(    ,    (fc -!)!(*: +p-iy
(    l) 71 na0)ik_n_mk+p + ny

if 1 < k and 1 <p + k,  n < k;

k_p_x  2 (-p - n - k - l)\(k - 1)1(~1} * rK>)    (_*_,).(* _„_i),

if p + & < 0,   1 < &,  n < k, and n < -k - p ;

,   n* 2r,    ,     (/i-fc)!(fc-l)!
(-1)    7t   r(an)7—y-t^-j-^-
v     '        v 0/(-/c-p)!(n + &+/>)!

if 0 < -A: - /? < « and 1 < k < n ;

i   uk+P^2nn M - k)\(k + p - l)\
(-1)        71  1 (an  ——j-ttt-¡-—
K     ' °   (-k)\(p + k + n)\

if 1 < p + k and k < 0 ;

(n-fc)!(fc- l)\(k+p- 1)!

(5.19)        <,(«„) ='

(5.20)    <2(a0) =

(-l)Vr(a0

(_1)-'—»»^(Oo)

2(fc+/> + «)!
if 1 < k < n and 1 < p + k ;

(yi-fc)!(-fc-p-w-l)!(fc- 1)!
2(-fc-/»)!

if 1 < k < n and n < -k - p;
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n   2T
(5.21)   c    (a0) = 2(-l)"jiT(a0

(Ar + p-1)!

(-Jfc)!(fc+p-/i-l)!(n + Jk)!
if 0<-k <n <k+p;

(5-22) u»,lV"0K) =

(5.23)  c-2(a0) =

n+k 2 (k-i)\(k+p-l)\

ifl<p + k,l<k, and n < p + k ;

fc 2 (w-p-fc)!(fc-l)!
(-1) « rK) (_fc_p)!(fc + n)!

if 0 < p + k and 1 < k ;

,   nfc+i  2n     (-*-»-l)!(fc+p-l)!

if 1 </:+/?,0<fc, and «<fc+p,«<-/c;

,   ,.*+„ 2r,    ,(/i-p-fc)!(fc+p-l)!
(-1)        7T  I (an)-;—p-77-r-r;-
v     ; ° (-k)\(n + k)\

ifl<k+p<n and 0 < -k < n ;

pjLr,    ¿n-p-k)\jk-mk+p-\)\
(-l)pn¿Y(a0)

(-l)n+p+ln2Y(a0)

2(k + n)\

ifl<p + k<n and 1 < k ;

(n - k-p)\(k + p- !)!(-« - k - 1)!

2(-*)!
if 1 < k + p < n and n < -k.

The formulas (5.18)—(5.23) along with (5.17) and Proposition 5.4 determine

when the spaces 7V0, TV,, and N2 are nontrivial.

In the remaining part of this section we will determine explicit expressions

for the invariant forms

(Aj(p,a0)f,h)   on Nj/Nj+l,

in the cases /" = 1 and 7 = 2. The 7 = 0 case depends on the distribution U

on the singular set C x {0} for which the methods developed in Part I are not

applicable.

In order to facilitate the calculations of these forms it will be advantageous to

introduce the Rp 'a invariant subspaces ßif^ 'a consisting of the C°° functions

in %?p'a . It is known that the space ß^'a contains the Tí-finite vectors for the

representation Rp'a and that any closed invariant subspace for Rp'a contains

a dense subspace of Tí finite vectors. Hence if N°° = NjCi^Jl'01, then 7V°° is

a dense invariant subspace of TV ; and if &£ 'a is the space of K finite vectors

in %'p'a, then 7V; K = TV C\%?£'a is a dense but not invariant subspace of

N°°.

The main reason for introducing %r^ '    is the following fact which is a con-

sequence of Lemma 8.10.13 in [20] or an explicit calculation using the Iwasawa
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decomposition of G. If / € iï?^ 'a , then / is C°° on TT and

(5.24) lim   ((l + |z|/22)2 + í2)a/2+1/(z,í)   exists.
(z,i)-+oo

By (5.24) it follows that / is a bounded Lx function when / e J^'a and

a > 0. Also note by (1.5.5) and (3.4) that

(A(p,a)f,h) = (U*f,h)

= // U *f(z, t)h(z, t)dzdt

= \\\\ f((w, s)~\z, t))h(z, t)dzdtU(w,s)dwds

= //// f((w,s)(-z, -t))h*(z, t)dzdtU(-w, -s)dwds

= Ü(f*h*).

But f*h* is a bounded L   function if / and h are in J^'a . Thus by (3.6),

Theorem 1.5.2, and the remarks following it and the fact that Um n = 0 when

m t¿ n one obtains

Theorem 5.5. Suppose 0 < a < 1 and f, h £ ^>'a . Then

(A(p , a)/, A) = -^ W \k\um m(X)(f * hX m(X) dX
2n    m J

= Tl(f  \^~a^(7i\f*h*)li(U))dX
2n  \J-oc

+ f°° \X\i~atT(n\f*h*)n(U))dx).

Since ñ(U) and n(U) are diagonal relative to the basis en with eigenvalues

c~(a) and c*(a), the formula (3.24) would determine when the representation

Rpa is in the complementary series for 0 < a < 1. This occurs precisely when

all the constants cn (a) are both all positive or both all negative.

Next we determine the form (AJ(p, a)f, h) on the subspace 7V; n {/:/ £

S%(H)}. Note by (5.9) that (Aj(p, a0)f)Z,„ = Jm,nK,n where K,n is the
distribution defined in (5.10). Recall by Proposition 5.4 that if / 6 N., then

?m,n = 0   if <;K) = °° » and  J~m,n = °  if CñJao) = °° •   Note ^ (L5-2)
that for any distribution U, one has

(&);„(« = /dU(z,t) I' 4>(X)e-ikthmn(z,X)dX

= j dU(z,t) j 4>(X)eathmn(-z,X)dX

= I dU(z,t) j <t>(-X)e-'Xthmn(-z,-X)dX.
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But by (1.5.3)

hm,n(-Z > "*) = {*~\-Z > 0)em, en)

= (*~A(z, 0)en , é>m}~ = (n(z, 0)eH, ej ,

2 _¿
since n   and n     are conjugate representations. Thus

(U)Z,n(<P) = I dU(z,t) I <fi(-X)e-iX!hnJz,X)dX = I dUnm(X)<t>(-X).

Hence

(5.25) (£0~    =(U     )v.
\""—) \    >m,n       '    n,m>

Similarly,

(5.26) (/);„w=/m,„(-4

Thus by Theorem 1.5.1 and by (5.9), (5.25), and (5.26)

(AJ(p,a0)f,h) = ((Ai(p,a0)f)y)V(h)

= ~-2 E«Aj(p>ao)f?)ljm)m,kW)
2n   k,m

ÀE^.^o)/)«./^!*«.^--1))
2n   k,m

2n   k,m

Using the convention 0 • oo = 0,   Proposition 5.4 and (5.10) then imply the

following theorem.

Theorem 5.6. Suppose f, h £ TV. and f, h vanish for X near 0. 77ze«

(AJ(p,a0)f,h) = ̂ -2ÍY: f   \&7m,kWK,kWdk

We remark that if ck ;(a0) = oo , then fm k(X) = 0 for ±A > 0.

6. Unitarizable subquotients

In this section we determine a0 and p for which the subquotient TV, /TV2 or

TV2 is unitary. This can be determined using Theorem 5.2, Proposition 5.4, and

the formulas (5.18) to (5.23). We next look at the representation Rp'a° on the

subquotient TV./TV.+, .
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Theorem 6.1. The representation Rp'a° is unitary on Nj/Nj+X iff those cn (a0)

which are nonzero and noninfinity are all positive or all negative. Moreover, the

representation Rp'a° extended to the completion of Nj/Nj+X is equivalent on

subgroup MAN to the representation

c;>o)«{°.°°} <j(<*o)é{°>°°}

Proof. The first statement is a consequence of Theorem 5.2 and Proposition

5.4. To see the second we use Theorem 4.2. Indeed, fix k and + or - where

c*j(a0) i {0, oo} . Then using (2.7), (1.1.8), (1.3.17), and (1.5.3) note that

(RP'a°\a(r))f)2jX) = IRp-a°(a(r))f(z, t)(n\z, t)em, en)dzdt

= ra"+21f(rz,r2t)(7iX(z,t)em,en)dzdt

= ra°-21 f(z,t)(7tXlr\z,t)em,en)dzdt.

Hence

(6.1) (RP'a°(a(r))f)~n(X) = ra°-2?mn(X/r2).

Next note by (2.8), (4.2), and (1.1.8) that

(RP'a°(u)f)Z,nW = IRP'a°(u)f(z, t)(n\z, t)em,en)dzdt

= lupf(u-3z,t)(7tX(z,t)em,en)dzdt

= / i/'f(z, t)(itX(uz, t)em , en) dz dt

= lupf(z,t)(7tX(z,t)T-lem,T-len)dzdt.

— 1 3/
But if A > 0, then (4.1) and the definition of en implies Tu e¡ = u e,; while

if A < 0, then since n   is defined on ^ one has T~ e¡ = u~ e¡. Thus

Í up+i{m-")?m n(X)    ifA>0,
(6.2) (RP'a°(u)f)~JX)=\ {m'»K)

( «""3(W"n)/m,„(A)   ifA<0.

Finally (2.6) implies that for x £ H, one has

(RP'a°(h)f)~ „(A) = / RP'a°(x)f(y)(7tX(y)em, en)dy
Jh

= / f(yx)(nx(y)em,en)dy
Jh

= f f(y)(n(y)n(x-x)em,en)dy
Jh

= \ f(y)(n(x'l)em,el)(nX(y)el,en)dy.
Jh
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Hence

(6.3) (*''^/)~„w = E<*VVm, <-,>?,,„(*)•
/

It follows from Theorem 4.2 and (4.10), (4.11), (4.12), and (6.1), (6.2),

and (6.3) that if c~ Aa0) $ {0, oo}, then rp~ n'+ is a subrepresentation of

RP'a°\MAjf having multiplicity one. A similar argument shows that tp+ n'~ is

a subrepresentation when c*  (a0) £ {0,oo}.   D

Theorem 6.1 completely describes the representation Rp,a° on the minimal

parabolic subgroup MAN for the quotient space Nj/Nj+X. To determine the

spectral decomposition one need only inspect the formulas (5.18) to (5.23). The

same argument can be applied to the complementary series.

Theorem 6.2. If Rp'a is a complementary series representation, then

^Im^E^-3"'^^3"'")-
n

Remark. One can show Rp'a is in the complementary series if the cn (a) are

all positive or all negative. By (3.24) this occurs when p = 0 and 0 < a < 2

or when p = ± 1 and 0 < a < 1.

We next apply Theorem 6.1 to list all the cases where Rp'a° is unitary on

TV, or on Nx/N2 . This entails an inspection of the coefficients cn (a0) where

aQ=p + 2k.

Note that when p + k > I, and k > 1, then (-1 )pc* 2 are all positive when

they are nonzero and noninfinite. Thus

Theorem 6.3. If a = p + 2k, p + k > 1, and k > 1, then Rp'a is unitary on

TV2 and

Rp'XA^ E(^3"'+^+3"'")-
n>p+k

Next note that cn , (2) are all positive. Indeed the only nonzero, noninfinite

terms are c, , (2). Hence:

Theorem 6.4. The representation R '   is unitary on TV, /TV2 and on the minimal

parabolic subgroup MAN is equivalent to

-3,+ m    3,-T 8T.

0  2
It follows from Theorems 6.3 and 6.4 that T? ' is unitary on both Nx/N2

and on TV2. Kraljevic in [9] has shown that T?0'2 has four unitarizable irre-

ducible subquotients. One can show that 7V0/7V, gives the trivial representation

of SU(2, 1). Hence either the unitary quotient Nx/N2 or the unitary subspace

TV2 is reducible.

Next note if a0 = -1 and p = -2k - 1 where k > 1, then the only nonzero

noninfinite coefficient is ck 2(-l). If p = -2k - 1 where k < -2, then the

only nonzero noninfinite coefficient is c~_k_x 2(-l).
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Theorem 6.5. The representations

^±3,-1     £±5,-1     R±7>~1

are unitary on N2 and on MAN are unitarily equivalent to

0,± =Fl,± =F2,±
T T T

These are examples of unitary representations of SU(2, 1) which are irre-

ducible on the much smaller minimal parabolic subgroup P.

Finally, assume p and a are odd integers with a = p + 2k . Then if k > 0

and k +p < 0 then cn 2(a) are nonzero and noninfinite with the same sign.

Moreover, c~ , (a) is nonzero noninfinite for all n while c^ , (a) are nonzero

noninfinite when «<2f£,«<-2±£, or when n > ^ , n > -^ . If A: < 0

andp + A: > 1, then again all the coefficients cn x(a) have the same signs and

the nonzero noninfinite ones for c~ ,(q) have parameters n < -^ , n < ^ ,

or n > -9L2zE , n > ^ while c* x(a) is nonzero noninfinite for all n . Hence

we can conclude

Theorem 6.6. Suppose a and p are odd integers. Then if a + p < 0 and

a-p>0,orifa + p>2 and a - p < 0, the representation Rp'a is unitary

on TV, /N2. Moreover,

^"u^^"^      E      ^±3"'^     E     ^±3"'T
« n<min{±2f£,=r-2+£} n>max{±^, ^}

where the upper symbols are used in the first case and the lower symbols are used

in the second.

These unitarizable subquotients exhaust most of the irreducible unitary sub-

quotients of the principal representations Rp'a for a > 0. This can be argued

using the results of Kraljevic in the cases where there is exactly one unitary

subquotient. However, Kraljevic showed there are cases when there are two,

three, or four unitary subquotients. Where this occurs is an instance where the

subspace TV(/TV/+, is reducible.
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