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YOUNG MEASURES AND AN APPLICATION
OF COMPENSATED COMPACTNESS
TO ONE-DIMENSIONAL NONLINEAR ELASTODYNAMICS

PEIXIONG LIN

ABSTRACT. We study the existence problem for the equations of 1-dimensional
nonlinear elastodynamics. We obtain the convergence of L? (p < oo) bounded
approximating sequences generated by the method of vanishing viscosity and
the Lax-Friedrichs scheme. The analysis uses Young measures, Lax entropies,
and the method of compensated compactness.

1. INTRODUCTION

In this paper we consider the Cauchy problem for a system of one-dimensional
nonlinear elasticity in Lagrangian coordinates which describes the balance of
mass and linear momentum of the medium:

(1.1) ou—90,v=0, v —0xa(u) =0,
with initial data
(1.2) u(x, 0) = uo(x), v(x, 0) = vo(x),

where u is the strain, o(u) the stress, and v the velocity. Our assumptions
about g(u) are as follows:

(A1) There exist constants gy > 0 and M > 0 such that o(u) € C*R),
|(4£)¢o(u)| <00, Vu€eR, k=2,3,4,and (d'(u))~"/? is concave for
u>M,convex for u < -M.

(A2) There is a constant dy > 0 such that ¢'(u) > dp, Vu € R.

(A3) uo"(u)<0, Yvue R—{0}.

(A2) guarantees that (1.1) is strictly hyperbolic, and admits two Riemann

invariants

(1.3) r(u,v)=v+/u1(t)dr, s(u,v)=v—/0u/1(r)dr,
0

where A(u) = (o'(u))/? is one of the eigenvalues of V[, where f = (v, o(u)).
We first consider the artificial viscosity approximation, that is, when (1.1) is

approximated by its singular perturbation:

(1.4) O — Oxv = ed2u, O — 8yo(u) = ed?v,
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where ¢ > 0 is a perturbation parameter which measures the viscosity. We are
concerned with the convergence of the viscosity solutions {u¢(x, t), vé(x, t)}
generated by the Cauchy problem for (1.4) as ¢ tends to 0. We prove the
following results.

Theorem 1.1. Let (A1)-(A3) hold. Assume further that there exist real numbers

u, U, 19, sO such that uy(x) —u € L2 (R), vo(x)—U € L2(R), r® > s°, and
r(uo(x), vo(x)) > 1%,  s(up(x), vo(x)) <s° Vx €R.

Then there exist a subsequence {u®(x,t), vé(x,t)} of {ut(x,t), v¥(x, 1)}

and u(x,t), v(x,t) € L (R x RY) such that

loc

ubn(x, t) — u(x,t) in L} (R x RY),
Vi (x,t) — v(x,t) in LL. (R xRY),
o (x,t) — o(u(x,t) in L} (RxRY)
(i.e., each sequence converges weakly in L?>(GN(RxR™")) for any bounded domain

G c R?). Therefore, {u(x, t), v(x, t)} is an admissible solution of the Cauchy
problem (1.1), (1.2).

We can also consider the approximation by finite difference schemes which
are conservative in the sense of Lax-Wendroff (cf. Lax and Wendroff [1960]).
For simplicity we are concerned with the convergence of the approximate so-
lutions {u!(x, t), v'(x, t)} generated by the Lax-Friedrichs scheme (cf. Lax

[1954]) in the form:
(1 5) Unt+tl k= %(un,kﬂ + un,k—l) + %K(vn,k+l - Un,k—l)a
Vit k = 5On ki1 + Un k1) + 3K(0(Uy k1) — O(thy k1))

where k¥ = 2_; , | = Ax, and At and Ax are increments in the directions
of ¢t and x respectively. In §6 we shall give the details of the construction
of {u!(x,1t),v!(x, t)}. Our main result is similar to Theorem 1.1 and can be
summarized as follows.

Theorem 1.2. Let (A1)-(A3) hold. Assume further that there exist constants U,

v, r0, s such that ug(x)—u € L*(R), vo(x) —T € L*(R), r° > 50, and
r(up(x), vo(x)) > 1%,  s(uo(x), vo(x)) <s° Vvx eR.

Then there exist a subsequence {u"(x, t), v"(x, 1)} of {t!(x, 1), v'(x, 1)} and

u(x, 1), v(x, t) € L2 (R x R*) such that

loc
wh(x, 1) = u(x, 1) in L2 (R x R*),
vi(x, t) — v(x, 1) in L} (R x RY),
o(u(x, 1) — a(u(x, 1)  in LA (R xR

Therefore, {u(x,t),v(x,t)} is an admissible solution of the Cauchy problem
(L.1), (1.2).

The hypotheses of both theorems imply that u®(x,t) or u/(x,t) is uni-
formly bounded below by a positive constant. We remark, however, that similar
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results hold when u?(x, t), u/(x, t) are uniformly bounded above by a negative
constant.

Because of (A3), using the theory of invariant regions (cf. Chuech, Conley,
and Smoller [1977], Hoff [1985]) we get

r(uf(x, 1), vé(x, t)) > r°, r(ut(x, 1), W(x, ) >r°,

(1.6)
s(ub(x, 1), v8(x, 1) <s°, sx, t), ul(x, 1) < s°

However, we do not know whether {u%, v’} and {«/, v’} are uniformly
bounded even when the initial data {ug, vo} is in L>®°(R). Dafermos [1987]
proved that in the case of strain softening, that is, when o(u) satisfies (A3),
the viscosity sequence {u(-,t), vé(-, ¢)} is uniformly bounded in the space
LP(R), 0 <t < 0, 2 £ p < oo, provided certain other conditions hold.
Moreover, for the case of strain hardening, that is, g(u) is convex for u large
and concave for u small, Dafermos [1987] proved that the viscosity sequence
{ué(-, t), vé(-, t)} is uniformly bounded in L*°(R), 0 < ¢t < oo, provided the
initial data is in L>°(R).

Our technique is to apply the method of compensated compactness. As we
know, this method was established by Tartar [1979] and Murat [1978, 1981],
motivated in part by the paper of Ball [1977] on nonlinear elasticity. This
method has shown itself powerful in resolving some important problems in the
theory of conservation laws. Tartar first succeeded in giving a new proof of
convergence of the viscosity sequence for scalar conservation laws. Through
an extremely novel use and generalization of Lax’s [1971] entropy-entropy flux,
DiPerna [1983a, 1983b] (see also Ding, Chen, and Luo [1985a, 1985b] and Chen
[1986]) successfully proved existence of the Cauchy problem for the equations
of isentropic gas dynamics in Eulerian coordinates.

We observe, however, that all the above papers require the local uniform
boundedness in L of the approximate sequences of viscosity solutions, or
the approximation constructed by a finite difference scheme. It is still an open
problem to establish the convergence of more general approximate solution se-
quences of conservation laws. We remark that it seems very difficult to prove
the local uniform boundedness of viscosity solutions of isentropic gas dynamics
in Lagrangian coordinates.

We confront in the analysis the difficulty that the supports of the Young mea-
sures of an approximating sequence are no longer uniformly bounded, since the
approximating sequence is not bounded in L°°, so that consequently DiPerna’s
argument does not apply directly. In this paper we explore a technique which
can deal with the problem of convergence for more general approximating se-
quences.

Based on condition (1.6), which results from the hypotheses on the initial data
in Theorem 1.1 and Theorem 1.2, we are able to construct the required entropy-
entropy flux pairs of Lax’s type, via the method of Riemann functions from the
standard theory of linear hyperbolic equations. A similar idea is used by Serre
[1986], who obtains half-plane supported entropies by solving the Goursat prob-
lem for the related hyperbolic equations. However, his work is just concerned
with uniformly bounded approximating sequences. Based on Tartar’s commu-
tation relation derived from Tartar and Murat’s Div-Curl lemma, we prove that
the Young measures are supported almost everywhere at at most four points.
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We can then follow DiPerna’s argument to deduce that the Young measure is
indeed a Dirac mass.

One may use the Glimm scheme (cf. Glimm [1965], Liu [1977]) to solve the
existence problem for (1.1). But we would then have to assume in particular
that the initial data ug(-), vo(-) are of bounded variation.

The plan of this paper is as follows. In §2 we give an alternative proof
of the representation of Young measures which enables us to establish a gen-
eral framework for the application of compensated compactness. In §3 we are
concerned with the viscosity solutions of the Cauchy problem for (1.4). In §4
we construct several families of entropy-entropy flux of Lax’s type which, by
applying Murat and Tartar’s Div-Curl lemma, we use in §5 to prove that the
resulting Young measures are indeed Dirac measures. Finally in §6 we consider
the approximation by the Lax-Friedrichs finite difference scheme.

I had a chance to read part of the manuscript of a paper by J. W. Shearer
[1989] which considers the same problem. We share many common meth-
ods such as vanishing viscosity, Lax entropies, compensated compactness and
Young measures. Interestingly, we both divide the proof of reduction of Young
measures into two steps. The first step is to prove that almost every Young
measure is supported on at most four points. Then in the second step we prove
that it is indeed a Dirac measure. However, the approach in the proof of each
step is quite different. In the first step Shearer uses a class of half supported
entropy-entropy flux pairs expressed through integral representations, while in
the second step he uses another class of entropy-entropy flux pairs which are
composed of complex functions. But in this paper we use the same class of
entropy-entropy flux pairs of Lax’s type in both steps.

2. PRELIMINARIES

In this section we describe several fundamental results that we shall use. We
first give for the reader’s convenience a self-contained proof of a version of
the representation theorem of Young measures that we use later, motivated in
part by Tartar [1983], Slemrod [1985], and Ball [1988]. The Young measure
was developed as a tool for analysing nonlinear partial differential equations by
Tartar [1979]. For more details and comment we refer the reader to Berliocchi
and Lasry [1973], Tartar [1979, 1983], Schonbek [1982], Balder [1984], Ball
[1988], and Evans [1988].

We first specify some notation we shall use. RY is N-dimensional real
Euclidean space; RY = RYU{c}; Rl =R; R* ={a>0,aeR}; CR")
is the space of continuous functions, while Co(RY) is the space of continuous
functions which tend to zero at infinity; M (RY) is the dual space of Co(RV);
and the symbol — means weak convergence in L? with | <p <oo (if p=o0

we replace — by —).

Theorem 2.1. Let Q C RY be measurable. Suppose that u"(x): Q — R is
a sequence of measurable functions. Then there exist a subsequence u"(x) of
u"(x) and a family of positive measures uy € M(RS), depending measurably
on x € Q, such that for any f € Co(RS)

1) S = @ wd = [ @ due in L=(@)
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Proof. Let E = {f™} be a dense setin Co(RS). Then {f'(«")} is bounded on
Q, and hence there exist a subsequence {u™} of {u"} and a(f1)(x) € L®(Q)

such that
FHum(x) = a(fM)(x).
Furthermore, { 2 (u™ (x))} is also bounded on Q, and hence there exist a
subsequence {u™} of {u™} and a(f?)(x) € L=() such that
P (x) = a(f2)(x).
Proceeding in this way we obtain a series of subsequences {u" }, a(f™) such
that
(i) {un} > {uri} > {u%}>---,and
(ii) for each fixed m, fm(u™) = a(f™).
We let {u™} = {u”f}, the diagonal sequence. Then from (ii) we get that for
each fixed m,

*

(2.2) S ) = a(f™).
For each f™ € E , we define a bounded functional I(f™) on L!(Q) by

(). v) = [(watrmydx = Jim [ wimwedx v e L)

Then for any given f € Co(RS), suppose that f = lim;_,, f' in Co(RS),
where {f’} ¢ E. We want to prove that the following limit exists, and hence
we denote it by I(f), namely,

(23) (1), v) = Jim /Q i) dx Yy e L'(Q).

In fact, for any ny, , ng, , we notice that

/Qt//[f(u”*l) - f(u™)]dx

< ‘ [ vt —f’(u”kl)]dx! " \ [ virae) —f’(u"*Z)]dx|
" \ [ vtsen) - famax

<27 = el + ‘ /Q VLA ™) — f ()] dx

We first choose / large enough such that the first term on the right-hand side
of (2.4) is small, then by (2.2) the second term on the right-hand side of (2.4)
can be small whenever n;, and ny, are large enough. Hence we prove that
{Jowf(u"™)dx} is a Cauchy sequence for any fixed y € L>*(Q), and so we
have proved (2.3). Consequently, we obtain

(2.5) I I < Ifllcllwll Yv e LY(Q).

We notice, by (2.5), that I(f) is a bounded functional on L!(Q), and hence
by the Riesz representation theorem there exists a(f)(x) € L>(Q) such that

(2.6) A(f), ) = /Q a(NHydx Yy e L'(Q).
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We also have

alfi+ ) =alfi)+a(fa) Vi€ CoRY),i=1,2,
alkf) =ka(f) Vfe CyRS), keR.
At this moment we suppose, without loss of generality, that every point x € Q
is a Lebesgue point of each function a(f). Then for any fixed x, € Q, we set
w(x) = (meas By(x0)) ™" X5,(xo) »

where B,(x() is the ball centred at xo with diameter r, and xp(x,) 1s the
characteristic function of B,(xp). By (2.5) and (2.6) we get

(meas B, (x0) ™" [ a(dx| < Iflc

B, (xo)

We now pass to the limit as » — 0 to obtain |a(f)(x0)| < || fllc,. Combining
this with the fact that «o(f) is linear with respect to f we have that a(f)(xp) is
a bounded functional on Cy(RS). Therefore applying the Riesz representation
theorem we have that there is a pu,, € M(RS) such that

a(1)660) = () ) = [ D)

Since Xxp is arbitrary we get
10w = [ v, mydx v eL'@),

where u, € M(RS) for a.e. x € Q. So we have proved (2.1).
Finally, we notice that for any positive f € Co(RS)

a(f)(x)=(f(4), ux) 20 ae. x€Q,

which implies that u, is positive for almost all x € Q. This completes the
proof.

Remark 2.1. Using a dense set of Cy(RS) in the proof of Theorem 2.1 is sug-
gested in Tartar [1983] where the dense set of polynomials with rational coef-
ficients is used. The idea in the proof of the following corollary is due to Ball
[1988].

Corollary 2.2. Suppose that u"(x) is bounded in Lf (R ; RS), where 1 <p <

oo. Then there exist a subsequence u™ of u* and a family of positive measures
Ux € M(RS), x € RN, such that for any bounded set A C RN

(2.7) fW™) = (f(A), ux) in L'(4),
whenever f € C(RS) satisfies
e AP

Proof. Without loss of generality we assume that f > 0. Then we define
fme Co(RS) by fm=6mf, where ™ € Co(RS) is defined by

(2.8) lim L& o,

1 for |A| < m,
9’"(A)={l+m—lll form<|A|<m+1,
0 for |A| >m+ 1.
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We claim that for each ¢ € L>°(A)

(2.9) Tlim. /A o /7 (u") dx = /A o f(um) dx
uniformly in n. Indeed,
) [ ot —f(u")]dx‘ < loleco | fydx
A {xed;|u"|>m}

A
< 1@l ool | L cay o {ﬁl”) } ’

which tends to 0 uniformly in n as m — oco.
On the other hand, by Theorem 2.1 there exist a subsequence u” of u"” and
a family of positive measures u, € M(RS) such that for each m

(2.10) tim [prmwydx = [ ol wydx vpe L=(a)
=0 J4 4
Furthermore, from the monotone convergence theorem we get
(2.11) tim [ gt/ w)dx = [ otf, uihdx.
m—=oo J4 A

Combining (2.9), (2.10), and (2.11) we get (2.7) and complete the proof.

We now describe Murat and Tartar’s Div-Curl lemma which is the prototype
for the theory of compensated compactness (cf. Murat [1978], Tartar [1983],
and Ding, Chen, and Luo [1985c]).

Div-Curl lemma. Let Q C R? be an open bounded set. Let {u?(x)} be a se-
quence in L*(Q) for each i =1,2,3,4. Suppose that u? — u? in L*(Q),
i=1,2,3,4, and 0xu? + 0x,u} and Oy ul + Ox,ul} are compactin H-'(Q).
Then

0,0 0,0

utul — usul — ujuy — uyu3  in the sense of distributions.

We finally describe an embedding theorem (see Ding, Chen, and Luo [1985a]
and Evans [1988]) which is related to an earlier result of Murat (cf. Tartar
[1979)).

Embedding Theorem. Let Q C RY be an open bounded set, and let 1 < q <
2 <r<oo. Assume that {f,} is bounded in W~1-7(Q) and relatively compact
in W=1-49(Q). Then {f,} is relatively compact in H='(Q).

3. VISCOSITY SOLUTIONS

In this section we consider the Cauchy problem for the related parabolic
system:

(3.1) A — Oyv = €d2u, A — dya(u) = ed?v,
with initial data
(3.2) u(x, 0) = up(x), v(x, 0) = vo(x).

We assume that :
(H) , (A2), (A3) hold, and a(u) € C%(R).
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Consequently, we have that
0<dg<a'(u) <a'(0), a"(0)=0,

lo(u)| = /Oua'(r)d‘r < o' (0)|ul.

A local existence result for (3.1), (3.2) can easily be obtained by applying
the contraction mapping principle to an integral representation for a solution,
following the standard theory of semilinear parabolic systems (cf. Ladyzhen-
skaya, Solonnikov, and Uraltseva [1968], Ding and Wang [1983], and Hoff and
Smoller [1985]). Whenever we have a suitable a priori estimate, we can establish
the global existence of a smooth solution of (3.1), (3.2). The following version
of a result of Dafermos is just the a priori estimate we require.

Theorem 3.1 (Dafermos [1987]). Let (H) hold. Assume further that there exist
U, U such that

(3.4) up(x) - e LA(R), vo(x) — U € L*(R).

Suppose that {u®(x, t), vé(x, t)} is a smooth solution of (3.1), (3.2) defined
in astrip Rx (0, T] with 0 < T < oo, and that {u®(x, t), vé(x, t)} tends to
{u,v} as |x| — oo, forany t € (0, T]. Then for each t € [0, T]

as)  [weo-mPdr<en, [ e n-oPdx<e,
R

where c¢(t) is bounded on [0, T)], and c(t) depends on T, but is independent

of €.

Remark 3.1. Dafermos [1987, Proposition 3.1] proved precisely that

66 [ o-mrdx<cw, [ pie.0-aPdx<c
R R

with p > 2, provided that

Uo(x) —u, vo(x) —T € L”(R)n L*(R),

/ [ulP~2|a’ (u)| du < oo,

R

(3.3)

(3.7)

where a?(u) = o’(u). To deduce Theorem 3.1, we notice that if p = 2 the last
condition in (3.7) is superfluous, due to (A3).

We can now state the global existence result, but we omit the proof (cf. Hoff
and Smoller [1985], for example).

Theorem 3.2. Let (H) and (3.4) hold. Then there is a solution
{ua(xa t) 1) va(x9 t)}
of the Cauchy problem (3.1), (3.2) such that, u®, v¢ € C2(R x (0, 00)),

(3.8) /R (-, ) — AP dx < (), / (-, 1) - T2 dx < c(t),

where c(t) is locally bounded in R* and independent of ¢ .
Corollary 3.3. Under the assumptions of Theorem 3.2, we have
(3.9)  &'28,u* and &'/*8,v¢ are uniformly bounded in L% (R x (0, cc)).
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Proof. Let K € Rx (0,), ¢ € C*(Rx (0,)), ¢lx =1, ¢ >0, and
G = supp{¢} . Since

;) [%(1}‘3)2 +/0 o(7) dr} — Oc[via(u®)]
(3.10) = ev®02v® + e (u°)92ut

= —(0,v°%)* — e0’ (u®)(Oxu®)* + €02

u8
Ly g / a(t)dr} ,
2 0
we may multiply (3.10) by ¢ and integrate over R? to get

¢ /ow /_:"[(axva)z + 0" (u°) (9,u*)?lp dx dt

&

oo +00 u
=/ / [%(ve)2+/ a(t)d‘c] orp dx dt
0 —00 0
oo +00
(3.11) —/ / véag(uf)orp dxdt
0 —00
+ . /oo /+oo 1(08)2 + /uf
0 —00 2 0
< C(lull 2y + V8Nl 26)) »

where C depends on ¢. Therefore, we get that ¢!/29,uf and e!/29,v¢ are
uniformly bounded in L?(K), and hence we complete the proof.

a(7) dr] 029 dx dt

Remark 3.2. From the proof above we observe that, to prove (3.9), it is sufficient
that

(3.12) u® and v® are uniformly bounded in L2 (R x R*),

which is weaker than (3.8).
By the theory of invariant regions (cf. Chueh, Conley, and Smoller [1977]
and Smoller [1983]), the following result is obvious.

Theorem 3.4. Suppose that {u®(x,t), vé(x,t)} is a smooth solution of the
Cauchy problem (3.1}, (3.2). If there are r* and s*, r* > s*, such that

r(uo(x), vo(x)) >r*, s(uo(x), vo(x)) <s* Vx €R,
then
r(uf(x, 1), v8(x, ) >r, s@i(x,1),vi(x,1)<s" V(x,1) € Rx(0,00).

Consequently, u¢ is uniformly bounded below by a positive constant.
Similarly, if r* < s* and

r(uo(x), vo(x)) <r*,  s(uo(x), vo(x)) 2 5™ Vx €R,
then
r(ut(x, t), vé(x, ) <r*, sué(x,t),vé(x,t))>s" V(x,t)eRx (0, o00).

Consequently, we also have that u¢ is uniformly bounded above by a negative
constant.
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Remark 3.3. From the initial data given in Theorem 1.1 we have that the sup-
ports of the viscosity sequence {u®(x, t), vé(x, t)} are contained in {(r, s);
r>r0, s <s%.
4. ADMISSIBLE SOLUTIONS. LAX ENTROPIES
We first describe in standard fashion a definition of a weak solution for the
Cauchy problem (1.1), (1.2).

Definition 4.1. A pair of functions {u(x, ), v(x, t)}, u,v € L|, (RxR"), is
said to be a weak solution of the Cauchy problem (1.1), (1.2) if

// o(u(p, —voy)dxdt+ /OO up(x)p(x,0)dx =0,
(4.1) > —00

// (vp, —o(u)py)dxdt + /oo vo(X)p(x,0)dx =0,
t>0

—00
whenever ¢ € C°(R?).

It is necessary to introduce an admissibility criterion which can pick out
the physically relevant solutions. We recall the definition of generalized en-
tropy formulated by Lax [1971]. A pair of smooth mappings (n, q), where
n(u,v), q(u, v): R - R, is called an entropy-entropy flux pair if
(4.2) Vg=Vn-Vf, f=(-v,-om)T,
for all u, v € R. In components, (4.2) reads
(4.3) 0uq(u, v) = —a'(W)dyn(u, v),  Ovq(u,v)=—0un(u,v),
from which it follows that # is a solution of

oan(u, v) = a'(w)d;n(u, v).

A typical example of an entropy-entropy flux pair is

(4.4) n(u,v)= %vz + /u a(t)dr, q(u, v) = —va(u).
0

Note that in this example 7 is convex.
For convenience we define some classes of entropy-entropy flux pairs as fol-

lows:

L:={(n,q); |V <C,|Vn < C(1+|ul*+ |v]*),

Inl < C(1+[ul*+[v]%),

(4.5) g < C(1+|ul*+|v]*),0<a< 1},

Leon == {(1, q); 1 is convex, [n| < C(1+ |ul? +[v|?),

gl < C(1+Julf +v)F), 0< B <2}.

Here C, a, and f are constants depending on # and q.

We now can describe the definition of an admissible solution in the sense of
Lax [1971] for the Cauchy problem (1.1), (1.2).
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Definition 4.2. Suppose that {u(x, t), v(x, t)} is a weak solution defined by
Definition 4.1. Then {u(x, t), v(x, t)} is said to be an admissible solution if,
for any pair (7, q) € Leon »

(4.6) / [n(x, 00,0 + q(u, v)dxp)dxdi > 0,
>0

whenever ¢ >0, ¢ € C*(Rx (0, 00)).

Theorem 4.1. Suppose that {u®(x, t), v¥(x, t)} is the sequence of viscosity so-
lutions given in Theorem 3.2. Then we have that for each (n, q) € L

@7 On(u(x, 1), v(x, 1)) + Oxq(u’(x, 1), v*(x, 1))
is relatively compact in H];c‘ (R x (0, c0)).
Proof. Given any bounded open set Q C R x (0, o0), QCRx (0, c0), we
want to prove that
(4.8) Am(ut, v8) + 8,q(uf, vé) is relatively compact in H~1(Q).
We first notice that 9,n(u®, v®) 4+ Oxq(uf, v&) = I{ + I, with
If = e0x[Vn - (uy, v3)],
I5 = —e[Muu(45,)? + 20 U305 + Moo (V5)°],

where we use O,u or u, as the derivative of u with respect to x, whichever
is convenient. Since |V2y| < C, by Corollary 3.3

[fmaxacsc [ st + wiriavasc,

where C is independent of ¢. (For simplicity we may use the same C as
various constants independent of ¢.) Therefore, I§ is bounded in M (L), the
dual space of Cy(QQ), and hence, by the Schauder theorem (cf. Yosida [1968],
Chapter 10]),

(4.9) I% is relatively compact in W~1%(Q), 1 < g < 2.
Furthermore, because of the definition of L, we have that for each ¢ € C§°(Q2)

[ modxat <o [[ (nasi+inoilos dxdi
Q Q

<e'2C(lle' 2l )2 + llePuEl) (1 + 1uell + NvelI5)l 9xllg,
—0 ase—0,

where $(1+a)+1/q1 =1, g > 2. This implies that I — 0 in w-1.4  and
1/q1 + 1/q; = 1. Combining the above with (4.9) we get

(4.10) (Ut , vt) + Oq(uf, v®) is relatively compact in W19 (Q).
On the other hand, for any ¢ € C§°(Q)

[ v+ oque vp dxds
Q

< Clinll2ja + 1ll2/) V@ ll2/2-0)
< C(L+ [[uf))g + e IDIVell2/2-a) s
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which means that 8,n(u¢, v¢) + 8xq(ut, v¢) is bounded in W~1-2/(Q). Since
2/a > 2, combining the above with (4.10) we can apply the Embedding Theo-
rem of §2 to get (4.8), which completes the proof.

We now discuss the construction of entropy-entropy flux pairs of Lax’s type.
We can regard the Riemann invariants (1.3) as a mapping / from the (u, v)
plane to the (r, s) plane,

I:(u,v)—(r,s),
which is a smooth, one-to-one mapping. We notice that (4.2) is equivalent to
o9q _ ,0n oq on
4.1 — = A — = —A
(4.11) ds ABS’ or lar’
where 4 = (o'(u))!/2.

We first construct entropy-entropy flux pairs having the form
’7:|:k("> S) = eiks(AO + Al(ik)—l) + P:i:k )
quk(r, s) = e (By + B (£k)™") + Quy
where k =2,3,4,... and 4;, B;, Py, and Q4 are smooth functions of
r, s to be defined below.

Here we should mention that, by Remark 3.3, it is sufficient to construct
entropy-entropy flux pairs (74, g+x) satisfying (4.11) in the region X,
(4.13) So={(r,s);r>r", s<s%Y c{(r,s);r>s},
and for this reason our discussion is focused on the region {(r, s); r > s}.

For convenience, we define

Cy(s) ={h(s); h(s) > 0, h € Cg°(R), supp{h} C (—o0, r°)}.
Given any fixed 4 € Cj(s), we suppose that supp{#} C [s~, s*], where s* <
r0. Then we define

(4.12)

(4.14) Ao(r,s)=2""2(r, $)h(s),  Bo(r,s)=2A"2(r, s)h(s),
and from (4.11) we see that 4, and B, are defined by the recursion conditions
(4.15) By + 0;By = A(A; + 85 A4p), 0,B1 = —10,A,,

or, equivalently,

208, Ay + (8,A) Ay + 8,(A05Ag — 0sBy) =0,

By = 1A4; + A8; Ay — 95 By.

Solving the ordinary differential equation with A;(s, s) =0, we get

(4.16)

A7, ) = =327, (T, 5) = Fofs., 5]

- zll-l"/z(r, s)/ Fy(t, 5)0: InA(t, s)dt,
S

(4.17) |
Bl(ra S) = 5)'1/2(", S)[FO(r5 S) + FO(S3 S)]
- %A‘/z(r, s)/ Fy(t, $)d:InA(t, s)dt,
N
where
(4.18) Fy(r, s) = A7'2(A8;4¢ — 85 By).

Having defined 4; and B;, we prove the following estimates.
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Proposition 4.2. Let (A1)-(A3) hold. On the half-plane {(r, s); r > s} we have
[4;(r, s)| < Coh(s), [Bj(r, s)| < Cohl(s),
16/0,"4;(r, 5)| < C, 16/0"B;(r, 5)| < C,
where j=0,1, 1</+m<2,1,m=0,1,2, C dependson h(-) and a(-),
and C, depends only on o(-). Here we emphasize that C, is independent of
h(-).
Proof. Since from (1.3)
ou_ Ou_1,,_1 np ov _odv _1
(4.20) ar = "as 20 29 HTE T
we see by (A1) and (3.3) that (4.19) holds for Ag(r, s) and By(r, s).
We now deal with 4,(r, s). Since
Fo(r, s) = =(8;In)h(s) = (a") 6" h(s),
we have that Fy(s, s) =0, since ¢”(0) =0 and r =s corresponds to u =0.
Furthermore, we notice from (A3) that
d,1n A is negative on {(r, s); r > s},
(4.21) dsIn A is positive on {(r, s); r < s},
OsIniA=-9,InA.

(4.19)

Then we estimate
,
|Aq(r, s)| < Coh(s) + Coh(s)/ —0;InA(t, s)dt < Coh(s),
S

where C; is independent of A(-). A similar argument applies for Bi(r, s).
Furthermore, we calculate that

0.1, 5) = A0, )Folr, )BT, 5) = 347 (r, ) Folr , 5)
r
+ %1‘3/20, $)AA(r, s)/ Fy(t, $)0; InA(t, s)dz
s

- %A“/Z(r, s)/ dsFo(t, 5)0; InA(t, 5)dt
s

- %l“/z(r, s)/ Fy(t, $)0s0; InA(t, s)dt.
N
By (A1), (4.20), and (4.21),
|0s4;(r, s)| < C+C / Fy(z, 5)0s0;InA(7, s)drt
N

r
=C+C / Fy(t, $)02InA(t, s)dt
)

<C+C / 8. Fy(t, 5)0; InA(7, §)d7
S

SC(1+/ —Btlnl(r,s)dr) <C,
N

where C depends on A(-) and o(-). Using the same method we can prove the
rest of (4.19), and hence we complete the proof.
We now define Py, and Q. . Our purpose is to obtain the following results.
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Proposition 4.3. There exist smooth functions P, (r, s) and Qi (r, s) defined on

Yo such that (qi(r, s), q(r,s)) satisfies (4.11) in Xy. Moreover, we have
P(r,s)=0, Q(r,s)=0 fors<s™,

w2y BRIk [ KINQOIhOlE, sz,

07, 9)l < Gk~ [ KUM@+ h@NdE, 5257,

where Cy is independent of h(-) and k, and
(4.23) 18/ P(r, 5)] < C(k, h), 18/0" Qi (r, 5)| < C(k, h),

where (r,s) € Xy, 1 <l+m <2, 1, m=0,1,2, and C(k, h) is some
constant depending on k and h(-).

Proposition 4.4. There exist smooth functions P_;(r,s) and Q_;(r, s) defined
on Xy such that (n_(r,s), q_i(r,s)) satisfies (4.11) in Xy. Moreover, we
have

P—k(r’S)ZO’ Q_k(r,S)=0 forSZS+,

waay VPRl 9IS Gk [ e @)+ hOldE, <t

Q-(r, 9 < Cok™! | D e RN @) +hETdE, s <st

where Cy is independent of h(-) and k, and
(4.25) 6,0 P_i(r, s)| < C(k, h), 18107 Q_y(r, 5)| < C(k, h),

where (r,s) € Lo, 1 <l+m <2, [, m=0,1,2, and C(k,h) is some
constant depending on k and h(.).

We notice from (4.11), (4.14), and (4.15) that Py.(r,s) and Qi .(r,s)
should satisfy the linear hyperbolic equations:

05 Quk — ADs Pay = (£k)~'e**°(20,4) — O:By) ,

0, Qup + A0 Pyy = 0.

Therefore, P, (r, s) is the solution of the linear hyperbolic equation
(4.27) 0r0s P + (8,10 2)8, Py + $(8,In2)0; P, = fi,

where

(4.26)

ﬁ( = —k‘le’“%ar(lasAl — (9331).

By the standard theory (cf. Bitsadze [1964] and Sobolev [1964]), we can solve
the initial value problem for (4.27).

We define the initial values along characteristics as follows:
P(r,s)=0 fors=s",

(4.28) 0, 1,0 0 0

P(r,s)=0 forr=r":=5"+5(r" —s") <r.

By the Riemann representation we can express Pi(r, s) in the form

(429) P, = [ [ Resta, ifita, B)dBda
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for r > r*, r* > s > s~ , where in (4.29) the Riemann function R, s(a, B) is
the solution of the corresponding adjoint equation

(4.30) 0a0sR, s — $0a[0sInA(cx, B)R, 5] — 304[0.InA(c, B)R, 5] =0,
r*<a<r, s” <p<s, with the following initial values along characteristics:
Ry s(a, 5) = [A(r, $)]7[Ala, )2,

R, s(ry B) = [A(r, $)I7/2[A(r, B)1V/2.

Here we notice that R, (r, s) =1, and, by (3.3), that R, s(c, s) and R, (r, B)
are uniformly bounded in r, s, a, and f.

(4.31)

Proposition 4.5. We have

Rr,s(a, B) s aaRr,s(a: ﬁ) s 6/3Rr,s(a, ﬂ)

4.32
(4.32) are uniformly bounded inr, s, a, 8,

where r* <a<r and sT< B <s<r*.

Proof. We first claim that there are ry,, sps such that, if (r,s) € {(r,s);r >
re,s<r},

(4.33) 0, InA(r, s) is monotone in r, 5, if r > ry, ors < sy.

The same results hold for d;InA, since d;InA = —39,InA.
We notice that

2 InA(r, s) =8} InA(r, s) = —8,0; InA(r, s)

1 L, dar
=—2(A(u)) lml l(u),

where (r, s) corresponds to (u#, v) under the mapping /. Therefore, by (Al),
(4.33) holds if u > M . More precisely, (4.33) holds if we set

M M
rM=r*+2/ At)dT, sM=r*—2/ AM)dr,
0 0

where M is given by (Al).
Given any a9, a1, and f; with r* < aqy < a; <r, s~ < f; <s, and
B1 < a;, we take the integral of (4.30):

A r
/ / {BaaﬂR,,s - %aa[aﬂ InA(a, B)R; ;]
B Je
—%Bﬂ[aa InA(a, B)R, ;] } dadp =0.
By calculation we get

Rrsfon, B+ 5 [ gt B)R (e, B)d

+ %/ 8alni(a, B1)R, s(a, Bi)da = 1.
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Then
IRr s(ar, Bl)l <53 2 |‘9 ln)“( ﬂl)l IRI‘,S(a’ ﬂl)lda

(4.34) +1+= / max |aﬂ1n/1(a1,,3)| max |Rr s(ar, B)ldB,

<o <r

ag<a; <r.

Regarding f; as a parameter in (4.34), we use Bellman’s inequality! (cf.
Bellman and Cooke [1963]) to get

'1_ ’ a a
IR, s(an, By)| < e2 e I
1 )
(4.35) : [1 *32), max |0pInA(eq, )| max [Ry s, ﬁ)ldﬂ]
A
<clivg [ may By, /I max IR o, Hldp]

where a9 < oy < r, and where we have used (3.3) and (4.21).
(4.35) implies

max_|R, (a1, B1)|

a0<a| r

<C [1 +% max |a,gln/1(a1 Bl max |Rr s(ar, ﬁ)ldﬂ]
pr 0=

Again by Bellman’s inequality we get

max |Ry.q(ar, Bi)] < Ce© ln museisr Painicer A8

a0<a|

On the other hand, from (Al) and (4.33),

S

max |6ﬂ InA(ay, B)|dp

ﬂl a0<a|

5/ max lapln,l(al,ﬂ)ldﬂ+/M max laﬂlni(al, B)ldp

ao<a|
< Clr* - sl + / 10 InA(r, B)|d + / 10 InA(ao, B)dB
<C,

where C is independent of r, s, ag, a;, and B;.
Combining the above we obtain

IRy s(a1, B)| < C, rr<a <r,s- <P <s<rr,
where C is independent of r, s, B, and ;.

ILet f(¢), a(t) > 0 be continuous functions in [a, b], let 4 > 0, and suppose that f(¢) <
A+fl a(t)f(r)dz, t € [a, b]. Then we have f(t)<Aexpf, a(t)dt), t€a, b].
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Next, we integrate (4.30) with respect to f and obtain

OuRrsla, B1)+ 5 [ Ognd(a, HIOuR, (. B)df
B
l )
+3 [ udynie, BIR.s(a, BB
= 0aRy s(a, 5) — %[80, InA(a, )R, s(a, s) = 0, InA(a, B1)R, s(a, B1)]
Hence
1 S
0uRy sl B0 < 5 [ (0510 2(a. 1IGuRs s(a, B dB
B
+C (1 + /ﬁ 8205 In A(a, ﬂ)]dﬁ) )
But, from (4.33) and (A1),

/ﬂs |0.0p InA(a, B)|dp

S

< / 1005 In A, B)|d + / " 105 A0, B)|df < C,

SM —00

where C isindependent of r, s, a,and B;. Then, by the Bellman inequality,
we get

|0aRr s(a, B1)| < C, r<asr,s <P <s<r.
A similar argument applies for dgR, s(a, B), and so we complete the proof.

Remark 4.1. From the proof above we see that in hypothesis (A1) the condition
where A~!(u) is concave for u > M and convex for u < —M can be replaced
by ¢”'(-) € L'(R).

The existence of Qi (r,s) follows from that of P(r,s). In fact, we get
from (4.26) that

N S
(4.36) Oy = AP, — / (8pA) P d B + -]15/_ ekB(Adp A1 — 05 By) dB.

Proof of Proposition 4.3. By (4.14) and (4.15) we calculate that

A=V2(20;41 — OsBy)
= A"V2[A8; 41 — 85(AA; + ABs Ao — O5By)]
(4.37) = (Bs InA)A'(s) + (B In A)h(s)

+ %(35 lnl)/ Fy(t, 8)0:InA(7, s)dr,
s
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where Fy(t, s) = —[8;1nA(7, 5)]A(s), and we get

1
felr, s) = §Ee’“[-/rla,(;uasAl — 8,B))]

_ b ksa—1g 102 /
iy AT 0, (A0 In A ()

- %ek’ Bx-‘ﬂ(a, InA)(821n2) + A~1/29,82 In 4
(4.38)

+ 21‘-,1-1/2(33 ln/1)3] h(s)
b ks | Limi2042 I ip 2
%€ [41 (6 ln/1)+8,1 (6sIn k)
r
x/ Fy(7, 5)0:InA(7, 5)d7.
s

Then, as in the proof of Proposition 4.5,

|Pe(r, $)| =

// Ry (o, B)Jile, B)dB do

< Cog [ HPUR )|+ h(N [ 102 mAl + 10,10 2 da

/ kBh(B)dp /rrl/z(aaa; AR, s(a, B)da

1
* %
<Cop [ "B (B)] + h(B)1dB
<cp [

32| ePhBAT L ojnaer, B, ﬂ)dﬂ’

+-2-1,; /s e"”h(ﬂ)z—'ﬂ(r*,p)aglnx(r*,ﬂ)R,,s(r*,/g)dﬁ'

+ i / e"ﬂh(ﬂ)/rl"/z(aj lnl)(aaR,,S)dadﬂ‘
N r«

+511€ /S ekﬂh(ﬁ)/r‘ %,1-1/2(6,11n/1)(a§1n1)R,,sdadﬁl
< Co [ U B)+ (BN,

where Cj is independent of k and A(-).
By (4.36) we have a similar estimate for Qi (r, s), so we get (4.22).
Furthermore, integrating (4.27) with respect to s we obtain

ORr,5)+ 5 [ 18 ImACr, ONOPi(r, &) dE

+% Slarln/l(r,é)laél’k(’:f)dé

- [ he.0ae
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Applying integration by parts we get
OR(r.9)+ 5 [ 10cInAr, N0 Pulr, £)de
=3 / [0:0, A7, IR, )
+ [ Al de - S0, mAl, IR, ).

Then it follows that

O, P (r,s)+ = / O:InA(r, )0, Pi(r dé'

< Ckleks" (1 +/
o

and, again by the Bellman inequality,

100, In A(r, ) dé) < Ck™lek,

18, Pe(r, 5)| < Ck~'e*s",

which is part of (4.23).
Similarly, we can prove the rest of (4.23), and we complete the proof.
From the proof of Proposition 4.3 we can obtain the following expressions.

Proposition 4.6. For (r, s) € Xy, we have

— _l_ —-1/2 ks
P (r,s)= 2k'1 (r, s)h(s)e
or
(4.39) . / [-aaas InA(a, s) — %aa InA(a, $)8sInA(e, s)| da

+PXr,s),
with |PY| < Co [ ePh(B)dp, and

O~ 1B = I P@MKS) — [ M @327 () dp
+ 8400+ A3h),

(4.40)

with
s S B
sk < 2 [ tnprap,  mi<co [ ap [ eneae,

where Cy is independent of k and h(-).
Proof. By (4.38) we easily get

Pk‘/_ / € 00710, (21295 In A (B)Ry s (a, )dadﬂ‘

< [ onpap.
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On the other hand, by (4.31) we calculate

/ / _i%ekﬂz—laaw/zaﬂ In Al (B)R,,s(a, B) dadp
s Jrx

=—%e’”h(s) / A" Ha, 5)0,[A120; In AR, s(a, 5)da

+ 517(- h(B)0s{€*P2710,[A'295 InAIR, s(a, B)}dad B

= _%1‘1/20, 5)e*sh(s) /r [3a‘9slnl(a’ s)
1
2
+5p [ [ hBI0p(e5710,111205 m AR, (o, B)}dad.

We see that the last term on the right-hand side of the above equality is bounded
by Co . ekfh(B)d B . Combining the above we get (4.39).

(4.40) follows from (4.15) and (4.36) since

1 S

% /;_ ekﬂ(laﬁAl - BﬂBl)dﬂ

1 )
= 2 | =041 + 0510421401y 4B

-

+=0,Ini(a, 5)0sInA(a, 5)| da

A

1 1 [*
= e (@,0) o - / B (@p2) Ao df — 7 / " eH(9y) 41 dP.

ST S
Hence we complete the proof.

The discussion about P_;(r, s) and Q_,(r, s) is quite similar. Our purpose
is to construct P_; and Q_, to be defined for s < s*, while they are identically
zero for s > st . It is sufficient to propose the following initial values:

P (r,s5)=0 fors=st,r>r*,
P i(r,s)=0 forr=r*,s<s*.

Then we proceed as before and prove the existence of P_; and Q_; defined
on X, which admits Proposition 4.4. In particular, we have the following result
similar to Proposition 4.6.

Proposition 4.7. For (r, s) € Xy, we have

_ _l_ —-1/2 —ks
P_i(r,s)= 2k'1 (r, s)h(s)e
(4.41) . / [_aaas InA(a, s) — %a,, InA(a, $)8Ini(a, s)| da
r‘
+ P:k(r’ S) 5

with |P%,| < Co [ e *Bh(B)dB, and
s+

(4.42) Q—k—“’—k=—%e‘“ﬂ“/z(asz>h<s>+ / e P (950)A" 2 h(B) d B

+ AL () + A% (h),
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with
Al < 2 [ e kp)dp. A, < Go / " ap / " eken e,
where Cy is independent of k and h(-).

From the procedure above we conclude that for each 4 € C{(s) we can con-
struct two pairs of entropy-entropy flux (%4, g+x) in the form of (4.12) which
satisfy (4.11) in X,. For distinction and when it is convenient we sometimes
may use one of the following notations:

Nik(U, V) = Nk (r, ) = Nk (A(S)) = Nex(r, 55.h(5)) = nax(u, v; A(s)),
Gk (U, V) = qui(r, ) = qex(h(s)) = qui(r, 53 h(s)) = qui(u, v; h(s)),
Ai(r, s) = Ai(h(s)), Bi(r,s)= Bi(h(s)), i=0,1,

Pyy(r, s) = Pyr(h(s)), Q1i(r, 5) = Qur(h(s)).

We denote by E; all those entropy-entropy flux constructed as above, namely,
(4.43) Es = {(nxx(h(5)), a+x(h(5))); h(s) € Cg(s)}-

From Propositions 4.2-4.4 and (4.20), we can obtain the following results.

Theorem 4.8. For each (nii(h), qii(h)) € E5, there exists C > 0, depending
on k, h, and a, such that

1040 i, v3 B S C, 10,07 ui(u, w5 h)| < C,
Yu,v) eI 1(Z), 0<l+m<2,1,m=0,1,2,
where I~ is the inverse mapping of I .
Hence, as a consequence of Theorem 4.1, we have
Theorem 4.9. For each (n+i(h), g+ (h)) € E;,
Onx (U (x, 1), v¥(x, 1)) + Oxqux (U(x, 1), V(X 1))

is relatively compact in H} (R x (0, c0)).

(4.44)

We now begin the construction of another type of Lax’s entropy, namely, we
consider entropy-entropy flux pairs of the form

Tak(r, s) = e (ag + ay (£k)™") + Wiy,
Gur(r,s) = e* (b + by (£k)™") + Zyy,

where k=2,3,4,..., and a;, b;, Wy, and Z,; are smooth functions of
r and s defined by the following recursive compatibility conditions:

(4.45)

by = —Aay, by + 6,bg = —l(dl + 8,a0) s
8sbj=lasa,-, j=0,1,
which are equivalent to
240sa9 + (le)ao =0, bo = —Aay,

by = —Aa; — (/13,-(10 + 6,b0).
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Given any h € Cj(r), where
Cy(r) = {h(r); h(r) 2 0, h € C§°(R), supp{h} C (s°, +o0)},
we suppose that supp{k} C [r~, r*], r~ > s°. We define
ao(r, s) = A~ Y2(r, )h(r), bo(r, s) = —AY2(r, s)h(r).

Then a; and b, are given by
a(r, )= = 32727, S)Golr, 5) = Golr, 7]
- %A‘l/z(r, s) /Sr Go(r, &)0:InA(r, &) d¢&,
by(r, )= — %A‘/z(r, IGo(r, 5) + Go(r, )]

+%Al/2(r,s)/s Go(r, &) InA(r, &) dE,

where Go(r, s) = A~V2(Ad,a9 + 8,b0) = —(8, InA)h(r) .
Moreover, Wo,(r,s) and Zi,(r,s) can be defined by solving the linear
hyperbolic equations

OsZsy — AWy =0,
O Zyk + A0 Wy = (k)" 'e**"(18,a, + 8,b;).

We now denote by E, all these entropy-entropy flux pairs constructed for
any h € Cj(r), that is,

= {(Mek(A(r)), Tui(B(r))); h(r) € C5(r)}.
We still have the results for E, parallel to that for E;, but we omit the details.

5. REDUCTION OF YOUNG MEASURES
In this section we will use the notation
ré(x, t) =r(ut(x, t), vé¥(x, t)), sf(x, ) =s(ub(x,t), vi(x, 1)),

where r and s are the Riemann invariants defined by (1.3). The first result
in the following theorem can be derived from Corollary 2.2 and the Div-Curl
lemma.

Theorem 5.1. There exist a subsequence {rér, sén} of {r¢, s®} and a family
of positive measures jx,; € M (R?) such that, for any entropy-entropy flux
(Mo > qiy) EESUE,, i=1,2, we have

(5.1) (Ml — dmlF > tx, ) = (s o, )GF thx ) = (G s Mo, YT > Mhx o)

for (x,t)eRx(0,00) and |, m=+2,+3,+4,..., and

Mo (rn, s%) — (i, tx,e) in Lig (R x (0, 00)),
Qor (rf, s°) = @y s i) in Li(R x (0, 00)),
for k=1,2,3, ... and i=1,2.

(5.2)
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Proof. By Theorem 3.2 we get that {r?, s} isbounded in L2 (RxR™*). There-

loc
fore, applying Corollary 2.2, we obtain that there exist a subsequence {ré, s}

of {r®, s¢} and a family of positive measures p, ; € M (R?) such that

(5.3)  SUF(x, 1), s7(x, 1)) = (f(r.5), te,e) in L (RxRY),
whenever f € C(R?) satisfies
f(r,s)
Vr? + 52
This implies (5.2). Furthermore, it follows from Theorem 4.8 and Theorem
4.13 that
nrln(re” , sen)qlz(rsn , 58") _ q’ln(rEn , Se")nlz(ren , S&n)
— (nhaf —aimt, ue ) inLLRxRY), [, m=+2,43, 4, ...
On the other hand, by the Div-Curl lemma we get
Mo (r% s $™)GF (r'n , 57) = @ (r°n , s )M (rn , 5°)
= (N>t 0)(G7 s B0} = (@ s B, )07 5 B 1)
in the sense of distributions, /, m = £2, +£3, +4, ... . Combining the above
we get (5.1) and complete the proof.

Remark 5.1. In the proof of Theorem 5.1 we need only (3.12), rather than (3.5).
Our purpose is to prove that each positive measure u, , is indeed a Dirac
measure (we will drop the index {x, ¢t} for simplicity). The ideas of the proof
are as follows:
1. We prove that, in the s-axis direction, the following case, denoted by (S1),
cannot happen. There exist s',s2, 53,4, 0 <lp < 3(r® -9, —o0 < 5! <
s+ 3l < 52 <524 3ly < 53 <s%, such that forany 0 </ <

-0 asr’+s?— o0

u{(r,s);s' —l<s<s'+1,—co<r<oo}#0,
u{(r,s); s> —l<s<s*+1l,—c0o<r<oo}#0,
u{(r,s); s> —l<s<s®+1, —c0o<r<oo}#0.

Since the support of u is a subset of Xy, we assume that

(5.4) p{(r,s);s>s*, —co<r<oo}=0,

i.e., we take s3> maximal.

2. Since (S1) is impossible, the support of x4 must lie on two lines, that is,

there exist s~ and st such that

(5.5) supp{u} C {(r,s);s=s"}U{(r,s);s=s"}

Then we use DiPerna’s argument to deduce that the support of u lies only on

one line, that is, there is an s° such that

(5.6) supp{u} C {(r,s); s = s°}.
3. We carry out a similar argument in the r-axis direction and prove that the
support of u lies only on one line, i.e., there is an r° such that

(5.7) supp{u} C {(r, 5); r =r°}.
Combining (5.6) and (5.7) we get that u is a Dirac measure with support at
(r°, s9).
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Theorem 5.2. (S1) is impossible.

Proof. If, conversely, (S1) holds, we would have a contradiction. To prove this,
we argue in several steps. Our proof is motivated in part by the argument of
Serre [1986] (cf. also Shearer [1989]).

Step 1. We choose h; € Cf(s), i=1,2, 3, as follows:
hi <1, supp{h}C[s' —lo,s' +1],
hy <1, supp{hy}:=[s~,sT1C[s*—l, s* + o],
hy <1, supp{hs} C [’ —Io, s* + L],
hi(s) =1 for s € [s* — LIy, s* + Llo].

We observe that 4; can be obtained by means of mollification.
By §4 we can construct the corresponding entropy-entropy flux pairs:

(":‘:k(hl)7q:‘:k(hl))€ES’ i=1,2’33 k=2’3’4""'
We now give some basic results that we shall use later. First, we have

: (M (h3), u)
,}l{g (eksdo(hs), u)y

. (gr(h3), w) /
(0)'/% < kll»r{.lo ks Ag(hs), @) < (a'(0))"2.

In fact, we recall from Propositions 4.2 and 4.3 that
M (hs) = (2712 + O(k™"))hs + Pi(h3),
g (h3) = €< (A2 + O(k™"))hs + Qk(h3),

(5.8)

with
s

| P (h3)| < Cok ™! R IAS(&)| + hy()1de,

s —lo

Qe < Cok™" [ e (E) + ha(@1de.

We can choose A3 such that Aj(s) >0 for s3 —Jp <s < s*>. We then have
|Pe(h3)] < Ck™'e¥hs(s),  |Qu(hs3)| < Ck™'eMhs(s) if s < 8%+ 3o,

where C is independent of k and 4. Thus (5.8); follows from the fact that
u is zero on the region {(r, s); s >s3}. (5.8), is also true since (dg)!/?2 <A<
(a'(0)"/2.

We also have

(5.9) (M (h3)q—i(h1) = qr(h3)n_i(hy), p) =0 Vk.

This holds since the supports of 7, (43) and g, (h3) do not intersect the supports
of n_x(h) and g_i(hy), due to our construction in §4.

Step 2. (i) Suppose that there is a subsequence of {k}, also denoted by {k},
such that

(5.10) (m-i(h1), uy #0 Vk.
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Then we have

(5.11) (M (h2)q-i(h2) — qi(h2)n_i(h2), u) =0 Vk.
Indeed, from (5.9) we have
(5.12) (g-k(h1), 1) _ (qi(h3), p)

(M_ic(hy), ) (mc(hs), u)’

where we have used the fact that (n,(hs3), u) # 0 if k is large enough, due to
(5.8);.
On the other hand, from
0 = (nk(h3)q—i(h2) — qk(h3)n_x(h2), 1)
= (”k(h:;) ) ﬂ)(q—k(hZ) ’ lu) - <qk(h3) ) ﬂ)('?—k(hZ) ’ lu)

and
0 = (n_r(h1)qi(h2) = gk (M) (h2) , w)
= (N-k(h1), uMak(h2), w) — (@-k(h1), w)(mc(h2), 1),
we get
_ Aqk(h3), p)
<q—k(h2) 5 ﬂ) - <'7 (h3) )(”—k(hZ) > #) 5
(g (h1), w)
(g (h2), u) = rm(ﬂk(hz) s W)

Substituting these into

(M (h2)q_i(h2) — qr(h2)n—i(h2), w)
= (Me(h2), w{q-k(h2), w) — (qx(h2), u)(n-x(h2), @)

and using (5.12) we get (5.11).
(11) Suppose that there is a subsequence of {k}, also denoted by {k}, such
that

(g-k(h), u) #0 Vk.
By the same argument we still have (5.11).

(1) If
(n—i(h1), w) =0, (g_x(l),u)=0 Vk,
we then have

(5.13) (Me(h)g-i(h) — q(h)n—(hy), p) =0 Vk.
Step 3. If (5.11) holds, we would have

(e [ k8021 () B )
(5.14) + <ek3h2(s)).“/2 /S

<C [%(s’r —5s7)+ (st —s‘)z] u{(r,s); s~ <s<st},

+

e B (90)2 P hy(B) d B, #>

where C > 0 is independent of k. (In the following we use the same C to
denote various constants which are independent of k.)
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In fact, we calculate that
M (h2)g—i(h2) — ar(h2)n—i (h2)

= [e¥(Ao(ha) + A1 (h2)k™") + Pi(h2)]
- [e7¥(Bo(h2) + Bi(h2)(—k)™") + Q_k(h2)]
— [e¥(Bo(h2) + Bi(h2)k™") + Qi (h2)]
- [e7*5(Ao(ha) + A1 (h2)(=k)™") + P_ye(h2)]

=h+L+1I+1,,

where

I = %(AIBO — AoB1),

I = e™*(BoPy — AoQk) + €**(40Q_x — BoP_1),
I; = %eks(AlQ—k —B\P_) + %e—ks(Ale - B\ Py),
Iy = PQ_j — Ok Py.

First, by (4.16) and Propositions 4.6 and 4.7, we see that
I = %}f'/zhz(s)(lAl -B)= %h%(s)as Ini,
L = e hy(s)A7 P (AP — Qx) + € ha ()22 (Q g — APy

S
= — ghz(s)as InA+e *hys)A™12 [ e*B(854)A" 2 hy(B)d B
k 2 N B

+

+ e*hy(s)A~ 112 / ) e k(@M A" Phy(B)dB + I3,
s
where
I = — e ®hy(s)A7V2[AL(hy) + A2 (hy)]
+ €5 hy(5)A7 P [AL  (h2) + AZy (h2)].
Clearly, we have

113 s{

We now deal with I;. By (4.40) and (4.42), we get

(st —s7)+ C(st —57)2, sE(s7,sh),
0, otherwise.

L=L+13,

where

1 1
I = Eeks('“‘ —B)P_i + Ee—’“(lAl - B)P,

+

S
B = ef4, [/ e (9p )0 Phy(B) A + ALy + A7,
)

S
+ %e"”Al [— / e*B(852)A" 2 hy(B) d B + AL + Ai] .
S
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We have from (4.39) and (4.41) that

|I§|S{ %(S+—s_), SG(S_', S+)s
0, otherwise.
Furthermore, from Proposition 4.2 we have
|I§l S { %(S+—S—), se(s_.a s+)a
0, otherwise.
Finally, by (4.40) and (4.42) we get
I=1}+1%,

where

1
I = = £A7 (@ 2)ha(s)le ™ P+ € Py,

s+
I =P, U e kB (952)A7 1 2hy(B) d B + AL, +A2_k]

N
—P_; [—/ ekﬂ(aﬂl)l_l/zhz(ﬂ)dﬂ +A}( +Ai:| .
-
Clearly, by (4.39) and (4.41) we get

|11‘<{%(s+_s—)’ SG(S‘,S"'),
4= 0, otherwise,
(st —s7)+ C(st —s57)2, s€(s™,st),

71 { |
0, otherwise.
Combining the above we get (5.14).

Step 4. We now prove that (5.14) leads to a contradiction.
Given any integer N, we write

N
-1
[S2-10,82+10]=Ul:52+n 10,32+%lo]

We then choose /4, such that

_ n—2 n+1
supp{hy} =[s—, s*]:= [s2+Tlo,s2+ ~ lo} ,
. ,  h—1 2, N
h(s)=1 ifse|s°+ Nlo,s +Nlo , n=1,2,..., N~ 1.

By the previous argument (5.14) holds for each 4,. Note that both terms on
the right-hand side of (5.14) are positive. Given any M > 0, we estimate that

(et [ (g Pha(p)dp. u)

>

s
/ ks ;=172 / B (@) 2 d B dp
{s2+(n—=1)lo/N<s<s2+nly/N , |r|<M} s24+(n—1)l/N

n-—1
> e—klo/NCO/ (S _ 52 10) du,
{s2+(n=1)lp/N<s<s2+nlo/N , |Fl <M} N
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where

co = (a'(0))7'/? |05Al.

ax
(r,5)€Xy, |r|<M, |s—s2|<ly

Note that ¢y > 0 because of (A3).
Similarly, we have

<eksh2(s),1“/2/

> e~kh/Ng,

+

e ™A (DpM)A Py (B) d B, u>

(s =5+ 3
s°—s+ —10) du.
{s2+(n—=V)lo/N<s<s2+nlp/N , [r| <M} N

Combining the above we see that (5.14) implies
lo ki a2, -l 2 1
0< e cop{(r,); '+ —x—lh<s<s +ﬁ10,|’|SM
I h\* -2 1
k—‘]’v-+ (N°) ]u{(r,s);s2+”N lo<5<52+n; 10} ,
n=1,2,..., N-1.
We divide this by /p/N and take the summation which deduces that

<C

coe‘k’O/Nu{(r,s);sz§s$s2+lo—11%,|r!§M}
SC<1+I—0)3M{(r,S);52—£9SSSSZ+10}~
k N N
We first let N — oo and then let kK — oo which gives
u{(r,s); s> <s<s*+1y,|r| <M} =0.
With the same method we also get
p{(r,s); s> —lh<s<s* [rf<M}=0.

The above contradicts the fact that u{(r, s); |s — s?| < lp} # 0, since M is
arbitrary.

If (5.13) holds, we also get a contradiction by a similar argument and hence
we complete the proof.

The idea in the proof of the following result is due to DiPerna [1983a] (cf.
Tartar [1983]).

Theorem 5.3. The following case, denoted by (S2), is impossible. There are s~ <
st such that
supp{u} C {(r,s);s=s"}U{(r,s);s =57},
p{(r,s);s=s*}y#0,  u{(r,s);s=s"}#0.
(Indeed, we can assume that x4 has a support on four points.)

Proof. If, conversely, (S2) holds, we would have a contradiction. To prove it,
we again argue in several steps.
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Step 1. We choose hy € C;(s) such that
ho(s) =1 forse[s™,s"], supp{ho} = [s~ —do, s* + dol,
hy(s) >0 in (s™ —dp,s7), hy(s) <0 in (s, 57+ ),

where dg > 0 is small.
By §4, we have

(”ik(r’s;h())aqik(r’s;hO))eESa k=1,2,3"-'-
We then define two sequences of measures vy, v_; € M(R?) as follows:

(e*ho()A~'2f, )
(eksho(s)A=112, p)

(f>w) = Vf e Co(R?),

_ (eTho(9)AT' 2 S, )
(fs V—-k) - (e—ksho(S))._l/z, ﬂ) er CO(RZ)

We notice from (5.3) that, if £ € C(R?), (f, v) and (f, v_) are well defined
and bounded. Since ||vy.|| = 1, there is a subsequence of {k}, also denoted
by {k}, such that
v = v, € M(R?) ask — oo,

v —v_e MR ask— oo.

Clearly, v, ,v_ #0, and
supp{v;} C {(r,s); s =57},  supp{v_} C{(r,s);s=s"}.

Consequently, by Propositions 4.3 and 4.4 we have

lim (M (ho) , )

k—oo {(€5Sho(s)A~Y/2, u)
. (qr(ho) , 1)
e (Rho($)A-172, )
: (n_i(ho) , 1)

E TR ho(5)- 172, 1)

(gklho), p)
8 e hg(ya 12,y — )
Step 2. We want to prove that

=1,

=<A" V+)’

=1,

(5.15) (am(h) — Anm(h), vi) = (@m(h), @) — (A, va)(mm(h), 1),

where (nm(h), gm(h)) € E;, m =1,2,3,..., h € Cj(s). Moreover, we
have

(5.16) (A, ve) = (A, vo).

Consequently, we get

(5.17) (am(h) — Anm(h), v4) = (@m(h) — Anm(h), v-).

In fact, since

Nk (h0)am(h) — qai(ho)im(h) , 1)
= (nxk(ho) , u){gm(R), 1) = (qxx(ho), 1){Nm(h), 1),
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we divide the above by (e¥ho(s)A~1/2, u) and (e~*$ho(s)A~1/2, u) respectively
and pass to the limit as k — oo, which gives (5.15).
To prove (5.16), we notice that

(M (ho)q—k (ho) — qx(ho)n—k (ho) , 1)

(5.18) = (me(ho) . 1(ai(ho) . 1) — (@i (ho) , 1) {n—i(ho), ).

Since

|7k (o)« (ho) — aic(ho)n—i(ho)| = O(k™"),
we divide (5.18) by (e¥*hoA='/2 | u)(e*hoA~1/?, u) and pass to the limit as
k — oo, which gives (5.16).

Step 3. We claim that (5.17) leads to a contradiction. In fact, let A(s*) =1,
0 < h(s) <1, and supp{h} =[sT—I, st+I], where sT—s~ > [ > 0 is arbitrarily
small. On the one hand, it follows from the construction of entropy-entropy
flux pairs in §4 that

(5.19) (am(h) = Afm(h), v_) =0 Vm.
On the other hand, by (4.15) and Proposition 4.7 we calculate that

() = W (h) = " (B () = s ()] + Qo () = 2P ()

= —/ e (9gA)A™VPh(B) d B + AL, (h) + AL, (h).
st—1
Therefore, from
(qm(h) - lnm(h) s V+> =0 Vm

we get

</SS ™ (3,0~ 2h(B) dB, ,,+>

-1
.

<c (%H) / " eh(B)dBr{(r, 5); s =),

+—1

while for any M >0
A
< [ em@pmiiup)ap, u+>
R}

+—]

+

e [ emPh(B) dpu(r, s)is = st Irl < M),

1

where
¢ = (0'(0))" /4 max |05A.

(r,$)EZy, |r|<M ,|s—s*|<st—s~
Note by (A3) that ¢, > 0. We then get that v, . {(r,s);s=s",|r|< M} =0,
which is impossible since M is arbitrary. Hence we complete the proof.
Having proved that the Young measures u, , are Dirac measures, we can
easily obtain the existence, i.e., Theorem 1.1. A brief argument is as follows.
We write uy, ;= ar(x,t),s(x,t) = 6u(x,t),v(x,t) . Then

utn(x, 1) — u(x, 1) in L2 (R x (0, 00)),
ven(x, 1) = v(x, 1) in L3,(R x (0, 00)),
o(ub(x, 1)) — a(u(x,t)) in L (R x (0, c0)).
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Moreover, by the definition of L., and Corollary 2.2, we have that for each
(’7) q) € Lcon
n(u(x,t), v (x, t)) — n(u(x, t), v(x, t)) in Llloc(R x (0, 00)),
g(uir(x, 1), v*(x, 1)) = qu(x, 1), v(x, t)) in Li,.(Rx (0, c0)).

Combining the above we get that {u(x, ¢), v(x, ¢)} is an admissible solution
of the Cauchy problem (1.1), (1.2), as defined in Definition 4.2.

6. LAX-FRIEDRICHS SCHEME

In this section we consider the convergence of the approximate solutions
generated by the Lax-Friedrichs scheme. Let Ax and At be increments in the x
and ¢ axes respectively. We denote x;, = kAx, k=0, 1, +£2,+3,..., and
ty, =nAt, n=0,1,2,.... The approximate values {u(xy, t,), v(xg, tn)}
are denoted by {u, , v, «}. Then the Lax-Friedrichs scheme takes the form

Unil,k — %(un,k+1 + un,k——l) _ Un,k+1 — Un k-1 -0

(6.1) At 2Ax ’
Uitk = 3(Un kst + Vnk=t) _ O(Un, k1) = O(Un k1) _ 0
At 2Ax ’

(6.1) can be rewritten in the form

Unyl k= %(un,k+l + un,k—l) + %K(Un,k+l - Un,k—l) s
Unit,k = 3(Un kst + Un k—1) + 3K[0(Un k1) = 0(Un k1)1,
where x = 1% is the ratio of mesh lengths, which remains constant. We require
that
(6.3) max |A(uo(x))| ™! < (d) "% < k.

We now describe the procedure of the construction of the approximating
sequence {u!(x,t), v/(x, t)}, where we write [/ = Ax. We first define

I ={(x,t); nAt <t < (n+ 1)At,

(6.2)

6.4
(6-4) (k—1)l<x<(k+1),n+k=even},
and
(6.5) u{),k = ub(kl), v(’,,k = vj(kl),
where up(x) and vp(x) are the initial data.
We first define {u/(x, t), v/(x, t)} oneach I?, k=0, £2, +4, ..., asthe

solution of Riemann problem (1.1) with the initial data given by '

L u{)’k“, x> ki, o v(’)’kﬂ, x> ki,

uh(x) =4 v =4
Uy j_y» X <kl, Vg oy X <kl

It is well known (cf. Di Perna [1983a], for example) that the values at in-
tersecting points for the Lax-Friedrichs scheme can be expressed as the mean
values of the corresponding Riemann solutions, namely,

1 (k+1)1 1 (k+1)!

Uy g = = W(x, At—0)dx, v ;=2 v!(x, At - 0)dx,
’ 21 (k=1)! ’ 2l (k=1)I
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where

l 0= 1 i ! —O) = [ l )
u'(x, At —0) t_}lg)_ou(x,t), v'(x, At —0) tlle}lov(x,t)

We can proceed in this way, since (6.3) holds for each step. Thus we can
construct {#/(x, t), v/(x, t)} forall x € R, t> 0, such that

1 (k+1)!
Uy k= = ul(x, nAt —0)dx,
6.6 2 J—y
(6.6) | D
Up k= = vl(x, nAt — 0)dx,
20 -y
where n=1,2,..., k=0,%1,42,..., n+k=o0dd.

From the properties of fundamental waves we know that Xy = {(r, 5); r >
r, 5 < 5%} is an invariant region of Riemann solutions. Combining this with
the fact that I—!(Z,) is a convex set in the (u, v) plane we get the following
result.

Theorem 6.1. Assume the hypotheses of Theorem 1.2. Then the approximate
sequence {ul(x,t), v!(x, t)} satisfies

(rlx, 1), s'(x, 1)) CZy V(x,t)eRxR",
where
rl(’x’ t) = r(ul(xa t) s Ul(x’ t)) > SI()C, t) = S(ul(x, t), vl(x, t))

The following basic results are parallel to Theorem 3.2 and Corollary 3.3.
The technique we use is based on the argument of Ding, Chen, and Luo [1985a,
Theorem 5] and DiPerna [1983a]. We first define some notation as follows:

w!(x, 1) = {u'(x, 1), v'(x, 1)}, w} = {un,j, Un,j},
w = {u’(x, nAt - 0), v’(gc, nAt —-0)},
[f1:=f(w'(x(t) +0, 1)) = f(w'(x(2) -0, 1)),

where S := (¢, x(¢)) denotes a shock wave in w!(x, t), so that [f] describes
the jump of f across S from the left side to the right side.
We will use the following specific entropy-entropy flux generated by (4.4):

_Ly [ I P
n*(u,v)_zv +/0 o(t)drt 2(v) /Oa(t)a’r

—(G(ﬁ), ﬁ) * (u_ﬁ’ v _5)’
g(u,v)=—-va(u)+va(u)+ (c(u),v)- (v -v, a(u) — a(u)).
We observe that
1.(u, v) < max{1, o' (0)}(lu — 7> + jv — TP),

and hence that
/Rn*(uo(x) , Vo(X))dx < 0.
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Theorem 6.2. Assume the hypotheses of Theorem 1.2. Then thereisa C > 0,
independent of Ax and At, such that for any T >0, say T = MAt,

G+
/ (w" —w"?dx < C, 1<n<M-1,
Jj,n (j—l)l
(6.7) "
/0 > {pln]-lal}dt< C,

where the summation in the last inequality is taken over all shock waves S at
fixed time t, and p = dx(t)/dt is the speed of the discontinuity (which is
constant in each block I} since, within I}, {ul(x, 1), vi(x, t)} is the exact
Riemann solution).

Proof. We calculate that for any ¢ € Cj°(R x R*),

(6.8) // (1. (W) s + 4u(w)py) dx dt = Mo(9) + La(9) + Zu(0),
0<t<T

where

M.(p) = / p(x, Thnu(w!(x, T))dx - / p(x, O (w!(x, 0)) dx,

(J+1)1
L@)=% [ bn@!)-nwetx, nandx,  1<n<M-1,
: -0l
j,n

T
E0)= [ Tloln-lo(x(o, nd.
We let ¢ =1, and obtain

T G+l
| Sttn-apde+ X [ ) - nqwdx

(6.9) < —/m(w’(x, T))dX+/n*(w’(x, 0)) dx

< / n(w!(x, 0)dx < C / 1 (o(x) , vo(x)) dx.

Furthermore, we notice (cf. Smoller [1983]) that p[n.] — [¢.] > O, since, in
each block I, {u!/(x, 1), v!(x, t)} is exactly the Riemann solution. On the
other hand, since

EV2n.(u, v)E" = (&) + o' (u)(&2)* > min{1, do}IE]?
for any & = (&1, &) € R?, we have, by the Taylor expansion and (6.6),

(+1)I
$ / () — n. ()] dx
jon U=l

(1)l I
=z/(’ dx/o (1-8)(w" —w?)

TndU-nl
x Vi (wl + 6(w” —wh))(w” —whT do

(
Zmin{l,éo}Z/
j.n’U

JHI
lw” — wh*dx.
—11
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Therefore, (6.9) results in (6.7), and we complete the proof.

Corollary 6.3. There exists C > 0, independent of |, such that forany T >0

T T

(6.10) / /|u'(x, f)—aPdxdt < CT, / /lv’(x, £)—BPdxdi < CT.
0o JR o Jr

Proof. Welet ¢ =t~ T, and then (6.8) becomes

/T/r]*(u’(x, 1), vli(x, t))dxdt
0 R

<T [/ na(w'(x 0))dx+L*(1)+Z*(1)] §2T/77*(w’(x, 0)) dx.

This is (6.10), and we complete the proof.

The following result enables us to apply the argument of §5 to prove that the
resulting Young measures are indeed Dirac measures, and hence to get Theorem
1.2.

Theorem 6.4. Assume the hypotheses of Theorem 1.2. Then for each (n,q) €
E;UE, (here we drop the index {£k} for simplicity)

atn(ul(xs t) s vl(x s t)) + axq(ul(x H t) ’ vl(x s t))

is relatively compact in HZ!(R x (0, 00)).
Proof. As in Theorem 6.2, we have that for any ¢ € C§°(R x R*)
J[_mwhe + awhp dxar

0<t<T

= M(9p) + Li(p) + L2(9) + Z(9),

(6.11)

where

M(p) = / o(x, Tyn(w'(x, T)) dx — / p(x, O)n(w!(x, 0))dx,

(J+1)I
Lil)= Y ol na0) [ intw!) - nwpldx,
j,n ()

(J+n!
L) =Y [ tnwl) —n@ o (, na0) ~ p(jl, a0 dx,
J,n

T
S(p) = /0 S {plnl - [al}o(x(0), 1) dt.

We notice that, since |V2y| < C,
2C g
min{1, g}

It follows from the argument of DiPerna [1983a] and Ding, Chen, and Luo
[1985a] that

1EV2neT| < 2C)E17 < V2T VE e R2

M (¢) + Li(¢) + Z(9)| < Cliellc
where C is independent of /. Hence we have

M + L; + X is compact in W""“(RxR*), 1<gy<?2.

loc
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Furthermore, since |Vz| < C,
[La2(9)| < Cl“°“/2||¢“wé,,, -0 as/—0,

I<ag<1, p>2/(1-ap), which implies

”Lz“_l’ql—*O asl—»O, 1<q1< 1+a0

Combining the above we get
M + Ly + L, + X is compact in W,;">% (R x R*).
On the other hand, since || < C,

am(u! (x, 1), v'(x, 1) + 0xq(u (x, 1), v'(x, 1))
is bounded in W~1:"(R x R*), 1<r<oo.

Therefore, applying the Embedding Theorem of §2 we get (6.11) and complete
the proof.
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