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GAUSS MAP OF MINIMAL SURFACES WITH RAMIFICATION

MIN RU

ABSTRACT. We prove that for any complete minimal surface M immersed in
R" ,ifin CP"~! thereare q > n(n+1)/2 hyperplanes H ; in general position
such that the Gauss map of M is ramified over H; with multiplicity at least
e; foreach j and

> (1 - ("e;l)) >n(n+1)/2,

j=1 7

then M must be flat.

1. INTRODUCTION

Let x: M — R" be a (smooth, oriented) minimal surface immersed in R".
Make M into a Riemann surface by decreeing that the 1-form d¢&, + id¢&, is
of type (1, 0), where (£, &) are any local isothermal coordinates of M . The
Gauss map of x is defined to be

G: M — Q,_,(C)c CP* !, G(z) =[(0x/0z2)]

where [(-)] denotes the complex line in C” through the origin and (-), z =
& + i&, is the holomorphic coordinate of M , and

Qn2(C)={(wo: -1 Wp_; Wi +---+w2_, =0} c CP"!.

By the assumption of minimality of M, G is a holomorphic map of M into
CP"-1, It is a natural question to study the “value distribution” properties of
the Gauss map G . Fujimoto (see [8]) has shown that the Gauss map of a nonflat
minimal surfaces can omit at most n(n+1)/2 hyperplanes in general position in
CP"1 under the assumption that G is nondegenerate. The “nondegenerate”
assumption was removed by the author (see [13]). The purpose of this paper
is to study more general “value distribution” properties of the Gauss map. In
particular, we study the Gauss map with ramification.

One says that G is ramified over a hyperplane H = {[w] € CP"~': aywq +
oo+ ap_yWy—y = 0} with multiplicity at least e if all the zeros of the function
gn = (G, A) have orders at least e, where 4 = (ay, ..., a,—1). If the image
of G omits H, we shall say that G is ramified over H with multiplicity oo .

Our main result is the following:
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Theorem 1. Let M be a complete minimal surface immersed in R" and assume
that the Gauss map G of M is k-nondegenerate (that is G(M) is contained
in a k-dimensional linear subspace of CP"~', but none of lower dimension),
1<k<n-1.Let H c CP"! be q hyperplanes in general position. If G is
ramified over H; with multiplicity at least e; for each i. Then

5 (1-E) st (n-5-1) o

In particular, for any complete minimal surface M immersed in R", if in
CP"~! there are q > n(n+ 1)/2 hyperplanes in general position such that its
Gauss map G is ramified over H; with multiplicity at least e; for each j and

q -—
2(1 —(lgjl)) >n(n+1)/2,

Jj=1
then M must be flat.

In the case m = 3, Q;(C) can be identified with CP!. We have a better
result.

Theorem 2. Let M be a complete minimal surface (C R?). Ifthere are q(q > 4)
distinct points ay, ..., a; € CP' such that the Gauss map of M is ramified over
a; with multiplicity at least e; for each j. and Z‘}=1(1 —1/ej) > 4, then M
must be flat.

In particular, if the Gauss map omits five distinct points, then M must be
flat.

2. FACTS ON HOLOMORPHIC CURVES INTO PROJECTIVE SPACES
We shall recall some known results in the theory of holomorphic curves.

(A) Associated curve. Let f be a nondegenerated holomorphic map of Ag:
{z:|z| < R} into CP*, where 0 < R < co. Take a reduced representation
f=1[Zy:-:2Z], where Z = (Zo, ..., Z) : Ag — C¥*! — {0}. Denote by
ZU) the jth derivative of Z and define

j+1

Aj=ZONAZD:Ag - N CF!

for 0< j <k. Evidently Ay, =0.

let P: A’*'Ck! - {0} - CPM denote the canonical projection, where
N; = (" — 1. The jth associated curve of f is the map f; = P(A;).

Itis well known [4] (also see [16]) that the pull-back Q; of the Fubini-study
metric on CPY by f; is given by

2
l |A1 ;/l\lf}Hll dZ/\d?,

for 0 < j < k and by convention A_; = 1. Note that Q; = 0. It follows that

(2.1) ; =dd°log|A;|* =

(2.2) RiCQj=Qj_1 +Qj+1 —29_,'.
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Take a hyperplane H: (W, A) = 0, where 4 = (ag, ..., a;) is a unit vector.
Define
|A; Vv A
(H) = 20
#sH) = |5, 4P

Note that 0 < ¢;(H) <91 (H)<1 for 0<j<k and ¢, (H)=1.
We need the following well-known lemma (see [4, 16 and 17]).

Lemma 2.1. Let H be a hyperplane in CP*, then for any constant N > 1, for

(23)  ddlog @p+1 (H) ! }Q,,,

1
“Tog g, (H) = {¢p(H)<N—1og¢p(H>>2 "N
on Ag — {9, =0}.

(B) Nochka weights and product to sum estimate. We consider ¢ hyperplanes
H; (1 <j<gq) in CP* which are given by H;: (W, 4;) = 0. According to
Chen [2], we give the following definition.

Definition 2.2. We say that hyperplanes H,, ..., H, are in n-subgeneral posi-
tion if, forevery 1 < jo<---<jn<4q, 4j,, 4j,, ..., Aj, generate Ck*!,

In [11] (see also [2]), Nochka has given the following lemma to prove the
Cartan conjecture.

Lemma23. Let Hy, ..., H; be hyperplanes in CP* located in the n-subgeneral
position, where q > 2n—k + 1. Then there are some constants w(1), ..., w(q)
and 6 satisfying the following condition:

() O<w()B<1 (1<j<q),

(i) 6( §=1w(j)—k— )=qg-2n+k-1,

(iii) 1< (n+1)/(k+1)<0<(2n-k+1)/(k+1),

(iv)if RCQ and O<#R<n+1, then 3", cpw(j) <d(R).

For the proof, see [2] or [11].

Definition 2.4. We call constants w(j) (1 < j < ¢g) and 6 above Nochka
weights and a Nochka constant for H,, ..., H; respectively.

Nachka weights are useful because of the following lemma.

Lemma 2.5. Under the above assumptions. Let E,, ..., E; be a sequence of real
numbers with E; > 1 for all j. Then for any subset B of theset {1,2, ..., q}
with 0 <#B < n+ 1, there exists a subset C of B such that {A;|j € C} isa
base of the linear space spanned by {A;|j € B} and

HEIC})(/) < H Ej,
JEB Jjec

where w(j) are the Nochka weights associated to hyperplanes H;: (A;, W) =0,
j=1,2,...,q.

For the proof, see [2] or [11].
We also have the following product to sum estimate.
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Lemma 2.6 (see Chen [2]). Under the above assumptions. For 0 <p <k -1,
any constant N > 1, 1/q < A, < 1/(k — p), there exists a positive constant
¢, > 0 only depends on p and the given hyperplanes such that

¢p+l(H1)w(l) 1 &
2 i ,H,( ) 7Ty )

q
Pp+1(Hj))
E ¢p(H1)(N log ¢, (H;))?’

on Agr — {9, =0}.

3. METRICS WITH NEGATIVE CURVATURE
We retain the notation of the last section. Let f: Ax — CP* be a nondegen-

erate holomorphic map. Take a reduced representation f = [Zy : --- : Z;]
where Z = (Zy,..., Zy): AR — C**! — {0} is a holomorphic map. Let
H,, ..., H; be hyperplanes in CP* located in n-subgeneral position. Let

w(j) be their Nochka weights.
Let f be ramified over H; with multiplicity at least e; for each j. Assume

that
o k
z<1-—)>2n—k+1,
€j

j=1
we shall construct a continuous pseudo-metric on Az such that its Gauss cur-
vature is less than or equal to —1. So that we can use Schwarz lemma to obtain
our main inequality.
Let Q, = L hy(z)dz Adz. Let

_ @p+1(Hj) w(j)(1—k/e;) 1 A
3.1 O’p—CpH[( ¢p(H) ) (N—log%(Hj))2 hp.

Where ¢, is the constant in the product to sum estimate,

b =1/ (e -p) + k= p73E)

and N> 1.
We take the geometric mean of the g, and define
. k-1
! B/ 5
(3.2) T=s—c]]o*"dzndz.
p=0
where B = 1/(X40 451), and ¢ = 2([TCL A% .
Let
i .
(3.3) = Eh(z)dz/\dz.

We now compute A(z). By (3.1) and (3.2), we have
q k k=1 hfk/)'p

3.4 h(z)=c -
(3.4) (2) ]].;]’: po(Hj)@W)(1=1/e)B iy (N - log ¢p(Hj))
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By (2.1),

p/A

(|A l|2|A +ll2)(k—l’)+(k—ﬂ)22¢l/~
—_ - /4
= | e

1A, |4

b

SO

k-1
H h;/'l" _ |A0|—-2(k+l)—(k2+2k—l)4q/N|Al|8q/N . |Ak—1|8q/N|Ak|2+4q/N .
p=0

Notice that |Ao| = |Z|, and ¢o(H;) = |(Z, 4;)*/|Z|*, therefore

9 w(j)(1-k/e;)—(k+1)— (k2 +2k—1)24/N 2Bk
e o 1 YRR 1O T e

TT2_, [(Z, 4;)|@D0=k/eD) TIXZH(N — log @p(Hj))

Lemma 3.1. The function

(3.5 niz)=c [

| Akl
T, [(Z, A))|e01=Fke)

is continuous on Ag.
Proof. We shall prove that the function

e
o AP
17, polH,) "0 F72)

is continuous where e = e;---¢;. Lemma 3.1 follows from this. According to
the expression of P(z), we only need to consider the points at which (Z, 4;)
vanishes. For zero point zo of (Z, A4;), since f is ramified over H; with
multiplicity at least e; for each j, we have

(Z, 4)) = (2 - 20)"Qj(2)

where Qj(zp) # 0, and v; > e; or v; = 0. The n-subgeneral position im-
plies that, at each point z, there are at most n of hyperplanes H;, such that
(Z(z), Aj) = 0. Thus there exists a constant ¢y (depending only on the given
hyperplanes) such that

#B =#{j|(Z(z), A)|/|14;1|Z(2)| < o} < 1.

Let E; = 1/go(H,)*V(1-k/¢) then E; < 1. If j ¢ B, then ¢o(H;) > co,
so Ej < ¢, (depending only on the given hyperplanes).
Applying Lemma 2.5 with E; above, we obtain

|Ak? |Ak?
<0 -
17, po(H)° 0077 =TT C, ol H,)*0T—Fe)
A 2
< | Ak

= jec wo(Hy)=+e) ”
We may assume the index set C ={1,2,...,/} and / <k + 1, therefore

[H(Z(Z), Aj)“‘k/e")} = (z - 20)"R(2)

Jjec
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where b = Ei.:, evj(l — k/ej) and R is a holomorphic function such that
R(zp) # 0. Since

Zy Z, Z, - Zy
Z! Z! Z! Z!
Al =det| ° 12 *
Z0 zW zib . ZW

(Z,41) (Z,4) (Z,4)

(Z,A4) (Z,4y) (Z,A43)
=det . . . . ’

(Z, AN (Z, )W (Z, 43)®
we have Ay = (z — z9)*S(z), where v =v;+v,—1+---+y;—k and S isa
holomorphic function. Hence we obtain

P(z) <|(z - 20)*T(2)|,

p=—+— (sz—ez) i(klfa-?-é’s)+'“+g(kl/l—(l—1)~"’1)20,
e e; €l

and T'(z) is continuous at zy. Therefore P(z) is bounded around z,. There-
fore P(z) is continuous. Q.E.D.

Lemma 3.2. If 3% (1 -k/e;)>2n—~k +2, and

Jj=1

2g/N < (Zq:w(j)(l —k/ej) - (k + 1)) [(k* +2k),

we have

(i) RicI' >T on Ag — U{9o(H;) = 0}.

(ii) T is a continuous pseudo-metric on Ag.
Proof. From (3.3) and (3.4) it follows that

a k
RicT'= - B > w(j) (1 - Z) dd‘log go(Hj)
j=1 ’
q k-1
+ B D ddlog(1/(N —log gp(H;)))?
j=1 p=0
k-1
+ B Y_(1/45) RicQ,.

p=0
By Lemma 2.1, (2.2), and that dd‘log¢o(H;) = — o, we have

a ¢p+1(Hj))
RicT > By (2 w()(1-7 ) @+ 23y o )N = log gy ()7

j=1 p=0

p—O

k 1
ZQ +Z[(k p)+ (k—py=L "]{s1,,+l 2Q, +Q,,_,})
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Using Lemma 2.6, we obtain

q
¢p+l(Hj)
> ¢p(H;)(N —logp,(H)))? "
PR
QP

q w(j)
Op1(H;) 1
= [}1;[1( 9p(H)) ) (N —log g, (H;))?

i
> — Z.
> 27[a,,dz ANdz

We also notice that Q; =0 so that

k-1
Y (k=) Q1 = 2@, + Q1) = —(k + 1)Q
p=0
and therefore
9q
RicT > B (Zw(j) (1 k ) Qo+ 2 Zapdz/\dz —(k+ 1)Q — (k2 +2k)2ﬁ"go
j=t €j T p=0
+Z[k p+ 1)} =2k -p)*+(k-p-1)? —11—9,,+3‘in,c 1)-
=1

The following is an elementary inequality:
For all the positive numbers x;, ..., X, and ay, ..., a,,

(3.6) GX1+ e+ AnXy > (A 4+ Q) (X - x @) (@t t )
Letting a, = A;! in (3.6), we have

k-1
Z ap > B Z o.ﬂk/)'lf

p=0 p=0
and therefore

Ricrzﬂk<<§: (1—5)—(k+ )—(k2+2k) )Qo

€j

k2, 2
+ g NQp + ng_l +TI.

By Lemma 2.2, we find

1 . k d . q':[“’(f)ek
0 oj)[l-=)-k-1]=86 wj)-k-1|-=——-—
(,2:; ( ef) ) (,‘V:: ) éj

a )0k
=q—2n+k—l—’;lw-(L2q—2n+k—-l—£
€j €j

=Z(l—§)—2n+k—l>0

j=1

J
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and 6 >0, so
d k
> o)) (1 ——) —(k+1)>0.
- €;
j=1

This implies RicI' > TI". Thus (i) is satisfied.
(ii) follows from Lemma 3.1, (3.3) and (3.5). Q.E.D.

We recall the following generalization of the Schwarz lemma.

Lemma 3.3. Let T = #h(z)dz A dz be a continuous pseudo-metric on Agr
whose curvature is bounded above by a negative constant. Then, for some positive
co, h(z) < co(2R/(R? —|z|?))?. For the proof, see [1, pp. 12-14].

The purpose of this section is to obtain the following lemma.

Main Lemma. Let f=[Zy:---: Z;]: AR — CP* be a nondegenerate holomor-
phic map, Hy, ..., H, be hyperplanes in CP* in n-subgeneral position, (j)
be their Nochka weights. Let H;: (W, Aj) =0 and Z = (Zy, ..., Z). If f
is ramified over Hj with multiplicity at least e; for each j, Y I_ (1 —k/e;) >
2n—k+1 and N > 2q(k* + 2k)/(2‘}=l w(j)(1 - k/ej) — (k + 1)), then there
exists a positive constant ¢ such that

k—1
|Z |51 @O —kfe)= e 1)~ (k2 +2k=1)24 /N TT42g TI9., [Ap v A4j 14N |A |1 +20+N
H3'=1 I(Z, Aj)|eW)1=k/e;)

2R k(k+1)2+ 3k} (k—p)24/N
=€ ((R2 - |z|2))
Proof. Using the above Schwarz lemma for I", we obtain
h(z) < co(2R/(R* —|z[*))*.
So by (3.5) we have
(3.7)
|Z| 51 @1kl ~(h+ )= (7 +2k=2a/N (1Ag] - [ Ay )49/N [ Ay |20V
I, 1(Z, 41D~k [TEZ (N — log @p(H;))
2R 1/
<a(mimm)

Set K :=supy_,<; x¥N(N —logx). Since ¢,(H;) <1 forall p and j we
have

1 1 1|A, VA4V
> Lo (H)YN = 2o VAT
W —Togp, () = K = K A e
Substituting these into (3.7), we obtain the desired conclusion.

4. PROOF OF THEOREM 1

The proof of Theorem 1 basically follows the argument in [13] using the main
lemma (see also the arguments in [6, 7 and 8]). We include our proof here for
the convenience of the reader.

We may assume M is simply connected, otherwise we consider its universal
covering. By Koebe’s uniformization theorem, M is bioholomorphic to C or
to the unit disc. For the case M = C, Nochka (see [10], also see [16]) proved
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that if a k-nondegenerate holomorphic map from C to CP*~! is ramified
over hyperplanes H; (1 < j < g) with multiplicity at least e; , where H; are
in general position, then
d k

Z(l——) <2n-1)—k+1;
=1 ¢
in this case our Theorem 1 is true. For our purpose it suffices to consider the
case M =A.

We first prove the first part of Theorem 1.

Assume the first part of Theorem 1 is not true, namely G is ramified over

hyperplanes Hj, ..., H; in CP""! in general position with multiplicity e;
and
(4.1) Z(l —kjej)>(k+1)(n—k/2—1)+

Let w(j) be Nochka weights of {H;}. Because G is k-nondegenerate, we
may assume G(A) C CP¥ sothat G=[gy:---: g]: A — CP* is nondegen-
erate. We consider hyperplanes H; N CP*, obviously these hyperplanes are in
(n — 1)-subgeneral position in CP* . For the convenience, we still denote these
hyperplanes by {H;}.

Let G = (g,..., &) : A = CP*! — {0}; then the metric ds*> on M
induced from the standard metric on R” is given by
(4.2) ds? = 2|G)}|dz|.

By Lemma 2.2,

q—2(n—l)+k—l=0(Zq:w(j)—k—l) ., O<w()i<l,
j=1

and 2 k+1 2n—k—1
0 < (n-1)-k+1 2n-k-

= k+1 T k+1

2 (iw(j) <1 _5_1) k- 1) _ 20 (i “’;f)—k‘ 1) _2i ko(j)6

_2q-2m+k+1)

q
7 2355

2g-2n+k+1) &k
z 6 ;5‘

2( 4 (1-k/ej)—2n+k+ )
= 7

2( ;’.=1(1—k/e,~)—2n+k+l)(k+l)
>
= 2n—k-1)

>k(k+1) (by (4.1)).
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Consider numbers

k(k +1)/2+ ¥,2 (k — p)*2q/N

A T (k+1)-(k2+2k—1)2q/N’
" _ k(k+1)/2+gk(k+1)/N+2g/N Y323 p(p + 1)

. VST ()1 —kjej) — (k+1)— (k2+ 2k —1)2¢/N°
(4.5) 6 = l

(1-7) (T, 0U)(1 - k/ej) = (k + 1) = (k2 + 2k = 1)24/N)
Choose some N with
o)1 —k/e;)— (k+1)—k(k+1)/2
k2 + 2k — 1 +z’;=0(k —p)?
w()(1—k/ej)—(k+1)—k(k+1)/2
1/q+(k2+2k—1)+k(k+1 /2+Z_0pp+1)

> 2g/N >

so that
(4.6) 0<p<l1, 26/N>1.
Consider the open subset
M =M- ({Gk=0} U {6PVA,~=O})
1<j<q, 0<p<k-1
of M and define the function

; 1| (G, A;)|[*)1—k/e;) 4
v =
k-1 - |Gp VAJ|4/N|Gk|l+2q/N

p=0

on M, where G, =GOA-..A G(I’) . By Lemma 3.1, v(z) is strictly positive
and continuous on M’.

Let n: M' — M’ be the universal covering of M’. Since logv o is har-
monic on M’ by the assumption, we can take a holomorphic function 8 on
M’ such that || = v o m. Without loss of generality, we may assume that M’
contains the origin 0 of C. As in Fujimoto’s paper [6, 7, 8], for each point
p of M’ we take a continuous curve y;: [0, 1] - M’ with y5(0) = 0 and
75(1) = m(p), which corresponds to the homotopy class of p. Let 0 denote
the point corresponding to the constant curve 0. Set

5) = /ypﬂ(z)dz

Then F is a single-valued holomorphic function on M’ satisfying the condi-
tion F(0) =0 and dF(p) # 0 for every p € M’ . Choose the largest R (< o)
such that F maps an open neighborhood U of O biholomorphically onto an
open disc Ag in C, and consider the map B = no (F|U)~': Ag - M'. By
the Liouville theorem, R = co is impossible.
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By the definition of w = F(z) we have

(4.7) [dw/dz| =v(z).
For each point a € A consider the curve
L,:w=ta, 0<t<1,

and the image I'; of L, by B. We shall show that there exists a point ag
in 0Ag such that I';, tends to the boundary of M. To this end, we assume
the contrary. Then, for each a € dAg, there is a sequence {t,:v =1,2,...}
such that lim, ., ¢, =1 and zy = lim,_,, B(¢,a) exist in M . Suppose that
zo ¢ M'. Let 6o =40/N > 1. Then by Lemma 3.1, we have

lim inf | Gy |% II IG, V 4% v > 0.
e 1<j<q, 1<p<k—1

If Gi(z0)=0 or lép V A4j|(z9) =0 for some p and j, we can find a positive
constant ¢ such that v > ¢/|z — zo/% in a neighborhood of z;, so that we

obtain
R=/ |dw|=/
La La

1
ZC/———J |dz| = o00.
r |z — zo%

This is a contradiction. Therefore, we have zy € M'.

Take a simply connected neighborhood V of z, which is relatively compact
in M'. Set C' =min,eyv(z) >0. Then B(ta) eV (ty <t < 1) for some tg.
In fact, if not, I'; goes and returns infinitely often from 8V to a sufficiently
small neighborhood of z, and so we get the absurd conclusion

R=/ |dw|2c’/ 1dz] = oo.
L, T,

By the same argument, we can easily see that lim,_,, B(ta) = zo. Since # maps
each connected component of z~!(V) bioholomorphically onto V', there exists
the limit

dw
E‘ |dz| = /v(z)[dz|

Bo = pn]l(FgU)-'(za) eM.

Thus (F|U)~! has a biholomorphic extension to a neighborhood of a. Since a
is arbitrarily chosen, F maps an open neighborhood of U biholomorphically
onto an open neighborhood of Ag. This contradicts the property of R. In
conclusion, there exists a point gy € 8Ag such that T, a tends to the boundary
of M.

Our goal is to show that I';, has finite length, contradicting the completeness
of the given minimal surface M .

By (4.7) we obtain |dw/dz| =v(z). So

(4.8)
dw 1—y dw y
e RO i
G N(1-k/e; 1/(X @U)(1-k/ej)~(k+1)= (k2+2k~1)24/N
_ T2, (G, 4j)|@t)1=k/ej) =z ; ) sop
H’pc;()l ‘}=l |6p \ Aj|4/N|6k|l+2q/N '
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Let Z(w)=GoB(w) Zo(w) = goo B(w), ..., Zy(w) = g o B(w). Then
because

dz \P@+D/2
ZAZ'A---AZP) =(GA /\G(P))( ) ,
dw
it is easy to see that

( TB., (Z, 4))/0 /e

(4.9)
Hp—o H? 1 |Ap V4 |4/N|Ak!l+2q/N

’

) 1/(3 w()(1—k/ej)—(k+1)—(k2+2k—1)2/N)

dz

where Ay =ZOA-.-AZP),
On the other hand, the metric on Az induced from ds? = 2|G|2|dz|? through
B is given by

dz

(4.10) B*ds? = 2|G(B(w ))|2 |dw|?.

Combining (4.7) and (4.8) gives

TTpco [0, 1Ap v A4V A 20N

T2, 2. 40057 .

1/ (X w(i)(1=k/ej)~(k+1)—(k*+2k~1)2/N)
B*ds = 2|Z| ( )

Using the main lemma, we have

2R ’
* < -
Bds_c<R2_| |2> |dw|,

where ¢ is a positive constant. Since p < 1, it then follows that

R 2R\’
d(O)s/ ds = B*dsgc/ (— ldw| < oo,
T L o \R2—|wl|?
a a

where d(0) denotes the distance from the origin O to the boundary of M . This
contradicts the assumption of completeness of M . Hence the proof of the first
part of Theorem 1 is complete.

We now prove the second part.

For any complete minimal surface M immersed in R”, if there are g >
n(n + 1)/2 hyperplanes in general position in CP"~! such that its Gauss map
G is ramified over H; with multiplicity at least e; for each j and

q
> (1-n/ej)>n(n+1)/2,
j=1
we are going to prove that M is flat. Since M is flat if and only if its Gauss
map is a constant map (see [12]), we only need to prove that G is a constant
map.
If G is not a constant map, then we may assume that G is k-nondegenerate
and 1 <k <n-1. By the first part of the theorem, we have

q
> (1-k/e) < (k+1)(n—k/2—1)+n.
j=1
Since

(k+1)(n—-k/2-1)+n<n(n+1)/2,
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and
q q
Y (1-(n-1)/e) Z 1-k/ej),
Jj=1 Jj=1
we obtain
q
> (1= (n=1)/e) < n(n+1)/2.
j=1
This contradicts the assumption. Therefore M is flat. Q.E.D.

5. PROOF OF THEOREM 2

Let x = (x1, X2, x3) : M — R? be a nonflat minimal surface and g: M —
CP! the Gauss map. Assume M = A (as the argument above). Set ¢; =
0x;/0z (i=1,2,3) and f = ¢, —+—1¢,. Then according to [12] or [7], the
metric on M induced from R3 is given by

(5.1) ds® = |f1*(1 +|g|*)?|dz>.
Take a reduced representation & = (go, g1) of g on M. Then we can rewrite
(5.2) ds® = |h|*|g|"|dzP?,

where h = f/ gg , and moreover A # 0. The rest of the steps are the same as the
proof of Theorem 1. If M is not flat, then g is not a constant map. Assume
that g is ramified over a; with multiplicity of e; and }>7_ (1 -1/e;) > 4, we
shall derive a contradiction. Let P(a;) =a;, a; € C*. Consider numbers
1+2q/N

—-1/ej)—2-2q/N’

1

(1-p) (X0.(1 - 1/¢;) - 2-24/N)

p:y:
jl

J=

Choose some N with

Yi(1-1/e;) -3

3 >2q/N> Jj= l( l/e])—

3+1/q

sothat 0 <2p <1, %vé > 1. Consider the open subset M’ = M — ({g; = 0})
of M and define the function

« o 5
v = hl/(-7) (H‘JI‘=1 (&, aj)|-1e 4/N))

|21 [1+24/N

on M’ where g, =8Ag .

By exactly the same argument as in the proof of Theorem 1, we can find
a curve I';, tends to the boundary of M, and we can estimate the pull-back
metric, eventually we obtain that I',, has finite length, contradicting the com-
pleteness of the given minimal surface M. Q.E.D.
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