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NONPRODUCT TYPE ANALYTIC TUHF ALGEBRAS

BELISARIO A. VENTURA

Abstract. We construct examples of nonproduct type real valued cocycles on

a UHF groupoid, and show that the analytic triangular algebras associated to

those cocycles, can only correspond to nonproduct type cocycles.

1. Introduction

Suppose that j/ is a UHF algebra. The usual approach to UHF algebras

considers j/ as a union of a nested sequence of matrix algebras. However,

j/ can also be realized as the C*-algebra of a groupoid R, which is actually

an equivalence relation on the Cantor set (cf. [R], page 128). Regarding UHF

algebras as groupoid C*-algebras is useful for the study of analytic triangular

subalgebras of sf (or analytic TUHF algebras), and automorphisms of j/

associated with real-valued continuous cocycles on R (cf. [B], [PPW 2], [V]).
Given a cocycle d on the groupoid R (that is a homomorphism d : R -* R,

where R is the set of real numbers) that vanishes only on the unit space of

R, there is an analytic TUHF algebra of sf associated with d, and there

is also a one-parameter group of automorphisms induced by d. The TUHF

algebra associated with d is the algebra supported on the subset of R where

the cocycle is non-negative (cf. [V], Section 5, [PPW2], Section 1). The one-

parameter automorphism group induced by d, is given, for each t £ R, by

pointwise multiplication by exp(itd(-, •)) ([R]> Proposition II.5.1).

As far as these associated objects is concerned, the simplest class of cocycles
is given by those of product type (unexplained terminology will be defined in
the next section). They correspond to a factorization of srf as an infinite tensor

product of matrix algebras, and this factorization provides sufficient eigenval-

ues and eigenvectors for the automorphism group, as well as canonical finite-

dimensional approximants for the TUHF algebra.

In this paper, we continue the study of analytic TUHF algebras begun in [V].

Our emphasis here is on cocycles that are not of product type. In fact, we give

some examples of such cocycles. These examples are all coboundaries, so their

associated one-parameter groups of automorphisms are inner. Having examples
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of both kinds of cocycles, prompts the following question: Can an analytic

TUHF algebra correspond only to cocycles of product type (resp. nonproduct

type)? We show that the answer to this question is affirmative in the case of

nonproduct type cocycles. In fact, the analytic TUHF algebras induced by our
examples of nonproduct type cocycles can only be associated with cocycles of

that kind.
After we found the examples of nonproduct type cocycles described in this

paper, B. Solel showed us an example [S] he had found of a cocycle that is not

of product type and that corresponds to the standard embedding TUHF algebra

([V], Example 6.1). The standard embedding TUHF algebra corresponds canon-

ically to a product type cocycle ([PPW2], Theorem 2.2), thus Solel's example

shows that it is also possible for an analytic TUHF algebra to be associated to

both kinds of cocycles.
Regarding the automorphisms implemented by the nonproduct type cocycles

described above, our examples implement nonproduct type actions of R on

UHF algebras, while Solel's example implements a nonproduct type action of

Z. As far as we know, these constitute the first examples of nonproduct type
actions of R and Z. Previously, Kishimoto [K] and Handelman and Rossmann

[HR] have constructed nonproduct type actions for finite groups and compact

groups, respectively.
This paper is organized as follows. Section 2 contains the preliminaries and

the notational conventions. In Section 3 we give the examples of nonproduct

type cocycles to which we referred before. These examples are divided into

two groups (Example 3.1 and Example 3.6). In both cases we establish that

the cocycles are not of product type by showing that they are not locally con-

stant (Theorem 3.2 and Theorem 3.7). We also indicate how to obtain the

corresponding nonproduct type one-parameter automorphism groups. Sections

4 and 5 are devoted to the TUHF algebras associated with the cocycles given
in Section 3. In Section 4 we construct these algebras as inductive limits of

finite-dimensional upper triangular matrix algebras by exhibiting the embed-

dings ((4.1) and (4.6), respectively) and then proving, in Theorem 4.2 (resp.

Theorem 4.7), that the embedding (4.1) (resp. (4.6)) induces the same TUHF
algebra as the cocycle of Example 3.1 (resp. 3.6). In Section 5 we show that the

TUHF algebras constructed in Section 4 can only be associated to nonproduct

type cocycles. These results, Corollary 5.5 and Theorem 5.10, are obtained as

consequences of Theorem 5.3, which is the main result of the section. In Sec-

tion 5 we also introduce the term Nonproduct Type Analytic TUHF algebras, to
denote those analytic TUHF algebras that can only correspond to nonproduct
type cocycles. With this terminology, Theorem 5.3, gives sufficient conditions

for membership in the class of Nonproduct Type Analytic TUHF's.

Although the emphasis of this paper is on UHF algebras and product type

cocycles, the proof of Theorem 5.3 can be applied to AF algebras giving as a con-

sequence that the strongly maximal triangular AF algebras that are not generated

by their order preserving normalizers cannot correspond to a locally constant
cocycle. In Remark 5.13 we point out this fact, and indicate the changes that

are to be made in the statement of Theorem 5.3, in order to obtain an AF ver-

sion of it. Locally constant cocycles on AF groupoids, although not considered
in AF C*-algebra theory, are gaining importance within triangular AF algebra

theory, as recent work of A. Donsig and T. Hudson shows [DH].



nonproduct type analytic tuhf algebras 721

2. Basic definitions and notation

Let X = I"L>i Yi, where Yt is a finite set for every i, with

\Yi\ = N(l),        \Yn+i\ = N(n+l)/N(n)

(here \Y\ is the cardinality of the set Y).

We denote by R, the Glimm groupoid on X, namely for x = (x„) and

y = (yn), x ~ y iff x„ = y„ for all but finitely many n's . We identify X with
the unit space X x X of R. The topology of R is given by considering the

graphs rj of all the partial homeomorphisms a that change only finitely many

coordinates of the points of X. The collection of such graphs forms a base

of compact open sets for the topology of R (cf. [R], II.4.15 and 1.2.13, [V],
Section 2).

ZX(R,R) will denote the set of continuous, real valued one-cocycles on R,

that is, the continuous homomorphisms d : R -> R. We will refer to all the

elements of ZX(R,R) simply as cocycles. We assume that all the cocycles

we consider vanish only on the unit space (or diagonal) X of R, that is, d

satisfies d~x(0) = X. We recall that a cocycle d is a coboundary, if there is a

continuous function b : X —> R such that d(x, y) = b(y) - b(x). In this case

we say that d is implemented by b , and we will use the notation d = 8b to

refer to this relationship.

Definition 2.1.  d £ ZX(R,R) is of product type if it is of the form

OO

d(x ,y) = ^2d'(x'' y) '    where di£Zx(Yt x Yi, R).
;=1

Let sf = C*(R) be the UHF algebra of the Glimm groupoid R ([R], Chap-
ter II and [V], Section 2). That is $f is the closure, under a suitable C*-norm,

of the span of the characteristic functions of the graphs a that form a base for

the topology of /? mentioned above. If we view j/ as a union of an increas-

ing collection of matrix algebras, each matrix unit v in the finite dimensional

approximants induces a partial homeomorphism ov that changes only finitely

many coordinates in some points of X, and the matrix unit v can be regarded
as the characteristic function x(v) of the graph v of the partial homeomor-

phism ov . We will say that v is the support of v . Given a matrix unit v ,

the partial homeomorphism ov induced by v maps the support of the final

projection of v , vv* (which coincides with the range of the R-set v ), to the

support of the initial projection of v , v*v (which coincides with the source of

the R-set v ). This set of correspondences establishes the connection between

the two approaches to UHF algebras.

The main simplification introduced by a product type cocycle is summarized

in the next lemma.

Lemma 2.2 (Lemma 5.4 of [V]). Let d be a cocycle of product type on R. There

is a system of matrix units {e^} in s/ = C*(R), such that d is constant on

ii"', the support of eff . It follows that d is locally constant.

Outline of proof. Given x = (xt, ... , x„), y = (y,, ... , y„) £ YJ"=X Yi, we

consider the partial homeomorphism a(x , y) of X, defined on those w =
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(Wj) for which Wj = x, for I < i < n , and given by <t(x , y)(w) = z, where

w = (wj) , z = (zj) , Wi = Xi for 1 < i < n and

(2.2.1) z, = ^
I Wj       if i > n.

We can verify that on o(x, y) (the graph of a(x, y)), d has the constant
value £"=i rf,(x,, y,), and that

(2.2.2) ^^L^^^^Gny,-,  «=l,2,...l

supports a system of matrix units for sf .   D

Definition 2.3. The system of matrix units supported on the sets in SK is called
the system of matrix units induced by the cocycle d.

Consequently, the set SK forms a base of compact open sets for the topology
of R.

Let 3! = C(X). 2! is a maximal abelian subalgebra, actually a Cartan

subalgebra (cf. [R], II.4.13), of s/ . A norm-closed subalgebra 77 of srf is

called triangular if IF V\7T* = 3 . A triangular subalgebra !7~ of srf is said to
be strongly maximal if '77~ + ^*)_ = j/ .

It follows from [MS], Theorem 4.1 that any strongly maximal triangular sub-

algebra of sf is supported on a clopen subset P of R, in the sense that

7T = CiP) where

C(P) = {f £srf :f vanishes on R \ P} .

In the case of a strongly maximal triangular subalgebra 77~ of an AF C*-algebra,
P = \J{v : v is a matrix unit in «^"} , that is, (x, y) e P iff there is some matrix

unit v £7T such that tTt,(x) = y. P has the following properties:
(1) PC\P~X =x
(2) P'PcP

(3) PUP"1 =jR
where ~' and • are the groupoid operations for R. Thus P is the graph of

a "total" order on X (total only on the orbits of R).

A strongly maximal triangular subalgebra S" = C(P) of s/ is called analytic

if there is d £ ZX(R, R) such that P = d~xi[0, oo)), that is ?T is supported
on the set where the cocycle is non-negative. We usually say in this case that

3~ corresponds to d or that 77T is induced by d.

Let us view the UHF algebra sf as the inductive limit of a sequence of matrix

algebras (of size N(n), if we want them to correspond to the factorization of

X given at the beginning of the section), and assume that the strongly maximal

triangular subalgebra 7T of sf has the form Lim_>(^, cpn), where 7% are the

N(n) x N(n) upper triangular matrices. In this context, whenever we choose a

system of matrix units {e)n)} , we will always assume that

^ = span{ej):    l<i<j<N(n)},

so

LT = (span^f :   1 < i < j < N(n),   n = l,2,...})~
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and we will say that the system corresponds, or is associated, to 77~.

The reader is referred to [MS], [P2], [PPW2], [R] and [V] for more informa-
tion about groupoid C*-algebras and their triangular subalgebras.

3. COCYCLES THAT ARE NOT OF PRODUCT TYPE

In this section we give two groups of examples of cocycles that are nonproduct

type. The motivation for both examples came from triangular UHF algebra

theory, but the proofs we give in this section are independent of that theory.

For simplicity, we only consider here the case of the 2°° UHF algebra for the
first set of examples. However, the examples and the proofs that follow can be

easily generalized to arbitrary UHF algebras.

Perhaps the simplest coboundary on R that we can write down is the one

implemented by the "trace" function on X, b(x) = Yln°=i xn/2n - The cocycle

of Example 3.1 is basically that one, except that we reverse the order in the

cylindrical sets corresponding to the «-tuples of the form (1,0,... , 0).

Example 3.1. We construct the cocycle dx as follows. Let Y,■. = {0, 1} and for

(h,... , in) G n"=i Yi, let P(i'i, ... , in) denote the /i-cylindrical set

{x G X : Xi = i'i ,... , x„ = in }

and  let   Xn   denote  the  characteristic  function  of the   n-cylindrical  set

P(i'i, ... , in), where ii = 1 and im = 0 for 1 < m < n .
Consider the function on X:

(3.1.1) 6lW = ̂  + f;[(i_^W)g±i+Xn(x)(i^±iY .
n=l L V /J

Clearly bx is a continuous function on X. We define the cocycle

(3.1.2) di(x, y) = bi(y) - bi(x).

We are going to prove that di is not of product type.

Theorem 3.2. 77ze? cocycle di defined in (3.1.2) is not of product type.

We show that di is not locally constant. We will need the following string

of lemmas. The first shows that di vanishes only on the diagonal of R.

Lemma 3.3.  di(x, y) = 0 iff x = y, that is b is one-to-one on the orbits in R.

Proof. It is clear that x = y implies that dx (x, y) = 0. We show the converse.

First note that diix, y) = 0 iff

xi = yi       and

(3.3.1) I (l - Xn(y))yn+\ + Xn(y)(i -yn+\)

= (1 -Xn(x))x„+i -Xn(x)(l -X„+i)   for K = 1 ,  2.

Hence, we only need to show that (3.3.1) implies that x = y. We do that by

induction.

Note first that (3.3.1) implies that Xi = yx - Assume that x, = y,, for

i = 1, ... , m. Then Xm(x) = Xm(y) • If both are zero, then (3.3.1) yields

xm+\ = ym+i ■ If both are one, (3.3.1) becomes 1 - ym+x = 1 - xm+x. Hence,

xm+i = ym+\ in any case.   □
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Lemma 3.4. bi (x) = 1 iff x = (1, 0, ...), that is Xi = 1 and x„ = 0 for
n > 1.

Proof. Clearly, bi(x) = 1 for x = (1, 0, ...). In order to show the converse,

notice that bx(x) = 1 iff

(34 1)        ( Xl = 1       and

1(1 -Xn(x))xn+X + Xn(x)(l -x„+x) = 1        for « = 1 , 2.

Just as in the previous lemma, it suffices to show that (3.4.1) implies that x =

(1,0,...).
An easy induction, along the lines of the one in the proof of Lemma 3.3,

shows that (3.4.1) implies that Xi = 1 and Xn(x) = 1, for n > 1 . Hence

xj = 1 and x„ = 0 for n = 2,... .   □

Lemma 3.5.  bx (x) = 0 iff x = (0, 0, ...), that is, x„ = 0 for all n .

Proof. Clearly bx (x) = 0 if x = (0, 0,...), and also bx (x) = 0 iff

(3.5.1)    xx = 0 and (I - Xn(x))xn+X + Xn(x)(l - xn+x) = 0,   n = l,2,....

As before, a simple induction shows that (3.5.1) implies that x„ = 0 for all n ,

so bx (x) = 0 implies x = (0, 0, ...).   □

We give now the proof of Theorem 3.2.

Proof. From Lemmas 3.4 and 3.5, it follows that dx takes the value 1 only

at the point ((0, 0,...),(1, 0,...)). Hence, dx is not locally constant, and

therefore it cannot be of product type.   □

We move to our second set of examples. We will require that all the factors
Yi of X, with the possible exception of the first, have the same cardinality

k . This cocycle is constructed by applying the trace function not to x, but to

the point whose n-th coordinate is the sum of the first n coordinates of x,

mod k. The motivation for this construction comes from triangular TUHF

algebra theory and it will be explained in the next section.

Example 3.6. Let Yx = {0, 1, ... , N( 1) - 1}, and Yn = {0, 1, ... , k - 1},
so that |y„| = k for n = 2, 3, ... , where k is some fixed positive integer.

Consider

(3-6.D b2(x) = 1^-)+±^u-)   (j>) (mod k)

where z (mod k) is the remainder of the division of z by 7c.

Notice that
, ,  ,     Nil)- 1     ^k- 1      ,

so the series defining b2 converges uniformly on X, and hence b2 is a contin-

uous function.
We define the cocycle c7"2(x, y) = b2(y) - b2(x).

We will prove that d2 is not of product type.
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Theorem 3.7.  d2 is not of product type.

As in Example 3.1, we prove the theorem by showing that d2 is not locally

constant. As before, the proof is reduced to a string of lemmas, the first of

which shows that d2 vanishes only on the diagonal X of R .

Lemma 3.8.  d2(x, y) = 0 iff x = y.

Proof. Clearly x = y implies d2ix, y) = 0. It is also clear that d2(x, y) = 0
iff

(3.8.1) Xi=yi    and    I y^y,    (mod k) =    Y^x, j (mod k),   n = 2,....

We show, by induction, that (3.8.1) implies that x„ = y„, n = 1, 2, ... .
Clearly (2.8.1) implies xx = yx . Assume x, - y, for i = 1, 2, ... , m . From

(ET=V y<) ( mod k) = (T,T=V x,) ( mod k), we get that ym+x = xm+x ( mod k),
and as xm+x, ym+x £{0, I, ... ,k- 1} ,we have that xm+x = ym+x.   D

Lemma 3.9.  b2(x) = I iff

(1) x,=/V(l)-l;
(2) xx + x2 = k - 1 ( mod k); and

(3) xn = Oforn = 3, 4, ... .

Proof. If Xi = N(l) - 1,    x2 + xx = k - 1 ( mod k) and x„ = 0, for n =
3,4,..., then an easy calculation shows that b2(x) = 1.

Now b2(x) = 1 iff

(3.9.1)   Xi=N(l)-l    and    (]Tx, ] = fc - 1 (modk)  for « = 2, 3, ... .

An induction similar to the ones in Lemmas 3.3, 3.4 and 3.5, shows that (3.9.1)

implies that xx = V(l), xx + x2 = k - 1 ( mod 7c) and x, = 0 for i =
3, 4,... .   □

Lemma 3.10.   b2(x) = 0 iff x„ = 0,  n = 1,2, ... .

Proof. If x„ = 0, « = 1,2, ... , it is clear that b2(x) = 0 . Note that b2(x) = 0
iff

(3.10.1)       x1=0       and        f^x, j = 0 (mod/V) for n = 2, 3,... .

By induction, we see that (3.10.1) implies that x„ = 0 for n = 2, 3, ... so
the proof is complete.   □

We are ready to prove Theorem 3.7.

Proof of Theorem 3.7. From Lemmas 3.9 and 3.10, we see that d2 takes the

value 1 only at one point, so d2 is not locally constant. Therefore d2 is not
of product type.   □

Remark 3.11. The one-parameter groups of automorphisms induced by dx and

d2 , respectively, are nonproduct type. In order to see this, let us recall that given
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a cocycle d on R, the one-parameter group of automorphisms at of sf =

C*(R) induced by d is obtained by extending to C*(R) the automorphisms

at(f)(x, y) = exp(itd(x, y))f(x, y)      for / g Cc(R)

where CC(R) is the algebra of continuous functions on R, with compact support

([R], Section II.5). If we express sf = C*(R) as \Jsf„, where sfn are the

finite-dimensional C*-algebras corresponding to the groupoids X„ x Xn (with

xn = n"=i Yi), then CC(R) = \Jf={ sz?„ . We also recall that, for a UHF algebra,
fi? is a coboundary iff the induced automorphism group is inner ([R], Proposition

II.5.3), and that a one-parameter automorphism group is induced by a cocycle

iff it restricts to the identity on the diagonal 3 = C(X) ([V], Corollary 3.7).

In particular, all automorphism groups induced by cocycles are representable in

the sense of [HR].
A one-parameter group a of automorphisms of the UHF algebra stf is of

product type if it can be factored as a product of automorphisms of matrix

algebras along a decomposition of sf as an infinite tensor product of matrix

algebras (see [B], Theorem 2.1, for the precise definition). Now, a factorization

of srf as an infinite product of matrix algebras corresponds to a factorization

of X as a product of finite sets. Thus, a is of product type iff d is of product

type. It follows from Theorems 3.2 and 3.7, that the automorphisms induced

by dx and d2 are both nonproduct type actions of R. Both actions are inner.

4. The TUHF algebras

In this section we exhibit the TUHF algebras associated with the cocycles of

Examples 3.1 and 3.6 of the previous section.

We recall that a subalgebra 5? of sf is analytic if there is a real valued

continuous cocycle d, such that S' consists of those elements of sf that are

supported on ^"'([O, oo)) (cf. [MS], [PPW2] and [V]). We denote that algebra
by C(d~x[0, oo)). If the cocycle vanishes only on the unit space X of R, the

algebra C(d~x[0, oo)) is also triangular, actually, strongly maximal triangular.

Let M2n be the 2" x 2" matrices, and let kn : M2n —> M2„+i be given by

'e^iVi +e2?2lj if i>J < 2" or i = j = 2",

(4.1) kn(e\f) = |   e$%_t + egt.V, if i<2», j = 2»,
Jn+l) ,     (n+1) if • = 2"      j < 2"

2"+1,2/— 1 2"+1 —1,2/ '   J '

kn satisfies that kn(7777) C %+x , where % is the upper triangular 2" x 2"

matrices.
Note that kn is essentially the refinement embedding, but we flip the last two

rows and columns. kn was introduced by Peters, Poon and Wagner ([PPW1],

Example 4.4), and has also been considered by S. Power ([P2], 6.4).

We will show that the embeddings (4.1) and the cocycle dx of Example 3.1

induce the same strongly maximal TUHF algebra.

Theorem 4.2. Let 7T be Lim_(^, k„), where 7Tn and kn are defined in (4.1),

and let dx be the cocycle of Example 3.1. Then C(dx~'[ 0, oo)) is isometrically

isomorphic to ST.

Proof. We will define a system of matrix units {fi\f} in C(d~x[0, oo)), such

that {fi\f} satisfies
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(4.2.1) the embedding (4.1); and

(4.2.2) that the linear span of the upper triangular matrix units ftp,   i < j,

is dense in C(dx~x[0, oo)).

The correspondence ftp «-> e\p, the latter satisfying (4.1), extends to an iso-

metric isomorphism between 777~ and C(d{~x[0, oo)), completing the proof of
the theorem.

Besides the notation of Example 3.1 and the proof of Lemma 2.2 let us also
consider

(4.2.3) ff>(x) = f + E [d -Zj{x))$$ + Xj(x)° ~ *j+l)'  .
7 = 1

Let i = (ii, ... , in) and let b\n\i) denote the common value of b[n^ on the

cylindrical set P(T).

Let d[n) = 8b\n), that is d["\x, y) = b[n)iy) - b[n\x). Note that d[n) is

constant on P'T) x P(f) n R (where j =(ji,... , jn)), with value b["\f) -

b[n\i), on that set. Also, dP -> di uniformly on compact sets.

Consider T, f £ Y\"=l Yj, and o(T\ j) as defined in (2.2.1). For

(4.2.4) i = 2nb[n)(T) + l       and       j = 2" b[n) (j) + I

we define 'jfj   to be the characteristic function of the graph o(i ; j) of a if; j).

Notice that:

(4.2.5) rj(f?/) = a(r,b7y,o)urT(r,T7j\ i).

We begin by showing that all upper triangular ffl 's are in Cid~x[0, oo)).

Lemma 4.3.  dx (x, y) > 0 for (x, y) G fjj    with i < j.

Proof. We show first, by induction, that given jff , d("+m)ix,y) > 0 for all

ix,y)£flf and m = 0,1,2.
Let f and j be the «-tuples associated to i and j according to (4.2.4). If

m = 0, we have that j>*' C P(T) x P(j) n R. As we have observed d[n) has

constant value b["\f) -b[n\i) on P(T) x P(f) nR. Since i < j, we get, from

(4.2.4), that b\n)(T) < b\n)(f), and therefore that d[n) is positive on fff .

Assume d[n+p)(x,y) > 0 for (x, y) g fi\f and i < j. Then ^{"^(x, y)

> 1/2"+" and \d\n+p+1)(x, y) - d[n+p)(x, y)\ < 1/2"+p+x . Therefore,

d[n+p+1)(x,y)>0 for any (x, y) £ fif .

It follows that d\n+m)(x, y) > 0 for (x, y) e fijj] with i < j, and w =

0, 1, ... . Since d[n+m^ converges uniformly on compact sets to dx , we get

that dx is nonnegative on ft?'. But, as ftf1 nl = 0,we conclude that dx is

positive on ft?'.   D

Next, we show that the upper triangular ftp have a dense span in

Cirff'lO.oo)).
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Proposition 4.4.  C(dx~ ' [ 0, oo)) coincides with the closed linear span of

{filp:l<i<j<2n,n=l,2,...}.

Proof. Lemma 4.3 gives us one of the inclusions. Hence, the triangular algebra

C(dx~x[0, oo)) contains the closed linear span of the upper triangular ftp 's,

which is a strongly maximal triangular algebra. Therefore, we must have the

other inclusion as well.   □

In order to finish the proof of Theorem 4.2, we only need to show that the

system {ftp} satisfies (4.1)
Let i, j ,T, f as in (4.2.4). Then, by (4.2.5) we must have that

'ki=2n+xb[n+l)ii,0) + l,

(4.5) ftp = /<"+1) + fitnp]       where      '' = 2"+1*|"+|'(/' °} + l'
'J        k,h k2'2 U2 = 2"+1Z>i"+1)(f,l) + l,

. /2 = 2n+1Z><"+1)(j\l)+l.

We show that this coincides with (4.1), by considering the following cases.

Case 1. If i,j < 2", then (4.2.4) and (4.2.3) give that T ? (1,0,... ,
0) ^ j, so Xn(i) = Xn(f) = 0. Hence, from (4.2.3), we obtain that for

P = 0, 1

bW(T,p) = bP(T) + JL-,

b(r\f,P)=bP(f)+^.
Thus, for p = 0, 1 , we must have

2"+ib[n+l)(T, p) = 2(2"^|n)(r)) +p = 2/ - 2 + p,

2n+xb[n+])(f,p) = 2(2" b[n)(T))+p = 2j-2 + p.

Therefore ftp = fi2{"fl]2j-X + fi2p2j} as desired.

Case 2. If i = j = 2" then (4.2.4) and (4.2.3) give that f = j = (1, 0, ... , 0),
so Xn(i) = Xn(f) = 1 and from (4.2.3) we obtain

br\r,p) = bPiT)+l0,

br%-,p)=bP(j)+l-0.

Therefore   f(n) - /"("+l)      + f(n+l)
iiiciciuic  jjj    — J2"+i t2"+l      ^2"+l-l ,2"+l-l "

Case 3. If i = 2n and j < 2" , then (4.2.4) and (4.2.3) give that T=(l,0, ... ,
0),and jV(l, 0,..., 0). Thus Xn(i) = 1 and Xn(f) = 0, so, for p = 0, 1
(4.2.3) yields

br\T,p)=bP(7)+y^,

b(r)(3,p)=b(p(j)+£x.

Thus  f(n]   = f(n+x)      + f{n+l)
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Case 4. If i < 2" and j = 2", we show that (4.1) holds with an argument

similar to the one of Case 3.   □

Next, we exhibit the analytic TUHF algebra associated with Example 3.6.
Let N(l) and k be as in Example 3.6. Let Mn be the iV(n)xiV(«) matrices,

and let y/„ : M„ —> M„+x be given by

k

(4-6) Vn^ij  ) = Z^ek(i-\)+q,k(j-\)+(q+j-i)(moi k) ■
9=1

Note that if S^n is the algebra of N(n) x N(n) upper triangular matrices,

then y/„{S^H) c S'n+i.

The embeddings y/„ are examples of nest embeddings, and they have been

studied in [HP]. Here all the permutations involved in the embedding of the

first superdiagonal are equal to the cyclic permutation (1 2 • • • k) £ S^, the

permutations on k elements, so the family y/n defines a homogeneous nest

embedding ([HP], Definition 1.2).
We are going to show that the cocycle d2 of Example 3.6 and the embeddings

given by (4.6) induce the same strongly maximal TUHF algebra.

Theorem 4.7. Let S? = Lim^(J?5i, Wn), where S^n and y/n are given by (4.6),

and let d2 be the cocycle of Example 3.6. Then Cid2~x[0, oo)) is isometrically

isomorphic to 777.

Proof. As in the proof of Theorem 4.2, we will construct a system of matrix

units in Cid2~x[0, oo)) such that it satisfies properties corresponding to (4.2.1)

(for the embeddings (4.6)) and (4.2.2) (for the cocycle d2 ). The same argument

given in Theorem 4.2 will yield an isomorphism in the present case.

In addition to the notation of the proof of Lemma 2.1 and Example 3.6,

consider

(4.7.1) bPix) = -^ + ±^(±x^imodk)   .

Let T = (ix, ... , in) and f = Ui, ... , jn) ■ We denote by b2\i) the constant

value of b{2n) on P(T). If d(2n) = 8b[n), then, as in Theorem 4.2, d{2n) is constant

on the set P(f)xP(j*)nP, with value b(pif)-b(pii), and d(2n) -> d2 uniformly
on compact sets.

For T, f £ n"=i Yi, and rj(F; j) define

(4.7.2) i = Nin)bPit) + l       j = N(n)b{p(j-) + l

and set ftp to be the characteristic function of o(T, f). Notice that instead

of (4.2.5) we have

-~.        k~x        _

(4.7.3) o(T,f)=[Jcj(T,p;f,p).
p=0

Now, an argument similar to the one we gave in Lemma 4.3, with N(n)

instead of 2" , establishes the following lemma.
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Lemma 4.8.  ^(x, y) > 0 for (x, y) G ftp with i < j.

The same proof given for Proposition 4.4 will establish the following propo-

sition.

Proposition 4.9.  C(c72_1 [ 0, oo)) coincides with the closed linear span of

U}p:l<i<J<N(n),    n = l,2,...}.

We finish the proof of Theorem 4.7, by showing that {ffp} satisfies (4.6).

Let i, j ,i , j   as in (4.7.2). Then, at the level of matrix units, (4.7.3) be-

comes:

k-\
(4 10) f{n) = V f(n+X)
y   '      ' J'J ^JN(n+\)b{"+l)(T,p)+\,N(n+l)b[n+])(j-,p)+l

with

Nin + l)br\r, p)+l = N{n+ l){tf >(f) + 1{P + ^^ *)]} + 1

= kN(n)b{2n)(T) + \P + J2i,) ( mod k) + 1

= k(i- l)+ [p + it,1') (™dk) + l    by (4.7.2).

Similarly,

N(n+l)b{2"+l)(f,p) + l=k(j-l)+ (p + £>) (modk)+l.

Note that {(p+ J2"=i i,)(mod k) : p = 0, ... , k - 1} = {0, 1, ... , k - 1}
as the first set contains k consecutive positive integers.

Thus, we only need to show that if p G {0, 1, ... , k - 1}, then

(4.11) [P + ibA = (j-i+P + ilh) (modk).

In order to do that, we need the following lemma.

Lemma 4.12. For any x £ X

(N(n)bP(x) + x„+x)= f]Tx,+x„+1j (mod 7c).

Proof. If n = 1, then N(l)b2n)(x) + x2 = Xi + x2, so above equality holds. If

n > 1 , from the definition of b2n) we see that

N(n)bP(x) + xn+x=N(n)l1^ + J2jj\-)    (£*,J ( mod *)   \ + x„+x

= kn-xxx + \f^k"-'   f^x/j (modfc)   i+xn+1.
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Since kn~lx\ = 0(modA:) and kn-J[(J2{=x Xj)( mod k)] = O(modrc), for
j < n, it follows that

N(n)b(p(x) + xn+x = l^Xi j (modk) + x„+x = ^x,+ x„+i   (modk)
\i=i    / ;=i

which proves the lemma.   0

Applying Lemma 4.12 to x such that xt = U, t = 1, ... , n, and xn+x =

p, p = 0, ... , k - 1, we get

P + £/f = /vw&^rj+p = (i - l) +P
t=\

and similarly

p + J2J' = N(n)b{p(f)+p = (j-l)+p.
t=i

Therefore
n n

p + ̂ 2jt=P + ̂ 2it + (j-i)   (modk).
t=\ t=\

Thus (4.11) holds. Therefore, {ftp} satisfies (4.6).   □

5. Nonproduct type analyticity

In the preceding sections we have exhibited examples of nonproduct type

cocycles and we have constructed their coresponding analytic TUHF algebras.

In this section we are going to show that the analytic TUHF algebras of Section

4 have the property that they do not correspond to any product type cocycle,

that is their support cannot be expressed as d~x ([ 0, oo)), where d is a product

type cocycle.

Some analytic TUHF algebras are canonically associated to product type co-

cycles, which makes them more tractable. Among them is the standard embed-

ding TUHF algebra ([V], Example 6.1, [PPW2], Theorem 2.2). At the onset
of this research, we thought that algebras like the standard embedding TUHF,

corresponded only to product type cocycles. However, that is not the case, as

B. Solel has obtained a nonproduct type cocycle that also corresponds to the
standard embedding TUHF algebra.

We introduce the following definition.

Definition 5.1. Let ^ be a triangular analytic subalgebra of the UHF algebra

sf . If there is a cocycle d of product type such that 7T = C(d~x [ 0, oo)), we

say that 7T is Product Type Analytic. We say that 7T is Nonproduct Type
Analytic if it is not Product Type Analytic.

With the terminology just introduced, B. Solel has shown that not all the

cocycles corresponding to a Product Type Analytic TUHF are of product type.
We will show that there exist Nonproduct Type Analytic TUHF algebras. In
fact, Theorem 5.3 implies that the analytic TUHF algebras of Examples 3.1 and
3.6 are Nonproduct Type Analytic.
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We also remark that in [V], Section 5, we used the term Product Type Ana-

lytic, without making it into an official definition, for those TUHF algebras that

are associated (usually in a canonical way) with a product type cocycle. How-

ever, at the time, the results mentioned at the beginning of this section were not

known, so it was not clear what the right definition should have been.

Let d be a cocycle of product type on R, and let {ej"' : 1 < i, j < N(n), n =

1,2,...} be a system of matrix units induced by d. Let d(i, j; n) denote

the constant value of d on erf (cf. Lemma 2.2 and Definition 2.3).

We will denote by o\p the partial homeomorphism whose graph is e\"'.

The triangular algebra C(d~' [ 0, oo)) induces an order in its diagonal matrices

{ep} , called the diagonal order (cf. [PPW1], Section 3) or the algebraic order

(cf. [PI], Section 1). We denote that order by =^. We consider that order

restricted to the sets Xn = {e(f : 1 < j < N(n)}, and will also regard o\p as

a permutation on the set Xn+k , when convenient. We can always assume that

e{p 4 ef) iff i<j. That is, d(i ,j;n)>0 iff i < j.
We recall the following result.

Lemma 5.2 (Lemma 5.5 and Lemma 5.6 of [V]). Let d be a product type cocycle,

ep and o\p , as defined above. Consider o\p with i < j. Then o\p preserves

the diagonal order induced by C(d~x[0, oo)) on Xn+k for k > 0. That is,

if e{pp,eqf C range(dj)) (which is ef ) for m > n, and epf ^ eqp, then

of(epf)<o\p\eqp).
S. Power has introduced the notions of strong normalizer and regular em-

beddings ([PI], Definitions 2.1 and 2.3, respectively). With this terminology,

Lemma 5.2 is saying that the matrix units induced by a product type cocycle are

contained in the strong normalizer semigroup, and that the embeddings relating
these matrices, are regular embeddings.

Lemma 5.2 has also an AF version, in which the hypothesis d is of product

type is substituted by d is locally constant, and the conclusion is that for any

point in the support of the triangular AF algebra, there is a matrix unit v such

v contains the point and d is constant on v (see Remark 5.13).

We will use the following terminology in the next theorem. We say that epq

is a restriction of e{p , if epp c e\p , that is,  o{fp  is a restriction of a\f .

We also say that a sequence of matrix units {e^:k = 1,2, ...} is nested, if

h 2 e2 D ... .
We come to the main result of this section.

Theorem 5.3. Let 7T = Lim_(^, cpn) be a TUHF algebra, where 7% is the

Nin) x Nin) upper triangular matrices. Let {e\p : 1 < i,j < Nin), n =

1,2,...} be a system of matrix units associated with TT. Assume that there

is a nested sequence of matrix units {e^k)} among the {e^} such that o^k)

does not preserve the order of X„k+X . Then 77~ cannot have a system of matrix

units such that their corresponding partial homeomorphisms preserve the diagonal

order induced by 7T. In particular, if 77T is analytic, then 77f is Nonproduct

Type Analytic.

Proof.   {e["k)} is a nested sequence of compact sets, so it has a nonempty inter-
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section. Moreover, as any system of matrix units forms a base for the topology

of R, the intersection of the sequence {e{kk)} , has only one point. Let (a, b)

be that point.

By Lemma 5.2,   {e\f}  cannot be the system of matrix units induced by

a product type cocycle. Let {/lm)} be another system of matrix units such

that 77~ = (span{y/m) : i < j, m = 1, 2,...})~ . We will show that there is

no cocycle having constant values on all the ftj   , by showing that there is a

matrix unit, among the ftp* , such that it does not preserve the diagonal order

on the set of minimal projections contained in its range.

Let f® be such that {a,b)e f„\). Find k such that e{k"k) C fj$ . As o{k"k)

does not preserve the order of X„k+X , there are minimal projections epp + ',

er"k+l), efr+V and eq"qk+l) such that

(5.3.1) eprlUe^lUe(fsk+xUeqnqk+X)

while e^+l), 4"fc+1) £ ek"k) c J£ .

Pick x G 4?+1), v G #*+1), w G 4"*+1) and z G eqnq+l) such that

(5.3.2) x<y,   w < z and ix, z) £ e{pnqk+l),   iy, w) G 4"*+1).

Let w, i; be matrix units in the system {f^} , such that (x, y) G u C epnqk+^ ,

and (raj)e»c ^"*+1). Thus u, v c f$ . By considering the initial and

final projections of u and v , we see that ft^t does not preserve the diagonal

order on the set of minimal projections contained in the final projection ft^m

of fS . In fact (5.3.1) and (5.3.2) imply that uu* 4 vv* =4 v*v 4 u*u, with the

partial homeomorphism induced by fj^ mapping uu* i-> u*u and vv* i-+ v*v .

Thus no cocycle can have constant values on each of the ftp', and therefore

the system {ftp*} is not induced by a product type cocycle.   D

It is interesting to notice that the proof of Theorem 5.3 holds also for strongly

maximal triangular AF algebras. However, for AF algebras, the proof shows

that the strongly maximal triangular algebra 77~ cannot correspond to a locally

constant cocycle. In Remark 5.13 we expand on the AF version of Theorem

5.3.
In the remainder of this section, we obtain some consequences of Theorem

5.3, among them, that the TUHF's of Sections 3 and 4 are Nonproduct Type

Analytic.

Corollary 5.4. Let 7T be an analytic TUHF algebra. If there is only one x £ X

such that the orbit [x] of x has a largest element and a smallest element in the
order induced by <T on X, then 77~ is Nonproduct Type Analytic.

Proof. Let {e\p : 1 < i, j < Nin), n > 1} be a system of matrix units asso-

ciated to 7T. Let y (resp. z ) be the smallest (resp. largest) element in [x].

Then y g e\p and z G e{p(n)N(n) for all n .

Choose «o such that <T1("0^(„o)(y) = z- Then, some restriction of opL,

among the o\"0+l) should map y to z . That can only be o["°^+i) ■ Moreover,
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a\ N(n ) d°es not preserve the order of X„0+x . In fact, if ep"q0+^ is another re-

striction of *>("o) we have that ^("0+1) v ^("°+|) y. «("o+i) x J«o+i)siricuun 01 elN{flo), we nave mat ^(no+i),v(n0+i) ^ e«<<       ** ew>       *° Ml

Proceeding inductively, we conclude that {e["°^o+k] : k = 0, 1, ...} is a

nested sequence of matrix units such that their corresponding partial homeo-

morphisms do not preserve the diagonal order. By Theorem 5.3, 5T is Non-

product Type Analytic.    □

Corollary 5.5. ST, the TUHF algebra defined by the embeddings (4.1), is Non-
product Type Analytic.

Proof. Theorem 4.2 shows that 7T is analytic. (0,0,...) and (1,0,0,...)
are the smallest and largest elements, respectively, of their common orbit, for

the order induced by the cocycle dx (cf. Lemmas 3.4 and 3.5). Moreover, that

orbit is the only one with a smallest and a largest elements. Thus, by Corollary

5.4, ST is Nonproduct Type Analytic.   □

We should remark that in [V], Example 6.4, we showed, using different tech-

niques, that 7T cannot be associated to a product type cocycle. At that time,

we did not know that 7T is analytic.

In order to show that the TUHF algebra given by the embeddings (4.6) is

Nonproduct Type Analytic, we need the following terminology.

Definition 5.6. An embedding v : M„ —► Mn.k (here Mm are the m x m

complex matrices), given by i/(fl/_/) = («/;«/>), where each m,7 is a permutation

k x k matrix, is called a Nest embedding. If Uy = n>~1, where n is a fixed

permutation k xk matrix, we say that v is a homogeneous nest embedding.

A subalgebra 7F of a UHF algebra sf is called a Full nest subalgebra if &~ =
Lim_(.9£, f„), where 7% is the N(n) x Nin) upper triangular matrices, and

cpn is a nest embedding.

Notice that the homogeneous nest embedding corresponding to the permuta-

tion n on {1,2,... , k} is given by

k
(5 6 11 e{n) - Ve(n+I)
(J-°-1) eij    ~ l^tk(i-\)+p,kU-\)+ni-'(P)■

We will use the notation

(5.6.2) <Pnie^) = up®ep

to denote the nest embedding cp„ in terms of the matrix units e]"' of a system

associated with the full nest algebra Lim_(^, cpn).

Remark 5.7. The terminology of Definition 5.6 is due to Hopenwasser and Pe-

ters ([HP], Definitions 1.1-1.3).
As an example of nest embeddings, we have the ones defined by (3.1). In

this case, the number k of Definition 5.6 is 2, for all the embeddings, and the

matrices wp are:

' (I   °A   if i < 2"  and j < 2"       or       i = j = 2" ,

u(p = \ V        '
(" °   q)   if i = 2"  and j < 2"       or       i < 2"  and j = 2" .



NONPRODUCT TYPE ANALYTIC TUHF ALGEBRAS 735

The following definition departs from the terminology of Hopenwasser and

Peters.

Definition 5.8. Let 7J~ = Lim_(^, cpn) satisfy

(1) TTn is the upper triangular N(n) x Nin) matrices;

(2) there is a positive integer k satisfying 7V(« + 1) = /c/V(«) for all n;

and
(3) for all n, cpn is the homogeneous nest embedding corresponding to a

permutation n of {1,2,... , k}.

7T is called a stationary homogeneous nest embedding TUHF algebra.

As an example of a stationary homogeneous nest embedding TUHF algebra,

we have the TUHF algebra 77? defined by the embeddings (4.6), which corre-
sponds to the ic-cycle n = (1 2...k) on {1, ... , k}. Note that nJ~'ip) =
(U - 0 + P) ( mod k), so (5.6.1) for this particular n coincides with the defi-

nition (4.6) of the embeddings for S?.
The TUHF algebra 77T, defined by (4.1), however, is not a stationary homo-

geneous nest embedding TUHF.
In order to show that <¥ is Nonproduct Type Analytic, we show that all

stationary homogeneous nest embedding TUHF algebras corresponding to the

k-cycles (1 2... k), are Nonproduct Type Analytic.

Lemma 5.9. Let 77T = Lim_(^, <p„) be a nest embedding TUHF algebra. If

UU ^ ^k (^e identity matrix), then o\p does not preserve the order of Xn+X .

Proof. Let k = Nin + 1)/Nin), and assume that u(p ^ Ik . Note that a\f ,

viewed as a map from {e["lxx}k+p : p = 1,... ,k}  (whose sum is e\">) to

{e[np\]k+p : P = I, ... , k} (whose sum is ef) ), satisfies

n(n)(p(n+x)     )-p{n+X) if       u{n)(\)-v
aij   \e(i-X)k+p> ~ e(j-\)k+q " Uij  W - yP

where {v), ... , v*} is the standard orthonormal basis of Rk .

Let Y = {p: a™ (eft^+p) ? ^J}^} . Y is nonempty, as u,j / Ik . Let

Po be the smallest element in Y . Then

°SK-lik+*) = «i#U forsome «>"°

Let p, be such that ffj^f-i'i+p.) = eu-\]k+Po ■ Then Po < P\ , and we have

that

e(n+\)        ,   (n+i) bt       a{n)ie(nJrX)     ) y o{n)(e(n+l}     )
e(,-X)k+p0^e(i-\)k+Pl       oul       °ij \e(i-X)k+PQ)^°ij ye(i-X)k+Pi>

since o{n)(e(n+l)     ) = e{n+l)      and o{n](ein+l)      ) = e(n+x) Dsince otj {e{i_l)k+po) - eu_l)k+q ana oij {e{j_l)k+pi) - e(j_l)k+pQ.   u

Theorem 5.10. Let 7T = Lim_(J^,, tp„) be a stationary homogeneous embed-
ding TUHF algebra, where cpn is associated to the k-cycle (1 2 ... k). Then

7T is Nonproduct Type Analytic.

Proof. Let k be the positive integer such that N(n + 1) = kN(n), and let n
be the A>cycle. Define

i'i = 1,   jx = 2 and  i„+x = fc(i„ - 1) + 1,   jn+x = k(j„ - 1) + 2.
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We show by induction that n'"~'n = n / Ik , the identity k x k matrix. In

fact, nj'~i] = n ^ Ik , and

It follows from (5.6.1), that {e'"jn : n = 1, 2, ...} is a nested sequence. Since

nj„-h _ n j. ik ^ we aiso jjave triat ffW ^Qgg not preserve the diagonal order

in Xn+X. Thus, Theorem 4.3 gives that SF is Nonproduct Type Analytic.   □

Remark 5.11. Notice that it follows from ([PPW1], Theorem 4.6), that all Full
nest algebras are trivially analytic. In particular, this proves that the TUHF

algebras of Theorems 4.2 and 4.7 are analytic. However, the cocycle obtained

in [PPW1], Theorem 3.16, although applicable to any trivially analytic TAF
algebra, is not easy to construct in practice, mainly because it involves an enu-

meration of all the increasing clopen subsets. The cocycles of Example 3.1 and
3.6 are not examples of the generic cocycles given in [PPW1], Theorem 3.16.

This generic cocycle was not helpful for the results of this paper for two reasons.
First, the already mentioned complication of dealing with an enumeration of the

clopen increasing sets, makes it difficult to express the generic cocycle in terms

of the coordinates of the points of X, and therefore eliminates any possibility

of obtaining direct proofs (like the ones in Section 3) that the cocycles are not

of product type. Second, the generic cocycle of [PPW1], Theorem 3.16 is not

linked to a representation of its corresponding analytic algebra (like Examples

3.1 and 3.6 are linked to the embeddings (4.1) and (4.6) respectively), in a way

that will allow the study of this algebras that we have carried out in this section.

Combining our Theorem 5.3 and Lemma 5.9 with [PPW1], Theorem 4.6, we

obtain the following theorem regarding Full nest algebras.

Theorem 5.12. Let 7T = Lim_(^, tp„) be a Full nest algebra, with tp„(elf) =

w," <8> ef) for the matrix units in a system associated with 77F (cf. (5.6.2)). If

there is a nested sequence of matrix units eff such that up) f= I (the identity

matrix of the size of un'), then 7T is Nonproduct Type Analytic.

Proof. By [PPW1], Theorem 4.6, J7" is analytic, and by Theorem 5.3 and
Lemma 5.9 it is Nonproduct Type Analytic.    □

Remark 5.13. As indicated after their proofs, Lemma 5.2 and Theorem 5.3

have AF algebra versions. Product type notions are exclusive to UHF algebras,

and there is no generalization of that concept to AF algebras. However, after

this paper was submitted, we became aware of recent work by A. Donsig and

T. Hudson [DH], which indicates that, for triangular AF algebra theory, locally

constant cocycles will constitute an appropriate generalization to AF algebras of

the notion of product type cocycles for UHF algebras. We wish to indicate what

the AF versions of the above mentioned results are, first, because the proofs

are virtually the same, and, second, because the hypothesis of Theorem 5.3,
namely that there is a sequence of normalizers that do not preserve the order

and such that the corresponding sequence of supports shrinks down to a point,

also appear, in a slightly different formulation, in the recent work of Donsig and

Hudson [DH]. This seems to indicate that said hypothesis will probably play an

important role in triangular AF algebra theory.
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First, for Lemma 5.2, notice that the proof depends only on the fact that a
product type cocycle is locally constant. So, for AF algebras, the same proof

will show a version of Lemma 5.2 in which (a) the hypothesis d is product type

will be substituted by the d is locally constant; (b) the matrix unit system can

be any matrix unit system for the enveloping AF algebra; and (c) the conclusion

will be that for each point there is some matrix unit that contains the point and
that preserves the order.

For Theorem 5.3, the same proof establishes that if 77T is a strongly maximal

triangular AF algebra with a nested sequence of normalizers that do not preserve

the order, such that the sequence of supports shrinks down to a point, then 73~
cannot correspond to a locally constant cocycle.

Note that if a strongly maximal triangular AF algebra 7T satisfies the hy-

pothesis of Theorem 5.3, which can also be formulated as the support of 7F

has a point (x, y) with a neighborhood base consisting of supports of non-order-

preserving normalizers, then (x, y) cannot belong to the support of a normal-

izer that preserves the order. Thus 77~ is not generated by its order preserving

normalizers. The converse is also true, so the hypothesis of Theorem 5.3 is
equivalent to

(5.14) 7T   is not generated by its order preserving normalizers.

Thus an equivalent formulation of the AF version of Theorem 5.3 reads as

follows: if 7J~ satisfies (5.14), then 7T cannot correspond to a locally constant
cocycle. The embeddings (4.1) and (4.6) show non-locally-constant analytic TAF
algebras.

Donsig and Hudson [DH] have shown that the negative of (5.14) implies that

7F~ is determined, up to isometric isomorphism, by its lattice of ideals.
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