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INVOLUTORY HOPF ALGEBRAS

D. S. PASSMAN AND DECLAN QUINN

ABSTRACT. In 1975, Kaplansky conjectured that a finite-dimensional semisim-
ple Hopf algebra is necessarily involutory. Twelve years later, Larson and Rad-
ford proved the conjecture in characterisitic 0 and obtained significant partial
results in positive characteristics. The goal of this paper is to offer an efficient
proof of these results using rather minimal prerequisites, no “harpoons”, and
gratifyingly few “hits”.

Let H be a finite-dimensional Hopf algebra overa field K ,andlet S:H — H
denote its antipode. Then H is said to be involutory if S? = idy or equivalently
if § is an involution on H . In [K], Kaplansky conjectured that a semisimple
Hopf algebra is necessarily involutory, and in a fundamental paper [LR2], Lar-
son and Radford proved this assertion at least for fields of characteristic O.
Furthermore, they showed that if H is semisimple and cosemisimple and if
char K = p > (dimg H)?, then H must again be involutory. A nice exposition
of this material can be found in [N].

While [LR2] is reasonably brief, it depends heavily on certain earlier results
on characters of Hopf algebras as contained in [L] and [LR1], and the combined
proof is substantial. The goal of this paper is to present an efficient proof of
the main results of [LR2] requiring minimal prerequisites. As will be apparent,
our proof follows the same basic outline as that of Larson and Radford, and
therefore we offer nothing new in this regard. However, by computing traces on
certain tensor modules, we are able to obtain the necessary character formulas
quite quickly, and this is where the simplifications occur. In some sense, the
hero of this approach is the linear transformation 7 described below.

If V isaleft H-module, then H® V is well known to be H-isomorphic to
H®V,, where V. is equal to V' but with the trivial action determined by the
counit € . This is proved quite simply by considering the map T: H®V — HQV
given by

T:hov—Y heohy foralheH, veV.
(h)
Indeed, one shows that T is invertible with inverse
T-“hev— Y h&Sh)v
(h)
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and that T intertwines the two representations. We will not need the latter
fact here. Rather, we will just use 7' and several of its variants to obtain
certain trace equations of interest. Specifically, if y: H® V' — H®V is a linear
transformation, then trygy T-'uT = tryey 4 and, as we will see, equalities
of this nature yield the necessary character formulas. We start with a simple
example.

Let 7: H — K be the element of the dual H* corresponding to the trace
map on H . In other words,

t(a) =tryay forallae H
where ao € Endg H denotes left multiplication by a.
Lemma 1. If © € H* is the trace element described above, then
txt=1(l)r=(dimg H)7

where x is the convolution multiplication of H* . Furthermore, if s: H* — H* is
the antipode of H* , then s? and left multiplication by © commute as operators
on H*.
Proof. Let V be any left H-module, and define T): H® V — H® V by
To-h®v e Zhl ® S(hy)v.
(h)
Then Ty is invertible with inverse given by
To_llh®’0 — Zh] ® hyv.
(h)
Now, forany a e H ,
t(a) dimg V = (trgay) dimg V = trygr(ay @ 1) = trygy To—l(ay ® 1T
and furthermore
To‘l(a_y @NTo:h®v — Z arhy ® a;h, S(h3)v = Z ah ® ayv.
(a)(h) (a)
Thus we see that
traey Ty '(ay @ )Ty = Y _try(an)y tryay = Y _ (@) try ay.
(a) (a)
Finally, let ¥V = H so that dimg H = 7(1) and try b = try by = 7(b) for all
b € H. Then we obtain
@) t(l) = t(ar) (@) = (1 1)(a);
(a)

and, since this holds for all a € H, we conclude that 7(l)t=71x* 7.

For the second part, recall that the antipode S of H is invertible as a linear
transformation since H is finite dimensional. Thus, S? is an algebra automor-
phism of H and this implies that

©(S%(h)) = try S*(h)» = trp h_» = 1(h)
for all A € H. Furthermore, since s: H* — H* is defined by
S(&):h— &E(S(h)) foralhe H, £ € H*,
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the preceding formula translates to the assertion that s?(t) = 7. Finally, we use
the fact that s2 is an algebra automorphism of H* to deduce that
21 gié o sH 1% E) = s%(1) xs2(¢)  forall & € H*
and
Tos2 & Txs2(E)  forall & € H*.
But s2(1) = 7, 50 7% = T.»s* and the lemma is proved. O

It can be shown that s(7) = 7, but this is not needed here. On the other
hand, we do require the following simple, but extremely useful, observation.

Lemma 2. Let A and B be finite-dimensional K-vector spaces, and let [ and
f" be linear transformations from A to A ® (Endg B) with the property that
the operators (£ ® 1)f(a), ((® 1)f'(a) € Endx B have the same trace for every
a€ A and £ € A* =Homg(A, K). Nowlet g:A® B — A® B be defined by

gA®B L 4% (Endk B)® B 12 40 B

where ev: (Endx B) @ B — B is the evaluation map, and let g°A®B - AQ B
be defined similarly using f'. Then trygp g =trygp g’ .

Proof. Let {a;,a,... ,ay,} beabasis for 4, and forall i=1,2,... ,m,
write

m m
fla)=>aj®fi,; and fl(a)=) a;®f;
j=1 j=1
where fi j, f{ ; € Endg B. If {&1,&, ... ,{m} denotes the dual basis of 4%,
then (§; ® 1)f(a;) = fi,; and therefore, by assumption, trg f; ; = trg f{ ; for
all i, j. Finally observe that A B=@&)_,a; ® B and that

gai®b)=>Y a;® f; (b).

j=1

Thus the subspace a; ® B contributes trp f; ; to the trace of g and therefore

m m
trygp & = Ztra Jii= ZUB fii=tragp g

i=1 i=1

as required. 0O
We recall from [S] that the subspaces of H given by
14
/ ={xeH|hx=¢€(h)x forallhe H}
H

and ,
/ ={xeH|xh=€e(h)xforallhe H}
H

are both one dimensional and that their elements are called the left and right
integrals of H , respectively. Furthermore, a generaiization of Maschke’s theo-
rem asserts that H is semisimple precisely when H has a nonzero idempotent
integral. In this case, the spaces of left and right integrals coincide and the
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nonzero idempotent integral is necessarily unique. Since the counit of the dual
H* is evaluation at 15, we see that

'3
/H_={¢eH*|y*¢=y(1)¢forauueH*}

and
/Hr‘ ={leH" |&xpu=u(l) forall uec H*}.
Now let us define the functionals A, ' € H* by
Aa) =try(ayS?) forallac H
and
A(a) =try(agyS™%) forallae H.
Then we have

Lemma 3. With the above notation, 2 is a left integral of H* and A’ is a right
integral.

Proof. We begin with 4. Let V be a left H-module, and define the linear
transformation 7;: H® V - H® V by

Ti:heve— ) h®hv.
(h)
Observe that T; is a vector space isomorphism with inverse given by
Trhove— Y hheS (k.
(h)
Now let a€ H andlet L:V — V be a linear transformation. Then
Aa) try L = trH(agSZ) try L = tI‘H®V(d3S2 ® L) =trygy Tl“(a_gSZ ® L)T)
and
T (agS* @ L)Ti:h@v — Y a;8%(hs) ® S(h2)S™'(a1) Lhyv.
(a)(h)
At this point, the preceding lemma comes into play. Specifically, for fixed
a € H, we have the linear maps f, f': H — H ® Endx V' given by
fihe > S (hs) ® S(h2)S™"(ay)Lh
(a)(h)
and
fih— Y a;S*(h3) @ S~ (a1) L S(hy).
(a)(h)
Moreover, since

try Y S(k2)S™(b)Lky = try »_ S~'(b)LkiS(k2)
(k) (k)
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for all b,k € H, it is easy to verify that the hypotheses of Lemma 2 are
satisfied. Thus, it follows that the trace of T,‘l(a »S?® L)T; is equal to the
trace of the linear operator on H ® V' given by
h@ve- Y a;S*(hs) ® S~ (a1)LhiS(hy)v
(a)(h)
= 5" a8%(h) ® S~V (ay) Lv.
(a)
As a consequence,
Ma) try L =Y trp((a2) #S?) try (S~ (a1)L)
(a)
=Y A@) try(S~(an)L).
(a)
Finally, let V = H,let £ € H*, and define L: H — H by
L:x — &(S(x)) 1y for all x € H.

Then try L = &(1) and
try (S~ (a))L) = try (LS~ (ay)) = &(ay),

so we obtain
Ma)é(l) =Y Mar) (@) = (€ * A)(a).
(@)

Since this is true for all a € H, we conclude that £ x A = ¢&(1)A for all & € H*
and therefore A is indeed a left integral of H*.

The proof for A’ is similar. Again let V' be a left H-module, but this time
define Th): HQV — H®V by

T:h®v+— Zhl ® hv.
(h)
Then T is an invertible linear transformation with inverse given by
Tz—lih RU Z h @ S(hy)v.
(h)
Choose a € H,and let L:V — V' be an arbitrary linear transformation. Then
M) try L = tl'H(a_gpS—z) try L
= tryer(agST QL) = tryey T '(agS72 @ L)Th
and
Ty (agST2@ L)Ty:h@v e Y a1S72(h) @ S™'(h2)S(az) Lhsv.
(a)(h)

Once again, we apply the previous lemma. Here, for fixed a € H, we have

the linear maps f, f: H — H ® Endx V given by
Fih= Y aiS72(h) ® ™' (h2)S(az) Lhs
(a)(h)
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and
b > a1S7(hy) ® S(a2)LhsS™" (hy).
(a)(h)
Moreover,
try Y ST (k)S(b)Lky = try Y S(b)Lka S~ (ki)
(k) (k)
for all elements b, k € H, so the assumptions of Lemma 2 are certainly satis-

fied. Thus it follows that the trace of T, !(a»S~2® L)T; is equal to the trace
of the linear operator on H ® V' given by

heve— > aiS72(h)® S(a)Lh3S~' (h2)v
(a)(h)

= Za,S h)® S(ay)Lv.

In other words,

Na)try L= try((a1)S™?) try(S(az)L)
(a)
= Zl (ar) try(S(az2)L).
(a)
Finally, suppose V = H, choose £ € H*, and define L: H — H by
L:ix — &S Y (x)1y  forall x € H.
Then try L =¢(1) and
try (S(a2)L) = try (LS(a2)) = &(a2),

so we obtain
N(@) (1) =) X(ar)é(a) = (A x&)(a).
(a)
Since this holds for all a € H, we conclude that A’ x& =&(1)A’ for all £ € H*
and therefore A’ is a right integral of H*. O

With this result in hand, we can proceed as in [L] and [LR2], except that
we take an algebra rather than a coalgebra point of view. To start with, recall
from [S] that a nonzero left or right integral § of H* determines an associative
nondegenerate bilinear form %:H x H — K given by % (a, b) = B(ab) for
all a, b € H. In particular, the nondegeneracy implies that H is a Frobenius
algebra and that # cannot vanish on any nonzero ideal of H .

Proposition 4. If H is a semisimple Hopf algebra, then:

(i) A is a nonzero left integral of H* and X' is a nonzero right integral.
(ii) H* is semisimple if and only if try(S?) #0.
(iii) S? stabilizes each ideal of H .

Proof. (i) If e is the nonzero idempotent integral of H, then S%(e) = ¢ and
e has rank 1. Thus A(e) =1 = A'(e) and Lemma 3 yields the result.

(i1) If A(1) = try(S?) # 0, then A(1)~'A is a nonzero idempotent integral of
H* and therefore H* is semisimple. Conversely, if H* is semisimple, then
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since A is nonzero by (i), some scalar multiple of A is a nonzero idempotent
integral. In particular, 0 # A% A = A(1)A and therefore trgy(S?) =A(1) #0.

(iii) Let I be a minimal ideal of H, and note that S*(I) = J is also a
minimal ideal. If J # I, then IJ =0 and hence

(I$S*%: H — IS?(IH)=1J =0.
In particular, each linear transformation in 15 S? is nilpotent and has trace 0,
so A(I) = trg(I»S?) = 0, a contradiction. We conclude therefore that each

minimal ideal of H is S2-stable and, since H is semisimple, the proposition
is proved. O

We remark that the converse to (i) above is also true. Specifically, if 4 or A’
is nonzero, then H is necessarily semisimple. To see this, suppose that A # 0
and let N be the radical of H. Then N is an S2-stable nilpotent ideal of H,
so NoS? consists of nilpotent operators on H and A(N) = try(NgeS?) = 0.
But A is a nonzero left integral of H* by Lemma 3, so A cannot vanish on a
nonzero ideal of H and hence N = 0, as required.

The proof of the next result requires a small amount of character theory.

Lemma 5. If H is semisimple, then there exists a unique group-like element
g € H such that:
(1) AxE=¢&(g)A forall E€ H*.
(i) A(ag)=4A4'(a) forall ae H.
(iii) S* is the inner automorphism of H induced by g, and S has finite
multiplicative order.
Furthermore, if charK = 0, then trg(S?) is real and positive.

Proof. (i) We know that [ ,3 is the one-dimensional K-space spanned by A,
and it is easy to see that A« is a left integral for any ¢ € H* . Thus, since H** =
H , there exists a unique element g € H with Ax& = &(g)A for all & € H*.
Moreover, the map g: H* — K given by & — &(g) is clearly multiplicative,
and from this and the definition of multiplication in H*, it follows that g is
a group-like element of H . In particular, g is invertible in H and in fact g
has finite multiplicative order.

(i) We now show that the functional 18 € H* given by A%(a) = A(ag) for all
a € H is a right integral of H*. To this end, observe that since g is invertible
in H, any element of H* is of the form &¢8:a — &(ag) for some & € H* .
Furthermore, since g is a group-like element, we have

(A% x&E8)(a) = Y A%(a))E8(ar) = Y Mai18)E(arg)
(a) (a)
=Y A((ag)h)E((ag)2) = (Ax&)(ag) = (A*&)%(a)

(ag)

for all a € H. Thus, by (i) above,
A8 &8 = (A Q)8 = (8(8)A)% =&(g)As =&8(1)A8

and A% is indeed a right integral of H*. In particular, A¢ is a scalar multiple
of A'. But if e denotes the nonzero idempotent integral of H, then since
eg =€(g)e =e, we have

A8(e) =Aleg) = Ale) =1 =1/(e)
and therefore A8 = 1'.
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(iii) Let K denote the algebraic closure of K ,and let H = H®K D H . Since
the nonzero idempotent integral of H is clearly an idempotent integral of H , it
follows that H is also semisimple. Furthermore, since H* = H*® K D H* , we
see that the corresponding elements A and A’ of H* are the natural extensions
of A and X', respectively. With these observations, it clearly suffices to work
in H, or equivalently, we can now assume that K = K is algebraically closed.

Write H = @Y7 ,I; as the direct sum of its minimal two-sided ideals.
Since K is algebraically closed, each such minimal ideal is isomorphic to a
full matrix ring over K ; say I; = My, (K) and let x;: Mg (K) — K denote the
usual matrix trace. If a, b € I;, then the map 0, ,:x — axb defines a linear
operator on I; and, as is well known, tr;, 0, , = xi(a)xi(b) .

By Proposition 4(iii), /; is S2-stable and therefore, by the Noether-Skolem
Theorem, there exists a unit ¢; of I; such that S?(x) = c,."xci forall x € I;.
Here, of course, ci‘l is the “local inverse” of ¢; in I;. Let y € I;. Since the
linear transformation y»S2:H — H annihilates all the minimal ideals I; of
H with j # i, we have

Ay) =ty (yeS?) = tr, (y£S?).
Hence, since
yrS%x e (ye;Yxe;  forall x € I,
it follows that
AY) = tr,(v2S?) = x:i(ve Hxile).

In a similar manner, we obtain
A(y) =tr,(yeS™2) = xiye) (e ")

and, as we observed earlier, neither A nor A’ can vanish on ;. As a conse-
quence, x;(c;) and x;(c; 1Y are both nonzero scalars.

Now, by (ii) above, A'(y) = A(yg) and therefore
xiedxi(er) =X (y) = Ave) = xi(vgic, xile)

where g; denotes the projection of g into I;. Since the above holds for all
y € I;, we see that y; vanishes on the left ideal of I; generated by the element

cixi(ey") — giey ' xilcr)

and so this element must be zero. In particular, we have ¢? = g; xi(c;)/ xiler h
and conclude that

S*x)=ctxc} =g 'xgi forall x €I
1l 1 1]

It is now clear that S* is the inner automorphism of H induced by g, and
part (iii) follows since g has finite multiplicative order.

Finally suppose charK = 0 and say S?" = idy. Then ¢! is a nonzero
scalar matrix in My, (K); and since K is algebraically closed, we can multiply
¢; by a suitable scalar to assume that ¢}’ = 1; . Of course, this implies that

the eigenvalues of ¢, I are the complex conjugates of the eigenvalues of ¢; and
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consequently x;(c; 1) is the complex conjugate of yx;(c;). Thus since try(S?) =
A(1) and each x;(c;) is nonzero, we have

trp(S?) = sz(c )xi(ci) le,(cz)l >0

i=1 i=1
and the lemma is proved. 0O

Recall that a finite-dimensional Hopf algebra is said to be unimodular if its
left and right integral subspaces coincide. As we observed earlier, any semisim-
ple Hopf algebra is necessarily unimodular.

Corollary 6. Let H be semisimple.
(1) If H* is unimodular, then S* = idy .
(ii) If charK =0, then H* is semisimple.
Proof. (i) Since H* is unimodular, A is a right integral for H* and therefore
EMA=Ax¢=¢(g)A forall £ € H*

where g is the group-like element of H given by part (i) of the previous lemma.
It is now clear that g = 1 and hence S* =idy by Lemma 5(iii).

(ii) Since charK = 0, the previous lemma implies that try(S?) # 0 and it
follows from Proposition 4(ii) that H* is semisimple. O

We can now obtain the main result of [LR2] using the key argument of that
paper.
Theorem 7. Let H be a finite-dimensional Hopf algebra over the field K , and
assume that both H and its dual are semisimple. Then dimx H # 0 in K.
Furthermore, if either charK = 0 or charK = p > (dimg H)?, then H is
involutory.
Proof. It suffices to assume that m = dimx H > 1. We continue with all the
previous notation and, in addition, let ¢t € H = H** correspond to the trace
map on H*. In other words, the trace element ¢ € H is defined by

Eit)=try-l» forall ¢ € H*.

Clearly
€(t) = 1y+(t) = dimg H* = dimg H

and, by applying Lemma 1 to H*, we see that ¢ = (dimg H)¢ and that S?
and ¢, commute as operators on H.

Now, by assumption, H* is semisimple, so A(1)~!4 is a nonzero idempotent
of rank 1 by Proposition 4 and therefore

II'HS2 =A(1) =try- Agp.
Furthermore, by definitions of ¢ and A, we have
trye Ay = A(t) = try(tS?).

Thus
trH(t_gS2) =try S? = A1) #0
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and, in particular, ¢5S? is not nilpotent. Since S? and ¢y commute and
since 12 = (dimg H)t, it therefore follows that dimg H is not zero in K . This
also implies that f = (dimg H)~!t is a nonzero idempotent of H . Moreover,
since t%S? = S%t annihilates (1 — f)H and acts like (dimg H)S? on fH,
we have

trey S? 4+ tra-nH S? = try S? = tI'H(l_gpSZ) = (dimg H) trey S?
and obtain the trace equation
trg_pu S? = (dimg H — 1) try S2.

By the preceding corollary, (S?)? = idy and, by hypothesis, charK # 2.
Thus S? is diagonalizable in its action on H and in fact H = E, ® E_; where

Ei={heH|S*h)=ih}

for i = +1. With this, we can define the integers n, n’ by

n=dimg(fHNE;) —dimg(fHNE_;)
and

n' =dimg((1 = NHNE,) —dimg((1 - /NHNE_,).
Then clearly, |n| < dimg fH, |n'| < dimg(l — /)H, and |n| + |n'| < m =
dimg H. Furthermore,
tryyS?=xkn and  trq_puS*=xn’

where we temporarily use =k to indicate equality in the field K. Thus the
trace equation becomes
n' =g (m-1)n.

Furthermore, notice that |(m — 1)n — n’| < m? and that, by hypothesis, this is
less than char K if char K = p > 0. Thus, in all cases, we obtain

n'=(m-1)n

where this is an equation in the integers.

Finally, if n = 0, then ' = (m — 1)n = 0 and trgS? =k n+n' =0,
a contradiction. Thus, |n| > 1, and from (m — 1) > || = (m — 1)|n| it
follows that n = 1 and n’ = +(m — 1) with the same sign. In particular,
|n|+|n'| = m, and this and the common sign imply that H = E, or H =E_; .
But 1y € E;, so E; #0; therefore, H = E;, and S? =idy, as required. O

A generalization and other applications of the key trace formula trgy(t»S?) =
(dimg H) tr sy S? can be found in [R1]. Related formulas and their applications
are contained in [R2]. Kaplansky’s conjecture in characteristic 0 is now an
immediate consequence of Corollary 6(ii) and Theorem 7. Specifically, we have

Corollary 8. 4 semisimple Hopf algebra in characteristic 0 is involutory.

We close this paper with another relationship between this problem and the
linear transformation T of the introduction. To start with, recall that the trace
element 7 € H* is defined by

t(a) = try(ay) forallae H
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and that 4 € H* is given by
AMa) = try(axyS?) foralla e H.

Thus if S? = idy, then certainly 7 = A. Conversely, if 7 = 4 and if H
is semisimple, then the character argument of Lemma 5(iii) easily proves that
S? = idy. In particular, an alternate approach to Theorem 7 might be to
somehow show directly that 7 = A. In fact, since 7(1)~!z is an idempotent
of H* with 7(1)~!t x A(1)~!4 = A(1)~'4, the equality could be achieved by
showing that t(1)~ !t has rank 1 or equivalently, when charK is big enough,
that try- 7 = 7(1) . We consider this trace equation from a dual point of view.
Specifically, let ¢ be the trace element of H defined by

Et)=tryg- ¢l for all £ € H*.
Then we have

Lemma 9. Let A:H — H® H denote the comultiplication of the Hopf algebra
H, and let t be its trace element.

() If {x1,x2,...,Xm} is a basis for H and if x; ; and x; ; are the
elements of H uniquely determined by the equations

m m
A(x;) =ij®x,-,j =Zx,{,j®xj
j=1 j=1
for i=1,2,...,m, then

m m
t= ZX,",‘ = ZX,{J.
i=1 i=1
(ii)If T, T"HQ® H — H®H are the linear operators given by
T_:h®v»—»Zh1®hzv and T’:h®vHZh2®h1v
(h) (h)
forall h,v € H, then

tryty =tryen T = tryey T.

Proof. (i) Let {&,¢&, ... ,&n} be the dual basis for H* corresponding to
the given basis {x;, X2, ... , X, } for H. Then for all i, j, k we have

(& *&N0a) = Y &ilxk )& (x%g) = &ilxi ;)

g=1

and hence m
Eix&i= &ilxp k.
k=1
By definition of ¢, it follows that
m m
&) =ty e = D &0 ) =&(D %))
i=1 j=1

and since this holds for all i, we conclude that ¢ = Z;’;l x}y je
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In a similar manner, using the defining equations for the x; ;, we can com-
pute the trace of right multiplication by ;. But H* is a Frobenius algebra, so
left and right multiplication by &; have the same trace and with this we obtain
t= ;'-i-l Xi,i-

(ii) Notice that H® H =9 Y 1", x; ® H and that

m
T:x;®v+— Y x;j®x; ;v forallveH.
j=1
Thus the subspace x; ® H contributes try(x; ;)¢ to the trace of T and there-
fore

m
tthon T =Y try(Xi i)e = ttyly

i=1

by (i) above. Similarly

m
tryen T' = Ztl‘y(x,{’,')y =tryty,

i=1

and the result follows. O

Thus a direct computation of trygy T, perhaps under the assumption that
H or H* is semisimple, could prove to have interesting consequences. We of
course expect this trace to equal dimg H .
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