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ON EULER CHARACTERISTICS ASSOCIATED TO
EXCEPTIONAL DIVISORS

WILLEM VEYS

Abstract. Let k be an algebraically closed field and / 6 k[x\ , ... , xn+¡].

Fix an embedded resolution h : X —> A"+1 of f~l {0} and denote by E¡, ; e

S, the irreducible components of /¡"'(/"'{O})  with multiplicity N¡  in the

divisor of f oh . Put also E¡ := E¡ \ \J¡u¡Ej , and denote by /(£,) its Euler

characteristic.

Several conjectures concerning Igusa's local zeta function and the topological

zeta function of / motivate the study of Euler characteristics associated to

subsets \JieTE¿ of U/es^i > which are maximal connected with respect to the

property that d\N¡ for all i e T. Here d e N, d > 1 . We prove that if h
maps \JJ€TE¡ to a point, then

( ■l)n^2x(Ei)>0.
i€T

This generalizes a well-known result for curves. We also prove some vanishing
o

results concerning the x(E¡) for such a maximal connected subset U/gr^í

and give an application on the above-mentioned zeta functions, yielding some

confirmation of the holomorphy conjecture for those zeta functions.

Introduction

(0.1) Let / G C[xi, ... , x„+i] and fix an embedded resolution h : X -> A"+1
of f~x{0} . Denote by E,, i g S, the irreducible components of h~x(f~x{0})

o

with multiplicities TV,- in the divisor of /o h . Put also F, := F, \ |Jj_¿( F,.

(0.2) For curves (n = 1) let k¡ denote the number of intersection points of

F, with other E¡, j G S. The following is essentially known. (We suppose

that no F, is created by a silly blowing up in a smooth point of f~x{0}.)

Proposition [V, Lemma 2.3]. To any exceptional curve Eq with ko = 1 we can

associate r > 1 and a path
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in the resolution graph, where all E, are exceptional curves, such that

( 1 )   kj = 2 for i = \, ... , r - \ and kr ^ 3 ; and

(2)   No\Ni for all i= 1, ... ,r.

Suppose for simplicity that /~'{0} is reduced. Then the following implies

the proposition above.

Assertion. Take some d G N, d > 1. If\J¡eTEj is a maximal connected subset

of\JieSE¡ with respect to the property that E¡ is an exceptional curve and d\N¡

for all icT, then

ier

Here x(') denotes the (complex) Euler-Poincaré characteristic. Remark that
o

an exceptional curve F, is isomorphic to P1, so ^(F,) = 2 - k,■.

(0.3) We will in fact prove the following generalization of (0.2) in all dimen-

sions. Furthermore our proof is conceptual in the sense that it doesn't require

h to be a composition of blowing ups.

Theorem (§3). Suppose that f~x{0} is reduced and take d G N, d > 1 . If
\J¡eTE¿ c h~x{0} is a maximal connected subset of \Ji€SEj with respect to the

property that d\N¡ for all i e T, then

(-iy£x(F,):s0.
¡er

(The fact that h maps (J;67-F, to a point implies that all E¡, ieT, are proper

exceptional varieties. )

A motivation for this theorem are several conjectures relating Igusa's local

zeta function and the topological zeta function of / to the monodromy of
o

/_1{0} . Philosophically F, with (-l)"x(E¡) < 0 are expected to be 'compen-
o

sated' by F, with (-l)"x(E¡) > 0. See [V] for a result for curves.
o

(0.4) We also prove (in §4) some vanishing results concerning the /(F,) for a

connected subset U(67.F, with d\N¡ for all i G T. Moreover we do not restrict

to C but work simultaneously over a groundfield of arbitrary characteristic.

(0.5) Finally we give an application of those vanishing results on the above

mentioned zeta functions. More precisely suppose that d G N \ {0} does not

divide the order of any eigenvalue of the local monodromy of / at 0. Let

\JieTEj c h~x{0} be a maximal connected subset of \JieSEi with respect to

the property that d\N¡ for all i G T. If all N¡, i G T, are mutually different
and the E¡,i € T, satisfy a certain affineness condition, then |J(67-F; does

not contribute to the topological zeta function of / or to 'almost all' Igusa's

local zeta functions of /. See §5 for exact statements.

1. Preliminaries

(1.1) Let k denote either C or an algebraic closure ¥aq of the finite field

with q elements. We fix a nonconstant polynomial / G k[x\, ... , xn+\], de-

termining a hypersurface /-I {0} in A"+1 (k), which we suppose to be reduced.
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See Remark 3.6 for general /. Just to simplify notation we also suppose that

/(0) = 0.
Let h : X —> A"+1 be an embedded resolution (of singularities) of / '{0}.

(If k = C, then (X, h) always exists for any / by Hironaka's Main Theorem

[H]; and if k — Vaq we just suppose some (X, h) to be given. See also §5 for

'reduction mod P' of a characteristic zero situation.) We denote the (reduced)

irreducible components of h~x(f~x{0}) by F,, i e S, and their multiplicities

in the divisor of / o h by TV, ; i.e. (/ o h) = £,eS/V,F;. Now if fc = FJ
we furthermore suppose (X, h) to be a tame resolution, i.e. q is prime to

N¡ for each i e S. The F, consist of exceptional varieties and of irreducible

components of the strict transform of f~x{0} ; the last ones have N¡ = I .
o o

We put F, := F, \ \JJ9tiEj, E¡ := f|/e/F, and F7 := E, \\Jj<t,E} for any
0^1 cS.

Nearby cycles.

(1.2) Fix any prime I ¡f q, and let Q" denote an algebraic closure of the

i-adic numbers. For any scheme V of finite type over k we denote by H'(V)

its singular cohomology groups H'(V, C), respectively its i-aàic cohomology

groups H'{V,Q$).
We abbreviate by P4> the complex of nearby cycles R*¥foh(C) or Ä»P/oA(<Q>£)

on h~x(f~x{0}) and denote by *¥J its cohomology sheaves, see [SGA7, Exposés

XIII-XIV]. Let also F0 denote the (local) Milnorfiber of / at 0 (g A"+1), and
J the local monodromy group of A1 (A:) at 0. (If k = C, then S 2 Z.)

The monodromy group S acts on F0, RM' and various associated coho-

mology objects. By an eigenvalue of monodromy of / at 0 we mean any

eigenvalue of the action of J7 on any cohomology group H'(Fo). It is well

known that those eigenvalues are roots of unity [SGA7, Exposé I].

We also recall the following fundamental facts.

1.3.   Proposition [SGA 7, Exposé I, Théorème 3.3], [S, Proposition 6]. Fix any
0 7¿ / C S .

°
(i) All ¥J, j ^0,  are lisse on E¡.
(ii) There exists an isomorphism

.
j

o

on Ei, compatible with the action of J^. Here M¡ is the kernel of the linear

map (z,),e/ <-> T,ieiN'z¡ on c' or W)' '> so àimMr = |/| - 1 .

(iii) For any (closed) point s e E{ we have that

4^ = CD> , respectively   ^ s (Qae)D< ,

where D¡ is a finite set on which S acts transitively, and \D¡\ is equal to the

largest common divisor of the N,■, i G /.

Remark. The isomorphism in (ii) is not canonical; it becomes canonical if in-

stead of Mi we write its Täte twist M¡(-\). We will not use this more general

statement.
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(1.4) Since h is proper and birational we have by [SGA7, Exposé XIII 2.1.7.1]
that

///(Fo)SHi'(/2-1{0}, P^F).

Isotopic components.

(1.5) For any d eN with d > 1, and in positive characteristic also with d

prime to q, we choose a character x : S —> Cx , respectively x- : J^ —> (Q¿)x

of order d.
(1.6) For any finite-dimensional C-, respectively Q^-vectorspace, construct-

ible sheaf, or (eventually shifted) perverse sheaf ¿F on which S acts we denote

by y* the x-unipotent part of y, i.e. the maximal subobject in the corre-

sponding category on which S acts like xr times a unipotent action. One can

show that for (perverse) sheaves taking the x-unipotent part commutes with

taking (hyper-)cohomology groups.

(1.7) We motivate this construction by the following strategy. If d\N¡ for all

/ G T c S we will prove in Proposition 2.2 that

£*(£) = ]>>!)< dimH'YuF,,*^ .
i€T i \ieT /

Then the crucial result (Corollary 3.4) is that, when T satisfies the conditions

of our main theorem, we have

W ( \J E,, ür 1=0       if   M n •
\i€T I

2.  EULER CHARACTERISTICS AND HYPERCOHOMOLOGY

From now on we fix rfeN as in (1.5) and its associated character k .

2.1. Lemma, (i) We have that Çf>_)* = 0 on \Jd¡fN¡ E, for all ;> 0.

(ii) On any E¡ for which d\N¡ for all ici, we have that (T0)* is lisse of

rank one and that

{r if1""1)
[(vp0)^   > if   j^\I\-\,

0 if    j>\I\-\.

Proof. Using the notation of Proposition 1.3(iii) we clearly have that d ]/\D¡\ <$■

Ej c \JdyNiE¡. Since S acts transitively on D¡, we have that (4/0);Kr = 0 on

any E¡ c [}¿yN¡ Ei and that the rank of (W0)" is one on any E¡ as in (ii).

The statements for j > 0 follow immediately from Proposition 1.3(ii).   D

Further on #(.,.) and %c(., .) denote respectively ordinary and compactly

supported Euler-Poincaré characteristic; in particular yf (.) = ,£(., C) or /(.) =

x(.,W-
2.2. Proposition. // d\N¡ for all i cT, then

¡er i \/er /
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Proof. Denote M :— \JieTEj. The ( x-unipotent part of the) spectral sequence

of hypercohomology yields

(i) ^(-l),'dimIrI/(Af,PvP,<) = ^(-l)'+^dim//,'(M, Ç¥j)*).
i '. ;

o o

We partition M into the locally closed subsets E/k) :- \J¡CT,\i\=kEi ■ Then

by Lemma 2.1 we can describe (VFJ)X on M as

m«/«.     ~j[(v°rP    ifo^j^k,
I X     I o =   <

£<*+»     \ 0 if0^k<j.

so x(M,(Vy) = £w&(£<*+!>,Çtf'n = EwC)zÄ+o,Ci*)").
Then

£(-l)*'dim#'(Ar, (V)") = C(-iy¿ QaÄ+i) > (^D

fe
= ¿^ t(-'vC)

7=0 KJ y

xc(E{k+n, (v°y

°      _
= ^(F(,),(xrf)n.

o o

Since (T0)* is lisse of rank one on E^ = \Ji€TEi we have that

Xc(E(l),(V0)x) = Xc(\jEi\ .

W   /
Using Poincaré duality we finally obtain

(Ü) ^(-l)^dim//'(M, (4"n = £*(F;).
(,;' fer

Combining (i) and (ii) we are done.    D

3. Vanishing of hypercohomology

(3.1) We now fix the data for Theorem 3.5.

Let M := \JieTE¡ c h~x{0} be a maximal connected subset of \J¡eSE¡ with

respect to the property that d\N¡ for all i € T. Remark that then all E¡, i e T,

must be proper exceptional varieties.

3.2.    Lemma.  W(M, RW) = 0 for i> n.

Proof. Since M is maximal, we have that d ]fNj for all E¡, j G S\T, which
have a nonempty intersection with M. Then by Lemma 2.1 (i) it is clear that

ÇVJ)" = 0 on M\\J 0_¿IcT Ei = Mn{JjeSXT E¡ for all / ^ 0. So the spectral
sequence of hypercohomology yields

M'[ M \    (J   Ei, RV* )=0       for all    i > 0.
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o

Applying the Mayer-Vietoris sequence for h~x{0} = Mu(h~l{0}\\J ¡¡¡¿¡¡-j. E¡)

we obtain
W(M, CT") c H'^-^O} , KV") = //''(F0)x

(1.4), which proves the lemma since H'(Fo) = 0 for i > n; see for example

[SGA7, Exposé I, Théorème 4.2].    D

Remark. This result generalizes an idea of Denef; the special case where | T\ = 1

is mentioned in the proof of [D4, Lemma 5.1].

3.3. Proposition. W(M, Ft0*) = m2"-'(M, P4/J<"'). (Here " denotes taking

the dual vector space.)

Proof. Let n : M —> Spec k denote the structure map of M and e the injection

M •-* h~x(f~x{0}). By definition of hypercohomology we have that

&(m, fir) = /F(fin,£*fir).

This is tautologically isomorphic to

H~'(DFTU'fiy) £ H-^Rn.RsDRV"),

where D denotes the Verdier dual ' in the appropriate derived categories. Now

DRW ~ R*¥[2n] (see for example [B] over C and [II, Théorème 4.2] for the

proof of O. Gabber in positive characteristic) and then it is not difficult to verify

that
DRV* -RV* l[2n].

Furthermore we claim that

(*) ReRV"1 ~ s*Rv¥*~' .

Then W(M, RV) s H-'(RI\te*RxV><-x[2n}) s //2n-/(fin,e*fi1"'"1), which

is by definition B.2n-'(M, RV*'').

Proof of claim (*). We decompose e as

iMu(u^r'(/-'{0}),
\seJ     I

M

where J = {s c S\s £ T and Es n M ^ 0} ranges over the Es that intersect

M. Then a is closed and ß is open. So

(i) Re-R^'' ~ Ra'ß*RV*1 .

We now consider (in the derived category of complexes of sheaves with

bounded constructible cohomology) the exact triangle

a*Ra'K —►«"-** RjJ*K -¿¡S

associated to K := ß*R¥* ' and M A M\j(\JseJ Es) ¿ \Js€J Es. By Lemma

2.1(i) we have that j*K ~ 0. So a.Ra-K ~ K, which implies that RaK ~

a*K, i.e.

(ii) Raß*Rx¥*~1 ~ e*fix'x"1 .

1 Concretely on any scheme V of finite type over k with structure map ^ : V —» Spec A:

the Verdier dual is defined as D(-) := R Hom(-, Rn'k). With this normalization we have on a

smooth  V that DA: = A:[2dim V].
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The claim follows from (i) and (ii).   G

3.4. Corollary.  W(M, RV*) = 0 for i^n.

Proof. This is immediate from Proposition 3.3 and Lemma 3.2, since the last

is obviously also valid for x~l.   G

Joining this corollary to Proposition 2.1 we obtain our positivity theorem.

3.5. Theorem. Take ¿£N with d > 1, and in positive characteristic also with

d prime to q . If {jieTE¡ c h~x{0} is a maximal connected subset of (Ji€SEi

with respect to the property that d\N¡ for all i G T, then

(-iyJ2x(E,)^o.
¡er

3.6. Remark, (i) If / = 0 is not necessarily reduced let / = YljeJ f¡ ' be

the decomposition of / in irreducible elements. Then all our preceding and

forthcoming results remain true if instead of d > 1 we take d such that it does

not divide any Nj, j c J,  for which 0 G {// = 0} .
(ii) We can extend our results further to the following data : replace A"+1

by any nonsingular variety V and / by a nonconstant regular function on V .

(3.7) Theorem 3.5 is in general not true if dimh(\J¡eTE¡) > 0 ; now in view
o

of connections with monodromy it is more natural to study the x(E¡C\h~x{0}) ;

see [A, Theorem 3].

Consider for example the easy case where / depends only on xi, ... ,

x„+i_r; say f(x\, ... , xn+\) = g(x\, ... , x„+i_r). Via the natural embedding

A«+i-r^A«+i we have

g~x{0} = f~x{0} n An+X~r       and       f~x{0} ^ g~x{0} x Ar.

We now suppose that the resolution (X, h) of /~'{0} is derived in the ob-

vious way from a resolution (X', h') of g~x{0} with associated irreducible

components E\,  i G T,  of h'~l(g~x{0}). So in particular

X' = Xnh~x(An+x-r) , X^X'xAr,

E\ = E¡ n X' , Et s El x Ar.

Proposition. Take d as in Theorem 3.5 and let \Ji€TE¡ be a maximal connected

subset of \JieSE,   with respect to the property that d\N¡ for all i G T.   If

\J¡eTÉíc1i'^{0},theñ

(-l)"-^z(F,nÄ-'{0})^0.
i€T

Proof. Since h~x{0} c X1, we have for all i e T that F, n h~x{0} = E\ n

h' {0} = E'¡. Then the statement is just Theorem 3.5 applied to g, (X1, h1)

and LUFF;.   G

One can eventually generalize these ideas to the case where 0 has an open

neighbourhood V in A"+1 which satisfies (compatible) isomorphisms

V^BxI       and       /"'{0} n V = (/_1{0} n B) x /

for some 'transversal slice' B of V .
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4. Nullity of Euler characteristics

We still fix d G N as in (1.5) and its associated character x.

(4.1) We say that an exceptional variety E¡, j e S, for which d\Nj satisfies

the affineness condition if E¡ \ \Jd ̂  E¡ is affine.

Here we should remark that in concrete examples and for fixed d a lot of

exceptional varieties satisfy this affineness condition. It is neither a generic nor

a special condition but something 'in between'.

(4.2) We have in the definition above that the restriction of (T0)" to Ej

is a local system on Ej \ U¿ wv, E¡ and vanishes elsewhere. When Ej satisfies
o

the affineness condition we can prove remarkable results concerning the x(E¡),

where E¡ c Ej and d\N¡ for all id.
We first consider the easy case when only one other F, with d\N¡ intersects

o o

Ej in C := E¡r\Ej. If Ej satisfies the affineness condition, then EjUC is affine

and so Hk(E¡, OF0)*) = Hk(Ej u C, (Vo)*) = 0 for k < n . Then by Poincaré

duality and [SGA4 \ , Sommes Trig. 1.19.1] we have that Hk(Ej, (V0)") = 0
also for k > n .

o o o

Now since Ej- U C is affine, its closed subvariety C is also affine and so

analogously Hk(C, OF0)*) = Hk(C, (V0)") = 0 for k ji n - 1. Using the
exact sequence of cohomology with compact support we have the exact sequence

0^/7"-'(C, (*¥0y)^H?(Èj, (x¥°)*)^Hn(EJ, (¥>)*) - 0

and

Hk(Ej , OF0)*) = 0       for   ic/n.

So there is a remarkable implication

X(Èj) = 0^H?(Èj, C¥°y) = 0^Hn-x(C, (x¥°y) = Hc"-x(C, OF0)*) = 0

=*X(C) = Q.

The following proposition generalizes these ideas.

4.3. Proposition. Fix Ej, j c S, with d\Nj and satisfying the affineness con-
dition (4.1).

(i) For all I c S such that E¡ c E} and d\N¡ for all ici we have that

( Hk(E,, («F°n = 0
< 0 for   k / n - \I\ + 1 = dim E¡.
{Hï(E,,(y°y) = o

In particular Hk(Ej, (»F0)*) = 0 for k ±n.
o o

(ii) // x(Ej) = 0, then for all I in (i) we have that x(E¡) = 0.

Proof, (i) Denote B := Urfwv¡E¡ ■   The affineness condition implies that all

E¡\B are affine and hence that
-

(1) Hk(E,, (x¥°y)^Hk(Er\B, (y°y) = o       for   Â:/dimF7

by Poincaré duality and [SGA4 \ , Sommes Trig. 1.19.1].
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Denote J" := {I c S\E¡ c Ej and d\N¡ for all i G /} and fix some
I e <? . Using repeatedly the Mayer-Vietoris exact sequence or the appropriate

spectral sequence we have by ( 1 ) that

(2a) H"-W(    (J     Ej, (xF°)*)^0//dim^(F7, (Vo)")

I-/H/I+!

and

(2b) Hk(    (J     F,,0F°n = 0       for   kj>n-\I\.

\J\=\I\ + l

Then (1) and (2b) imply the exact sequence

o^/r-i/i(   \j   Ej,(¥>y)^HfmE'(Èi,(,¥>)'()

\j\=\i\+i
HdimE'(Ei, (*F°)*)^0

(3a) iÄ>

and

(3b) Hk(E,, OF0)*) = 0       for   k f dim E,.

(ii) We have the implications

X(Ej) = 0 => Hc"(Ej, (¥>)") = 0    by (3b) with / = {;}

Hn~x( (J Ej , OF0)*) = 0   by (3a) with / = {j}

|/|=2

=>  0 HdimEj(Ej , OF0)*) = 0   by (2a) with / = {;}

=>//"-l7l(    y     Fy,(vP°)*) = 0   for any/ G f   again by (2a)

=>//cdim£'(F/, 0F°)*) = 0   for any/G ^   by (3a)

^*(F/) = 0   for any lcf   by (3b).       ■

4.4. Theorem. Let E¡, i cT, be exceptional varieties with d\Ni for all i c T

and such that U/er F, is connected. If all but eventually one E¡, i c T, satisfy

the affineness condition (4.1), then we have the implication

X(E,) = 0      for all   icT        =>        x(E¡) = 0      for all   0 ¿ I c T.

Proof. Immediate from Proposition 4.3(a).   G

4.5. Conjectural remark. We expect the following to be true if furthermore the

resolution (X, h) is required to be some (not yet determined) 'good' resolu-

tion, certainly 'without superfluous blowing ups'. Take d G N as in (1.5). If
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\Ji€TEi c h x{0} is a maximal connected subset of U¡e5F, with respect to

the property that d\N¡ for all i c T, then we have the implication

X(Ei) = 0       for all    icT        =>        x(Ei) = 0       for all    0 # / c T.

(4.6) In the next section we will give an application of Theorem 4.4 and

Proposition 4.7 below on the topological zeta function and on Igusa's local zeta

function. The condition on d in Proposition 4.7 is part of the holomorphy

conjecture for those zeta functions, see (5.4) and (5.12).

4.7. Proposition. Suppose that d does not divide the order (as root of unity) of

any eigenvalue of monodromy of f at 0. Let \JieTEj c /2_1{0} be a maximal

connected subset of \Ji€S F, with respect to the property that d\N¡ for all i cT.
o

If all Ni, i c T,  are mutually different, then x(E¡) = 0 for all i G T.

Proof. Let Fo denote the Milnorfiber of / at 0 (g A"+1). The condition on

d implies that for all k ^ 0 we have

Hk(F0y = 0

and hence by (1.4) also
Mk(h-x{0},Rx¥*) = 0.

Applying the Mayer-Vietoris exact sequence (as in the proof of Lemma 3.2)

yields mk(\J¡&TE¡, R*¥*) = 0 for all k ^ 0 and so (Proposition 2.2)

(1) £*(F,) = 0.
i€T

Consider now for each r c N\ {0} (such that rd ^ max,€r N¡ ) its associated

character xr of order rd. Again by the condition on d we have for all k ^ 0

that Hk(FoY' = 0 an<3 we can derive analogously that

(r) ¿*&)«0,
fer,

where Tr is any connected component of U,e7\rdiv, E¡ ■ Now the equalities (1)

to ( r ) easily imply the stated result, assuming that the N¿, i c T, are mutually

different,   a

4.8. Remark. In Proposition 4.7 the condition that all N¡, i c T, are dif-

ferent can be weakened to the more general but less elegant condition that for

each r and for every connected component C of \JieT rt¡\NtEi we have that

c \ (Ut&;ri>N, Ei) is irreducible.

4.9. Conjectural remark. Again if (X, h) is required to be some 'good' res-

olution we expect the statement of Proposition 4.7 to be true in general, i.e.

without requiring the N¡, i c T,  to be different.

5. Application on zeta functions

(5.1) In the data of (1.1) we denote for any i c S by v¡ - 1 the multiplicity
of E¡ in the divisor of h*(dx\ A • • • A dxn+\) ; i.e. the canonical divisor on X

is Eiesi»'- l)£i ■
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5.2.   Definition [DL, §3]. To / G C[xi, ... , x„+i] and r g N\{0} is associated
the topological zeta function

*S(*) =      ¿2     X(Ei)]J-
v¡ + s N¡

íes ¡ei   ' '
V¡€/ : r\N¡

for s c C. The remarkable fact that this expression does not depend on the

chosen resolution is proved by expressing Z^(s) as a limit of Igusa's local zeta

functions.

(5.3) So when r divides no N¡ at all then Z^(s) is holomorphic on C.

Now the N¡ are not intrinsically associated to f~x{0} ; but the order of any

eigenvalue of the local monodromy on f~x{0} divides some N¡ (see [A, Theo-

rem 3] and [D4, Lemma 4.6]). The following conjecture of Denef is motivated

by this observation.

5.4. Conjecture. If d c N \ {0} does not divide the order (as root of unity)

of any eigenvalue of the local monodromy of f at any point of f~x{0}, then

Zt„p(s) is holomorphic on C for all r such that d\r.

(5.5) For curves ( n = 1 ) we actually proved this conjecture (as well as Con-

jecture 5.12) in [V], using the following crucial result. Suppose that (X, h) is

the canonical resolution of /_1{0} in A2 and that d satisfies the assumption

of Conjecture 5.4. Then a maximal connected subset \J¡€TE¡ of U/es^f wrtn

respect to the property that d\N¡ for all i c T consists of just one exceptional
o

curve F,0, furthermore satisfying x(E¡0) = 0 .

Hence for d\r such a 'maximal subset' F,0 does not contribute to Z^(s),

i.e.

X(Eio)-^71rr=0.
via + sNl0

Now for n ^ 2 such a maximal subset (J/e7-F, can be quite arbitrarily com-

plicated and there is certainly no restriction on |F|. The following proposition

generalizes this noncontribution result to arbitrary dimensions when certain

conditions are imposed on the E¿, i c T.

5.6. Proposition. Suppose that d c N \ {0} does not divide the order of any

eigenvalue of the local monodromy of f at 0. Let U;6rF, c h~x{0} be a

maximal connected subset of \J¡€SE¡ with respect to the property that d\N¡ for

all icT.
If all N,■, i c T, are mutually different and all but eventually one E¡, i c T,

satisfy the affineness condition (4.1), then U,€rF, does not contribute to Zt(0rp(s)

for d\r; i.e.

0¿ict ¡ei

Proof. Immediate by Proposition 4.7 and Theorem 4.4.   G

(5.7) We will conclude by the analogue of Conjecture 5.4 and Proposition

5.6 for Igusa's local zeta function. We first introduce this object.

Let K be a finite extension of the field Qp of p-adic numbers, R the valu-

ation ring of K, P the maximal ideal of R, and K = R/P the residue field
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with cardinality q . For z G K we denote by ordz G Z U {+00} its valuation,

\z\ = q-°Tdz its absolute value, and ac(z) = zn~0Tdz its angular component,

where n is a fixed uniformizing parameter for R .

Let g(x) c K[x], x = (xi, ... , x„+i), be a nonconstant polynomial over K

and /c:fix-tCx a character of R* , the group of units of R. (We formally

put k(0) = 0.) To these data one associates Igusa's local zeta function, which

is the meromorphic continuation to C of

/c(ac,g-(x))|£(x)|s|i/x|

for Res > 0, where \dx\ denotes the Haar measure on Kn+X , normalized

such that Rn+X has measure 1. Igusa [Ig] showed that it is a rational function
of q~s .

There is a formula for ZK(s) in terms of an embedded resolution of g~x{0}

which is similar to the expression of Z^'p(s) ; see Theorem 5.10.

(5.8) From now on we suppose that / is defined over some number field F ;

so we can define Igusa's local zeta function of / with respect to any completion

K of F . We furthermore suppose that k is induced by a character k : Kx =

F* -> Cx of order d. (So in particular d\(q - 1).)

Fixing an embedding of C in <Q$ we can consider k as a character k : F* —>

(Q")x . Since F* is a quotient of the arithmetical local monodromy group G

of A'(F9) at 0, we can extend k to G and then consider its restriction to ^ .

So k induces a character x : S -> (Q")x , which we take as the x of (1.5).

See [D4, (2.1)] for more details.
(5.9) We choose the embedded resolution (X, h) of (1.1) such that it is

(scheme-theoretically) defined over K , and we furthermore suppose that it has

tame good reduction mod P ; see [Dl, §2] or [D3, (3.2)]. (If we choose (X, h)

to be defined over the number field F itself we have tame good reduction for

almost all completions K .)

We denote the reduction mod P of /, h, X and the E¡, i c S, respec-

tively by /, h , X and E¡. Then also the embedded resolution (X&W" , h®Waq)

of /~ ' {0} ® F£ can be considered as a case of the data of ( 1.1 ). More precisely

the irreducible components of h~x (/_1 {0}) ® F£ are the connected components

of the Ej®Waq, icS, and they have multiplicity N¡ in the divisor of (/o/i)®F£

on X ; see [Dl, §§2-3]. A combination of [D2, Theorem 2.2 and Proposition

3.1] and [D4, Lemma 2.3.3] yields the following formula for ZK(s) in terms of

these data.

5.10.   Theorem. For f, k and x as in (5.8) we have that

z^^'E^n-^T
ICS       i€l

with

* = E(-1)/cTr(Frob' Hk(E,®¥aq, (*F°)*)) ,

k

where Frob G Gal(F£ , ¥q) is the geometric Frobenius.

Remark. We can restrict the summation above to subsets / for which d\N¡ for

all ici, since (tF°)*!£;8F° = 0 for the other / (Lemma 2.1(i)).

ZK(s) = /
JR
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5.11. Theorem. Suppose that d c N \ {0} does not divide the order of any

eigenvalue of the local monodromy of f at 0. Let {JieTE¡ c h~x{0} be a

maximal connected subset of \j¡eSE¡ with respect to the property that d\N¡ for

all ieT.
If all Ni, i g T, are mutually different and all but eventually one E¡®Wq , i c

T, satisfy the affineness condition (4.1), then we have that

E früg^-i =0-
<B±ICT      i€I

o

Proof. By Proposition 4.7 we have that x(E¡) — 0 for all i c T. Now since
o o

each E¡, i c T, is proper we have that x(E¡) = x(Ei®¥q). Then Proposition

4.3 applied to the E¡®¥aq,icT, yields that Hk(E, ® ¥aq , (Vo)")) = 0 for all

0//CÍ and all k, so all c¡ vanish.   G

(5.11) This result yields some confirmation for the holomorphy conjecture for

Igusa's local zeta function.

5.12. Conjecture [D4, (4.3)]. If f(x) is defined over a number field F c C,
then for almost all completions K of F (i.e. for all except a finite number) we

have the following : if the order of k does not divide the order of any eigenvalue

of the (complex) local monodromy of f at any complex point of f~x {0}, then
ZK(s) is holomorphic on C.
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