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LINEAR ADDITIVE FUNCTIONALS OF
SUPERDIFFUSIONS AND RELATED NONLINEAR P.D.E.

E. B. DYNKIN AND S. E. KUZNETSOV

Abstract. Let L be a second order elliptic differential operator in a bounded
smooth domain D in Rd and let 1 < α ≤ 2. We get necessary and sufficient
conditions on measures η, ν under which there exists a positive solution of the
boundary value problem

(*)
−Lv + vα = η in D,

v = ν on ∂D.

The conditions are stated both analytically (in terms of capacities related to
the Green’s and Poisson kernels) and probabilistically (in terms of branching
measure-valued processes called (L, α)-superdiffusions).

We also investigate a closely related subject — linear additive functionals
of superdiffusions. For a superdiffusion in an arbitrary domain E in Rd, we
establish a 1-1 correspondence between a class of such functionals and a class
of L-excessive functions h (which we describe in terms of their Martin integral
representation). The Laplace transform of A satisfies an integral equation
which can be considered as a substitute for (*).

1. Introduction

1.1. Boundary value problem with measures. We start from a differential
operator

(1.1) Lu =
∑
i,j

aij∇i∇ju+
∑
i

bi∇iu

(∇i stands for the partial derivative with respect to xi) in a bounded smooth domain
D of Rd with coefficients subject to conditions:

1.1.A. (Uniform ellipticity) There exists a constant κ > 0 such that∑
i,j

aijλiλj ≥ κ
∑
i

λ2
i for all x ∈ D,λ1, . . . , λd ∈ R,

1.1.B. aij ∈ C2,λ(D̄), bi ∈ C1,λ(D̄).1
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The classical boundary value problem

−Lv + vα = ρ in D,

v =σ on ∂D(1.2)

(with Hölder continuous ρ and continuous σ) is equivalent to an integral equation

(1.3) v(x) +

∫
D

g(x, y)v(y)αdy = h(x)

where

(1.4) h(x) =

∫
D

g(x, y)ρ(y)dy +

∫
∂D

k(x, y)σ(y)a(dy),

g(x, y) is Green’s function, k(x, y) is the Poisson kernel of L in D and a(dy) is the
surface area on ∂D. We interpret v as a (generalized) solution of the problem

−Lv + vα = η on D,

v =ν on ∂D(1.5)

involving two measures η and ν if the equation (1.3) holds with

(1.6) h(x) =

∫
D

g(x, y)η(dy) +

∫
∂D

k(x, y)ν(dy).

In Theorem 1.1, we establish sufficient conditions on η and ν under which problem
(1.5) has a solution. Necessary conditions are established in Theorem 1.2. The
equivalence of both sets of conditions follows from results in [17]. [Theorems 1.1
and 1.2 are still valid if D is not smooth. However, in general, the equivalence of
conditions imposed on ν in the two theorems is not proved.]

Particular cases of problem (1.5) have been studied before. The case ν = 0 was
treated in [2] and the case η = 0 was considered in [18]. Even earlier, Gmira and
Véron [22] have investigated a class of functions ψ such that the problem

∆v = ψ(v) on D,

v = ν on ∂D

has a solution for every finite measure ν. This class contains ψ(v) = vα with
(α+ 1)/(α− 1) > d.

1.2. L-diffusions. Suppose D is a bounded smooth domain and that L satis-
fies conditions 1.1.A,B. Then there exists2 a strictly positive function pt(x, y), t >
0, x, y ∈ D such that:

1.2.A. If f is a continuous function on D with compact support and if

(1.7) ut(x) =

∫
D

pt(x, y)f(y)dy,

2This is proved (under weaker conditions on L) in Chapter 1 of [19].
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then

(1.8)
∂ut(x)

∂t
= Lut(x),

(1.9) ut(x)→ f(x) as t→ 0

and

(1.10) ut(x)→ 0 as x→ z ∈ ∂D.

(All partial derivatives of p which appear in (1.8) are continuous in (t, x, y).)
Function pt(x, y) has the following properties:
1.2.B. For all s, t > 0, x, z ∈ D,∫

D

ps(x, y)dy pt(y, z) = ps+t(x, z).

1.2.C. For all t > 0, x ∈ D, ∫
D

pt(x, y)dy ≤ 1.

Therefore pt(x, dy) = pt(x, y)dy is a Markov transition function. It is well-known
(see, e.g., [6]) that there exists a continuous Markov process ξ = (ξt,Πx) in D with
this transition function. We call it an L-diffusion. If ζ is the life time of ξ, then
ξζ− belongs to ∂D. By setting ξt = ξζ− for t ≥ ζ, we define an L-diffusion stopped
at the exit from D. Note that ζ can be interpreted as the first exit time of this
process from D; often we use the notation τ for it.

Now suppose that E is an arbitrary domain in Rd and that L is a differential
operator in E which satisfies conditions 1.1.A, B in each bounded domain D with
D̄ ⊂ E. Consider a sequence of bounded smooth domains Dn such that D̄n ⊂ Dn+1

and
⋃
Dn = E. The corresponding functions pnt (x, y) increase monotonically and

they tend to a limit pt(x, y) which does not depend on the choice of Dn (this
follows from [19, Ch. 1]). There exists a continuous Markov process ξ in E with the
transition function pt(x, dy) = pt(x, y)dy (see, e.g., [6]). We call it an L-diffusion
in E.

1.3. G-equation. Markov semigroup, Green’s function g and Green’s operator G
for an L-diffusion ξ are defined by the formulae

(1.11) Ttf(x) =

∫
E

pt(x, dy)f(y),

(1.12) g(x, y) =

∫ ∞
0

pt(x, y)dt

and

(1.13) Gf(x) =

∫ ∞
0

Ttf(x)dt =

∫
E

g(x, y)f(y)dy.
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A positive Borel function h is called excessive if, for all x ∈ E, Tth(x) ≤ h(x)
and Tth(x) → h(x) as t → 0. The case h(x) = ∞ for all x is excluded. Since
pt(x, y) > 0, the set {x : h(x) =∞} has the Lebesgue measure 0. There exist only
two possibilities: either g(x, y) = ∞ for all x, y ∈ E or g(x, y) < ∞ for x 6= y. In
the first case, constants are the only excessive functions and all problems treated
in this paper are trivial. Therefore we concentrate on the second case.

Let 1 < α ≤ 2. One of our goals is to find for which excessive functions h the
equation

(1.14) v +G(vα) = h

(we call it G-equation) has a solution.3 Note that if (1.14) holds almost everywhere,
then

(1.15) ṽ =

{
h−G(vα) on {h <∞},
∞ on {h =∞}

satisfies (1.14) everywhere.
Fix an arbitrary point c ∈ E and put

k(x, y) =
g(x, y)

g(c, y)
if y 6= c,

= 0 otherwise.(1.16)

There exist [see, e.g., [7]] a continuous injective mapping from E to a compact

metrizable space Ê and an extension of k(x, y) to E × Ê such that:

1.3.A. For every x ∈ E, k(x, y)→ k(x, z) as y → z ∈ Ê \E.
1.3.B. If k(·, y1) = k(·, y2), then y1 = y2.

We call Ê the Martin space. The set ∂E = Ê \E is called the Martin boundary.
For every y ∈ E, h(x) = g(x, y) is an extremal excessive function.4 We denote by
E∗ the set of all y ∈ ∂E such that h(x) = k(x, y) is an extremal excessive function.
(E∗ is a Borel subset of ∂E.) Every excessive function h has a unique representation

(1.17) h = Gη +Kν

where η is a σ-finite measure on E, ν is a finite measure on E∗ and

(1.18) Gη(x) =

∫
E

g(x, y)η(dy), Kν(x) =

∫
E∗
k(x, y)ν(dy)

(cf. (1.6)). Note that η(Γ) < ∞ for every compact Γ ⊂ E. Indeed, if h(x0) < ∞,
then aη(Γ) ≤ Gη(x0) <∞ where a = inf

y∈Γ
g(x0, y) > 0.

Function f = Kν is L-harmonic, that is it satisfies equation Lf = 0. L-harmonic
functions can be also characterized by the following mean value property: for every
bounded open set D such that D̄ ⊂ E,

(1.19) Πxf(ξτ ) = f(x) for all x ∈ E

where τ is the first exit time from D.

3(Cf. (1.3).) When speaking about solutions of G-equation, we always mean positive solutions.
4This means if h = h1 + h2 and if h1, h2 are excessive, then h1, h2 are proportional to h.
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We fix α ∈ (1, 2]. Green’s capacity CG is defined on compact subsets of E by
the formula

(1.20) CG(Γ) = sup{η(Γ) :

∫
E

g(c, x)dx

[∫
Γ

g(x, y)η(dy)

]α
≤ 1}.

Analogously, the Martin capacity CK is defined on compact subsets of ∂E by the
formula

(1.21) CK(Γ) = sup{ν(Γ) :

∫
E

g(c, x)dx

[∫
Γ

k(x, y)ν(dy)

]α
≤ 1}.

[By a Choquet theorem [3], CG and CK can be extended to all analytic subsets of
E and E∗.] If η is a measure on E, then writing η ≺ CG means that η(Γ) = 0 if
CG(Γ) = 0. Writing ν ≺ CK has an analogous meaning.

It follows from the results in Sections 2 and 3 that:

Theorem 1.1. If h = Gη +Kν and if

(1.22) η ≺ CG, ν ≺ CK,

then G-equation (1.14) has a solution v which is defined uniquely on the set E(h) =
{h <∞}.
1.4. Operators G and K. Let ξ be an L-diffusion in a bounded smooth domain
D stopped at the first exit time τ from D. We introduce operators G and K acting
on functions with the domain S = R+ ×E by the formulae

(1.23) Gf(t, x) =

∫ t

0

ds

∫
D

ps(x, dy)f(t− s, y) = Πx

∫ τ∧t

0

f(t− s, ξs)ds,

and5

(1.24) Kf(t, x) = Πxf(t− τ, ξτ ).

If f(t, x) = f(x) does not depend on t, then

(1.25)
Gf(t, x) = Πx

∫ t

0

f(ξs)ds→ Gf(x),

Kf(t, x) = Πxf(ξτ )1τ≤t → Kf(x)

as t→∞. Here G is defined by (1.13) and6

(1.26) Kf(x) = Πxf(ξτ ).

5We extend each function to R× E by setting it equal to zero for negative t.
6Operator (1.26) is a particular case of the operator K defined by (1.18): if E = D is a bounded

smooth domain, then E∗ = ∂D and Πxf(ξτ ) =
∫
∂D k(x, y)ν(dy) for ν(dy) = f(y)a(dy) where k

is the Poisson kernel and a is the surface area on ∂D. Writing the same letter for both operators
should cause no confusion since one operator is applied only in the context of a smooth domain
D and the second one only in the context of the Martin boundary of E.
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The boundary of a cylinder Q = R+ × D consists of the side surface A =
(0,∞) × ∂D and the bottom B = {0} × D̄. Besides the boundary value problem
(1.2), we consider also a boundary value problem for a parabolic equation

(1.27)

∂u

∂t
− Lu+ uα = ρ in Q,

u = σ on A,

u = 0 on B.

If ρ and σ are Hölder continuous, then (1.27) is equivalent to the integral equation

(1.28) u+ G(uα) = Gρ+Kσ.

1.5. Superdiffusions. Let ξ = (ξt,Πx) be a Markov process in a measurable
space (E,B) and letM =M(E) be the space of all finite measures on B. A (ξ, α)-
superprocess is a Markov process X = (Xt, Pµ) inM which satisfies the condition:
for every µ ∈ M and every positive B-measurable function f ,

Pµ exp〈−f,Xt〉 = exp〈−ut, µ〉,

ut(x) + Πx

∫ t

0

ut−s(ξs)
αds = Πxf(ξt).(1.29)

We say that X is an (L,α)-superdiffusion if X is a right process and ξ is an L-
diffusion. The existence of such processes for 1 < α ≤ 2 is proved, for instance,
in [13] (we refer to [8] and [9] for the history of this subject starting from the
pioneering work of Watanabe and Dawson).

In the theory of diffusion, a fundamental role is played by random points ξτ
corresponding to the first exit times from open sets D. An analogous role in the
theory of superdiffusion is played by exit measures XD. In contrast to ξτ which
can be defined through ξt, it is impossible, in general, to define XD in terms of Xt.
The probability distribution of XD is defined by formulae similar to (1.29):

Pµ exp〈−f,XD〉 = exp 〈−u, µ〉,

u(x) + Πx

∫ τ

0

u(ξs)
αds = Πxf(ξτ ).(1.30)

The joint probability distribution of Xt1 , . . . , Xtn is determined by (1.29) and
the Markov property of X . Analogously, the joint probability distribution of
XD1 , . . . , XDn can be evaluated by using (1.30) and the following Markov prop-
erty: for every positive F⊃D-measurable Y ,

(1.31) Pµ{Y
∣∣F⊂D} = PXDY

where F⊂D is the σ-algebra generated by XD′ with D′ ⊂ D and F⊃D the σ-algebra
generated by XD′′ with D′′ ⊃ D.

We need even a wider class of exit measures [for instance, measures corresponding
to the exit from D before time t]. We introduce a random measure (XQ, Pµ) for
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an arbitrary open set Q in S = R+ × E and an arbitrary finite measure µ on the
Borel σ-algebra in S. Its probability distribution is defined by the formulae

Pµ exp〈−f,XQ〉 = exp 〈−u, µ〉,

u(r, x) + Πr,x

∫ τr

r

u(s, ξs)
αds = Πr,xf(τr, ξτr )(1.32)

where

(1.33) τr = inf{t : t ≥ r, (t, ξt) /∈ Q}

is the first, after r, exit time of ξ from Q and Πr,xY = Πxθ−rY describes a Markov
process with transition function pt(x, dy) which starts at time r from point x. The
joint probability distribution of XQ1 , . . . , XQn is determined by (1.33) and by the
property: for every positive F⊃Q-measurable Y ,

(1.34) Pµ{Y
∣∣F⊂Q} = PXQY

where F⊂Q is the σ-algebra generated by XQ′ with Q′ ⊂ Q and F⊃Q the σ-algebra
generated by XQ′′ with Q′′ ⊃ Q.

The existence of a family (XQ, Pµ) subject to conditions (1.32) and (1.34) is
proved in [8].

Formula jr(x) = (r, x) defines a mapping from E to S. If µ is a measure on E,
then jr(µ) is a measure on S concentrated on {r} × E. We set Pjr(µ) = Pr,µ. It
follows from (1.32) that

Pr,µ exp〈−f,XQ〉 = exp

{
−
∫
E

u(r, x)µ(dx)

}
,

u(r, x) + Πx

∫ τ

0

u(s+ r, ξs)
αds = Πxf(τ + r, ξτ ).(1.35)

Formulae (1.29) and (1.30) can be considered as special cases of (1.35) if we identify
Xt and XD with the exit measures from S<t = [0, t)×E and from R+×D, projected
on E.

If τ is the first exit time from D, then τ(t) = τ ∧t is the first exit time from Qt =

[0, t)×D. We call the process X̃t = XQt an (L,α)-superdiffusion stopped at the exit

from D. If f(t, x) = f(x) vanishes outside D and if vt(x) = − logPx exp〈−f, X̃t〉,
then vt−r(x) = − logPr,x exp〈−f,XQt〉 and (1.35) implies

Pµ exp〈−f, X̃t〉 = exp 〈−vt, µ〉,

vt(x) + Πx

∫ τ(t)

0

vt−s(ξs)
αds = Πxf(ξτ(t)).(1.36)

Formula (1.36) can be obtained from (1.29) by replacing ξ with an L-diffusion
stopped at the exit from D.

The shift operators θt of a time-homogeneous process ξ induce analogous opera-
tors for X (see [14, Section 1.12]). We have Xs(θtω) = Xs+t(ω) and, if Q = R+×D,
then XQ(θtω,Γ) = XQt(ω,Γ+t) where Qt = S<t∪{γt(Q)} with γt(r, x) = (r+t, x).
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It follows from (1.35) that

(1.37) Pµ

∫
Q

f(s, x)XQ(ds, dx) =

∫
µ(dx)Πxf(τ, ξτ )

[it is sufficient to apply (1.35) to λf and to take the derivative with respect to λ at
λ = 0].

The following result (see Theorem I.1.8 in [8]) provides a link between superpro-
cesses and the G-equation.

Theorem A. Suppose that X̃ is an (L,α)-superdiffusion stopped at the exit from
D, ρ is a positive Borel function on D̄ vanishing on ∂D and σ is a positive Borel
function on ∂D. Then

(1.38) v(x) = − logPx exp

{
−
[∫ ∞

0

〈ρ, X̃t〉dt+ 〈σ,XD〉
]}

is a solution of the G-equation (1.14) where G is Green’s operator for L-diffusion
in D, K is given by (1.26) and7

(1.39) h = Gρ+Kσ.

Moreover, for every µ ∈M(D),

(1.40) Pµ exp

{
−
[∫ ∞

0

〈ρ, X̃t〉dt+ 〈σ,XD〉
]}

= e−〈v,µ〉.

We also need another implication of Theorem I.1.8 in [8] [cf. Theorem 1.1 in
[16]].

Theorem B. Let X̃,D and ρ be the same as in Theorem A and let σ be a positive
Borel function on D̄ vanishing on D. Then

(1.41) u(t, x) = − logPx exp

{
−
[∫ t

0

〈ρ, X̃s〉ds+ 〈σ, X̃t〉
]}

is a solution of the equation (1.28). Moreover, for every µ ∈ M(D),8

(1.42) Pµ exp

{
−
[∫ t

0

〈ρ, X̃s〉ds+ 〈σ, X̃t〉
]}

= exp〈−ut, µ〉.

The range R of a superprocess X is the smallest closed subset of E which sup-
ports all measures Xt (it supports, a.s., every exit measure XD). We denote by R∗
the minimal closed subset of the Martin space Ê which supports all measures Xt.
A set Γ ⊂ E is called R-polar if Px{R ∩ Γ 6= ∅} = 0 for all x /∈ Γ. A subset Γ of
the Martin boundary ∂E is called R∗-polar if Px{R∗ ∩ Γ 6= ∅} = 0 for all x ∈ E.9

We prove in Section 4:

7For x ∈ ∂D, u(x) = h(x) = σ(x).
8We set ut(x) = u(t, x).
9R∗-polarity is introduced only on ∂E because R∗ ∩ Γ = R∩ Γ for every compact Γ ⊂ E.
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Theorem 1.2. If h = Gη +Kν and if the G-equation (1.14) has a solution, then
η does not charge R-polar sets and ν does not charge R∗-polar sets.

We say that Γ ⊂ E is G-polar if CG(Γ) = 0 and that Γ ⊂ ∂E is K-polar if
CK(Γ) = 0. By Theorem 1.1 in [17] [cf. Theorem 1.6 in [12]], the classes R-polar
and G-polar sets coincide. Theorems 1.1 and 1.2 imply:

1.5.A. All R∗-polar sets are K-polar.
Indeed, if Γ is compact and if CK(Γ) > 0, then by (1.21), there exists a measure

ν 6= 0 concentrated on Γ such that∫
E

g(c, x)dx

[∫
k(x, y)ν(dy)

]α
<∞

which implies ∫
E

g(c, x)dx

[∫
B

k(x, y)ν(dy)

]α
<∞

for every B. Hence ν(B) = 0 for all K-polar sets B. By Theorems 1.1 and 1.2,
ν(B) = 0 for all R∗-polar sets B. Therefore Γ is not R∗-polar.

If ξ is an L-diffusion in a bounded smooth domain of Rd, then a stronger result
than 1.5.A follows from Theorem 1.2 in [17]:

1.5.B. The classes of R∗-polar and K-polar sets coincide.
It remains an open problem if 1.5.B holds in the general case. If it holds for

a diffusion ξ and if X is the corresponding superdiffusion, then each of Theorems
1.1–1.2 gives necessary and sufficient conditions on h for the existence of a solution
of (1.14).

1.6. Additive functionals. Let X be a superdiffusion. We denote by Ft the
σ-algebra in Ω generated by the exit measures XQ for all Q ⊂ S<t. A function
At(ω) from [0,∞]× Ω to [0,∞] is called an additive functional of X if:

1.6.A. For every ω, At is monotone increasing in t.
1.6.B. At is measurable with respect to the completion of Ft with respect to all

measures Pµ, µ ∈M(E).
1.6.C. For every ω, At is left continuous in t.
1.6.D. As+t = As + θsAt for all pairs s, t and all ω.10

All these conditions hold for

(1.43) At =

∫ t

0

〈ρ,Xs〉ds

where ρ is an arbitrary positive Borel function. By a limit procedure, we construct,
starting from (1.43), a class of functionals for which a weaker form of condition
1.6.D holds.

We say that a set Λ is ξ-polar if Πx{ξt /∈ Λ for all t > 0} = 1 for all x. All ξ-polar
sets have the Lebesgue measure 0. A subset N ofM(E) is called exceptional if the

set {x : δx ∈ N} is ξ-polar and if, for all stopped superdiffusions X̃ and for every

µ /∈ N , Pµ{X̃t /∈ N for all t} = 1.

10Let β(ω) = sup{t : At(ω) < ∞}. Then there exists a unique measure A(ω, dt) on [0, β(ω))
such that A[0, t) = At for all t < β.
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If h is an arbitrary excessive function, then the set Λ(h) = {x : h(x) = ∞} is
ξ-polar and the set N (h) = {µ : 〈h, µ〉 =∞} is exceptional.

We say that A is an additive functional with an exceptional set N if A satisfies
1.6.A, B, C and:

1.6.D*. As+t = As + θsAt for all s, t, ω ∈ Ω0 and Pµ(Ω0) = 1 for all µ /∈ N .

Two additive functionals A and Ã are called equivalent if there exists an excep-
tional set N such that Pµ{At = Ãt for all t} = 1 for all µ /∈ N .

Let h be an excessive function. An additive functional A with an exceptional set
N is called a linear additive functional with potential h if, for every µ /∈ N ,

(1.44) PµA∞ = 〈h, µ〉.

If Gρ(x) < ∞ for some x, then the additive functional (1.43) is linear with
potential Gρ (condition (1.44) holds for every µ).

Theorem 1.3. If h = Gη+Kν and if η ≺ CG, ν ≺ CK, then h is the potential
of a linear additive functional A of X with an exceptional set N . For every µ /∈ N ,

(1.45) Pµe
−A∞ = e−〈v,µ〉

where v is a solution of the G-equation (1.14).

Theorem 1.3 is proved in Section 3. Theorem 1.1 follows immediately from
Theorem 1.3 and a uniqueness Theorem 2.1.

Remark. The construction of A in Section 3 implies that A depends linearly on h.
More precisely, if Ai corresponds to hi, then, for every c1, c2 ≥ 0, the functional A
corresponding to c1h

1 + c2h
2 is equivalent to c1A

1 + c2A
2. Therefore, if h, h̃ and

h− h̃ are excessive functions and if v, ṽ are the solutions of (1.14) corresponding to

h and h̃, then ṽ ≤ v outside a ξ-polar set.
In Section 4 we establish:

Theorem 1.4. If h is the potential of a linear additive functional with an excep-
tional set N , then h = Gη+Kν with η vanishing on all R-polar sets and ν vanishing
on all R∗-polar sets.

Linear additive functionals of superprocesses have been introduced in [11] (in a
time-inhomogeneous setting). There a linear additive functional corresponding to
a bounded excessive function h was constructed for a (ξ, 2)-superprocess where ξ is
an arbitrary right Markov process. (No exceptional set is needed in this case.)

The case of an (L,α)-superdiffusion with an arbitrary α ∈ (1, 2] was investigated
in [15]. For h = Gη with η ≺ CG, a functional A was constructed, subject to
conditions 1.6.A, B with the property, for every µ ∈M0,

1.6.D**. As+t = As + θsAt Pµ-a.s. for all s, t.

HereM0 is the set of measures of the form µ(dx) = ρ(x)dx with
∫
ρ(x)α

′
dx <∞

where α′ = α/(α − 1). Condition (1.44) was proved also only for µ ∈ M0. (Note
that M0 is not the complement of an exceptional set!)

Recent results of Le Gall [23] on additive functionals of the Brownian snake can
be translated into our language as follows: if h = Kν with ν ≺ CK, then there
exists a functional of an (∆, 2)-superdiffusion which satisfies conditions 1.6.A, B,
C, (1.44) and 1.6.D** for Px for almost all x.
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Additive functionals with an exceptional set have been introduced, in a different
context, by Fukushima [20]. In his setting, X is a symmetric Markov process
associated with a Dirichlet form and an exceptional set is a polar subset of the
state space (in the sense of theory of Dirichlet spaces).

1.7. We have the following logical implications: A =⇒ B =⇒ C =⇒ D where:
A : h = Gη +Kν with η ≺ CG, ν ≺ CK;

B : h is the potential of a linear additive functional A with an exceptional set N .
Moreover for every µ /∈ N ,

Pµe
−A∞ = e−〈v,µ〉

where v is a solution of the G-equation (1.14).

C : h is the potential of a linear additive functional A.

D : h = Gη + Kν with η vanishing on all R-polar sets and ν vanishing on all
R∗-polar sets.

We get A =⇒ B by Theorem 1.3 and C =⇒ D by Theorem 1.4. The implication
B =⇒ C is trivial.

If 1.5.B holds for a diffusion ξ and if X is the corresponding superdiffusion, then
D =⇒ A and all four statements A,B, C and D are equivalent. In particular, this is
true if ξ is an L-diffusion in a bounded smooth domain D. This also is true for an
arbitrary domain E if we consider only excessive functions h = Gη (in other words
if we set ν = 0).

Acknowledgments. The authors are greatly indebted to N. V. Krylov. The
first author, during his visit to the University of Minnesota in January 1995, had
a number of stimulating conversations with Krylov on the subject of quasi-linear
PDEs. A result of these discussions was a considerable simplification of proofs in
Theorems 2.1 and 2.2.

2. G-equation

2.1. Monotonicity and uniqueness.

Theorem 2.1. Let ξ be an L-diffusion stopped at the first exit time τ from an open
set D, and let G,K be given by (1.13),(1.26). Suppose that η is a measure on D,
u, û, σ ≥ 0 and, for almost all x,

(2.1) û+G(ûα) = u+G(uα) +Gη +Kσ <∞.

Then û ≥ u at every point of the set (2.1). If η = 0 and σ = 0, then û = u on the
same set.

An analogous result holds for the G-equation. For every measure η on S we put

(2.2) Gη(t, x) =

∫ t

0

∫
D

pt−s(x, y)η(ds, dy)

(cf. (1.23)). If η(ds, dy) = dsη(dy), then

(2.3) Gη(t, x) =

∫ t

0

ds

∫
D

ps(x, y)η(dy)→ Gη(x)

as t→∞.
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Theorem 2.1*. Let ξ be the same as in Theorem 2.1 and let G,K be given by
(2.2),(1.24). Suppose that η is a measure on S, u, û, σ ≥ 0 and, for almost all t, x,

(2.4) û+ G(ûα) = u+ G(uα) + Gη +Kσ <∞.

Then û ≥ u at every point of the set (2.4). If η = 0 and σ = 0, then û = u on the
same set.

We use as a tool a process (ξs,Π
t,y
x ) with x, y ∈ D. Its finite-dimensional distri-

butions are given by the formula

Πt,y
x {ξt1 ∈ dy1, . . . , ξtn ∈ dyn, tn < t < τ}

= pt1(x, dy1)pt2−t1(y1, dy2) . . . ptn−tn−1(yn−1, dyn)pt−tn−1(yn, y)(2.5)

for all 0 < t1 < · · · < tn < t. (Here pt(x, dy) is the transition function and pt(x, y)
is the transition density of the part of ξ in D.)11

Let f be a positive Borel function. Formula

(2.6) pϕt (x, y) = Πt,y
x

{
exp
{
−
∫ t

0

ϕ(ξs)ds
}}

defines the transition density of a Markov process obtained from ξ by killing with
rate f(x) at point x.

Operator Gϕ corresponding to pϕ by (2.2) can be expressed by formula

(2.7) Gϕρ(t, x) = Πx

∫ τ∧t

0

dsρ(t− s, ξs) exp

{
−
∫ s

0

ϕ(t− r, ξr)dr
}
.

We prove Theorem 2.1*. (Proof of Theorem 2.1 is similar but simpler.) We need
two lemmas.

Lemma 2.1. 12 (i) Let ρ be a Borel function on S. Equation

(2.8) Gρ− Gϕρ = Gϕ(ϕGρ)

holds on the set {G|ρ| <∞}.
(ii) If η is a measure on S, then

(2.9) Gη − Gϕη = Gϕ(ϕGη)

on the set {Gη <∞}.
(iii) For every positive Borel σ, equation

(2.10) Kσ −Kϕσ = Gϕ(ϕKσ)

holds on the set {Kσ <∞}.

11Normalized measure Πt,yx can be obtained by conditioning the diffusion ξ started from point
x to come at point y at time t.

12Cf. [5]. This result can be interpreted as the resolvent form of the Feynman-Kac formula.
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Proof. 1◦. It is sufficient to check (2.8) for ρ ≥ 0. We use (1.23) and (2.7), the
Markov property of ξ, Fubini’s theorem and relation

∫ s

0

daYa exp

{
−
∫ a

0

Yrdr

}
= 1− exp

{
−
∫ s

0

Yrdr

}

which we apply to Ys = ϕ(t− s, ξs).
2◦. Put

(2.11) ρε(x) =

∫
D

pε(x, y)η(dy).

Note that

(2.12) Gρε(x) =

∫ ∞
ε

dt

∫
D

pt(x, y)η(dy).

We get (2.9) by applying (2.8) to ρε and by passing to the limit as ε→ 0.

3◦. Formula (2.10) can be proved in the same way as (2.8).

Lemma 2.2. Suppose that ϕ, σ ≥ 0 and that, for almost all t, x,

(2.13) Gη +Kσ + G|ϕw| <∞

and

(2.14) w + G(ϕw) = Gη +Kσ.

Then

(2.15) w = Gϕη +Kϕσ

at every point (t, x) where (2.13) and (2.14) hold.

Proof. We have

(2.16) Gϕ(ϕw) + Gϕ[ϕG(ϕw)] = Gϕ(ϕGη) + Gϕ(ϕKσ).

On the set defined by (2.13) and (2.14), the left side in (2.16) is equal to G(ϕw)
by (2.8) and, the right side is equal to Gη +Kσ − Gϕη −Kϕσ by (2.8) and (2.10).
Therefore G(ϕw) = Gη +Kσ − Gϕη −Kϕσ and (2.15) follows from (2.14).

Proof of Theorem 2.1*. Denote by Ŝ the set defined by (2.4). Put w = û− u on Ŝ

and w = 0 on E \ Ŝ. There exists a function ϕ ≥ 0 such that ûα − uα = ϕw a.e.

Equation (2.4) implies (2.14). Since G|ϕw| ≤ G(uα) +G(ûα) <∞ on Ŝ, Theorem
2.1* follows from Lemma 2.2.



1972 E. B. DYNKIN AND S. E. KUZNETSOV

2.2. Properties of G and G. In this subsection we deal with operators corre-
sponding to an L-diffusion ξ in a bounded smooth domain D. We denote by ‖u‖
the norm of u in L1(D). For a function f on S = R+ ×D and for b ∈ R+, we set

`b(f) =

∫ b

0

∫
D

|f(r, x)|drdx.

We need the following results.
2.2.A. There is a constant C such that∫

D

g(x, y)dx ≤ C for all y ∈ D.

2.2.A*. For every b > 0, there exists a constant C such that∫
D

pt(x, y)dx ≤ C for all y ∈ D, 0 < t ≤ b.

2.2.B. If fn is a sequence of functions such that `b(fn) are bounded for every
b, then the sequence Gfn contains a subsequence which converges a.e. (relative to
drdx).

2.2.C. Let
θ = sup

x∈D
c∗(x)

where

(2.17) c∗ =
d∑

i,j=1

∇i∇jaij −
d∑
i=1

∇ibi.

Then

(2.18)

∫
D

f signGfdx ≥ −θ‖Gf‖

for all f ∈ L1(D).
Properties 2.2.A and 2.2.A* follow from well-known bounds for g(x, y) ([24,

Chapter 3]) and pt(x, y) ([19, Chapter 1]).

Proof of 2.2.B. Denote by ϕδ a function equal to 0 for |t| < δ/2, equal to 1 for
|t| > δ and linear on [−δ,−δ/2] and on [δ/2, δ]. Formula

Gδf(t, x; s, y) = ϕδ(t− s)pt−s(x, y)

defines a continuous kernel on Sb = [0, b] × D̄. The corresponding operator Gδ is
compact in L1(Sb) because functions Gδfn are equicontinuous for every sequence
fn bounded in L1(Sb).

By 2.2.A* and Fubini’s theorem,

`b(Gf − Gδf) =

∫
Sb

dtdx

∫
Sb

[1− ϕδ(t− s)]pt−s(x, y)|f(s, y)|dsdy

≤
∫
Sb

dsdy|f(s, y)|
∫ (s+δ)∧b

s

dtdxpt−s(x, y) ≤ Cδ`b(f).
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Therefore G is a compact operator in L1(Sb). We get 2.2.B by the diagonal proce-
dure.

Proof of 2.2.C. 1◦. Suppose that ϕ is a bounded increasing continuously differen-
tiable function on R such that ϕ(0) = 0. Suppose that

(2.19) u ∈ C2(D̄), u = 0 on ∂D.

Put Φ(t) =
∫ t

0
ϕ(s)ds. By integration by parts, we get

−
∫
D

ϕ(u)Ludx =

∫
D

[∑
i,j

aijϕ
′(u)∇iu∇ju+

∑
i

(∑
j

∇jaij + bi
)
ϕ(u)∇iu

]
dx

=

∫
D

[∑
aijϕ

′(u)∇iu∇ju− c∗Φ(u)
]
dx(2.20)

and therefore

(2.21) −
∫
D

dxϕ(u)Lu ≥ −θ
∫
D

Φ(u)dx.

2◦. Suppose u = Gf with f ∈ C2. Then u satisfies (2.19) and Lu = −f . By
(2.21),

(2.22)

∫
D

ϕ(u)fdx ≥ −θ
∫
D

Φ(u)dx.

An arbitrary f ∈ L1(D) is the strong limit of a sequence fn ∈ L1(D) ∩ C2. Let
un = Gfn, u = Gf . We have

(2.23)

∫
ϕ(u)fdx−

∫
ϕ(un)fndx =

∫
ϕ(un)(f − fn)dx +

∫
(ϕ(u)− ϕ(un))fdx.

By 2.2.A, un → u in L1(D). Therefore a subsequence unk converges to u a.e. and
the second term in the right side of (2.23) converges to 0 along this subsequence.
The first term also converges to 0. Since (2.22) holds for fn, it holds also for f .

3◦. By applying (2.22) to a sequence of functions ϕn which converge boundedly
to signu and by passing to the limit, we get∫

D

f signu dx ≥ −θ
∫
D

|u|dx

which is equivalent to (2.18).

2.3. Existence. Suppose that ξ is an L-diffusion stopped at the first exit time τ
from a bounded smooth domain D, L satisfies conditions 1.1.A–B, p is defined by
condition 1.2.A and g is the corresponding Green’s function defined by (1.12). We
consider a function in D defined by the formula

(2.24) h = Gη +Kσ

where η is a finite measure on D and σ is a positive bounded Borel function on
∂D. Put D(h) = {h < ∞}, D(h, α) = {h + G(hα) < ∞} and N (h, α) = {µ :
〈h+G(hα), µ〉 =∞}. Note that D(h, α) is either empty or is the complement of a
ξ-polar set. Let Q(h) = R+ ×D(h) and Q(h, α) = R+ ×D(h, α).
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Theorem 2.2. Suppose that D(h, α) is nonempty. Then there exists v ≥ 0 such
that

(2.25) v +G(vα) = h on D(h, α).

Equation (2.25) determines v uniquely on D(h, α). We have

(2.26) ‖vα‖ ≤ 2Cη(D) + C1(σ)

where C is defined in 2.2.A and C1(σ) does not depend on η. Let X̃ be an (L,α)-
superdiffusion stopped at exit from D and let

(2.27) vε(x) = − logPx exp

{
−
[∫ ∞

0

〈ρε, X̃t〉dt+ 〈σ,XD〉
]}

,

(2.28) uε(t, x) = − logPx exp

{
−
[∫ t

0

〈ρε, X̃s〉ds+ 〈σ, X̃t〉
]}

where σ = 0 in D, ρε is given by (2.11) in D and it is equal to 0 on ∂D .
We have

(2.29) lim
ε→0

vε(x) = v(x) on D(h, α),

(2.30) lim
ε→0

uε(t, x) = u(t, x) on Q(h, α)

where v is the solution of (2.25) and u is the solution of the equation

(2.31) u+ G(uα) = Gη +Kσ on Q(h, α).

Moreover, if µ /∈ N (h, α), then

(2.32) 〈vε, µ〉 → 〈v, µ〉

and

(2.33) 〈utε, µ〉 → 〈ut, µ〉

for all t.
Finally,

(2.34) u(t, x) ↑ v(x) as t→∞ on Q(h, α).

Proof. By Theorems 2.1 and 2.1*, each of the equations (2.25) and (2.31) has no
more than one solution. We split the proof of Theorem 2.2 into three steps. First,
we establish a bound for ‖vαε ‖. Then we use this bound to prove formulae (2.30)
and (2.33). Finally, we establish (2.34), (2.29), (2.32), (2.25), (2.31) and (2.26).
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1◦. It follows from (2.12) that

(2.35) hε ≤ h and hε ↑ h as ε→ 0

where hε = Gρε + Kσ. By Theorem A and (1.19), vε given by (2.27) satisfies
equation

(2.36) vε +G([vε]
α) = hε

and

(2.37) w(x) = − logPx exp{−〈σ,XD〉}

satisfies equation

(2.38) w +G(wα) = Kσ.

Note that functions ρε, w and Kσ are bounded and

(2.39) vε − w = G(Fε)

where

(2.40) Fε = ρε − vαε + wα.

By 2.2.C, ∫
Fε sign(vε − w)dx =

∫
Fε signGFεdx ≥ −θ‖vε − w‖

and, since sign(vαε − wα) = sign(vε − w), we have

(2.41) ‖vαε − wα‖ =

∫
(vαε − wα) sign(vαε − wα)dx ≤ ‖ρε‖+ θ‖vε − w‖.

By 2.2.A* and (2.11),

(2.42) ‖ρε‖ ≤ Cη(D).

Note that, if α > 1, then for every δ > 0, there exists a constant Cδ such that

(2.43) |b− a| ≤ δ|bα − aα|+ Cδ

for all reals a, b. It follows from (2.41), (2.42) and (2.43) that

(2.44) ‖vαε − wα‖ ≤ θδ‖vαε − wα‖+ Cη(D) + θCδ.

If δθ ≤ 1/2, then

(2.45) ‖vαε − wα‖ ≤ 2Cη(D) + 2θCδ.
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Since w ≤ Kσ and σ is bounded, (2.45) implies

(2.46) ‖vαε ‖ ≤ 2Cη(D) + C1(σ)

where C1(σ) = 2θCδ + ‖(Kσ)α‖.
2◦. By (1.23), (2.12) and (2.24),

(2.47) Gρε +Kσ ≤ Gρε +Kσ ≤ h.

By Theorem B,

(2.48) uε + G(uαε ) = Gρε +Kσ

and
W (t, x) = − logPx exp{−〈σ, X̃t〉}

is a solution of the equation

W + G[Wα] = Kσ.

We have

(2.49) uε −W = G(Fε)

where

(2.50) Fε = ρε − uαε +Wα.

By (2.28) and (2.27),

(2.51) uε(t, x) ≤ vε(x) for all t, x.

For every b, by (2.46) and (2.51),

(2.52) b−1`b[(uε)
α] ≤ ‖vαε ‖ ≤ 2Cη(D) + C1(σ).

It follows from (2.11) and 1.2.B that

(2.53) Gρε(t, x) =

∫ t+ε

ε

ds

∫
D

ps(x, y)η(dy) ≤ h(x)

and therefore

(2.54) Gρε → Gη as ε→ 0 on D(h).

For every b, `b(Fε) are bounded by (2.50), (2.42) and (2.52). By (2.49) and
2.2.B, every sequence uεn contains a subsequence which converges, a.e., to a limit
u. Suppose uεn → u a.e. By (2.48) and (2.47), uε ≤ h. It follows from (1.23) and
the dominated convergence theorem that

(2.55) G[(uεn)α]→ G[(u)α] on Q(h, α).
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By (2.55) and (2.48), u satisfies (2.31) a.s. Formula (2.30) holds because, otherwise,
|uεn − u| > δ for some (r, x) ∈ Q(h, α), δ > 0 and for some sequence εn → 0. By
applying once more the dominated convergence theorem, we get (2.33).

3◦. It is clear from (2.28) that uε(t, x) is monotone increasing in t. Therefore
for every x ∈ D(h, α), u(t, x) is also monotone increasing in t. By the monotone
convergence theorem, v(x) = lim

t→∞
u(t, x) satisfies (2.25). Formula (2.26) follows

from (2.52) and (2.34).
Note that uε ≤ vε and, by (2.30) and (2.34), lim inf

ε→0
vε ≥ v on D(h, α). On the

other hand, it follows from (1.25) and (1.13) that G(uαε ) ≤ G(vαε ) ≤ G(vαε ) and, by
(2.48), (2.36), (2.12), (2.53), (1.25) and (1.26),

0 ≤ vε − utε ≤
∫ ∞
t+ε

ds

∫
D

ps(x, y)η(dy) + Πxσ(ξτ )1τ>t

and therefore lim sup
ε→0

vε ≤ v on D(h, α). Clearly, this implies (2.29). Formula (2.32)

can be deduced from (2.33) in an analogous way.

3. Proof of Theorem 1.3

3.1. We use several times a property of exit measures which will be established in
Lemma 3.1. We start from a functional

(3.1) Bt(ε) =

∫ t

0

〈ρε, X̃s〉ds+ Ct

where ρε is given by (2.11) and Ct is a left continuous modification of 〈σ, X̃t〉 which
we define in Lemma 3.2. Put

(3.2) Bt = lim med
k→∞

Bt(1/k) for all t > 0

where lim med is Mokobodzki’s medial limit. It is defined for every sequence an ∈
[0,∞] and it takes values in [0,∞]. We need the following properties of this limit
(see, e.g., [4, X.56, X.57]):

3.1.A. lim inf an ≤ lim med an ≤ lim sup an;
3.1.B. lim med(an + bn) = lim med an + lim med bn;
3.1.C. If an ≤ bn for all n, then lim med an ≤ lim med bn;
3.1.D. Let Zn be measurable mappings from a measurable space (Ω,F) to

[0,∞]. Then Z(ω) = lim medZn(ω) is measurable with respect to the
universal completion of F . If P is a probability measure on (Ω,F) and
if Zn → Y in P -probability, then Y = Z P -a.s.

In Theorem 3.1, we construct a functional B of an (L,α)-superdiffusion X̃
stopped at the exit from a bounded smooth domain D which satisfies conditions
1.6.A, B and the following condition:

(3.3) Bs+t ≤ Bs + θsBt a.s. for every s, t.

Moreover, for every µ /∈ N (h, α):

(3.4) Bt = lim
ε→0

Bt(ε) in Pµ-probability for all t ∈ R+
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and

(3.5) − logPµe
−Bt = 〈ut, µ〉

where u satisfies (2.31).
The next step is a passage to the limit from bounded smooth domains to an

arbitrary domain E. We assume that h is given by (1.17) and that E(h, α) = {h <
∞, G(hα) <∞} is nonempty. We consider a sequence of bounded smooth domains
Dn which approximateE and we denote byGn,Kn the Green and Poisson operators
corresponding to the L-diffusion stopped at the exit from Dn. Put σn = 1E\DnKν
and denote by Bn the function corresponding to

(3.6) hn(x) =

∫
Dn

gn(x, y)η(dy) +Knσn(x)

by Theorem 3.1. By 3.1.C, D, function

(3.7) Bt = lim med
n→∞

Bnt

satisfies 1.6.A, B. We show that, for every µ /∈ N (h, α) and every t,

(3.8) Bt = lim
n→∞

Bnt Pµ − a.s.

Function At = Bt− satisfies 1.6.A-C and 1.6.D** with N = N (h, α).
At the final stage, we use Lemma 3.3 to decompose measures η, ν, subject

to condition (1.22), into series of measures ηn, νn for which E(hn, α) 6= ∅ (here
hn = Gηn + Kνn). The functional corresponding to η, ν is defined as the sum of
functionals corresponding to ηn, νn.

This way we obtain a functional of X , subject to conditions 1.6.A, B, C, for
which 1.6.D** and (1.45) hold for all µ outside of an exceptional set N . Then
we refer to a result in [4] to prove the existence of an equivalent functional which
satisfies 1.6.D*.

3.2. A property of exit measures.

Lemma 3.1. Suppose that Q1 ⊃ Q2 are open subsets of S and Γ ∩Q1 = ∅. Then
XQ1(Γ) ≥ XQ2(Γ) a.s.

Proof. For every ν ∈ M(E), Pν{XQ1(Γ) ≥ ν(Γ)} = 1. Indeed, Πr,x{τr = r} = 1
for every (r, x) /∈ Q1 and, by (1.32), for every λ > 0,

Pνe
−λXQ1 (Γ) = e−〈vλ,ν〉

with vλ = λ1Γ on Γ. Hence,

(3.9) Pνe
−λXQ1 (Γ) ≤ e−λν(Γ).

Put Y = XQ1(Γ)− ν(Γ). By (3.9), Pνe
−λY ≤ 1 for all λ > 0 and therefore Y ≥ 0

Pν -a.e.
It follows from (1.34) that, for every positive measurable f , Pµf(XQ2 , XQ1) =

PµF (XQ2) where F (ν) = Pνf(ν,XQ1). If f(ν1, ν2) = 1ν1(Γ)≤ν2(Γ), then F (ν) =
Pν{ν(Γ) ≤ XQ1(Γ)} = 1.
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3.3. Regularization of 〈σ, X̃t〉.

Lemma 3.2. Let X̃ be an (L,α)-superdiffusion stopped at the exit from a bounded
smooth domain D and let σ be a positive Borel function on D̄ which vanishes on
D. There exists a function Ct subject to conditions 1.6.A–C such that, for every t,

(3.10) Ct = 〈σ, X̃t〉 a.s.

Proof. Put Yt = 〈σ, X̃t〉. Recall (see Section 1.5) that X̃t = XQt where Qt =

[0, t) × D. It follows from Lemma 3.1 that X̃r(Γ) ≤ X̃s(Γ) a.s. if r < s and
Γ ∩ Qs = ∅. Since σ = 0 in Qs, Yr ≤ Ys a.s. Denote by Q+ the set of positive
rationals. The set

Ωt = {Yr ≤ Ys for all r < s ∈ Q+ ∩ [0, t)}

belongs to Ft and Pµ{Ωt} = 1 for all µ ∈M(D). Function

Ct =

{
lim

s↑t,s∈Q+

Ys on Ωt,

∞ otherwise

satisfies conditions 1.6.A–C. It remains to prove that Yt = Ct a.s. By Theorem B,

(3.11) − logPµe
−Yt = 〈ut, µ〉

where u is a solution of the equation

(3.12) u+ G[uα] = Kσ.

By (3.11), u(t, x) is monotone increasing in t. Put u−(t, x) = u(t−, x). Since
Πx{τ = t} = 0 for all t, function Kσ is continuous in t. By passing to the limit in
(3.12), we get

u− + G[uα−] = Kσ.

By (1.25), functions Kσ ≤ Kσ are bounded and, by Theorem 2.1*, u− = u. By
(3.11), Pµe

−Yt = Pµe
−Ct. Since Yt ≤ Ct, this implies (3.10).

3.4.

Lemma 3.3. Let η and ν satisfy condition (1.22). Then there exist measures ηn, νn
such that

η = η1 + · · ·+ ηn + · · · , ν = ν1 + · · ·+ νn + · · ·

and

(3.13) G(hαn)(c) <∞

where hn = Gηn +Kνn and c is the same as in formula (1.16).

Proof. Since (a+b
2 )α ≤ 1

2 (aα + bα) for all α, a, b ≥ 0, we can assume that η = 0 or
ν = 0. We refer to [18, Theorem 2.2] in the first case and [2, Lemma 4.2] in the
second case.
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3.5.

Theorem 3.1. Let X̃ be an (L,α)-superdiffusion stopped at the exit from a bounded
smooth domain D and let h, η, ρε and σ be as in Theorem 2.2. If Bt(ε) is defined
by (3.1), then function Bt given by (3.2) satisfies conditions 1.6.A, B, (3.3), (3.4)
and (3.5).

Proof. Properties 1.6.A, B follow from 3.1.C, D. By Theorem B,

(3.14) uδε(t, x) = − logPx exp{−1

2
(Bt(δ) +Bt(ε))}

satisfies the equation

uδε + G[uαδε] =
1

2
(Gρδ + Gρε) +Kσ.

The same arguments as in the proof of Theorem 2.2 show that, for all µ /∈ N (h, α)
and all t,

(3.15) 〈utδε, µ〉 → 〈ut, µ〉 as δ, ε→ 0

where u is the unique solution of (2.31).
By Theorem B,

(3.16) Pµ
[
e−Bt(ε)/2 − e−Bt(δ)/2

]2
= e−〈u

t
εε,µ〉 + e−〈u

t
δδ,µ〉 − 2e−〈u

t
δε,µ〉

for every µ ∈M(D). If µ /∈ N (h, α), then, by (3.15), the right side in (3.16) tends
to 0 as δ, ε → 0. Hence e−Bt(ε) converges in L2(Pµ) as ε → 0 which implies that
Bt(ε) converges in Pµ-probability to a limit Bµt . It follows from 3.1.D that Bt = Bµt
Pµ-a.s. which implies (3.4). To prove (3.3), we note that X̃t = XQ(t) where Q(t) =

[0, t)×D. Therefore (see Section 1.5)) θsX̃t = XQ(s,t) where Q(s, t) = S<s∪Q(s+t)

and, by Lemma 3.1, 〈ρε, θsX̃t〉 ≥ 〈ρε, X̃s+t〉 and 〈σ, θsX̃t〉 ≥ 〈σ, X̃s+t〉 a.s. Clearly,

restrictions of measures X̃s and X̃s+t to [0, s)× ∂D coincide, and, by (3.1),

(3.17) Bs(ε) + θsBt(ε) ≥ Bs+t(ε) a.s.

and (3.3) follows from (3.2).
Let µ /∈ N (h, α). By (1.42),

− logPµe
−Bt(ε) = 〈utε, µ〉

where uε is given by (2.28). By (3.4) and (2.33), this implies (3.5).

3.6. The next step in the program outlined in Section 3.1 is a passage to the limit
from bounded smooth domains to an arbitrary domain E. Recall that, according to
Section 1.2, L-diffusion ξ in E can be constructed by using a sequence of bounded
smooth domains Dn such that D̄n ⊂ Dn+1 and E =

⋃
Dn: the transition density

pt(x, y) of ξ is the limit of monotone increasing sequence pnt (x, y) defined in 1.2.A (it
is convenient to set pnt (x, y) = 0 if x /∈ Dn or y /∈ Dn). Green’s functions gn(x, y),
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g(x, y) and Green’s operators Gn, G corresponding to pn, p are determined by (1.12)
and (1.13). Operators Kn correspond by (1.26) to the first exit times τn from Dn.

Let X be an (L,α)-superdiffusion in E and let Xn be an (L,α)-superdiffusion
stopped at the exit from Dn. Denote by Y nt the restriction of Xn

t to Dn. By Lemma
3.1, for every t and every n,

(3.18) Y nt ≤ Y n+1
t a.s.

By (1.37),

PµY
n
t (B) =

∫
E

µ(dx)

∫
B

pnt (x, y)dy ↑
∫
E

µ(dx)

∫
B

pt(x, y)dy = PµXt(B)

and therefore

(3.19) Y nt ↑ Xt a.s.

3.7. Let h be given by (1.17) with finite measures η and ν. Suppose that E(h, α) 6=
∅. Put f = Kν. By (1.19) and (1.26),

f(x) = Πxσn(ξτn) = Knσn(x)

where σn = 1E\Dnf . We define Bn and B as in Section 3.1. By 3.1.D, to prove
formula (3.8), we need only show that Bnt converges Pµ-a.s. as n→∞. Put

(3.20) Znt (ε) =

∫ t

0

〈ρnε , Y nr 〉dr.

By 3.1.B,
Bnt = Znt + Cnt

where
Znt = lim med

k→∞
Znt (1/k).

For every n, ρn+1
ε ≥ ρnε and, by (3.20) and (3.18), Znt (ε) is, a.s., monotone increasing

in n. By 3.1.C, sequence Znt has the same property and therefore it converges Pµ-
a.s.

On the other hand, since f is L-harmonic, it follows from the Markov property
(1.34) that the sequenceWn = 〈f,Xn

t 〉 is a martingale with respect to Pµ. Therefore
Cnt also converges a.s.

3.8. Put S(h, α) = R+ ×E(h, α). By Theorem 2.2, for every µ /∈ N (h, α),

− logPµe
−Bnt =

∫
Dn

un(t, x)µ(dx)

where un satisfies the equation

(3.21) un(t, x) +

∫ t

0

ds

∫
Dn

pnt−s(x, y)un(s, y)αdy = Hn(t, x) on S(h, α)
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with

(3.22) Hn(t, x) =

∫ t

0

ds

∫
Dn

pnt−s(x, y)η(dy) + Πxf(ξτn)1τn<t.

Moreover, by (2.28), (2.30) and (3.20),

(3.23) un(t, x) = − lim
ε→0

logPx exp{−Bnt (ε)} on S(h, α).

By (3.4),

un(t, x) = − logPxe
−Bnt on S(h, α).

By (3.8),

(3.24) un(t, x)→ u(t, x) = − logPxe
−Bt on S(h, α).

Note that
Πxf(ξτn)1τn<t = f(x)−Πxf(ξt)1τn≥t

and therefore Hn converges to

(3.25) H(t, x) =

∫ t

0

ds

∫
E

pt−s(x, y)η(dy) + F (t, x)

where

(3.26) F (t, x) = f(x)−Πxf(ξt).

By (3.21), (3.22) and (1.17), un ≤ h. The second term in (3.21) converges to G[uα]
by (2.2) and the dominated convergence theorem. Hence, (3.21) implies

(3.27) u+ G[uα] = H on S(h, α).

3.9. Note that u(t, x) increases in t by (3.24) and 1.6.A. Put u−(t, x) = u(t−, x).
An L-excessive function f has a representation

f = f0 +

∫ ∞
0

ϕsds

where Ttf0 = f0 and Ttϕs = ϕs+t for all t, s (see [10, Section 2.8]). Therefore

H(t, x) =

∫ t

0

ds[

∫
E

ps(x, y)η(dy) + ϕs]

is increasing and continuous in t. By passing to the limit in (3.24) and (3.27), we
get

u−(t, x) = − logPxe
−Bt− ,(3.28)

u− + G[uα−] = H on S(h, α).
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By Theorem 2.1*, this implies u− = u. Since Bt− ≤ Bt, (3.24) and (3.28) yield
Bt− = Bt a.s. Function At = Bt− satisfies conditions 1.6.A–C.

We claim that 1.6.D** holds for N = N (h, α). Indeed, if µ /∈ N (h, α), then

Bnt (ε) = Znt (ε) + Cnt

converges in Pµ-probability to Bnt by (3.4). By the Markov property (1.34),

Pµe
−Bns+t(ε) = Pµ

[
e−B

n
s (ε)PY ns e

−Bnt (ε)
]

for all s, t > 0. This implies

Pµe
−Bns+t = Pµ

[
e−B

n
s PY ns e

−Bnt
]

and therefore

(3.29) |Pµe−B
n
s+t − Pµ

[
e−B

n
s PXse

−Bnt
]
| ≤ Pµ|PY ns e

−Bnt − PXse−B
n
t |

By (3.5), the right side is equal to

Pµ|e−〈v
t
n,Y

n
s 〉 − e−〈v

t
n,Xs〉|

where vtn(x) = utn(0, x). By (3.7), vtn ≤ h and therefore (3.29) does not exceed

Pµ|1− e−〈h,Xs−Y
n
s 〉|.

By (3.19), this tends to 0 and we conclude from (3.29) and the Markov property of
X that

(3.30) Pµe
−Bs+t = Pµe

−BsPXse
−Bt = Pµe

−(Bs+θsBt).

By (3.1), Bs+t ≤ Bs + θsBt and (3.30) implies 1.6.D**.
We get (1.45) by passing to the limit in (3.5) and (3.27) as t→∞.

3.10. Let h be an arbitrary function of the form (1.17) with η and ν subject to
conditions (1.22). Consider measures ηn and νn defined in Lemma 3.3. Denote by
An the functional of X corresponding to hn(x) = Gηn + Kνn by Section 3.9 and
put

A = A1 + · · ·+An + · · · .

Clearly, conditions 1.6.A,B,C and 1.6.D** hold for A. Formula (1.45) holds if
µ /∈ N =

⋃
N (hn, α) and v satisfies (1.14) on E =

⋂
E(hn, α). Function ṽ defined

by (1.15) is a solution of (1.14) everywhere. It also satisfies (1.45).
Formula (1.44) can be obtained from (1.45) in the same way as (1.37) was de-

duced from (1.35).
By the “perfection” theorem [4, 15.8], there exists a functional equivalent to A

which satisfies 1.6.D*. (In [4] functionals without an exceptional set are considered,
but the proof is applicable without any change to our case.)
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4. Proof of Theorems 1.2 and 1.4

4.1.

Lemma 4.1. Let an excessive function be given by formula (1.17). If there exists
u such that

(4.1) u+G(uα) = h,

then there exists v such that

(4.2) v +G(vα) = Kν.

Proof. Let Dn, G
n and Kn have the same meaning as in Section 3.6. By the strong

Markov property of ξ, (4.1) implies

(4.3) u+Gn(uα) = Gnη +Knu on Dn.

By Theorem A,
vn(x) = − logPxe

−〈u,XDn 〉

satisfies the equation

(4.4) vn +Gn(vαn ) = Knu on Dn.

We use again the strong Markov property of ξ to get from here that, for each m > n,

(4.5) vm +Gn(vαm) = Knvm on Dn.

We conclude from Theorem 2.1, by comparing (4.3) and (4.4), that vn ≤ u in
Dn∩E(h), and, by comparing (4.4) and (4.5), that vm ≤ vn in Dn∩E(h). Therefore
there exists a limit

v = lim
n→∞

vn on E(h).

It follows from (4.3) by monotone convergence theorem that

u+G(uα) = Gη + limKnu.

In combination with (4.1), this yields limKnu = Kν on E(h). By (4.1), G(uα) <
∞ on E(h) and, by the dominated convergence theorem, limGn(vαn ) = G(vα).
Therefore (4.4) implies that (4.2) holds on E(h). It holds everywhere for a function
v modified by formula (1.15).

4.2. Proof of Theorem 1.2. Suppose that u is a solution of (4.1). By Lemma
4.1, equation (4.2) has a solution and ν does not charge R∗-polar sets by Theorem
3.1 in [18].

It remains to prove that η(Γ) = 0 for R-polar sets Γ. We can assume that Γ
is compact. Let D be a bounded smooth domain such that Γ ⊂ D and D̄ ⊂ E.
Equation (4.1) implies

(4.6) u+GD(uα) = GDη +KDu in D
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(cf. (4.3)). By Theorem E◦ in [17], Cap2,α′(Γ) = 0. We use the following fact (see
Lemma 4.1 in [2]): a signed measure γ does not charge sets Γ with Cap2,α′(Γ) = 0
if ∫

D

ϕ(x)γ(dx) ≤ const.‖ϕ‖2,α′ for all ϕ ∈ C∞0 (D)

(here ‖ϕ‖2,α′ is the norm of ϕ in the Sobolev space W 2,α′(D)).
By Lemma 4.1, there exists v ≥ 0 such that

(4.7) v +GD(vα) = KDu in D.

By Theorem 2.1, w = u− v ≥ 0. There exists a function q ≥ 0 such that uα− vα =
qw a.e. (cf. proof of Theorem 2.1*). It follows from (4.6) and (4.7) that

(4.8) w +GD(qw) = GDη.

Let γ(dx) = η(dx) − (qw)(x)dx and ϕ ∈ C∞0 (D). Put ψ = −L∗ϕ. Note that
‖ψ‖α′ ≤ ‖ϕ‖2,α′ and

ϕ(y) =

∫
D

dxψ(x)gD(x, y).

By (4.8), GDγ = w and therefore∫
D

ϕ(x)γ(dx) =

∫
D×D

dxψ(x)gD(x, y)γ(dy) =

∫
D

w(x)ψ(x)dx

≤ ‖w‖α‖ψ‖α′ ≤ ‖w‖α‖ϕ‖2,α′ .

If h(c) < ∞, then G(uα)(c) < ∞ by (4.1) and u ∈ Lα(D) because inf
D
g(c, y) > 0.

We have 0 ≤ w ≤ u and therefore w ∈ Lα(D). Hence γ(Γ) = 0. Since Cap2,α′(Γ) =
0 implies that the Lebesgue measure of Γ is equal to 0, we get η(Γ) = 0.

4.3. Localization. To prove Theorem 1.4, we need some preparations. Suppose
that h is the potential of a linear additive functional A with exceptional set N and
let η, ν correspond to h by (1.17). For every positive bounded continuous function
ϕ on E ∪E∗, we put hϕ(x) = G(ηϕ) +K(νϕ) where ηϕ(dx) = ϕ(x)η(dx), νϕ(dx) =
ϕ(x)ν(dx). It follows from 1.6.D*, the strong Markov property of X and (1.44)
that

〈h,XT 〉 = Pµ{A∞|FT } −AT Pµ-a.s.

for every Ft-stopping time T and for every µ /∈ N . It is easy to see from here
that 〈h,Xt〉 is a supermartingale of class (D) relative to Pµ (cf. [4, V.15]). Since
〈hϕ, Xt〉 ≤ const〈h,Xt〉, the same is true for 〈hϕ, Xt〉. By [4, Th. XV.6] or [25, Th.
38.1]13, there exists a natural additive functional Aϕ14 such that:

4.3.A. PµA
ϕ
∞ = 〈hϕ, µ〉 for all µ /∈ N .

We call it the ϕ-localization of A. In the same way as in Theorem 3.3 of [17], we
establish:

4.3.B. If ϕ1 ≤ ϕ2, then Aϕ1 ≤ Aϕ2 Pµ-a.s. for all µ /∈ N .
4.3.C. If ϕ = 0 on D, then {Aϕ = 0} ⊃ {R ⊂ D̄} Pµ-a.s. and {Aϕ = 0} ⊃

{R∗ ⊂ D̄} Pµ-a.s. for all µ /∈ N .

13As in the case of “perfection”, these theorems can be easily extended to functionals with an
exceptional set.

14An additive functional A is natural if the process At+ is predictable (cf. [4,IV.61] or the
Appendix to [9]). We believe that functional A constructed in Theorem 1.3 is natural but this is
not proved in the present paper.
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4.4. Proof of Theorem 1.4. This proof is similar to that of Theorem 3.3 in [18].
Let, for instance, Γ ⊂ E be a compact R-polar set. Put

Dn = {x ∈ E : d(x,Γ) >
1

n
}

where d is the distance in the Martin space Ê. Bounded positive continuous func-
tions

ϕn(x) = (1− nd(x,Γ))+

vanish on Dn. Consider the corresponding localizations Aϕn . For every µ /∈ N ,

A1 ≥ Aϕ1 ≥ · · · ≥ Aϕn ≥ · · · , Pµ-a.s.

by 4.3.B and
{R ⊂ Dn} ⊂ {Aϕn∞ = 0}, Pµ-a.s.

by 4.3.C. Let µ(Γ) = 0. Since Γ is R-polar, 1R⊂Dn ↑ 1 Pµ-a.s. and therefore
Aϕn∞ → 0 Pµ-a.s. By the dominated convergence theorem,

(4.9) limPµA
ϕn
∞ = 0

On the other hand, by 4.3.A,

PµA
ϕn
∞ =

∫
µ(dx)

∫
E

g(x, y)ϕn(y)η(dy)

+

∫
µ(dx)

∫
µ(dx)

∫
E∗
k(x, y)ϕn(y)ν(dy) ↓

∫
µ(dx)

∫
Γ

g(x, y)η(dy).

In combination with (4.9), this implies η(Γ) = 0. The case of R∗-polar set Γ ⊂ E∗
can be treated in a similar way.
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