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COMPACT SELF-DUAL HERMITIAN SURFACES

VESTISLAV APOSTOLOV, JOHANN DAVIDOV, AND OLEG MUŠKAROV

Abstract. In this paper, we obtain a classification (up to conformal equiv-
alence) of the compact self-dual Hermitian surfaces. As an application, we
prove that every compact Hermitian surface of pointwise constant holomor-
phic sectional curvature with respect to either the Riemannian or the Hermit-
ian connection is Kähler.

1. Introduction

A special feature of oriented Riemannian four-manifolds is the fact that the
2-vectors can be decomposed into self-dual and anti-self-dual components under
the action of the Hodge star operator ∗. As a concequence, the Weyl conformal

tensor W splits into two parts W+ and W− defined by W± =
1

2
(W± ∗W). The

tensors W± are invariant under conformal changes of the metric, and reversing
the orientation of the manifold interchanges their roles. An oriented Riemannian
four-manifold M is said to be self-dual (resp. anti-self-dual) if W− = 0 (resp.
W+ = 0). It is well-known that the self-duality property plays an important role
in the twistor theory since it can be interpreted as the integrability condition for
the Atiyah-Hitchin-Singer almost complex structure on the twistor space of M [1].

The classification (up to conformal equivalence) of the compact self-dual mani-
folds is a very difficult problem which has been solved so far under additional curva-
ture or topological assumptions [5, 6, 7, 8, 9, 10, 13, 15, 16, 17, 19, 21, 23, 24, 25, 28].
The main purpose of the present paper is to obtain a classification of the compact
self-dual Hermitian surfaces.

If M is a Hermitian surface, its complex structure fixes an orientation on M and
this destroys the symmetry between W+ and W−. For example, the action of the
complex structure on the 2-vectors gives rise to a decomposition of W+ whereas
W− remains unaffected. In the self-dual case this can be used to obtain, via the
Chern-Weil theory and the Miyaoka inequality, useful integral inequalities involving
the scalar curvature, the ∗-scalar curvature and the norms of the Lee form and the
traceless Ricci tensor of M .

The main result in this paper is the following:

Theorem 1. Any compact self-dual Hermitian surface M which is not conformally
flat is conformally equivalent either to CP2 with the Fubini-Study metric or to a
compact quotient of the unit ball in C2 with the Bergman metric.
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This combined with the description of the compact conformally flat Hermitian
surfaces due to Ch.Boyer [6, 7] and M.Pontecorvo [24] gives:

Theorem 1′. Any compact self-dual Hermitian surface is conformally equivalent
to one of the following:

(i) the complex projective space CP2 with the Fubini-Study metric;
(ii) a compact quotient of the unit ball in C2 with the Bergman metric;
(iii) a complex torus with its flat Kähler metric;
(iv) a hyperelliptic surface with its flat Kähler metric;
(v) a CP1- bundle over a Riemann surface Σg of genus g ≥ 2 with the confor-

mally flat Kähler metric which locally is the product of the (+1)-curvature metric
on CP1 and (−1)-curvature metric on Σg;

(vi) a Hopf surface with its conformally flat locally conformally Kähler metric
of constant positive scalar curvature.

The proof of Theorem 1 goes as follows. According to a result of Ch.Boyer [6]
M is either a surface of general type or biholomorphically equivalent to CP2. By
the solution of the Yamabe problem [27], one can assume that the scalar curvature
τ of M is constant. Now it can be shown, by means of the Miyaoka inequality [22]
and an integral formula for the norm of W+ (cf. Lemma 3.1), that if τ ≤ 0, then
M is a Kähler surface of constant negative holomorphic sectional curvature. In the
case τ > 0, the Gauduchon plurigenera theorem [12] implies that all plurigenera of
M vanish (Lemma 3.3). Therefore M is biholomorphic to CP2 (according to the
result of Ch.Boyer mentioned above) and it follows, by a result of Y.Poon [25], that
M is conformally equivalent to CP2 with the Fubuni-Study metric.

Theorem 1′ implies the well-known classification result of B.-Y. Chen [8] (cf.
also J. P. Bourguignon [5] and A.Derdzinski [9]) that any compact self-dual Kähler
surface is one of that listed in the cases (i)–(v) of Theorem 1′.

Theorem 1′ is also used to classify the compact Hermitian surfaces of pointwise
constant holomorphic sectional curvature with respect to the Riemannian or the
Hermitian connection. Simple local calculations show that these surfaces are self-
dual and a case by case examination of the surfaces listed in Theorem 1′ gives the
following:

Theorem 2. Every compact Hermitian surface of pointwise constant holomorphic
sectional curvature with respect to either the Riemannian or the Hermitian connec-
tion is Kähler, so is a complex space form.

In the case of constant non-positive holomorphic sectional curvature Theorem 2
has been proved by Sato & Sekigawa [26] for the Riemannian connection and by
Balas & Gauduchon [3] for the Hermitian connection. Under the condition that
the scalar curvature is constant and non-positive the Riemannian version of this
theorem has been recently proved by Sekigawa & Koda [28]. Theorem 2 and a re-
sult of T.Koda [18] (cf. also Lemma 4.1) imply that any compact self-dual Einstein
Hermitian surface is a complex space form, a result due to Ch.Boyer [7] and Koda
& Sekigawa [19, 28]. Note that any compact complex space form of dimension 2 is
one of the surfaces (i)–(iv) of Theorem 1′.
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2. Preliminaries

Let M = (M,J, g) be a Hermitian surface (i.e. a Hermitian manifold of real
dimension four) with complex structure J and compatible Riemannian metric g.
Denote by Ω the Kähler form ofM defined by Ω(X,Y ) = g(X, JY ) for X,Y ∈ χ(M)
(χ(M) is the Lie algebra of all smooth vector fields on M). We shall always consider
M with the orientation determined by the complex structure J . Then the volume

form of M is dV =
1

2
Ω ∧ Ω. It is well-known (cf. [31]) that dΩ = ω ∧ Ω where

ω = δΩ ◦ J is the Lee form of M . Note that M is Kähler iff ω = 0; M is locally
conformally Kähler iff dω = 0; M is conformally Kähler iff ω = dσ for a smooth
function σ on M (in this case e−σg is a Kähler metric). Let ∇, R, ρ and τ be
the Riemannian connection, the Riemannian curvature tensor, the Ricci tensor and
the scalar curvature of M respectively. (For the curvature tensor we adopt the
following definition: R(X,Y, Z,W ) = g([∇X ,∇Y ]Z −∇[X,Y ]Z,W ).)

Recall that the ∗-Ricci tensor ρ∗ and the ∗-scalar curvature τ∗ of M are defined
by

ρ∗(X,Y ) =
4∑
s=1

R(Es, X, JY, JEs)

and

τ∗ =
4∑
s=1

ρ∗(Es, Es)

where {Es} is a local orthonormal frame of the tangent bundle TM . Using the first
Bianchi identity, we get

ρ∗(X,Y ) = −1

2

4∑
s=1

R(X, JY,Es, JEs).(2.1)

We also have (cf. [31]):

τ − τ∗ = 2δω + ‖ω‖2.(2.2)

Note that on a Kähler manifold the Ricci tensor and the ∗-Ricci tensor coinside; in
particular τ = τ∗

The Riemannian metric g induces a metric on the bundle ∧2 of 2-vectors on M
by g(X1 ∧ X2, X3 ∧ X4) = det(g(Xi, Xj)). The curvature operator R is the self-
adjoint endomorphism of ∧2 defined by g(R(X ∧ Y ), Z ∧W ) = −R(X,Y, Z,W ).
The Hodge star operator defines an endomorphism ∗ : ∧2 → ∧2 with ∗2 = Id. Let
∧2
− and ∧2

+ be the subbundles of ∧2 corresponding to the (±1) eigenvalues of ∗.
Then ∧2 = ∧2

− ⊕ ∧2
+. Let B =

1

2
(R − ∗R∗); W =

1

2
(R+ ∗R∗) − τ

12
Id; W+ =

1

2
(W + ∗W); W− =

1

2
(W − ∗W). Then

R =
τ

12
Id+ B +W+ +W−(2.3)
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is the irreducible decomposition ofR under the action of SO(4) found by Singer and
Thorpe [29]. Note that B and W represent the traceless Ricci tensor and the Weyl
conformal tensor respectively. The manifold M is called self-dual (anti-self-dual) if
W− = 0 (resp. W+ = 0). M is conformally flat iff W = 0. It is well-known that
the condition W− = 0 (W+ = 0) is conformally invariant.

Using (2.3) one can obtain the irreducible decomposition of R under the action
of the unitary group U(2) (cf. [30]). Under this action B decomposes into two parts
B1 and B2 determined as follows:

B1 =
1

2
(B + J.B.J); B2 =

1

2
(B − J.B.J).(2.4)

Here J is the involution of ∧2 defined by J(X ∧ Y ) = JX ∧ JY .
Let ∇c and Rc be the Hermitian connection and the Hermitian curvature tensor

of (M,J, g). Denote by A the dual vector field of the 1-form ω. Then ∇c and ∇
are related by (cf. [31]):

∇cXY = ∇XY −
1

2
ω(Y )X − 1

2
ω(JX)JY +

1

2
g(X,Y )A.(2.5)

Set L(X,Y ) = (∇Xω)(Y ) +
1

2
ω(X).ω(Y ). It is easy to check that

Rc(X,Y, Z,W ) = R(X,Y, Z,W ) +
1

2
{L(X,W )g(Y, Z)

+L(Y, Z)g(X,W )− L(Y,W )g(X,Z)− L(X,Z)g(Y,W )}

+
‖ω‖2

4
{g(X,Z)g(Y,W )− g(Y, Z)g(X,W )}

+
1

2
Ω(Z,W ).d(ω ◦ J)(X,Y ).

(2.6)

Using the fact that Rc(X,Y, Z,W ) = Rc(X,Y, JZ, JW ) we get ([31]):

2{R(X,Y, Z,W )−R(X,Y, JZ, JW )} = g(Y,W )L(X,Z)
−g(X,W )L(Y, Z)− g(Y, Z)L(X,W ) + g(X,Z)L(Y,W )

+Ω(Y, Z)L(X, JW )− Ω(X,Z)L(Y, JW ) + Ω(X,W )L(Y, JZ)

−Ω(Y,W )L(X, JZ) +
‖ω‖2

2
{g(Y, Z)g(X,W )− g(X,Z)g(Y,W )

−Ω(Y, Z)Ω(X,W ) + Ω(X,Z)Ω(Y,W )}.

(2.7)

Let

ρc(X,Y ) =
4∑
s=1

Rc(Es, X, Y,Es),

ρ∗c(X,Y ) = −1

2

4∑
s=1

Rc(X, JY,Es, JEs)

and

2u =
4∑
s=1

ρ∗c(Es, Es),
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2v =
4∑
s=1

ρc(Es, Es).

Using (2.6), it is easy to see that

2u =
1

2
(τ + τ∗) + ‖ω‖2,

2v = τ∗ +
1

2
‖ω‖2.

(2.8)

Denote by χ, p1 and c21 the Euler characteristic, the first Pontrjagin class and
the square of the first Chern class of M , respectively. According to the Chern-Weil
theory

χ =
1

8π2

∫
M

(‖W+‖2 + ‖W−‖2 +
τ2

24
− ‖B‖2)dV,(2.9)

p1 =
1

4π2

∫
M

(‖W+‖2 − ‖W−‖2)dV.(2.10)

Taking into account that c21 = 2χ+ p1 (cf. [33]) we get

c21 =
1

4π2

∫
M

(2‖W+‖2 +
τ2

24
− ‖B‖2)dV.(2.11)

3. Proof of Theorem 1

Let M = (M,J, g) be a compact Hermitian surface. We assume that all tensors
are continued by complex linearity. For any orthonormal J-frame {E1, JE1, E2,
JE2}, we set

Zj =
1√
2

(Ej − iJEj); Zj =
1√
2

(Ej + iJEj), j = 1, 2,

and KABCD = −R(ZA, ZB, ZC , ZD) where A,B,C,D ∈ {1, 1, 2, 2}.
Let 〈 , 〉 be the Hermitian continuation of g on ∧2 ⊗ C and

α = Z1 ∧ Z2, β =
1√
2

(Z1 ∧ Z1 + Z2 ∧ Z2), α = Z1 ∧ Z2,

γ = Z1 ∧ Z2, δ =
1√
2

(Z1 ∧ Z1 − Z2 ∧ Z2), γ = Z1 ∧ Z2.

Then {α, β, α} and {γ, δ, γ} are orthonormal frames of ∧2
+⊗C and ∧2

−⊗C respec-
tively.

For the proof of Theorem 1 we need two lemmas.

Lemma 3.1. Let M be a compact Hermitian surface. Then∫
M

‖W+‖2 dV =
1

8

∫
M

{‖dω‖2 +
(τ − 3τ∗)2

12
} dV.

Proof. ConsiderW+ as an endomorphism of ∧2
+⊗C. Then the matrix of W+ with

respect to the frame {α, β, α} has the following form (cf. [6]):

W+ =


W 3

+ W 2
+ W 1

+

W 2
+ −2W 3

+ −W 2
+

W 1
+ −W 2

+ W 3
+

 .(3.1)
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Here

W 1
+ = 〈Rα, α〉 = K1212,

W 2
+ = 〈Rα, β〉 = − 1√

2
{K1211 +K1222},

W 3
+ = 〈Rα, α〉 − τ/12 = K1212 − τ/12.

(3.2)

Since ∇XY ∈ T 1,0M for all X,Y ∈ T 1,0M , we have W 1
+ = K1212 = 0.

A direct computation involving formula (2.7) shows that

W 2
+ =− 1√

2
{K1112 +K2212} =

1

4
√

2
{dω(E1, E2)− dω(JE1, JE2)}

− i

4
√

2
{dω(JE1, E2) + dω(E1, JE2)}.

Since δ(ω ◦ J) = 0, we have dω(E1, JE1) = −dω(E2, JE2). Then

|W 2
+|2dV =

1

32
‖dω‖2dV +

1

32
dω ∧ dω

and, by Stock’s theorem, we get∫
M

|W 2
+|2 dV =

1

32

∫
M

‖dω‖2 dV.(3.3)

We also have

τ = 2{K1111 +K2222 + 2K1212 + 2K1212},(3.4)

τ∗ = 2{K1111 +K2222 − 2K1212 + 2K1212},(3.5)

and therefore

τ − τ∗ = 8K1212.(3.6)

Now, by (3.2) and (3.6), we obtain

W 3
+ =

1

24
(τ − 3τ∗).

Hence ∫
M

‖W+‖2 dV =

∫
M

(2|W 1
+|2 + 6|W 3

+|2 + 4|W 2
+|2)dV

=
1

8

∫
M

{‖dω‖2 +
(τ − 3τ∗)2

12
} dV

and Lemma 3.1 is proved.

Corollary 3.2 ([18]). A compact Hermitian surface is anti-self dual iff τ = 3τ∗

and dω = 0.

LetM = (M, g) be a compact four-dimensional Riemannian manifold. According
to the solution of the Yamabe conjecture [27], there is a metric g̃ in the conformal
class of g such that the scalar curvature τ̃ of g̃ is equal to the constant λ(M, g) =
inf(

∫
M
τ ′dV ′)/(

∫
M
dV ′)2 where the infimum is taken over all metrics g′ conformally

equivalent to g. We shall say that M = (M, g) is of positive (resp. zero or negative)
type if λ(M, g) is positive (resp. zero or negative).

Lemma 3.3. Let M be a compact Hermitian surface of positive type. Then all
plurigenera of M vanish.
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Proof. Let f0 be the eccentricity function of M defined and studied by Gauduchon
[11, 12]. He has proved that f0 = 1 iff δω = 0 and that there always exists a
metric in the conformal class of the metric g of M whose eccentricity function is
equal to 1 [11, Theorem of Null Eccentricity]. The fundamental constant C(M, g)
of M is defined by C(M, g) =

∫
M f0u dV . According to a result of Gauduchon

[12, Plurigenera Theorem] to prove the lemma it is enough to show that C(M, g)
is positive. Since the sign of C(M, g) is a conformal invariant of g (cf. [2, Remark
(1.7)]) we can assume that f0 = 1.

Let g̃ = e−σg be a metric of positive constant scalar curvature τ̃ . Since e−σ τ̃ =

τ − 34σ − 3

2
‖dσ‖2 (cf. [4]), it follows that∫

M

τdV =

∫
M

(e−σ τ̃ +
3

2
‖dσ‖2)dV > 0

Hence, by (2.8) and (2.2), we have

C(M, g) =

∫
M

udV =
1

2

∫
M

(τ +
‖ω‖2

2
)dV > 0

Now we are ready to prove Theorem 1.
Let M be a compact self-dual Hermitian surface which is not conformally flat.

Boyer [7, Theorem 5] has shown that in this case either M is a surface of general
type orM is biholomorphically equivalent to CP2. Therefore the Miyaoka inequality
[22] c21 ≤ 3χ holds on M . Then, from (2.9) and (2.11), we get

0 ≤ 3χ− c21 =
1

8π2

∫
M

(−‖B‖2 − ‖W+‖2 +
τ2

24
)dV

=
1

64π2

∫
M

(−8‖B‖2 − ‖dω‖2 +
1

4
(τ − τ∗)(τ + 3τ∗))dV

By the solution of the Yamabe problem [27], we can assume without loss of
generality that the scalar curvature τ of M is equal to the Yamabe constant λ(M, g).
Then taking (2.2) into account, the above inequality can be rewriten in the form

0 ≤ 1

64π2

∫
M

(−8‖B‖2 − ‖dω‖2 − 3

4
(τ − τ∗)2 + τ‖ω‖2) dV.(3.7)

We consider first the case when M is of negative type. Then τ < 0 and (3.7)
implies B = 0 and ω = 0. It follows from [17, Theorem 1] (cf. also Lemma 4.1)
that M is a compact Kähler surface of constant holomorphic sectional curvature
1

6
τ < 0. Hence M is a compact quotient of the unit ball in C2 with the Bergman

metric.
Now suppose that M is of zero type. Then (3.7) gives dω = 0 and τ = τ∗ = 0.

ThereforeW+ = 0 (cf. Corollary 3.2) which contradicts to the assumption that M
is not conformally flat.

Finally, let M be of positive type. It follows from Lemma 3.3 that M is not a
surface of general type, hence M is biholomorphically equivalent to CP2 according
to the result of Boyer mentioned above. Then by a result of Poon [25, Theorem
A], we conclude that M is conformally equivalent to CP2 with the Fubinbi-Study
metric. Thus the theorem is proved.
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4. Proof of Theorem 2 for the Riemannian connection

Lemma 4.1. A Hermitian surface M is of pointwise constant holomorphic Rie-
mannain sectional curvature c iff B1 = 0 and W− = 0. In this case τ + 3τ∗ = 24c.

Proof. M is of pointwise constant holomorphic sectional curvature c iff

R(Z,Z, Z, Z) = c.‖Z‖4(4.1)

for every Z ∈ T 1,0M . The latter equality is equivalent to (cf. e.g. [18, Lemma 4.3])

K1112 = K2221 = K1212 = 0,
K1111 = K2222 = K1122 +K1221 = −c.(4.2)

The matrix of B1 with respect to the frame {α, β, α, γ, δ, γ} defined in Section 3
has the following form

B1 =

{
0 B1

Bt
1 0

}
,

B1 =


0 0 0
b1 b2 −b1
0 0 0


where

b1 =
1√
2

(K1112 +K2212); b2 =
1

2
(K1111 +K2222).

ConsiderW− as an endomorphism of ∧2
−⊗C. Then the matrix ofW− with respect

to the frame {γ, δ, γ} has the following form:

W− =


W 3
− W 2

− W 1
−

W 2
− −2W 3

− −W 2
−

W 1
− −W 2

− W 3
−

 .

Here

W 1
− = K1212,

W 2
− =

1√
2

(−K1211 +K1222),

W 3
− = K1212 − τ/12.

(4.3)

Hence B1 = 0 and W− = 0 iff

K1112 = K2221 = K1212 = 0,
K1111 = K2222;K1212 = τ/12.

(4.4)

Using (3.4) and the first Bianchi identity we see that (4.4) is equivalent to (4.2).
Finally, by (3.6) and (4.3), we get τ + 3τ∗ = 24c.

Lemma 4.2. A compact Hermitian surface M is ∗-Einstein iff B1 = 0 and dω = 0.

Proof. By definition M is ∗-Einstein iff ρ∗(X,Y ) =
τ∗

4
g(X,Y ). This is equivalent

(identifying 2-vectors with 2-forms) to R(Ω) =
τ∗

4
Ω. Using the frame {α, β, α, γ,

δ, γ} we see easily that M is ∗-Einstein iff B1 = 0 and W 2
+ = 0. By (3.3) the latter

condition is equivalent to dω = 0 .
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Lemma 4.3. Let M = (M,J, g) be a compact Kähler surface of constant holomor-
phic sectional curvature. Then the only Hermitian metrics of pointwise constant
holomorphic Riemannian sectional curvature in the conformal class of g are the
constant multiples of g.

Proof. By Lemmas 4.1 and 4.2, any metric of pointwise constant holomorphic sec-
tional curvature conformal to g is ∗-Einstein. Since every Kähler surface of constant
holomorphic sectional curvature is Einstein, the lemma follows from [14, Corollary
3.4].

Let M = (M,J, g) be a compact Hermitian surface of pointwise constant holo-
morphic Riemannian sectional curvature. According to Theorem 1′ we have to
consider the following three cases:

1. M is conformally equivalent to a Kähler surface of constant holomorphic
sectional curvature. Then by Lemma 4.3 M is Kähler.

2. M is a holomorphic CP1 bundle over a complex curve Σ of genus ≥ 2 and g is
conformal to the Kähler metric h, obtained locally as the product of the metric of
constant curvature −1 on the base Σ and the metric of constant curvature +1 on
the fiber. Denote by π the projection π : M → Σ. Take local coordinates (z1, z2)
on M such that the metric h has the following form:

h =
4dz1 ⊗ dz1

(1− |z1|2)2
+

4dz2 ⊗ dz2

(1 + |z2|2)2
.

Then the Kähler form Ω, the Ricci form ψ and the Laplacian ∆ of M are given by

Ω = −2i(
dz1 ∧ dz1

(1− |z1|2)2
+

dz2 ∧ dz2

(1 + |z2|2)2
),

ψ = 2i(
dz1 ∧ dz1

(1− |z1|2)2
− dz2 ∧ dz2

(1 + |z2|2)2
),(4.5)

∆ = ∆1 + ∆2

where

∆1 = −(1− |z1|2)2 ∂2

∂z1∂z1
; ∆2 = −(1 + |z2|2)2 ∂2

∂z2∂z2
.

Let g and h be related by g =
1

F 2
h for some smooth positive function F on M .

According to Lemmas 4.1 and 4.2, g is ∗-Einstein. Now taking into account [14,
Theorem 3.3] and the fact that the scalar curvature of (M,h) is equal to zero we
obtain

−4F.Ω = 2F.ψ − 4i∂∂F.(4.6)

By (4.5) and (4.6) we have

∆2F −∆1F = 2F.(4.7)

Differentiating (4.6) we obtain

(−d4F ) ∧ Ω = 2dF ∧ ψ
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which in the local coordinates (z1, z2) can be rewritten as

∂

∂z1
(4F + 2F ) =

∂

∂z1
(4F + 2F ) = 0,

∂

∂z2
(4F − 2F ) =

∂

∂z2
(4F − 2F ) = 0.

(4.8)

Set

f1 = ∆F − 2F ; f2 = ∆F + 2F.(4.9)

It follows from (4.8) and (4.9) that

4F = f2 − f1; ∆1f1 + 2f1 = ∆2f2 − 2f2 = c

where c is a constant. Then, by (4.7), we obtain that c = 0, hence

4F = f2 − f1; ∆1f1 + 2f1 = ∆2f2 − 2f2 = 0.(4.10)

Let p0 be a point of minimum of f1. Take local coordinates (z1, z2) around p0

as above and let in these coordinates p0 = (z0
1 , z

0
2). Since, by (4.8), the function

f1 does not depend on z2, (∆1f1)(z0
1) = (∆f1)(z0

1 , z
0
2) ≤ 0 and, by (4.10), we

get f1(z0
1) ≥ 0. Similar arguments show that there is a point z∗2 on the fibre of

M through p0 such that f2(z∗2) ≤ 0. Then 4F (z0
1 , z
∗
2) = f2(z∗2) − f1(z0

1) ≤ 0, a
contradiction.

3. M is conformally equivalent to a Hopf surface with its standard metric h.
So we can assume that M = (C2 − {0})/G where G is a group of holomorphic

isometries of C2 − {0} endowed with the metric h′ =
1

‖z‖2 (dz1 ⊗ dz1 + dz2 ⊗ dz2)

which acts properly discontinuous and free. Let π : C2 − {0} → M be the natural

projection. Then h′ = π∗h and g =
1

f2
h for some smooth positive function f on

M . By Lemmas 4.1 and 4.2, the metric g is ∗-Einstein, hence g′ = π∗g is also a

∗-Einstein metric. Since g′ =
1

F 2
h′ with F = f ◦ π, by [14, Theorem 3.3], we have:

−4(F.‖z‖).Ω = −4i∂∂(F.‖z‖)

where 4 and Ω are respectively the Laplace operator and the Kähler form on
C2 − {0} with its standard metric 〈 , 〉. Differentiating the latter equality we get
4(F.‖z‖) = c = const which is equivalent to

4F − 2

‖z‖〈dF, d‖z‖〉 =
c

‖z‖ +
F

‖z‖2 .(4.11)

It is not hard to see ([32, p. 236]) that every γ ∈ G has the form γ = ρU where
ρ is a positive constant and U is an unitary transformation of C2. By a result of
Kodaira [20, pp. 694-695], there is γ0 ∈ G such that limn→∞ γ

n
0 (z) = 0 for any

point of the unit ball in C2, so the latter condition holds for every point of C2. Let
z′ be a point of global minimum of F . Since F is G-invariant every z′n = γn0 (z′) is
also a point of minimum of M . Then ∆F (z′n) ≤ 0, dF (z′n) = 0 and it follows from
(4.11) that c‖z′n‖ + F (z′) ≤ 0. Taking into account that limn→∞ z′n = 0, we get
F (z′) ≤ 0, a contradiction.
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5. Proof of Theorem 2 for the Hermitian connection

Let M = (M,J, g) be a compact Hermitian surface of pointwise constant holo-
morphic sectional curvature k with respect to the Hermitian connection. This is
equivalent to

Rc(Z,Z, Z, Z) = k‖Z‖2(5.1)

for any Z ∈ T 1.0M . Let {Z1, Z1, Z2, Z2} be the local frame of TM⊗C defined at the
beginning of Section 3 and let Kc

ABCD = −Rc(ZA, ZB, ZC , ZD) where A,B,C,D ∈
{1, 1, 2, 2}. It follows from (5.1) (cf. also [2, Lemma 2.3]) that M is of pointwise
constant holomorphic sectional curvature equal to k iff

Kc
1212

= Kc
1112

+Kc
1211

= Kc
1222

+Kc
2212

= 0,

Kc
1111

= Kc
2222

=
1

2
(Kc

1122 +Kc
2211 +Kc

2112 +Kc
1221) = −k.(5.2)

Lemma 5.1. Every Hermitian surface M of pointwise constant holomorphic Her-
mitian sectional curvature is self-dual.

Proof. The identities (2.7) and (3.8) imply

W 1
− = Kc

1212; W 2
− =

1

2
√

2
(Kc

1222 +Kc
2212 −K

c
1211 −K

c
1112).

Taking into account (3.4) and the first Bianchi identity we have

W 3
− =

1

6
(K1111 +K2222 − 2K1122 − 2K1221)

=
1

6
(Kc

1111 +Kc
2222 −K

c
1122 −K

c
2211 −K

c
1221 −K

c
2112)

and, by (5.2), we conclude that W− = 0.

Lemma 5.2. Let M = (M,J, g) be a compact Kähler surface of constant holomor-
phic sectional curvature. Then the only Hermitian metrics of pointwise constant
holomorphic Hermitian sectional curvature in the conformal class of g are the con-
stant multiples of g.

Proof. Let the metric g′ = e−σg be of pointwise constant holomorphic sectional
curvature with respect to the Hermitian connection. According to [3, p. 42]

c21 =
1

8π2

∫
M

u′.v′ dV ′(5.3)

where u′ and v′ are the scalar curvatures of g′ defined in Section 2. On the other

hand (M,J, g) is Kähler-Einstein, hence c21 =
1

32π2

∫
M τ2 dV . Taking into account

that 2u = 2v = τ = τ∗ (cf. (2.8)) we obtain:∫
M

u′v′dV ′ =

∫
M

u2dV.

It is well-known (cf. [2]) that u′, v′ and u are related by

e−σu′ = u− 2L(σ); e−σv′ = u− L(σ)

where L is the complex Laplacian given in local coordinates by

L = −
∑
α,β

gαβ
∂2

∂zα∂zβ
.
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Then ∫
M

(u− 2.L(σ)).(u− L(σ)) dV =

∫
M

u2 dV.

Using the fact that u = const and
∫
M
L(σ) dV = 0, we conclude that L(σ) = 0 and

it follows from the maximum principle that σ = const.

Now we are ready to prove Theorem 2 for the Hermitian connection. Let
M = (M,J, g) be a compact Hermitian surface of pointwise constant holomorphic
Hermitian sectional curvature. Then from Lemma 5.1 we infer that M is self-dual
and according to Theorem 1 we have to consider the following two cases:

1. M is conformally equivalent to CP2 with the Fubini-Study metric or to a com-
pact quotient of the unit ball in C2 with the Bergman metric. Then, by Lemma 5.2,
M is Kähler.

2. M is conformally flat. According to [6, Theorem 1, 3] we have c21 ≤ 0. On
the other hand, by Corollary 3.2, τ = 3τ∗ which is equivalent to u = 2v. Then,

by (5.3), we obtain c21 =
1

4π2

∫
M v2dV ≥ 0. So c21 = 0 and u = v = 0. Then∫

M (u − v) dV =
1

2

∫
M ‖ω‖2 dV = 0 (cf. (2.2) and (2.8)). Hence ω = 0, i.e. M is

Kähler.

References

1. M.F.Atiyah, N.J.Hitchin, I.M.Singer, Self-duality in four-dimensional Riemannian geometry,
Proc.Roy.Soc. London Ser.A 362 (1978), 425-461. MR 80d:53023

2. A.Balas, Compact Hermitian Manifolds of Constant Holomorphic Sectional Curvature,
Math.Z. 189 (1985), 193-210. MR 86f:53072

3. A.Balash, P.Gauduchon, Any Hermitian Metric of Constant Non-Positive (Hermitian)
Holomorphic Sectional Curvature is Kähler, Math.Z. 190 (1985), 39-43. MR 86h:53066

4. A.Besse, Einstein Manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete 3.Folge,
Band 10, Springer, Berlin Heildelberg New-York, 1987. MR 88f:53087

5. J.P.Bourguignon, Les variétés de dimension 4 à signature non nule dont la courbure est
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4, C.R.Acad.Sci.Paris 227 (1948), 1076-1078. MR 10:318b

Institute of Mathematics, Bulgarian Academy of Sciences, Acad. G. Bonchev St.

bl.8, 1113 Sofia, Bulgaria

E-mail address: jtd@bgearn.bitnet


