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A CLASSIFICATION THEOREM FOR ALBERT ALGEBRAS

R. PARIMALA, R. SRIDHARAN, AND MANEESH L. THAKUR

ABSTRACT. Let k be a field whose characteristic is different from 2 and 3 and
let L/k be a quadratic extension. In this paper we prove that for a fixed, degree
3 central simple algebra B over L with an involution o of the second kind over
k, the Jordan algebra J(B, o, u, ), obtained through Tits’ second construction
is determined up to isomorphism by the class of (u, ) in H'(k, SU(B, 7)), thus
settling a question raised by Petersson and Racine. As a consequence, we derive
a “Skolem Noether” type theorem for Albert algebras. We also show that the
cohomological invariants determine the isomorphism class of J(B, o, u,u), if
(B, o) is fixed.

INTRODUCTION

Let k be a field with characteristic different from 2 and 3. Exceptional simple
Jordan algebras over k are called Albert algebras. There are rational constructions
due to Tits of all Albert algebras over k, referred to as the first and the second
constructions. We begin by recalling the second construction briefly. Let L/k be
a quadratic extension, bar denoting its nontrivial k-automorphism. Let B be a
degree 3 central simple (associative) algebra over L with an involution o of the
second kind over k. Let u be a unit of B with o(u) = v and N(u) = pf, p € L,
where N denotes the reduced norm on B. Let H(B,o) = {z € Blo(z) = x}. Let
J(B,o,u, ) = H(B,o)® B be the Jordan algebra with the multiplication given by

—_~

(bo, b) (b, b') = (bo.bly + buc(b') + buc(b), bob’ + b~6b + 7o (b) x a(b)u™h),

where 2.y = $(zy + yz), T = 1(t(z) — z) and

1

v xy=ay - gty — giy)e+ 3 (@)~ 1)),

t denoting the reduced trace of B. The cubic norm of an element (agp,a) of
J(B,o,u, 1) is given by

(%1) n(ap,a) = N(ao) + uN(a) + N (o(a)) — t(agauo(a)).
For any unit w € B, we have an isomorphism
J(B,o,u, ) — J(B,o,wuc(w), N(w)u)

given by (ag,a) — (ag,aw). The following converse problem is posed in [P-R].

Question. If J(B,o,u,u) ~ J(B,o,u , '), then does there exist a unit w € B
such that v’ = wuo(w), p' = N(w)u?
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In this paper we answer this question in the affirmative (§2, Theorem 2.7). As
a consequence, we prove a “Skolem Noether” type theorem on extensions of iso-
morphisms on certain types of simple Jordan subalgebras of an Albert algebra (§3,
Theorem 3.1). There are cohomological invariants g3 € H3(k,Z/3) and f3, f5 in
H3(k,Z/2) and H®(k,Z/2) respectively, attached to an Albert algebra ([S]). Serre
raised the question whether these invariants determine the isomorphism class of the
Albert algebra. We indeed show that if J(B,o,u, ) and J(B,o,u’, ') have the
same invariants, then they are isomorphic (§2, Theorem 2.8).

1. COORDINATIZATION OF A CERTAIN TITS SECOND CONSTRUCTION

Let L/k be a quadratic extension. Let * denote the involution on M3(L) given
by X* = F_lytf, where I = (v1,7v2,73), 7: € k with v1v273 = 1 and bar denoting
the entrywise action of the automorphism bar of L. Let V € GLg(L) with V* = V.
Suppose further that det V' = pp for some p € L*. Then one has the second Tits’
construction J(Ms (L), *,V, u) with the underlying space H(Ms(L), *) & M5(L).

The matrix U = VI ™! is hermitian, i.e, U =U. Further, det U = det V =
pfi. Let h denote the hermitian form on L? given by h(z,y) = 2U%'. Then the
discriminant of A denoted by disc h is trivial. Let ¢ : (A® L3, A’ h) ~ (L, (1)) be
the trivialization of disc h given by e; A es A es — T, e; being the standard basis
vectors of L3. We then have the Cayley algebra (cf. [T]), C = C(L3, h,¢) = L& L3,
with multiplication defined by

(a,v)(a',v") = (ad’ — h(v,v"), av' + a'v+ O(v,v")),
where 6 is defined by the identity
h(v",0(v,v")) = Y(" Av A,

for all v,v’,v” € L3. Also, the norm n¢ is given by n¢(a,v) = ng/i(a) + h(v),
where h(v) = h(v,v). Then one has the reduced Albert algebra Hs(C,T") which
consists of all 3 x 3 matrices

(051 c 71_1735
X = 72_1715 o9 a )
b V3 '@ ag

where «; € k, a,b,¢ € C, with the multiplication (X,Y) %(XY +YX). Here
the bar denotes the involution on C' = L @ L3 given by (a,v) = (@, —v). Note
that H3(C,T") contains Hs(L,I") = H(Ms(L), %) as a Jordan subalgebra. The cubic
norm of any element X in Hs(C,I") as above, is given by

(x2)

n(X) = ajazas — 73 "y2a1nc(a) — 7 zaenc(b) — v3 'yiasnce(e) + to((ca)b),

where, for (a,v) € C,tc(a,v) = tr (). With this notation we have the following.

Theorem 1.1. The map ® : J(Ms(L),*,V,u) — Hs(C,T), induced by the natural
inclusion H(M3(L), ) — H3(C,T') and the map Ms(L) — H3(C,T") given by

N J

aj 0 —71 a3 7 QA2
11— 11—

ao — 72 as 0 —’}/2 a 3
1 11—

as —V3 a2 RERE:! 0

is an isomorphism of Jordan algebras, ai,as,as denoting the rows of a matriz in
Ms(L).
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Proof. Clearly ® is an isomorphism of vector spaces. Hence by ([MC-1], p. 507),
to check that ® is an isomorphism of Jordan algebras, it suffices to check that
it preserves the cubic norms and maps identity to identity. It is clear from the
definition that ®(1) = 1. Let

a1 c A tysh a
(Ag, A) = v3 i o a , | a2
b V3@ as ag

be any element of J(Ms(L),*,V,pn) = Ha(L,I') @ M3(L). Equating the norms of
(Ag, A) and ®(Ag, A) (cf. (*1), (*2)), we need to verify that

det Ag + pdet A+ Tidet A* —t(AgAV AY) = aasag
73 "y20anc(a, =3 'a&r) — 77 yseenc (b, —y3 '@z) — 5 'iesnc(c, —yy as)

+te(((e, —7 @)@, —vz 'aD) (b, —77 ')

det Ag + pdet A+ Tidet A* — t(AgAV AY) = ajasag — 'yglfygaln(a) — y1a1h(ay)
—71 "yaaan(b) — yaazh(@z) — 73 yiasn(c) — ysazh(@z) + to((ca — ysh(as, an),
—vy Al — vy aa + 30(a3,an)) (b, —; 'ae)).
We have
det Ay = arasas —v3 'yan(a) — y7 Myzaan(b) — v5 Myrazn(c) + trk(cab).

Further, tc(a,v) = tr/i(a), so that we are reduced to verifying the following
equality:

*
) pdet A+ fidet A" —t(AgAV A™) = —ayy1h(a1) — asy2h(az) — asysh(asz)
—y3trk(h(as, an)b) — nitr x(h(car, az))

= v2tr/k(h(aas, a2)) + trk(h(0(a3,a1), 32)).

We first compute t(AgAV A*). We have
AVA* = AVT VAT = AUAT = (a;)T,

where a;; = h(aj,a;). This gives

t(AgAVA") = a171h(a7) + 71¢h(aT, 2) + 73bh(a1, 85) + 71h(a2, &A1)

+azy2h(az) + y20h(az, a3) + v3bh(as, ar) + y2ah(as, az) + azysh(as).
Comparing the above with (x3), it only remains to verify that

pdet A+ fidet A* =ty (h(0(a3,2a1),az)).
By definition of 6, we have

h(0(as,ar),az) = P(az N as A ay) = fidet A = pdet A.
Hence
tr/k(h(0(a3,ar),a2)) = pdet A+ fidet A = pdet A+ Tidet A*.
|

For a Jordan algebra J ~ H3(C,T), C is called the coordinate algebra of J. Its
isomorphism class is uniquely determined by J (cf. [A-J]).
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Corollary 1.2. Let C be any coordinatization of J(Ms(L),*,V, u). The norm form
nc of C is given by ng = trp p((1) L h), where h is the hermitian form given by
the matriz VI—1.

Proof. By the uniqueness of the coordinate algebra of a reduced Albert algebra (cf.
[A-J]) and by Theorem 1.1 we get C' ~ C(L3, h,%). The corollary now follows (cf.
[T], p. 5124).

2. CLASSIFICATION OF ALBERT ALGEBRAS

Let k be a field with characteristic different from 2 and 3. Let J be an Albert
algebra over k. Then there exist a 3-fold Pfister form ¢3 and a 5-fold Pfister form
¢5 over k such that

Qs L ¢3>~(2,2,2) L o5,
@ ; denoting the trace quadratic form of J. This property characterizes ¢s and ¢5
up to isomorphism (cf. [S]). Let G be the group of automorphisms of the split
Albert algebra over k. We have the mod 2 cohomological invariants

fz: HY(k,G) — H?(k,7/2)

and
f5 : H'(k,G) — H?(k,Z/2),
defined as the Arason invariants of ¢35 and ¢5 respectively. If J ~ H3(C,T), then
f3(J) is the Arason invariant of ne and f5(J) is the Arason invariant of ng ®
(1,97 'y2) ® (1,75 "v3). Following a suggestion of Serre, Rost ([R]) constructed a
mod 3 invariant
g3 : H'(k,G) — H*(k,Z/3).
If J = J(B,o,u,p) is a second Tits’ construction Albert algebra corresponding to a
quadratic extension L of k, then g3(.J) € H?(k,Z/3) maps to [B]U[u] € H3(L,Z/3);
more precisely,
93(J) = —corp /i ([B] U [u]).
We begin by reviewing a result for Albert algebras belonging to Tits’ first con-
struction and which motivated the question posed in the introduction.
Let k be a field of characteristic different from 2 and 3. Let A be a degree 3
central simple (associative) algebra over k and let u € k*. Let A; = Afori=0,1,2.
On the k—vector space J(A, u) = A9 @ A1 @ Az, we define a multiplication by

roor N ’ ] T o~ -~
(ag, a1, az)(ag, ay,ay) = (ag.aq + ar1ay + ajaz, apay + apas

1 / iy !~ /
ag X o, a2a{ + asGo + pai X ay),

+pu
where z.y, T, X y are defined as in the introduction. With this multiplication,
J(A, 1) is an Albert algebra. Given p,p’ € k* with ¢/ = N(w)p for some unit
w € A, there is an isomorphism of J(A4, x) with J(A, u') given by (ag, a1, az) —
(wagw ™1, way,azw=t). Using the Rost invariant for Albert algebras, Petersson
and Racine ([P-R]) proved that the converse is true, i.e., if J(A, u) ~ J(A, i’), then
there exists a unit w € A such that ¢/ = N(w)p.

Let L/k be a quadratic extension and J(B, o, u;, 1;) be the Tits’ second con-
struction with respect to units u; € B,o(u;) = u; and p; € L* with N(u;) = ;.
The map

(H(B,0) ® B) ®, L — By & B1 @ Bo,
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given by

(ag,a) @ X — (Aag, Aa, \u;o(a)),
where Bj, B, Bs are copies of B, gives an isomorphism J(B, o, u;, p;) @k L =~
J(B,u;), i = 1,2. Thus, in view of the above discussion for algebras of the first
kind, we have

Proposition 2.1 (cf. [P-R], p. 205). If g3(J(B,o,u1,p1)) = g3(J(B,o,usz, u2)),
then uy pa € Nrd(B*).

Proof. Since g3(J(B, 0, u1, 1)) = g3(J(B, 0, uz, p2)), we have [B]U[p1] = [B]U][u2],
which gives [B]U[u1 5 '] = 0. Hence the algebra J(B, 15 ") is reduced ([R]). This
implies ulugl € Nrd(B*). O

Proposition 2.2. If f3(J(B,o,u1,p1)) = f3(J(B,o,us, u2)), then the rank 1 her-
mitian forms (u1) and (us) over (B,o) are equivalent.

Proof. In view of ([BF-L]), it suffices to prove this after an odd degree base change
of k. Let M be an odd degree extension of k such that By, = B ® M is split
over Ly = L ® M. We may therefore assume that (B,o) = (M3(L), %), where x
is given by X* = F‘lytl“, T = {v1,7v2,73), with 7; € k*. We may further assume
that y1v2vs = 1. Let uy correspond to the matrix Vi and uo to the matrix V5 in
M;3(L). Then det(V;) = u;fz, @ = 1,2. By Theorem 1.1,

‘](M3(L)7 *, Vla ,ul) = H3(Cl (L37 ‘/1F_17 1/)1)7 F)
and

'](M3(L)7 *, ‘/23 MQ) = H3(02(L3a ‘/QF_lv 1/’2)7 F)v
where ; is the trivialization of disc(V;I'~1) given by T;, ¢ = 1,2. We therefore
have

f3(H3(Cl (L37 Vlr_la w1)7 F)) = f3(H3(CZ(L37 ‘/QF_la d}2)7 F))a
which implies that n¢, ~ ne,. So, by Corollary 1.2,
trL/k(<1> 1 hl) ~ tTL/k(<1> 1 hg),

where h; is the hermitian form given by the matrix V;I'=1. Thus, trg , 0 hy ~
trr /i o ha. By a theorem of Jacobson (cf. Appendix 2 of [M-H]), hy ~ ha. So there

exists W € GL3(L) such that WVll"_th = I~ ie, WVi(TT'WT) = Vs,
Hence V4 and Va2 are hermitian equivalent in (M3(L), ), which implies that the
hermitian forms (uq) and (us2) over (B, o) are equivalent. |

Proposition 2.3. Letuy, ug be units in (B, o) with o(u;) = u;, n(u;) = pit;, p; €
L*. Let (u1) and (us) be hermitian equivalent over (B, o) and let puy *po be a reduced
norm from B. Then there exists w € B such that

uz = wuro(w), pa =n(w)y;.

Proof. We introduce an equivalence ~ among the pairs (u, 1), where u € B with
o(u) = v and n(u) = um, p € L*, as follows: (u,p) ~ (v, u') < there exists w € B
with ' = wuo(w) and g’ = n(w)u. We show that (uy, 1) ~ (uz, u2).

Let po = n(wy)pr. Then (uy, p1) ~ (v, p2), where v’ = wyuio(wy). Since {(uq)
and (ug) are hermitian equivalent, we get that (u’) is hermitian equivalent to (us).
Let w’' € B be such that us = w'v’o(w’). Now

n(u') = n(w)n(w) s = pofiz = n(us).
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Thus, n(w’)n(w’) = 1. Let A = n(w’). By the following lemma due to Rost, there
exist w' € B such that A = n(w”) and w”ugo(w'’) = us. Thus

1

(', p2) ~ (ug, A paz) ~ (w"ugo (W), n(w")A™ p2) = (uz, po).
Therefore, (u1, p1) ~ (uz, p2). |

Lemma 2.4 (Rost). Let L/k be a quadratic extension. Let A be a degree 8 central
simple (associative) algebra over L with an involution o of the second kind. Let
x € L* be such that xo(x) = 1. Assume that © = N(a) for some a € A. Then there
exists a’ € A with x = N(da') and a’o(a’) = 1.

In fact, we have the following more general lemma due to Suresh, the proof of
which uses the following result of Merkurjev on norm principle for unitary groups.

Lemma 2.5 (Merkurjev). Let x € L*. Then x = N(vo(v)~!) for some v € A* if
and only if there exists u € A* with uo(u) =1 and x = N(u).

Proof. (cf. Theorem 5.1.3 of [BF-P]).

Lemma 2.6 (Suresh). Let L/k be a quadratic extension and A a central simple
(associative) algebra over L of odd degree with an involution of the second kind.
Let x € L be such that T = 1. If x is the reduced norm of some element of A, then
there exists an element w € A* such that uo(u) =1 and N(u) = z.

Proof. Let € L* be such that 2T = 1 and « = N(v) for some v € A*. Then there
exists y € L* such that = y(y)~!. Since o is the identity on k, for A € k* we have
x = M\y(Ay)~L. Therefore, by Lemma 2.5, it is enough to show that Ay is a reduced
norm of some element of A* for some A € k*. Let [A: L] = (2r + 1)%. We have

N@'y) = N(v)(g)** (since o(y) € L7)
— ZIJT (y)2r+l
= @@
= W)Y
Let A = (yy)" € k. Then it follows that Ay is a reduced norm from A*, and hence
Ay is a reduced norm from A*. This completes the proof of lemma. O

Theorem 2.7. Let k be a field with characteristic different from 2 and 8. Let
L/k be a quadratic extension, B a degree 3 central simple algebra over L with an
involution o of the second kind. Let u;, i = 1,2, be units in B with o(u;) = u; and
n(u;) = pif, p; € L*. Then J(B,o,u1,pu1) ~ J(B,o,us, pu2) if and only if there
is w € B with ug = wuio(w) and pe = n(w) ;.

Proof. If us = wuio(w) and pe = n(w)u; then, as was remarked in the intro-
duction, the map (ag,a) — (ao,aw) gives an isomorphism of J(B, o, u1, u1) with
J(B7 g, U, Mg).

Conversely, suppose J; = J(B,o,u1, u1) ~ Jo = J(B,0,ua, pu2). Then f3(J1) =
f3(J2) and g3(J1) = g3(J2). The theorem now follows from Propositions 2.1, 2.2
and 2.3. O

Theorem 2.8. Let J = J(B,o,u,p), J' = J(B,o,u,u') be Albert algebras such
that f3(J) = f3(J') and g3(J) = gs(J'). Then J ~ J'.

Proof. The proof follows from Propositions 2.1, 2.2, 2.3 and the ‘if’ part of Theo-
rem 2.7. O
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Remark. Theorem 2.7 asserts that the map H'(k, SU(B, o)) — H(k, F}), on the
Galois cohomology, corresponding to the second Tits’ construction, is injective.

3. A SKOLEM NOETHER TYPE THEOREM
In this section we prove the following “Skolem Noether” type theorem.

Theorem 3.1. Let L/k be a quadratic field extension. Let (B,o),(B’,c’) be degree
8 central simple algebras over L with involutions of the second kind over k. Let
H(B,o),H(B',o’) denote the 9-dimensional Jordan algebras over k associated to
the symmetric elements in (B, o), (B’,c") respectively. Suppose that H(B,o) and
H(B',0’) are subalgebras of an Albert algebra J over k and o : H(B, o) ~H(B',0")
is an isomorphism of Jordan algebras. Then a extends to an automorphism of J.

For the proof we need some lemmas (which are also consequences of a more
general result proved by Jacobson [J], p. 210, Theorem 11. However, we give direct
proofs for the sake of completeness.)

Lemma 3.2. Let L/k be a quadratic field extension. Let B be a degree 3 central
simple algebra with an involution o of the second kind. Let o : H(B,o) — H(B, o)
be an automorphism of Jordan algebras. Then « is the restriction of an isomorphism
a:(B,o)~(B,o) ora: (B,o) ~ (B°,0) of associative algebras with involutions.

Proof. Consider the map a ® 1 : H(B,0) Q L ~ H(B,o) ®, L. The map ¢ :
H(B,o) @ L — B, given by (x,\) — =z, is an isomorphism of Jordan algebras
over L. Let @ = o(a®1)oty~! : B~ B. Then & restricts on H(B,o) to a. By a
theorem of Ancochea ([A]), & is an automorphism or an anti-automorphism of the
algebra B. We show that & commutes with o. For « € H(B,0),0(x) = z, so that

ao(z) = a(z) = alz) = ca(x).
Let L = k(j) with j2 € k. Then, ao(j) = a(—j) = —j = oa(j). Since H(B,o)
generates B as an L-algebra, it follows that a commutes with ¢ on the whole of B.
Hence « has the required properties. O

Theorem 3.3. Let B be a central simple L-algebra of degree 3 with involutions o, o’
of the second kind. Let Q,,Q, denote the restrictions to H(B, o) and H(B,c'),
respectively, of the trace form of B. Then the involutions o and o’ are isomorphic
if and only if Qs and Q. are isometric.

Proof. See [H-K-R-T], Proposition 4. O

Lemma 3.4. Let L/k be a quadratic extension of k. Let (B,o),(B’,0") be degree
3 central simple (associative) algebras over L with involutions of the second kind. If
a:H(B,o) ~H(B',d') is an isomorphism of Jordan algebras, then there exists an
isomorphism & : (B,o) — (B',0") or & : (B,o) — (B'°, ") of associative algebras
with involutions, which restricts to a.

Proof. The isomorphism « extends to a Jordan algebra isomorphism

H(B,0) @k L~ H(B',0") @ L,

which in turn gives an isomorphism of the Jordan algebra B with B’. By a theorem
of Ancochea, B is isomorphic or anti-isomorphic to B’. Replacing B’ by B'°P, if

necessary, we may assume that B is isomorphic to B’. In view of the fact that «
is an isomorphism of Jordan algebras, we get that QQ, ~ Q.. By Theorem 3.3 and
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the fact that B is isomorphic to B’ we conclude that there exists an isomorphism
B:(B,o)~ (B',d") or (B,o) ~ (B'°?, ") of associative algebras with involutions.
Thus 3 restricts to 3 : H(B, o) ~ H(B',0"). Consider 8~ oa : H(B, o) — H(B, o).
By Lemma 3.2, there exists v : (B,0) ~ (B, o) or (B,0) ~ (B°, o), which restricts
to B loa. Let & = Bo ~. Then « satisfies the requirements in the lemma. O

Proof of Theorem 3.1. By Lemma 3.4 there is an isomorphism & : (B, o) — (B’, )
or (B,o) — (B'°?,¢’) which restricts to . By ([MC-2]), there are isomorphisms
o1 :J(Byou,p) = J, ¢o: J(B' o' u',pw) = J

for suitable u, p,u’, ', which restrict to the inclusions of H(B,o) and H(B’,¢’)
in J. We have an isomorphism J(&) : J(B,o,u,pu) ~ J(B', o', a(u), ) given by
(ag,a) — (alag),a(a)). But J(B',o',a(u),pn) ~ J(B', o', v, 1), since both are
isomorphic to J. By Theorem 2.2 of §2, there exists w’ € B’ such that v’ =
w'a(u)o’ (W), ' = N@w')p. Let ¥ : J(B',0',a(u),p) ~ J(B',o',u/, 1) be given
by (ay,a’) — (af,a’w’). Then 9 restricts to the identity map on H(B’,o’). Let

¢ = pootpoJ(@)o¢; . Then for 2 € H(B,o), we have d(x) = poth(a(x)) = a(x).
Thus ¢ is an automorphism of J extending «. O
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