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GALOIS COVERINGS OF SELFINJECTIVE ALGEBRAS
BY REPETITIVE ALGEBRAS

ANDRZEJ SKOWROŃSKI AND KUNIO YAMAGATA

Abstract. In the representation theory of selfinjective artin algebras an im-

portant role is played by selfinjective algebras of the form B̂/G where B̂ is
the repetitive algebra of an artin algebra B and G is an admissible group of

automorphisms of B̂. If B is of finite global dimension, then the stable module

category modB̂ of finitely generated B̂-modules is equivalent to the derived
category Db(mod B) of bounded complexes of finitely generated B-modules.
For a selfinjective artin algebra A, an ideal I and B = A/I, we establish a

criterion for A to admit a Galois covering F : B̂ → B̂/G = A with an infinite
cyclic Galois group G. As an application we prove that all selfinjective artin
algebras A whose Auslander-Reiten quiver ΓA has a non-periodic generalized
standard translation subquiver closed under successors in ΓA are socle equiv-

alent to the algebras B̂/G, where B is a representation-infinite tilted algebra

and G is an infinite cyclic group of automorphisms of B̂.

1. Introduction

In the paper, by an algebra is meant a basic, connected, artin algebra (asso-
ciative, with an identity) over a commutative artin ring K. For an algebra Λ
we denote by mod Λ the category of finitely generated right Λ-modules and by
D : mod Λ → mod Λop the standard duality HomK(−, E) where E is a minimal
injective cogenerator in modK. An algebra Λ is called selfinjective if Λ ' D(Λ) in
mod Λ, that is, the projective Λ-modules are injective. If Λ is selfinjective, then the
left and the right socle of Λ coincide, and we denote them by socΛ. Two selfinjective
algebras Λ and R are said to be socle equivalent if the factor algebras Λ/socΛ and
R/socR are isomorphic. Frequently, selfinjective algebras are socle equivalent to
selfinjective algebras having triangular Galois coverings, and then we may reduce
the study of such algebras and their representations to that for the corresponding
algebras of finite global dimension. This is the case for all representation-finite
selfinjective algebras over algebraically closed fields [6], [19] and certain classes of
tame representation-infinite selfinjective algebras [1], [2], [9], [11], [22]. An impor-
tant class of selfinjective algebras is formed by the algebras of the form B̂/G where
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B̂ is the repetitive algebra [15] (locally bounded, without identity)

B̂ =



. . . . . .

Bm−1 Qm−1

Bm Qm

Bm+1 Qm+1

. . . . . .


of an algebra B, where Bm = B and Qm = BD(B)B for all m ∈ Z, all the remain-
ing entries are zero, the matrices in B̂ have only finitely many nonzero elements,
addition is the usual addition of matrices, and multiplication is induced from the
canonical maps B ⊗B D(B) → D(B), D(B) ⊗B B → D(B), and the zero map
D(B) ⊗B D(B) → 0, and G is an admissible group of K-automorphisms of B̂.
We note that if B is of finite global dimension, then the stable module category
modB̂ of mod B̂ is equivalent, as a triangulated category, to the derived category Db

(mod B) of bounded complexes over modB [13].
In the paper we are interested in the question of when a selfinjective algebra

A is isomorphic (respectively, socle equivalent) to an algebra of the form B̂/G,
where B is a factor algebra A/I of A by an ideal I, and G is an admissible infinite
cyclic group of automorphisms of B̂. Our main results give sufficient conditions
for a selfinjective algebra A to be of the above form. Moreover, we determine the
structure of certain classes of selfinjective algebras whose Auslander-Reiten quiver
has a prescribed form.

We shall now sketch the content of the paper. In Section 2 we fix notations
and prove some preliminary results applied in the proofs of our main results. The
main result proved in Section 3 is the following theorem. Let A be a basic and
connected selfinjective artin algebra, I a (two-sided) ideal of A, B = A/I, and e a
residual identity of B, that is, a minimal idempotent of A representing the iden-
tity of B. Denote by ν the Nakayama automorphism of A, and by ẽ the sum of
idempotents forming the ν-orbits of pairwise nonisomorphic primitive summands
of the idempotent e. Assume that: (1) ẽ(IeI)ẽ = 0; (2) ν−(e)Ie and eIν(e) are
injective cogenerators as a right eAe/eIe-module and a left eAe/eIe-module, re-
spectively, and (3) the canonical algebra epimorphism eAe → eAe/eIe splits. Then
ẽAẽ ' B̂/G for an admissible infinite cyclic group G of automorphisms of B̂. We
also note that ẽ = 1 if IeI = 0.

In the final two sections we derive some consequences of the above theorem
and the main results proved in our paper [26]. In Section 4 we prove that if A
is a basic, connected, selfinjective artin algebra, I an ideal of A, B = A/I, e a
residual identity of B, and such that IeI = 0, Ie is an injective cogenerator in
mod B, and the ordinary quiver QB of B has no oriented cycles, then A is socle
equivalent to B̂/G for some admissible infinite cyclic group G of automorphisms of
B̂. Moreover, A ' B̂/G if K is an algebraically closed field. In Section 5, we prove
that if A is a basic and connected selfinjective artin algebra whose Auslander-Reiten
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quiver ΓA contains a non-periodic generalized standard right stable full translation
subquiver which is closed under successors in ΓA, then A is socle equivalent to an
algebra of the form B̂/G, where B is a representation-infinite tilted algebra and G

is an admissible infinite cyclic group of automorphisms of B̂. Moreover, if K is an
algebraically closed field, then A is isomorphic to B̂/G.

For basic background concerning the representation theory applied here we refer
to [3], [20], [23], [29].

The results of the paper were partially announced by the authors during the
conferences at Cocoyoc (August 1994) and Padova (June 1994). The research was
initiated during the stay of the second named author in Toruń and completed
when the first named author visited Tsukuba. Both authors gratefully acknowledge
the hospitality of each other’s university and support from the Polish Scientific
Grant KBN No. 2P03A 020 08 and the Grant in Aid for Scientific Research (C)
No. 08640008, the Ministry of Education of Japan.

2. Preliminary results

Throughout the paper, A will denote a fixed basic and connected selfinjective
artin algebra over a commutative artin ring K, and {ei | 1 ≤ i ≤ s} a (complete)
set of primitive orthogonal idempotents of A such that 1 = e1 + . . . + es.

Let σ be an algebra automorphism of A. For a right A-module M , Mσ denotes
the right A-module obtained from M by changing the operation of A as follows:
m · a = mσ(a) for each a ∈ A and m ∈ M . Similarly, for a left A-module N ,
σN denotes the left A-module obtained from N by changing the operation of A as
follows: a ·m = σ(a)m for each a ∈ A and m ∈ M .

Let ν be the Nakayama automorphism of A with an A-bimodule isomorphism
Θr : A → νD(A). Hence we have soc(eiA) ' top (ν(ei)A)(= ν(ei)A/ν(ei)(rad A))
as right A-modules for all i ∈ {1, . . . , s}. Since {ν(ei)A | 1 ≤ i ≤ s} is a
set of representatives of indecomposable projective right A-modules, there is a
permutation of {1, . . . , n}, denoted again by ν, such that ν(ei)A ' eν(ei)A for
all i ∈ {1, . . . , s}. Invoking the Krull-Schmidt theorem we may assume that
ν(eiA) = ν(ei)A = eν(i)A for all i ∈ {1, . . . , s}. Consider now the K-linear iso-
morphism ( )∗∗ : A → D(D(A)) given by a∗∗(f) = f(a) for each a ∈ A and
f ∈ D(A). Then a direct checking shows that Θl = D(Θr)( )∗∗ : A → D(A)ν− is
an A-bimodule isomorphism. Moreover, we have the following fact.

Lemma 2.1. The Nakayama automorphism ν coincides with the composite
Θ−1

l Θr : A → νAν as an A-bimodule isomorphism.

Proof. First observe that Θl(1A) = D(Θr)(1∗∗A ) = 1∗∗A Θr. Then, for each a ∈ A, we
get Θl(1A)(a) = 1∗∗Θr(a) = 1∗∗(Θr(1A)a) = (Θr(1A)a)(1A) = Θr(1A)(a · 1A) =
Θr(1A)(a), and hence Θl(1A) = Θr(1A). Further, (Θ−1

l Θr)(a) = (Θ−1
l Θr)(a1A) =

Θ−1
l Θr(a1A) = Θ−1

l (ν(a)Θr(1A)) = ν(a)Θ−1
l Θr(1A) = ν(a), for any a ∈ A. This

implies that ν = Θ−1
l Θr.

From now on we assume that I is a (two-sided) ideal of A, B = A/I and e
is an idempotent of A such that e + I is an identity of B. We may assume that
e = e1 + . . .+ et for some t ≤ s, and {ei | 1 ≤ i ≤ t} is the subset of {ei | 1 ≤ i ≤ s}
consisting of all idempotents ei which are not in I. Then such an idempotent e
is uniquely determined by I up to an inner automorphism of A, and we call it a
residual identity of B. Note that B ' eAe/eIe and 1 − e ∈ I. An idempotent e′
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is called a summand of an idempotent f , and we write e′ < f , if e′f = fe′ = e′,
and is said to be primitive if the right ideal e′A generated by e′ is indecomposable.
The residue class e′ + I of e′ in B = A/I will also be denoted by e′. The ν-orbit
idempotent of e, denoted by ẽ, is the sum of all ei of the form ei = eνm(j), for some
1 ≤ j ≤ t and an integer m.

Lemma 2.2. The algebra ẽAẽ is selfinjective.

Proof. From definition of ẽ we know that, for each idempotent ei with ei < ẽ,
soc(eiA) = soc(eiA)ẽ is a simple socle of eiAẽ. Moreover, the socle of ẽAẽ, as a
right ẽAẽ-module, is a direct sum of pairwise nonisomorphic simple modules. Then
the top of the left ẽAẽ-module D(ẽAẽ) is a direct sum of pairwise nonisomorphic
simple modules, and consequently we have an epimorphism ẽAẽ → D(ẽAẽ) of left
ẽAẽ-modules. Since ẽAẽ and D(ẽAẽ) have the same length as K-modules, we get
ẽAẽ ' D(ẽAẽ) as left ẽAẽ-modules, and then also as right ẽAẽ-modules. Therefore
ẽAẽ is selfinjective.

The next lemma shows when ẽ = 1.

Lemma 2.3. Assume ẽjAeAẽj = 0 for any ej < 1− ẽ. Then ẽ = 1.

Proof. Suppose ẽ 6= 1. Since A is connected, there exist j ∈ {1, . . . , s} and some in-
teger m such that ejAeν−m(i) 6= 0 for some ei < e. Applying νm we get eνm(j)Aei 6=
0. But soc(eνm(j)AeiA) ' top eνm+1(j)A. Thus eνm(j)AeiAeνm+1(j) 6= 0, and hence
ẽjAeiAẽj 6= 0. Since ei < e and ej < 1− ẽ, this contradicts our assumption.

Corollary 2.4. Assume IeI = 0. Then ẽ = 1.

Proof. Clearly 1 − ẽ ∈ I. Then IeI = 0 implies (1 − ẽ)AeA(1 − ẽ) = 0, and
consequently ẽ = 1 by Lemma 2.3.

The following lemma will be useful in our investigations.

Lemma 2.5. The following conditions are equivalent:
(i) ẽ(IeI) = 0.
(ii) (IeI)ẽ = 0.
(iii) ẽ(IeI)ẽ = 0.
(iv) ẽIe = ν−(e)Ie and ν−(e)IeIe = 0.
(v) ẽIe = ν−(e)Ie and ν−(e)IeI = 0.

Proof. The implications (ii)⇒(iii) and (v)⇒(i) are obvious. For (i)⇒(ii), suppose
that IeIẽ 6= 0. Then ẽ(IeI)ẽ 6= 0, as a left A-module, because ẽ(socA(IeIẽ)) 6= 0.
Hence ẽ(IeI) 6= 0. For (iv)⇒(v) observe that if ν−(e)IeI 6= 0, then (ν−(e)IeI)e 6=
0. Therefore, it remains to show that (iii) implies (iv). Assume ẽ(IeI)ẽ = 0.
Since e < ẽ and ν−(e) < ẽ we then get ν−(e)IeIe = ν−(e)(IeI)e = 0. In order
to prove the first claim it suffices to show that (ẽ − ν−(e))Ie = 0. Suppose that
(ẽ − ν−(e))Ie 6= 0. Then (ẽ − ν−(e))IeA(ẽ − e) 6= 0 because ν(ẽ − ν−(e)) =
ẽ − e and soc((ẽ − ν−(e))IeA)(ẽ − e) 6= 0. Since ẽ − e ∈ I, this implies that
(ẽ − ν−(e))IeI(ẽ − e) 6= 0, which contradicts our assumption ẽ(IeI)ẽ = 0. This
finishes the proof.

For a subset S of A, let lS(I) be the left annihilator {a ∈ S | aI = 0} of I in
S and rS(I) the right annihilator {a ∈ S | Ia = 0} of I in S. Then rAlA(I) = I
and lArA(I) = I, and in particular we have lA(I) 6= 0 and rA(I) 6= 0. The
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following lemma proved in [26, Lemma 1.1] shows that a minimal cogenerator in
mod B, or in mod Bop, can be obtained as an ideal in A.

Lemma 2.6. The right ideal ν−(e)lA(I) is a minimal injective cogenerator in
mod B, and the left ideal rA(I)ν(e) is a minimal injective cogenerator in mod Bop.

In the next three lemmas we assume that the ideal I satisfies the following two
conditions:

(1) ẽ(IeI)ẽ = 0.
(2) ν−(e)Ie is an injective cogenerator in mod eAe/eIe and eIν(e) is an injective

cogenerator in mod(eAe/eIe)op.

Lemma 2.7. For each integer m, νm(ν−(e)Ie) and νm(eIν(e)) have A-bimodule
structures, and there are isomorphisms

Θ′
r : ν−(e)Ie → νD(B), Θ′

l : eIν(e) → D(B)ν− ,

Θ(m)
r : νm(ν−(e)Ie) → νD(νm(B)), Θ(m)

l : νm(eIν(e)) → D(νm(B))ν−

of A-bimodules such that, for the canonical epimorphism ρ : A → A/I = B, the
following diagrams are commutative:

ν−(e)Ie
Θ−

r−−−−→ νD(B)
∩y yνD(%)

A
Θr−−−−→ νD(A)

eIν(e)
Θ′

l−−−−→ D(B)ν−
∩y yD(%)ν−

A
Θl−−−−→ D(A)ν−

where νm(B) denotes the factor algebra A/νm(I) and νm(b) = νm(a) + νm(I) for
b = a + I ∈ B.

Proof. Clearly B is an A-bimodule and the canonical epimorphism % : A → B
is an A-bimodule epimorphism. Hence D(%) : D(B) → D(A) is an A-bimodule
monomorphism. Let ϕ = Θ−1

r νD(%) : νD(B) → νD(A) → A. Then νD(B) '
ϕ(νD(B)) as A-bimodules. Since D(B)I = 0 and D(B) = eD(B)e, we con-
clude that ϕ(νD(B)) is a B-submodule of ν−(e)lA(I)B. Further, it folows from
Lemma 2.6 that ν−(e)lA(I)B is isomorphic to D(B)B , and consequently we get
ϕ(νD(B)) = ν−(e)lA(I)B . Moreover, by our assumption (1) and Lemma 2.5, we
have ν−(e)Ie ⊆ lν−(e)Ae(I). On the other hand, by our assumption (2), (ν−(e)Ie)B

is an injective cogenerator in modB. This implies ϕ(νD(B)) = ν−(e)Ie, because
1−e ∈ I and lν−(e)Ae(I) = ν−(e)lA(I). In particular, ν−(e)Ie is an A-bimodule and
ϕ is an A-bimodule isomorphism. Hence Θ′

r = ϕ−1 : ν−(e)Ie → νD(B) satisfies
the required conditions. Dually, we prove that there exists Θ′

l : eIν(e) → D(B)ν−

satisfying the required conditions. The isomorphisms Θ(m)
r and Θ(m)

l are then eas-
ily obtained by substituting νm(I) for I and νm(B) for B in the above argument,
because νm : A → A is an algebra isomorphism.

Lemma 2.8. For any 1 ≤ i ≤ t and any integer m, the following inclusions hold :

νm−1(ei)Ie ⊆ ν−(e)Ie and eIνm(ei) ⊆ eIν(e).

Moreover, the restrictions of Θ′
r and Θ′

l induce the following isomorphisms :

νm−1(ei)Ie ' νm(ei)D(B)e and eIνm(ei) ' eD(B)νm−1(ei).

Proof. Fix 1 ≤ i ≤ t and an integer m. Assume first that νm−1(ei) < ν−(e).
Then νm−1(ei)ν−(e) = νm−1(ei) and it follows from Lemma 2.7 that Θ′

r induces
an isomorphism νm−1(ei)Ie ' νm(ei)D(B)e. Assume now νm−1(ei) 6< ν−(e). In
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this case, νm−1(ei) < ẽ − ν−(e). Applying now Lemma 2.5 and our assumption
(1) we get νm−1(ei)Ie = 0. On the other hand, νm(ei) < ν(ẽ) − ν(ν−(e)) =
ẽ− e, and so we have νm(ei)D(B)e = 0. Thus Θ′

r induces the trivial isomorphism
νm−1(ei)Ie ' νm(ei)D(B)e between the zero modules. The proof of the remaining
part is dual.

Lemma 2.9. For any 1 ≤ i, j ≤ t and any integer m,

eνm(i)ν
m(I)eνm+1(j) = eνm(i)ν

m+1(I)eνm+1(j),

and the following diagram is commutative:

eiD(B)ej
Θ−1

l−−−−→ eiIeν(j)yΘ−1
r

yνm

ν−(ei)Iej
νm+1−−−−→ eνm(i)Aeνm+1(j)

Proof. Let 1 ≤ i, j ≤ t and m ∈ Z. We know from Lemma 2.1 that ν = Θ−1
l Θr.

Moreover, by Lemma 2.7, Θr induces an isomorphism ν−(ei)Iej
∼−→ eiD(B)ej and

Θl an isomorphism eiIeν(j) → eiD(B)ej . Hence

eiIeν(j) = ν(ν−(ei)Iej) = eiν(I)eν(j).

Applying νm we then get

eνm(i)ν
m(I)eνm+1(j) = eνm(i)ν

m+1(I)eνm+1(j).

3. Galois coverings of selfinjective algebras

Recall that a K-category R is called locally bounded [5] if the following conditions
are satisfied:

(a) distinct objects of R are not isomorphic;
(b) the algebras R(x, x) are local;
(c) for each object x of R,

∑
y∈R |R(x, y)| and

∑
y∈R |R(y, x)| are finite.

Here, for a K-module V , we denote by |V | its length over K. A functor F : R → Λ
between two locally bounded K-categories R and Λ is called a covering functor if
the induced maps⊕

F (y)=a

R(x, y) → Λ(F (x), a) and
⊕

F (y)=a

R(y, x) → Λ(a, F (x))

are isomorphisms for all objects x ∈ R and a ∈ Λ (see [5], [12]).

Let R be a locally bounded K-category and G a group of K-linear automorphisms
of R. We assume that G acts freely on the objects of R, that is, gx 6= x for each
object x of R and g 6= 1 in G. It follows from [12, Proposition 3.1] that the
quotient R/G exists in the category of locally bounded K-categories and there is
a canonical covering functor F : R → R/G. Moreover, F is universal with respect
to the property Fg = F for each g ∈ G, that is, each functor E : R → Λ which
satisfies Eg = E for each g ∈ G admits a unique factorization E = HF . The
objects of R/G are the orbits of G in the set of objects of R. A morphism f : a → b
between two objects in R/G is a family f = (yfx) ∈ ∏

x,y R(x, y), where x, y range
over a, b, respectively, and f satisfies the relation g(yfx) = gyfgx for all g ∈ G and
all x, y. The composition ef of f : a → b and e : b → c in R/G is defined by
zefx =

∑
y∈b zey yfx (this sum makes sense since R is locally bounded). Then we
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have the canonical covering functor F : R → R/G which assigns to each object x of
R its G-orbit, and to a morphism ξ ∈ R(x, y) the family Fξ = (hyFξgx)g,h∈G such
that hyFξgx = gξ if g = h and hyFξgx = 0 for g 6= h. Frequently, we are dealing
with a K-linear functor E : R → Λ such that Eg = E for all g ∈ G. Such a functor
induces an isomorphism R/G ' Λ if and only if E is surjective on the objects and
G acts transitively on the fiber E−1(a) of each object a of Λ. If this is the case, the
functor E : R → Λ is called a Galois covering. Clearly, the above-defined functor
F : R → R/G is a Galois covering. We refer to [5], [12] for more details on covering
functors.

We may consider the algebra A as a (locally bounded) K-category whose set of
objects is the fixed set {ei | 1 ≤ i ≤ s} of primitive orthogonal idempotents, and
the K-module of morphisms HomA(ei, ej) from ei to ej is equal ejAei. Then Aop

is the opposite K-category to A, and so HomAop(ei, ej) = eiAej for all 1 ≤ i, j ≤ s.

Now let I be an ideal of A, B = A/I, and e = e1 + . . . + et, for some t ≤ s, a
residual identity of B. Assume that I satisfies the conditions (1) and (2), introduced
in Section 1, and the following condition:

(3) The canonical algebra homomorphism % : eAe → eAe/eIe splits.
We claim that there is a retraction ι of % (an algebra homomorphism ι : eAe/eIe →
eAe with ρι = 1 on eAe/eIe) such that ι(ei) = ei for any 1 ≤ i ≤ t. Indeed,
let ι0 : eAe/eIe → eAe be a retraction of %. Then ei + eIe = ι0(ei) for any
1 ≤ i ≤ t. Since {ι0(ei) | 1 ≤ i ≤ t} is a complete set of primitive orthogonal
idempotents of eAe and (eIe)2 = 0, by the imposed condition (1), we deduce from
the Krull-Schmidt theorem that there is an invertible element u of eAe such that
ei = u−1ι0(ei)u for all 1 ≤ i ≤ t. Put ι(eibej) = u−1ι0(eibej)u for all 1 ≤ i, j ≤ t
and b ∈ eAe/eIe. Then ι : eAe/eIe → eAe is an algebra homomorphism such
that %ι = 1 on eAe/eIe and ι(ei) = ei for any 1 ≤ i ≤ t. Hence, under the above
assumptions, we may assume that ι is a retraction of % such that ι(eiaej) = eiι(a)ej

for all 1 ≤ i, j ≤ t and a = a + eIe ∈ eAe/eIe. Further, by the canonical algebra
homomorphisms A → B → eAe/eIe, both B and eAe/eIe can be considered as
A-algebras. Hence B and eAe/eIe are isomorphic A-algebras, and from now on we
shall identify them. Moreover, we shall identify B with ι(B).

Consider now the repetitive algebra

B̂ =



. . . . . .

Bm−1 Qm−1

Bm Qm

Bm+1 Qm+1

. . . . . .


of B with Bm = B and Qm = D(B) for all m ∈ Z. We denote by {em,i | 1 ≤ i ≤
t, m ∈ Z} the canonical set of primitive orthogonal idempotents of B̂ induced by
{ei | 1 ≤ i ≤ t}. Hence, for 1 ≤ i ≤ t and m ∈ Z, we have

em,iB̂ = eiB ⊕ eiD(B) and em,iB̂em+1,j = eiD(B)ej .
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Applying the Nakayama automorphism ν of A to the idempotents ei, 1 ≤ i ≤ t,
we may get an idempotent ν(ei) = eν(i), with ν(i) > t, equivalently eν(i) ∈ I, and
hence eν(i) is a zero element of B. Therefore, we introduce the convention that
en,iB̂ = 0 = B̂en,i for i > t and n ∈ Z.

We may clearly consider B̂ as a locally bounded K-category whose set of objects
is equal {em,i | i ≤ t, m ∈ Z} and HomB̂(en,i, em,j) = em,jB̂en,i for all 1 ≤ i, j ≤ t,
m, n ∈ Z. The canonical shifting automorphism νB̂ : B̂ → B̂ with νB̂(em,i) =
em+1,i for all m ∈ Z, 1 ≤ i ≤ t, is called the Nakayama automorphism of B̂. An
automorphism ϕ of B̃ is said to be positive (respectively, strictly positive) if for each
object em,i of B̂, there are an integer p ≥ m (respectively, p > m) and 1 ≤ j ≤ t

such that ϕ(em,i) = ep,j . Hence, a positive automorphism of B̂ is a shift of B̂ in
the same direction as νB̂.

The main purpose of this section is to prove the following theorem and some its
consequences.

Theorem 3.1. Let A be a basic and connected selfinjective artin algebra, I an ideal
of A, B = A/I, and e a residual identity of B. Assume that the following conditions
are satisfied:

(1) ẽ(IeI)ẽ = 0.
(2) ν−(e)Ie is an injective cogenerator in mod eAe/eIe and eIν(e) is an injective

cogenerator in mod(eAe/eIe)op.
(3) The canonical algebra epimorphism % : eAe → eAe/eIe splits.

Then there is a Galois covering F : B̂ → ẽAẽ with the Galois group G infinite cyclic
generated by an automorphism ϕνB̂, where ϕ is a positive automorphism of B̂.

We divide the proof of the above theorem into several steps. First we define a
functor F : B̂ → ẽAẽ as follows:
For each object em,i of B̂ we put F (em,i) = eνm(i). Then:

F : HomB̂(em,i, en,j) → HomẽAẽ(F (em,i), F (en,j)) = HomẽAẽ(eνm(i), eνn(j))

is defined as follows:
(a) If m = n, then F is the composition

em,jB̂em,i = ejBei
⊂ ι−−→ ejAei

νm−−−−→ eνm(j)Aeνm(i).

(b) If n = m− 1, then F is the composition

em−1,jB̂em,i = ejD(B)ei
Θ−1

r−−−−→∼ eν−(j)Iei
⊂−−→ eν−(j)Aei

νm−−−−→ eνm−1(j)Aeνm(i).

(c) F is zero for n 6= m and n 6= m− 1.
In the case when n = m− 1, we have used the isomorphism Θr : A → νD(A). But,
by Lemma 2.9, the composition in (b) equals the composition

em−1,jB̂em,i = ejD(B)ei
Θ−1

l−−−−→∼ ejIeν(i)
⊂−−→ ejAeν(i)

νm−1−−−−→ eνm−1(j)Aeνm(i).

Using the fact that ι and ν are algebra homomorphisms and Θr defines a right eAe-
homomorphism from D(B)e to ν−(e)Ie, it is easy to check that F defined above is
a functor from B̂ to ẽAẽ.

Lemma 3.2. F : B̂ → ẽAẽ is a covering functor.
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Proof. We have to show that for any 1 ≤ i, j ≤ t and m, n ∈ Z, the maps⊕
k∈Z

HomB̂(em,i, ek,νn−k(j)) → HomẽAẽ(eνm(i), eνn(j))

and ⊕
k∈Z

HomB̂(ek,νm−k(i), en,j) → HomẽAẽ(eνm(i), eνn(j)),

induced by F , are isomorphisms. By definition of B̂ we get⊕
k∈Z

HomB̂(em,i, ek,νn−k(j))

= HomB̂(em,i, em,νn−m(j))⊕HomB̂(em,i, em−1,νn−m+1(j)).

Moreover, we have the isomorphisms

eνn−m(j)Bei ⊕ eνn−m+1(j)D(B)ei

1⊕Θ−1
r

y∼
eνn−m(j)Bei ⊕ eνn−m(j)Iei = eνn−m(j)Aei

νm

y∼
eνn(j)Aeνm(j)

where, in the case when νn−m(j) > t, eνn−m(j)Bei = 0, by our convention, and
eνn−m(j)Iei = eνn−m(j)Aei by the fact that 1 − e ∈ I. This proves that the first
map is an isomorphism. By making use of Θl instead of Θr in the considerations
above, we prove similarly that the second map is also an isomorphism.

Our next aim is to define an infinite cyclic group G of automorphisms of B̂ acting
freely on the objects of B̂, and then to show that F : B̂ → ẽAẽ is a Galois covering
with the Galois group G.

For each 1 ≤ i ≤ t, we put

η(i) = min{k > 0 | νk(i) ≤ t}
and define a map g : Z× {1, . . . , t} → Z× {1, . . . , t} by

g(m, i) = (m− η(i), νη(i)(i))

for all (m, i) ∈ Z× {1, . . . , t}. Observe that g is a bijection, because the action of
ν on the set {1, . . . , s} has finite order, and, for 1 ≤ i, j ≤ t, νη(i)(i) = νη(j)(j)
implies i = j. This allows to define a bijection on the objects of B̂, denoted again
by g, by

g(em,i) = eg(m,i)

for all (m, i) ∈ Z× {1, . . . , t}.
Lemma 3.3. For each pair (m, i) ∈ Z × {1, . . . , t}, the cyclic group generated by
g acts transitively on the fiber F−1(eνm(i)).

Proof. Fix (m, i) ∈ Z× {1, . . . , t}. Then

F−1(eνm(i)) = {em−k,νk(i) | k ∈ Z, 1 ≤ νk(i) ≤ t}.
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It suffices to show that for any k, n ∈ Z with k < n and 1 ≤ νn(i) ≤ t, there exists
l ∈ Z such that gl(em−k,νk(i)) = em−n,νn(i). We define a sequence of integers

k = s0 < s1 < s2 < . . .

inductively by sp+1 = sp + η(νsp(i)). Observe that

g(em−sp,νsp(i)) = em−sp+1,νsp+1(i)

for all p ≥ 0. Further, νq(i) > t for any integer q with sp < q < sp+1. Moreover,
by our assumptions, we have k < n and νn(i) ≤ t. Hence, n = sl for some l > 0,
and consequently we obtain gl(em−k,νk(i)) = em−n,νn(i).

We shall now extend the bijection g on the objects of B̂ to an automorphism of B̂
such that Fg = F . For this purpose, we prove several technical lemmas. Observe
first that for (m, i), (n, j) ∈ Z × {1, . . . , t} we have by Lemma 3.2 the following
isomorphisms:

eνn(j)Aνm(i) '
⊕

k

HomB̂(e0,νm(i), en−k,νk(i))(∗)

'HomB̂(e0,νm(i), e0,νm(j))⊕HomB̂(e0,νm(i), e−1,νm+1(j))

' eνm(j)Beνm(i) ⊕D(eνm(i)Beνm+1(j))

and

(∗∗) eνn(j)Aeνm(i) '
⊕

k

HomB̂(em−k,νk(i), e0,νn(j))

'HomB̂(e0,νn(i), e0,νn(j))⊕HomB̂(e1,νn−1(i), e0,νn(j))

' eνn(j)Beνn(i) ⊕D(eνn−1(i)Beνn(j)).

Lemma 3.4. Assume 1 ≤ i, j ≤ t and ejBei is nonzero. Then η(j) = η(i) or
η(j) = η(i) + 1.

Proof. Note that for any k ∈ Z we have the composed epimorphism

eνk(j)Aeνk(i)
ν−k−−−−→ ejAei −−−−→ ejBei,

and hence eνk(j)Aeνk(i) 6= 0, because ejBei 6= 0 by our assumption.
Consider first the case η(j) = 1. Clearly, ejBei 6= 0 implies that ejIei is a proper

subset of ejAei. Further, by Lemma 2.8, we have eν(j)D(B)ei ' ejIei. Applying
now (∗∗) for n = 1 we conclude that eν(j)Beν(i) 6= 0, and so η(i) = 1.

Assume now that η(j) > 1. Let m = η(i) and n = η(j). Since eνn(j)Aeνn(i) 6= 0,
applying (∗∗), we get eνn(j)Beνn(i) 6= 0 or eνn−1(i)Beνn(j) 6= 0. Hence η(i) ≤ η(j).
Moreover, since eνm(j)Aeνm(i) 6= 0, applying (∗), we deduce that eνm(j)Beνm(i) 6= 0
or eνm(i)Beνm+1(j) 6= 0, and so η(j) ≤ η(i) + 1. Therefore, we get η(i) ≤ η(j) ≤
η(i) + 1, which proves our claim.

Lemma 3.5. Assume 1 ≤ i, j ≤ t and η(i) = η(j) = n. Then

eνn(j)ν
n(B)eνn(i) = eνn(j)Beνn(i)

and

eνn−1(i)ν
n(I)eνn(j) = eνn−1(i)Ieνn(j).
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Proof. First we show the second equality. It follows from Lemma 2.9 that eiν(I)eν(j)

= eiIeν(j) which is the second equality for n = 1. Suppose now n > 1. Then νr(j) >
t for 1 ≤ r ≤ n − 1, by definition of η(j). We then get eiAeν(j) = eiIeν(j). Fur-
ther, by Lemma 2.9, we have eνn−1(i)ν

n−1(I)eνn(j) = eνn−1(i)ν
n(I)eνn(j). Hence,

eνn−1(i)ν
n(I)eνn(j) = eνn−1(i)Aeνn(j). On the other hand, νn−1(i) > t, because n =

η(i), and so eνn−1(i)Ieνn(j) = eνn−1(i)Aeνn(j). Consequently, eνn−1(i)ν
n(I)eνn(j)

= eνn−1(i)Ieνn(j). Now, applying ν−n to the proved equality, we have eν−(i)Iej =
eν−(i)ν

−n(I)ej . From Lemma 2.7 we have D(ejBei) = D(ejν
−n(B)ei), and so ap-

plying D(νn) we get D(νn(ejBei)) = D(eνn(j)Beνn(i)). Hence we obtain the first
required equality.

Lemma 3.6. Assume 1 ≤ i, j ≤ t, η(j) = η(i) + 1, η(i) = n. Then

eνn(j)ν
n(B)eνn(i) = eνn(j)Ieνn(i)

and

eνn(i)ν
n(I)eνn+1(j) = eνn(i)Beνn+1(j).

Proof. Applying the isomorphisms from Lemma 2.7 as in the proof of Lemma 3.5,
we deduce that the second required equality follows from the first one. Hence we
have to prove only the first equality.

Since η(j) > n, we have eνn(j) ∈ I, and so eνn(j)Ieνn(i) = eνn(j)Aeνn(i). More-
over, eν(j) ∈ I because η(j) > 1. We claim that ejIei = 0. Indeed, suppose
that ejIei 6= 0. Then soc(ejIeiA) ' top (eν(j)A) as right A-modules, and hence
ejIeiAeν(j) 6= 0. But this implies ẽ(IeI)ẽ 6= 0 because eν(j) ∈ I, contradicting the
assumption (1). Therefore, ejIei = 0 and ejAei = ejBei. Applying νn we get
eνn(j)Aeνn(i) = eνn(j)ν

n(B)eνn(i). Since eνn(j) ∈ I, this gives the required equality
eνn(j)ν

n(B)eνn(i) = eνn(j)Ieνn(i).

Fix now two objects em,i and en,j of B̂ and consider the K-linear homomorphisms

F1 : HomB̂(em,i, en,j) → F (HomB̂(em,i, en,j)),

F2 : HomB̂(g(em,i), g(en,j)) → F (HomB̂(g(em,i), g(en,j)))

induced by the functor F : B̂ → ẽAẽ. It follows from definition of F that both F1

and F2 are monomorphisms.
We shall prove that the images of F1 and F2 are equal, and then

F−1
2 F1 : HomB̂(em,i, en,j) → HomB̂(g(em,i, en,j))

will define the required action of g on HomB̂(em,i, en,j). We have several cases to
consider.

Assume first that HomB̂(em,i, en,j) 6= 0. Then n = m or n = m− 1.
(i) Suppose n = m. Then ejBei = HomB̂(em,i, em,j) 6= 0 and hence η(j) = η(i)

or η(j) = η(i) + 1, by Lemma 3.4. In the case when η(j) = η(i), by Lemma 3.5, we
have eνk(j)ν

k(B)eνk(i) = eνk(j)Beνk(i), where k = η(i). Then, applying νm−k, we
obtain eνm(j)ν

m(B)eνm(i) = eνm(j)ν
m−k(B)eνm(i). This shows that Im F1 = Im F2

in this case. In the case when η(j) = η(i) + 1, applying Lemma 3.6, we have
eνk(j)ν

k(B)eνk(i) = eνk(j)Ieνk(i), where again k = η(i). Hence eνm(j)ν
m(B)eνm(i) =

eνm(j)ν
m−k(I)eνm(i), and consequently Im F1 = Im F2.

(ii) Suppose n = m− 1. Then ejD(B)ei = HomB̂(em,i, em−1,j) 6= 0, and hence,
by Lemma 3.4, η(i) = η(j) or η(i) = η(j) + 1. For η(i) = η(j), it follows from
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Lemma 3.5 that eνk−1(i)ν
k(I)eνk(j) = eνk−1(i)Ieνk(i), and so eνm−1(i)ν

m(I)eνm(j)

= eνm−1(i)ν
m−k(I)eνm(i), where k = η(j). For η(i) = η(j) + 1, it follows from

Lemma 3.6 that eνk(j)ν
k(I)eνk+1(i) = eνk(j)Beνk+1(j), and so eνm−1(j)ν

m−1(I)eνm(i)

= eνm−1(j)ν
m−(k+1)(B)eνm(j), where again k = η(j). Hence, in both cases we

have Im F1 = Im F2. We have also proved that HomB̂(em,i, en,j) 6= 0 implies
HomB̂(g(em,i), g(en,j)) 6= 0. Assume next that HomB̂(em,i, en,j) = 0. We have to
show that also

HomB̂(eg(m,i), eg(n,j)) = HomB̂(g(em,i), g(en,j)) = 0.

Suppose HomB̂(eg(m,i), eg(n,j))) 6= 0. Then HomB̂op(eg(n,j), eg(m,i)) 6= 0. Observe
now that the conditions (1), (2) and (3) imposed on A are left-right symmetric. For
each 1 ≤ i ≤ t, put

ξ(i) = min{k > 0 | ν−k(i) ≤ t}
and define h : Z× {1, . . . , t} → Z× {1, . . . , t} by

h(m, i) = (m + ξ(i), ν−ξ(i)(i))

for all (m, i) ∈ Z×{1, . . . , t}. By the above remark, applied now to left B̂-modules
(right B̂op-modules) we deduce that HomB̂op(eg(n,j), eg(m,i)) 6= 0 implies

HomB̂op(ehg(n,j), ehg(m,i)) = HomB̂op(h(eg(n,j)), h(eg(m,i))) 6= 0.

Hence we have HomB̂(ehg(m,i), ehg(n,j)) 6= 0. But ξ(νη(i)(i)) = η(i) for any 1 ≤ i ≤
t, and so hg(m, i) = (m, i) and hg(n, j) = (n, j). Therefore, we get HomB̂(em,i, en,j)
6= 0 which contradicts our assumption. This shows that indeed Hom(em,i, en,j) = 0
implies HomB̂(g(em,i), g(en,j)) = 0, and we are done.

Denote now by G the group of K-linear automorphisms of B̂ generated by g.
Clearly, G is infinite cyclic, Fg′ = F for any element g′ of G, and, by Lemma 3.3, G

acts transitively on the fibres F−1(eνm(i)) of the covering F : B̂ → ẽAẽ. Therefore,
F is a Galois covering with the Galois group G and ẽAẽ ' B̂/G. Finally, observe
that g−1 is defined on the objects of B̂ by the formula

g−1(em,i) = em+η(i),ν−η(i)(i)

for all (m, i) ∈ Z×{1, . . . , t}. Since ν(i) ≥ 1 for any 1 ≤ i ≤ t, we infer that g−1 =
ϕνB̂ for some positive automorphism ϕ of B̂ with ϕ(em,i) = em+η(i)−1,ν−η(i)(i), and
obviously G is generated by ϕνB̂. This finishes the proof of Theorem 3.1.

We are now able to prove a criterion for a selfinjective artin algebra A to be of
the form B̂/G. Before, we recall the following proposition proved in [23, Proposi-
tion 2.3].

Proposition 3.7. Let A be a selfinjective artin algebra, I an ideal of A, B = A/I,
e a residual identity of B, and assume that IeI = 0. Then the following conditions
are equivalent:

(i) Ie is an injective cogenerator in mod B.
(ii) eI is an injective cogenerator in mod Bop.
(iii) eI = rA(I).
(iv) Ie = lA(I).

Moreover, under these conditions, socA ⊆ I and eIe = leAe(I) = reAe(I).
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Theorem 3.8. Let A be a basic and connected selfinjective artin algebra, I an
ideal of A, B = A/I, and e a residual identity of B. Assume IeI = 0, Ie = lA(I)
and the canonical algebra epimorphism eAe → eAe/eIe splits. Then there is a
Galois covering F : B̂ → A with the Galois group G infinite cyclic generated by an
automorphism ϕνB̂ of B̂, where ϕ is a positive automorphism of B̂.

Proof. We identify again B with eAe/eIe. Since IeI = 0, it follows from Corol-
lary 2.4 that ẽ = 1. Moreover, by the above proposition Ie is an injective co-
generator in mod B and eI is an injective cogenerator in modBop. Clearly, then
Ie = ν−(e)Ie and eI = eIν(e) (see also Lemma 2.6). Therefore, A satisfies the
conditions (1), (2) and (3) of Theorem 3.1, and this finishes the proof.

We end this section with the following consequence of the above results.

Corollary 3.9. Let A be a basic and connected selfinjective artin algebra, I an
ideal of A, and B = A/I. Assume I2 = 0, I is an injective cogenerator as left
and right B-module, and the canonical algebra epimorphism A → A/I splits. Then
there is a Galois covering F : B̂ → A with the Galois group generated by ϕνB̂ ,
where (in our notations) ϕ is an automorphism of B̂ such that ϕ(em,i) = em,ν−(i)

for any integer m and 1 ≤ i ≤ s.

Proof. Since I is contained in the radical of A, 1 =
∑s

i=1 ei is a residual identity
of B = A/I. Hence, eν(i) ∈ B for any 1 ≤ i ≤ s. This implies that η(i) = 1
for any 1 ≤ i ≤ s. Hence, by definition of g, we have g(m, i) = (m − 1, ν(i)) and
ϕ(em,i) = em,ν−(i).

Remark 3.10. Let B be any basic and connected artin algebra and A = BnD(B)
the trivial extension of B by D(B). Then the Nakayama automorphism ν of A is
the identity and I = D(B) satisfies the conditions of the above corollary. Hence
Corollary 3.9 generalizes the well-known fact that the natural functor B̂ → B n
D(B) = A is a Galois covering with the Galois group generated by νB̂.

4. Selfinjective algebras with deforming ideals

In our paper [26] we investigated ring-theoretic properties of certain ideals of
selfinjective artin algebras, called deforming ideals. Recall from [[26], (2.1)] that, if
I is an ideal of a selfinjective artin algebra and e a residual identity of B = A/I,
then I is called deforming if the ordinary quiver QB of B has no oriented cycles
and leAe(I) = eIe = reAe(I). An important class of deforming ideals is formed by
the ideals I satisfying the conditions: QB has no oriented cycles, IeI = 0 and Ie is
an injective cogenerator in modB (see Proposition 3.7). In this section, applying
the main results of Section 3 and [26], we determine the structure of some classes
of selfinjective artin algebras having deforming ideals.

Theorem 4.1. Let A be a basic and connected selfinjective artin algebra over a
commutative artin ring K. Let I be an ideal of A, B = A/I, and e a residual
identity of B. Assume that the ordinary quiver QB of B has no oriented cycles,
IeI = 0 and Ie is an injective cogenerator in mod B. Then A is socle equivalent to
an algebra B̂/G where G is an infinite cyclic group of automorphisms of B̂ generated
by ϕνB̂, for some positive automorphism ϕ of B̂. Moreover, if K is an algebraically
closed field, then A is isomorphic to B̂/G.
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Proof. Assume first that K is an algebraically closed field. Then it follows from
[26, Theorem 3.2] that the Hochschild cohomology H2(eAe/eIe, eIe) vanishes, and
hence the canonical algebra epimorphism eAe → eAe/eIe splits. Therefore, apply-
ing Theorem 3.8, we deduce that A = B̂/G, where G is an infinite cyclic group
generated by ϕνB̂ , for some positive automorphism ϕ of B̂.

If K is an arbitrary commutative artin ring (even a field), then the canonical
algebra epimorphism eAe → eAe/eIe does not necessarily split (see example below).
But we may replace A by a socle equivalent selfinjective algebra A[I] satisfying the
conditions of Theorem 3.8. Indeed, following [26, Section 4], consider the algebra
A[I] whose K-linear structure is that of B ⊕ I and the multiplication is given by

(b, x)(b′, x) = (bb′, bx′ + xb′ + xx′)

for all b, b′ ∈ B and x, x′ ∈ I. Then A[I] is a basic and connected selfinjective
artin K-algebra, I = {(0, x) | x ∈ I} is an ideal of A[I], e a residual identity of
B = A[I]/I, IeI = 0, Ie = lA[I](I), and clearly the canonical algebra epimorphism
eA[I]e → eA[I]e/eIe splits. Hence, by Theorem 3.8, A[I] is isomorphic to an
algebra B̂/G, where G is an infinite cyclic group generated by ϕνB̂ , for some positive
automorphism ϕ of B̂. Moreover, it is shown in [26, Theorem 4.1] that A and A[I]
are socle equivalent. This finishes the proof.

Example 4.2. Let K ⊆ L be a finite field extension of a field K of characteristic 2
such that H2(L, L) 6= 0, where L is considered as a K-algebra. For example,
we may take K = (Z/2Z)(x) with indeterminate x and L = K[y]/(y2 − x), and
easily check that the algebra L[y]/(y2 − x)2 is a non-splittable extension of the
K-algebra L over itself. Now take a 2-cocycle α : L × L → L corresponding to a
non-splittable extension 0 → L → E → L → 0. Let Q = (Q0, Q1) be a finite quiver
with the set of vertices Q0 and the set of arrows Q1. Assume Q has no oriented
cycles and double arrows. Denote by Q+ the set of all paths of length ≥ 1 in Q.
Consider the path algebra H = LQ of Q over L. Then D(H) ' HomK(LQ, K)
for D = HomL(−, L). Corresponding to each vertex i of Q, choose an idempotent
ei of H and corresponding to each arrow β from i to j in Q choose an element
hβ = ejhβei of H . For each path p = βt . . . β1 ∈ Q+, we set hp = hβt . . . hβ1 . Then
D(H) has a basis {e∗i , h∗p | i ∈ Q0, p ∈ Q+} as an L-space. Let H̃ = H ⊕D(H) be
the direct sum of K-spaces and define multiplication on H̃ in the following way:

(a, u)(b, v) =
(

ab, av + ub +
∑
i∈Q0

α(ai, bi)e∗i

)
for a, b ∈ H , u, v ∈ D(H), where ai and bi are elements of L such that

a =
∑
i∈Q0

aiei +
∑

p∈Q+

rphp and b =
∑
i∈Q0

biei +
∑

p∈Q+

sphp

for rp, sp ∈ L. This multiplication with the usual addition of K-spaces makes H̃ a
K-algebra. It is shown in [26, Proposition 6.1] that the K-algebra extension

0 −→ D(H) −→ H̃
%−→ H −→ 0

with the canonical morphism % and embedding D(H) ↪→ H̃ is not splittable.
Further, H̃ is a selfinjective K-algebra [27], the elements ẽi = (ei,−α(1, 1)ei) ∈
H ⊕D(H) = H̃, i ∈ Q0, form a complete set of primitive orthogonal idempotents
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of H̃ , and
(
1,−α(1, 1)

∑
i∈Q0

e∗i
)

is the identity of H̃ . Clearly, the ordinary quiver
of the K-algebra H has no oriented cycles, D(H)2 = 0 (in H̃), and D(H) is an
injective cogenerator of modH . Hence, by the above theorem H̃ is socle equivalent
to the trivial extension H n D(H). On the other hand, H̃ is not isomorphic to
H n D(H). We refer also to [28] for more information on nonsplittable extensions
of algebras.

5. Selfinjective algebras

with non-periodic Auslander-Reiten components

The aim of this section is to determine the structure of selfinjective artin al-
gebras whose Auslander-Reiten quiver contains non-periodic generalized standard
subquivers.

For an artin algebra Λ, we denote by ΓΛ the Auslander-Reiten quiver of Λ,
and by τΛ and τ−Λ the Auslander-Reiten translations DTr and TrD, respectively.
We shall identify the vertices of ΓΛ with the corresponding indecomposable Λ-
modules. By a component of ΓΛ we mean a connected component of the quiver
ΓΛ. A component Γ of ΓΛ is called regular if Γ contains neither a projective nor
an injective module. A subquiver Σ of ΓA is said to be right stable (respectively,
left stable) if τ−Λ (respectively, τΛ) is defined on all modules in Σ. A subquiver C is
called non-periodic if C does not contain τA-periodic modules, that is, modules X
with X = τm

Λ X for some m ≥ 1. Following [24] a subquiver D of ΓA is said to be
generalized standard if rad∞Λ (X, Y ) = 0 for all modules X and Y in D. Recall that
rad∞Λ (X, Y ) is the intersection of all finite powers rad m(X, Y ), for m ≥ 1, of the
radical rad (X, Y ) of HomΛ(X, Y ). Finally, the annihilator rΛ(E) of a subquiver E
of ΓΛ in Λ is the intersection of the (right) annihilators rΛ(X) of all modules X
in E . Clearly, rΛ(E) is an ideal of Λ.

If Λ is a selfinjective artin algebra, then τΛ and τ−Λ are defined on all inde-
composable A-modules except the projective-injective ones. Moreover, for each
indecomposable projective-injective Λ-module P , we have an Auslander-Reiten se-
quence

0 → radP → (radP/socP )⊕ P → P/socP → 0,

and hence radP is a unique direct predecessor of P and P/socP is a unique direct
successor of P in ΓΛ. Hence, the Auslander-Reiten quiver ΓΛ/socΛ of Λ/socΛ is
obtained from ΓΛ by deleting the projective-injective modules P and the arrows
radP → P and P → P/socP . For a component C of ΓΛ, we denote by C′ the
subquiver of ΓΛ/socΛ obtained from C in this way. Obviously, if Λ is representation-
infinite, then C′ is a component of ΓΛ/socΛ. Observe also that if ΓΛ contains a non-
periodic right stable (respectively, left stable) subquiver, then Λ is representation-
infinite.

Proposition 5.1. Let Λ and A be two socle equivalent selfinjective artin algebras,
and Φ : mod Λ/socΛ → mod A/socA the isomorphism of module categories induced
by an algebra isomorphism Λ/socΛ → A/socA.

(i) Let Γ be a right stable (respectively, left stable) full translation subquiver of
ΓΛ which is closed under successors (respectively, predecessors) in ΓΛ, and
Σ = Φ(Γ). Then Γ is generalized standard if and only if Σ is generalized
standard.
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(ii) Let C be a non-periodic component of ΓΛ and D a (non-periodic) component
of ΓA such that Φ(C′) = D′. Then C is generalized standard if and only if D
is generalized standard.

Proof. (i) Since Γ is right stable (respectively, left stable), it consists of Λ/socΛ-
modules, and socΛ ⊆ rΛ(Γ). Applying now our second assumption that Γ is closed
under successors (respectively, predecessors) we deduce (see [23]) that Γ is gener-
alized standard as a subquiver of ΓΛ if and only if Γ is generalized standard as a
subquiver of ΓΛ/socΛ. Clearly, Σ = Φ(Γ) is also a right stable (respectively, left
stable) full translation subquiver of ΓA which is closed under successors (respec-
tively, predecessors) in ΓA. Hence Σ is generalized standard as a subquiver of ΓA if
and only if Σ is generalized standard as a subquiver of ΓA/socA. Then the required
equivalence follows.

(ii) Since C and D are non-periodic, it follows from [30] (see also [16]) that C and
D have no oriented cycles. Then applying [17] we infer that C admits a left stable
full translation subquiver Θ which is closed under predecessors and intersects the
τA-orbits of all nonprojective modules of C. Dually, C admits a right stable full
translation subquiver Ω which is closed under successors and intersects the τ−A -
orbits of all nonprojective modules of C. Then we may assume that Φ(Θ) is a
left stable full translation subquiver of D which is closed under predecessors and
intersects the τA-orbits of all nonprojective modules of D, and Φ(Ω) is a right stable
full translation subquiver of D which is closed under successors and intersects the
τ−A -orbits of all nonprojective modules ofD. We know from [23] that C is generalized
standard if and only if rad∞Λ (X, Y ) = 0 for all modules X from Ω and Y from Θ.
But Θ and Ω consist entirely of Λ/socΛ-modules. Hence, as above, we deduce that
rad∞Λ (X, Y ) = rad∞Λ/socΛ(X, Y ) for all modules X from Ω and Y from Θ. Applying
again [23], we obtain that C is a generalized standard component of ΓA if and only
if C′ is a generalized standard component of ΓΛ/socΛ. Similarly, we show that D is
a generalized standard component of ΓA if and only if D′ is a generalized standard
component of ΓA/socA. This finishes the proof.

Now let H be a basic and connected hereditary artin algebra over K, ∆ the
ordinary (valued) quiver of H , and n the number of vertices in ∆. Let T be
a multiplicity-free tilting H-module, that is, Ext1H(T, T ) = 0 and T is a direct
sum of n pairwise nonisomorphic indecomposable H-modules (see [4], [14]). Then
B = EndH(T ) is called a tilted algebra of type ∆. The module T determines a tor-
sion theory (F(T ),G(T )) in modH , where F(T ) = {X ∈ mod H | HomH(T, X) =
0}, G(T ) = {X ∈ mod H | Ext1H(T, H) = 0}, and a splitting torsion theory
(Y(T ),X (T )) in mod B, where Y(T ) = {Z ∈ mod B | TorB

1 (Z, T ) = 0}, X (T ) =
{Z ∈ mod B | Z⊗BT = 0}. By the Brenner-Butler theorem the functor HomH(T,−)
induces an equivalence of G(T ) and Y(T ). The indecomposable direct summands of
HomH(T, D(H)) belong to one connected component CT of ΓB, called the connect-
ing component of ΓB determined by T . This component connects the torsion-free
part Y(T ) of modB and the torsion part X (T ) of mod B. The component CT is
generalized standard, because it does not contain oriented cycles and there are no
nonzero maps from the torsion modules to the torsion-free modules. Moreover, CT

is regular if and only if T is regular (a direct sum of indecomposable regular H-
modules). It was shown in [21] that H admits a regular tilting module if and only
if ∆ is neither a Dynkin nor a Euclidean (extended Dynkin) quiver and has more
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than two vertices. Consider now the repetitive algebra B̂ of B and an infinite cyclic
group G acting freely on the objects and with finitely many orbits. Then Λ = B̂/G

is a selfinjective artin K-algebra and we have a Galois covering F : B̂ → Λ with
group G. Denote by Fλ : mod B̂ → mod Λ the push-down functor induced by F
(see [5]). Assume that ∆ is not a Dynkin quiver. Then, by [1], [22], [18] and [10],
we know that

ΓB̂ =
∨
p∈Z

(Xp ∨Rp)

where, for each p ∈ Z, Rp is a family of components whose stable parts are tubes
(if ∆ is Euclidean) or of type ZA∞ (if ∆ is wild), and Xp is a component with
the stable part of the form Z∆, νB̂(Rp) = Rp+2 and νB̂(Xp) = Xp+2. Further,
HomB̂(Rp,Xp) = 0 and HomB̂(Rp ∨ Xp,Rq ∨ Xq) = 0 for p, q ∈ Z, p < q. Since
G, considered as group of automorphisms of B̂, acts freely on the indecomposable
projective B̂-modules, it also acts freely on the components of ΓB̂. Moreover, we
know that B̂ is locally-support finite [8], that is, for each object x of B̂ the full
subcategory of B̂ consisting of the supports of indecomposable finitely generated
B̂-modules having x in its support has finitely many objects. Applying [7] (see also
[8]) and [12] we conclude that the push-down functor Fλ : mod B̂ → mod Λ is dense
and preserves the Auslander-Reiten sequences. Therefore, ΓΛ is obtained from ΓB̂
by identifying (via Fλ) Xp with Xp+m and Rp with Rp+m, for some m ≥ 1 and all
p ∈ Z. Thus ΓΛ is of the form

Fλ(X0 ∨R0) ∨ Fλ(X1 ∨R1) ∨ . . . ∨ Fλ(Xm−1 ∨Rm−1).

We have also the following facts on B̂ and Λ.

Proposition 5.2. There are two tilted algebras B1 = EndH(T1), B2 = EndH(T2),
where T1 is a tilting H-module without nonzero preprojective direct summands and
T2 is a tilting H-module without nonzero preinjective direct summands, such that
B̂1 ' B̂ ' B̂2.

Proof. See [1], for ∆ Euclidean, and [18], for ∆ wild.

Proposition 5.3. The following conditions are equivalent:

(i) G is generated by an element ϕνB̂ , where ϕ is a positive automorphism of B̂.
(ii) There exists p, 0 ≤ p ≤ m− 1, such that Fλ(Xp) contains a generalized stan-

dard right stable full translation subquiver Σp which is closed under successors.
(iii) There exists q, 0 ≤ q ≤ m − 1, such that Fλ(Xq) contains a generalized

standard left stable full translation subquiver Θq which is closed under prede-
cessors.

(iv) For each i, 0 ≤ i ≤ m − 1, Fλ(Xi) contains a generalized standard right
stable full translation subquiver Σi which is closed under successors and a
generalized standard left stable full translation subquiver Θi which is closed
under predecessors.

Proof. See [1], [18], if ∆ is Euclidean, and [10] if ∆ is wild.

Proposition 5.4. Assume that Fλ(Xp), for some 0 ≤ p ≤ m − 1, is nonregular.
Then the following conditions are equivalent:
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(i) G is generated by an element ϕνB̂, where ϕ is a strictly positive automorphism
of B̂.

(ii) The component Fλ(Xp) is generalized standard.
(iii) All components Fλ(Xq), 0 ≤ q ≤ m− 1, are generalized standard.

Proof. See [1], [22], if ∆ is Euclidean, and [10] if ∆ is wild.

We are now able to prove our main results on the structure of selfinjective artin
algebras whose Auslander-Reiten quiver contains a non-periodic generalized stan-
dard right (left) stable subquiver. We assume that A is a basic and connected
selfinjective artin algebra over a commutative artin ring K.

Theorem 5.5. The following conditions are equivalent:
(i) ΓA admits a non-periodic generalized standard right stable full translation

subquiver which is closed under successors in ΓA.
(ii) A is socle equivalent to B̂/(ϕνB̂), where B is a tilted algebra of the form

EndH(T ), for some hereditary artin algebra H and a tilting H-module T with-
out nonzero preprojective direct summands, and ϕ is a positive automorphism
of B̂.

(iii) A is socle equivalent to B̂/(ϕνB̂), where B is a tilted artin K-algebra not of
Dynkin type and ϕ is a positive automorphism of B̂.

(iv) A is socle equivalent to B̂/(ϕνB̂), where B is a tilted algebra of the form
EndH(T ), for some hereditary artin K-algebra H and a tilting H-module T
without nonzero preinjective direct summands, and ϕ is a positive automor-
phism of B̂.

(v) ΓA admits a non-periodic generalized standard left stable full translation sub-
quiver which is closed under predecessors in ΓA.

Moreover, if K is an algebraically closed field, we may replace in the above equiva-
lences “socle equivalent” by “isomorphic”.

Proof. The equivalence of (ii), (iii) and (iv) is a direct consequence of Proposi-
tion 5.2. Moreover, the implications (ii)⇒(i) and (iv)⇒(v) are consequences of
Propositions 5.1 and 5.3. We shall prove that (i) implies (ii). The proof that (v)
implies (iv) is similar.

Assume now that ΓA admits a non-periodic generalized standard right stable
full translation subquiver Γ which is closed under successors in ΓA. Since A is
selfinjective, we then conclude that Γ has no projective modules and oriented cycles.
Applying [17] we get that Γ contains a full translation subquiver D of the form
(−N)∆, for some valued quiver ∆ without oriented cycles, which is closed under
successors in ΓA. Since D is also generalized standard, it follows from [25, Lemma 2]
that ∆ is finite. Let I = rA(D) be the annihilator of D in A, B = A/I and e a
residual identity of B. We proved in [26, Theorem 5.1 and Proposition 5.3] that
IeI = 0, Ie is an injective cogenerator in modB, and B is a tilted algebra, having
a complete slice of type ∆ (in the sense of [[20], (4.2)]) formed by modules from
D. Hence, B = EndH(T ), for a hereditary artin K-algebra H of type ∆ and a
tilting H-module T . Moreover, D is a full translation subquiver of the connecting
component CT of ΓB which is closed under successors in ΓB. Consequently, T has
no nonzero preprojective direct summands. Obviously, the ordinary quiver QB of B
has no oriented cycles [20]. Applying now Theorem 4.1 we conclude that A is socle
equivalent to B̂/(ϕνB̂), for a positive automorphism ϕ of B̂. Hence, (i) implies (ii).
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If K is an algebraically closed field, then the required equivalences follow from the
above proof and the second part of Theorem 4.1.

Corollary 5.6. (i) ΓA admits a non-periodic nonregular generalized standard com-
ponent if and only if A is a socle equivalent to B̂/(ϕνB̂), where B is a tilted algebra
of the form B = EndH(T ), for some hereditary artin K-algebra H and a non-
regular tilting H-module T without nonzero preprojective (respectively, preinjective)
direct summands, and ϕ is a strictly positive automorphism of B̂.

(ii) ΓA admits a non-periodic regular generalized standard component if and only
if A is socle equivalent to B̂/(ϕνB̂), where B is a tilted algebra of the form EndH(T ),
for some hereditary artin K-algebra H and a regular tilting H-module T , and ϕ is
a positive automorphism of B̂.

Moreover, if K is an algebraically closed field, we may replace in the above equiv-
alences “socle equivalent” by “isomorphic”.

Proof. It is a direct consequence of Theorem 5.5 and Propositions 5.1, 5.3 and 5.4.

Recall that an artin algebra Λ is called symmetric if Λ and D(Λ) are isomorphic
as Λ-bimodules, or equivalently the Nakayama automorphism of Λ is the identity.
It is well-known that the trivial extension BnD(B) of any algebra B by its injective
cogenerator D(B) is a symmetric algebra. We get also the following consequences
of our main results and definition of G in the proof of Theorem 3.1.

Corollary 5.7. Assume A is symmetric. Then ΓA admits a non-periodic right
stable (respectively, left stable) generalized standard full translation subquiver which
is closed under successors (respectively, predecessors) in ΓA if and only if A is
socle equivalent to B n D(B), where B is a tilted K-algebra not of Dynkin type.
Moreover, if K is an algebraically closed field, we may replace “socle equivalent” by
“isomorphic”.

Corollary 5.8. Assume A is symmetric. Then the following conditions are equiv-
alent:

(i) ΓA admits a non-periodic generalized standard component.
(ii) ΓA admits a non-periodic regular generalized standard component.
(iii) A is socle equivalent to B n D(B), where B is a tilted algebra of the form

EndH(T ), for a hereditary artin K-algebra H and a regular tilting H-module T .
Moreover, if K is an algebraically closed field, we may replace “socle equivalent” by
“isomorphic”.
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