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SYMPLECTIC GROUP LATTICES

RUDOLF SCHARLAU AND PHAM HUU TIEP

ABSTRACT. Let p be an odd prime. It is known that the symplectic group
Span (p) has two (algebraically conjugate) irreducible representations of degree
(p™ +1)/2 realized over Q(/€p), where € = (—=1)(P=1)/2 We study the integral
lattices related to these representations for the case p™ = 1 mod 4. (The case
p™ = 3 mod 4 has been considered in a previous paper.) We show that the
class of invariant lattices contains either unimodular or p-modular lattices.
These lattices are explicitly constructed and classified. Gram matrices of the
lattices are given, using a discrete analogue of Maslov index.

1. INTRODUCTION

Let p be an odd prime, and set S,, = Spa,,(p) for the symplectic group of degree
2n over F,. Euclidean integral lattices in the space of the Weil representation
of S, have been investigated by several authors (see for instance [BaV], [Dum],
[Gow], [Gro], [Tiep 1], [Tiep 2]). The Weil representation W of S,, is a complex
representation of degree p™ that can be obtained from the action of S, on the
extraspecial group pi“" (as the outer automorphism group). See, for example,
[Isa], [Sei], or [Ward 1] for a more general approach. W is a sum of two irreducible
representations of degrees (p™ —1)/2 and (p™ + 1)/2. ( These two characters seem
to have been first investigated in [BRW].) One of these representations, which we
shall denote by W, is faithful and has even degree, and the kernel of the other
representation, Wa, is the center Z = Cs of S,,. Following [Gow], we shall refer to
Wi and W, as Weil representations. Weil representations have been characterized
in several ways in [TZa 1], [TZa 2].

Set e = (—1)*~1/2 and suppose that (dimW;,e) # (£52,1). It is shown
in [Gro| that, under this assumption, the character i; of the representation W;
generates the field Q(,/ep) over the rational field Q, and has Schur index 1 over
Q. Hence, there exist an extension G, of S, and an absolutely irreducible QG,,-
module V affording the S,,-character ; + 1;, where the bar denotes the algebraic
conjugation of the field Q(,/ep). The group G,, can be chosen as a homomorphic
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image of the conformal symplectic group

Gn = CSpan(p) ={p € GL(W)| 3k € F},Yu,v €W,
(p(u), p(v)) = K(u,v)},

where W denotes a natural 2n-dimensional S,,-module over FF,,, with the symplectic
form (-,-). In what follows we shall be concerned with the following two homomor-
phic images of G,,: the factor-group G,/ of G,, by its center Cj,_; (consisting of the
scalar matrices AEa,, A € Fy), and G, the factor-group of G, by the central group
C(p—1)/2 (consisting of scalar matrices AE2,, A € IF;Q). Throughout the paper, Cp,
denotes the cyclic group of order m, and FE,, denotes the identity matrix of order
m (over any field).

The lattices for the Weil representations of degree ¥ (1) = (p™ — 1)/2 have been
investigated in [Gow] and [Gro]. Recall that in this case p = 3 mod 4, according to
our general assumption; see [Tiep 2] for the excluded case. If n is even, then every
Z.Sy-lattice in V is even unimodular. If n is odd, V' contains p-modular invariant
lattices. Recall that an integral lattice A is said to be p-modular (or modular
of level p) if the lattices PA# (the dual lattice A* rescaled by the scalar p) and A
are isometric. p-modular lattices have been introduced and investigated in [CoS 1]
and [Que]. In either of these cases, the corresponding representations are globally
irreducible in the sense of Gross [Gro]. Some of the corresponding lattices have
been realized as sublattices of the Mordell-Weil lattices of certain elliptic curves
(cf. [Dum] and [Gro]).

The Weil representations of degree 1(1) = (p™ + 1)/2 are the subject of our
present work, begun in [SchT] and continued in this paper. Here the corresponding
representation cannot be globally irreducible anymore; namely, 1) mod 2 = 1g-+n for
some 7 € IBry(S). In [SchT], the case p™ = 3 mod 4 has been treated. The existence
of unimodular ZG-lattices in V' has been established, where G = G, ~ S,, - Cy. All
ZG-lattices contained in V' have been classified.

In this paper, we are concerned with the case p” = 1 mod 4. Then W, viewed
over Q is in fact a faithful representation of PSps,(p) of degree p™ + 1. Moreover,
if p = 3 mod 4, this representation can be extended (in a unique way) to a rational
representation of G;f. If p = 1 mod 4, it can be extended to a rational representation
for each of the two groups G, and G, (cf. Proposition 2.3). The reason is that
when p = 1 mod 4 the two groups Cy x G and G,, are isoclinic to each other.
For more detail on isoclinic groups see [Atlas] and [Tiep 2], Lemma 2.11. When
p = 3 mod 4, it follows from this lemma that the rational representation of .S,, of
degree p" + 1 is extendible to a rational faithful representation of G;I if n is even,
and of G, if n is odd, but not for its isoclinic variant.

From now on we keep the following notation: S,, = Spa,(p), G = CSpan(p),
Z = Cp_y the center of G}, Gf = G,/Z, G, = G,/Z?% 0 a fixed generating
element of F). Clearly, G, is generated by S, and an element ¥, with matrix
diag(E,,0F,) in a fixed symplectic basis (e1,... ,en, f1,..., fn) of the natural S,,-
module W = W, = F2* (that is, a basis in which the symplectic form (-,-) is
given as follows: (e;,e;) = 0, (fi,f;) = 0, (e, f;) = di;). V = V, denotes an
irreducible QG,-module with character x such that x|s, = ¥ + 1. Furthermore,
either Kery = Z (and then V,, is a faithful G} -module), or p = 1 mod 4 and
Kery = Z? (and then V,, is a faithful G, -module). Under these assumptions x
exists and is unique by Proposition 2.3. It is clear that there exists a unique (up
to scalar) Gj,-invariant positive definite symmetric bilinear form (-,-) on V.
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Our first main result is the following theorem which includes Theorem 1.1 of
[SchT):

Theorem 1.1. Let p be an odd prime. If p = 3 mod 4, then suppose in addition
that n is odd. Then V,, contains G, -invariant odd unimodular Euclidean lattices
(of rank p™ +1). If n > 1, these lattices have no roots.

Actually, we provide an explicit construction of a G -stable odd unimodular
lattice A = A(p,n) contained in V,, (cf. Theorem 3.9 and Corollary 5.4) for n odd,
and a G, -stable odd unimodular lattice A~ (p,n) for the case where n is even and
p =1 mod 4 (cf. Corollary 5.9). In the case p = 3 mod 4 this is just the construction
exposed in [SchT]. The cases p" = 27 and p™ = 25 have been considered by
R. Bacher and B. B. Venkov [BaV], and G. Nebe, respectively. The corresponding
lattices have minimum 3. In general, Theorem 7.1 yields min A(p,n) > (p+1)/2
for all n > 3.

Our next results are concerned with p-modular lattices.

Theorem 1.2. Let p be any odd prime. If p = 3 mod 4, then suppose in addition
that n is even. Then Vi, contains G, -invariant p-modular Fuclidean lattices (of
rank p™ +1).

Again, we provide an explicit construction of a G/ -stable p-modular lattice A =
A~ (p,n) if nis odd and p = 1 mod 4 (cf. Corollary 5.10), respectively A = A(p,n)
if n is even (cf. Theorem 4.4 and Corollary 5.6). This result generalizes Theorem
(V.2) of [NP]] dealing with the case n = 1 and p = 1 mod 4. The case n = 2 and
p = 5 has been considered by Nebe; the corresponding 5-modular lattice (A(5,2) in
our notation) has minimum 5. As before, Theorem 7.1 yields min A(p,n) > (p+1)/2
for all n > 2.

Gram matrices of the lattices A(p,n), A~ (p,n) are given in §5 using a discrete
analogue of Maslov index. In a few words, our explicit constructions can be de-
scribed as follows. First we start with the case n is odd and the group G, . Using
Lagrangians, an idea going back to [BaV] (cf. §3) and Maslov index (cf. §5), we
explicitly construct the unimodular lattices A(p,n) (for any odd prime p). Then
descending from n+1 to n (cf. §4), we obtain the p-modular lattices A(p, n) which
are stable under G}, for any even n and any odd prime p. Finally, let p = 1 mod 4.
Then the isoclinism between Co X G and G, and Proposition 2.4 allow us to
construct the lattices A~ (p, n), for any n.

We wish to point out that V' cannot contain simultaneously invariant unimodu-
lar and p-modular lattices. Namely, the unimodular lattices are acted on faithfully
by G, , and the p-modular ones by G;7. Moreover, the invariant unimodular (p-
modular) lattices are essentially unique (if they exist). More precisely, the classifi-
cation of G,-invariant lattices in V;, is provided by the following theorem. Given a
lattice T, let T'# denote the dual lattice and I'Y denote the sublattice consisting of
all vectors of even norm in T'; furthermore, I'' = I' N 2(I'%)#. Two integral lattices
(T, (+,+)) and (I, (+,-)’) are called similar if there exist a surjective homomorphism
¢: T — T and a scalar A € Q such that (¢(u), d(v)) = A\(u,v) for any u,v € T.

Theorem 1.3. Let p be any odd prime and n any integer. Suppose that G, acts
irreducibly on an integral lattice T' of rank p™ + 1, with kernel K. If p” = 3 or
p"™ = p = 1mod 6, then suppose in addition that S, acts reducibly on I' @ C. Then
one of the following holds.
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(i) Gn/K is equal to G;, for odd n, and G} for even m. Furthermore, T is
similar to one of the lattices A, A°, A, where A = A(p,n).

(i) p = 1mod 4, and G,,/K is equal to G} for odd n, and G, for even n.
Furthermore, T is similar to one of the lattices A, A°, Al where A = A= (p,n).

The G Lz (p)-invariant (p+ 1)-dimensional lattices which are not covered by The-
orem 1.3 (here p = 3 or p = 1 mod 6) have been investigated in [NPI], Theorem
(V.4).

The full automorphism groups of all G,-invariant lattices A in V,, have been
determined in [Tiep 1]. In particular, if n > 1, then either Aut(A) € {CoxGF, G},
or p=3and Aut(A) = (Cs - PSp2,(3)) - Ca.

2. IMPLICIT PROOFS

We recall the notations S, v of degree (p" +1)/2, Gn, Z, G, G,,. We start
with the following simple observation:

Lemma 2.1. Letp be any odd prime and n any integer. Suppose x is an irreducible
complex character of G,, of degree p™ + 1 with the following properties:

(i) x restricted to S, is equal to ¢ + );

(ii) x is rational-valued.
Then one of the following holds.

(a) x is a faithful character, say x*, of GJ; furthermore, n is even if p =
3 mod 4.

(b) x is a faithful character, say x—, of G, ; furthermore, n is odd if p =
3 mod 4.

Proof. Let K = Kerx. Schur’s Lemma and (ii) imply that Z/(Z N K) is a cyclic
group of order at most 2. In particular, either K = Z, or K = Z2. Observe that
G, permutes the two characters ¢ and 9 of S,, nontrivially. Denote G = G,,/K,
S=5,/(S,NK).

First consider the case K = Z. Since K C Ker, the degree (1) is odd, i.e.
p" =1 mod 4. Here we have G = G;f', S = PSps,(p), and G = S - Cy. Clearly, the
desired character x is now uniquely determined: x = Indg (¥).

Next let K = Z2. If p =1 mod 4, then G = (S x Z/K)-Cs. If p = 3 mod 4, then
in view of (i) n must be odd, and G' = S - C3. Now the desired character y exists
and is unique: y = Indg(dj) if p=3mod4, and x = Indgxz/K({l;) if p=1mod4

(where @Z is equal to ¢ on S and to —¢(1) on the unique nontrivial element of
Z/K). Clearly, Q(x) = Q. |

As we have mentioned above, Co X G;7 and G,, are isoclinic to each other if
p = 1mod4. In this case, ind(¢)) = 1 (cf. [Gro], Corollary 13.7); hence by
Lemma 2.11 of [Tiep 2] ind(x") = ind(x~) = 1. If p = 3mod 4 and n is odd,
then ind(v) = 0, and ind(x~) = 1 (see [SchT] or Proposition 2.3 below). Hence by
Lemma 2.11 of [Tiep 2], the corresponding character of degree p™+1 of the isoclinic
variant of G (which now is not isomorphic to Cy X G;') has Schur-Frobenius
indicator —1 and so cannot be written over R. Similarly, if p = 3 mod 4, then
ind(y)) = 0, ind(x") = 1, but the corresponding character of degree p™ + 1 of the
isoclinic variant of Co x G;F (which is no longer G;;) cannot be written over R.

The next proposition is an analogue of [SchT], Lemma 5.1.
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Proposition 2.2. Let p be an odd prime and n any integer. Let r be any prime
and let x be as in Lemma 2.1. Then the following assertions hold.

(i) The reduction x mod r is irreducible if r # 2, p.

(ii) x mod 2 = 2 - 1¢g,, + B for a certain § € 1Bro(G,,). Furthermore, 8 is of
symplectic type, if p =1 mod 4.

(iii) x mod p = m + 12, where n1,n2 € IBry(Gy) are distinct characters which
can be written over IFy,. Furthermore, for k = 1,2 ny, is not self-dual if x = x~, and

nk is of type + if x = x .

Proof. The case p™ = 3 mod 4 has already been handled in [SchT] (cf. the proof
of Theorem 1.1 and Lemma 5.1 therein). Hence in what follows we suppose that
p™ =1 mod 4.

1) It is well-known (see e.g. [Gow], [Gro]) that ¢ mod r € IBr,.(S,) for any
odd prime r. Furthermore, ¢ mod 2 = 1g, + « for some a € IBry(S,). If x is
a regular unipotent element of S,, then ¢(z) = (1 & p"~',/ep)/2. Furthermore,
¥, interchanges the Sy,-conjugacy classes of x and some power of ® and ¥ (z®) =
(1Fp"~1ty/ep)/2. Therefore, x mod r € IBr,(G,,) for any prime 7, r # 2,p. On the
other hand, y mod 2 = 2-1¢, + 8 for some § € IBry(Gy). If p =1 mod 4 , then
the fact that « is of symplectic type has been established in [GoW]. From this it
follows by [Tiep 2], Lemma 2.4 that § is of symplectic type.

2) Consider the reduction y mod p. Recall that x|s, = 1 -+. It is shown in [Gro]
that 1 mod p = 1) mod p = 7 is obtained by restricting the irreducible algebraic
representation of Spa, (F,) with highest weight ”Q;Iwn to S,,. Furthermore, due to
Lemma 2.6 [Tiep 3],  is invariant under the action of the distinguished element
9. Therefore, G,, has just two irreducible Brauer characters 1, 72 with ng|s, =n
and 11 +12 =0 on G, \ S,. In this case, x mod p = 1 + 12, since x = 0 on Gy, \ S,,.

3) We can embed S,, into T = Spa,(p?) in the following way. In a natural
2n-dimensional IFj2-module W of T consider a symplectic basis

(617"' 767’Laf17"' 7fn)

In this basis we can set W = (e1,... ,en, f1,..., fa)¥,, J = diag(c ' Ey,<Ey).
Here ¢ € F,2 is chosen with order 2(p — 1) such that § = ¢>. Now we set S, =
TNEnd(W) ~ Span(p), H = (S, J). Then J? € S,, and J normalizes S,,; therefore
H ~ S, - Cy. Furthermore, H/Z(S,) ~ G}

Assume p = 1 mod 4. Factoring the embedding S < Sp,(F,) through T' =
Span(p?), one sees that 7 is extended to two absolutely irreducible Brauer characters
w1, pe of H. We calculate the value of p1, po at the element J. If one denotes

o= cxp(p’f1 ), then p1 (J) =3- <+ oltl since n(p —1)/2 is even in our case. Here

It ={u=(up,...,up) |ujEZ,|uj|S(p—l)/Z,ZquOmod2 ,
j=1

I =qu=(ug,... ,un)|ujEZ,|uj|S(p—l)/Q,ZujzlmodZ ,
j=1

St = Z olvl, 5§~ = Z olul,

uel,} uel,
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and |uf =37, u; for u € I. Denote also T = cot( 35-1)- Then we have

71 4771

T —
L e =t°
) 1 2 9

St = 5

St =85St +8,50, S, =StST +5, 5t
From this it follows that

In particular, pi(J) = (7" + (=7)™™)/2. Since p > 5, 7 > 1, and so py(J) is
a positive real number. Moreover, the Frobenius endomorphlsm o +— oP sends
o to —o, i = a® V2 to i, pui(J) to pi(J) = —pa(J). We have shown that
u,(cp) = up = o for k=1,2.

If p = 3 mod 4, then n is even. Under the above notation, the computation in
the proof of [SchT], Lemma 5.1 shows that ui(J) = (7" + 77™)/2. In particular,
u1(J) is again a positive real number. Moreover, the Frobenius endomorphism
o — oP sends o to —0, i = P2 to —i, py(J) to u1(J) = —p2(J). Therefore,
,u,(cp) = pup = g for k=1,2.

4) Here we consider the case y = xT. Since Keruy = Z(S,) and H/Z(S,,)
~ G}, we have n = uy, k = 1,2. Thus n; can be written over F,,. Furthermore,

n?

since 7y, is real-valued and ng|s, = 71 is of quadratic type, ny itself is of quadratic
type.

5) Next let x = x~. Then p = 1mod4. Consider a representation @ :
H — GL(yn41)/2(Fp) with Brauer character pi. Put w = ¢P~1/2 and set G =
{£®(g), 2w®(h) | g € Sy, h € H\S,}. Since w? = —1, G is a group. We claim that
G~G=G,/K =G, , where K = Kery =~ Z2. For the proof, we first observe that
G is generated by the subgroup G’ = {£®(g) | g € S} and the element w®(J).
Observe that the representation ® is not faithful: its kernel is equal to the center
Z(Sy) of S,,. But the factor-group H/Z(S,) =~ PSpa2,(p) - Ca has trivial center;
therefore ®(H) also has trivial center. In particular, G’ ~ S,,/Z(S,) x C2. The
subgroup C5 here is generated by j, the multiplication by —1 (on the representation
space of ®); hence we can identify j with the central element 6F5,, in G. Now one
has:

V2 = diag(E,, 0°E,) = 0E,, - diag(0~'E,,0E,) = jJ?,
(W(J))? = —®(J?) = jo(J?).

Modulo Z(S,) = Ker(®|s,) one can identify the two elements 92 and (w®(J))>2.
Furthermore, the actions of w®(J) and of J,, on S,, via conjugation are obviously
the same. This means that G ~ G.

The isomorphism G ~ G gives us a representation ¥ : G, — GL(pn 1) /Q(E)
with kernel K. One may suppose that this representation affords the Brauer char-
acter 1. Then 11 (9,,) = v/—1p1(J). The computations in item 3) show that 1 (d,,)
is purely imaginary, and that the Frobenius endomorphism ) leaves 7 (¢,,) fixed.
Consequently, for k = 1,2 the Brauer character i, can be realized over ), but it is
not real. O

Proposition 2.3. Let p be any odd prime and n any integer. Let x be as in Lemma
2.1. Then x is afforded by a QG,-module (of dimension p™ + 1).
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Proof. 1) First we give an argument settling the case where n is odd and y = x~.
Let ¢ = p™. Then we can identify W with Fg, and endow W with the symplectic
form (u,v) = tr(ad — be), where u = (a,b), v = (¢,d), a,b,c,d € F,, and tr stands

for the trace form tr : F; — F,. Make the group
R={p € H=GLy(q)|detp € Fp} ~ SLa(q) - Cp-1

act on W in a natural way. Clearly, this action embeds R in G,, = CSp(W). Let
T denote the central subgroup {diag(A,A) | A € F$?} ~ Cy_1)/2 of H. Then the
assumption that n is odd implies that TNR = K, where K = Ker x = C(,_1)/2, and
RT = H. Hence, x|g can be viewed as a faithful character of R/K = R/(T'NR) ~
H/T and so as a character, say p, of H (with kernel T'). Beside that, the restriction
of x to the subgroup R’ = SLs(q) is the sum of two irreducible Weil characters of
degree (¢ +1)/2 of R’. Inspecting the character table of H (cf. [DiM]) we see that

p = Ind% (1), where
B:{( 8 Z ) |a,deF;,cqu}

is a Borel subgroup of H, and the linear character p sends

8 Z to d(a), ¢ the
quadratic character of F,. In particular, p is rational and absolutely irreducible.
The same is true for x|g. Now a standard lemma (see for instance [KoT], Lemma
8.3.1) says that x is also rational.

2) Now we give another argument handling the case p™ = 1 mod 4. The equality
Q(x) = Q implies by the Brauer-Speiser theorem that the Schur index mg(x) is
either 1 or 2. If mg(x) = 1, we are done. Assuming mg(x) = 2, we get an
irreducible QGp,-module V with character 2y. Clearly, the commuting algebra
K = Endg,, (V) is a quaternion algebra over Q. If a prime r is ramified in K, then
there exists a Brauer character p such that y mod r = u + p("). By Proposition
2.2, this cannot occur for any prime r. Thus K is unramified at any prime r, and
by Hasse’s principle we get a contradiction. O

Having established Proposition 2.3, we are given a QG-module V' =V, with
character y such that x|s, = ¥ + 1, where (G,x) = (G}, x") or (G, x™). We
shall maintain this notation in what follows.

Proof of Theorem 1.1. Proposition 2.2 shows that the pair (G, x) = (G,,, x™) sat-
isfies the conditions (i), (ii) of Proposition 2.4 from [SchT]. Below (cf. (7) and
Corollary 4.3) we shall see that condition (iii) is also fulfilled: detV = Q®2. Ap-
plying that proposition, we obtain a G, -invariant unimodular lattice I'. Standard
arguments show that I is odd, and minI" > 3 if n > 1. (|

The link between lattices invariant under isoclinic groups is indicated in the
following statement. We make use of the following observation: for any prime
p = 1 mod 4, there exist a,b € N such that a® — pb* = —1 (cf. [Coh], pp. 105, 106).
Henceforth we fix such a pair a, b.

Proposition 2.4. Let p = 1 mod 4 be a prime. Let GT ~ H - Cy and G~
(H - C3)~ be isoclinic groups, where H is a finite group with center of order 2.
Suppose V' is an absolutely irreducible QG+ -module with character xT, and Q)
Q(y/p) where xT|u =1 + . Then the following assertions hold.

N
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(i) V' can be viewed as an absolutely irreducible QG~ -module. In particular, for
each sign € € {+,—}, V has a unique (up to scalar) G®-invariant scalar product
('7 .)s .

(ii) V' has an endomorphism o with the following properties: o centralizes the
group H, 0® = p-idy, o is a self-adjoint similarity of norm p w.r.t. both scalar
products (-,-)*, and

(1) gog l=—0 forge G H.

(iii) V' contains o-stable lattices which are invariant under both groups Gt and
G~.

(iv) Let A be a lattice as in (iil), and denote by A, € € {+, —}, its dual lattice
with respect to (-,-)¢. After suitably rescaling one of (-,-)%, we have the equality

A =c"" (AT).
On this scale, A is unimodular w.r.t.
(,-)~. Similarly, A is p-modular w.r.t.

1 _
Proof. The equality x|g = ¢ + ¢ implies that the commuting algebra
K =Endy(V)={p € Endg(V) |Vh e H,po-h=h- ¢}

is isomorphic to the field Q(v/) = Q(y/p). Denoting by o the (unique up to sign)
element o € K with 02 = p-idy,, we have to show that it satisfies all other properties
stated. We begin with (1). Fix an element g € Gt \ H. For h € H and A € K it
is readily checked that h - gAg~! = gAg~! - h; in other words, gh\g~' € K. Thus,
conjugation by g induces an automorphism of K. If \ is fixed by this automorphism,
then A centralizes H and g, and thus G, that is, A € Q. Thus, A\ — gAg~! is the
unique nontrivial field automorphism of K. Property (1) is a special case of this (o
corresponds to /p).

If T is any G-invariant lattice, then T' 4+ o(T") is clearly o-invariant, and by
(1) still G*-invariant, which proves (iii) in the “+”-case. The scalar product
(o(x),0(y)), =,y € V, is also GF-invariant and therefore of the form (o(z),o(y)) =
c(z,y) for some ¢ € R. From 02 = p-idy it follows that ¢ = p. The self-adjointness

(o(2),y)" = (z,0(y)"
now is a formal consequence, and part (i) is proved for (-,-)*.
Recall that we have fixed positive integers a, b with a? — pb? = —1. Denote by
p — p the non-trivial automorphism of K, that is, gp = pg for any g € G~ H (see
above), and by p the particular element

)T if and only if it is p-modular w.r.t.
, )T if and only if it is unimodular w.r.1.

(.
(.

p=a+boeck.

Since pofr = fiop = —idy, @ = a—bo, this element induces in fact an automorphism
of any G*t-stable lattice. If g € G+~ H and ¢’ := gy, then ¢'? = gugu = ¢*np =
—g% Thus (H,g¢') = G~. Observe that the particular representation of G~ thus
constructed is obviously absolutely irreducible, and an H-invariant o-stable lattice
is G-invariant if and only if it is G~ -invariant.

For a given choice of (-,-), consider the bilinear form

(z,y)” = (z,on(y))"
which is clearly H-invariant. Since oy is self-adjoint w.r.t. (-,-)™", this bilinear form
is symmetric. From the fact that oup is a totally positive element in K it easily
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follows that (-,-)~ is also positive definite. The following computation shows that
(+,+)~ is invariant under ¢’ = g and thus under all of G™:

gz, g'y)” = (gu(x), (op)gu(y))™
(gu(x), gopu(y))*
(u(z), 7mp(y))*
(u(z),o(y))*

(, po(y)) = (z,y)~

(since i = —idy).

For the dual lattices, we clearly have

A" = (op) AT =0T IAT =07 IAT.

If A is unimodular w.r.t. (-,-)*, then At = A; therefore A~ = 071(A), ie. o
is the desired similarity between A and A~. Conversely, if A is p-modular w.r.t.
(-,-)7, then

prankA/2 — (A= A) = (67 (AT) : A)
— (A a(A) = (AT 5 A)(A : 0(A)) = pmA2(AT A,

yielding AT = A. The last assertion follows from the previous one by considering
(@,y)" " = (z,0(=m)(y)) " 0

Clearly, Proposition 2.4 applies to {GT,G™} = {Cs x G, G} and the module
V =V,, if p=1mod 4. Also, the endomorphism ¢ is uniquely determined up to
sign. Therefore, in what follows we can speak about o-stable lattices in V.

We shall need the following supplement to Proposition 2.4:

Lemma 2.5. Keep all the notation of Proposition 2.4. Suppose that, as FpH-
module, U := A/pA is the direct sum of two copies M, M' of an absolutely irre-
ducible F, H-module. Then the F,G*-module U is indecomposable if and only if the
F,G~-module U is indecomposable.

Proof. By our assumption, in a suitably chosen basis of U = M & M’ the commuting

algebra K := Endy(U) consists of matrices of the form < zgn Zg" >, where

a, b c d € F, and n = dimM. Clearly, the endomorphism o (cf. Proposition
belongs to K, and without loss of generality one may suppose that o =

( ) because 02 = 0 on U. Recall that Gt = (H, g) and G~ = (H, ¢') with

g = g(a+ bo). Since go = —og, g has the matrix ( 61 _ﬁ ), and ¢’ has the

aAd bA-+aB

matrix ( 0 _ad

). Denoting L™ = Endg+(U), we see that L™ = Ck(g).
B, yE,
zE, tE,
and B = %A. Now observe that: the F,GT-module U is decomposable if and
only if L™ contains two nonzero idempotents f, g such that fg = gf = 0 if and only
if B € (A)r,. The same applies to the F,G~-module U. But

B e (A)r, <= bA+aB € (ad)r,;

In particular, if f = ( ) belongs to Lt then either f = xFa,, orx # t

hence our statement follows. O
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Corollary 2.6. Let p = 1 mod 4 and n any integer. Then V,, contains o-stable
G, -invariant odd unimodular lattices.

Proof. By Proposition 2.4, V,, contains o-stable G, -invariant lattices. Choose such
a lattice I' with minimal possible determinant, and suppose that det I" > 1. Clearly,
the symmetry of o implies that the dual lattice I'# is o-stable. In particular, taking
the sum I' + mI'#, m € Z, produces again a o-stable lattice. Hence Lemma 2.1
[SchT] holds inside the class of o-stable lattices. Now the arguments in the proof
of [SchT], Proposition 2.4, show that A = I'#/T" = (C3)2. Consider the form
q:A— 3Z/Z, q(v+T) = (v,v) + Z. Clearly, o acts on A as an endomorphism
of order 1 or 2, and o preserves q. If 0 = 1 on A, then we are done by Lemma
2.2 [SchT]. If 0 # 1 on A, then ¢ has a unique nonzero fixed vector v in A. This
vector is obviously fixed by G;,, and one can check that ¢(v) = 0. Thus (T',v) is a
o-stable G -invariant unimodular lattice, contrary to the choice of I'. (]

A o-stable G -invariant odd unimodular lattice will be explicitly constructed in
Theorem 3.9 (for odd n) and Corollary 5.9 (for even n and p = 1 mod 4).

Proof of Theorem 1.2 for the case p =1 mod 4. By Corollary 2.6, V,, contains a o-
stable G, -invariant unimodular lattice V. Applying Proposition 2.4, we obtain a
G r-invariant scalar product on V that converts it into a p-modular lattice which
is acted on by G}. O

Remark 2.7. Let n = 1 and p = 1 mod 4. Then Proposition 2.3 and its proof
tell us that the group G7 = GLa(p)/Cp—1)/2 has a (unique) faithful, absolutely
irreducible, rational representation of degree p + 1, which is monomial. On the
other hand, G = PGLy(p) has a (unique) faithful, absolutely irreducible, rational
representation of degree p + 1, which is non-monomial. These observations were
mentioned in [NP]], Lemma (V.3) and its proof. Theorem (V.2) of [NP]] exposes a
G -invariant lattice of rank p+ 1 and determinant p®+1/2 called M, 11,2. Observe
that Mpy1 2 is obtained from the G7 -invariant lattice with Gram matrix F,4, by
means of the procedure indicated in Proposition 2.4. Hence by this proposition
Mpy1,2 is p-modular.

An explicit construction of G, -invariant odd unimodular lattices is exposed in
Theorem 3.9 for any odd n. Combined with the procedure indicated in Proposition
2.4, this yields an explicit construction of G, -invariant p-modular lattices A~ (p, n)
for any odd n (cf. Corollary 5.10), which generalizes Theorem (V.2) of [NP1].

The rest of the section is devoted to proving Theorem 1.2 for the case p =
3mod 4. Denote § = \/=p, m = (1 +60)/2, K = Q(0), 0 = (1,7)z the maximal
order in K. By Proposition 5.2 [SchT], whose proof does not use the oddness of n,
V =1V, has an endomorphism o such that

@) o?(v) = —pv, (0(1;)7,:_)1=:—U(7U£§g)1)7:(61(:), o(v)) = p(u,v),

for any u,v € V, s € S,, = PSpa,(p), g € G\ S,. Following the proof of that
proposition, it is not difficult to show that V contains a G;-invariant lattice A,
which is stable under the endomorphism (1 + 0)/2. For u,v € V we set

(3) uowv = (u,211) + G(U’;]Ev)) e K.
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Using (2) it is straightforward to check that v ou = wowv, uoo(v) = —0(u o v),
SUO SV =0V, guo gy =vou,and

(4) (u,v) = Tr(wov),

where s € S,,, g € G}t \ S,,, and Tr denotes the trace of K over Q. Thus, if we set
-v = a(v), then V is a K-space of dimension (p" +1)/2, with S,,-invariant positive
definite Hermitian scalar product v o v. Multiplying (-,-) by a suitable scalar, for
instance by 2p, we can ensure that A o A C 0. Thus A is a G -invariant integral
o-lattice, that is contained in its Hermitian dual,

It ={ueV|uol Co}.

The property (4) by the way characterizes the Hermitian form uniquely, that is,
implies (3). Clearly, both A+ and A#, the Euclidean dual, are stable under o and
G;}. Using (3), one readily checks that

AL = 9AF.

(This is actually well known from (4), since () is the different of o over Z.) We
shall use this formula frequently in what follows. We shall also need the following
two simple statements.

Lemma 2.8. Let p = 3 mod 4 as above, and let G be a finite group. Suppose
that T' is a G-invariant integral Hermitian o-lattice such that T' D oTL. Then the
FoG-module T+ /T supports a non-degenerate G-invariant alternating form, namely
b(u,v) = Tr(2uov) mod 2 for any u,v € T'. In particular, the index (T : T') differs
from 2 for any integral hermitian o-lattice T.

Proof. Since I' D 2I'*, 2u € T and so 2uov € 0 and Tr(2uov) € Z for all u,v € I'*.
If v € T, then 2uov € 20 and Tr(2uov) € 2Z. Thus b is well defined. Clearly, it is
Fo-bilinear and G-invariant. If u € I't, then 2uou € RNo = Z, yielding b(u,u) = 0,
i.e. bis alternating. Finally, assume that v € T't such that Tr(u o v) € Z for any
u € T't. Then v € (TH)# = 71T+ = 07T and 67T N (1/2)T = I'. In other
words, b is non-degenerate. O

Lemma 2.9. Let T be an S,-invariant o-lattice in V. Suppose that the index
(D+ : 1) is divisible by p. Then in fact T C pI'*.

Proof. Consider the F,S,-module U = I'/0T. Here we are identifying 0/f0 with
F, (and 7 with 1/2). First we show that I' C #T'*. We know that U is a simple
F,S,-module with character ¢ mod p. Furthermore, U’ = (I' N T'+) /6T is an S,,-
submodule of U. Suppose that U’ = 0. Then TNOTL = 6T. As (I't : ') is divisible
by p, one can find a vector v € fT'+ \ 6T such that pv € 6. Then

fv e pI't*NT COr+-NT =0T,

ie. v € T. Hence, v € I' N A+ = 0T, contradicting the choice of v. Therefore,
U’ # 0, which implies that U’ = U, T C '+,
Now we can define on U an S, -invariant form:

f(z,g) = %x oy mod fo,

where T = x + 0", § = y + 0. Clearly, f is well defined and bilinear. But f is
alternating: f(Z,Z) = 0 because x oz € RN fo = 0?Z for any z € I'. Suppose
the kernel of f is zero. Then U carries a non-degenerate alternating bilinear form
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(namely f) and so 1 mod p is of symplectic type, contrary to Proposition 2.2 (iii).
We have shown that the kernel of f is nonzero. Since U is irreducible, f is zero,
ie. T Cplt. O

Now we choose a G -invariant o-lattice A lying in V such that det A = (A% : A)
is minimal. We also suppose that A is not integral for any rescaled Hermitian form
%u ov with A € Rand A > 1. (If such a X exists, we simply divide the Hermitian
scalar product to A and get an invariant Hermitian lattice with strictly smaller
determinant.)

First we observe that det A cannot be divisible by any odd prime r # p. Suppose
the contrary. Then consider the form (Z, %), = (z,y) mod r on A/rA, where T =
x+rA, y =y+rA. Asr divides det A, this G,/ -invariant symmetric bilinear form is
degenerate, and so its kernel (A N rA#)/rA is nonzero. By Proposition 2.2 (i) this
means simply that A C 7A#. Then for any u,v € A one has (u,v), (u, ™) € rZ.
Denote w o v = a + wb for some a,b € Z. Then (u,v) = 2a + b and (u,7v) =
a — b(p —1)/2 belong to rZ. This implies a,b € rZ. In particular, uov € ro for
any u,v € A. Thus, one can divide the form u o v by r, a contradiction.

We have seen that det A can be divisible only by the primes 2 and p. Furthermore,
if p divides (AL : A), then by Lemma 2.9 one can divide the form u o v by p, a
contradiction. Therefore, there exists a non-negative integer k such that (A+ : A) =
2k In this case,

det A = (A : AL)(AL : A) = 2Fp7,
where N = (p™ +1)/2.

It is obvious that A D 2FAL. Suppose that A 2 2A*. Let | denote the minimal
integer such that A D 2AL. Thenl > 2. Set T' = A + 2-1AL. One readily
checks that T' is a G;f-invariant o-lattice with detT' strictly smaller than det A,
contradicting the choice of A. Hence, A D 2A+. This implies that A D 2pA#, i.e.
the discriminant group A% /A has exponent 2p (and order 2Fp™).

The inclusion A D 2pA# also implies k& < 2N. Setting I' = v/2A* (which is
equivalent to considering A+ and multiplying the form w o v by 2), we have

ol =v2At 0 vV2AL =2At 0o AL C Ao AL Co,
i.e. I' is an G}t -invariant integral o-lattice. Furthermore,
oIt = V2A C V2A* =T,
and
Loy Loy Iy p o oaly L AT2A)

Tt (ﬁA.ﬁA )= (A:2A%) AN 92N~k
This computation shows that, after replacing A by I' if necessary, one may suppose
that 0 < k < N. Claim that the last condition implies k¥ = 0,1,2. For F =
(AN 2A%)/2A is a G;f-submodule of A/2A, and |F| = 2*. By Proposition 2.2 (ii),
k=0,1, or 2.

We have arrived at the situation where (At : A) = 2%, k = 0,1,2. By Lemma
28 k # 1. If k = 0, then A = A+ = 9A#, and A is a p-modular Euclidean
lattice of rank 2NV, and we are done. Suppose k = 2. Then the discriminant group
A# /A is isomorphic to (Cs)? @ (C,)V, and (A+ : A) = (C2)%. By Lemma 2.2 of
[SchT], there exists a vector v € A\ A with 2v € A such that A = (A, v)z is a G-
invariant Euclidean lattice and A% /A ~ (C,)". Remark that A C A. Indeed,
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0v =m-2v —v € A. Furthermore, 6A C pA#. (For
(OA,A) C (O, A) + (OA,v) + (A, 0v) + (Bv,v).
Here, OA C OAL = pA#, so (A, A) C pZ. As v € AL, we have Aowv C 0, and so
(OA,v) = (A,0v) COoNZ = pZ.
Finally, (6v,v) =0vov —6Ovov =0.) Now we have
(0A :pA) = pV = (AT : A) = (pA* : pA);

therefore in fact A = pA# A = §A#. The map f : = — Oz, where z € A#,
maps A% onto A and preserves (-,-) up to the scalar p: (f(x), f(y)) = p(z,y). This
means the lattice A is p-modular, as desired.

The proof of Theorem 1.2 is finished. O

Remark 2.10. Observe that all the lattices A = A(p,n), A~ (p,n), are symplectic
(for the definition of symplectic lattices cf. [BuS]). For suppose first that A is

invariant under G,,. Then det A = 1. Taking 7 = ( 9% %" ) (in the chosen
symplectic basis of W), Fy = (6), one sees that 7 € G, and 72 = §Fa, acts on A

as —1. According to [BuS], this means that A is symplectic. Suppose now that A

is invariant under G;F. If p = 3 mod 4, then we put 7 = \/Lﬁo. Considered under

the new scalar product (u,v)" = (u,v)//p, the dual lattice of A equals 7(A). Also,
7 preserves (-,-) and 72 = —1. Hence A is symplectic. Finally, let p = 1 mod 4.
Taking g = ( 9?% b(j)n >, one sees that g € G;F\ S,,. Put 7 = ﬁgo and consider
A w.r.t. the new scalar product (-, )" introduced above. Clearly, 7 preserves (-, )’
and sends A to its dual (w.r.t. the new scalar product). Besides, g € G} \ S,
implies that 7> = —$¢°0® = —1. Consequently, A is symplectic.

Remark 2.11. One could formalize Lemmas 2.8, 2.9 and the above arguments in
order to get an analogue of Proposition 2.4 in [SchT] for the existence of p-modular
lattices. Here is one more well known example. Let G = 2G2(3) = SL2(8) - C3 and
x an irreducible complex character of G of degree 7 with Q(x) = Q(v/—3). Then
for any prime r # 2,3, x mod r is an irreducible Brauer character, which is not of
quadratic type. Furthermore, x mod 3 is irreducible and of quadratic type. Finally,
x mod 2 is a sum of a character of degree 1 and an irreducible Brauer character of
degree 6 which is of symplectic type. From this it follows that G has an irreducible
Q-module V with character xy +%. The above arguments show that G stabilizes
a 3-modular lattice A in V' with Aut(A) = Cs x G2(3). The lattice A occurs in
[Atlas] and was investigated in detail in [KoT], Chapter 8. It is the unique extremal
3-modular lattice in dimension 14, after [SchHem].

3. EXPLICIT CONSTRUCTION. I: n ODD

We maintain the notation W for the natural F,S,-module F2" endowed with a
non-degenerate symplectic form (-, -). Throughout this section we suppose that n
is odd. We use the ideas of [SchT], §3 to explicitly construct G -invariant lattices
in V =V, for any odd prime p.

Consider an arbitrary G, -invariant (integral) lattice A in V. Fix a symplectic
basis (e1,...,€n, f1,.-., fn) of W. Recall that G,, is generated by S, and the
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element ¥,, with matrix diag(FE,,0F,) in this basis. We shall view V as a G-
module with kernel Z2 ~ Cip—1)/2- A Lagrangian is a maximal totally isotropic
subspace in W. Following [BaV], we consider them oriented, i.e. equipped with
an appropriate equivalence class of bases. Two bases (l1,...,l,) and (If,...,1})
of a Lagrangian L are equivalent, i.e. define the same orientation, if the element
g € GLy,(L) defined by g(l;) =1}, 1 <i < n, has det g € F3>. We denote by L(W)
the set of all oriented Lagrangians contained in W.
To each Lagrangian L of W we now associate the following two subgroups:

(5)  G(L)={p€Gule(L) =L}, 5(L) = {p € G(L) | det(p|r) € FL2}.

Since the determinant of AE3, (A € F5?) acting on any Lagrangian L is a square in
F,,, the definition (5) of S(L) factors through the kernel Z?2 of x. Let &1, denote the

linear character of G(L) (and S(L)) which sends g € G(L) to (%). Here

and hereafter, (1—)) stands for the Legendre symbol.

Proposition 3.1. Let n be odd. For any Lagrangian L in W, the sets
A(L) ={veA|Vpe S(L),¢p(v) = v},

AT(L) ={veA|Vp e S(L),pv)=E(g)v}
are 1-dimensional Z-modules.

Proof. 1) Without loss of generality, one can take L = (e, ... , e,)r, with the basis
(e1,...,€en). Denote

P=Sts(L)=E-H, Q=S(L), R=PNQ=E-H",

where E = (Cp)""™)/2 H = GLy(p), H* = {g € GLn(p) | det g € F3?}. A model
for the Weil representation of S with character ¢ is described in [Gro]. From this
description it follows that ©|p = §+ ¢, where ( is a P-character of degree (p"™ —1)/2

and o (M)

p
for ¢ € P. In particular, ¢|p = 1g + (|-
If n = 1, one directly checks that the trivial character of S(L) and the character
§1 each enter into x|g(z) with multiplicity 1.
2) In this paragraph we suppose n > 1. We claim that {|g € Irr(R). Indeed,
one can identify £ with the space of symmetric matrices of degree n over Fy,.
Furthermore, P/E = H acts on E by the rule:

AocX=A-X-"A

for A € H viewed as an element of GL,(p) and X € E. Obviously E € Ker(. So
it is sufficient to show that every R/FE-orbit on the set Irr(E) \ {1g} has length
> (p™ — 1)/2, or equivalently, every H®-orbit on the set E* \ {0} has length >
(p™ — 1)/2. Here E is viewed as a F,-space, and E* stands for the dual space.
Actually, one can identify the GL, (p)-module E* with E itself, but endowed with
the action Ae X = A=1. X - A~! where A € GL,(p), X € E. (Indeed, each
element f € E* can be realized as the map f = fy : X — Tr(X - M) for a uniquely
determined M € E. Now we can write down the action of A € GL,(p) on E*:

(Ao f)(X) = fu(AtoX)=Tr(A™1 - X - 1A"1. M)
=Tr(X - A7 M- AT = faenr(X).)
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Consider a GL,(p)-orbit O on E\{0} and X € O. Then the stabilizer H(X) of X
in GL,(p) is nothing else but the isometry group of the symmetric bilinear form
on F with the matrix X. It is not difficult to show that the cardinality of O is
(p™ —1)/2 if rank X = 1, and strictly greater than (p™ —1)/2 if rank X > 1 (and
greater than p"™ — 1 if rank X =n > 1). On the other hand, if rank X <n — 1, then
H(X) contains an element A not contained in H®, whence O is also an H*®-orbit.
Therefore, an H*-orbit in E'\ {0} can have length less than (p™ —1)/2 only in case
n=1. (When n = 1, any H*-orbit in F \ {0} has length (p"™ —1)/4.) Now n > 1
by our assumption, so our claim has been proved.

Decompose V ®qC into a sum U @ U; @ U, of three R-submodules, with character
2-1g, ¢ and , respectively. Remark that R contains a regular unipotent element
z and ((z) = (-1 +p" ' /ep)/2. Furthermore, Q = (R, ¥,), and ¥,, normalizes R.
Therefore ¥, fixes U, and either leaves both Uy, Us invariant or interchanges them.
But 9,, interchanges the S-conjugacy classes of x and 2z (some power of z), and
C(z) = {(x) # ¢(x). This means ¥, interchanges U; and Us. The construction
of x (see the proof of Lemma 2.1) ensures that x(9,) = 0. As a consequence, ¥,
acting on U has trace 0. Observe that 92 leaves U pointwise fixed. (Indeed, 92 is
the product of a = diag(~'E,,,0F,) and 3 = 0F,,. Clearly, a belongs to P and

—-n

acts on U as multiplication by d(a) = ( HT) = —1, because n is odd. Furthermore,

0 acts as multiplication by —1 on the whole of V.) We have shown that both of
the subspaces

F={veV®yC|VypeQ, o) =0} =UnKer(d, —1),

F- ={veVeyC|VpeQ, o) =£E.(g)v} =UnNKer(d, +1)

have dimension 1.
3) For any odd n, Lemma 3 of [CoT] now implies that both of the subspaces

F={veV|VpeQ, o) =1},
F-={veV|VpeQ, o) =E(g)v}

also have dimension 1 (over Q). Since V = A ®z Q, we arrive at the conclusion
that A(L) and A~ (L) are 1-dimensional Z-modules. O

Keeping Proposition 3.1 in mind, we denote by v(L) (resp. u(L)) a generating
element of the Z-module A(L) (resp. A~(L)) for Lagrangian L. Then v(L) (resp.
u(L)) is determined uniquely up to sign. It is clear that A(L) and A~ (L) are
stabilized by G(L). Namely,

©6) (L) = (M) (L), p(u(L)) = (M) (L)

p p

for ¢ € G(L). Since we consider Lagrangians oriented, we can set v(—L) = —v(L),
u(—L) = —u(L) for the opposite Lagrangian —L corresponding to a given oriented
Lagrangian L. We fix an oriented Lagrangian Ly with a basis (e1,...,e,), and
fix a generating vector v(Lg) of A(Lg) (resp. u(Lg) of A= (Lg)). For an arbitrary
oriented Lagrangian M with a basis (f1,..., fs), we find an element vy, € G
such that vys(e;) = f; for all ¢, and set v(M) = var(v(Lo)), w(M) = var(u(Lo)).
This definition is independent of the choice of vy;. Moreover, for any h € G with
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h(Lo) = M, we have

det((var h)lr, )
p

notto)) = (

det((v;jh)lw/Lo)> -u(M).
p

) (M), h(u(Lo)) = (

Lemma 3.2. Let L and M be arbitrary Lagrangians. Then |(v(L),v(M))| (resp.
[(w(L), u(M))]|, |[(u(L),v(M))|) depends only on the dimension of LOM (and on the
choice of the norm (v(L),v(L))). In other words, there exist non-negative constants
ak, b, ¢k, k = 0,1,...,n, such that |(v(L),v(M))| = ag, |(u(L),u(M))| = bg,
[(w(L),v(M))| = ¢, whenever dim(L N M) = k.

Proof. Consider Lagrangians L', M’ with dim(L N M) = dim(L' N M’). Tt is clear
that there exists an element ¢ € S mapping L into L' and M into M’. One readily
verifies that S(L)p~! = S(L’). Taking g € S(L) and applying (6) we have

gt (w(L) =" g (L) = ¢~ (u(L))

for each g € S(L). By Proposition 3.1 this implies that p~*(v(L)) = +v(L), i.e.
e(v(L)) = +v(L'). Similarly, o(v(M)) = £v(M’). In particular, (v(L'),v(M")) =
£(v(L),v(M)). Next we have £1(g) = €1/ (pgp~"), and

g9 (L) = 97" g™ (u(L)) = o7 (€ (pgv™ (L)) = EL(g)e™ (u(L')).
By Proposition 3.1 this implies that ¢! (u(L")) = +u(L), i.e. p(u(L)) = £u(L’).
Similarly, p(u(M)) = tu(M'). Hence,

(u(L), u(M")) = £(u(L), w(M)), (u(L'),v(M")) = £(u(L),v(M)). O
Lemma 3.3. If k is even, then ar = 0. If k is odd, then c; = 0.

Proof. Again consider the symplectic basis (e1,... ,en, f1,..., fn). If the intersec-
tion of given Lagrangians L, L’ has dimension k, k a non-negative integer, then
without loss of generality one can suppose that

L= <617' e aen>]Fp7 L/ = <617" . aekafk+17" . afn>]Fp-
Clearly that 9,, is contained in both of G(L), G(L’). Furthermore, det(d,|) = 1,
det(p|w/r) = 0™, and det(dp /) = 67",
First suppose that k is even. Due to (6) one then has ¥,(v(L)) = v(L),
In(v(L)) = —v(L’). Therefore,

(v(L),v(L)) = (In(v(L)), In(v(L))) = = (v(L), (L)),

ie. (v(L),v(L")) =0.
Next suppose that k is odd. Then due to (6) one has ¥, (u(L)) = —u(L),
In(v(L)) = v(L'). Now we get

(u(L),v(L)) = (In(w(L)), Fn(v(L"))) = —(u(L),v(L)),
ie. (u(L),v(L") =0. |
Our next goal is to determine ax for k odd, and ¢ for k even. Recall that a
symplectic spread of W is a collection m# = {W; | 1 < i < p™ + 1} consisting of
p™ + 1 maximal totally isotropic subspaces such that Uf:;rl W; = W. The so-

called standard, or desarguesian, symplectic spread of W can be constructed in
the following way. Identify W with Fg, q = p", and endow W with the symplectic
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form (u,v) = tr(ad — Bv), where u = (o, 3), v = (v,0), &, 5,7,0 € Fy, and tr
stands for the trace form tr : F;, — F,. Then

mp = {W*| X eF,U{oo}},

where W>® = {(0,a) | a € F }, W* = {(a, \@) | a € F,} for A € F, is the desired
spread. One may suppose that

WO = <ela"' 767’L>]Fp7 WOO = <f17"' 7fn>Fp~

For a given symplectic spread m = {W;}, its automorphism group Aut (7) is defined
as the group {¢ € CSpa,(p) | ViTj s.t. o(W;) = W;}. For example (see [KoT],
Lemma 1.2.6),

Aut (7TD) = SLQ((]) . Cn . Cp_l,
the extension of SLs(g) first by the Galois group of the extension F,/F, and then
by the element 9J,. Set

A(m) = (v(L) | L € m)z.

Then, by Lemma 3.3, A(7) is a sublattice of A of determinant (a,)?"*', where
an = (v(L),v(L)) as in Lemma 3.2. In particular,

(7) det V = Q*2,

the fact we used in the proof of Theorem 1.1. Also, it shows that V' contains no
p-modular lattices (if p™ = 1 mod 4).

Now we consider the standard symplectic spread 7p, and project v(M) and
u(M), M a fixed Lagrangian, to the orthogonal basis (v(W?)):

o(M)y= > W), uM)= D yoW?)

AeF,U{oc0} AeF,U{oo}

It is obvious that zy = a; ' (v(M),v(W?)), yx = a; (u(M),v(W?)), and so
(8) > M)W =al, > (u(M),v(W))* = anbn.

AeF U{o0} AeFU{o0}

Proposition 3.4. In the notation of Lemma 3.2 one has
(i) ax = p~ (K2 q for odd k, 1 < k <n;
(ii) (ck)? = p*~" - anby, for even k, 0 < k < n.

Proof. We shall proceed by induction on n =1,3,....

1) Applying (8) to M = W we get a,b, = p"(co)?. Next we take M =
(e1, fa, .-, fn)w, and write e; = (e,0) for e € F§. Then M NW = (fa, ..., fn)
has dimension n — 1. Furthermore, for an arbitrary A € F; one has

MNW* = {(ze, ze) | x € Fp, ((0,Xe),e1) =0}
= {(we, \ze) | x € Fp, tr(Ae?) = 0} .

Therefore, dim(M NW?) is equal to 1 for just p"~! values of A € F,, and 0 for the
other X’s. Applying (8), one has p"~'a? = a2, i.e. a; = p~("~1/2q,,. Thus we have
proved Proposition 3.4 for a; and cg with n > 1. In particular, the induction base
n = 1 has been established.

2) For the induction step we suppose n > 3. We already proved the desired

relations for a; and ¢p. Put

WI = <ela"' 16n—27f13"' 1fn—2>]Fp7 WI/ = <en—17€n7fn—17fn>]Fp7
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U = (en—1,€n)r,, and introduce the following subgroups in S: B = Sts(W’),
S'=Hp e B|glwr =1wn}, 8" ={p € B | plw = 1w}, C = 5"nStsU),
K =85 x C. Then S ~ Sp(W') = Span_a(p), S” ~ Sp(W") = Spa(p), C ~
(Cp)?® - GLa(p), B=S5"x S". We also set G' = (5",9,,), H=(K,9,,) =G -C. It
is well known that ¢|p = ¢’ @ ¥ + 7 @ 7", where ¢’ (resp. 7') is an irreducible
Weil character of S’ of degree (p"~2 + 1)/2 (resp. (p"~2 — 1)/2). Furthermore,
Y (resp. 7'') is an irreducible Weil character of S” of degree (p*> + 1)/2 (resp.
(p?> — 1)/2). Arguing as in the proof of Proposition 3.1, we are convinced that

a:=71"|c € Irr(C), and "' |c = § + B, where § € Irr(C) and §(p) = (%) for
¢ € C. (In particular, §(1) = 1.) Thus

Yk =9 @6+¢ +7 @a

is a sum of three (pairwise distinct) irreducible constituents. From this it follows
that

Xk =W +¢) @6+ W @8+ ®P)+ (7' ®a+7 @a).
Observe that 9, acts on S’ as an outer automorphism, and 1J,, interchanges the
characters ¢’ and v¢’. Furthermore, C' <« H. Consequently, x|g has a unique

irreducible constituent in which C acts by scalars. This constituent affords K-
character (' 4+ ¢') ® §. Also,

9) (xle:0)e =p" 2 + 1.
3) Next we consider the following Z-submodule:
N =(v(L) | L=L&U,L Lagrangian in W')z

in A. (The symplectic form on W’ is inherited from the one on W.) Clearly, H
leaves A’ fixed. Moreover, let L = L' @ U, L' a Lagrangian in W’ and ¢ € C.
Then (L) = L. Hence, due to (6) the subgroup C acts on A’ as scalars (and the
corresponding character is dimz A’ - §). By the result of 2), dimz A’ = p"~2 + 1.
Recall that we chose G’ to be generated by S’ = Sp(W') and ¥,,. Considering the
natural action of G’ on W', we conclude that G’ ~ C'Sp(W'). We want to find the
kernel of G" acting on A’. To this end, consider a generating element z = 0 Fs,_4
of the center Cp_1 of CSp(W'). Then z acting on W has the following matrix:
diag(GEgn_4, EQ, GQEQ) in the basis (61, . 3 €Enp—92, f17 ey fn_Q, €n—1,€En, fn—la fn)
If L=L'®U (L' any Lagrangian in W’), then due to (6) z(v(L)) = —v(L), as n
is odd. Thus z acts on A’ as multiplication by —1. We have shown that the lattice
A’ is in fact acted on by CSpa,—4(p)/C(p—1y2 = G, _5, and this action affords
S’-character 1’ + 1. If we denote G’(L’) = Stg:(L'), and define S’(L’) similarly to
(5), then of course G'(L') = G(L)NG', S'(L") = S(L)NG' for L = L’ ®U. In other
words, W', A/, L', v'(L') and u'(L’) (generating vectors of A’(L’) and A'~(L’), cf.
Proposition 3.1) play the same roles for G’ as W, A, L, v(L) and uw(L) do for G.

Observe that there are nonzero rational scalars s and ¢ such that v'(L') =
tsv(L), v/ (L) = tu(L). Indeed, v(L) € A’ by the definition of A’, and v(L)
is obviously fixed by S’(L’); hence v(L) € A'(L’), and v'(L') = xsv(L) for some
s € Q°. Next, (u(L))z is a C-module with character ¢ (cf. (6)). On the other hand,
A’ affords C-character (p"~2 + 1)§. Hence by (9) we have u(L) € A’ ®z C. From
this it follows that w(L) € A~ (L") ®z C, i.e. v/ (L") = ttu(L) for a certain ¢t € C®.
Observe that

st = £(u'(L'),v"(M'))/ (u(L),v(M))
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is a rational number, where L', M’ are Lagrangians inside W’ with dim(L'NM’) =
n — 3. Hence t is rational. We may suppose that s,t > 0.

Now we can apply the induction hypothesis to G’ and A’. In doing so we con-
sider two arbitrary Lagrangians L', M’ of W’ with dim(L' N M') = k. Then for
L=Le&®U, M = M ®U one has dim(L N M) = k + 2, which implies that
a = /(L)' (M)] = $2[(o(L),o(M))] = sPapsa, b, = |(w! (L), (M")] =
21 (u(L),u(M))] = Ebyra, ¢ = |0/ (L), (M")] = stl(u(L), u(M))| = sterss. By
the induction hypothesis, for k£ odd we have

gy = afy = prETR2g = g2p(n=(k+2)/2

=S p a’n.a
ie. appe = p"~++2)/2¢ - Thus we have proved the desired relation for a; with
l=3,5,...,n. Similarly, if k£ is even, then
52t2(6k+2)2 — (62)2 pk n+2 ! b/ = 52t2pk—n+2anbn7
ie. (ck+2)2 = pk+2_"anbn. Thus we have proved the desired relation for ¢; with
l=2,4,... ,n— 1. The induction step is over. O

Corollary 3.5. Rescale the v(L)’s such that (v(L),v(L)) = p"~1/2. Then

_ ip(k—l)/{ dim(LN M) =k =1mod 2,
(v(L),v(M)) = { 0, dim(L N M) = 0 mod 2.

The signs 4 involved in this corollary will be determined in §5, cf. Corollary 5.4.

Now we consider the endomorphism o of V' (constructed in Proposition 2.4 for
p = 1 mod 4 and in [SchT], §5 for p = 3 mod 4. Recall that A is a G-invariant
lattice in V. Let T' be the sublattice of A generated by v(L) with L running
over all Lagrangians in W. Clearly, one can rescale the scalar product on V' such
that V. = T' + o(T") is an integral G-invariant o-stable lattice lying in V. Also,
I'(L) = A(L) for any Lagrangian L. We can now apply Propositions 3.1, 3.4 and
Lemmas 3.2, 3.3 to the lattice V. Let v(L), u(L) be generating vectors of V(L),
V~(L).

Lemma 3.6. For the lattice V. = T + o(T") we have v(L) = +v(L) and u(L) =
+o(v(L)). In particular, the parameters a, by, ci of V satisfy the following rela-
tions:

(i) bx = pay for any k;

(ii) ¢ = pFH+1=m/2 . q,. for any even k.
Proof. Since I' C V, v(L) = mv(L) for some integer m. As I' is generated by the
v(L)’s, I CmV,andso V=T+0I) Cm(V+o(V)) =mV, yielding m = +1,
ie. v(L) = +v(L).

Recall that go = (W) og for any g € G. If g € G(L), then det(glw) =

det(g|r) - det(g|w,), and so (det(g‘“’)) = (d“(gm) ¢r(g). Therefore, by (6) one
has

a

go(v(L)) = (42e)) g (v(L))
= (gl ) (e ) o(o(L )) £1(9)o(v(L).
This means: o(v(L)) € V™ (L); hence o(v(L)) = k-u(L) for some k € Z. Similarly,
go((L)) = ( gl >)ag<a<L>>
(det(9|W)) £1(g)o(@(L)) = (% o(u(L)),
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which implies that o(w(L)) € V(L). From this it follows that o(u(L)) =1-v(L) for
some [ € Z. In this case we have
ep-v(L) = o?(v(L)) = o(k-u(L)) = ko(u(L)) = ki - v(L),
ie. kl =+£p. Assume k # +1. Then k = +p, | = £1, and v(L) = £o(u(L)) belongs
to o(V). Since V is generated by the vectors v(L) and the sublattice (") which is
contained in o(V), we conclude that V C ¢(V). Applying o once more again, we
get V C 0%(V) = pV, a contradiction. Hence k = 41, i.e. a(L) = £o(v(L)).
Next we take L, M such that dim(L N M) = k. Then
be = [(u(L),u(M))] = |(o(v(L)), o (v(M)))| = pl(v(L),v(M))| = pay.
Furthermore, by Proposition 3.4 for even k one has
(Clc)2 _ pk—nanbn _ pk—i—l—n(an)Q’
ie. ¢ = p(k"'l_")/2 Q. O

Remark 3.7. The assumption I' = (v(L) | L any Lagrangian) is essential for the
conclusions of Lemma 3.6. For example, the parameters ag, by, of the lattice o(V)
satisfy ar = pby.

A key ingredient in our further arguments is the following observation:

Proposition 3.8. Let (e1,... ,en, f1,.-., fn) be any arbitrary symplectic basis of
W, and let M, L*, X € F,,, be Lagrangians with bases (f1,... , fn), (e1+Af1, fo, ...,
fn), respectively. Then in the notation of Lemma 3.6 one has

UM) =" dao(L), po(M) =Y dyu(L*)
XEF, AEF,,

with dy, d\ = £1.
Proof. Observe that dim(M N L) = n — 1. Hence in accordance with Lemma
3.6 we have (u(M),v(L")) = dya, with dy = £1. Besides, (@(M),u(M)) = pay,
and (v(L*), (L)) = andx.. Hence, for v = U(M) — Z/\er dyv(L*) we have
(v,v) = 2pa, — 2pa, = 0, yielding u(M) = E)\E]Fp dyv(L*). Applying o to this
identity, we obtain pv(M) = \cp d\u(L™). |

Now we are in a position to explicitly exhibit a G-invariant odd unimodular
lattice in V.

Theorem 3.9. Let p be any odd prime and n any odd integer. For every La-
grangian L in W, choose a vector v(L) in V ®g R fized by S(L) and such that
(v(L),v(L)) = p=Y/2. Then the lattice A = A(p,n) generated by all v(L)’s

A= (L) | LeLl(W)z
is a o-stable G, -invariant odd unimodular lattice.

Proof. We start with some G-invariant integral lattice A and choose v'(L) to be
a generating vector of the Z-module A(L), L any Lagrangian. Then according to
Lemma 3.3 and Proposition 3.4, (v'(L),v'(M)) = 0 if k = dim(L N M) is even,
and (v/(L),v"(M)) = +p*=D/2q; if k is odd. Here a; is some natural integer.
Now we set v(L) = al_l/zv’(L) for all Lagrangians L. Clearly, v(L) € V ®q R,
(v(L),v(L)) = p»=1/2 and v(L) is S(L)-stable. (We could assume v(L) € V
by means of rescaling the scalar product on V' by the scalar al_l.) Furthermore,
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(v(L),v(M)) € Z for any L, M. We see that A as defined in the theorem is a G-
invariant integral lattice. Moreover, if mp denotes the standard symplectic spread,
then A contains the sublattice

A(TFD) = <U(L) | L e 7TD>Z

of determinant p("~D®"+1)/2 n particular, det A is a power of p: det A = p™ for
some non-negative integer m.

If m = 0, we are done. Suppose that m > 1. Then consider the form (z,7), =
(x,y) mod p on A/pA, where T = z + pA, § =y + pA. As p divides det A, (-,-),
is degenerate on A/pA. This means that pA is a proper sublattice of A N pA#. If
AN pA#* = A, then A C pA#; in particular, (v(L),v(M)) € pZ for all L, M,
contrary to the equality (v(L),v(M)) = £1 for dim(L N M) = 1. Therefore,
A D ANpA#* O pA. One may then suppose that A/(A N pA#) affords the
G-character 77; mentioned in Proposition 2.2 (iii). Since A/(ANpA#) supports the
G-invariant non-degenerate symmetric bilinear form (-, -),, 71 is of quadratic type,
contrary to Proposition 2.2 (iii).

2) By Lemma 3.6 and Proposition 3.8, o(v(L)) belongs to A for any L. Hence
A is o-stable. O

Corollary 3.10. For the lattice A = A(p,n) and generating vectors v(L), u(L) of
A(L), A=(L), we have uw(L) = o(v(L)). In particular, the parameters ay, by, cx
of A satisfy the following relations:

(i) bg = pag for any k;

(ii) ¢ = p*FH+1=m/2 . q,. for any even k. |

4. EXPLICIT CONSTRUCTION. II: n IS EVEN

Let p be an odd prime and n any even integer. In this section we exploit
the results of §3 to describe an explicit construction of G -invariant p-modular

lattices in V' = V,,. Setting S’ = S,41 = Sponta(p), we consider a natural
F,S-module W' = W,4;1 = an+2 endowed with a non-degenerate symplectic
form (-,-). Fix some symplectic basis (e1,...,en+1, f1,---, fnt1) of W’. Con-

sider the endomorphism ¥,,1; of W’ with the matrix diag(F,+1,0En+1), and set
G' = Gpy1 = (5,9)) = CSpani2(p). Now we can embed W into W', S = S,
into 8, G = G, into G’ by means of setting W = (e1,... ,en, f1,..., fu)F,,
S = Sts(en+1, fnt1), G = (S, 0,41). Clearly, G ~ CSpa,(p), and one can identify
41 with ¥,,. Choose an irreducible Weil character 1’ of S’ of degree (p"*! +1)/2
such that (¢'|s,1¥)s > 0. Let x’ be the rational irreducible character of G’ of degree
p" 1 +1 and with kernel C(p—1)/2, and let V' = V,, 11 be an irreducible QG’-module
with character x" (cf. Proposition 2.3). Thus V' is a faithful G, -module.

We collect several facts from [SchT] and §3. For any Lagrangian L' in W’ set

G'(L)={pel |pl)=L", S'(L)={pe G L)]|det(p|r) € F}’}.
The subspace {v € V' | Vp € S§'(L'), ¢(v) = v} has dimension 1. Therefore, one
can choose an S'(L')-stable vector v(L') such that (v(L'),v(L')) = p™/2. Then the
lattice

A'=Alp,n+1)= (@) |L € LW))z
is an odd unimodular G’-invariant lattice in V’. Moreover, A’ has a Z-linear endo-

morphism ¢ with the following properties:
(a) o commutes with S, and 09,41 = —U,110;
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(b) 02(v) = epv, (o(u),v) = €(u,o(v)), (o(u),o(v)) = p(u,v) for any u,v € V',
where ¢ = (—1)®P~1/2,

Let L', M’ are any Lagrangians in W', and set w(L') = o(v(L))). If k =
dimp, (L' N M') is odd, then a; = |(v(L),v(M"))| = p*=D/2 by = |(u(L'), u(M"))|
= pktD/2 ) = |(u(L'),v(M'))| = 0. If k is even, then ap = by = 0, and ¢}, = p*/2.

The descent from G, to G} is provided by the following statement. Denote
U= <€n+1>]Fp7 WI/ - <en+17fn+1>]Fp-

Proposition 4.1. The subspace V = (v(L') | L’ = L& U,L € L(W))q of V' is
a faithful absolutely irreducible QG -module of dimension p™ + 1. Moreover, V is
o-stable.

Proof. 1) We introduce the following subgroups in S’: B = Stg/(W), §” =
{peB|low =1w}, C=5"NSts/(U), K =SxC. Then §” ~ Sp(W") = Spa(p),
C ~ C, -GLi(p), B =5 xS5". By our definition, G = (5,9,41). We also set
H = (K,¥,41) = G-C. Tt is well known that ¢'|p = ¢ @ " + 7 ® 7", where 9"
(resp. 7"7) is an irreducible Weil character of S” of degree (p+1)/2 (resp. (p—1)/2).
Furthermore, 7 is an irreducible Weil character of S of degree (p™ —1)/2 (¢ in the
notation of §1). It is easy to check that a := 7"|¢ € Irr(C), and ¥"|c = § + 3,

where 8 € Irr(C) and d(p) = (%) for ¢ € C. (In particular, §(1) = 1.)
Observe that 3 # 0. It is so if p > 3, since in this case 3(1) = (p —1)/2 > 1. If
p =3, then Q(8) = Q(v=3) # Q = Q(9). Thus

Yk =9y ®6+90F+TRa

is a sum of three (pairwise distinct) irreducible constituents. From this it follows
that

Xk =W+9) @6+ W @B+9®P)+ (T®a+TR0a).
Observe that 9,41 acts on S as an outer automorphism, and 1,7 interchanges
the characters ¢ and 1. Furthermore, C <t H. Consequently, x|g has a unique
irreducible constituent, say 7y, in which C acts via a multiple of the character 6.
This constituent + affords K-character (¢ + 1) ® 6.

2) Next we observe that H leaves V fixed. Moreover, let L’ = LU, let L be a La-
grangian in W and ¢ € C. Then ¢(L) = L. Hence, due to (6) the subgroup C acts
on V as scalars (and the corresponding character is dimg V' - 6). By the result of 1),
dimg V' = p"+1. Recall that we chose G ~ C'Sp(W) to be generated by S = Sp(W)
and ¥,4+1. We want to find the kernel of G acting on V. For consider a generating
element z = §Fy, of the center Cp,_; of C'Sp(W). Then z acting on W’ has the
following matrix: diag(0Eay,,1,62) in the basis (e1,... ,€n, fi,---  fn,€nt1s farl)-
If I’ = L@ U (L any Lagrangian in W), then due to (6) z(v(L')) = v(L'), as n
is even. Thus z acts trivially on V. We have shown that V is in fact acted on by
CSpan(p)/Cp—1 = G}, and this action affords G} -character x* (cf. Proposition
2.3).

3) Finally, we show that (V) = V. Recall that the endomorphism o centralizes
S’. In particular, o centralizes K. Hence, the subspace o(V) affords the same K-
character as of V. Since ¥, +1(V) =V and ¥, 110 = —09p41, 0(V) is ¥,41-stable,
that is, o(V') is an H-module. By the results of 1), o(V') also affords the H-character
v. As v is irreducible and it enters x’| gy with multiplicity 1, (V) = V. O

Now we are in a position to give some more explicit lattice constructions. We
start with (p™ + 1)/2-dimensional lattices. Let R = Spa,(q), where ¢ = p?. Then
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R has two irreducible Weil characters g, ¢o* of degree (¢" + 1)/2. These characters
are conjugate under some outer automorphism of R. Both of them are rational,
as shown in [Gro]. We want to expose an explicit construction for ZR-lattices
of dimension (¢"™ + 1)/2. To this end, put n = mf. Consider the natural F,R-
module W) = Fgm endowed with a non-degenerate Fy-valued symplectic form
(,)(p)- Then we can identify W with W) viewed as F)-space and assume that
(u,v) = Trg, v, (u,v)(s). This identification embeds R = Sp(W)) canonically
in S, = Sp(W). One may also suppose that ¢ = v|g. Clearly, any Lagrangian
in W) (that is, an m-dimensional F -subspace in W) which is totally isotropic
w.r.t. (,-)(p) is also a Lagrangian in W. We call these special Lagrangians [F,-
Lagrangians in W.

Theorem 4.2. Keep the above notation. Set
A(g,m) = (v(L") | L' = La U, L any F,-Lagrangian in W)z,
Then A(q,m) is an R-invariant integral lattice affording the Weil character .

Proof. In addition to T' := A(g, m) we consider
I"=(u(l')| L' = L® U, L an F;-Lagrangian in W)z.

Clearly, T and T” are invariant under R. We have mentioned that the restriction
Y|r is equal to ¢ and so it is irreducible. Hence x|g = 2¢. From this it follows
that dimgz I" and dimz I are at least o(1) = (p™ + 1)/2. Observe that I' LT”. For,
if L, M are F,-Lagrangians in W, then dimg,(L N M) = 2f - dimg, (L N M) is
always even. This implies that dimg, (L' N M’) is odd, and so (v(L'),u(M’)) = 0
by Lemma 3.3. By Proposition 4.1, T" and I are contained in the Q-space V of
dimension p™ + 1, and the scalar product on V is positive definite. Hence we must
have dimz T’ = (1), and I’ = A(g,m) is an R-invariant integral lattice affording
the Weil character p. O

Corollary 4.3. In the notation of Proposition 4.1, detV = pQ®2. On the other
hand, if p =1 mod 4 and V is considered as a G, -module by means of Proposition
2.4, then det V = Q*2.

Proof. The proof of Theorem 4.2 shows that V' contains the lattice T' @ o(T) of
determinant detT' - det o(I') = p®"*1/2(det T')? € pQ°*2. The other claim follows
from the oddness of (p™ +1)/2. O

Theorem 4.4. Keep the above notation. Set
A=A(p,n)=@wL")|L'=LaU, LeLW));.
Then A is a G} -invariant p-modular lattice.

Proof. Recall that the scalar product on V is inherited from the one on V', and
the dual A¥ to A is taken under this scalar product. Clearly, A is fixed by G .
Applying Proposition 3.8, we see that u(L") = o(v(L')) is contained in A for any
L, and A is o-stable.

1) First assume that det A is divisible by some prime r # 2,p. Consider the
form (Z,7), = (z,y) mod r on A/rA, where T =z +rA, §j=y+rA. As r divides
det A, this G-invariant symmetric bilinear form is degenerate, and so its kernel
(A NrA#)/rA is nonzero, i.e. A D ANrA# O rA. By Proposition 2.2 (i), this
means A = A NrA#. Hence (u,v) € rZ for any u,v € A. In the meantime,
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(v(L),v(M") = +1 for L'’ = LU, M' = M & U with dim(L N M) = 0, a
contradiction.

2) At this point we show that det A is odd. Suppose the contrary: 2 divides
det A. Consider the form (Z,7)2 = (z,y) mod 2 on A/2A, where Z = x + 2A,
g=1y+2A. As 2|det A, A’ =: AN 2A# contains properly 2A. Since A is an odd
lattice, its even part A® = {v € A | (v,v) € 2Z} is a sublattice of index 2 in A.
Moreover, A? D A’. (For A’ is clearly contained in A°. On the other hand,

(u(L') + u(L'), (L") + u(L)) € 22, (v(L') +u(L'),v(L")) = p"/* ¢ 2Z,

ie. v(L') +u(L') € A\ A’.) Applying Proposition 2.2 (ii), we see that A D B D
C D 0 is a composition series for the FoG-module A = A/2A, where B = AY/2A,
C = A/2A.

We exhibit one more nonzero proper submodule inside B. Set I' = (v + o(v) |
v € A)z + 2A. Since go = tog for all g € G, T' is G-stable. Furthermore,

(uto(u),v+0(v) = (p+1)(u,v) + (1 +€)(u,0(v)) € 2Z
due to the properties of the endomorphism o. Thus D = I'/2A is a G-submodule of
B and D is totally isotropic w.r.t. (-,-)s. Since (v(L')+u(L'),v(L")) = p™/2, we see
that v(L') +u(L') € T'\ A’. From this it follows that 0 # D # C. Since B> C D0
is a composition series for B, we must have B = C' 4+ D. But C = Ker(-, -)2; hence

we come to the conclusion that B is totally isotropic w.r.t. (-,-)2. On the other
hand, choosing

Ll = <617" . aenve’n«+1>]Fp7 LQ = <f17" . 7fn7en+1>]Fp7

L3 = <elv cee,€Ep_2,6p_ 1+ fn—la fn76n+1>]Fp7
we get v(L1) + v(La),v(L1) +v(L3) € A® with

(v(Ly) +v(La),v(L1) +v(Ls)) = p™2 +p"2/2 1140 =1mod 2,

a contradiction.

3) Observe that pA# D o(A). (Indeed, A is generated by the vectors v(L'),
and o(A) is generated by the vectors u(M'), with L’ = Lo U, M' = M @ U,
L, M arbitrary Lagrangians in W. It is obvious that & = dim(L’ N M’) > 1. But
|(v(L)),u(M"))| = ¢ is 0 if k is odd, and p¥/? if k is even. Hence ¢y, is divisible by
p.) In fact we have

(10) ANpA* =o(A).

For, assume the contrary. Then A O AN pA# D o(A) D pA. By Proposition 2.2

(iii) A/o(A) is an irreducible F,G-module. Hence A N pA# = A, A C pA#. The

last inclusion contradicts the equality (v(L'),v(M’)) = %1 for dim(L' N M’) = 1.
In addition to (10) we show that

(11) ANp>A#* C pA.

To this end we denote A = A NpA#. Then A N p2A# is a proper sublattice of A,
because u(L'),u(M') € A and (u(L'), u(M')) = £p provided that dim(L'NM’) = 1.
Furthermore, (A N pA#, pA) C p?Z. Thus we have

pA C ANpP*A* C A =0o(A).
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Now the irreducibility of the F,G-module o(A)/pA implies that pA = A N p2A#.
Keeping in mind that

ANP?A* = (AN pAT) N (pA + p*A%) D AN p?AF,

one obtains (11).

4) By the results of 1) and 2), det A is not divisible by any prime r other than
p. Hence det A = p™ and so A D p™A# for some non-negative integer m. Choose
the minimal non-negative integer £ such that A D p*A#. If £ = 0, then by (10) one
has o(A) = pA, a contradiction. Assume that £ > 2. Then applying (11) we have

p'A* C AN pPA* C pA,

i.e. p"~1A# C A, contrary to the choice of £. Hence £ = 1. In this case (10) yields
pA* = o(A), A = o(A#). In other words, A is p-modular. O

From now on, when considering A(p,n) with n even, we denote v(L @ U) by
v(L) (L a Lagrangian in W) and then forget the initial descent n + 1 ~ n. In
particular, (v(L),v(M)) = +p*/2 if k = dim(L N M) is even, and 0 otherwise. The
signs involved in this formula will be determined in the next section.

5. MASLOV INDEX AND GRAM MATRIX

Let k be any field of characteristic other than 2 and S(k) = Spa,(k). If k =C
or k is a finite field (and (n,|k|) # (1,9)), then it is well known that S(k) is
simply connected. However, if k is R or any local field, then S(k) is not simply
connected, and S(k) has a double covering group called the metasymplectic group.
An important role in physics is played by a faithful complex representation of the
metasymplectic group called the Shale-Weil representation. A key ingredient of
constructing this representation is Maslov index (or Maslov-Kashiwara indez),
which is defined on triples of Lagrangians inside the symplectic space k2". For
more detail the reader is referred to [LiV].

Remarkably, we can define a discrete analogue of Maslov index for Spay, (p), which
enables one to completely determine the Gram matrices of the lattices A(p,n), n
any integer and p any odd prime (cf. Theorems 3.9, 4.4), and the lattices A~ (p,n)
(in the case p = 1 mod 4). Here, A~ (p,n) is obtained from A(p,n) by means of
Proposition 2.4 (with Gt = G, if n is odd and G = Cy x G} if n is even).
Throughout this section, Lagrangians are considered oriented.

First we deal with the lattices A(p,n). Fix an oriented Lagrangian Ly with an
ordered basis (ug,...,u,) (for short: Ly = (ug,...,u,)), and a generating vector
v(Lg) of A(Lp). For an arbitrary oriented Lagrangian M = (vy,... ,v,) we find an
element vy € Spay,(p) such that vas(u;) = v; for all 4, and set v(M) = vy (v(Lo)).
It is easy to see that this definition does not depend on the choice of vy;. Finally,
we put u(L) = o(v(L)) (cf. Lemma 3.6).

Definition 5.1. Let p be any odd prime and n any integer. Let L, M be arbitrary
oriented Lagrangians in W = F2". Then the index [L,M] of the ordered pair
(L, M) is defined to be (de%F), where the matrix F is defined as follows. Let
dim(L N M) = k, choose ordered bases

(u17"' y Uk, U1y - -« 7vn—7€)7 (U]_ s s Uk, W1, - - 7wn—k)

of L, M, respectively; set F' := F(L, M) := (<Uiij>)1<ij<n—k'
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Proposition 5.2. The index is well defined. It is symmetric and G, -invariant on
pairs (L, M) with n — dim(L N M) even. Moreover, if L, M,L', M’ are oriented

Lagrangians and dim(L N M) = dim(L' N M"), then
(L, M](v(L),v(M)) = [L', M"|(v(L), v(M")),
(L, M(u(L), v(M)) = [L', M"|(u(L'), v(M")),
(L, M(u(L), u(M)) = [L', M"[(u(L"), u(M")).

Proof. First we show that ( de%) is independent of the bases chosen. For, suppose

! ! ! ! ! ! ! !
(ulv cee y Up, Uyl 7Un—k)a (ula cee y Up, Wy s awn—k)
are other ordered bases of

L= (uy,. .. ug,v1,. . Un_k)y M = (u1,..., Uk W1,... , Wo_k)-

Then the transition matrices (from the old bases to the new bases) are ( 61 ‘g )
0 C
L, M are oriented, det A - det B and det A - det C' belong to IFZ',Q. Clearly, F' is

changed to ‘BFC and (dEtF) = (dEt ?FC .

If g € Gy and (gu,gv) = X - (u,v) for all u,v € V, then [g(L),g(M)] =
n—=k
(5) [L, M]. Furthermore, [M, L] = ¢ *[L, M]. In particular, [L, M] is sym-

P
metric and Gj,-invariant on pairs (L, M) with n — dim(L N M) even.

Finally, assume

and(A Y),whereAEGLk( ), X,Y € My n_r(Fp), B,C € GLy_i(p). Since

L= (ulv"' y Uk, U1y - - - 7'Un—k)a M = (ula"' y Uk, W1y -« - awn—k)a

L= (), ... up, v, v, _,), M= (uy,... u,wi,. .., ;L %)
are oriented Lagrangians in W. Then there exists g 6 Span(p) such that
g(L) = £L', g(M) =+M'. Let 61 )35 (resp. O ) ) be the transition
matrix from the basis (g(u1),...,g(ug),g(v1),... , g(vn— ;.C) of g(L) to the basis
(uh, ... up,vh, ..., v, ) of L' (resp. from the bas1s (g(ug),... ,g(uk) glwr), ...,
g(wn—g)) to (uf, ... up,wi,... ,wl_)). Then

det A-det B det A-detC
o) = (D) ga(n, o) = (S o)

and so (v(L'),v(M’
show that F(L', M') =

) = (dCtB d“c) (v(L),v(M)). On the other hand, one can
= B.F(L,M)- C, yielding [L', M'] = (M) (L, M].
M']

p

Hence [L, M(v(L),v(M)) = [L’ (v(L"),v(M")). The identities
(L, M](u(L ) v(M)) = [L, M"|(u(L"),v(M")),
(L M)(u(L), u(M)) = [/, M) (u(L'), u(M"))
are proved in the same way. O

Theorem 5.3. Let p be any odd prime and n any integer, and let € = (—1)(1’_1)/2,
Under the above notation one has

(v(L),v(M)) = (¢/p)" =R 2pl"/2[ 1, M]
for any oriented Lagrangians L, M with k = dim(L N M) and n — k even.
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Proof. By Corollary 3.5, Theorem 4.4 and Proposition 5.2, there are constants C, =
+1 such that [L, M](v(L),v(M)) = pl*/2=(=F)/2C, for any oriented Lagrangians
L, M with k = dim(L N M) and n — k even. We want to show that

(12) Cp = R/2,

Clearly, (12) holds for k = n.

1) At this point we prove (12) for k¥ = n — 2 (and n > 2). Because of the
descent n ~ n — 1 used in Theorem 4.4, we can restrict ourselves to the case n
is odd (and so n > 3). In order to determine C,,_a, we use the standard spread
{Wee, WX | X € Fg} of W = F2" (see the discussion before (7)). As usual, we
assume that (e;, f;) = &; ;, where W0 = (e1,... ,e,), W™ = (f1,..., fa). Due to
our identification of W with F2, ¢ = p", we have e; = (a;,0), fi = (0,3;) for any i
and some «;, f; € F,. Observe that there is a map from Spa,(p) which sends the
oriented Lagrangian Lo := W° to W (resp. to W* = ((a1, A1), ... , (an, Aay)),
X € Fy). Now take

L= (e, f2 f3,- -5 fn)y M = (fr,€2, f3,.., fn)-
Then dim(LNM) =n—2, [L, M] = e. Since dim(LNW>) = dim(MNW>) = n—1,
we have

v(L) =Y axo (W), v(M) = > byo(W?)

A€F, A€F,

and so

(13) "Gy = (u(L),v(M)) = p™ D2 3 azby.
AEF,

One easily sees that ay # 0 if and only if tr(A(ay)?) = 0. Similarly, by # 0 if

and only if tr(A(az)?) = 0. Observe that (a1)? and (ag)? are linearly independent

over Fp; otherwise Fy, would contain F)(a;/az2) = F2, contrary to the assumption

that n is odd. Hence axby # 0 for exactly p"~2 values of A\ € F,. Moreover, if

axby # 0, then axby = p' ™", since in this case dim(L N W?) = dim(M N W) =1

and [W?*, L] = [W*, M] = 1. Bearing (13) in mind, we obtain C,,_s = e, as stated.
2) Here we show that

(14) Cn—Q[n/Z] = Cn+2—2[n/2]Cn—2

for any n > 2.

2a) Because of the descent n ~» n — 1 used in Theorem 4.4, we can restrict
ourselves to the case n is even. In order to prove (14): Cy = C5C),—2, we consider
the standard spread {W>,W?* | X\ € F¢} of W = F2". As above, we assume that
(ei, ;) = 6;j, where WO = (eq,...,e,), W™ = (f1,..., fn). Due to our identifi-
cation of W with Fﬁ, q = p"™, we have e¢; = (;,0), f; = (0,5;) for any ¢ and some
oy, B; € Fy. Since n is even, without loss of generality we may suppose that o; =1
and ap = e € )2 \ F,,. Observe that there is a map from Spa, (p) which sends the
oriented Lagrangian Lo := W° to W (resp. to W* = ((a1, A1), ... , (an, Aay)),
A € Fy). Our identification of W with F2 embeds R = SLx(q) naturally in Spa,(p).
Consider the following elements

al 0 1 0 0 -1 .
ra—< 0 a)’sb_(b 1 , t= 1 0 ,aclFg, bel,
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of R. Then they act on the vectors v(W?) as follows:

ra s (W) o (B)(W), o) s (2)o(I0),
(15) sp: (W)= (W), V(W) = o(WAE),
tr o (W) o (W0,  o(WA) m (5)o(W1A).

Here, (%) = Ne=D/2 and p = (%), where T' = (tr(@if))),<; j<, and tr =
trg, /p,. (For instance, u = —1 if n = 2.) Indeed, the relation (15) is evident for
sp. Furthermore, the factor ( ) appears in (15) for 74, since the map sending each
fi to af; has determinant N]F ,/F,(a). Similarly, for any A € F,, the map sending
each (a™'ay, ada;) to (e, a*Aa;) has determinant Ng /g, (a). By the same reason
the factor (5) appears in the formula for ¢. Finally, t(e;) = (0, «;), and the map
sending each (0, ;) to f; = (0, ;) has matrix 7.

2b) Using the action of s;, we see that there is v = £1 such that (v(W>),v(W?))
= v for all A € F,. Next, t acting on this relation yields (v(W?°),v(W?)) = ur if
A € IFy is a square, and —uy otherwise. Finally, using the action of s; once more,
we see that for A # X € Fy, (v(W),v(W')) = py if A — X is a square, and —uy
otherwise. Since [W, W% =1, v = Cp.

2¢) The proof of Theorem 4.2 shows that v(W>) and v(W?*), X € F, are linearly
independent: v(W) = Z/\qu axv(W?) for ay € C. Averaging this relation by
means of sy, b € Fy, we get v(W>) = a},p v(W?) for a € C. Hence

v = @W=),v(W?)
= ay/7 + a3 5 epe2 (VWO), 0(WA) + a3 o soa (0(IV0), 0(W))

=a/q+ 5 1a,u'y— —a/w— a\/q,
i.e. a =~p~™2. We have shown that
(16) v(W®) = Cop™™2 > v(WH).
A€F,
2d) Now we consider the oriented Lagrangian M = (e1,ea, f3,..., fn). Since

dim(M NW™) = n—2 and [M,W>] = 1, (o(M),v(W>)) = p*/?71C,,_5. We
compute this scalar product in another way using (16). For A € F, it is clear that
dim(M N W*) < 2. Moreover, dim(M N W?*) = 2 if and only if

(17) tr(\) = tr(e) = tr(Xe?) =

(Recall that we have chosen a; =1 and ap = e € Fj2 \F),.) Since F(e) = F 2, (17)
holds for exactly p"~2 values of A € F,. Denote X = {\ € F, | dim(M NW?*) = 2},
Y =TF,\ X. By the choice of a; and ag, M N W?* =0 for any A € V.

2e) It is easy to check that [M,W?] =1 for any A € X. In particular,

> (M), 0(Wh)) = p* 1 C.

A€X

Similarly, [M, W?*] = (‘MT‘?()‘)) for any A € ), where

o tr(A)  tr()e)
AR = ( tr(le) tr(\e?) > ’
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Now we fix a non-square element ¢ in Fj 2. Then A satisfies (17) if and only if Ao
does. This means that the multiplication by o leaves ) fixed. On the other hand,
observe that [M, W?*] = —[M, W*°] for any A € ). (Indeed,

n—1
det AQ\) = Y0 N (2 = o)
4,j=0
Clearly, if i — j is even, then 2P = eP'+P'. If  — j is odd, then o? *P’ = gP+1,
This argument shows that det A(Ao) = oPT1det A(\). Now oPT! is a non-square
in Fp,; hence the claim follows.) Consequently,

> W), o(W)) = % Y (@), o) + (0(M), 0(W)))

AEY AEY

_% ([M, W] + [M,W>]) = 0.

A€y
2f) As a result of the computations in pp. 2c¢), 2d) and 2e), we obtain

PP Cy = (0(M),0(W™))

- (Z(v(M»v(WA)) + Z(v(qu(W*») = 2100,
AEX PYSNY
i.e. Cy = C5C,_2, as stated.

3) Finally, we prove (12) by induction on n. Because of the descent n ~ n —1
used in Theorem 4.4, we can restrict ourselves to the case n is odd. The induction
base n = 1, 3 has already been established, since we have proved (12) for k = n,n—2.
For the induction step, observe that the descent n ~» n — 2 used in the proof of
Proposition 3.4 allows us to state that Cj, = ¢(®~*)/2 for any odd k > 3. According
to (14),

Cr=C3 Chg =32 ¢c=n=1D/2

and the induction step is over. O

Recall that (v(L),v(M)) is 0 if n — dim(L N M) is odd. Therefore, Theorem 5.3
completely determines the Gram matrix of the lattice A(p, n).

Corollary 5.4. Let p be any odd prime and n any odd integer. Relative to the gen-
erating system {v(L) | L € L(W)} the unimodular lattice A(p,n) has the following
Gram matriz:

e=R)/2pk=1/2[1, M], dim(LN M) =k=1mod 2,
(v(L), (M) _{ 0, dim(L N M) = 0 mod 2.

Example 5.5. Let p = n = 3. Then the Gram matrix for A(3,3) produced by
Corollary 5.4 is the same as given in [BaV].

O

Corollary 5.6. Let p be any odd prime and n any even integer. Relative to the
generating system {v(L) | L € L(W)} the p-modular lattice A(p,n) has the follow-
ing Gram matriz:

e=R/2pk/2[1, M), dim(LN M) =k = 0mod 2,

(v(L), v(M)) :{ 0, dim(L N M) = 1 mod 2. .



2130 RUDOLF SCHARLAU AND PHAM HUU TIEP

Example 5.7. Let p be any odd integer. Then the p-modular (p? + 1)-dimensional
lattice A(p,2) is generated by 2(p + 1)(p? + 1) vectors v(L), L any oriented La-
grangian in F,. Here, v(—L) = —v(L), (v(L),v(L)) = p, and (v(L),v(M)) equals
elL,M]if LN M = 0 and 0 if dim(L N M) = 1. Taking p = 5, we get the 26-
dimensional 5-modular lattice with minimum 5 constructed by Nebe.

Clearly, (u(L),u(M)) = p(v(L),v(M)). Now we want to compute the scalar
products (u(L),v(M)). Since o is determined up to sign, the scalar products
(u(L),v(M)) are determined also up to sign. Recall that (u(L),v(M)) = £pl*/?] if
dim(LN M) =n—1 (cf. Lemma 3.6). For definiteness, we choose o such that

(18) (u(L), v(M)) = p"/[L, M]
for oriented Lagrangians L, M with dim(L N M) =n — 1.

Theorem 5.8. Let p be any odd prime and n any integer. Under the convention
(18) one has

(u(L),v(M)) = (¢/p)"~1=/2pI" 2L, M)
for any oriented Lagrangians L, M with k = dim(L N M) and n — k odd.

Proof. 1) By Lemma 3.6, Theorem 4.4 and Proposition 5.2, there are constants
Dy = +1 such that [L, M)(u(L),v(M)) = p*/A=(=1=k)/2D, for any oriented
Lagrangians L, M with k = dim(L N M) and n — k odd. We want to show that

(19) Dy = ((n=1-K)/2,

Clearly, (19) holds for £ = n — 1, due to (18). Because of the descent n ~» n — 1
used in Theorem 4.4, it suffices to prove (19) for odd n.

2) Consider the standard spread of W = F2" (recall n is odd). In the notation
of p. 1) of the proof of Theorem 5.3 we set L = W, M = (e, fa,..., fn). Since
L N W has odd dimension, (u(L),v(W>)) = 0. Furthermore, for any A € Fy,
LNWA =0 and [L, W] = e". Therefore, (u(L),v(W?*)) = "Dy, yielding

u(L) = " Dopt~™/? Z v(W).
A€EF,

On the other hand, by Theorem 5.3 we have

’U(M) _ 6(71—1)/2]9(1—71)/2 Z ’U(Wk).
AEF g, tr(A(a1)?)=0

Hence (u(L),v(M)) = ¢»+1/2p(=1/2Dy But dim(LNM) = n—1and [L, M] = ¢;
therefore we get Dy = €(»~1/2 This establishes (19) for k = 0.

Now we can prove (19) by induction on odd n. The induction base n = 1,3
has already been established, since we have proved (19) for k = n — 1,0. For the
induction step, observe that the descent n ~» n — 2 used in the proof of Proposition
3.4 allows us to state that D = e(n=1=k)/2 for any even k > 2, and so the induction
step is over. O

Next, let p = 1 mod4. We determine the Gram matrices for the lattices
A~ (p,n). Recall (cf. §2) that A~(p,n) has the same generating system as of
A(p,n). But if (-,-) is the scalar product on A(p,n), then A~ (p,n) is endowed
with the scalar product (-,-)~, where (u,v)” = pb(u,v) 4+ a(ou,v). Here a,b are
integers such that a? — pb? = —1. Also, here we have ¢ = 1. Bearing this in mind,
from the above results we immediately obtain:
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Corollary 5.9. Let p = 1 mod 4 be a prime and n any even integer. Relative to
the generating system {v(L) | L € L(W)} the unimodular lattice A~ (p,n) has the
following Gram matriz:

_ bp*/?[L,M],  dim(L N M) =k =0mod 2,
(w(L), v(M)) = { ap*=V/2[L, M], dim(LNM)=Fk=1mod 2.

Corollary 5.10. Let p = 1 mod 4 be a prime and n any odd integer. Relative to
the generating system {v(L) | L € L(W)} the p-modular lattice A~ (p,n) has the
following Gram matrix:

B bp(k+1)/2[L, M], dim(LNM)=k=1mod 2,
(v(L),v(M)) = { ap"/?[L,M],  dim(LN M) =k = 0mod 2.

Example 5.11. Let p = 1 mod 4. Then the p-modular (p + 1)-dimensional lattice
A~ (p,1) has a basis consisting of the vectors ex, A € F,, U {oco}. These vectors are
of norm pb; furthermore, (e, es) = a for any A € F,,. Finally, for A # p € F), we
have (e, e,) = a if A — p is a square, and —a otherwise. Thus A~ (p, 1) is just the
lattice Mp41,2 constructed in Theorem (V.2) of [NPI].

Example 5.12. Let p = 1 mod 4. Then the unimodular (p? + 1)-dimensional lat-
tice A~ (p, 2) is generated by 2(p+1)(p?+1) vectors v(L), L any oriented Lagrangian
in Ff,, with the following Gram matrix:

bp[L, M], dim(L N M) =2,
(v(L),v(M)) = a[L,M], dim(LNM)=1,
b[L, M], dim(LN M) =0.

Taking p = 5 (and a = 2, b = 1), we get the 26-dimensional unimodular lattice
with minimum 3 constructed by Nebe.

As we have mentioned above, the lattices A = A(p,n) (n even), A~ (p,n)
(p = 1 mod 4 and n even) are p-modular. But they are not (self-dual) o-lattices
(where 0 = (1,(1 + 6)/2)z and § = ,/ep) by the following reason. The multipli-
cation by 6 should be given as 6(v) = o(v), v € A. If A is an o-lattice, then
A contains #¢v(L) = (v(L) + u(L))/2, L a Lagrangian. On the other hand,
(v(L) +u(L))/2,v(L)) = p*/? /2 is not integral, a contradiction.

However, if we restrict ourselves to the S,,-stable lattices, then in some cases we
can get self-dual o-lattices. Recall that an integral lattice I is called a 2-neighbour
of a given integral lattice A if the intersection I' N A has index 2 in both of A and
T.

Proposition 5.13. Let A denote any of the lattices A(p,n), A~ (p,n). Then the
following assertions hold.

(i) If p =1 mod 4, then A has no 2-neighbours.

(ii) Let p = 3mod4. Then A has evactly two 2-neighbours, namely A =
(A% L(v(L) + du(L)))z, where § = +£1, A° the even part of A and L a fized La-
grangian. These neighbours are S, -stable. If p = 7 mod 8, then they are self-dual
o-lattices (w.r.t. the Hermitian form wo v defined in (3)) if n is even, and even
unimodular (Euclidean) o-stable lattices if n is odd.

Proof. Tt is easy to see (cf. Lemma 6.5) that A is the unique sublattice of index 2
in A. Hence, if T is an arbitrary 2-neighbour of A, then I' = (A°, w)z with 2w € A.
By definition, 2w € A N2(A°%)# = Al (see also the discussion before Lemma 6.5).
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Now A!/2AY contains exactly 3 nontrivial cosets, namely those with representatives
v(L), and w®(L) := v(L)+d0u(L), § = £1 and L a fixed Lagrangian. The first coset
is contained in A; hence we can avoid it. Thus we can take w = 2w®(L) and then
I' = A%, Observe that this w has (squared) norm pl™/?(p + 1)/4 if A = A(p,n),
(b(p 4 1) 4 2a)p"*+1/2 if A = A= (p,n) and n is odd, and (b(p + 1) + 2a)p™/? if
A = A~ (p,n) and n is even (cf. Theorems 5.3 and 5.8). Therefore, I' is integral
(w.r.t. (+,-)) if and only if p = 3 mod 4, and even if and only if p = 7 mod 8.

Clearly, G,, permutes the two cosets with representatives w® (L) in A'/2A°. But
S, has no subgroups of index 2; hence S,, stabilizes each of A%. On the other hand,
G, permutes the lattices A? transitively. (For recall that u(L) = o(v(L)). Choose
g € G, \ S, such that g(L) = L. Then g(w’(L)) = g(v(L)) — do(g(v(L))) =
+w(L).)

Observe that A% Al are always o-stable. Indeed, put w’(M) = v(M) + du(M)
for any oriented Lagrangian M. For any s € S,, with s(L) = M one has s(w’(L)) =
+w?(M). But we already know that s fixes the coset w’ (L) +2A°. Hence w®(L) +
w? (M) € 2A°. In other words, (1 4 o)(v(L) + v(M)) € 2A°. This means A°
is o-stable, since we have fv = o(v) by definition and A® is generated by the
v(L) + v(M)'s. Next, 122(wd(L)) = 52u(L) € Al, as ep = 1 mod 4. This
implies that A! is o-stable. This computation also convinces us that A? is o-stable
if and only if p = £+1 mod 8.

Finally, assume p = 3 mod 4. If n is odd, then A is unimodular; hence A’ is
unimodular, and even if p = 7 mod 8. Suppose n is even and p = 7 mod 8. Then
direct computation shows that A% o A% C 0. On the other hand, A = §A# = AL
and A, A% are neighbours. Consequently, A? is a self-dual o-lattice. O

6. CLASSIFICATION OF INVARIANT LATTICES

The aim of this section is to prove Theorem 1.3. The case p™ = 3 is trivial (see
[SchT], §5), so throughout this section we suppose that p™ > 3.

Let H, T, A be as in Theorem 1.3. Let p denote the H-character afforded by
I and 6 any irreducible constituent of p restricted to S := Spo,(p). If n > 2,
then the condition 1 < 6(1) < p™ + 1 implies by Theorem 5.2 [TZa 1] that 6 €
{w,w}; hence p is absolutely irreducible. The same is true if n = 1, except for
the cases p = 3 or p = 1 mod 6, where p|s can be irreducible. Thus, under the
assumptions of Theorem 1.3, p satisfies the assumptions of Lemma 2.1. Hence,
G := H/K is as defined in Theorem 1.3, and p is afforded by A, ie. p = ¥,
I'® C = A ®C. By the Deuring-Noether Theorem, the QH-modules I' ® Q and
A ® Q are equivalent. Therefore, without loss of generality one may suppose that
I' is a G-invariant sublattice in A. Thus the proof of Theorem 1.3 reduces to the
classification of G-invariant sublattices I" in A.

For any Lagrangian L, let S(L) be as defined in (5) and R(L) = SN S(L). We
start with the following observation.

Lemma 6.1. Let n > 2. Then the restriction of x mod p to R(L) contains the
trivial character with multiplicity < 4.

Proof. Consider the standard embedding T := SL,(p) — R(L) C Span(p). It
suffices to show that 17 enters (y mod p)|r with multiplicity at most 4. Let 6
denote the S-character of the Weil representation W (then 6 is the sum of ¢ and
another character of degree (p™ — 1)/2). If n > 3, then Zalesskii’s formula for
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(0 mod p)|r [Zal] tells us that this character contains 17 with multiplicity 2. Since
Xls =¥ + 1, we are done. Now let n = 2. Then due to [Tiep 4], §3,

Olr =2-1p+& + &+ St+2(x1 +...+X(p_3)/2),

where &, St, x5 are irreducible characters of T' of degree (p + 1)/2, p, and p + 1,
respectively. All the nontrivial characters occurring in this formula remain abso-
lutely irreducible, being reduced modulo p. Hence (f mod p)|y contains 1 with
multiplicity 2, and so we are done. O

Lemma 6.2. The module V, = A/pA has a unique nonzero proper G-submodule,
and this submodule coincides with ¢(A)/pA.

Proof. 1) Let A be any nonzero proper submodule in V,. By Proposition 2.2,
the Brauer character afforded by A is n; for some ¢ = 1,2. In particular, A is
absolutely irreducible. An example of such a submodule A is ¢(A)/pA. Therefore,
the lemma is equivalent to saying that V), is indecomposable. Assume the contrary:
V, is decomposable: V, = A @ B. Clearly, A and B are isomorphic as S-modules.
Hence, due to Lemma 2.5, in the case p = 1 mod 4, it suffices to prove the lemma
for one of the isoclinic groups Cy x G} and G,,. In what follows, we take G = G,;
if n is odd, and G = G} if n is even; furthermore, A = A(p,n).

If n = 1, then due to [Ward 2], A is a unique nonzero submodule of V,, (and A is
called the modular quadratic residue code). This forces V), to be indecomposable,
a contradiction. Therefore from now on we suppose that n > 2.

2) Let L be any Lagrangian. By Proposition 3.1, the subgroup S(L) fixes the
vector v(L). Observe that v(L) & pA; hence one can view v(L) as a nonzero vector
in V. Set

W(L) ={veV,|VYpeS(L),e() =uv}

Without loss of generality one may suppose that ¢, € S(L), and so S(L) =
(R(L),9,). For brevity, we denote by xg the restriction of xy mod p = n1 + 79
to S(L), by xr the restriction of x mod p to R(L), by « the trivial character of
S(L), by 3 the nontrivial character of degree 1 of S(L) with Ker 8 = (R(L),92).
Write v(L) = a+b for a € A, b € B. Remark that a,b # 0. (Assume the contrary:
a = 0. Then v(L) € B for any Lagrangian L. As A is generated by the vectors
v(M), which are acted on transitively by S, B must be equal to the whole of V,,
a contradiction.) Now S(L) fixes each of the subspaces A, B; therefore in fact
a,be W(L).

3) First consider the case n is odd. Then 7; is not self-dual by Proposition 2.2;
hence A and B are totally singular relative to (-, -),, the reduction modulo p of the
scalar product. In particular, (a,a), = (b,b), = 0. As n > 3, we have:

0= (v(L),v(L))p =(a+b,a+b), = (a,a), + (b,d), +2(a,b), = 2(a,b),,

which implies that (a,b), = 0. We have just shown that C' := (a,b)r, € W(L) is
totally singular with respect to (-,-),: C C C*. Besides, the S(L)-modules V,,/C+
and C* are isomorphic. (Recall that det A = 1 in the case n is odd.) From this
it follows that V,/Ct affords the S(L)-character 2a. Thus ys contains « with
multiplicity at least 4. In the proof of Proposition 3.1 we have singled out some
subspace U of V| which is acted on by S(L) with character o + 5. From this it
follows that xs contains 4o + 3, and so x g contains 1g(r) with multiplicity at least
5, contrary to Lemma 6.1.
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4) Finally, let n be even. Then both 71, 12 are of type +. Namely, the form (-, -),
is non-degenerate on B, since A = pA# /pA is the radical of the form (-,-),. Also,
A carries the non-degenerate symmetric form (z + pA,y + pA)), = %(x, y) mod p.
Now (b,b), = (v(L),v(L)), = 0. Thus C := (b)r, € W(L) is totally singular
with respect to (+,-),|g: C C C+. Besides, the S(L)-modules B/C* and C* are
isomorphic. From this it follows that B/C* and of course (a)g, afford the S(L)-
character . Thus g contains a with multiplicity at least 3.

On the other hand, xs contains 8 with multiplicity at least 2. (For set D =
(u(L))p,. Since (u(L),u(L)) = p™/*™, D is totally singular with respect to (-,-)}:
D C D*. Besides, the S(L)-modules A/D+ and D* are isomorphic. From this it
follows that A/D+ affords the S(L)-character /3.)

As a consequence, xr contains 1p(z) with multiplicity at least 5, contradicting
Lemma 6.1. O

Lemma 6.3. Let r be a prime, G a finite group, and A an integral G-invariant
lattice with the following properties:

(i) The F,.G-module module U = A/rA is uniserial, that is, it has a unique
composition sertes U =Uy DU; D ... DU, =0;

(ii) Let A; be the inverse image of U; in A, 0 <i < m—1. Then the F.G-module
A;/rA; is also uniserial for any i > 0.
Suppose that T is any G-invariant sublattice in A whose index is an r-power. Then
I' is similar to one of the lattices A;, 0 <i<m — 1.

Proof. Denote A,, = rAg, Apmr1 = rA; and, more generally, Agy,, = rAg, k =
2,3,.... Our assumptions imply that

Ak/TAk D) A]H_l/T'Ak D...D Ak—l—‘,—m/rAk 20

is the unique composition series of the F,G-module Ay /rAg. In particular, if T lies
between Ay and rAy, then I' = Ay ; for some 7, 0 < 7 < m, and our claim follows.
Since (A : T') is an r-power,

A =ADTDr"A=App,

for some non-negative integer n. Let ¢ be the minimal non-negative integer such
that A; D T' D A4, for some i. We prove by induction on £ that I is equal to some
Ag. If £ < m, we are done due to the above observation. Assume ¢ > m. Without
loss of generality we may suppose that ¢ = 0. Since Ag 2 T' + Ay, 2 Ay, by
the induction hypothesis we get I' + Ay_,,, = Ag for some k, 0 < k < £ — m. Now
it is clear that Ay 2 I' O Ay. By the minimality of ¢ we must have k = 0, i.e.,
I'+ Ay, = Ap. This implies

AO D) r D) p(r + Af—m) = PAO = Ama
contrary to the choice of £. The induction step is over. O

Corollary 6.4. If I' is any Gy -invariant sublattice of A with the index (A : T)
being a power of p, then there exists an integer k > 0 such that T = ¢F(A).

Proof. By Lemma 6.2, ¢(A)/pA is the unique nonzero proper submodule of V;
hence V, is uniserial. Suppose that ¢(A) D A D pep(A) for some G, -invariant
sublattice A. Since gpg=! = +¢ for all g € G,,, ¢~ 1(A) is a G,,-stable sublattice
lying between A and pA, which implies that ¢=*(A) = ¢(A), A = pA. Thus the
module ¢(A)/pd(A) is also uniserial. Now we can apply Lemma 6.3. |
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Since A is an odd lattice, the even part A° is a G-invariant sublattice of index 2
containing 2A. Also, A! = AN2(A%)# is another G-invariant sublattice containing
2A.

Lemma 6.5. The FoG-module Vo = A/2A has precisely two nontrivial proper sub-
modules, namely, A*/2A with i = 0,1. Moreover, if I is any G-invariant sublattice
of A with the index (A : T') being a power of two, then there exists an integer k > 0
such that

I e {2FA,2FAY 2F ALY

Proof. Observe that a is even and b is odd. Hence the lattices A(p,n) and A~ (p, n)
have the same Gram matrix modulo 2. In particular, in calculating scalar products
modulo 2 we can restrict ourselves to A(p, n).

1) At this point we show that S := Spa,(p) fixes a unique nonzero vector w
in V3, and w = v(L) 4+ u(L) for any Lagrangian L. To this end, we first observe
that det A is odd; hence the reduction (-, )2 of the scalar product is non-degenerate
on V. Next, putting w(L) = v(L) 4+ u(L), by Theorems 5.3 and 5.8 we see that
(w(L),v(M))2 =1 for any arbitrary Lagrangian M. If ¢ € G and (L) = L', then
p(w(L)) = w(L') (in Va). Hence (p(w(L))—w(L),v(M))2 = 0. But V4 is generated
by the vectors v(M) and (-,-)2 is non-degenerate. Therefore, p(w(L)) = w(L).
Thus w := w(L) is G-stable. Conversely, let w’ € V4 be a nonzero vector which
is fixed by S. Since S acts transitively on the vectors v(M), M any Lagrangian,
there exists A € Fy such that (w’,v(M))s = X for all M. If A = 0, then the non-
degeneracy of (-, )2 implies that w’ = 0, contrary to the choice of w’. If A = 1, then
(w—w',v(M))2 =0, yielding w' = w.

2) Set Uy = AY/2A, Uy = (w)p,. Clearly, A’ and so Uy are generated
by the vectors of the form wv(L) + v(M), L,M any Lagrangians. Since
(w,v(L) + v(M))2 = 0, we see that U; = A'/2A. Also, w € Uy. By Proposi-
tion 2.2 (ii), 0 C U; C Uy C Va is a composition series of the FoG-module Vs, with
two trivial composition factors and one (absolutely) irreducible factor of dimension
p" — 1. Clearly, Uy and U; are dual to each other w.r.t. (-, ).

Now let U be any nonzero proper G-submodule in V2. Then dimU € {1,2,p" —
1,p"}. If dimU = 1, then U must be generated by a nonzero G-stable vector;
hence U = U; due to 1). If dimU = p", then the dual module U+ has dimension
1; therefore U+ = Uy, which implies that U = Uy. Assume dim U = 2. Then the
action of S on U induces a homomorphism from S to GL(U) = GL3(2) ~ S3. But
S = Span(p) is perfect (as p™ > 3); therefore this homomorphism is trivial, i.e. S
acts trivially on U. In this case, V5 has at least three (distinct) S-stable vectors,
contrary to 1). If dimU = p™ — 1, then the dual module U~ has dimension 2, again
a contradiction.

We have shown that V5 has just two nontrivial proper submodules: Uy and Uj.

3) Next we consider any nontrivial proper submodule U in V4 = A/4A, and
suppose that U ¢ 2V,. Then (U+2V})/2V} is a nonzero submodule in Vy /2V ~ V5.
By the results of 2), (U +2Vy)/2V} contains U;. From this it follows that U contains
a vector w' = w + 2z for a certain x € Vj. Pick an element ¢ € G(L) such that
v :v(L)— v(L), u(L) — —u(L). Then w'+p(w') = 2y, where y = v(L)+z+p(x).
Since = + p(x) € Uy = (w)*, we get (w,y)2 = (w,v(L))s = 1, which means that
y & Up. We have seen that U = (UN2V,)/4V} is a G-submodule in 2V, /4Vy ~ 2V5,
which contains a vector 2y & 2Uy. By the results of 2), U’ = 2V, /4Vy, i.e. U D 2Vj.
This means: if U is any G-submodule of V,, then either U D 2Vy, or U C 2Vj.
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4) Finally, let T' be any G-invariant sublattice of A with (A : ") = 2™. Then
A DT D 2™A. We prove by induction on m > 0 that there exists an integer k > 0
such that T' € {2FA,2FA% 2FAl}. This claim is obvious if m = 0 or 1 (see item
2)). Now assume m > 2. Then A D I'+4A D 4A. Due to 3), either I' + 4A C 2A,
or I' +4A D 2A. In the former case, 2A D I' D 2™A; therefore A D 1’ D 2™~ 1A,
and one can now use the induction hypothesis. In the latter case,

2MTIA C2MTH T +4A) = 2™ T + 2mA C T,
and one can again use the induction hypothesis. O

Proof of Theorem 1.3. Consider any G-invariant lattice I' lying in A. We may
suppose that I' Z kA for any integer k£ > 1. Clearly, I' O [A for some natural [.
Choose minimal natural ¢ with the property I' O ¢A. If £ =1, then I' = A. Assume
that £ > 1. Claim that ¢ = 2%p" for some non-negative integers a,b. (For assume
the contrary: ¢ is divisible by an odd prime 7, r # p. Observe that (I' + rA)/rA
is a nonzero G-module in V;, = A/rA. By Proposition 2.2 (i), (I' +rA)/rA =V,
I'+rA = A. Hence,

14 l

‘actosray=triacr,
T r

,
contradicting the minimality of £.)
Setting I' = T' 4+ p®A, one has

AST Dp’A, T DT D 2°T + (A = 2°T.

By Corollary 6.4, I = ¢*(A). Replacing I' by ¢—*(I"), which is isometrically similar
to I', we can suppose that & = 0, i.e. T' = A. In this case, A D T' D 2*A. By
Lemma, 6.5, T is similar to one of the lattices A, A?, Al O

7. PROPERTIES OF A(p,n)

This section is very sketchy, because a detailed exposition has been given in
[SchT], §84, 6. It turns out that the arguments, given there for the case p" =
3 mod 4, are also applicable to the case p™ = 1 mod 4. Hence we restrict ourselves
to exposing the results, which hold for any odd prime p, but omitting the proofs.

For short we denote G = G, if n is odd, and G = G if n is even. Furthermore,
p is any odd prime and A = A(p,n).

First we consider the G-invariant odd unimodular lattice A = A(p, 3) obtained
in Theorem 3.9. The generating vectors v(L) now have norm (v(L),v(L)) = p,
and A contains a p-scaled unit lattice I, spanned by N := p3 4+ 1 pairwise or-
thogonal vectors of norm p (for instance, the v(L), where L runs over a sym-
plectic spread). Therefore, A can be described (non-canonically) by a subspace
C:=A/T CT#)T = %l"/l" ~ [FY, that is, by a linear code over F,. In this way
we obtain an injective mapping 7 — C = C(x) from the set S of all isomorphism
classes of symplectic spreads m of W = IFE, to the set C of all equivalence classes of
self-dual codes C' of length p3+1 over F,,. Moreover, Aut(C(w)) = Aut(w)/C(p_1)/2
Observe that the definition of Aut(7) used in this paper differs from the one given
in [SchT]. In particular, the central subgroup C(,_1y/2 of Aut(w) acts trivially on
every vector v(L), hence on C(m).

Now we turn to the case n > 5 and n is odd. Let

r={W;|1<i<p"+1}



SYMPLECTIC GROUP LATTICES 2137

be a symplectic spread of W = Ff,”. Set
vi=v(W;), T=A(r)=(;|1<i<p"+1)z.
For brevity we denote £ = (n — 1)/2. Then
FcA=A*cTI?¥ =p'T.

For each j, 1 < j </{+1, one can view H; = p?~IT# /piT# as standard orthogonal
space over F,,, with the basis (p’!=fv; | 1 < i < p"” + 1) and with the form
(z,y)(j) = P"™2% (z,y) mod p. (Here and below, we identify the coset x + p/T'#
with z.) Clearly, the H,’s are isometric to each other, and so one can identify them
canonically with H = Hy1,. Keeping this identification in mind, we can view every
factor-group

C; = (ANnp~'T#) 4+ p/T#) /p/T#

as a linear code of length p™ + 1 over F,, with the ambient space H. It is obvious
that C; € Cy C ... C Cy. One shows that Cj- =Cpp1—; for 1 < j < ¢ In
particular, Cj is self-orthogonal if 1 < j < (¢4 1)/2; and C(,,41)/4 is self-dual if
n =3 mod 4.

Now we take 7 to be the standard symplectic spread mp. Then the same ar-
guments as in the proof of Proposition 4.6 [SchT] assure that all the codes Cj,
1 <j < ¥, are among the GLa(q)-codes having a Fy-form, which have been intro-
duced by Ward in [Ward 2]. (Actually, Ward uses an irreducible representation of
H = GL3(q) with kernel T' = C(4_1)/2, where ¢ = p". But H/T ~ R/K, where
R = SL(q)-Cp—1 and K = RNT =~ C(,_1)2, cf. page 1 of the proof of Proposition
2.3. Now Ward’s representation coincides with the action of R/K on A.) He has
shown that the lattice of his GLa(gq)-codes is inversely isomorphic to the lattice of
the so-called closed subsets of F5. He has also distinguished the following analogues
of Reed-Muller codes. View elements of F§ as binary words of length n and take
B,, to be the set of all binary words of length n and weight < w. Then B, is
closed and cyclic (in the sense of [Ward 2]), and Ward’s correspondence gives us a
G La(q)-code Cy, 4y over Fp, 0 < w < n— 1. The middle code is just C,, (,—1)/2; more
generally, C;, = Cpn—1-w. We conjecture that the above codes Cj are equal to
Cpyn—gj for j, 1 < j <= (n—1)/2. Without this conjecture, we can only give the
following lower bound for the minimum of A which is unfortunately independent
of n. A proof of the conjecture would lead to a lower bound (p[*/?] 4 1)/2 instead
of (p+1)/2.

Proposition 7.1. Let p be any odd prime and n > 2 arbitrary. Then
1
max {3, ]%} <minA(p,n) < pln/2,

For the proof, observe that A(p,n) with even n is a sublattice of A(p,n + 1);
hence it suffices to prove Theorem 7.1 for odd n. The inequality min A(p,n) > 3
has been mentioned in Theorem 1.1. Now one repeats the proof of Proposition 6.4
[SchT].

Remark 7.2. Observe that the lattices A(p,n), n > 1 odd, are unimodular lattices
with relatively short shadow. More precisely, recall that a characteristic vector of
a unimodular lattice A is any vector w € A such that (v, w) = (v,v) mod 2 for all
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v € A, and the coset 3w+ A is called the shadow of A in [CoS 2]. It is known that
(w,w) = rank A mod 8 for any characteristic vector w. Define

1
e(A) = g(rank/\ — min{w | w any characteristic vector of A}).

Clearly, e(A) = grank A if and only if A is an even (unimodular) lattice. Elkies
[Elk] has shown that A = Z™ is the unique unimodular lattice with e(A) = 0; all
other lattices have e > 1. Moreover, he has described all the unimodular lattices A
with e(A) = 1.

Clearly, e(A(p,1)) = 0. We observe that e(A) = 2, if A = A(3,3) or A™(5,2).
More generally, we claim that

SO 1) < eld) < P eE - )

if A := A(p, 2k+1), which means in particular that A has a relatively short shadow.
(For, from Theorems 5.3 and 5.8, it follows that v(L)+wu(L) is a characteristic vector
of norm p*(p+1), L any Lagrangian. On the other hand, if w is any characteristic
vector, then (w,v(M)) = 1 mod 2 for any Lagrangian M. Hence, if 7 is a symplectic
spread in F2¥* and w =Y, aprv(M), then an # 0. But pFay = (v(M),w) €
Z; hence apr > p~*. As a consequence, (w,w) >p~2* 3", (v(M),v(M)), and so
(w,w) > p**1 +1.) Specializing p = 3 and k = 1, one gets e(A(3,3)) = 2. Next,
let p=>5 and k = 2. Then again v(L) — u(L) is a characteristic vector, of norm 10,
yielding e(A) > 2 for A = A~ (5,2). On the other hand, if e(A) > 2, then e(A) = 3
and A would have a (characteristic) vector of norm 26 — 3 - 8 = 2, contrary to the
fact that min A = 3.
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