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STATISTICAL PROPERTIES FOR NONHYPERBOLIC MAPS
WITH FINITE RANGE STRUCTURE

MICHIKO YURI

Abstract. We establish the central limit theorem and non-central limit theo-
rems for maps admitting indifferent periodic points (the so-called intermittent
maps). We also give a large class of Darling-Kac sets for intermittent maps
admitting infinite invariant measures. The essential issue for the central limit
theorem is to clarify the speed of L1-convergence of iterated Perron-Frobenius
operators for multi-dimensional maps which satisfy Renyi’s condition but fail
to satisfy the uniformly expanding property. Multi-dimensional intermittent
maps typically admit such derived systems. There are examples in section 4
to which previous results on the central limit theorem are not applicable, but
our extended central limit theorem does apply.

1. Introduction

Let T be a noninvertible nonsingular transformation on a nonatomic probabil-
ity space (X,F , ν). We assume that there exists a countable generating partition
Q = {Xa}a∈I of X such that for each Xa ∈ Q, T |Xa : Xa → TXa is invertible and
nonsingular. Nonhyperbolic maps that we shall consider admit indifferent periodic
points (see the definition in section 3) and do not necessarily satisfy the Markov
property with respect to Q but satisfy the FRS condition (see the definition in
section 2) from which we can obtain nice countable state symbolic dynamics which
provide natural Markovization of (T,X,Q) ([29]). The purpose of this paper is to
study for such intermittent maps the limiting behaviour of ergodic sums

∑n−1
i=0 fT

i

of observables f with respect to T -invariant measures µ ≤ ν and the asymptotic be-
haviour of Perron-Frobenius operators. Failure of hyperbolicity causes interesting
statistical phenomena. In fact, µ is not necessarily finite and admits an unbounded
density dµ/dν ([28, 29, 33]). Also we can easily find multi-dimensional intermit-
tent maps T which do not expand distances (i.e., d(Tx, T y)/d(x, y) can be strictly
smaller than 1 on an open neighbourhood of the indifferent periodic points) even
if Q is generating. The failure of the uniformly expanding property causes crucial
difficulties in applying previous results on the CLT. In this paper we shall prove
an extended central limit theorem in such a nonhyperbolic situation. More specifi-
cally, our method is based on the existence of a derived system (T ∗, Q∗, µ∗) which
satisfies Renyi’s condition (see section 2) and the Markov property. To establish
the central limit theorem for (T, µ), we clarify the speed of L1-convergence of the
iterated Perron Frobenius operator for (T ∗, µ∗). Then applying [14] and [16] gives
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the CLT for the derived system (T ∗, µ∗) which allows us to establish the CLT for
(T, µ) by using the method in [7]. The standard approach for getting exponential
convergence and exponential decay of correlations which is based on the Ionescu-
Tulcea-Marinescu (ITM) theorem ([15]) appeals to the decay of Lipschitz constant
of local inverses. On the other hand, our result on L1-convergence does not require
this property. This is the point of departure from previous results for piecewise
C2-expanding maps, and for Gibbs Markov maps (see [3, 5]; cf. [9], [20]). The
central limit theorem result of Aaronson, Denker and Urbanksi (ADU) in [7] relied
on the high rates of continued fraction mixing for (T ∗, µ∗) obtained from the ITM
theorem, and so is not applicable to a two-dimensional intermittent map which we
shall consider in section 4. In fact, the map admits (T ∗, µ∗) for which we have no
evidence of decay of Lipschitz constant of local inverses. This is the reason we need
the extended CLT, and our results on L1-convergence give stretched exponential
mixing coefficients for (T ∗, µ∗), which is enough for the extended CLT. We should
remark that our rates of L1-convergence for (T ∗, µ∗) are similar to Kuzmin’s rates
of unifrom convergence for the Gauss transformation.

The paper is organized as follows. In section 2, we collect preliminary results for
T satisfying Renyi’s condition, and by applying [18] we establish an L1-convergence
theorem of {Pnµ f} for piecewise Lipschitz continuous functions f with reason-
able rates. In section 3, we establish the extended central limit theorem in case
µ(X) <∞. In case µ(X) =∞ we obtain non-central limit theorems by applying [7]
and give a large class of Darling-Kac sets. Proofs are postponed to the Appendix.
Furthermore, for T admitting infinite invariant measures we shall give the rates
of uniform convergence of the normalized sum of {Pnµ 1A} for Darling-Kac sets A
([1]–[3]). In section 4, our results in sections 2-3 apply to three examples admit-
ting indifferent periodic points. The first example is a two-dimensional number
theoretical transformation which admits an infinite absolutely continuous invariant
measure and is not a Markov map. Our observation allows us to obtain a large
class of Darling-Kac sets and non-central limit theorems. The second example is a
local skew product map related to the Diophantine approximation problem in the
inhomogeneous linear class which admits a finite absolutely continuous invariant
measure with unbounded density. The Lipschitz constant of local inverses does not
necessarily decay so that the previous results on the CLT are not applicable, i.e.,
we have a crucial difficulty in establishing high rates of decay of mixing coefficients
for (T ∗, µ∗), which was assumed in the Aaronson-Denker-Urbanski CLT ([7]). On
the other hand, our extended CLT is applicable to this example. The last example
is a one-parameter family of maps of an interval with an indifferent fixed point at
which the order of tangency determines their statistical properties.

2. Piecewise invertible systems

with FRS satisfying Renyi’s condition

Let (X,F , ν) be a nonatomic probability space. Suppose that T : X → X is
a nonsingular transformation with respect to ν (i.e., νT−1 ∼ ν) and that there
exists a countable measurable partition Q = {Xa}a∈I of X, generating F and
satisfying the local invertibility property, i.e., for every Xa ∈ Q, ν(Xa) > 0 and
T |Xa : Xa → TXa is an invertible map satisfying d(νT )|Xa

dν|Xa
> 0 (ν-a.e.). Such a

system (T,X,Q) is called a piecewise invertible system. Let Q(n) =
∨n−1
i=0 T

−iQ.

We let Xa1...an denote a set Xa1 ∩ T−1Xa2 ∩ . . . ∩ T−(n−1)Xan ∈ Q(n) of positive
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ν-measure, and call such a set a cylinder of rank n. L(n) denotes the family of all
cylinders Xa1...an and L =

⋃∞
n=1 L(n). Let An be the set of all admissible sequences

of length n, i.e., An = {a1 . . . an : Xa1...an ∈ L(n)} and A =
⋃∞
n=1An. We assume

further:

(Finite Range Structure) U = {T nXa1...an : ∀Xa1...an ∈ An, ∀n > 0} consists
of only finitely many subsets of X with positive ν measure.

In [7] the piecewise invertible system was called a Markov fibred system if Q is a
Markov partition. Let V be a finite partition generated by U .

Proposition 2.1. Let (T,X,Q,U) be a piecewise invertible system with FRS sat-
isfying the following condition.

(C-1) ∀U ∈ U , ∃Xa1...as ⊂ U such that T sXa1...as = X.

Then (T,X,Q ∨ V , T (Q ∨ V)) is an aperiodic Markov fibred system.

Proof. It follows from Theorem 10.1 in [29] that Q∨ V is a Markov partition for T
and T (Q∨V) ⊂ σ(V), where σ(V) denotes the σ-algebra generated by V . Aperiod-
icity of Q ∨ V easily follows from (C-1).

For each (a1 . . . an) ∈ A, we denote the local inverse (T n|Xa1...an
)−1 : T nXa1...an

→ Xa1...an by ψa1...an and denote d(νψa1...an )

dν (x)(= (d(νTn)
dν ψa1...anx)−1) by ψ′a1...an .

For a constant C ≥ 1, we shall define

R(C, T ) = {Xa1...an ∈ L : sup
x,y∈TnXa1...an

ψ′a1...an(x)
ψ′a1...an(y)

< C}.

Definition. If there exists a constant C > 1 such that R(C, T ) = L, then we say
that T satisfies Renyi’s condition.

Definition. The piecewise invertible system (T,X,Q,U) is called continued frac-
tion mixing with respect to the T -invariant measure µ ∼ ν, if ∃0 < C′ < ∞ such
that

µ(E ∩ T−nF ) ≤ C′µ(E)µ(F )(∀n ∈ N, ∀E ∈
n−1∨
i=0

T−iQ, ∀F ∈ F),

and ∃n1 ∈ N, {εn}n≥n1 , εn → 0 as n → ∞ such that ∀k ∈ N, ∀E′ ∈
∨k−1
i=0 T

−iQ,
∀F ∈ F , ∀n ≥ n1,

(1− εn)µ(E′)µ(F ) ≤ µ(E′ ∩ T−(k+n)F ) ≤ (1 + εn)µ(E′)µ(F ).

Theorem 2.1. Let (T,X,Q,U) be a piecewise invertible system with FRS satisfy-
ing Renyi’s condition and the condition (C-1). Then

1. There exists an ergodic, exact T -invariant probability measure µ equivalent
to ν with dµ/dν ∈ [G−1, G](∃0 < G <∞).

2. (T,X,Q ∨ V , T (Q ∨ V)) is a continued fraction mixing with respect to µ.

Proof. The proof of 1 can be found in [17]. Since (C-1) gives aperiodicity, the
Markov condition and Renyi’s condition allow us to apply [8] to establish 2 (cf.
[7]).
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For (a1 . . . an) ∈ An we denote d(µψa1...an)/dµ by v′a1...an . Here a(n) stands
for (a1 . . . an) ∈ An. Let Pν : L1(ν) → L1(ν) and Pµ : L1(µ) → L1(µ) be the
Perron-Frobenius operators with respect to ν, µ respectively, i.e.,

Pνf(x) =
∑
a∈I

ψ′a(x)f(ψa(x))1TXa(x) (f ∈ L1(ν)),

Pµf(x) =
∑
a∈I

v′a(x)f(ψa(x))1TXa (x) (f ∈ L1(µ)).

Theorem 2.2. Let (T,X,Q,U) be a piecewise invertible system with FRS satisfy-
ing (C-1). Assume further that

(C-2) ∃{δa(n)}a(n)∈An with∑
a(n)∈An

δa(n) <∞ s.t. δa(n)( inf
x∈TnXa(n)

ψ′a(n)(x))−1

is bounded from above uniformly in a(n) ∈ An, n > 0 and

|ψ′a(n)(x) − ψ′a(n)(y)| ≤ δa(n)d(x, y)(∀x, y ∈ V ∈ V).

Then h ≡ dµ/dν is piecewise Lipschitz continuous with respect to V , i.e.,

∃0 < Lh <∞, |h(x)− h(y)| ≤ Lhd(x, y)(∀x, y ∈ V ∈ V).(H)

Proof. The condition (C-2) allows us to have Renyi’s condition and further uni-
formly boundness and uniformly Lipschitz continuity of {Pnν 1}n>0 with respect to
V . The standard argument allows us to establish (H).

Definition. We say that a sequence {An}n≥1 decays stretched exponentially if
∃0 < η < 1, ∃0 < δ < 1 such that An ≤ O(ηn

δ

).

Theorem 2.3 (Rates of L1-convergence to the equilibrium state). Let (T,X,Q,
U) be a Markov fibred system with FRS satisfying (C-1), (C-2). Assume further
that

(C-3) σ(n) = supXa1...an∈L(n) diamXa1...an → 0 as n→∞.
Let f ∈ L1(µ) with

∫
fdµ = 0 satisfy the following condition.

(C-4) There exist 0 < Lf <∞ and θ > 0 such that

vark(f) ≡ sup
Xb1...bk∈L(k)

sup
x,y∈Xb(k)

|f(x)− f(y)| ≤ Lfσ(k)θ .

Then there exist 0 < γ < 1 and 0 < n0 <∞ such that for n ≥ n0

||Pnµ f ||1 ≤ ‖f‖1(O(max(σ(nα), σ(nα)θ)) + (1− γ)n
1−α

) (∀0 < α < 1).

In particular, if σ(n) decays exponentially, then ||Pnµ f ||1 decays stretched exponen-
tially. (Cf. [21], [32].)

Corollary 2.1.

||Pnν f − h(
∫
X

fdν)||L1(ν) ≤ ||f ||L1(ν)(O(max(σ(nα), σ(nα)θ)) + (1 − γ)n
1−α

)

(∀0 < α < 1).

Lemma 2.1. There exist 0 < γ < 1 and m0 > 0 such that for ∀g ∈ L1(µ) with∫
gdµ = 0 and ∀m ≥ m0, ||Pmµ E(g|Q(m))||1 ≤ (1 − γ)||g||1. (Here Eµ(g|Q(m))

denotes the conditional expectation of g corresponding to Q(m) with respect to µ.)
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Proof. Define

kµ(x, z) =
∑

a(m)∈Am

1Xa(m)(z)

µ(Xa(m))
Pmµ 1Xa(m)(x).

Then it is easy to see that

Pmµ E(g|Q(m))(x) =
∫
X

g(z)kµ(x, z)dµ(z)

and

kµ(x, z) = h(x)−1
∑

a(m)∈Am

ψ′a(m)(x)h(ψa(m)x)

µ(Xa(m))
1Xa(m)(z)

= h(x)−1
∑

a(m)∈Am

h(ψa(m)x)ψ′a(m)(x)

h(ya(m))ν(Xa(m))
1Xa(m)(z),

where ya(m) ∈ Xa(m). Then Renyi’s condition allows us to have

ψ′a(m)(x)

ν(Xa(m))
≥ C−1

so that we have kµ(x, z) ≥ G−1C−1(1 − O(σ(m))). Since C ≥ 1 and G−1 ≤∫
X
h(x)dν(x) = 1, we have the constant 0 < γ < 1 and a sufficiently large number

m0. To get the bound on ||Pmµ E(g|Q(m))||1 we follow the argument in [18] (cf. [10],
[19]).

||Pmµ E(g|Q(m))||1 ≤ 2
∫
X

g(z)
∫
Pmµ E(g|Q(m))≥0

(kµ(x, z)− γ)dµ(x)dµ(z)

≤ 2
∫
g≥0

g(z)(1− γ)dµ(z) = ||g||1(1− γ).

Lemma 2.2. For all l > 0, ||P lµf−E(P lµf |Q(m))||1 ≤ ||f ||1O(σ(m))+Lfσ(m+ l)θ.

Proof. First we note that

||P lµf − E(P lµf |Q(m))||1

≤
∑

a(m)∈Am

∫
X

1Xa(m)(x)
µ(Xa(m))

∫
Xa(m)

|P lµf(x)− P lµf(y)|dµ(y)dµ(x).

Next we see that for all a(n) ∈ An(∀n > 0)

sup
Xb(k)∈L(k)

sup
x,y∈Xb(k)

|1−
ψ′a(n)(x)

ψ′a(n)(y)
| ≤ O(σ(k)),(2.2-1)

sup
Xb(k)∈L(k)

sup
x,y∈Xb(k)

|1− h(x)
h(y)

| ≤ O(σ(k)),(2.2-2)

and so

sup
Xa(k)∈L(k)

sup
x,y∈Xa(k)

|1−
v′b(l)(x)

v′b(l)(y)
| ≤ O(σ(k)).(2.2-3)
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Combining the above facts gives for x, y ∈ Xa(m) ⊂ V ∈ V

|P lµ(x) − P lµ(y)| ≤
∑

b(l):T lXb(l)⊃Xa(m)

|v′b(l)(x)f(ψb(l)x)− v′b(l)(y)f(ψb(l)y)|

≤
∑

b(l):T lXb(l)⊃Xa(m)

|v′b(l)(x) − v′b(l)(y)||f(ψb(l)x)|

+
∑

b(l):T lXb(l)⊃Xa(m)

v′b(l)(y)|f(ψb(l)x)− f(ψb(l)y)|

≤
∑

b(l):T lXb(l)⊃Xa(m)

v′b(l)(y)|f(ψb(l)x)|O(σ(m)) + Lfσ(m+ l)θ.

These inequalities allow us to have

||P lµf − E(P lµf |Q(m))||1

≤ O(σ(m))
∑

a(m)∈Am

∫
X

1Xa(m)(x)P lµ|f |(x)dµ(x) + Lfσ(m+ l)θ

= ||f ||1O(σ(m)) + Lfσ(m+ l)θ.

Proof of Theorem 2.3. Since

||Pmkµ f − (Pmµ E(·|Q(m)))kf ||1

≤
k−1∑
j=0

||(Pmµ E(·|Q(m)))jPmµ (1− E(·|Q(m)))Pm(k−j−1)f ||1

≤ O(max(σ(m), σ(m)θ))
k−1∑
j=1

(1− γ)j ||f ||1,

we have

||Pmkµ f ||1 ≤ ||f ||1(O(max(σ(m), σ(m)θ))
k−1∑
j=1

(1− γ)j + (1− γ)k).

Take m = [nα] and k = [n1−α] (0 < α < 1), then we have the desired bound.

Proof of Corollary 2.1. We note that h ≥ G−1 > 0 (see Theorem 2.1) and that
Pν(f) = hPµ(f/h). Since f/h satisfies (C-4), we have

||Pnν f − (
∫
X

fdν)h||L1(ν) ≤ ||Pnµ (f/h)−
∫
X

fdν||1

which gives the desired bound.

Theorem 2.4 (Strongly mixing rates). Let (T,X,Q,U) be a Markov fibred system
with FRS satisfying (C-1), (C-2), (C-3). Then we have a constant 0 < Γ <∞ such
that ∀E ∈ F , ∀k > 0, ∀Xa(m) ∈ L(m),

|µ(T−(m+k)E ∩Xa(m))− µ(E)µ(Xa(m))|

≤ Γ(O(σ(kα)) + (1− γ)k
1−α

)(∀0 < α < 1).
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Proof. For Xa(m) ∈ L with TmXa(m) =X, we define f(x)≡Pmµ (1Xa(m)−µ(Xa(m))).
Then

∫
X
fdµ = 0 and ∀x, y ∈ Xb(k), |f(x) − f(y)| = |v′a(m)(x) − v′a(m)(y)| ≤

G4C3σ(k) because of (2.2-1)–(2.2-3). Thus f satisfies the condition (C-4) with
θ = 1. Applying Theorem 2.3 gives the desired bound.

We denote Varn(f) =
∫
X

(
∑n−1

i=0 (fT i −
∫
X
fdµ))2dµ.

Theorem 2.5 (Central Limit Theorem). Suppose that all conditions of Theorem
2.3 are satisfied. Assume that either of the following conditions is satisfied.
(2.5-1) f ∈ L2+ε(µ)(∃ε > 0) and

∑∞
k=1(max(σ(kα), σ(kα)θ))

ε
ε+2 <∞

(∃0 < α < 1).
(2.5-2) f ∈ L∞(µ) and

∑∞
k=1(max(σ(kα), σ(kα)θ)) <∞(∃0 < α < 1).

Then ∃ limn→∞
Varn(f)

n ≡ cf < ∞ and if cf 6= 0, then f satisfies the CLT, i.e.,
for any t ∈ R

lim
n→∞

µ({x ∈ X :
1√

Varn(f)

n−1∑
i=0

fT i(x) ≤ t}) =
1√
2π

∫ t

−∞
exp(−(u2/2))du.

Corollary 2.2. If σ(n) = O(ηn) (0 < η < 1), then f ∈ L2+ε(µ)(∃ε > 0) satisfies
the CLT.

Proof of Theorem 2.5. Suppose that (2.5-1). Then it follows from Theorem 2.4 that
{fT n}n>0 is a functional of a strongly mixing sequence satisfying all conditions of
Theorem 18.6.2 in [16] which are sufficient for CLT.

Suppose that (2.5-2). Then we have
∞∑
n=0

||Pnµ f ||2 ≤ ||f ||1
∞∑
n=0

||Pnµ f ||1.

Then applying Theorem 2.3 and [14] allows us to establish the CLT.

3. Limit theorems for nonhyperbolic piecewise

invertible systems with FRS

In this section, we establish limit theorems for piecewise invertible systems ad-
mitting indifferent periodic points. Our method is based on the existence of a
derived system (Jump transformation) to which the previous results can apply. Let
(T,X,Q,U) be a piecewise invertible system with FRS. We define inductively, for
n ≥ 1,

Dn = {Xa1...an ∈ L : Xa1...ai /∈ R(C, T ), (1 ≤ i ≤ n)},

Dn =
⋃

Xa1...an∈Dn

Xa1...an ,

Bn = {Xa1...an ∈ L : Xa1...an−1 ∈ Dn−1, Xa1...an ∈ R(C, T )},

Bn =
⋃

Xa1...an∈Bn

Xa1...an .

In particular we define D0 = X. Define a map T ∗ :
⋃∞
i=1Bi → X by T ∗x = T ix

for x ∈ Bi. Put X∗ = X\
⋃∞
m=0 T

∗−m(
⋂
n≥0Dn). Then T ∗ restricted to X∗ gives

a transformation of X∗. Define I∗ =
⋃∞
n=1{(a1 . . . an) ∈ In : Xa1...an ∈ Bn} and

Q∗ = {Xα}α∈I∗ . L∗(n) and L∗ are defined as well as L(n) and L, with respect to T ∗.
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Put U∗ = {T ∗nXα1...αn : n > 0, Xα1...αn ∈ L∗(n)} and let V∗ be a finite partition
generated by U∗. Suppose that the following conditions are satisfied.

(1) (The local Renyi condition).

Xa(n)b(l) ∈ L, Xb(l) ∈ R(C, T ) implies Xa(n)b(l) ∈ R(C, T ).

(2) (Transitivity) ∀U ∈ U , ∃Xa1...as ⊂ U such that T sXa1...as = X and Xas ∈
R(C, T ).

Then we can easily verify that (T ∗, X∗, Q∗,U∗) is a piecewise invertible system
with FRS satisfying Renyi’s condition and ∀U ∈ U∗, ∃Xα1...αs ∈ L∗ such that
Xα1...αs ⊂ U and T ∗sXα1...αs = X∗. It follows from Theorem 2.1 that the jump
system (T ∗, X∗, Q∗,U∗) admits an ergodic exact T ∗-invariant measure µ∗ ∼ ν with
dµ∗/dν bounded away from zero and infinity ([17], [22], [27]). Furthermore the
Markovization (T ∗, X∗, Q∗ ∨ V∗, T ∗(Q∗ ∨ V∗)) is a continued fraction mixing with
respect to µ∗ ([8], [7]). To obtain a T - invariant measure µ equivalent to ν, we need
to assume

(3) limn→∞ ν(Dn) = 0.
Then the following formula gives an ergodic σ-finite T -invariant measure µ equiv-
alent to ν.

(I-1) µ(A) =
∑∞
n=0 µ

∗(T−nA ∩Dn) (∀A ∈ F). (Cf. [22]–[25], [27].)
Furthermore, we have exactness of µ ([27], [29]). The next condition gives a criterion
of finiteness of µ.

(4)
∑∞
n=0 ν(Dn) <∞.

In fact, it follows from (I-1) that (4) is equivalent to µ(X) <∞.
Remark (A). Denote the stopping time with respect to R(C, T ) by φ(x) = inf{n ∈
N : Xa1...an(x) ∈ R(C, T )} where Xa1...an(x) denotes the unique cylinder of rank
n containing x. Then (4) implies finiteness of the first moment of φ : Eν(φ) =∫
X φ(x)dν(x) <∞. We will see that finiteness of the second moment of φ is impor-

tant for getting a large class of functions in which the CLT holds.

Remark (B). The invariant density dµ/dν is unbounded at periodic points x0(with
period q) satisfying d(νT q)

dν (x0) = 1 ([28]–[29]). We call such a periodic point x0

indifferent with respect to ν. In particular, for piecewise C1 maps T and for ν the
Lebesgue measure, the definition coincides with the usual one (i.e., | detDT q(x0)| =
1).

Remark (C). Let U∗ = {U0, U1, . . . , UN}. Even if we weaken the transitivity con-
dition in (2) to

X∗ =
N⋃
i=0

Ui and for each Ui, ∃X(i,j)
α (sj) ⊆ Ui s.t.(2)∗

T ∗siXα(i,j)(si) = Uj (for j = 0, 1, . . . , N),
we still have a σ-finite ergodic T ∗-invariant measure µ∗ equivalent to ν (see Theorem
1* in [17]) and (T ∗, µ∗) is exact (see [27]).

For each α ∈ I∗ and α1 . . . αn ∈ L∗(n), we denote ψ∗α = (T ∗|Xα)−1 and ψ∗α1...αn =
(T ∗n|Xα1...αn

)−1 respectively. Define f∗(x) ≡
∑φ(x)−1
i=0 fT i(x) − φ(x)

∫
X
fdµ and

Snf
∗ ≡

∑n−1
i=0 f

∗T ∗i. We denote the variance of Snf∗, Var(Snf∗) by σ2
n. Let

Q∗(n) =
∨n−1
i=0 T

∗−iQ∗ and σ∗(n) = supL∗(n) diamXα1...αn . First we establish the
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central limit theorem in the case µ(X) < ∞. We put µ0 = µ/µ(X) and write an
integral

∫
X gdµ as Eµ(g).

Theorem 3.1 (The central limit theorem). Let (T,X,Q,U) be a Markov fibred
system with FRS satisfying (1),(2),(4) and either of the next two conditions.

(3-1-a) φT (x) = φ(x) − 1 if φ(x) > 1.
(3-1-b) ∃n0 > 0 s.t. Bn+n0 ⊆ Dn ∩ T−nBn0(∀n > 0).

Suppose that T ∗ satisfies (C-2),
(3-2) σ∗(n) = O(ηn)(∃0 < η < 1),

and f ∈ L∞(µ) satisfies
(3-3) ∃θ > 0 and for each Xa(n) ∈ Bn, ∃0 < Lf(a(n)) < ∞ with Lf(∞) ≡

supn supBn
∑n

i=1 Lf(ai . . . an) <∞ such that for x, y ∈ Xb(k) ∩ T nXa(n)

|f(ψa(n)x)− f(ψa(n)y)| ≤ Lf(a(n))(diamXb(k))θ.

Assume further either of the next two conditions.
(3-4-a)

∫
X fdµ = 0, and (supp f) ∩ (

⋂
n≥0Dn) = ∅.

(3-4-b) ∃ε > 0 with Eν(φ2+ε) <∞.
Then ∃ limn→∞ σ

2
n/n ≡ cf < ∞ and if cf 6= 0, then f satisfies the central limit

theorem, i.e., for any t ∈ R

lim
n→∞

µ0({x :

√
µ(X)
cfn

n−1∑
i=0

(fT i(x) −
∫
X

fdµ0) ≤ t}) =
1√
2π

∫ t

−∞
exp(−u2/2)du.

We use the following sequence of lemmas.

Lemma 3.1. (3-3) implies that

||f∗ − Eµ∗(f∗|Q∗(n))||∞ ≤ Lf∗σ∗(n− 1)(∃0 < Lf∗ <∞).

Lemma 3.2. If f ∈ L∞(µ) satisfies (3-4-a), then f∗ ∈ L∞(µ∗).

Lemma 3.3. If f ∈ L∞(µ) satisfies (3-4-b), then f∗ ∈ L2+ε(µ∗).

Applying Theorem 2.5 allows us to have the following two results.

Lemma 3.4. Suppose that (3-3) is satisfied and T ∗ satisfies (C-2) and
∞∑
k=1

O(max(σ∗(kα), σ∗(kα)θ)) <∞(∃0 < α < 1).

Then f∗ ∈ L∞(µ∗) satisfies the CLT.

Lemma 3.5. Suppose that (3-3) is satisfied and T ∗ satisfies (C-2) and
∞∑
k=1

O(max(σ∗(kα), σ∗(kα)θ)
ε
ε+2 ) <∞(∃0 < α < 1).

Then f∗ ∈ L2+ε(µ∗) satisfies the CLT.

Let σ(Fm0 )(∃m > 0) denote the σ-algebra generated by cylinders of rank m. The
next theorem is obtained by applying Corollary 7.3 in [7] immediately.

Theorem 3.2. Let (T,X,Q,U) be a Markov fibred system with FRS satisfying
(1),(2),(4) and either (3-1-a) or (3-1-b). If Eν(φ2) < ∞ and f ∈ L∞(µ) is
measurable with respect to σ(Fm0 )(∃m > 0), then limn→∞ Varn(f∗) = ∞ implies
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Varn(f∗) = nρ(n), where ρ(n) is a slowly varying function, and we have for any
t ∈ R

lim
n→∞

µ0({x :
√
µ(X)/σ2

n

n−1∑
i=0

(fT i(x) −
∫
X

fdµ0) ≤ t}) =
1√
2π

∫ t

−∞
exp(−u2/2)du.

Remark (D). Under the condition (3-1-a), Eν(φ2) < ∞ implies finiteness of the
second moment of the return time function to B1 defined by φB1(x) = inf{n ≥ 1 :
T nx ∈ B1}.
Proposition 3.1 (Failure of the square integrability). Let Eν(φ2) = ∞. Then for
f ∈ L∞(µ) with µ(f) 6= 0, we have f∗ /∈ L2(µ∗). If f ∈ L∞(µ) satisfies µ(f) = 0,
and ∃g ∈ L∞(µ) with

∫
gdµ 6= 0 satisfying f = g −

∫
X
gdµ, then f∗ /∈ L2(µ∗).

Corollary 3.1. For f ∈ L∞(µ) with µ(f) 6= 0, Eν(φ2) = ∞ if and only if f∗ /∈
L2(µ∗).

In most cases, multi-dimensional number theoretical transformations admitting
indifferent periodic points satisfy Eν(φ2) =∞ even if Eν(φ) <∞. Without finite-
ness of the second moment of φ, we may have a crucial difficulty in establishing the
CLT for f because of non-hyperbolicity. Now we ask:
Question (1) Suppose that Eν(φ2) = ∞. Let f ∈ L∞(µ) be a piecewise Hölder

continuous function satisfying either µ(f) 6= 0 or (suppf)∩
⋂
n≥0Dn

6= ∅. Then do we still have the central limit theorem?
In [5], the domain of attraction of stable laws had been obtained for Gibbs

Markov maps. Under our weaker assumptions, nothing is known.
Question (2) Suppose that Eν(φ2) =∞. Can we determine the class of functions

in the domain of attraction of a stable law?
We recall that the following characterization of the stable law: if {Xi} i.i.d.

random variables obey a stable law Gα with index α ∈ (0, 2), then the normalizing
sequence should be an = n1/αρ(n), where ρ is a slowly varying function. We will see
some relation between the index α of the normalizing sequence an and the degree
of nonhyperbolicity in section 4.

In the rest of this section, we discuss statistical properties in the case µ(X) =∞.
For A ∈ F with 0 < µ(A) < ∞, φA denotes the return time function of T on
A. It follows from the conservativity and ergodicity (see [29]) that we can define
the induced transformation TA on A by TAx = T φA(x)x. We denote the Markov
partition Q ∨ V by M.

Definition. A set A ∈ F with 0 < µ(A) <∞ is called a Darling-Kac set for T if
there exists {an(T )}n≥1 such that limn→∞

1
an(T )

∑n−1
k=1 P

k
µ1A = µ(A) uniformly on

A.

First we state limit theorems:

Theorem 3.3. Let (T,X,Q,U) be a piecewise invertible system with FRS satisfy-
ing the conditions (1)-(3). Suppose that

∫
φ(x)dν(x)(=

∑∞
n=0 ν(Dn)) = ∞ which

implies µ(X) =∞. Then A ∈ R(C, T ) ∩M is a Darling-Kac set and if the return
sequence an(T ) is regulary varying with index α ∈ [0, 1], then we have the following.

(3.3-1) For all f ∈ L1(µ), µ(f) 6= 0, ∀P ≤ µ, the distribution of
∑n−1
i=0 fT i

Γ(1+α)an(T ) is
weakly convergent to the dual to the one-sided stable law Gα with index α ∈ [0, 1]
which is called the Mittag-Leffler distribution MLα of exponent α,
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(3.3-2) Assume that α > 0. For B ∈ F with 0 < µ(B) < ∞,
∑n−1
i=0 φB(TkB)

bn
is

weakly convergent to the one-sided stable law Gα with index α ∈ (0, 1], where bn is
the asymptotic inverse of anΓ(1 + α).

(3.3-3) When α = 1 and an(T ) ∼ nρ(n),

∃KT ∈ (0, 1] s.t. lim
n→∞

∑n−1
i=0 fT

i

nρ(n/ log logn)
= KT

∫
fdµ

a.e. for f ∈ L1
+(µ). Moreover, if ρ(n/ log logn) ∼ ρ(n) (as n→∞), then

lim
n→∞

∑n−1
i=0 fT

i

nρ(n)
=
∫
fdµ

a.e. for f ∈ L1
+(µ).

Remark (E). Since ML1 is concentrated in 1, (3.3-1) for the case α = 1 implies
that the system is homogeneous in the sense of Aaronson ([1]).

As we have already shown in section 2, the Markovization of (T,X,Q,U) satisfy-
ing (C-1) is an aperiodic Markov fibred system. Furthermore, we can easily verify
the following.

Lemma 3.6. Let (T,X,Q,U) be a piecewise invertible systems satisfying (1)-(3).
Then (T,X,M, TM) is an aperiodic Markov fibred system with FRS satisfying the
local Renyi condition.

Proof of Theorem 3.3. Using Lemma 3.6, we can apply Theorem 3.1 in [7] to
(T,X,M, TM) so that any A ∈ R(C, T ) ∩ M is a Darling-Kac set for T whose
return time process is continued fraction mixing and T is pointwise dual ergodic,
i.e., for any f ∈ L1(µ) limn→∞

1
an(T )

∑n−1
k=0 P

k
µ f =

∫
X fdµ a.e. (cf. [2]). Then

(3.3-1)–(3.3-2) follow from the results which were established in [1], [4] and [34] (cf.
[7]).

The main contribution to infinite invariant measure case is the following result
which gives a large class of Darling-Kac sets.

Proposition 3.2. Suppose that A is a union of finitely many cylinders belonging to
R(C, T )∩M over which the induced system satisfies (2)∗. Then A is a Darling-Kac
set.

Proof of Proposition 3.2. Define a countable partition QA of A by

QA = {Xa0(n0)b(l)a1(n1) ∈ L : Xai(ni) ⊂ A (i = 1, 0), Xb(l) ∈ L(l), l ≥ 0}.

Then TA(QA) =: UA = {Xa(n) ⊆ A}. We can easily see that {TA, A,QA,UA} is
a piecewise invertible system with FRS satisfying Renyi’s condition, the Markov
condition and further aperiodicity. Then the bounded metric distortion (Lemma
4.1 in [29]) allows us to apply [8] which gives continued fraction mixing property
for TA. The desired results follows from [2] immediately.

The most difficult point in applying the limit theorems (3.3-1)–(3.3-3) to prac-
tical examples is to show that an(T ) is regularly varying. It can be done by com-
puting the asymptotic rate explicitly. It was shown in [2] that an(T ) is given by
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an(A)/µ(A)2 with a Darling-Kac set A and Theorem 6.1 in [29] insists that there
is an increasing sequence W (n) such that

µ(
n⋃
l=0

T−lB) =: WB(n) ∼W (n) as n→∞

for all A′ ∈ F0, B ∈ A′ ∩ F , ν(B) > 0, where F0 denotes the ring generated by
R(C, T ). Combining the asymptotic renewal equations (see [2]) and the Karamata
Tauberian Theorem gives the next relation between an(T ) and W (n) in the case
when W (n) is regularly varying with index α ∈ [0, 1],

an(T )W (n)
n

∼ 1
Γ(1 + α)Γ(2− α)

as n→∞.

The next result was proved in [7] (Lemma 5.2), which will be used in section 4.

Proposition 3.3. Under (3-1-a) we have

WBl(n) = µ(
n⋃
i=1

Bi) +O(1) (∀l > 0)

and

µ(
n⋃
i=1

Bi) =
∫
X

min{φ, n}dν.

Remark (F). Examples (1) and (3) in section 4 satisfy (3-1-a).

For Darling-Kac sets A, we have a variety of bounds on the rate of uniform
convergence of 1

an(T )

∑n
k=1 Pkµ1A to µ(A) with respect to ||.||L∞(A) which allows

us to establish a log-averaged ergodic theorem. Let µA, νA denote the conditional
measures associated to A, respectively.

Theorem 3.4. Let (T,X,Q,U) be a piecewise invertible system with FRS sat-
isfying the conditions (1)-(3). Suppose that A =

⋃r
i=1 Ai, Ai ∈ M ∩ R(C, T ),

A ⊂
⋃m
i=1Bi(∃m > 0) and the induced system over A satisfies (2)*. Then for

every δ1, δ2 > 0 with 0 < δ1, δ2 < 1, ∃0 < F1, F2 <∞ s.t.

cn(A) ≡ ||
∑n

k=1 Pkµ1A(x)
an(T )

− µ(A)||L∞(A)(3-4-1)

≤ F1(F2n
1−δ1/an(T ) + ε[n(1−δ1)(1−δ2)]+1 + Wm(1 + ε21)[n(1−δ1)(1−δ2)]en(A, δ1, δ2))

where
Wm = sup⋃m

i=1Bi

dµ/dν,

en(A, δ1, δ2) ≡ νA(Ac ∩ T−1Ac ∩ . . . ∩ T−[nδ2(1−δ1)]+1Ac)
and εi is the continued fraction mixing coefficient for (TA, µA). (Here [y] denotes
the integer part of y.) In particular, we have the following:

(3-4-2) Denote the maximum of ranks of the cylinders Ai (1 ≤ i ≤ r) by J. If
ν(A) > 1− L/CJ , where L = minU∈U ν(U) and

CJ = sup
Xa(J)∈L(J)

supx∈TJXa(J)
ψ′a(J)(x)

infx∈TJXa(J)
ψ′a(J)(x)

,

then en(A, δ1, δ2) is bounded by a sequence (CJ (1−ν(A))
L )[n(1−δ1)δ2/J] which decays

stretched exponentially.
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(3-4-3) If A =
⋃m
i=1 Bi, then en(A, δ1, δ2) ≤ νA(D[n(1−δ1)δ2 ]).

Corollary 3.2. In the case of (3-4-2), the last term of RHS of (3-4-1) decays
faster than any polynomial decay. If εn decays stretched exponentially, then we
have cn(A) ≤ an(T )−1. In particular, when (4) is valid, cn(A) ≤ n−1.

Remark (G). As we will see later in section 4, in most cases, εn decays at least
stretched exponentially. For a Bernoulli (L = 1) linear (CJ = 1) map, (3-4-2)
is valid for all A with 0 < ν(A) which is a finite union of cylinders belonging to
M∩R(C, T ).

Remark (H). Theorem 3.4 can be used to obtain a log-averaged ergodic theorem,
i.e., almost sure convergence of 1

logN

∑N
n=1

1
nan(T )

∑n
k=1 fT

k(f ∈ L1(µ)). Following
[6], if an(T ) is regularly varying with positive index, one of the sufficient conditions
for establishing the theorem can be described as cn(A) ≤ O( 1

logNγ ), for some γ > 0.

Proof of Theorem 3.4. The inequalities (1-2) in the proof of Theorem 2.1 in [2]
allow us to have for 1 ≤ p ≤ q ≤ n− 1

‖
∑n

k=1 Pkµ1A∑n
k=1 µA(T−k(A))

− 1‖L∞(A) ≤ εp+1 + (1 + ε1)2µA({
p−1∑
k=0

φAT
k
A ≥ q})

+
(1 + ε21)q + p∑n
k=1 µA(T−kA)

and so we obtain a bound on ||
∑n
k=1 P

k
µ1A

an(T ) − µ(A)||L∞(A). Next we observe that

{x ∈ A :
p−1∑
k=0

φAT
k
A(x) ≥ q} ⊂

p⋃
k=1

{x ∈ A : φA(T kx) ≥ q/p}.

In fact, if not i.e., ∀k, φA(T kx) < q/p and
∑p−1

k=0 φAT
k
A(x) ≥ q, we have a contra-

diction immediately. Furthermore, it is easy to see that

µA(
p−1⋃
i=1

{x ∈ A : φA(T ix) ≥ [q/p] + 1}) ≤ pµA(Ac ∩ T−1Ac ∩ . . . ∩ T−([ qp ])+1Ac).

Put

dn(A) =
(1 + ε21)q + p∑n−1
k=0 µA(T−kA)

.

Taking
q = n1−δ1 (0 < δ1 < 1), p = q1−δ2 (0 < δ2 < 1)

we have
dn(A) ∼ q

an(T )
= n1−δ1/an(T ), as n→∞

because of the ergodicity. Combining these observations we come to the desired
inequality. To see (3-4-2), first we shall show for the case when A = Xa. Then
noting

νA(Ac ∩ T−1Ac ∩ . . . ∩ T−[ qp ]+1Ac) =
∑
b1 6=a

∑
b2 6=a

. . .
∑
b[ q
p

] 6=a
νA(Xb1...b[ q

p
]
)

gives (3-4-2). Even if A is not a single cylinder, the similar argument allows us to
have the desired result.
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4. Examples and applications

We apply our results in previous sections to piecewise C1 intermittent maps for
which reference measures ν are the normalized Lebesgue measures.

Example (1). (A two dimensional map related to uniform distribution of a cylin-
der flow) Let X = {(x, y) : 0 < x ≤ 1, 0 ≤ y ≤ 1} and T is defined by

T (x, y) = (− 1
x
− [− 1

x
],
y

x
− [

y

x
]).

The first component of T is known as a map related to negative continued fraction
which admits a σ-finite infinite absolutely continuous invariant measure with respect
to the Lebesgue measure ([23]). Let a(x) = −[−1/x], and b(x, y) = [y/x]. The index
set I is given by

I = {(a, b) ∈ N× (N ∪ {0}) : a ≥ 2, a > b}.
The partition Q = {X(a,b)}(a,b)∈I is defined as follows:

(x, y) ∈ X(a,b) iff a(x) = a and b(x, y) = b.

It is easy to see that U consists of U0 = X and U1 = {(x, y) ∈ X : x + y ≤ 1}
and that Q is not Markov but satisfies the FRS condition. In [17], (1)-(3) were
verified so that T admits a σ-finite infinite ergodic invariant measure equivalent to
ν the Lebesgue measure and it was shown that Dn is the set of cylinders touching
{1} × [0, 1] which consists of indifferent fixed points (| detDT (x, y)| = 1), i.e.,

Dn = {X((2,b1),(2,b2),...(2,bn)) : b1 = b2 = . . . = bn = 0

or bi = 1(∃i) and bj = 0 (∀j 6= i)}.
The validity of (3-1-a) is verified immediately. By Theorem 9.1 in [29] these in-
different fixed points are s-singular points of dµ

dν so that µ(X) = ∞. In fact the
invariant density was given in [17]:

dµ

dν
(x, y) =

{
2−x

2(1−x)2 if x+ y < 1,
1

2(1−x) if x+ y > 1.

By Propositions 3.2-3.3 we have the wandering rate (cf. [29]) W (n) = log(n + 1)
which is slowly varying and an(T ) ∼ n

log(n+1) as n → ∞. Hence (3.3-1)-(3.3-3) in
Theorem 3.3 can be applied to this example.

Example (2). (A local skew product two-dimensional map which is related to
Diophantine approximation in inhomogeneous linear class) It is well-known that
Gauss transformation induces a best approximation to an irrational number x ∈
(0, 1), i.e., for any N > 0,min0≤q≤N |qx − p| = |qnx − pn| where n is chosen as
qn ≤ N ≤ qn+1 and (qn, pn) are the principal convergents of x. Let X = {(x, y) ∈
R2 : 0 ≤ y ≤ 1,−y ≤ x ≤ −y + 1}. Define T on X by

T (x, y) = (1/x− [(1 − y)/x] + [−(y/x)],−[−(y/x)]− (y/x)).

The local skew product map T induces a best approximation to irrational numbers
(x, y) ∈ X for the inhomogeneous linear form, min(u,v),1<|u|<N |u||ux+ y − v| (see
[23]). We denote

a(x, y) = [(1− y)/x]− [−(y/x)], b(x, y) = −[−(y/x)],

an(x, y) = a(T n−1(x, y)), bn(x, y) = b(T n−1(x, y)), and define I = {(a, b) ∈ Z2 :
a > b > 0, or a < b < 0}. Let X(a,b) = {(x, y) ∈ X |a(x, y) = a, b(x, y) = b}.
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Then Q = {X(a,b)∈I} is a countable partition of X and on each cylinder X(a,b) T
is given by T (x, y) = ((1/x)− a,−(y/x) + b). Since T nX(a1,b1),...(an,bn) = X for all
X(a1,b1)...(an,bn) ∈ L, T is a Bernoulli map. Let us define inductively T n(x, y) =
(Xn, Yn) and qn = anqn−1 + qn−2 (q0 = 1, q−1 = 0), pn = anpn−1 + pn−2 (p0 =
0, p−1 = 1). Then we obtain the following formulas:

ψ(a1,b1),...(an,bn)(x, y) = (
pn + pn−1x

qn + qn−1x
,

n∑
k=1

(−1)k−1x0(x)x1(x) . . . xk−1(x)bk

+(−1)nx0(x)x1(x) . . . xn−1(x)y)

where xk−1 = 1
ak+ 1

ak+1+... 1
an+x

(1 ≤ k ≤ n).

x =
pn + pn−1Xn

qn + qn−1Xn
,

y =
n∑
k=1

(qk−1x− pk−1)bk +
Yn

qn + qn−1Xn
.

The above formulas give the following inequalities which will be used later:

|x− pn
qn
| ≤ 1
|qn|

1
|qn| − |qn−1|

,(5)

|y −
n∑
k=1

(qk−1x− pk−1)bk| ≤
1

|qn| − |qn−1|
=

1
|qn|(1− |qn−1|/|qn|)

.

Observe that

| detDψ(a1,b1)...(an,bn)(x, y)| = 1
|qn|3|1 + (qn−1/qn)x|3 ,

and that

qn−1/qn =
1

an + 1
an−1+... 1

a1

∈ [−1, 1].

Then we can choose 33 as the local Renyi constant, and Dk and Bk as follows (cf.
[28]):

Dk = {X(2,1)(−2,−1)(2,1)(−2,−1)...︸ ︷︷ ︸
k

, X(−2,−1)(2,1)(−2,−1)(2,1)...︸ ︷︷ ︸
k

},

Bk = {X(a1,b1)...(ak,bk) : X(a1,b1)...(ak−1,bk−1) ∈ Dk−1, ak 6= ±2

or ak−1ak > 0 if |ak| = 2}.
In [27]–[28], (1),(2),(4) were verified and the density of the finite T -invariant mea-
sure with respect to the Lebesgue measure ν was given by:

h(x, y) =
1

(2 log 2)(1− x2)
.

h admits singular points (1, 0) and (−1, 1) which are indifferent periodic points with
period 2 (i.e., | detDT 2(1, 0)| = | detDT 2(−1, 1)| = 1). It is easy to see that T does
not expand distances on neighbourhoods of the indifferent periodic points, e.g., let
(x, y) = (1− ε, 0) and (x′, y′) = (1− ε/2, ε/2). Then

d(ψ(−2,−1)(x, y), ψ(−2,−1)(x′, y′)) ≥
√

2
1 + ε

d((x, y), (x′, y′)).
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It follows from this inequality that the map T is not uniformly expanding and
we have no evidence of decay of Lipschitz constant of local inverses {ψ∗α1...αn :
(α1 . . . αn) ∈ I∗n, n ≥ 1} for T ∗. For this reason we cannot apply the CLT for
Gibbs Markov maps to (T ∗, µ∗). (3-1-b) is verified immediately. We note that
X(a1,b1),...(an,bn) ∈ R(C, T ) implies |an| ≥ 3 or an−1an > 0 with |an| = 2 and so
|qn|/|qn−1| ≥ 2. Then (5) and the following observations allow us to have the fact:
(6) diamXα1...αk ≤ constant ×2−(2k−1) for any cylinder Xα1...αk with respect to
T ∗. Let

α1 = ((a1, b1), . . . , (an1 , bn1)), α2 = ((an1+1, bn1+1), . . . (an1+n2 , bn1+n2)),

. . . , αk = ((an1+...+nk−1+1, bn1+...+nk−1+1), . . . , (an, bn)),

where n = n1 + . . .+ nk. Then

qn−1

qn
=

1
an + 1

an−1+ 1

...an−nk+1+
qn−nk−1
qn−nk

,

and

|qn−nk
qn
| = |qn−1

qn
||qn−2

qn−1
| . . . | qn−nk

qn−nk+1
| ≤ (

1
2

)2.

Inductively we have

| 1
qn
| ≤ (

1
2

)2| 1
qn−nk

| ≤ . . . ≤ (
1
2

)2k.

The fact (6) together Theorem 2.4 allows us to establish the CLT for f satisfy-
ing (3-3),(3-4-a) and strongly mixing coefficients for T ∗ which decays stretched
exponentially. As we have mentioned in section 1, applying Corollary 2.1 with
α = 1/2 gives the similar rates to Kuzmin’s rates of uniform convergence for Gauss
trtansformation. The condition (3-4-b) fails because of ν(Dn) = O(n−2). We let
L(a1,b1),... ,(an,bn) denote the Lipschitz constant of ψ(a1,b1),... ,(an,bn). Then we can
observe that for each X(a1,b1),... ,(an,bn) ∈ Bn, L(a1,b1),... ,(an,bn) ≤ O(n−1). It follows
from this fact that if f is a piecewise Hölder continuous function with exponent
θ, then (3-3) is valid when θ > 1. Next we suppose that f is not Hölder con-
tinuous but satisfies the following conditions: ∃0 < θ < ∞ such that for each
X(a1,b1),... ,(an,bn) ∈ Bn, ∃0 < Γf ((a1, b1), . . . , (an, bn)) <∞ satisfying

|f((x, y))− f((x′, y′))|

≤ Γf ((a1, b1), . . . , (an, bn))(diamX(a1,b1),... ,(an,bn),(c1,d1),...(ck,dk))θ

(∀(x, y), (x′, y′) ∈ X(a1,b1),... ,(an,bn)(c1,d1),...(ck,dk)), and

sup
X(a1 ,b1),... ,(an,bn)∈Bn

Γf ((a1, b1), . . . , (an, bn)) ≤ O(nθ−(1+α))(∃α > 0).

Then taking Lf((a1, b1), . . ., (an, bn)) = Γf ((a1, b1), . . ., (an, bn))(L(a1,b1),... ,(an,bn))θ

allows us to have (3-3). Let p1 be the natural projection: (x, y) → x. If F :
p1(X) → R is a piecewise Hölder continuous function with respect to p1Q with
exponent θ > 1/2, then f ≡ Fp1 satisfies (3-3). In fact, we can easily see that

d(p1ψ(a1,b1),...(an,bn)(x, y), p1ψ(a1,b1),...(an,bn)(x′, y′)) ≤
|x− x′|

|qn|2(1− |qn−1|/|qn|)2
,
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and that |qn| ≥ O(n) and |qn−1|/|qn| ≤ 1/2 for Xa1...an ∈ Bn. From these observa-
tions we have

|f(ψ(a1,b1),...(an,bn)(x, y))− f(ψ(a1,b1),...(an,bn)(x′, y′))| ≤ O(n−2θ)|x − x′|θ

and Lf (∞) =
∑∞

i=1O(i−2θ) <∞ for θ > 1/2.

Example (3) (A one-parameter family of maps on the interval [0, 1]). Let X =
[0, 1] and for β with 0 < β define

Tβ(x) =

{
x

(1−xβ)1/β on X0 = [0, (1/2)1/β),
x

(1/2)1/β−1
+ 1

1−(1/2)1/β on X1 = [(1/2)1/β, 1].

The map Tβ has an indifferent fixed point 0. Let

Dn = {X0 . . . 0︸ ︷︷ ︸
n

} and Bn = {X0 . . . 0︸ ︷︷ ︸
n

}.

Then 21+1/β can be taken as the local Renyi constant and T admits a σ-finite
conservative exact invariant measure µ equivalent to the Lebesgue measure ν ([27]-
[29]). In case 0 < β < 1,

∑∞
n=0 ν(Dn) =

∑∞
n=0 1/(n+1)1/β <∞ which implies that

µ is finite. Several statistical properties were established in [27]–[30]. For β ≥ 1,∑∞
n=0 ν(Dn) = ∞, which implies µ(X) = ∞. In this case, T ′β

′(0) is finite and so
Tβ belongs to the class of one-dimensional maps with infinite invariant measures
which Thaler studied in [24]-[25]. Since dµ

dν (x) ∼ constant × x−β near 0 (cf. [22]),
Proposition 3.3 allows us to estimate the wandering rates W (n) and the return time
sequence an(T ) (up to constants) as follows:

(β = 1) W (n) ∼ logn, an(T ) ∼ n/ logn.
(β > 1) W (n) ∼ n1−1/β , an(T ) ∼ n1/β .

Thus for β = 1, an(T ) is regularly varying with index 1, and for β > 1, an(T )
is regularly varying with index 1/β(< 1). Hence we can apply (3.3-1)-(3.3-3) in
Theorem 3.3 to this example.

Next we study the central limit theorem for 0 < β < 1. Since |ψ∗α1...αk
′(x)| ≤

|ψ1|k = (1− (1/2)1/β)k(∀x ∈ [0, 1]), supXα1...αk∈L∗(k) diamXα1...αk decays exponen-
tially as k → ∞. Hence Theorem 3.1 can be applied to Tβ with β > 0. Observe
that Eν(φ2+ε) =

∑
n>0 n

2+εν(Bn) and ν(Bn) ∼ O(n−(1+1/β)). These observations
allow us to have the following:

(0 < β < 1/2) Eν(φ2+ε) <∞(∃ε > 0) and so we can apply Theorem 3.1.
(1/2 ≤ β < 1) Eν(φ2) = ∞ and so we can establish the CLT for f
satisfying (3-3) and (3-4-a).

5. Appendix. Proofs of the results in section 3

Proof of Lemma 3.1. First we note that for x, y ∈ Xα1...αn ∈ L∗(n)

|f∗(x)− f∗(y)| ≤
|α1|−1∑
i=0

|f(ψ
αi+1

1 ...α
|α1|
1

ψ∗α2...αnx
′)− f(ψ

αi+1
1 ...α

|α1|
1

ψ∗α2...αny
′)|

≤
|α1|−1∑
i=0

Lf (αi+1
1 . . . α

|α1|
1 )(diamXα2...αn)θ ≤ Lf(∞)(σ∗(n− 1))θ
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where x′ = T ∗nx and y′ = T ∗ny, α1 = α1
1 . . . α

|α1|
1 ∈ I∗ and |α1| denotes the length

of α1. Then by the mean value theorem we have that

|f∗(x)−
∑

Y ∈Q∗(n)

∫
Y
f∗(z)dµ∗(z)
µ∗(Y )

1Y (x)|

≤ sup
Y ∈Q∗(n)

sup
x′,y′∈Y

|f∗(x′)− f∗(y′)| ≤ Lf (∞)(σ∗(n− 1))θ.

Proof of Lemma 3.2. It is obtained immediately from the definition of f∗.

Proof of Lemma 3.3. Since
∫
φ2+εdν =

∑∞
l=1 l

2+εν(Bl), the following inequlity al-
lows us to have the desired result.∫

f∗2+εdν ≤
∞∑
l=1

∫
Bl

l2+ε( sup
x∈Dcl

|f(x)|+
∫
fdµ)2+εdν.

Proof of Proposition 3.1. The first assertion is obtained from the following inequal-
ities.∫

f∗2dν ≤
∞∑
l=1

l2ν(Bl)( sup⋃
l
i=1Bi

|f |)2 + 2µ(f)
∞∑
l=1

l2ν(Bl) sup⋃
l
i=1Bi

|f |+ µ(f)2Eν(φ2),

∫
f∗2dν ≥ µ(f)2Eν(φ2)− 2µ(f)

∞∑
l=1

lν(Bl) sup⋃
l
i=1 Bi

|f |.

The second assertion is obvious from the fact that f∗(x) = g∗(x).

Proof of Theorem 3.1. It follows from (3-2) and Lemma 3.1 that

(||f∗ − Eµ∗(f∗|Q∗(n))||∞)2+ε × n2+ε

is uniformly bounded from above. Now we can apply Lemma 7.4 in [7] directly.
Suppose either (3-4-a) or (3-4-b). Then it follows from Lemmas 3.4 and 3.5 that
f∗ satisfies the CLT with respect to µ∗. Since the rest of the proof is based on the
proof of Theorem 7.2 in [7], we just give a sketch of the proof. Let 0 < δ < ψ∗1 ,
where {ψ∗n}n≥0 are the ψ-mixing coefficients for (T ∗, µ∗) and η > 0 be choosen
as 1/

√
2π
∫ t+4η

t
exp(−u2/2)du < δ. Put g ≡ f − µ0(f), σn =

√
σ2
n and note that

µ({
√
µ(X)/σn

∑n
l=0 gT

l ≤ t}) ≤ (A) + (B) + (C), where

(A) := µ({
√
µ(X)/σn

Nn∑
l=Nk1+1

f∗T ∗l ≤ t+ 3η}),

(B) := µ({
√
µ(X)/σn

k1∑
l=0

|gT l| ≥ η}),

(C) := µ({
√
µ(X)/σn|

n∑
l=k1+1

gT l −
Mn∑

l=Mk1 +1

gT l| ≥ 2η})

for some k1 > 0, where

Nn(x) = min{l :
l∑
i=0

φ(T ∗ix) ≥ n}, Mn(x) =
Nn(x)∑
i=0

φ(T ∗ix).
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Then for an appropriate large number k1 > 0, we can bound (A), (B) and (C) by
δ + 1/

√
2π
∫ u
−∞ exp(−v2/2)dv, δ and 2δ respectively. Hence we have

µ({
√
µ(X)/σn

n∑
l=0

gT l ≤ t}) ≤ 4δ + 1/
√

2π
∫ u

−∞
exp(−v2/2)dv

for sufficiently large n > 0. In fact, if σn →∞, we can obtain (B) ≤ δ and the fact
µ(X) =

∑∞
n=1 µ(Bn) <∞ and (3-1-a) gives

(D)

µ({
√
µ(X)/σn

Mn(x)∑
n+1

gT l(x) ≥ η})

≤ µ({Mn(x) − n ≥ σnn√
µ(X)||g||∞

, T nx ∈ BMn(x)−n}) =
∑
p≥p0

µ(Bp) < δ

where p0 = [ σnn√
µ(X)||g||∞

]. Even if we replace (3-1-a) by (3-1-b), as far as p0 > n0 we

still have the same upper bound as one of (D). For bounding (A), we use ergodicity
so that Nn(x)

n → 1
µ(X) (n→∞), the formula (I-1) of µ and the central limit theorem

for (T ∗, µ∗).

Proof of Theorem 3.2. Since (T ∗, Q∗) is aperiodic and f∗ ∈ L2(µ∗), we can apply
Corollary 7.3 in [7].
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