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BLOCK DIAGONAL POLYNOMIALS

VERÓNICA DIMANT AND RAQUEL GONZALO

Abstract. In this paper we introduce and study a certain class of polyno-
mials in spaces with unconditional finite dimensional decomposition. Some
applications to the existence of copies of `∞ in spaces of polynomials and to
the stabilization of polynomial algebras are given.

Introduction

Motivated by several problems related to the structure of spaces of polynomi-
als, we introduce and study the class of block diagonal polynomials in the context
of spaces with unconditional finite dimensional decomposition. This kind of poly-
nomials will be useful to attack two different problems. On one hand, for many
examples in the literature it is noted that the space of homogeneous polynomials
contains an isomorphic copy of `∞ (conditions to ensure this fact can be found in
[12, 13, 9, 14, 10, 16]). Also, it is proved in [9] that there exists a dichotomy between
the fact that all polynomials are weakly sequentially continuous and the existence
of isomorphic copies of `∞ in the space of polynomials. Here we are concerned with
the “position” of such isomorphic copies of `∞ and the relationship between weak
sequential continuity of polynomials and block diagonal polynomials. The other
problem is to study the stabilization of polynomial algebras [23]. In this direction,
we describe the behavior of the chain of algebras generated by polynomials up to
a certain degree in the particular case of Banach spaces with unconditional finite
dimensional decomposition.

In Section 1, we introduce the class of block diagonal polynomials and establish
some properties of these polynomials. We provide a technique to construct, from
a fixed polynomial, a block diagonal polynomial which preserves some properties
of the original one. Using this, we prove the equivalence between weak sequential
continuity of polynomials and the same property for block diagonal polynomials.
Moreover, if there exist polynomials which are not weakly sequentially continuous,
this technique turns out to be useful to show how to embed an isomorphic copy of
`∞ in a certain space of block diagonal polynomials.

The second section is totally devoted to studying the simplest class of block
diagonal polynomials in a space with unconditional basis, namely, diagonal poly-
nomials. In the case of real Banach spaces with 1-unconditional basis, considered
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as Banach lattices, diagonal polynomials coincide with orthogonally additive poly-
nomials, which were introduced and studied by Sundaresan [24]. We see how weak
sequential continuity of diagonal polynomials has a great impact on the behavior
of all polynomials when applied to the basis; indeed, the basis turns out to be
polynomially null. On the other hand, we give an example which shows that the
reciprocal result is not true. Also, we generalize some results given in [24] for `p
spaces, to the case of spaces in which the basis has a lower estimate.

Finally, in Section 3 we apply some of the results obtained in Section 1 to give
the description of the chain of algebras of polynomials generated by polynomials up
to a certain degree. We prove that for real Banach spaces not containing `1, with
unconditional finite dimensional decompositions, if there exists a polynomial which
is not weakly sequentially continuous then this chain does not stabilize. Moreover,
the lowest degree of a polynomial which is not weakly sequentially continuous is
the breaking point of the chain. After this point, each element is different from the
following one. A similar result was obtained by Hájek [19], under the assumption of
the existence of a non-compact operator from the space into some `p space. To our
knowledge, this assumption is less general than the existence of a polynomial which
is not weakly sequentially continuous. In the last part of the article we discuss this
problem, relating it to another open problem.

In the sequel we introduce some notations and definitions. Unless stated other-
wise, E is a real or a complex Banach space. The space of k-homogeneous (con-
tinuous) polynomials on E is denoted by P(kE). The subspace of weak sequential
continuous polynomials (respectively, weak sequential continuous at 0) is denoted by
Pwsc(kE) (resp. Pwsc0(kE)). In general, for any space of polynomials the subindex
wsc (resp. wsc0) means the subspace of weak sequential continuous (resp. at 0)
elements.

We recall some definitions. For 1 ≤ p < ∞, a sequence {en}n∈N is said to have
a lower p-estimate (resp. upper p-estimate) if there exists a constant C > 0 such
that

∞∑
n=1

|xn|p ≤ C
∥∥∥∥∥
∞∑
n=1

xnen

∥∥∥∥∥
p

or, respectively,
∞∑
n=1

|xn|p ≥ C
∥∥∥∥∥
∞∑
n=1

xnen

∥∥∥∥∥
p

.

A sequence {en}n∈N in E is said to be Pk-null if P (en) −→
n→∞

0 for all r-
homogeneous polynomials P with 1 ≤ r ≤ k.

1. Block diagonal polynomials

Throughout this section, E is a Banach space with unconditional finite dimen-
sional decomposition {En}n∈N (see [22] for the definition). We denote by {Πn}n∈N
the sequence of projections associated to the decomposition; that is,

Πn(x) =
n∑
j=1

xj ∀ x =
∞∑
j=1

xj ∈ E, xj ∈ Ej .

Let J = {nj}j∈N be an ordered infinite set of positive integers. We say that a
sequence {uj}j∈N ⊂ E is a block sequence with respect to J if uj ∈ Im(Πnj−Πnj−1 ),
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for all j ∈ N. The following lemma generalizes a classical result of spaces with
Schauder bases [22, Prop. 1.a.12] to spaces with finite dimensional decomposition
(not necessarily unconditional).

Lemma 1.1. Let E be a Banach space with finite dimensional decomposition
{En}n∈N and let {xk}k∈N be a seminormalized weakly null sequence on E. Then
there exist a subsequence {xkj}j∈N of {xk}k∈N and a block sequence {uj}j∈N ⊂ E
such that ‖xkj − uj‖ −→ 0

j→∞
. Moreover, if J = {nj}j∈N ⊂ N is fixed, we can choose

a subsequence J1 of J such that {uj}j∈N is a block sequence with respect to J1.

Proof. Our procedure is based on the following two facts:

• If l ∈ N is fixed, then ‖Πl(xk)‖ −→
k→∞

0 (since it is a weakly null sequence in a

finite dimensional subspace).
• If k ∈ N is fixed, then ‖xk − Πl(xk)‖ −→

l→∞
0 (since Πl are the projections

associated to the decomposition).

Let xk1 = x1 and l1 ∈ N be such that ‖xk1 − Πl1(xk1)‖ < 1. Let k2 > k1 be
such that ‖Πl1(xk2 )‖ < 1

4 and let l2 > l1 be such that ‖xk2 −Πl2(xk2 )‖ < 1
4 . Thus,

‖xk2 − (Πl2 −Πl1)(xk2 )‖ < 1
2 . Consider now k3 > k2 such that ‖Πl2(xk3)‖ < 1

6 and
let l3 > l2 be such that ‖xk3 −Πl3(xk3 )‖ < 1

6 ; thus, ‖xk3 − (Πl3 −Πl2)(xk3 )‖ < 1
3 .

Inductively, we obtain a subsequence {xkj}j∈N of {xk}k∈N and a block sequence
{uj = (Πlj − Πlj−1)(xkj )}j∈N such that ‖xkj − uj‖ −→

j→∞
0.

Note that if a certain subsequence J of N is given, in the same way we can choose
the indexes lj in J ; so, the last assertion is proved.

Definition 1.2. Let J = {nj}j∈N be an increasing sequence of positive integers.
For each j ∈ N, let σj = Πnj − Πnj−1 . We define the class of block diagonal
k-homogeneous polynomials with respect to J as the set

DJ(kE) = {P ∈ P(kE) : P (x) =
∞∑
j=1

P (σj(x)), ∀x ∈ E}.

Note that σj depends on the subsequence of integers J .

The following proposition will be the key to proving most of the results, since it
provides a way to construct, from a certain polynomial, a block diagonal polynomial
which preserves some properties of the original one. It is essentially a reformulation
of part of the proof of Theorem 13 in [9].

Proposition 1.3. Let E be a Banach space with unconditional finite dimensional
decomposition {En}n∈N and P ∈ P(kE). Then there exists a constant C > 0 such
that for every subsequence J of N,

∞∑
j=1

|P (σj(x))| ≤ C ‖x‖k ∀x ∈ E.

Proof. Consider first that E is a complex Banach space. Let {rj}j∈N be the gen-
eralized Rademacher functions introduced by Aron and Globevnik [2]. For each
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x ∈ E and j ∈ N, let γj ∈ C be such that P (γjσj(x)) = |P (σj(x))|. So we have

∞∑
j=1

|P (σj(x))| =
∞∑
j=1

P (γjσj(x)) =
∫ 1

0

P

 ∞∑
j=1

rj(t)γjσj(x)

 dt

≤ ‖P‖ sup
t∈[0,1]

∥∥∥∥∥∥
∞∑
j=1

rj(t)γjσj(x)

∥∥∥∥∥∥
k

≤ (2K)k ‖P‖ ‖x‖k

where K is the unconditional constant of the decomposition.
In the case that E is a real Banach space, we consider the complexification E

of E, as in [5]; {En}n∈N is an unconditional finite dimensional decomposition of
E. Let P ∈ P(kE) be fixed; then there exists a unique extension P ∈ P(kE) with
‖P‖ ≤ ‖P‖ ≤ (2k)k

k! ‖P‖. Thus,

∞∑
j=1

|P (σj(x))| =
∞∑
j=1

∣∣P (σj(x))
∣∣ ≤ (2K)k ‖P‖ ‖x‖k ≤ (4kK)k

k!
‖P‖ ‖x‖k

where K is the unconditional constant of the decomposition of E.

Corollary 1.4. Let E be a Banach space with unconditional finite dimensional
decomposition and J a subsequence of N. Then DJ (kE) is a complemented subspace
of P(kE).

Proof. It is clear that DJ(kE) is a linear subspace of P(kE). Let Π : P(kE) →
DJ(kE) be defined by Π(P )(x) =

∑∞
j=1 P (σj(x)). By Proposition 1.3, Π is a well

defined and continuous operator. Obviously, Π(P ) = P for every P ∈ DJ (kE); so,
Π is a projection whose image is DJ(kE).

In the following proposition we prove that weak sequential continuity of block di-
agonal polynomials can be replaced by a weaker condition, namely, weak sequential
continuity at the origin.

Proposition 1.5. Let E be a Banach space with unconditional finite dimensional
decomposition. The following assertions are equivalent:

(i) DJ (kE) = DJ,wsc(kE), for all subsequence J of N.
(ii) DJ (kE) = DJ,wsc0(kE), for all subsequence J of N.
(iii) DJ (rE) = DJ,wsc0(rE), for all 1 ≤ r ≤ k and all subsequence J of N.

Proof. Obviously, (i) implies (ii). To see that (ii) implies (iii), assume that there
exist a subsequence J of N and a polynomial P ∈ DJ (rE) which is not weakly
sequentially continuous at 0 (1 ≤ r < k). By Lemma 1.1, there exist ε > 0, a
subsequence J1 of J and a weakly null seminormalized block sequence with respect
to J1, {ui}i∈N, such that |P (ui)| > ε, for all i ∈ N. Note that {ui}i∈N is an
unconditional basic sequence in E.

If P ∈ DJ(rE) then P ∈ DJ1(rE). Let {σi}i∈N the projections associated to J1,
so

P (x) =
∞∑
i=1

P (σi(x)).
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Consider now the sequence {u∗i }i∈N of biorthogonal functionals associated to
{ui}i∈N, and define Q ∈ P(kE) by

Q(x) =
∞∑
i=1

P (σi(x)) (u∗i (σi(x)))k−r .

The polynomial Q ∈ DJ1(kE) satisfies Q(uj) = P (uj), for all j ∈ N, so Q is not
weakly sequentially continuous at 0, which contradicts (ii).

For the proof that (iii) implies (i), let P ∈ DJ(kE) and xm
w−→ x in E. Then,

P (xm) =
k∑
j=1

(
k

j

)
d̂jP (x)(xm − x) + P (x),(1)

where d̂jP (x) is the j-th derivative of P at the point x. By using the polarization
formula, we obtain that for all 1 ≤ l ≤ k,

∨
P (x, . . . , x, σj1 (y), . . . , σjl(y)) = 0 if the ji’s are not all equal,

where {σj}j∈N are the projections associated to J and
∨
P is the k-linear symmetric

functional associated to P . Thus,

d̂jP (x)(y) = d̂jP (x)

( ∞∑
i=1

σi(y)

)
=
∞∑
i=1

∨
P (x, . . . , x, σi(y), . . . , σi(y))

=
∞∑
i=1

d̂jP (x)(σi(y)),

which implies that, for all x ∈ E, the j-homogeneous polynomial d̂jP (x) belongs to
DJ(jE), for any 1 ≤ j ≤ k. By (iii), d̂jP (x) is weakly continuous at 0 and xm− x
is a weakly null sequence; so, by (1), P (xm)→ P (x).

The existence of a polynomial which is not weakly sequentially continuous implies
the existence of a block diagonal polynomial which shares the same property, as it
is proved in the following proposition.

Proposition 1.6. Let E be a Banach space with unconditional finite dimensional
decomposition. If there exists a k-homogeneous polynomial which is not weakly
sequentially continuous at 0, then there exist a subsequence J of N and a block
diagonal polynomial with respect to J which is not weakly sequentially continuous
at 0.

Proof. Assume that there exists a k-homogeneous polynomial which is not weakly
sequentially continuous at 0. By Lemma 1.1, there exist ε > 0, a subsequence J
of N and a weakly null seminormalized block sequence with respect to J , {uj}j∈N,
such that |P (uj)| > ε, for all j ∈ N. By Proposition 1.3,

P̃ (x) =
∞∑
j=1

P (σj(x))

is a block diagonal polynomial with respect to J . Moreover, since P̃ (uj) = P (uj),
for all j ∈ N, the polynomial P̃ is not weakly sequentially continuous at 0.
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As a consequence of Propositions 1.5 and 1.6, we obtain the following corollary.
Similar results were established in a non-published addendum to [15] and in [7, 6].

Corollary 1.7. Let E be a Banach space with unconditional finite dimensional
decomposition. The following assertions are equivalent:

(i) P(kE) = Pwsc(kE).
(ii) P(kE) = Pwsc0(kE).
(iii) P(rE) = Pwsc0(rE), for all 1 ≤ r ≤ k.

The following result has a double interest. On one hand, it shows, assuming
the existence of a non-weak sequential continuous polynomial, how to embed `∞
in certain spaces of block diagonal polynomials. On the other hand, this result is
the key to proving the main result in the last section, since it provides, from the
existence of a polynomial which is not weakly sequentially continuous, a polynomial
whose restriction to a certain subspace with a basis has a diagonal representation.

Proposition 1.8. Let E be a Banach space with unconditional finite dimensional
decomposition. If there exists a k-homogeneous polynomial which is not weakly
sequentially continuous, then there exist a subsequence J of N, a seminormal-
ized weakly null block sequence with respect to J , {uj}j∈N, and a polynomial P ∈
DJ(kE), such that

P

 ∞∑
j=1

ajuj

 =
∞∑
j=1

akj whenever
∞∑
j=1

ajuj ∈ [{uj}j∈N].(2)

Moreover, DJ (kE) contains an isomorphic copy of `∞.

Proof. By the previous corollary, there exists a k-homogeneous polynomial which
is not weakly sequentially continuous at 0. Consequently, by Proposition 1.6, there
exist a subsequence J of N, a seminormalized weakly null block sequence with
respect to J , {uj}j∈N, and a polynomial Q ∈ DJ(kE) such that |Q(uj)| > ε, for
certain ε > 0. We can assume, without loss of generality, that the sequence {uj}j∈N
belongs to the unit ball of E. Let P ∈ DJ (kE) be

P (x) =
∞∑
j=1

Q(σj(x))Q(uj)−1,

which is well defined by Proposition 1.3 and satisfies (2).
Define T : `∞ → DJ (kE) by T (b)(x) =

∑∞
j=1 bj P (σj(x)); it is easy to prove

that

‖b‖∞ ≤ ‖T (b)‖ ≤ C ‖b‖∞
where C is the constant which appears in Proposition 1.3.

Proposition 1.9. Let E be a Banach space with unconditional finite dimensional
decomposition. Let J be subsequence of N such that there exists a seminormalized
block sequence with respect to J , {uj}j∈N, which is not Pk-null. Then, the space
DJ(kE) contains an isomorphic copy of `∞.

Proof. If {uj}j∈N is not Pk-null, then there exist ε > 0, a polynomial P ∈ P(rE),
for some 1 ≤ r ≤ k, and a subsequence {uji}i∈N of {uj}j∈N such that |P (uji)| >
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ε. If {σj}j∈N are the projections associated to J and {u∗j}j∈N is the sequence of
biorthogonal functionals associated to {uj}j∈N, let P̃ ∈ P(kE) be defined by

P̃ (x) =
∞∑
j=1

P (σj(x))
(
u∗j (σj(x))

)k−r
.

It is clear that P̃ is a block diagonal polynomial with respect to J and |P̃ (uji)| =
|P (uji)| > ε. In the same way as in the previous proposition, we obtain the required
result.

2. Diagonal polynomials

Throughout this section E is a Banach space with unconditional basis {en}n∈N.
A polynomial P is said to be diagonal if

P (x+ y) = P (x) + P (y)

for all x, y ∈ E with disjoint supports. The class of diagonal polynomials is a
particular class of block diagonal polynomials, introduced in Section 1, for the
case J = N. We denote this class by D(kE). The space of diagonal polynomials

can be seen as the dual of the subspace of
⊗̂k

π,sE (the complete k-fold symmetric
tensor product of E endowed with the projective norm) spanned by the tensor
diagonal basis {en ⊗ · · · ⊗ en}n∈N. Some aspects of the tensor diagonal basis for
non-symmetric tensor products were studied by Holub [21] and Arias and Farmer
[1].

In the case of real Banach spaces with 1-unconditional basis considered as Ba-
nach lattices, diagonal polynomials coincide with orthogonally additive polynomi-
als, which were widely studied for the classical Banach space `p by Sundaresan
[24].

Remark 2.1. If P is a diagonal polynomial on E, it is clear that

P

( ∞∑
n=1

xnen

)
=
∞∑
n=1

P (en) xkn

for all
∑∞

n=1 xnen ∈ E. Moreover, by Proposition 1.3 (consider σj : E → [ej],
the natural projection), this series is indeed absolutely convergent, i.e. there exists
C > 0 such that

∞∑
n=1

∣∣P (en) xkn
∣∣ ≤ C ‖x‖k

for all x ∈ E.

Concerning to weak sequential continuity of diagonal polynomials, for the clas-
sical space `p it is known by [24] that polynomials of a certain degree are weakly
sequentially continuous whenever diagonal polynomials of the same degree are. In
general, this is not the situation, as the following example shows:

Example 2.2. There exists a Banach space E with unconditional basis such that
D(kE) = Dwsc(kE) for all k ∈ N, but P(2E) 6= Pwsc(2E).

Consider the example which appears in [8]: E = d∗(w; 1)×d(w; 1), where d(w; 1)
is a Lorentz sequence space associated to a suitable sequence w and d∗(w; 1) is its
natural predual. There, it is proved that all polynomials on both d∗(w; 1) and
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d(w; 1) are weakly sequentially continuous. Therefore, all diagonal polynomials on
E are weakly sequentially continuous. Indeed, if P ∈ D(kE) then P can be written
as

P

( ∞∑
n=1

xn en,

∞∑
n=1

yn e
∗
n

)
=
∞∑
n=1

P (en, 0) xkn +
∞∑
n=1

P (0, e∗n) ykn

for all (x, x∗) = (
∑∞

n=1 xnen,
∑∞

n=1 yne
∗
n) ∈ E, where {en}n∈N (resp. {e∗n}n∈N) is

the basis in d∗(w; 1) (resp. d(w; 1)). Note that the above representation of the
polynomial P is possible since the series are absolutely convergent (see Remark
2.1). Thus P is weakly sequentially continuous. Nevertheless, the polynomial
Q(x, x∗) = x∗(x) is not weakly sequentially continuous on E (see [8] for more
details).

Weak sequential continuity of diagonal polynomials has strong implications on
the behavior of all polynomials against the basis, as we state in the following
proposition, which is a consequence of the proof of Proposition 1.9.

Proposition 2.3. Let E be a Banach space with an unconditional weakly null basis
{en}n∈N. Assume that D(kE) = Dwsc(kE). Then the basis {en}n∈N is a Pk-null
sequence.

In general, the converse of Proposition 2.3 is not true, even for spaces with
symmetric bases, as the following example shows:

Example 2.4. There exists a Banach space E with symmetric basis {en}n∈N which
is Pk-null for all k ∈ N but D(2E) 6= Dwsc(2E).

Consider the Lorentz sequence space E = d(w; 2) (see e.g. [22]) associated to
the sequence w = {1/n}n∈N. We denote by {en}n∈N the basis of d(w; 2). It is easy
to check that

∑n
i=1 1/i = ‖

∑n
i=1 ei‖2. Thus,

lim
n→∞

‖
∑n

i=1 ei‖
n1/k

= 0,

which implies that {en}n∈N does not admit a lower k-estimate for any k ∈ N. By
[18] the basis {en}n∈N is a Pk-null sequence for all k.

The expression

P

( ∞∑
n=1

xnen

)
=
∞∑
n=1

1
n
x2
n

satisfies ∣∣∣∣∣P
( ∞∑
n=1

xnen

)∣∣∣∣∣ ≤ sup
π∈Π

∞∑
n=1

1
n

∣∣xπ(n)

∣∣2 =

∥∥∥∥∥
∞∑
n=1

xnen

∥∥∥∥∥
2

.

Thus, P is a 2-homogeneous polynomial on d(w; 2); moreover, P ∈ D(2d(w; 2)).
Nevertheless, P is not weakly sequentially continuous. To show this, consider a
normalized weakly null block sequence {un}n∈N in d(w; 2) with un =

∑pn+1
i=pn+1 aiei,

where {pn}n∈N is an increasing sequence of integers, a1 ≥ a2 ≥ . . . . . . and (an)n∈N
converges to zero. By [22, Prop. 4.e.3.] such a sequence has a subsequence {unj}j∈N
equivalent to the unit vector basis of `2. Thus there exists a constant C > 0 such
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that for all n ∈ N,

Cj ≤
∥∥∥∥∥

j∑
i=1

uni

∥∥∥∥∥
2

= P (un1) + · · ·+ P (unj ).

Therefore,

P (un1) + · · ·+ P (unj )
j

≥ C,

which implies that {P (unj )}j∈N does not converge to zero. Consequently, P is not
weakly sequentially continuous, as required.

We generalize Theorem 7 and Theorem 10 of [24] to the context of spaces with
a basis with a lower k-estimate.

Proposition 2.5. Let E be a Banach space with a weakly null unconditional basis
{en}n∈N. Assume that {en}n∈N has a lower k-estimate, for some k ∈ N, and let
P ∈ D(kE). Then the following assertions are equivalent:

(i) P is weakly sequentially continuous.
(ii) {P (en)}n∈N converges to zero.

Proof. The part (i) implies (ii) is obvious. We show that (ii) implies (i). Assume
the contrary; then P is a diagonal k-homogeneous polynomial which is not weakly
sequentially continuous. Let {un}n∈N be a sequence which is weakly convergent
to u and such that, for some δ > 0, |P (un) − P (u)| > δ for all n. Consider,
un =

∑∞
i=1 a

(n)
i ei and u =

∑∞
i=1 aiei. We can assume, without loss of generality,

that ‖un‖ ≤ 1 for all n.
Since the basis has a lower k-estimate, there is a constant C > 0 such that

∞∑
n=1

|xn|k ≤ C
∥∥∥∥∥
∞∑
n=1

xnen

∥∥∥∥∥
k

.

The polynomial P is diagonal, so P (
∑∞

n=1 xnen) =
∑∞
n=1 αnx

k
n with P (en) = αn.

We will show that for a given integer N there is an integer m > N such that
|αm| ≥ δ

4C , which contradicts that {P (en)}n∈N converges to zero.
Let N be fixed, with

δ < |P (un)− P (u)| ≤
∣∣∣∣∣
N∑
i=1

αi(a
(n)
i )k −

N∑
i=1

αi(ai)k
∣∣∣∣∣

+
∞∑

i=N+1

|αi|
∣∣∣a(n)
i

∣∣∣k +
∞∑

i=N+1

|αi||ai|k ≤ (?).

Since lim
n→∞

a
(n)
i = ai for all i = 1, . . . , N , we have that, for n large enough,

(?) ≤ δ

2
+ sup
N<i<∞

|αi|
( ∞∑
i=N+1

∣∣∣a(n)
i

∣∣∣k +
∞∑

i=N+1

|ai|k
)
≤ δ

2
+ 2C sup

N<i<∞
|αi|.

Thus,

δ

2
< 2C sup

N<i<∞
|αi|,
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which says that there is an integer m > N such that |αm| ≥ δ
4C , as required. So

the proof is finished.

In the light of the above result one can ask if a diagonal polynomial P on a space
with a weakly null basis {en}n∈N is weakly sequentially continuous if and only if
{P (en)}n∈N converges to zero. The answer is negative in general, as Example 2.4
shows.

Proposition 2.6. Let E be a Banach space with a normalized unconditional basis
{en}n∈N with a lower k-estimate with constant C. Then the space D(kE) is C-
isomorphic to `∞. Moreover, if the basis {en}n∈N is weakly null, Dwsc(kE) is
C-isomorphic to c0.

Proof. Let T : `∞ → D(kE) be defined by

T (b)(x) =
∞∑
n=1

bn x
k
n.

Then, for all b ∈ `∞,

‖b‖∞ ≤ ‖T (b)‖ ≤ sup
‖x‖≤1

∞∑
n=1

|bn| |xn|k ≤ ‖b‖∞ sup
‖x‖≤1

∞∑
n=1

|xn|k ≤ C ‖b‖∞.

And the application is surjective because if P ∈ D(kE), P = T ({P (en)}n∈N).
Moreover, if the basis is weakly null, by Proposition 2.5 it follows that the image

of c0 by T coincides with Dwsc(kE).

For the case of spaces with a basis which dominates all of its subsequences we
may obtain more precise results. Recall that a basis {en}n∈N dominates all of its
subsequences if there is a constant C > 0 such that for each subsequence {eni}i∈N
of {en}n∈N, and for all m ∈ N,∥∥∥∥∥

m∑
i=1

xieni

∥∥∥∥∥ ≤ C
∥∥∥∥∥
m∑
i=1

xiei

∥∥∥∥∥ .
Lemma 2.7. Let E be a Banach space with an unconditional basis {en}n∈N which
dominates all of its subsequences. If {en}n∈N is not a Pk-null sequence, then
{en}n∈N has a lower k-estimate.

Proof. If {en}n∈N is not Pk-null, there are a k-homogeneous polynomial P and
a subsequence of integers {nj}j∈N such that |P (enj )| ≥ 1 for all j ∈ N. If we

define π : E → [{enj}j∈N] by π
(∑∞

j=1 xjej

)
=
∑∞

j=1 xjenj , we obtain a linear
continuous operator since the basis dominates its subsequences. Then, Q = P ◦ π
is a k-homogeneous polynomial with |Q(en)| ≥ 1 for all n ∈ N. Thus,

∞∑
n=1

|xn|k ≤
∞∑
n=1

|Q(en)| |xn|k ≤ C
∥∥∥∥∥
∞∑
n=1

xnen

∥∥∥∥∥
k

.

So, {en}n∈N has a lower k-estimate, as required.

Combining Propositions 2.5 and 2.6 and Lemma 2.7, we obtain
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Corollary 2.8. Let E be a Banach space with an unconditional basis {en}n∈N
which dominates all of its subsequences. Let

N∞(E) = inf {r ∈ N : {en}n∈N is not Pr-null}.
Then, if k ≥ N∞(E), we have

(i) D(kE) is isomorphic to `∞.
(ii) If the basis {en}n∈N is weakly null, P ∈ D(kE) is weakly sequentially con-

tinuous if and only if {P (en)}n∈N converges to 0. Moreover, in this case,
Dwsc(kE) is isomorphic to c0.

3. An application to polynomial algebras

Throughout this section, E is a real Banach space. Let Ak(E) be the algebra
generated by polynomials on the unit ball of E of degree at most k and let Ak(E)
be its uniform closure, i.e., the smallest uniformly closed algebra containing all
real valued polynomials of degree at most k. Obviously, Ak(E) ⊂ Ak+1(E) for all
k ∈ N. The problem of whether this chain of polynomial algebras does stabilize
appeared in [23], where it is solved for `p spaces. In [19] and [16], some partial
answers are given for the general case. Here we clarify the situation for spaces with
unconditional finite dimensional decomposition.

In the proof of the following theorem it is essential to use the result obtained in
Proposition 1.8.

Theorem 3.1. Let E be a Banach space with unconditional finite dimensional de-
composition, not containing `1. Let

N = sup{k ∈ N : P(kE) = Pwsc(kE)}.
Then,

(i) If N =∞,

A1(E) = A2(E) = . . . .

(ii) If N <∞,

A1(E) = · · · = AN (E) ⊂
6=
AN+1(E) ⊂

6=
AN+2(E) ⊂

6=
. . . .

Proof. The result, in the case N =∞, follows by [3] and [4]: indeed, since the space
does not contain `1, all polynomials are weakly uniformly continuous on bounded
sets and Ak(E) = A1(E) for all k ∈ N.

In the case N <∞, by the same argument as above we have

A1(E) = · · · = AN (E).

Assume that for some k ≥ N we have Ak(E) = Ak+1(E). Since k+ 1 > N , there is
a polynomial of degree at most k + 1 which is not weakly sequentially continuous.
By Corollary 1.7, we may assume that there is a (k + 1)-homogeneous polynomial
which is not weakly sequentially continuous at 0. Then, by using Proposition 1.8,
there are a seminormalized weakly null block sequence {un}n∈N and a polynomial
P such that

P

( ∞∑
n=1

anun

)
=
∞∑
n=1

ak+1
n(3)

for all
∑∞

n=1 anun ∈ [{un}n∈N].



744 VERÓNICA DIMANT AND RAQUEL GONZALO

We proceed as in [19], adopting the spreading model ideas developed in [16].
Thus, there are n(k) ∈ N and ε > 0 such that

sup


∣∣∣∣∣∣f (x1, . . . , xn(k)+1)−

n(k)+1∑
j=1

xk+1
j

∣∣∣∣∣∣ :
n(k)+1∑
j=1

|xj | ≤ 1

 ≥ ε,(4)

for every f ∈ Sk(Rn(k)+1). By Sk(Rn(k)+1) we mean the algebra generated by
the subsymmetric polynomials on Rn(k)+1 of degree at most k (see [19] for more
details). Since P ∈ Ak(E), there exists Q ∈ Ak(E) such that

sup
‖x‖≤C

|P (x) −Q(x)| < ε

4

where ε is defined above and C > 0 is such that ‖un‖ ≤ C for all n. Using spreading
model techniques as in [16], we obtain a finite sequence {ui1 , . . . , uin(k)+1} such that
Q|[ui1 ,...,uin(k)+1 ] can be approximated by Q̃ ∈ Sk(Rn(k)+1) within ε

4 in the ball
B(0;C). Thus,

sup


∣∣∣∣∣∣
n(k)+1∑
j=1

xk+1
j − Q̃ (x1, . . . , xn(k)+1)

∣∣∣∣∣∣ :

∥∥∥∥∥∥
n(k)+1∑
j=1

xjuij

∥∥∥∥∥∥ ≤ C
 ≤ ε

2
,

which contradicts (4).

For spaces containing `1 the following result was proved in [19, Cor. 7]:

Proposition 3.2. Let E be a Banach space containing `1. Then,

A1(E) ⊂
6=
A2(E) ⊂

6=
. . . .

Remark 3.3. Note that associated to each linear continuous operator T : E → `k,
where k <∞, there is a k-homogeneous polynomial P on E defined by

P (x) =
∞∑
n=1

x∗n(x)k

where x∗n(x) = T (x)n (the n-th coordinate of T (x)).
Moreover, for spaces not containing `1, the existence of a non-compact operator

T : E → `k is equivalent to the existence of a linear operator T̃ : E → `k which
takes a weakly null sequence into the unit vector basis of `k (see e.g. [19]). Both
conditions imply the existence of a non-weakly-sequentially continuous k-homo-
geneous polynomial (see Proposition 3.4 below). We do not know whether the
converse is true.

Problem 1. Let E be a Banach space not containing `1 which admits a k-homo-
geneous polynomial which is not weakly sequentially continuous. Then does there
exist a linear non-compact operator from E into `k?

Concerning this problem, it is obvious that the existence of a non-weakly-
sequentially continuous polynomial is equivalent to the existence of a non-Pk-null
sequence, for a certain k. We now relate non-Pk-null sequences to non-compact
operators from E into `k:



BLOCK DIAGONAL POLYNOMIALS 745

Proposition 3.4. Let {un}n∈N be a weakly null normalized sequence in a Banach
space E and k ∈ N. If there is a linear continuous mapping T : E → `k such that

lim
n→∞

‖T (un)‖ > 0,

then {un}n∈N is not Pk-null.
Moreover, if {un}n∈N is an unconditional basis of E, the converse is also true.

Proof. First, since the sequence {T (un)}n∈N ⊂ `k is weakly null but not norm
null, we may extract a subsequence {T (unj)}j∈N which is equivalent to the vector
unit basis of `k (let Λ :

[
{T (unj)}j∈N

]
→ `k be the isomorphism) and spans a

complemented subspace in `k (via a projection π : `k →
[
{T (unj)}j∈N

]
). Consider

the k-homogeneous polynomial P associated to Λ ◦π ◦T , as in Remark 3.3, that is,

P (x) =
∞∑
i=1

((Λ ◦ π ◦ T ) (x))ki .

Thus P (unj ) = 1 for all j; hence {un}n∈N is not Pk-null.
On the other hand, if {un}n∈N = {en}n∈N is an unconditional basis in E which

is not Pk-null, by Proposition 2.3 there is a k-homogeneous diagonal polynomial
with |P (enj )| ≥ 1, where {nj}j∈N is a subsequence of integers, and

∞∑
n=1

∣∣P (en) xkn
∣∣ ≤ C ‖x‖k

for all x ∈ E. Thus,
∞∑
j=1

∣∣xnj ∣∣k ≤ C ‖x‖k
for all x ∈ E. So, T : E → `k defined by T (x) = (xnj )j∈N is a linear continuous
operator which takes {enj}j∈N into the unit vector basis of `k.

The converse of Proposition 3.4 is not true in general. To show this we use the
following remark.

Remark 3.5. Let E and F be Banach spaces and T : E×F → `2 a linear continuous
mapping. Associated to it, we define linear continuous mappings T1 : E → `2 and
T2 : F → `2 by

T1(u) = T (u, 0) and T2(v) = T (0, v)

for all u ∈ E, v ∈ F ; thus, T (u, v) = T1(u) + T2(v). This implies that for a given
sequence {(un, vn)}n∈N in E × F such that lim

n→∞
‖T (un, vn)‖ > 0 we have either

lim
n→∞

‖T1(un)‖ > 0 or lim
n→∞

‖T2(vn)‖ > 0.

Example 3.6. There is a non-P2-null normalized sequence {un}n∈N in a Banach
space E with unconditional basis, such that for all linear continuous mappings T :
E → `2 we have limn→∞ ‖T (un)‖ = 0.

Let `M be the Orlicz sequence space associated to an Orlicz function M satisfying

lim
t→0

M(t)
t2

= 0, lim
t→0

M(t)
t2

=∞.

It is possible to construct such an Orlicz function (see e.g. [20] for details) even
with Boyd indexes αM = βM = 2. Denote as usual by {en}n∈N (resp. {e∗n}n∈N)
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the basis of `M (resp. `∗M ). By [17] it follows that {en}n∈N has neither lower nor
upper 2-estimates, which implies that both {en}n∈N and {e∗n}n∈N do not admit a
lower 2-estimate. So both bases are P2-null and the sequence {(en, e∗n)}n∈N is not
P2-null in `M × `∗M (consider again P (x, x∗) = x∗(x)). Nevertheless, there is no
T : `M × `∗M → `2 such that

lim
n→∞

‖T (en, e∗n)‖ > 0.

Otherwise, by Remark 3.5 and Proposition 3.4 we would conclude that either
{en}n∈N or {e∗n}n∈N is not P2-null, which is not possible.

We finish our discussions of Problem 1 by connecting it to another open problem
posed in [10].

Problem 2. Does there exist a reflexive infinite dimensional Banach space E such
that both P(kE) = Pwsc(kE) and P(kE∗) = Pwsc(kE∗), for a certain integer k > 1?

Note that for non-reflexive spaces a positive answer to Problem 2 was given in
[8]. The non-symmetric version of this question has a great interest in the case
k = 2. Indeed, it is equivalent to asking for the existence of an infinite dimensional
Banach space such that L(E,E∗) = K(E,E∗) and L(E∗, E) = K(E∗, E) (as usual,
K(E,E∗) denotes the space of compact operators from E into E∗).

Remark 3.7. We would like to point out that an affirmative answer of Problem
1 would give a negative answer to Problem 2. Indeed, assume E is a reflexive
Banach space such that P(2E) = Pwsc(2E) and P(2E∗) = Pwsc(2E∗). Then the
polynomial P : E×E∗ → R defined by P (x, x∗) = x∗(x) is not weakly sequentially
continuous; nevertheless, every linear continuous mapping T : E × E∗ → `2 is
compact. Otherwise, it would follow by Remark 3.5 that there is a non-compact
operator on either E or E∗, which is not possible. On the other hand, a negative
answer to Problem 1 would give an idea of where to find an example for Problem
2.
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