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ANICK’S SPACES AND THE DOUBLE LOOPS
OF ODD PRIMARY MOORE SPACES

STEPHEN D. THERIAULT

Abstract. Several properties of Anick’s spaces are established which give a
retraction of Anick’s ΩT∞ off Ω2P 2np+1(pr) if r ≥ 2 and p ≥ 5. The proof is
alternate to and more immediate than the two proofs of Neisendorfer’s.

1. Introduction

A number of related conjectures have been making the rounds in unstable homo-
topy theory over the past two decades. This paper presents a partially successful
approach to these conjectures through the use of Anick’s spaces. To describe the
conjectures, let p be an odd prime and assume that spaces and maps have been
localized at p. For m ≥ 2, the mod pr Moore space Pm(pr) is the cofiber of the
degree pr map on Sm−1. Let H : ΩS2n+1 → ΩS2n+1 be the James-Hopf map. Let
C(n) be the homotopy fiber of the double suspension, E2 : S2n−1 → Ω2S2n+1. In
[A] when p ≥ 5 and in a reformulation in [T1] valid for all odd primes (see Sec-
tion 2 for more details), a sequence of H-spaces T 2n−1

k (pr) = Tk, 0 ≤ k ≤ ∞, is
constructed where

(i) T0 is the least connected indecomposable factor of ΩP 2n+1(pr),
(ii) there are maps Tk → Tk+1, and
(iii) there is a homotopy fibration sequence

Ω2S2n+1 φr−→ S2n−1 → T∞ → ΩS2n+1

with the properties that φr ◦E2 ' pr and more significantly E2 ◦ φr ' Ω2pr.
With some reformulations in terms of Anick’s spaces, the conjectures are:
(a) C(n) has a double classifying space. More strongly, C(n) ' Ω2T 2np−1

∞ (p).
(b) There is a retract of ΩT 2n−1

∞ (pr) off Ω2P 2n+1(pr).
(c) There is a retract of P 2np+1(p) off Σ2Ω2S2n+1.
(d) φ1 ◦ ΩH ' ∗.
These conjectures have been asserted by various authors, notably Cohen, Moore,

and Neisendorfer [CMN2] and Gray [G1, G2]. Some of the conjectures imply others,
for example, [G1] shows (d) implies (a), [G3] shows (c) implies (b), and it is not too
difficult to see that (b) together with (d) implies (c). But all four conjectures have
the same order of difficulty and it is likely that the techniques necessary to prove
any one of them would prove them all. Phrased in terms of conjecture (d), their
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importance to the big picture in homotopy theory can be made clear. One way of
attempting to calculate the homotopy groups of spheres is by the unstable EHP
spectral sequence. Gray [G1] has shown that conjecture (d) implies a formula which
is useful for determining the differential in the E1-term of this spectral sequence.

Some progress in solving the conjectures has been made. Gray [G2] has con-
structed a single classifying space for C(n). Neisendorfer [N2, N3] has two proofs of
conjecture (b) provided r ≥ 2. When n = 1, Selick [S2] has shown C(1) ' Ω3S3〈3〉,
where S3〈3〉 is the three-connected cover of S3. In [T2] we see that T 2p−1

∞ (p) '
ΩS3〈3〉, so the strong form of conjecture (a) holds when n = 1.

This paper presents two main results. First, since T0 retracts off ΩP 2n+1(pr),
conjecture (b) is equivalent to showing ΩT∞ is a retract of ΩT0. This can be filtered
by asking for which k is ΩT∞ a retract of ΩTk. We prove:

Theorem 1.1. If k ≥ 1 and p ≥ 3, then ΩT∞ is a retract of ΩTk.

The methods by which Theorem 1.1 is proven can also be used to reprove a
special case of Neisendorfer’s result.

Theorem 1.2. If p ≥ 5 and r ≥ 2, then ΩT 2np−1
∞ (pr) is a retract of Ω2P 2np+1(pr).

The proof of Theorem 1.2 seems to be more direct than Neisendorfer’s proofs.
In his two proofs, constructions were made so that a critical point a certain map
was multiplied by p, which annihilated obstructions to a splitting. The failure of
both proofs for r = 1 stemmed from the fact that the analogous maps are not
divisible by p. Our proof constructs a splitting map which arises naturally out
of certain homotopy fibrations and loop space decompositions. One hopes that a
better understanding of Anick’s spaces could lead to a resolution of conjectures (a)
through (d).

This paper is organized as follows. Section 2 reviews the relevant information
about Anick’s spaces. Section 3 is the technical heart of the paper, and Propo-
sition 3.5 is what makes everything else work. Section 4 gives explicit homotopy
decompositions of some homotopy fibers, which will be used in Section 5 to prove
Theorem 1.1 and Section 6 to prove Theorem 1.2.

The following notational conventions will be used throughout. Write Wr+k
r for

the collection of spaces with the homotopy type of a finite type wedge of mod pt

Moore spaces, r ≤ t ≤ r + k. As usual, Z/pZ is the cyclic group of order p and
Z(p) is the ring of integers localized at p. Unless otherwise indicated, the ring of
coefficients in homology will be Z/pZ and H∗(X ; Z/pZ) will be written as H∗(X).

In a (graded, differential) Lie algebra L, the bracket [x, y] is denoted by ad(x)(y).
For x, y ∈ L, define ad0(x)(y) = y and for k ≥ 1, inductively define adk(x)(y) =
ad(x)(adk−1(x)(y)). If L is included into an associative algebra A, then [x, y] =
xy − (−1)|x||y|yx in A.

I would like to thank Brayton Gray and Haynes Miller for their helpful conver-
sations.

2. Review of Anick’s spaces

This section reviews some constructions in [T1, T2]. Let p be an odd prime
and 0 ≤ k ≤ ∞. There exists a co-H space G2n

k (pr) described as follows. (The
parameters r and n will be suppressed in what follows.) G0 = P 2n+1(pr). For
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k ≥ 1, Gk is defined as a homotopy cofiber

P 2npk(pr+k)
pr+k−1α
−→ Gk−1 → Gk

where α is a homotopy class of order pr+k. G∞ is the homotopy colimit of {Gk}k≥0.
Before listing more properties of Gk we establish some notation and make two

definitions. Let Pk = P 2npk+1(pr+k) and let qk : Gk → Pk be the pinch map to
the top Moore space. Let Mk =

∨k
i=0 P

2npi(pr+i). Note that H∗(Gk) ∼= H∗(ΣMk)
but the two spaces are not homotopy equivalent. However, as indicated by Theo-
rem 2.1, they do tend to share many of the same properties involving suspensions
and smashes. This analogy is useful in providing intuition for Gk.

Definition. The universal Whitehead product of a spaceX is the composite ΣΩX∧
ΩX → X∨X ∇−→ X where the left-hand map is the homotopy fiber map determined
by the inclusion of the wedge into the product and ∇ is the folding map.

Definition. Suppose there are spaces and maps X
f←− Y g−→ Z. Let A h−→ X be

given. If h lifts through f to a map A
h′−→ Y , then the composite gh′ is said to be

an indirect lift of h from Z.

Theorem 2.1. For 0 ≤ k ≤ ∞, the co-H space Gk satisfies the following proper-
ties:

(a) There are isomorphisms of Hopf algebras and homology Bockstein spectral
sequences

H∗(ΩGk) ∼= T (u0, v0, . . . , uk, vk) ∼= H∗(ΩΣMk),

where |ui| = 2npi − 1, |vi| = 2npi, and βr+i(vi) = ui.

(b) The map H∗(ΩGk)
(Ωqk)∗−→ H∗(ΩPk) is an epimorphism of Hopf algebras and

Bockstein spectral sequences.
(c) ΣΩGk/Gk ∈ Wr+k

r .
(d) ΣΩGk ∧ ΩGk ∈ Wr+k

r .
(e) There is an indirect lift of the universal Whitehead product of ΣMk to Gk

which factors through the universal Whitehead product of Gk. It determines
a homotopy equivalence ΣΩΣMk ∧ΩΣMk ' ΣΩGk ∧ ΩGk.

Remark. The isomorphism in Theorem 2.1 (a) is not realized by a map between
spaces. If this were the case, then the map would be a homotopy equivalence, say
ΩGk

'−→ ΩΣMk (for a map in the other direction the same argument applies). Us-
ing the co-H structure on Gk we would then have a composite f : Gk → ΣΩGk

'−→
ΣΩΣMk

ev−→ ΣMk. The increasing orders of the Bocksteins of the generators vi in
Theorem 2.1 (a) then implies f∗ must be an isomorphism and so f is a homotopy
equivalence. But this cannot be the case since the attaching maps constructing Gk
as a CW -complex are nontrivial.

Certain maps arise as by-products of the definition of Gk as a homotopy cofiber.
It is their behavior which this paper essentially studies. To slim the notation, let
Pak = P 2npk(pr+k−1) and Pck = P 2npk+1(pr+k−1). For each k ≥ 1, there is a
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homotopy pushout diagram

P 2npk(pr+k)
pr+k−1

// P 2npk(pr+k) //

α

��

Pak ∨ Pck

ak∨ck
��

P 2npk(pr+k)
pr+k−1α

// Gk−1
// Gk.

where the right vertical map defines ak and ck. Including Gi into Gk gives a
collection of maps {ai, ci}ki=1 to Gk.

In working with ak and ck we will repeatedly use the homology images of their
adjoints. In order to describe them we need some notation. For i ≥ 1 and 0 ≤
j ≤ k, define elements τkj , σ

i
j ∈ H∗(ΩGk) by setting τ ij(vj) = adp

i−1(vj)(uj) and
σij(vj) = 1

p ·βr+j(τ ij (vj)). The latter equation makes sense because H∗(ΩGk) is the
universal enveloping algebra of a free Lie algebra and so the following Lemma from
[CMN1] applies.

Lemma 2.2. In a differential graded Lie algebra (over Z(p)) with differential d, if

v is an element of even degree, then for i ≥ 1, the differential of (adp
i−1(v)(d(v)))

is divisible by p.

Let b and a respectively denote the degree 2npk − 1 and 2npk − 2 generators
of H∗(P 2npk−1(pr+k−1)), and let d and c respectively denote the degree 2npk and
2npk−1 generators of H∗(P 2npk(pr+k−1)). Denote the adjoint of a map by placing
a tilde over its name.

Lemma 2.3. In homology, the map P 2npk−1(pr+k−1) ∨ P 2npk(pr+k−1) ãk∨c̃k−→ ΩGk
satisfies:

(a) (c̃k)∗(d) = vpk−1 − vk + ζ1,
(b) (c̃k)∗(c) = τ1

k−1 + η1,
(c) (ãk)∗(b) = w1

k−1 + uk + ζ2,
(d) (ãk)∗(a) = σ1

k−1 + η2,
where η1, η2, ζ1, ζ2 ∈ H∗(ΩGk−1) with ζ1, ζ2 in the kernel of the Bockstein βr+k−1,
and η1, η2 are elements in the kernel of (Ωqk−1)∗.

Remark. Note that the mod-p Hurewicz image in Lemma 2.3 (a) is a pth-power
plus some additional terms. The additional terms avoid contradiction with Hopf
invariant one mod-p, while the presence of the pth-power indicates that something
interesting is going on with the map ck. One way in which this is seen is in terms
of the homotopy decomposition in Theorem 2.4, where the elements vpk−1 and vk
in H∗(ΩGk) become identified in H∗(Tk) via the map ∂k.

We next describe a homotopy decomposition of ΩGk in terms of spaces Tk and
Rk defined by the properties in Theorem 2.4. When k = 0, let A0 = C0 = ∗.
When k ≥ 1, let Ak =

∨k
i=1 Pai and Ck =

∨k
i=1 Pci. Note that the k = 0 case

of Theorem 2.4 is that of the Moore space G0 = P 2n+1(pr), and these statements
were proven, using different notation, in [CMN3].

Theorem 2.4. For 0 ≤ k ≤ ∞, there is a homotopy fibration sequence

ΩGk
∂k−→ Tk

∗−→ Rk
ιk−→ Gk

satisfying the following properties:
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(a) ΩGk ' Tk × ΩRk.
(b) As coalgebras, H∗(Tk) ∼= H∗(S2n−1 × ΩS2n−1 ×

∏∞
j=1 S

2npj+k−1{pr+k+1}).
(c) Rk ' Ak∨Ck∨Bk ∈ Wr+k

r where ιk restricted to Ak∨Ck is
∨k
i=1(ai∨ci) and

ιk restricted to Bk factors through the universal Whitehead product of Gk.

Recall from the introduction that T∞ is the total space in a homotopy fibration
S2n−1 → T∞ → ΩS2n+1. The homotopy exponent of a p-localized space X is the
least power of p which annihilates the p-torsion homotopy groups of X . Some of the
properties of T∞ which we will make use of in Section 4 are the following, proven
in [T2].

Theorem 2.5. Let X be a homotopy commutative, homotopy associative H-space.
Let g : P 2n(pr) → X be given. If p ≥ 3 and 0 ≤ k ≤ ∞, then γ extends to a

map γ : ΩGk → X which factors as a composite ΩGk
∂k−→ Tk

γ−→ X, where γ is
the restriction of γ to Tk. Both γ and γ are the unique H-maps (up to homotopy)
which extend γ.

Theorem 2.6. For p ≥ 5, the H-space T∞ is homotopy commutative, homotopy
associative, and has homotopy exponent pr.

3. Higher order torsion in πI(Gk−1) and the map ak ∨ ck
As a remark to the reader, for the remainder of the paper it may be helpful

to focus on the case k = r = 1 because the statements then have a more familiar
setting, the calculations become simplified, and Theorems 1.1 and 1.2 are essentially
consequences of this case.

Since H∗(Gk−1) ' H∗(ΣMk−1), by higher order torsion in π∗(Gk−1), we mean
elements of order pr+k. This section shows that certain mod pr+k−1 Whitehead
products lift systematically through the inclusion ik−1 : Gk−1 → Gk and have ex-
tensions to mod pr+k homotopy classes. Equivalently, certain Samelson products
lift through Ωik−1. The lifts are reminiscent of those given by using extended Lie
algebras (see [N1, N2] for details). One version of extended Lie algebras is ap-
plicable to lifting maps form the total space to the fiber in a looped homotopy
fibration. Unfortunately, the homotopy fiber of ik−1 gives a fibration sequence
ΩGk−1

Ωi−→ ΩGk → X which is not of loop spaces and loop maps. Instead we need
to use as an intermediary, a different homotopy fibration which is looped, and then
relate back to the homotopy fibration of interest.

We begin with a lemma which describes an intriguing connection between the
G’s and James-Hopf maps. James [J] showed that if X is a space, then there is a
natural homotopy equivalence ΣΩΣX '

∨∞
i=1 ΣX(i), where X(i) is the i-fold smash

of X . Pinching onto a specified wedge summand and adjoining gives James-Hopf
invariantsHi : ΩΣX → ΩΣX(i). When X is a mod pr Moore space, then X(i) ∈ Wr

r

and so the James-Hopf invariant can be refined by composing with the loop of a
pinch map onto specified wedge summands of ΣX(i). The example we have in mind
is the composite of pinch maps

H̃ : ΣΩP 2n+1(pr)→ Σ(P 2n(pr))(p) → P 2np(pr) ∨ P 2np+1(pr)

described in homology be respectively sending the suspensions of the elements
τ1
0 (v0) and σ1

0(v0) in H∗(ΩP 2n+1(pr)) to the 2np − 1 and 2np generators of
H∗(P 2np(pr)) and H∗(P 2np+1(pr)). These elements τ1

0 (v0) and σ1
0(v0) have their
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namesakes in H∗(ΩG1) appearing as terms in Hurewicz images of the maps ã1 ∨ c̃1
of Lemma 2.3. One of the objects of Lemma 3.1 (part (c)) is to show that the
adjoint H of H̃ factors, up to isomorphism in homology, through ΩG1. recall that,
in general, ãk∨ c̃k is the adjoint of the map Pak∨Pck

ak∨ck−→ Gk defined in Section 2.

Lemma 3.1. There exists a pinch map

ψ̃ : ΣΩGk/Gk → ΣΩGk−1/Gk−1 → Pak ∨ Pck

such that the adjoint ψ of ψ̃ has the following properties:

(a) ψ is a left homotopy inverse of Ω(Pak ∨ Pck)
Ω(ak∨ck)−→ ΩGk.

(b) The composite H : ΩGk−1
Ωik−1−→ ΩGk

ψ−→ Ω(Pak ∨ Pck) is an epimorphism
in homology.

(c) If k = 1, then H∗ equals H∗ up to isomorphism.

Proof. By parts (a) and (c) respectively of Theorem 2.1, (Ωik−1)∗ is an injection and
ΣΩGk/Gk ∈ Wr+k

r . Therefore ΣΩGk−1/Gk−1 ∈ Wr+k−1
r is a retract of ΣΩGk/Gk.

Thus there is a pinch map ψ̃ : ΣΩGk/Gk → ΣΩGk−1/Gk−1 → Pak ∨Pck described
in homology by sending the suspensions of the elements wk, σk and vpk−1, τ

k respec-
tively in H∗(ΩGk−1) ⊂ H∗(ΩGk) to the generators of H∗(Pak) and H∗(Pck). Thus
H = Ωik−1◦ψ is an epimorphism in homology. When k = 1 the definitions of ψ and
H show they determine maps in homology which are equal up to an isomorphism.
Finally, by Lemma 2.3 the composite ψ̃ ◦ ΣΩ(ak ∨ ck) is a homotopy equivalence
when restricted to the two bottom Moore spaces. Thus ψ◦Ω(ak∨ck) is a homotopy
equivalence.

Remark. Since Gk is a co-H space it is a retract of ΣX for some X , so in fact ψ̃ can
be chosen so that H is exactly the James-Hopf invariant H . For later application in
Lemma 3.3, however, we wish to give ourselves a little more flexibility in choosing
ψ̃.

We next turn our attention to a lemma which gives another interesting analogue
between Gk and the wedge of Moore spaces ΣMk. Define Z and Z ′ respectively by

the homotopy fibrations Z
f−→ Gk

qk−→ Pk and Z ′
f ′−→Mk

q′k−→ Pk where q′k like qk
is a pinch map. It is a standard fact that Z ′ ' (ΣMk−1) ∨ (ΣMk−1 ∧ ΩPk) and
f ′ restricted to ΣMk−1 is the inclusion while f ′ restricted to ΣMk−1 ∧ΩPk factors
through the universal Whitehead product of ΣMk.

Lemma 3.2. Z ' Gk−1 ∨ Z where Z ' ΣMk−1 ∧ΩPk ∈ Wr+k−1
r .

Proof. The proof uses the indirect lifts of Theorem 2.1 (e). It is necessary to briefly
recall their construction in [T1]. Let X =

∨k
i=0Gi. Let X → ΣMk be the wedge

of pinch maps form each Gi to P 2npi+1(pr+i). Let X → Gk be the sum of the
inclusions of each Gi into Gk. The naturality of the universal Whitehead product
implies there is a homotopy commuting diagram

ΣΩΣMk ∧ΩΣMk

��

ΣΩX ∧ΩXoo

��

// ΣΩGk ∧ ΩGk

��

ΣMk Xoo // Gk.
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The homotopy equivalence ΣΩΣMk ∧ΩΣMk ' ΣΩGk ∧ΩGk of Theorem 2.1 (e) is
realized by a retraction off ΣΩX ∨ ΩX .

Examining the definitions it is easy to see there is a homotopy commuting dia-
gram

X //

��

Gk

qk

��

ΣMk

q′k // Pk.

Now, since f ′ restricted to ΣMk−1 ∧ΩPk factors through the universal Whitehead
product of ΣMk an composes trivially with q′k, its indirect lift g to Gk factors
through the universal Whitehead product of Gk and composes trivially with qk.

Consider the composite θ : Gk−1∨ (ΣMk−1 ∧ΩPk)
i∨g−→ Gk ∨Gk

∇→ Gk. This lifts
to a map θ′ : Gk−1 ∨ (ΣMk−1 ∧ ΩPk) → Z. Since we are working in the category
of CW -complexes, to show θ′ is a homotopy equivalence it suffices to show that
Ωθ′ is a weak homotopy equivalence, and so it suffices to show that (Ωθ′)∗ is an
isomorphism.

The isomorphism H∗(ΩΣMk) ∼= H∗(ΩGk) of Theorem 2.1 (a) and its (indirect)
realization via ΩX imply that, as constructed, (Ωf ′)∗ and (Ωf ◦Ωθ′)∗ = (Ωθ)∗ are
injections with isomorphic images. Thus (Ωθ′)∗ is an isomorphism.

Since Z ' Gk−1 ∧ Z, there is a homotopy equivalence ΩZ ' ΩGk−1 × ΩZ ×
Ω(ΣΩGk−1 ∧ ΩZ). Let N = Z × (ΣΩGk−1 ∧ ΩZ). Choose ΩN s−→ ΩZ so s has a
left homotopy inverse. Recall the map Pak ∨ Pck

ak∨ck−→ Gk from Section 2.

Lemma 3.3. The composite ΩN s−→ ΩZ
Ωf−→ ΩGk has a left homotopy inverse,

t : ΩGk → ΩN such that t ◦ Ω(ak ∨ ck) is null homotopic.

Proof. We begin by adding a wrinkle to [CMN3, 1.6], which states that a map

ΩX
f→ Y has a left homotopy inverse if and only if Σf has a left homotopy inverse

g : ΣY → ΣΩX . One such left homotopy inverse for f would be the adjoint t of
the composite ev ◦ g ◦Σf , where ev is the canonical evaluation map. The wrinkle is
that the naturality of the adjoint implies that if g ◦Σh ' ∗ for some map Z h−→ Y ,
then t ◦ h ' ∗ as well.

Thus to prove the lemma it suffices to show that in the homotopy pushout
diagram

ΣΩ(Pak ∨ Pck)

ΣΩ(ak∨ck)

��

ΣΩ(Pak ∨ Pck)

��

ΣΩN
Σ(Ω(f◦s))

//
∑

ΩGk

��

Σc // ΣC

Σb

��

ΣΩN
Σa // ΣD // ΣE,

Σa has a left homotopy inverse. It therefore suffices to show that both Σb and Σc
have right homotopy inverses.
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We begin with some homology calculations. The tensor algebra description of
H∗(ΩGk) and (Ωqk)∗ in Theorem 2.1 (a) and (b) implies that the Serre spectral se-

quence for the homotopy fibration ΩZ
Ωf−→ ΩGk

Ωqk−→ ΩPk collapses at the E2-term.
Thus H∗(ΩGk) ∼= H∗(ΩPk)⊗H∗(ΩZ) and so H∗(ΩGk) ∼= H∗(ΩPk)⊗H∗(ΩGk−1)⊗
H∗(ΩN). Therefore, because ΣΩGk/Gk ∈ Wr+k

r by Theorem 2.1 (c), Σ(Ωf ◦ s)
has a left homotopy inverse. This implies:

(i) Σc has a right homotopy inverse, and
(ii) there is a retract of ΣΩGk−1/Gk−1 ∈ Wr+k−1

r off ΣC.

In particular, (ii) implies there is a choice of the pinch map ψ̃ of Lemma 3.1 which
factors through Σc. The adjoint ψ of ψ̃ is a left homotopy inverse of Ω(ak ∨ ck) and
so Σc ◦ ΣΩ(ak ∨ ck) has a left homotopy inverse. Hence Σb has a right homotopy
inverse.

Remark. Lemmas 3.2 and 3.3 are easily generalized. For 1 ≤ j < k, the homotopy
fiber Z of the pinch map G2n

k (pr) → G2npj

k−j (pr+j) is homotopy equivalent to the
wedge G2n

j−1(pr) ∨W where W ∈ Wr+j
r . Also, ΩZ ' ΩG2n

j−1(pr) × N for some N
which retracts off ΩG2n

k (pr).

The appearance of the map ak ∨ ck in Lemma 3.3 is not merely to complicate
an otherwise simple lemma. There is a surprising but fundamental relationship
between Whitehead products on the domain of ak ∨ ck and those on Gk−1, once
both have been composed into Gk. The explanation is given by Proposition 3.5
and rephrased in Corollary 3.6.

We first define several maps. Since these involve changes in the torsion order, for
clarity we temporarily refrain from using the abbreviations Pak = P 2npk(pr+k−1)
and Pck = P 2npk+1(pr+k−1). The diagram in Section 2 defining ak and ck in-

corporated a map P 2npk(pr+k)
ρ+δ−→ P 2npk(pr+k−1) ∨ P 2npk+1(pr+k−1), where ρ is

determined uniquely by being an equivalence when restricted to the bottom cell
and δ pinches to the top cell of the domain and includes it as the bottom cell of
the range. Let ω : P 2npk(pr+k−1)→ P 2npk(pr+k) be the map determined uniquely
by being an equivalence when pinched to the top cell. Let ν and µ respectively be
the identity and Bockstein maps on P 2npk+1(pr+k−1). Let ι be the identity map
on P 2npk(pr+k−1). Define θ = (p+ δ) ◦ ω and observe that θ ' p · ι+ µ.

Let s = qk ◦ (ak ∨ ck) and define a space Y by the homotopy pullback diagram

Y
g

//

h

��

Pak ∨ Pck s //

ak∨ck
��

Pk

Z
f

// Gk
qk // Pk.

Denote the adjoint of a map by placing a tilde over its name.

Lemma 3.4. For j ≥ 0, the mod pr+k−1 Samelson products adj(ν̃)(θ̃) on
Ω(Pak ∨Pck) lift through Ωg to maps xj : P 2npk(j+1)−1(pr+k−1)→ ΩY . For i ≥ 1,
there is an extension of xpi−1 to a map yi : P 2npk+i−1(pr+k)→ ΩY of order pr+k.

Proof. First observe that when j = 0, we are considering θ̃. By definition, θ factors
through the mod pr+k homotopy class P 2npk(pr+k) α−→ Gk−1 used to define Gk
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as a homotopy cofiber. The homotopy cofibration diagram in Section 2 defining
ak ∨ ck then shows that α and hence θ lift through g to Y .

Let j ≥ 1. From the definition of θ and the diagram defining ak ∨ ck in Sec-
tion 2, qk ◦ θ ' ∗ because it factors through two consecutive maps in a homotopy
cofibration. Thus s ◦ θ ' ∗ and so Ωs ◦ adj(ν̃)(θ̃) ' ∗ for each j ≥ 0. Let
xj : P 2npk(j+1)−1(pr+k−1) → ΩY be a lift of adj(c̃k)(θ̃) through Ωg. The looped

homotopy fibration ΩY
Ωg−→ Ω(Pak ∨ Pck) Ωs−→ ΩPk has an extended Lie algebra

structure so there are choices of the lifts xj which satisfy the same Lie algebra
properties as the maps adj(c̃k)(θ̃).

Next, by definition of θ,

adj(ν̃)(θ̃) ' adj(ν̃)(p · ι̃+ µ̃)

' adj(ν̃)(µ̃) + p · adj(ν̃)(ι̃).

By Lemma 2.2, when j = pi−1 for i ≥ 1, then βr+k−1(adp
i−1(ν̃)(µ̃)) is divisible by

p. Therefore βr+k−1(adp
i−1(ν̃)(θ̃)) is also divisible by p and hence βr+k−1(xpi−1)

is divisible by p. Thus xpi−1 extends to a map yi : P 2npk+i−1(pr+k)→ ΩY .
Finally each xj has order pr+k−1 since its domain is a mod pr+k−1 Moore space

(implying the order is at most pr+k−1) and it is the lift of a map of order pr+k−1

(implying the order is at least pr+k−1). Thus the extension of xpi−1 to yi implies
yi has order pr+k.

Remark. Since Ω(Pak ∨Pck) is a retract of ΩGk by Lemma 3.1, composing yi into
ΩZ or ΩGk still gives maps having order pr+k.

Proposition 3.5. When the maps xj and yi of Lemma 3.4 are composed with

ΩY Ωh−→ ΩZ, they factor through the looped inclusion ΩGk−1 → ΩZ. That is, for
j ≥ 0 the mod pr+k−1 Samelson products adj(ν̃)(θ̃) on Ω(Pak ∨ Pck) have indirect
lifts (through ΩY ) to maps xj on Ωgk−1. For i ≥ 1, there is an extension of xpi−1

to a map yi : P 2npk+i−1(pr+k)→ ΩGk−1 of order pr+k.

Proof. Because of the homotopy decomposition ΩZ ' ΩP 2n+1(pr)×ΩN resulting
from Lemma 3.2, it suffices to show that when xj and yi are composed with Ωh
and then projected to ΩN , the result is trivial.

By Lemma 3.3 one such projection π : ΩZ → ΩN is given by a left homotopy
inverse t of the composite ΩN s−→ ΩZ

Ωf−→ ΩGk. Moreover, t can be chosen so that
t◦Ω(ak∨ck) ' ∗. But then π◦(Ωh◦xj) = (t◦Ωf)◦(Ωh◦xj) ' t◦Ω(ak∨ck)◦Ωs◦xj
is trivial. Similarly for yi.

Some definitions allow us to put Proposition 3.5 into a practical diagrammatic
form. In [CMN1, 11.1] it is shown that S2n+1{pr} is the least connected inde-
composable factor of ΩP 2n+2(pr). Let Vk =

∏∞
j=1 S

2npk+j−1{pr+k+1}. Define
θk : Vk → ΩGk by restricting the product of the maps {yi}∞i=0 in Proposition 3.5.

Corollary 3.6. For k ≥ 1, there is a homotopy commutative diagram

Vk−1
//

θk−1

��

Ω(Pak ∨ Pck)

Ω(ak∨ck)

��

ΩGk−1
Ωik−1

// ΩGk.
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We end this section by calculating the Herewicz images of the maps {yi}∞i=0

of Proposition 3.5 and their Bocksteins. This will tell us how θk−1 behaves in
homology because by definition it is the restriction to one factor of a multiplicative
map.

Let ai and bi respectively be the degree 2npk+i − 2 and 2npk+i − 1 genera-
tors of H∗(P 2npk+i−1(pr+k)). Recall from Section 2 the elements τ ij(vj), σ

i
j(vj) ∈

H∗(ΩGk), where i ≥ 1 and 0 ≤ j ≤ k.

Lemma 3.7. The map P 2npk+i−1(pr+k)
yi−→ ΩGk−1 satisfies:

(a) (yi)∗(bi) = τ i+1
k−1(vk−1) + ηi+1

1 ,
(b) (βr+k(yi))∗(ai) = σi+1

k−1(vk−1) + ηi+1
2

for some ηi+1
1 , ηi+1

2 which are linearly independent from τ i+1
k−1(vk−1) and σi+1

k−1(vk−1)
respectively.

Proof. By definition yi is an extension of xpi−1 which when composed with Ωik−1

is homotopic to adp
i−1(ν̃)(θ̃) ◦ Ω(ak ∨ ck). As seen in the proof of Lemma 3.4 the

definition of θ implies there is a homotopy

adp
i−1(ν̃)(θ̃) ' adp

i−1(ν̃)(µ̃) + p · adp
i−1(ν̃)(ι̃).

Thus in mod p homology we need only consider adp
i−1(ν̃)(µ̃)◦Ωck, which is homo-

topic to adp
i−1(c̃k)(βr+k−1(c̃k)).

By Lemma 2.3, c̃k and βr+k−1(c̃k) have Hurewicz images vpk−1 − vk + ζ1 and
τ1
k−1(vk−1) respectively, where ζ1 is some element in H∗(ΩGk−1) which is in the

kernel of βr+k−1. Thus the Hurewicz image of adp
i−1(c̃k)(βr+k−1(c̃k)) is (modulo

ζ1)

adp
i−1(vpk−1−vk)(τ1

k−1(vk−1)) =adp
i−1(vpk−1)(τ1

k−1(vk−1))+adp
i−1(vk)(τ1

k−1(vk−1))

=adp
i+1−1(vk−1)(uk−1) + adp

i−1(vk)(τ1
k−1(vk−1))

=τ i+1
k−1(vk−1) + adp

i−1(vk)(τ1
k−1(vk−1)).

Since (Ωik−1)∗ is a multiplicative injection, xpi−1 must have Hurewicz image
(modulo ζ1) equal to τ i+1

k−1(vk−1). Hence so must yi. This proves part (a) of
the lemma. Part (b) now follows by taking Bocksteins in part (a), noting that
βr+k−1(τ i+1

k−1(vk−1)) is divisible by p by Lemma 2.2.

4. Fibrations involving Tk

The purpose of this section is to use Corollary 3.6 to give explicit homotopy
decompositions for the homotopy fibers of maps having domain ΩGk or Tk and
range ΩS2n+1 or T∞. In particular, we aim towards Corollary 4.3 (b) which will
be used to prove Theorem 1.1 in Section 5.

Let dk : Tk → ΩGk be a right homotopy inverse for ∂k. For a map γk : ΩGk → X ,
let γk be the composite γk◦dk. The following lemma is a special case of Theorem 2.5.
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Lemma 4.1. Let γ : P 2n(pr)→ ΩS2n+1 be the adjoint of the pinch map. Then for
k ≥ 1 there is a homotopy commutative diagram

ΩGk−1
Ωik−1

//

∂k−1

��

ΩGk
∂k //

γk

��

Tk

γk
��

Tk−1

γk−1
// ΩS2n+1 ΩS2n+1,

where each of γk, γk, and γk−1 is an H-map extending γ.

Define ψk by the composite Vk
θk−→ ΩGk

∂k−→ Tk.

Proposition 4.2. For k ≥ 0 there exists a homotopy fibration S2n−1 × Vk →
Tk

γk−→ ΩS2n−1 where the restriction of the left-hand map to Vk is ψk.

Remark. The existence of a homotopy fibration S2n−1 × Vk → Tk
γk−→ ΩS2n+1 was

proven in [A, 14C] and [T2, 8.3]. However, in both cases the restriction of the left-
hand map to Vk may not have been ψk. It is this particular choice of decomposition
of the homotopy fiber of γk that is important here.

Proof of Proposition 4.2. To align with the notation used in Section 3, we prove
the k − 1 version of the proposition. As well, we use the notation from Lemma 4.1
and repeatedly use its results.

First observe that the tensor algebra description of H∗(ΩGk−1) in Theorem 2.1
(a) together with the fact that γk−1 is an H-map implies (γk−1)∗ is an epimorphism.
Since γk−1 factors through γk, it too is an epimorphism in homology. Let F be the

homotopy fiber of Tk−1

γk−1−→ ΩS2n+1. The description of H∗(Tk−1) in Theorem 2.4
(b) thus implies that H∗(F ) ∼= H∗(S2n−1 × Vk−1).

Next, by Corollary 3.6, Ωik−1 ◦ θk−1 factors through Ω(ak ∨ ck), which in turn
factors through Ωιk by Theorem 2.4. Since ∂k and Ωιk are two consecutive maps in
a homotopy fibration, this implies ∂k◦Ωik−1◦θk−1 ' ∗. The homotopy commutative
diagram in Lemma 4.1 then implies that γk−1 ◦∂k−1 ◦θk−1 ' ∗, that is, γk−1 ◦ψk−1

is null homotopic. This gives a lift λ of ψk−1 to F . Since γk−1 is an H-map, F
is an H-space. Multiplying λ with the inclusion of the bottom cell into F gives a
map ε : S2n−1 × Vk−1 → F .

The proposition will be proven if ε∗ is an isomorphism. The homology descrip-
tion of F above implies it suffices to show ε∗ is an injection. Since the homology
coefficients are over a field, the product of two nontrivially intersecting injections
is an injection, so it suffices to show that λ∗ i an injection. This will be true if
(ψk−1)∗ is an injection.

The result of the homology calculation in Lemma 3.7 is analogous to that of
[T1, 7.3] so the same proof as used in [T1, 7.4] proves that (ψk−1)∗ is an injection.
(The error terms ηi1, η

i
2 appearing in Lemma 3.7 are described in terms of linear

independence, the analogous terms in [T1, 7.3] are described as being in a certain
kernel, but either condition suffices to prove [T1, 7.4].)

Let ∂k be the composite ΩGk → ΩG∞
∂∞−→ T∞. Let tk be the composite Tk

dk−→
ΩGk

∂k−→ T∞.

Corollary 4.3. For k ≥ 0 there exist homotopy fibrations
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(a) Vk → Tk
tk−→ T∞,

(b) Vk × ΩRk → ΩGk
∂k−→ T∞,

(c) S2n−1 × Vk × ΩRk → ΩGk
γk−→ ΩS2n+1,

where in part (a) the restriction of the left-hand map to Vk is ψk while in parts (b)
and (c) the restrictions of the left-hand maps to Vk and ΩRk respectively are θk
and Ωιk.

Proof. For part (a), induction on Lemma 4.1 proves that γk ' γ∞ ◦ tk. Thus by
Proposition 4.2 there is a homotopy pullback diagram

Y

��

Y

f

��

S2n−1 × Vk
i·ψk //

g

��

Tk
γk //

tk

��

ΩS2n+1

S2n−1 // T∞
γ∞ // ΩS2n+1,

where i is the inclusion. The inclusion of S2n−1 into S2n−1×Vk is a right homotopy
inverse for g so Y ' Vk and f ' ψk.

To prove (c), observe that because γk is defined as γk ◦ dk while γk factors
through γk by Lemma 4.1, the homotopy fiber S2n−1 × Vk of γk is a retract of the
homotopy fiber E of γk. Note that E is an H-space since γk is an H-map. The
product decomposition ΩGk ' Tk × ΩRk then implies E ' S2n−1 × Vk × ΩRk.

Part (b) follows from part (c) just as part (a) followed from Proposition 4.2.

5. A retraction of ΩT∞ off ΩT1

This section proves Theorem 1.1 under the pseudonym of Theorem 5.2. We
begin with a lemma concerned with the atomicity of ΩT∞. Let S3〈3〉 be the three-
connected cover of S3. Let K(G,n) be the Eilenberg-Mac Lane space whose homo-
topy is the group G concentrated in degree n.

Lemma 5.1. If n > 1, then ΩT∞ is atomic. When n = 1, there is a homotopy
equivalence ΩT 1

∞(pr) ' K(Z/prZ, 0) × Ω2(S3〈3〉) and Ω2(S3〈3〉) ' ΩT 2p−1
∞ (p) is

atomic.

Proof. An argument exactly as in [S3, 3.7] shows that ΩT∞ is atomic if n > 1.

Now let n = 1. Consider the homotopy fibration sequence Ω2S3 φr−→ S1 →
T 1
∞(pr) → ΩS3. Since S2 ' K(Z, 1), the canonical map Ω2S3〈3〉 Ω2f−→ Ω2S3 com-

poses trivially with φr as H1(Ω2S3〈3〉) = 0. Thus Ωf lifts to ΩT 1
∞(pr). This

lift has a left homotopy inverse because Ω2f does via the homotopy equivalence
Ω2S2n+1 ' S1 × Ω2S3〈3〉. The remaining factor of ΩT 1

∞(pr) must be K(Z/prZ, 0)
because the inclusion of S1 into Ω2S2n+1 composes with φr is a map of degree pr.

Finally, by [T2, 8.4] there is a homotopy equivalence Ω2(S3〈3〉) ' ΩT 2p−1
∞ (p),

and by [CM], Ω2S3〈3〉 is atomic.

Theorem 5.2. For k ≥ 1, p ≥ 3, the map ΩTk
Ωtk−→ ΩT∞ has a right homotopy

inverse and so ΩTk ' ΩT∞ × ΩVk.



ANICK’S SPACES 1563

Proof. By Corollary 3.6, there is a homotopy commutative diagram

Vk−1
//

θk−1

��

Ω(Pak ∨ Pck)

Ω(ak∨ck)

��

ΩGk−1
Ωιk−1

// ΩGk.

By Corollary 4.3 (c) the homotopy fiber of θk−1 is homotopy equivalent to ΩT∞ ×
Ω2Rk−1. By Theorem 2.4, Pak ∨ Pck are Moore space summands of Rk the map
ak∨ck figures in the homotopy decomposition ΩGk ' Tk×ΩRk. Thus the homotopy
fiber of Ω(ak ∨ ck) is homotopy equivalent to ΩTk × ΩM for some space M . The
map between homotopy fibers therefore determines a map f : ΩT∞ → ΩTk which is
easily checked to be an isomorphism in the lowest degree nonzero homology class,
H2n−2( ). The composite Ωtk ◦ f is therefore an isomorphism in H2n−2( ). Since
ΩT∞ is atomic when n > 1 by Lemma 5.1, Ωtk ◦ f is a homotopy equivalence for
n > 1.

When n = 1 and k ≥ 0, each of the spaces ΩT 1
k (pr) and Ω2G2

k(pr) have pr con-
nected components so it suffices to consider a single connected component. As with
ΩT 1
∞(pr) in Lemma 5.1, each connected component of ΩT 1

k (pr) and Ω2G2
k(pr) are

(2np− 2)-connected. The homology and atomicity argument of the first paragraph
can now be repeated using H2np−2( ).

6. A special case of Neisendorfer’s theorem

This section proves Theorem 1.2 under the alias Theorem 6.5.
Consider the k = 1 case of the map γ : V0 → Ω(P 2np(pr)∨P 2np+1(pr)) appearing

in Proposition 3.5. The homotopy cofibration diagram in Section 2 implies the
pinch map G1

q1−→ P 2np+1(pr) composed with a1 ∨ c1 is homotopic to P 2np(pr) ∨
P 2np+1(pr) δ+ω−→ P 2np+1(pr+1) where δ and ω are defined as in Section 3, suitably
shifted in dimension.

Lemma 6.1. The composite Ω(δ + ω) ◦ γ is null homotopic.

Proof. First, δ + ω ' q1 ◦ (a1 ∨ c1). Second, by Corollary 3.6 Ω(a1 ∨ c1) ◦ γ '
Ωik−1 ◦ θk−1. Thus Ω(δ + ω) ◦ γ ' Ω(qk ◦ ik−1) ◦ θk−1. But ik−1 and qk are two
consecutive maps in a homotopy cofibration so their composite is trivial.

Recall that the least connected indecomposable factors of ΩP 2n+2(pr) and
ΩP 2n+1(pr) are S2n+1{pr} and T 2n−1

0 (pr) respectively. Let ξ be the composition

Ω(P 2np(pr) ∨ P 2np+1(pr))
Ω(δ+ω)−→ ΩP 2np+1(pr+1) ∂0−→ T 2np−1

∞ (pr+1).

Let ξ′ be the restriction of ξ to S2np−1{pr} × T 2np−1
0 (pr).

Lemma 6.2. If p ≥ 5, there is a homotopy commutative diagram

Ω(P 2np(pr) ∨ P 2np+1(pr))
ξ

//

π

��

T 2np−1
∞ (pr+1)

S2np−1{pr} × T 2np−1
0 (pr)

ξ′
// T 2np−1
∞ (pr+1)

where π is a projection and ξ and ξ′ are H-maps.
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Proof. In the sense of Theorem 2.5, [G3] shows that S2np−1{pr} is the universal
space associated to the Moore space P 2np−1(pr). Since the homotopy fiber map of
a wedge into a product is a Whitehead product, composing with an H-map into
a homotopy commutative space gives a null homotopy. Thus Theorem 2.5 can be
generalized to consider maps from a wedge of Moore spaces of arbitrary dimen-
sions into a homotopy commutative, homotopy associative H-space. The lemma
now follows because by Theorem 2.6, T 2np−1

∞ (pr+1) is a homotopy commutative,
homotopy associative H-space having homotopy exponent pr+1.

Lemma 6.3. For p ≥ 5, there is a homotopy fibration

V0
π◦γ−→ S2np−1{pr} × T 2np−1

0 (pr)→ T 2np−1
∞ (pr+1).

Proof. By Lemma 6.1 the composite Ω(δ + ω) ◦ γ is null homotopic. Thus ξ ◦ γ '
∂0 ◦ Ω(a1 ∨ c1) ◦ γ ' ∗ and so by Lemma 6.2 ξ′ ◦ π ◦ γ ' ∗. This gives a lift of
π ◦ γ to the homotopy fiber F of ξ′. To show this lift is a homotopy equivalence it
suffices to show

(i) V0 and F have the same Euler-Poincaré series, and
(ii) (π ◦ γ)∗ is an injection.

For (i) observe that because ξ′ is anH-map the Serre spectral sequence for the ho-

motopy fibration F → S2np−1{pr}×T 2np−1
0 (pr)

ξ−→ T 2np−1
∞ (pr+1) is multiplicative.

Since H∗(T 2np−1
∞ (pr+1)) = S(y2np−1, x2np), the spectral sequence is determined by

the two symmetric algebra generators. But the transgression is multiplication by pr

because in the relevant dimensions ξ′ restricts to the left-hand map in the homotopy

cofibration P 2np−1(pr) ∨ P 2np(pr) δ+ω−→ P 2np+1(pr+1)
pr

−→ P 2np+1(pr+1). Thus the
mod p Serre spectral sequence collapses at the E2 term. Now a calculation using
Theorem 2.4 (b) shows that the Euler-Poincaré series of F equals that of V0.

For (ii) observe that Corollary 3.6 implies γ is homotopic to the composition

V0
θ0−→ ΩP 2n+1(pr) Ωi0−→ ΩG1

H−→ Ω(P 2np(pr) ∨ P 2np+1(pr)), where H is the left
homotopy inverse of Ω(a1 ∨ c1) given by Lemma 3.1. This lemma implies we can
consider whether (π◦H ◦θ0)∗ is an injection, where H is the prescribed James-Hopf
invariant. Now θ0 arises from choosing extensions of certain Whitehead products
but any two sets of choices will have isomorphic Hurewicz images. The calculation
in [CMN3, 4.1] using a possibly different set of choices then shows that (π ◦H ◦θ0)∗
is an injection, as required.

Let Q be the homotopy fiber of the projection π, and note that Q is a retract of
Ω(P 2np(pr) ∨ P 2np+1(pr)).

Corollary 6.4. For p ≥ 5, there is a homotopy fibration

V0 ×Q→ Ω(P 2np(pr) ∨ P 2np+1(pr))
ξ−→ T 2np−1

∞ (pr+1)

where the left-hand map restricted to V0 is γ.
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Proof. By Lemmas 6.2 and 6.3 there is a homotopy pullback diagram

Q

��

Q

��

Q //

��

Ω(P 2np(pr) ∨ P 2np+1(pr))
ξ

//

π

��

T 2np−1
∞ (pr+1)

V0
π◦γ

// S2np−1{pr} × T 2np−1
0 (pr)

ξ′
// T 2np−1
∞ (pr+1).

By definition ξ′ factors through ξ, so Q splits as V0 ×Q.

Theorem 6.5. If p ≥ 5 and r ≥ 2, then ΩT 2np−1
∞ (pr) is a retract of Ω2P 2np+1(pr).

Proof. By Lemma 6.1 the composite Ω(δ + ω) ◦ γ is null homotopic. Thus Lemma
6.4 implies there is a homotopy fibration diagram (for p ≥ 5 and r ≥ 1)

ΩT 2np−1
∞ (pr+1 × ΩQ //

f

��

V0
γ

//

��

Ω(P 2np(pr) ∨ P 2np+1(pr))

Ω(δ+ω)

��

Ω2P 2np+1(pr+1) // ∗ // ΩP 2np+1(pr+1).

The composition of f with Ω2P 2np+1(pr+1) Ω∂0−→ ΩT 2np−1
∞ (pr+1) is an isomorphism

in H2np−2( ) and so is a homotopy equivalence since ΩT 2np−1
∞ (pr+1) is atomic by

Lemma 5.1.
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