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MILNOR CLASSES OF LOCAL COMPLETE INTERSECTIONS

J.-P. BRASSELET, D. LEHMANN, J. SEADE, AND T. SUWA

Abstract. Let V be a compact local complete intersection defined as the zero
set of a section of a holomorphic vector bundle over the ambient space. For each
connected component S of the singular set Sing(V ) of V , we define the Milnor
class µ∗(V, S) in the homology of S. The difference between the Schwartz-
MacPherson class and the Fulton-Johnson class of V is shown to be equal to
the sum of µ∗(V, S) over the connected components S of Sing(V ). This is
done by proving Poincaré-Hopf type theorems for these classes with respect to
suitable tangent frames. The 0-degree component µ0(V, S) coincides with the
Milnor numbers already defined by various authors in particular situations. We
also give an explicit formula for µ∗(V, S) when S is a non-singular component
and V satisfies the Whitney condition along S.

In his original paper, Chern gave several equivalent definitions for characteristic
classes of complex manifolds. In the case of singular varieties, one has different ways
to generalize these, leading to classes which are not necessarily identical. Among
them are the Schwartz-MacPherson class (abbreviated as SM class) [Sc1], [Ma], [BS]
and the Fulton-Johnson class (abbreviated as FJ class) [FJ], [F]. Each one of them
is defined in a relevant context and has its own interest and advantage. One of the
motivations of this work is to compare the SM and the FJ classes using geometric
interpretations of these classes. We perform this comparison in the case of local
complete intersections. In this case, it is well known that the FJ class coincides
with the image, by the Poincaré homomorphism, of the Chern class of the virtual
tangent bundle.

The Schwartz class of a compact analytic variety V is originally defined using so-
called radial frames. These are frames tangent to a Whitney stratification of V , they
have isolated singularities on a suitable skeleton of an appropriate triangulation and
they are pointing outwards of suitable neighborhoods of the strata. The Schwartz
class satisfies a decomposition property: the Schwartz class of V is the sum of the
Schwartz class of the singular part of V and of a relative class associated to the
regular part. Also, the Schwartz classes are localized in a subset related to the
singularities of the radial frame.

We prove that these two properties of Schwartz classes generalize in the case
of frames which may not be radial and are possibly with non-isolated singularities
(section 2). Also, the Fulton-Johnson class satisfies similar properties (section 4).
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In particular, we obtain localization theorems for SM and FJ classes in the spirit
of the Poincaré-Hopf theorem.

Let us consider the situation of a local complete intersection V in a complex
manifold M , defined as the zero set of a section of a holomorphic vector bundle
over M , and denote by S a compact connected subset either of the regular part
or the singular part of V . We define the Schwartz and virtual classes of a frame
at S and prove the localization theorems. We also prove that, for a non-singular
component of the singular set, the Schwartz and virtual classes of frames can be
computed in terms of Schwartz and virtual indices of vector fields (Theorems 5.7
and 5.10).

As mentioned above, one of the main purposes of this work is to compare the
SM and the FJ classes. There are already results in this direction ([A2], [P], [PP1],
[SS2], [Su1], see also [Br2] for a survey). In particular, when the difference lies in
dimension 0, it is expressed in terms of Milnor numbers. It is natural to call Milnor
classes the difference between SM and FJ classes for higher degrees.

In fact, the “localization theorem” (Theorem 5.2) tells us that the Milnor classes
are localized on the singular set Sing(V ) of V . Hence the SM and FJ classes coincide
in dimensions higher than the dimension of Sing(V ). In a more precise way, for each
connected component S of Sing(V ), we obtain integral homology classes µi(V, S),
0 ≤ i ≤ dimS, which measure the contribution of S to the Milnor classes. We call
these the Milnor classes of V at S. The 0-degree term is shown to coincide with the
Milnor number, as defined in [Mi], [H] when dimS = 0 and in [P] when dimS > 0
and V is a hypersurface (see section 6). Therefore, this 0-degree Milnor class can
be called a generalized Milnor number, extending for local complete intersections
the definition given in [P].

One important application of the previous results is a Lefschetz type theorem
for Milnor classes (Corollary 5.13), which is proved under the assumption that S is
non-singular and V satisfies the Whitney condition along S (see Remark 5.14 for a
weaker assumption).

It is well known that for isolated singularities the Milnor number is the number
of vanishing cycles in a Milnor fiber; in this case all the other Milnor classes are
automatically 0. It would be interesting to see whether there is a similar statement
when the singular set has dimension greater than 0, maybe in terms of vanishing
homology. This question is open even for the 0-degree Milnor class, i.e., the Milnor
number, though for the top Milnor class at a non-singular component of Sing(V ),
Corollary 5.13 gives a positive answer.

We would like to thank Lê Dũng Tráng and Shoji Yokura for valuable con-
versations. While working on this article we visited various institutions and we
are grateful, in particular, to Institut de Mathématiques de Luminy, Université de
Montpellier, Instituto de Matemáticas UNAM at Cuernavaca and Hokkaido Uni-
versity, for their support and hospitality. We also acknowledge the financial support
of CNRS, CONACYT and the Ministry of ESC, Japan, with gratitude.

After the preparation of the manuscript we learned that, in the hypersurface
case, the formula for the Milnor number in [PP1] has been generalized in [PP2]
to a formula for the Milnor class, which was conjectured in [Y]. In particular, for
a non-singular component S of the singular set of a hypersurface V , such that V
satisfies the Whitney condition along S, our formula in Corollary 5.13 coincides
with the one in [PP2].
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1. Classical Chern and Schwartz-MacPherson classes

We refer to [St, Sc1, Sc2, BS] for basics on the material in this section. In sections
1 and 2, all homology and cohomology groups are with integral coefficients.

In order to fix the notation, we recall the definition of the Chern classes via
obstruction theory [St]. We restrict ourselves to the case of the tangent bundle
TM of an almost complex manifold M of dimension 2m, the general case being
entirely analogous. The bundle TM can be naturally thought of as a complex
vector bundle of rank m, and in the following, the linear independence is over the
complex numbers C.

Definition 1.1. An r-field on a subset A in M is an ordered set F (r) = {v1, . . . , vr}
of r continuous vector fields on A. A singular point of F (r) is a point where the
vectors (vi) fail to be linearly independent. An r-frame is a non-singular r-field.

The Stiefel manifold of r-frames in Cm, denoted by Wr(m), is (2m − 2r)-
connected and its first non-zero homotopy group is π2m−2r+1(Wr(m)) ' Z. The
bundle of r-frames on M , denoted by Wr(TM), is the bundle associated with the
tangent bundle, whose fiber at x ∈M is the set of r-frames in TxM , diffeomorphic
to Wr(m). In the following, we set q = m−r+1. The Chern class cq(M) ∈ H2q(M)
is the primary obstruction to constructing a section of Wr(TM). To define it, let
σ be a k-cell of a given (oriented) cellular decomposition (D) of M , contained in
an open subset Ω ⊂ M on which the bundle Wr(TM) is trivialized. If the section
F (r) of Wr(TM) is already defined over the boundary of σ, it defines a map

∂σ ' Sk−1 F (r)

−→ Wr(TM)|Ω ' Ω×Wr(m) pr2−→Wr(m),

thus an element of πk−1(Wr(m)). If k ≤ 2m− 2r+ 1, this homotopy group is zero,
so the section F (r) can be extended inside σ without singularity. If k = 2q, we meet
an obstruction I(F (r), σ) ∈ π2q−1(Wr(m)) ' Z. This defines a cochain,

γ ∈ C2q(M ;π2q−1(Wr(m))) ,

by γ(σ) = I(F (r), σ) for each 2q-cell σ, then extending it by linearity. This cochain
is actually a cocycle and it represents the q-th Chern class cq(M) of M in H2q(M).
It is independent of the various choices involved in its definition. Note that cm(M)
coincides with the Euler class of the tangent bundle of M .

Hereafter, for a cellular decomposition (D) of M , we denote by Di the i-skeleton
of (D). Let us denote by L a (D)-subcomplex of M and assume we are given an
r-frame F (r) on L ∩ D2q. The same arguments as before say that we can extend
F (r) without singularity to (L∩D2q)∪D2q−1. This gives rise to a 2q-cochain which
vanishes on L ∩D2q and represents the relative Chern class

cq(M,L;F (r)) ∈ H2q(M,L) ,

whose image by the natural map to H2q(M) is the usual Chern class, however as a
relative class it does depend on the choice of the frame F (r) on L.

If we have two frames F (r)
1 and F

(r)
2 on L ∩ D2q, the difference between the

corresponding classes is given by the difference cocycle; in the product L × I,
suppose F (r)

1 is defined at the level L×{0} and F (r)
2 is defined at the level L×{1},

then the difference cocycle d(F (r)
1 , F

(r)
2 ) is well defined in

H2q(L× I, L× {0} ∪ L× {1}) ' H2q−1(L)
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as the obstruction to the extension of the given sections on the boundary of L× I
[St], §33.3. As shown in [St], we have

cq(M,L;F (r)
2 ) = cq(M,L;F (r)

1 ) + δd(F (r)
1 , F

(r)
2 ) ,(1.2)

where δ : H2q−1(L) −→ H2q(M,L) is the connecting homomorphism.
We will use the relative Chern class in the case of a manifold with boundary

L = ∂M and we will denote

cr−1(M ;F (r)) = cq(M,∂M ;F (r)) a [M,∂M ] ∈ H2r−2(M).(1.3)

We now consider a compact complex analytic variety V of dimension n embedded
in a complex manifold M of dimension m. We take a Whitney stratification {Vi}
of M compatible with V so that the singular part Sing(V ) of V is a union of strata
(cf. [W]).

Let (K) be a barycentric subdivision of a triangulation of M compatible with
the stratification {Vi}. We denote by (D) the cellular decomposition of M dual to
(K), which is defined by taking the first barycentric subdivision (K ′) of (K). We
endow (K) with an orientation compatible with the orientation of the stratification
{Vi}. This determines an orientation for (D) (see [Br1]).

The union of (closed) cells which meet V (or equivalently of cells dual to the
(K)-simplices contained in V ) is called a cellular tube around V , denoted by T̃V ,
and its boundary, the union of cells of T̃V which are not dual to simplices in V , is
denoted by ∂T̃V .

With the previous stratification and triangulation of M , we notice that the cells
of (D) are transverse to each stratum, so that, for every stratum Vi of complex
dimension d and every cell σ of (real) dimension 2q = 2(m− r + 1), Vi ∩ σ is a cell
of dimension 2(d− r + 1). In particular Vi ∩ σ is empty when d < r − 1.

Let us recall that the obstruction dimension to construct an r-frame tangent to
M is 2q = 2(m−r+1), and the index I(F (r), σ) ∈ π2q−1(Wr(m)) is well defined for
every 2q-cell σ. We remark that the obstruction dimension to construct an r-frame
tangent to the stratum Vi of (complex) dimension d is 2(d− r + 1) = dim(Vi ∩ σ).

Definition 1.4. Let A be a subspace of M . A stratified vector field on A is a
continuous section v of TM over A, such that at each point x ∈ Vi ∩ A, v(x) is
tangent to the stratum Vi. A stratified r-field on A is an r-field F (r) = {v1, ..., vr}
consisting of stratified vector fields v1, . . . , vr. A stratified r-frame is a non-singular
stratified r-field.

The Schwartz classes are the primary obstruction to constructing special strati-
fied frames on V called radial frames. We list some of the main properties of a radial
r-field F (r)

0 on T̃V ∩D2q, denoting F (r)
0 = (F (r−1)

0 , v0) with F (r−1)
0 the (r − 1)-field

of first r − 1 vectors in F
(r)
0 and v0 the last vector field:

(i) F (r−1)
0 does not have singularities on T̃V ∩D2q. F (r)

0 does not have singularities
on T̃V ∩ D2q−1 and has, for each 2q-cell σ, at most an isolated singularity at the
barycenter of σ, which is the singularity of v0.

(ii) If F (r)
0 has a singularity in σ and if σ intersects with several strata, then

the singularity is in the stratum Vi of the lowest dimension. Let the dimension of
Vi be d. If d > r − 1, then I(F (r)

0 , σ) = I(F (r)
0 |Vi , Vi ∩ σ), and if d = r − 1, then

I(F (r)
0 , σ) = 1.
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(iii) The frame F (r)
0 is everywhere pointing outwards from cellular tubes around

V and cellular tubes around the strata Vi in a sense made precise in [BS, §§7 and
8].

The motivation for considering radial frames is the following. For a radial vector
field v0 with isolated singularities ai in V , one has a Poincaré-Hopf theorem [Sc2]∑

i

I(v0, ai) = χ(V ) ,

independently of the ambient manifold M . This fundamental property of the
Schwartz radial vector fields is not verified for arbitrary vector fields, using the
classical definition of index.

The radial r-frame F (r)
0 determines a 2q-cochain c̃q ∈ C2q(T̃V , ∂T̃V ) on M de-

fined by c̃q(σ) = I(F (r)
0 , σ) if σ is a 2q-cell intersecting V and c̃q(σ) = 0 for the

others, then extended by linearity. It is proved in [Sc1], [BS] that this cochain is
actually a cocycle, representing a class c̃q(V ) ∈ H2q(T̃V , ∂T̃V ) ' H2q(M,M \ V ).
This class does not depend on the choices of the Whitney stratification of M , the
triangulations, or the radial r-frame F (r)

0 (see [Sc1], [Sc3]).

Definition 1.5. The q-th Schwartz class of V is c̃q(V ) ∈ H2q(M,M \ V ).

Theorem 1.6 [BS]. For r = 1, . . . ,m and q = m−r+1, the image of the Schwartz
class c̃q(V ) by the Alexander duality isomorphism H2q(M,M \ V ) ∼−→ H2r−2(V ),
is the corresponding MacPherson class of V (defined in [Ma]),

cr−1(V ) ∈ H2r−2(V ).

Thus we call c∗(V ) =
∑
r cr(V ) ∈ H∗(V ) the Schwartz-MacPherson (or simply

SM) class of V .

2. Local Schwartz class of a frame

As in the previous section, the singular set of V is denoted Sing(V ) and the
regular one V0 = V \Sing(V ). Let S be either a compact connected (K)-subcomplex
in V0 or a connected component of Sing(V ). Let Ũ be a neighborhood of S in M ,
set U = Ũ ∩ V , and assume that U \ S is in V0.

Definition 2.1. A compact neighborhood T̃ of S in M , contained in Ũ , such that
T̃ \ S retracts to ∂T̃ and T̃ retracts to S, will be called a tube in Ũ around S.

Definition 2.2. A cellular tube around S in M , denoted by T̃ , is the union of
(closed) cells of (D) which are dual to simplices in S. The boundary ∂T̃ is the
union of cells in T̃ which do not meet S.

Taking a subtriangulation, if necessary, we may assume that the cellular tube
T̃ is contained in Ũ . On the other hand, ∂T̃ is transverse to V0. The intersection
T = T̃ ∩ V is a tube around S in U = Ũ ∩ V but is no more a cellular tube in V , if
S is a component of Sing(V ). The boundary ∂T = V ∩ ∂T̃ is a hypersurface in V0.

There is a classical Alexander isomorphism, for 0 ≤ q ≤ m ,

ψM : H2q(Ũ , Ũ \ S) ' H2q(T̃ , ∂T̃ ) ∼−→ H2m−2q(S) ,

when S is a compact subcomplex of the complex manifold M of dimension m. In
the situation S ⊂ V ⊂ M considered now, there is an Alexander homomorphism
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(in general not an isomorphism), for each 0 ≤ p ≤ n = dimC V ,

ψV : H2p(U,U \ S) ' H2p(T , ∂T ) −→ H2n−2p(S) .

At the chain level, ψV corresponds to the composition

C2p
(K′)(T , ∂T ) τ−→ C2q

(D)(T̃ , ∂T̃ )
ψM−→ C

(K)
2m−2q(S)

with 2m−2q = 2n−2p, and the map τ is defined by 〈τ(c), σ〉 = 〈c, σ∩V 〉 for a 2q-cell
σ in (D) (see [Br1] for details). The map τ induces homomorphisms, also denoted τ
and called Thom-Gysin homomorphisms, making the diagram below commutative:

H2q(T̃ , ∂T̃ ) −−−−→
∼

H2q(Ũ , Ũ \ S)
ψM−−−−→
∼

H2m−2q(S)xτ xτ x=

H2p(T , ∂T ) −−−−→
∼

H2p(U,U \ S)
ψV−−−−→ H2n−2p(S).

(2.3)

With the previous notation, we can suppose that U \S intersects D2q in V0. Let
us write r = m− q + 1 = n− p+ 1

First suppose S is in V0. In this case ψV is an isomorphism. For an r-frame F (r)

on (U \ S) ∩D2q, we have the relative Chern class cp(T , ∂T ;F (r)) ∈ H2p(T , ∂T ).
The Poincaré-Hopf class of F (r) at S is defined by

PH(F (r), S) = ψV c
p(T , ∂T ;F (r)) ∈ H2r−2(S).

For a vector field v and S = {a} a point, PH(v, a) is the index previously denoted
by I(v, a).

Now we suppose S may be a component of Sing(V ). Let F (r)
1 and F

(r)
2 be r-

frames on (U \S)∩D2q, and let us consider a tube T in U around S. The difference
d(F (r)

1 , F
(r)
2 ) is defined in H2p−1(∂T ). Let δ : H2p−1(∂T ) −→ H2p(T , ∂T ) be the

connecting homomorphism, we set

dS(F (r)
1 , F

(r)
2 ) = ψV δ d(F (r)

1 , F
(r)
2 ) ∈ H2r−2(S) .(2.4)

Recall that, from the Schwartz construction, there exist radial r-fields on U∩D2q

whose singularities are all located on S.

Definition 2.5. For an r-frame F (r) on (U \S)∩D2q, we define the Schwartz class
Sch(F (r), S) of F (r) at S to be the class in H2r−2(S) given by

Sch(F (r), S) = cr−1(S) + dS(F (r)
0 , F (r)) ,

where F (r)
0 is a radial frame.

If S is in the non-singular part, Sch(F (r), S) coincides with PH(F (r), S). From
the definition and (1.2), we get, for two r-frames F (r)

1 and F (r)
2 on (U \ S) ∩D2q,

Sch(F (r)
2 , S) = Sch(F (r)

1 , S) + dS(F (r)
1 , F

(r)
2 ).(2.6)

Let us consider now a neighborhood U of Sing(V ) in V . We know already
that there exist stratified r-fields on U ∩D2q whose singularities are all located in
Sing(V ). Elementary obstruction theory [St] tells us that every such r-field can
be extended to V0 ∩ D2q with a singular set which is a subcomplex of V0. More
generally, let Σ be a compact (K)-subcomplex in V0 disjoint from a neighborhood
U1 of Sing(V ) in V . We set V ∗ = V \ U1 and let ι be the inclusion V ∗ ↪→ V ,
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which induces a homomorphism ι∗ in homology with compact supports. Also, for a
connected component S of Sing(V )∪Σ, let i be the inclusion S ↪→ V . The following
decomposition theorem follows from the previous discussion.

Theorem 2.7. Let V be a compact analytic variety of dimension n embedded in a
complex manifold M of dimension m and let Σ be a subset of V0 as above. For any
r-frame F (r) on (V0 \ Σ) ∩D2q, q = m− r + 1, we have∑

S⊂Sing(V )

i∗ Sch(F (r), S) + ι∗cr−1(V ∗;F (r)) = cr−1(V ),

where the sum is taken over the connected components of Sing(V ), cr−1(V ) is the
SM class of V and cr−1(V ∗;F (r)) is the Chern class of V ∗ relative to F (r) (cf. 1.3),
so that

ι∗cr−1(V ∗;F (r)) =
∑
S⊂Σ

i∗ PH(F (r), S).

In other words, this result says that an appropriate r-frame gives a splitting of
the corresponding SM class in two parts; one localized in the singular set of V , the
other being the usual Chern class of the regular part relative to the r-frame.

3. Differential geometric viewpoint

In this section, and from now on, all homology and cohomology groups will be
with real coefficients. The (co)homology classes previously defined with integral co-
efficients will be looked in this context. The general settings, in particular concern-
ing the Chern-Weil theory and the integration on the Čech-de Rham cohomology,
can be found in [Bo], [BB], [Le1], [Le2], [Su2].

In general, for a Chern polynomial ϕ, i.e., a polynomial on the Chern classes,
and a connection ∇ for a complex C∞ vector bundle E, we denote by ϕ(∇) the
cocycle on the base space which is the image of ϕ by the Chern-Weil homomorphism
associated with ∇. It is a closed form whose class is the characteristic class ϕ(E) of
the bundle E with respect to ϕ. In particular, the class of ci(∇) is the i-th Chern
class ci(E). If (∇0, . . . ,∇r) is a family of r + 1 connections for E, ϕ(∇0, . . . ,∇r)
will denote the Bott difference operator [Bo], so that

dϕ(∇0, . . . ,∇r) =
r∑
i=0

(−1)iϕ(∇0, . . . , ∇̂i, · · · ,∇r).(3.1)

Now let S ⊂ V ⊂M be as in section 2. Let Ũ be a neighborhood of S in M such
that U \ S is in V0, with U = Ũ ∩ V . As in section 2, we consider a (D)-cellular
tube T̃ around S in Ũ . Let us denote by (D′) the cellular decomposition of M dual
to (K ′). The cells of (D′) consist of simplices of the second barycentric subdivision
(K ′′) of (K). We denote by R̃ the (D′)-cellular tube around S. Thus R̃ is in
the interior of T̃ and the (D)-cells are transverse to ∂R̃. We endow ∂R̃ with the
ordinary orientation as the boundary. We set R = R̃ ∩ V .

Suppose we have an r-frame F (r) on (U \ S) ∩ D2q, q = m − r + 1, we may
describe the Schwartz class Sch(F (r), S) of F (r) at S as follows.

First we consider the case where S is in the regular part V0 of V (thus U is
also in V0) and give a differential geometric interpretation of the Poincaré-Hopf
class PH(F (r), S). The relative class cp(T , ∂T ;F (r)) in section 2 is now defined by
taking an “F (r)-trivial connection” for TU away from S. To be more precise, let
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Figure 1.

∇ be a connection for TU on U and let ∇0 be an F (r)-trivial connection for TU
on a neighborhood of (U \ S) ∩D2q in U . Here ∇0 being F (r)-trivial means that
∇0(v) = 0 for every member v of F (r) so that cp(∇0) = 0 (see, for example, [Su2],
Ch.II, 9). Then the image ξ of cp(T , ∂T ;F (r)) by the Thom-Gysin homomorphism
τ : H2p(U,U \ S)→ H2q(Ũ , Ũ \ S) is represented by the cocycle

γ 7→
∫
γ∩R

cp(∇) +
∫
γ∩∂R

cp(∇,∇0),(3.2)

for a relative cycle γ ∈ C(D)
2q (T̃ , ∂T̃ ) [Le1]-[Le2], where C(D)

k (A) denotes the chains
of dimension k in the (D)-complex A. The Poincaré-Hopf class PH(F (r), S) is then
given by ψV cp(T , ∂T ;F (r)) = ψM ξ (see (2.3)).

Now suppose S may be a component of Sing(V ) and let F (r)
0 be a radial r-

frame on (Ũ \ S) ∩ D2q. Recall that the Schwartz class of F (r)
0 at S is given by

Sch(F (r)
0 , S) = cr−1(S) = ψM c̃q(S), where c̃q(S) ∈ H2q(T̃ , ∂T̃ ) ' H2q(Ũ , Ũ \ S) is

the q-th Schwartz class of S. We may assume that F (r)
0 is given on a neighborhood

W̃ of (Ũ \ S) ∩ D2q. We denote by ∇̃ a connection for TM on Ũ and by ∇̃0 an
F

(r)
0 -trivial connection for TM on W̃ . From the definitions, we have the following.
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Proposition 3.3. The relative class c̃q(S) is represented by the cocycle

γ 7→
∫
γ∩R̃

cq(∇̃) +
∫
γ∩∂R̃

cq(∇̃, ∇̃0) ,

for a relative cycle γ ∈ C(D)
2q (T̃ , ∂T̃ ).

A differential geometric description for the Schwartz class of a general frame
is obtained by combining the above and the following formula for the difference
cocycle, introduced earlier (see 2.4). Let S be either a compact connected (K)-
subcomplex in V0 or a connected component of Sing(V ) as before. Let F (r)

1 and
F

(r)
2 be two r-frames on (U \ S) ∩ D2q. We may assume that F (r)

1 and F
(r)
2 are

given on a neighborhood W of (U \ S) ∩D2q in U . For each i = 1, 2, let ∇i be an
F

(r)
i -trivial connection for TV0 on W .

Lemma 3.4. The difference δd(F (r)
1 , F

(r)
2 ) is an element in H2p(U,U \ S) whose

image by the Thom Gysin homomorphism τ : H2p(U,U \ S) → H2q(Ũ , Ũ \ S) is
represented by the cocycle

γ 7→
∫
γ∩∂R

cp(∇1,∇2),

for a relative cycle γ ∈ C(D)
2q (T̃ , ∂T̃ ).

Proof. Note that the lemma directly follows from (3.2) if S is in V0. Now suppose
that S may be a connected component of Sing(V ). Let R1 be another (D′)-tube
around S contained in the interior of R and set C = R\R1. Then ∂C = ∂R−∂R1.
Let ∇̃ be a connection for TV0 on C ∩ W which extends simultaneously ∇1 on
∂R1 ∩ W and ∇2 on ∂R ∩ W . Let ∇̃1 be an F

(r)
1 -trivial connection for TV0

on C ∩ W which extends ∇1 on ∂R1 ∩ W . Thus we have cp(∇̃1) = 0, hence
dcp(∇̃1, ∇̃) = cp(∇̃). Let F (r) be an r-frame which coincides with F

(r)
1 near ∂R1

and with F
(r)
2 near ∂R. Note that C is homotopically equivalent to ∂R × I and

that d(F (r)
1 , F

(r)
2 ) = cp(C, ∂C;F (r)) ∈ H2p(C, ∂C) ' H2p−1(∂R). The image of

the class δd(F (r)
1 , F

(r)
2 ) by τ is represented by the cocycle γ →

∫
γ∩C c

p(∇̃) for
a relative 2q-cycle γ. By the Stokes formula

∫
γ∩C c

p(∇̃) =
∫
γ∩∂C c

p(∇̃1, ∇̃) =∫
γ∩∂R c

p(∇1,∇2).

4. Virtual class

We now suppose that V is a compact local complete intersection of dimension n
in a manifold M of dimension m, defined as the zero set of a holomorphic section s
of a holomorphic vector bundle N of rank k = m−n over M . The restriction N |V0

coincides with the normal bundle NV0 of V0 = V \ Sing(V ) in M and we have an
exact sequence of vector bundles,

0→ TV0 → TM |V0

π→ NV0 → 0 .(4.1)

We call τV = (TM − N)|V the virtual tangent bundle of V . Let us remark that
under the previous assumptions, the virtual tangent bundle does not depend on the
choice of (N, s).
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The total Chern class c∗(TM −N) ∈ H∗(M) of the virtual bundle TM −N is
given by c∗(TM−N) = c∗(TM)·c∗(N)−1. Hence the p-th Chern class cp(TM−N)
is the coefficient of tp in the expansion of

(1 +
m∑
i=1

tici(TM)) (1 +
k∑
j=1

tjcj(N))−1.

This polynomial may be written as a finite sum

cp(TM −N) =
∑
`

ϕ
(p)
` (c1(TM), . . . , cm(TM)) · ψ(p)

` (c1(N), . . . , ck(N)),

for suitable polynomials ϕ(p)
` and ψ

(p)
` . Let ∇ and ∇′ be connections for TM and

N respectively, defined on some submanifold Ω of M . Denoting by ∇• the pair
(∇,∇′), we set

cp(∇•) =
∑
`

ϕ
(p)
` (∇) · ψ(p)

` (∇′),

where the product is the exterior product. Then cp(∇•) is a closed 2p-form and
defines the class cp(TM −N) on Ω.

If (∇•0, . . . ,∇•r) is a family of r + 1 pairs of connections, ∇•j = (∇j ,∇′j) with
∇j connections for TM and ∇′j for N , we may construct cp(∇•0, . . . ,∇•r) satisfying
an identity similar to (3.1), as in [Bo]. Namely, let ∆r be the standard simplex∑r
i=0 tj ≤ 1, tj ≥ 0 in Rr+1, and $ : Ω × ∆r → Ω the natural projection.

We set ∇̃• = (∇̃, ∇̃′), where ∇̃ and ∇̃′ denote the connections for $∗(TM) and
$∗(N) given by ∇̃ = (1 −

∑r
j=0 tj)∇0 +

∑r
j=0 tj∇j and similarly for ∇̃′. Then,

cp(∇•0, . . . ,∇•r) is equal to the integration of cp(∇̃•) along the fiber ∆r of the pro-
jection $.

Let Ω0 be a subset in V0∩Ω. The pair ∇• = (∇,∇′) will be said to be compatible
on Ω0 if, on Ω0, the connection ∇′ is obtained from ∇ by passing to the quotient,
i.e., π ◦∇ = ∇′ ◦ π. This implies that ∇ induces a connection for TV0, denoted by
∇V , and the triple (∇V ,∇,∇′) is compatible with (4.1) in the sense of [BB], 4.16.

Lemma 4.2. (i) If ∇• is a compatible pair on Ω0, then cp(∇•) = cp(∇V ) on Ω0.
(ii) If ∇•1 and ∇•2 are two compatible pairs on Ω0, then cp(∇•1,∇•2) = cp(∇V1 ,∇V2 )

on Ω0.

Proof. (i) is proved as in [BB], 4.22. To prove (ii), let $ : Ω0 × [0, 1] → Ω0 be
the projection and let ∇̃ and ∇̃′ be connections for $∗TM and $∗N , respectively,
given by ∇̃ = t∇2+(1−t)∇1 and ∇̃′ = t∇′2+(1−t)∇′1. Then the pair ∇̃• = (∇̃, ∇̃′)
is compatible on Ω0× [0, 1]. Therefore, for the connection ∇̃V = t∇V2 + (1− t)∇V1 ,
we have cp(∇̃V ) = cp(∇̃•) =

∑
` ϕ

(p)
` (∇̃) · ψ(p)

` (∇̃′). The formula of (ii) is obtained
by integration on [0, 1].

Letting r = n − p + 1, the image of cp(τV ) by the Poincaré homomorphism
H2p(V )→ H2r−2(V ) coincides with the FJ class [FJ], [F]:

cFJr−1(V ) = cp(τV ) a [V ].

The virtual class of an r-frame is defined by localizing cp(τV ) by the frame.
To be more precise, let us consider a subset S and suitable neighborhoods as

in the previous sections. Let F (r) be an r-frame on (U \ S) ∩D2q. Let ∇ and ∇′
be connections for TM and N , respectively, on Ũ and set ∇• = (∇,∇′). Also,
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let ∇0 and ∇′0 be connections for TM and N , respectively, on a neighborhood W
of (U \ S) ∩ D2q in U such that the pair ∇•0 = (∇0,∇′0) is compatible and ∇0 is
F (r)-trivial. If we consider the 2q-cochain given by

γ 7→
∫
γ∩R

cp(∇•) +
∫
γ∩∂R

cp(∇•,∇•0), γ ∈ C(D)
2q (T̃ , ∂T̃ ),(4.3)

it is a cocycle independent of the choices of connections, with ∇0 F
(r)-trivial, and

defines an element η in H2q(Ũ , Ũ \ S).

Definition 4.4. We define the virtual class Vir(F (r), S) of F (r) at S to be the
image of η by the Alexander isomorphism ψM : H2q(Ũ , Ũ \ S)→ H2r−2(S).

Recall that, if S is in V0, the Poincaré-Hopf class PH(F (r), S) ∈ H2r−2(S) is
dual to the class represented by the cocycle (3.2). Thus in this case, from Lemma
4.2, we have

Vir(F (r), S) = PH(F (r), S).

The following formula for two r-frames F (r)
1 and F

(r)
2 as above, analogous to

(2.6), is a consequence of Lemmas 3.4 and 4.2.

Vir(F (r)
2 , S) = Vir(F (r)

1 , S) + dS(F (r)
1 , F

(r)
2 ).(4.5)

Also the following theorem, analogous to Theorem 2.7, follows from the previous
discussion.

Theorem 4.6. Let Σ be a subset in V0 as in Theorem 2.7. With the above hypothe-
ses and notation, if F (r) is an r-frame on (V0 \ Σ) ∩D2p, we have, in H2r−2(V ),∑

S⊂Sing(V )

i∗Vir(F (r), S) + ι∗cr−1(V ∗, F (r)) = cFJr−1(V ),

where the sum is taken over the connected components of the singular set Sing(V )
and cr−1(V ∗;F (r)) is the Chern class of V ∗ relative to F (r), so that

ι∗cr−1(V ∗;F (r)) =
∑
S⊂Σ

i∗ PH(F (r), S).

5. Milnor class

Let V be a local complete intersection of dimension n defined by a section of a
vector bundle N over the ambient complex manifold M of dimension m, as in the
previous section. We introduce the Milnor classes of V at a connected component
S of Sing(V ). For r ≥ 1, let F (r) be an r-frame on (U \ S) ∩ D2q, where U is a
neighborhood of S in V such that U \ S ⊂ V0 and q = m− r + 1.

Definition 5.1. The (r − 1)-st Milnor class µr−1(V, S) of V at S is defined by

µr−1(V, S) = (−1)n+1
(

Sch(F (r), S)−Vir(F (r), S)
)

in H2r−2(S) ,

which is independent of the choice of F (r) by (2.6) and (4.5).

We call µ∗(V, S) =
∑

r≥0 µr(V, S) ∈ H∗(S) the total Milnor class of V at S.
Note that µr(V, S) = 0 for r > dimC S. Since there always exist frames as in
Theorems 2.7 and 4.6, we have
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Theorem 5.2. For a subvariety V of a complex manifold M as above,

c∗(V ) = cFJ∗ (V ) + (−1)n+1
∑
S

i∗µ∗(V, S) in H∗(V ) ,

where the sum is taken over the connected components S of Sing(V ).

In particular, if the singularities of V are isolated points, then the Milnor classes
are zero, except in degree 0 where they coincide with the usual Milnor numbers of
[Mi], [H], [Lo] (see section 6). Hence, in this case the SM classes and the FJ classes
of V coincide in all dimensions, except in degree 0, where their difference is given
by the sum of the usual Milnor numbers, recovering the formula in [SS2], [Su1].

Remarks 5.3. 1. The classes PH(F (r), S), Sch(F (r), S) and Vir(F (r), S) may be
defined for an r-frame F (r) on the intersection of a neighborhood of ∂T (in V ) and
D2q, where T = T̃ ∩ V with T̃ a cellular tube around S.

2. When r = 1, i.e., F (1) = (v), PH(v, S), Sch(v, S) and Vir(v, S) are called,
respectively, the Poincaré-Hopf, Schwartz and virtual indices of the vector field v
[GSV], [LSS], [SS1]-[SS2]. The corresponding Milnor class µ0(V, S) is a number
which will be discussed in section 6.

In the rest of this section, we prove a Lefschetz type formula for the Milnor
classes at a non-singular connected component S of the singular set of V under the
assumption that V satisfies the Whitney condition along S.

Let Ũ be a tubular neighborhood of S in M with C∞ projection ρ̃ : Ũ → S. We
set U = Ũ ∩V and U0 = U \S and denote by ρ and ρ0, respectively, the restrictions
of ρ̃ to U and U0. From the Whitney condition, we see that the fibers of ρ̃ are
transverse to V and that S is a deformation retract of U with retraction ρ. We
identify ρ∗0(N |S) with NU0 , and ρ̃∗(N |S) with N |Ũ . The bundle T ρ̃ of vectors in T Ũ
tangent to the fibers of ρ̃ admits a complex structure, since it is C∞ isomorphic
with the normal bundle of the complex submanifold S in W . Let T̃ be a (D)-
cellular tube around S in Ũ and R̃ a (D′)-cellular tube in T̃ as in section 3. We
set T = T̃ ∩ V and R = R̃ ∩ V as before.

Let s denote the complex dimension of S and let F (r−1) be an (r − 1)-frame on
the 2(s− r+ 1)-skeleton S ∩D2q of S. In what follows, we set ` = s− r+ 1. By the
Schwartz construction, there exists a radial r-field F

(r)
0 = (F (r−1)

0 , v0) on T̃ ∩D2q

such that F (r−1)
0 extends F (r−1). The radial vector field v0 is tangent to U0 and

possibly has singularities in the barycenters of 2`-cells in S ∩D2q. We may assume
that v0 is tangent to the fibers of ρ̃ near ∂R̃.

Let v be a vector field on U0 ∩ D2q which is non-singular and tangent to the
fibers of ρ in a neighborhood U ′0 of ∂R so that F (r) = (F (r−1)

0 , v) is an r-frame on
U ′0 ∩D2q. For example, the above v0 has these properties.

For a point x in S ∩D2q, let Ũx denote the fiber of ρ̃ at x and set Ux = Ũx ∩ V ,
which is the fiber of ρ at x. We also set Rx = R ∩ Ux. The restriction of v to Ux
determines the Schwartz index Sch(v, x) and the virtual index Vir(v, x) on Ux. By
the Whitney condition, these indices do not depend on x.

Recall that we have the difference dS(F (r)
0 , F (r)) in H2r−2(S). We also have the

difference d(v0, v), which is an integer, of v0 and v as vector fields on Ux.

Lemma 5.4. We have

dS(F (r)
0 , F (r)) = d(v0, v) · cr−1(S).
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Proof. We consider the exact sequence of vector bundles on U0 :

0→ Tρ0 → TU0 → ρ∗0TS → 0,

where Tρ0 denotes the bundle of vectors in TU0 tangent to the fibers of ρ0. We
may assume that F (r)

0 and F (r) are r-frames on a neighborhood W of U ′0∩D2q. Let
∇ρ1 and ∇ρ2 be, respectively, v0-trivial and v-trivial connections for Tρ0 on W . Also
let ∇S be an F

(r−1)
0 -trivial connection for TS on a neighborhood of S ∩D2q. We

take connections ∇1 and ∇2 for TU0 so that (∇ρ1,∇1, ρ
∗
0∇S) and (∇ρ2 ,∇2, ρ

∗
0∇S)

are both compatible with the above sequence. Thus ∇1 is F (r)
0 -trivial and ∇2 is

F (r)-trivial on W . By Lemma 3.4, the homology class dS(F (r)
0 , F (r)) is determined

by

cp(∇1,∇2) =
∑
i+j=p

ci(∇ρ1,∇
ρ
2) · ρ∗0cj(∇S).(5.5)

We recall the commutative diagram

H2q(Ũ , Ũ \ S) ∼−−−−→
ρ̃∗

H2`(S)

o
yψM o

y
H2r−2(S) =−−−−→ H2r−2(S),

(5.6)

where the first row is the inverse of the Thom isomorphism, given by integration
along the fibers of ρ̃, and the second column is Poincaré duality. The dual of the
first row in (5.6) gives an isomorphism

H2q(Ũ , Ũ \ S) ∼←− H2`(S),

which shows that every relative 2q-cycle γ (is homologous to a cycle which) fibers
over a 2`-cycle ζ of S. By the projection formula, we get from (5.5) (note that the
rank of the bundle Tρ0 is n− s)∫

γ∩∂R
cp(∇1,∇2) =

∫
∂Rx

cn−s(∇ρ1,∇
ρ
2) ·
∫
ζ

c`(∇S),

where x is a point in ζ. Noting that the first factor in the right hand side is d(v0, v),
we proved the lemma, in view of (5.6).

Since Sch(F (r)
0 , S) = cr−1(S) and Sch(v0, x) = 1, from Lemma 5.4, we have the

following:

Theorem 5.7. Let S be a non-singular component of Sing(V ) such that V satisfies
the Whitney condition along S, then,

Sch(F (r), S) = Sch(v, x) · cr−1(S) .

Now we wish to obtain a formula for the virtual class analogous to the one in
Theorem 5.7. First, we consider the exact sequence of vector bundles on U0 :

0→ Tρ0 → T ρ̃|U0 → NU0 → 0.(5.8)

We try to compute the Chern classes cj(τρ) of the virtual bundle τρ = (T ρ̃−N)|U
on U and will see that there is a canonical lifting cjS(τρ) in H2j(U,U \ S), for
j > n− s = rankTρ0, of cj(τρ) ∈ H2j(U). For this, we consider the covering U of
Ũ consisting of Ũ itself and a tubular neighborhood Ũ0 of U0 and represent cj(τρ̃),
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τρ̃ = T ρ̃ − N , as a Čech-de Rham cocycle on U (cf. [Le1], [Su2], here we use the
notation in [Su2], Ch.II).

Let ∇ρ0 be a connection for Tρ0. Let ∇N be a connection for N |S and take a
connection ∇ρ̃0 for T ρ̃|U0 so that (∇ρ0,∇

ρ̃
0, ρ
∗
0∇N ) is compatible with (5.8). Let ∇̃ρ̃

be a connection for T ρ̃ on Ũ . We set ∇̃ρ̃• = (∇̃ρ̃, ρ̃∗∇N ) and ∇ρ̃•0 = (∇ρ̃0, ρ∗0∇N ).
Then cj(τρ̃) is represented by a cocycle in A2j(U) = A2j(Ũ0)⊕A2j(Ũ)⊕A2j−1(Ũ0),
where A∗( ) denotes the space of differential forms on the relevant open set, given
by

cj(∇•?) = (cj(∇ρ̃•0 ), cj(∇̃ρ̃•), cj(∇ρ̃•0 , ∇̃ρ̃•)).

Note that, since Ũ0 retracts to U0, it suffices to give forms on U0. Since the family
(∇ρ0,∇

ρ̃
0, ρ
∗
0∇N ) is compatible with (5.8), we have

cj(∇ρ̃•0 ) = cj(∇ρ0),

which vanishes for j > n− s by the rank reason. Thus, for j > n− s, the cocycle
cj(∇•?) is in A2j(U , Ũ0) = {0} ⊕ A2j(Ũ) ⊕ A2j−1(Ũ0). Since the cohomology of
A∗(U , Ũ0) is canonically isomorphic with H∗(U,U \S) ([Su2], Ch.VI, 4), this cocycle
defines a class, denoted cjS(τρ), in H2j(U,U \ S), which is mapped to cj(τρ) by the
canonical homomorphism H2j(U,U \ S) → H2j(U). The class cjS(τρ) does not
depend on the choices of various connections. It should be also noted that it has
nothing to do with the frames we discussed earlier. Denoting by A2i(S) the space
of 2i-forms on S, we have the integration along the fibers of ρ ([Su2], Ch.II, 5)
ρ∗ : A2(n−s+i)(U , Ũ0)→ A2i(S), which commutes with the differentials and induces
a map on the cohomology level :

ρ∗ : H2(n−s+i)(U,U \ S)→ H2i(S).

On the cocycle level, ρ∗ assigns to cn−s+i(∇•?), i > 0, the 2i-form αi on S given by

αi = ρ∗c
n−s+i(∇̃ρ̃•) + (∂ρ)∗cn−s+i(∇̃ρ̃•,∇ρ̃•0 ) ,(5.9)

where ρ∗ and (∂ρ)∗ denote the integration along the fibers of ρ|R and ρ|∂R.
We note that, in the following formulas, the classes ρ∗cn−s+iS (τρ) for i = 1, . . . , k−

1 are involved and they do not appear when k = 1 (i.e. V is a hypersurface). We
denote by [ ]i the component of degree 2i of the relevant cohomology class.

Theorem 5.10. With the hypotheses of 5.7, we have

Vir(F (r), S) =
[(

Vir(v, x) · (c∗(N)− ck(N)) + Sch(v, x) · ck(N)

+
k−1∑
j=1

j∑
i=1

cj−i(N) · ρ∗cn−s+iS (τρ)
)
· c∗(N)−1 · c∗(S)

]` a [S] .

Proof. By Lemma 5.4, it suffices to prove the formula for the radial frame F (r)
0 .

We consider the commutative diagram of vector bundles on U0 with exact rows and
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columns:

0 0x x
NU0

=−−−−→ NU0x x
0 −−−−→ T ρ̃|U0 −−−−→ T Ũ |U0 −−−−→ ρ∗0TS −−−−→ 0x x x=

0 −−−−→ Tρ0 −−−−→ TU0 −−−−→ ρ∗0TS −−−−→ 0x x
0 0

(5.11)

We take suitable connections that we will need. As noted before, we may assume
that v0 is tangent to the fibers of ρ̃ in a neighborhood Ũ ′0 of ∂R̃. We set U ′0 = Ũ ′0∩V .
Let ∇ρ0 be a v0-trivial connection for Tρ0 on a neighborhood W of U ′0 ∩D2q and
∇S an F

(r−1)
0 -trivial connection for TS on a neighborhood of S ∩D2q. We take a

connection ∇V for TU0 so that (∇ρ0,∇V , ρ∗0∇S) is compatible with the third row in
(5.11). Thus ∇V is F (r)

0 -trivial on W , as in the proof of Lemma 5.4. Let ∇N be a
connection for N |S and take a connection ∇ρ̃0 for T ρ̃|U0 so that (∇ρ0,∇

ρ̃
0, ρ
∗
0∇N ) is

compatible with the first column in (5.11). Finally take a connection ∇0 for T Ũ |U0

so that (∇ρ̃0,∇0, ρ
∗
0∇S) is compatible with the second row. Then (∇V ,∇0, ρ

∗
0∇N )

is compatible with the second column. We may extend ∇ρ̃0 and ∇0 to connections
∇̃ρ̃0 and ∇̃0 for T ρ̃ and T Ũ , respectively, on a neighborhood W̃ of Ũ ′0 ∩D2q so that
∇̃ρ̃0 is v0-trivial and that (∇̃ρ̃0, ∇̃0, ρ̃

∗∇S) is compatible with the exact sequence

0→ T ρ̃→ T Ũ → ρ̃∗TS → 0.(5.12)

Thus ∇̃0 is F (r)
0 -trivial on W̃ . Let ∇̃ρ̃ be a connection for T ρ̃ on Ũ . We take

a connection ∇̃ for T Ũ so that (∇̃ρ̃, ∇̃, ρ̃∗∇S) is compatible with (5.12). With
these connections, Vir(F (r)

0 , S) is given by (4.3), with ∇• = (∇̃, ρ̃∗∇N ) and ∇•0 =
(∇0, ρ

∗
0∇N ).

Noting that the rank of T ρ̃ is m− s = n+ k − s, from (5.12), we have

cp(T Ũ −N) =
∑
j>`

[
ρ̃∗c∗(S)c∗(N)−1

]j · cp−j(T ρ̃)
+

k∑
i=0

[
ρ̃∗c∗(S)c∗(N)−1

]`−i · cn−s+i(T ρ̃) .

On the other hand,

cn−s+i(T ρ̃) =
i∑

j=0

cn−s+i−j(τρ̃) · cj(N) +
∑
j>i

cn−s+i−j(τρ̃) · cj(N) .
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From the above two equalities, we get

cp(T Ũ −N) =
k−1∑
i=0

[
ρ̃∗c∗(S)c∗(N)−1ci(N)

]` · cn−s(τρ̃)

+
k−1∑
j=1

j∑
i=1

[
ρ̃∗c∗(S)c∗(N)−1cj−i(N)

]`−i · cn−s+i(τρ̃)
+
[
ρ̃∗c∗(S)c∗(N)−1

]`−k · cm−s(T ρ̃) + cp(S,N, T ρ̃) ,

where cp(S,N, T ρ̃) denotes a polynomial in the Chern classes of TS, N and T ρ̃,
homogeneous of degree p, such that each of its monomials involves the Chern classes
of TS and N of total degree greater than `. Hence, setting ∇̃ρ̃• = (∇̃ρ̃, ρ̃∗∇N ) and
∇ρ̃•0 = (∇ρ̃0, ρ∗0∇N ), we have

cp(∇•) =
k−1∑
i=0

[
ρ̃∗c∗(∇S)c∗(∇N )−1ci(∇N )

]` · cn−s(∇̃ρ̃•)
+
k−1∑
j=1

j∑
i=1

[
ρ̃∗c∗(∇S)c∗(∇N )−1cj−i(∇N )

]`−i · cn−s+i(∇̃ρ̃•)
+
[
ρ̃∗c∗(∇S)c∗(∇N )−1

]`−k · cm−s(∇̃ρ̃) + cp(∇S ,∇N , ∇̃ρ̃) ,
and

cp(∇•,∇•0) =
k−1∑
i=0

[
ρ̃∗c∗(∇S)c∗(∇N )−1ci(∇N )

]` · cn−s(∇̃ρ̃•,∇ρ̃•0 )

+
k−1∑
j=1

j∑
i=1

[
ρ̃∗c∗(∇S)c∗(∇N )−1cj−i(∇N )

]`−i · cn−s+i(∇̃ρ̃•,∇ρ̃•0 )

+
[
ρ̃∗c∗(∇S)c∗(∇N )−1

]`−k · cm−s(∇̃ρ̃,∇ρ̃0) + cp(∇S ,∇N , (∇̃ρ̃,∇ρ̃0)) .

Noting that a relative 2q-cycle γ fibers over a 2` cycle ζ in S, as in the proof of
Theorem 5.7, and that (0, cm−s(∇̃ρ̃), cm−s(∇̃ρ̃0, ∇̃ρ̃)) is a Čech-de Rham cocycle on
the ambient space, by the projection formula and duality ([Su3], Theorem 6.4 and
Remark 6.6), we have∫

γ∩R
cp(∇•) +

∫
γ∩∂R

cp(∇•,∇•0)

=
(∫
Rx

cn−s(∇̃ρ̃•) +
∫
∂Rx

cn−s(∇̃ρ̃•,∇ρ̃•0 )
)
·
k−1∑
i=0

∫
ζ

[
c∗(∇S)c∗(∇N )−1ci(∇N )

]`
+
k−1∑
j=1

j∑
i=1

∫
ζ

[
c∗(∇S)c∗(∇N )−1cj−i(∇N )αi

]`
+
(∫
R̃x

cm−s(∇̃ρ̃) +
∫
∂R̃x

cm−s(∇̃ρ̃, ∇̃ρ̃0)
)
·
∫
ζ

[
c∗(∇S)c∗(∇N )−1ck(∇N )

]`
,

where x is a point in ζ and αi is the 2i-form given by (5.9). Note that the integrals of
cp(∇S ,∇N , ∇̃ρ̃) and cp(∇S ,∇N , (∇̃ρ̃,∇ρ̃0)) vanish by dimension reason, since they
involve the pull-back of forms on S of degree greater than 2`. Recalling that, in
the right hand side above, the first factor of the first term is Vir(v0, x) and the
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first factor in the third term is, by Proposition 3.3, Sch(v0, x) (= 1), we proved the
theorem.

From Theorems 5.7 and 5.10, we get the following Lefschetz type formula for the
Milnor class.

Corollary 5.13. Let S be a non-singular connected component of Sing(V ) such
that V satisfies the Whitney condition along S. Then

µ∗(V, S) =
(
(−1)sµ(V ∩H,x) · (c∗(N)− ck(N))

+ (−1)n
k−1∑
j=1

j∑
i=1

cj−i(N) · ρ∗cn−s+iS (τρ)
)
· c∗(N)−1 · c∗(S) a [S] ,

where H denotes an (m−s)-dimensional plane transverse to S in M . In particular,
when k = 1,

µ∗(V, S) = (−1)sµ(V ∩H,x) · c∗(N)−1 · c∗(S) a [S].

Also, for arbitrary k,

µs(V, S) = (−1)sµ(V ∩H,x) · [S].

Remark 5.14. As is seen from the above proofs, Theorems 5.7 and 5.10 hold under
an assumption weaker than the Whitney condition. Namely, we only need that there
is a Whitney stratification of M compatible with V and S such that the 2(s−r+1)-
skeleton S∩D2q of S is in the top dimensional stratum of S. Accordingly, under this
assumption, we have a formula for µr−1(V, S) taking the terms of corresponding
dimension in 5.13. This will be used in Example 7.2.

Remark 5.15. In the previous version of this paper (Hokkaido University Preprint
Series in Mathematics No. 413, May 1998), we considered the forms ωi on S given
by ωi = ρ∗c

n−s+i(∇̃ρ̃0) + (∂ρ)∗cn−s+i(∇̃ρ̃0,∇ρ̃). They are related to the αi’s by

ωi = Vir(v, x) · ci(∇N ) +
i∑

j=1

ci−j(∇N )αj .

In particular, each ωi is a closed form on S. See [OY] for more properties of ωi.

6. Generalized Milnor number

As in the previous sections, let V ⊂M be defined by a holomorphic section of a
vector bundle of rank k and let S be a connected component of Sing(V ).

Definition 6.1. The generalized Milnor number µ(V, S) of V at S is defined as

µ(V, S) = (−1)n+1
(

Sch(v, S)−Vir(v, S)
)
,

where v is a vector field on a neighborhood U of S in V , non-singular on U \ S.

This definition does not depend on the choice of the vector field v and is equal to
µ0(V, S) in Definition 5.1. If (V, a) is an isolated complete intersection singularity
germ, for a radial vector field v0, Sch(v0, a) = 1 and Vir(v0, a) = χ(F ), where F
denotes the Milnor fiber. Thus the above Milnor number coincides with the usual
one in [Mi], [H], [Lo].

We recall that the classical Milnor number of an isolated singular point [Mi]
has been generalized to the case of non-isolated hypersurface singularities by A.
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Parusiński [P] in the following way. Recall that a hypersurface V in M is always
defined by a holomorphic section s of a line bundle N over M . There is a canonical
vector bundle homomorphism π : TM |V → N |V which extends the one in (4.1).
Note that Sing(V ) coincides with the set of points in V where π fails to be sur-
jective. Now let ∇′ be a connection for N of type (1, 0). This means that in the
decomposition ∇′ = ∇(1,0) +∇(0,1) of ∇′ into the (1, 0) and (0, 1) components, we
have ∇(0,1) = ∂̄. Since s is holomorphic, we have ∇′s = ∇(1,0)s, which is a C∞

section t of T ∗M ⊗ N . Write π̃ : TM → N the corresponding bundle homomor-
phism. Let S be a compact component of Sing(V ) and Ũ a neighborhood of S in
M disjoint from the other components. It is shown in [P] that S coincides with
a connected component of the zero set of t. Then Parusiński defines the Milnor
number µS(V ) to be the intersection number in Ũ of the section t of T ∗M ⊗ N
with the zero section.

Theorem 6.2. For a hypersurface V , we have

µS(V ) = µ(V, S).

Proof. First we give an integral formula for µS(V ), similar to (3.2) for the bundle
T ∗M ⊗ N . Let R̃ be a (D′)-cellular tube around S in Ũ and v0 a radial vector
field near S pointing outward everywhere on ∂R̃. Moreover, let ∇ be an arbitrary
connection for TM on Ũ and ∇• = (∇,∇′) the corresponding pair of connections
on Ũ . There exists a v0-trivial connection ∇0 for TM on Ũ \ S, such that the
pair ∇•0 = (∇0,∇′) is compatible, i.e., such that ∇′ ◦ π̃ = π̃ ◦ ∇0; furthermore, the
restriction of ∇•0 to V0 is compatible. Denote by D the connection ∇∗ ⊗ ∇′ for
T ∗M ⊗N on Ũ and by D0 the connection ∇∗0 ⊗∇′ for T ∗M ⊗N on Ũ \ S. Since
the pair ∇•0 is compatible, the connection D0 is t-trivial. With these, we have

µS(V ) =
∫
R̃
cn+1(D) +

∫
∂R̃

cn+1(D,D0).

We compute

cn+1(D) = (−1)n
(
c1(∇′) · cn(∇•)− cn+1(∇)

)
,

and

cn+1(D,D0) = (−1)n
(
c1(∇′) · cn(∇•,∇•0)− cn+1(∇,∇0)

)
.

By duality ([Su3], Theorem 6.4), we have∫
R̃
c1(∇′) · cn(∇•) +

∫
∂R̃

c1(∇′) · cn(∇•,∇•0)

=
∫
R
cn(∇•) +

∫
∂R

cn(∇•,∇•0) = Vir(v0, S).

On the other hand,∫
R̃
cn+1(∇) +

∫
∂R̃

cn+1(∇,∇0) = χ(R̃) = χ(S) = Sch(v0, S) ,

which proves the theorem.
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7. Examples

Let M be the complex projective space CPm and L→M the hyperplane bundle
(dual of the tautological bundle). Then TM is stably equivalent to (m + 1)L.
Furthermore if V is the intersection of k hypersurfaces in M , each of which being
defined by a homogeneous polynomial of degree dj , 1 ≤ j ≤ k, then N =

⊕k
j=1 L

dj .
Thus, if we set u = c1(L), the total Chern class of TM −N is given by

c∗(TM −N) =
(1 + u)m+1∏
j(1 + dju)

.(7.1)

Example 7.2. Let M = CP3, with homogeneous coordinates [X,Y, Z, T ], and let
Γ be the curve defined by X2−Y T = 0 and Z2−XY = 0. The only singular point
of Γ is the point p0 = [0, 0, 0, 1].

Let us consider the vector field v defined in the affine space T 6= 0 by v =
2x ∂

∂x + 4y ∂
∂y + 3z ∂

∂z , with respect to the affine coordinates (x, y, z) =
(
X
T ,

Y
T ,

Z
T

)
.

The vector field v is tangent to Γ\{p0}, radial outbound from p0 and it has another
singular point p = [0, 1, 0, 0] on Γ where it is also radial. We have Sch(v, p0) = 1
and Sch(v, p) = 1 and χ(Γ) = c0(Γ) = 2 by [Sc2].

On the other hand, the formula of [LSS], p. 186, gives Vir(v, p0) = −1, there-
fore µ0(Γ, p0) = 2 by definition. This implies that the virtual class c1(τΓ) =
c1((TM − N)|Γ) is 0, noting that Vir(v, p) = 1 as p is a regular point of Γ. This
last formula can be also computed directly from (7.1).

Example 7.3. Let M = CP4, with homogeneous coordinates [X,Y, Z, T, U ], and
let V be the cone over the curve Γ of Example 7.2, i.e., the surface defined by
X2 − Y T = 0 and Z2 −XY = 0. If we set p0 = [0, 0, 0, 1, 0] and q = [0, 0, 0, 0, 1],
then the singular set of V is the line S through p0 and q. Let us consider the
Whitney stratification of M consisting of {q}, S \ {q}, V \ S and M \ V .

The vector fields defined in the affine space U 6= 0 by

v1 = 2x
∂

∂x
+ 4y

∂

∂y
+ 3z

∂

∂z
and v2 = x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z
+ t

∂

∂t
,

with respect to the affine coordinates (x, y, z, t) =
(
X
U ,

Y
U ,

Z
U ,

T
U

)
, extend naturally

to the hyperplane at infinity U = 0 and they are stratified vector fields on V . We
define wa = v1 + av2 for a complex number a 6= −2, −3, −4. The singular set of
wa consists of S and the point p = [0, 1, 0, 0, 0] and wa is radial outbound from p
and S.

Since the singular set S is one dimensional, there are two Milnor classes µ0(V, S)
and µ1(V, S). We have Sch(wa, S) = χ(S) = 2 and Sch(wa, p) = 1, hence χ(V ) =
χ(S) + 1 = 3. On the other hand, by (7.1) we have c2(τV ) a [V ] = 8. Since the
point p is regular, Vir(wa, p) = Sch(wa, p) = 1. Thus Vir(wa, S) = 8 − 1 = 7 and
µ0(V, S) = Vir(wa, S)− Sch(wa, S) = 5.

The Milnor class µ1(V, S) can be computed using Corollary 5.13 (see also Remark
5.14). In this case, s = r − 1 and, with the above stratification, the 0-skeleton (of
the dual cellular decomposition) of S is in the top-dimensional stratum S \ {q} of
S. Hence we have

µ1(V, S) = −µ0(Γ, p0) · [S].

By Example 7.2, µ0(Γ, p0) = 2, thus µ1(V, S) = −2[S].



1370 J.-P. BRASSELET, D. LEHMANN, J. SEADE, AND T. SUWA

References

[A1] P. Aluffi, Singular schemes of hypersurfaces, Duke Math. J. 80 (1995), 325-351. MR
97b:14057

[A2] P. Aluffi, Chern classes for singular hypersurfaces, Trans. Amer. Math. Soc. 351 (1999),
3989–4026. CMP 99:15

[BB] P. Baum and R. Bott, Singularities of holomorphic foliations, J. Differential Geom. 7
(1972), 279-342. MR 51:14092

[Bo] R. Bott, Lectures on characteristic classes and foliations, Lectures on Algebraic and Dif-
ferential Topology, Lecture Notes in Mathematics 279, Springer-Verlag, New York, Heidel-
berg, Berlin, 1972, pp. 1-94. MR 50:14777
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