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REGULARITY OF ISOPERIMETRIC HYPERSURFACES
IN RIEMANNIAN MANIFOLDS

FRANK MORGAN

Abstract. We add to the literature the well-known fact that an isoperimetric
hypersurface S of dimension at most six in a smooth Riemannian manifold M
is a smooth submanifold. If the metric is merely Lipschitz, then S is still
Hölder differentiable.

1. Introduction

Our Corollary 3.7 adds to the literature the well-known fact that an isoperimetric
hypersurface S of dimension at most six in a smooth Riemannian manifold M is
a smooth submanifold. (Corollary 3.8 treats higher dimensions.) It seems to be
generally recognized that this result follows from the methods of Almgren [A],
although it does not quite follow from his stated results, and his memoir [A] is
intricate and difficult. Fortunately it follows from the elegant although weaker
reformulation by Bombieri [B], which also covers the nontrivial one-dimensional
case excluded for convenience by Almgren [A, I.10(a), p. 38; IV.3(1), p. 96]. White
[W, paragraph preceding Thm. 6.2] remarks that it also follows from Schoen and
Simon [SS].

The reason that the result does not follow formally from Almgren [A, Main Regu-
larity Theorem IV.13(5)] is that he assumes that the full set of approximate tangent
vectors Tanm(S, p) is a plane [A, IV.9(9c)], while one knows only that some oriented
tangent cone is a plane. Bombieri [B, Rmk., p. 129] explains why the weaker hypoth-
esis suffices. Incidentally, this seems to be used without explanation throughout
Taylor’s extension of Almgren to a classification of singularities in two-dimensional
soap bubble clusters in R3 [T1] or in three-dimensional Riemannian manifolds [T2].
In that dimension, Taylor’s theorem [T2, Cor. 5] essentially subsumes our Corollary
3.7, because isoperimetric hypersurfaces are “(M, ε, δ) minimal”, at least as long
as the ambient Riemannian metric is Lipschitz (Proposition 3.1).

Assuming the ambient Riemannian metric to be Lipschitz is enough to prove the
isoperimetric hypersurface S to be C1,α for all α < 1. For smoother metrics, higher
smoothness for S follows by Schauder theory (Proposition 3.3).

Regularity for the special case of area-minimizing hypersurfaces (with no volume
constraint) is provided in Rn by Federer [F2], whose results apply to C2 Riemannian
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metrics (see [M, 8.5], [F1, 5.3.19]), although not to the more general Lipschitz
Riemannian metrics treated herein.

1.1. Piecewise smooth Riemannian manifolds. In section 4, we specialize to
piecewise smooth Riemannian manifolds such as a cylindrical can, as studied by the
2002 Williams College NSF “SMALL” undergraduate research Geometry Group
[Co]. Their study of some Lipschitz Riemannian metrics inspired this paper.

2. Definitions

We consider at least Ck,α manifolds with Ck−1,α Riemannian metric, such as
Ck,α submanifolds of Euclidean space in the induced metric.

According to the most general definition, an n-dimensional isoperimetric hyper-
surface S minimizes area (n-dimensional Hausdorff measure) among topological
boundaries of (measurable) regions R (of multiplicity one) of prescribed volume, ei-
ther in a complete manifold M or, locally, in competition with compactly supported
changes inside small open balls.

Technically it is more convenient for us to minimize the mass of the current
boundary [M]. If the topological boundary has (locally) finite area, then the current
boundary is rectifiable and has no more mass [F1, 4.5.12, 2.10.6]. On the other hand,
a current boundary of least mass, which exists at least locally by compactness [M,
5.5], coincides with the topological boundary by regularity (Corollary 3.8 below).
Therefore in the end the two definitions agree.

3. Isoperimetric hypersurface regularity

Corollaries 3.7 and 3.8 say that an n-dimensional isoperimetric hypersurface is
an embedded submanifold for n ≤ 6, with singular set of Hausdorff dimension at
most n− 7 for n ≥ 7. These corollaries follow from Proposition 3.5, which provides
regularity wherever some oriented tangent cone is a hyperplane.

Proposition 3.1 shows that isoperimetric hypersurfaces satisfy Bombieri’s almost
minimality condition. Part (1) is due to Almgren [A, VI.2(3)] and requires a Lips-
chitz Riemannian metric. It provides a technically simpler approach than Gonzalez
et al. [GMT] for extending regularity from area-minimizing hypersurfaces to isoperi-
metric hypersurfaces.

3.1. Proposition. Let S = ∂R be a rectifiable hypersurface bounding a region (of
multiplicity one) of finite volume in a manifold with a Lipschitz Riemannian metric.

If S is isoperimetric, then there are constants C1 > 0, δ > 0 such that for any
change in S and R supported inside an r-ball B with r ≤ δ, the changes in area
and volume satisfy

(1) ∆A ≥ −C1|∆V |.
If (1) holds, then there is a constant C > 0 such that for any rectifiable change

Y in R, possibly with multiplicity, supported in an r-ball B with r ≤ δ,
(2) ∆A ≥ −CrA′,
where A′ = area(SbB + ∂Y ).

Proof. To prove (1), it suffices to produce variations in a small neighborhood of each
of two points p1, p2 with arbitrary small changes in volume ∆V and corresponding
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changes in area satisfying |∆A| ≤ C1|∆V |. Then changes inside any small ball, nec-
essarily well away from at least one pi, must satisfy (1); otherwise restoring volume
about pi would provide a net decrease in area, a contradiction of the isoperimetric
hypothesis.

By the Gauss-Green-De Giorgi-Federer Theorem ([F1, 4.5.6], [M, 12.2]), at al-
most all points of S = ∂R, R has a measure-theoretic exterior normal and the
approximate tangent cone is a halfspace. Consider such a point p. We may assume
that p lies in Rn+1 with a Lipschitz metric. As in Almgren [A, VI.9], there are
a small ball Bp about p and a constant C1 > 0 such that for small |t| there is a
smooth family of diffeomorphisms ϕt of Bp with ϕ0 the identity such that

dV

dt

∣∣∣∣
t=0

≈ 1 and |∆A| ≤ C1t/2.

The diffeomorphisms simply locally push S into the complement of R. C1 depends
only on the size of Dϕt, the total area inside Bp, and the Lipschitz constant of the
metric. It follows that |∆A| ≤ C1|∆V | as desired. (Almgren assumes the metric
C1 [A, VI.1(8b)], but only needs Lipschitz.)

Now we prove (2). Let A0 = area(SbB). To prove as desired that for small r

(3) A′ −A0 ≥ −CrA′,

it is equivalent to show that for small r

(4) A′ −A0 ≥ −C2rA0.

Discard parts of the new region R + Y with multiplicity other than 0 or 1; by the
Gauss-Green-De Giorgi-Federer Theorem, this can only reduce A′. Now by (1),

(5) ∆A ≥ −C3r
n+1,

where n+ 1 is the ambient dimension. On the other hand, by (1) and the isoperi-
metric inequality,

(6) ∆A ≥ −C4(A0 +A′)(n+1)/n.

By (5) and (6)

∆A ≥ −C5r(A0 +A′),

which implies (4) and (3) as desired.

3.2. Proposition (Monotonicity, density, oriented tangent cone). Let p be a point
in the support of an isoperimetric surface S in a manifold M with C0,α Riemannian
metric. Then the density of S at p exists and is at least 1. At p, S has an oriented
tangent cone C in the tangent space to M . The cone C is area minimizing and the
boundary of a region (of multiplicity one). In C1,α local coordinates about p with
the metric standard at p, there is a constant c > 0, such that if E(r) denotes the
Euclidean area of S in a small Euclidean r-ball about p, then

(1) r−nE(r)ecr
α

is monotonically nondecreasing.

Proof. Choose local coordinates with p at the origin so that the metric satisfies

(2) |gij(x)− δij | ≤ C1|x|α.
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By Proposition 3.1(2) there is a C2 � C1 such that inside a small Euclidean ball
B of radius r about p, the area A of S and the area A′ of the Euclidean cone over
the slice of S by the boundary of B satisfy

(3) A ≤ (1 + C2r)A′.

For almost all small r, the Euclidean area E of S and the Euclidean area E′ of the
cone satisfy

(4) E′ ≤ r

n

dE

dr
,

where n is the dimension of S ([F1, 4.2.1] or [M, 4.11(3)]). Combining (2)–(4)
yields, for almost all small r,

E ≤ (1 + C2r
a)A ≤ (1 + C2r

α)2A′

≤ (1 + C2r
α)3E′ ≤ (1 + 4C2r

α)
r

n

dE

dr
,

and hence
r

n

dE

dr
≥ (1− 4C2r

α)E.

Therefore with c = 4C2n/α,

(5) r−nE(r)ecr
α

is monotonically nondecreasing, because its derivative is nonnegative almost every-
where, proving (1). (Although we have not proved E(r) absolutely continuous, it
is obviously nondecreasing, and therefore r−nE(r)ecr

α

is greater than or equal to
the integral of its derivative and hence nondecreasing.)

It follows that the Euclidean density limr→0E(r)/αnrn exists and is at least 1
(see [M, Cor. 9.6]). By (2), the density in terms of A and metric balls is the same.

In particular, for small balls, the mass ratio E(r)/αnrn is bounded. Hence inside
any fixed ball about the origin in Rn+1, large homothetic expansions of S have
bounded area. By compactness for locally rectifiable currents ([M, 9.1], [Si, 27.3,
31.2]), they converge to a locally rectifiable current C. Since volume constraints
become negligible under homothetic expansion, as a limit of homothetic expansions
of an isoperimetric surface, C is area minimizing in the limit, Euclidean metric.
Since S is the boundary of a region, so is C. Its area C(r) inside an r-ball satisfies

r−nC(r) = lim
r→0

r−nE(r).

Since r−nC(r) is constant, C is a cone [F1, proof of 5.4.3(5)].

The following proposition of Schauder theory will be used to deduce the higher
regularity of isoperimetric hypersurfaces. Here ui denotes a component ∂u/∂xi of
∇u.

3.3. Proposition (Schauder theory). Let u be a real-valued C1,β function on a
domain in Rn such that the graph of u is stationary for an integral of the form∫

F (x, u,∇u),

or equivalently such that u satisfies weakly the associated Euler-Lagrange equation

(1)
∑ ∂

∂xi

∂F

∂ui
=
∂F

∂u
,
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where for some k ≥ 2, 0 < α < 1, F and ∂F/∂ui are Ck−1,α, and F is elliptic,
i.e., ∂2F/∂ui∂uj is positive definite.

Then u is Ck,α. If furthermore F is real analytic, then u is real analytic.

Remarks. Stationarity means that for any smooth function η of compact support,

(2)
d

dt

∫
F (x, u+ tη,∇(u + tη))|t=0 = 0.

Satisfying (1) weakly means that for any smooth function η of compact support,

(3)
∫ ∑ ∂F

∂ui
ηi +

∂F

∂u
η = 0.

Conditions (2) and (3) are equivalent via integration by parts.
We actually prove regularity for a C1,β solution of any elliptic equation of the

form

(4)
∑ ∂

∂xi
ai(x, u,∇u) = a(x, u,∇u)

with ai Ck−1,α and a Ck−2,α. Indeed, Leon Simon tells me that these results hold for
any Lipschitz solution by De Giorgi-Nash theory; the standard additional hypothesis
that a be at least C1 or Lipschitz (Morrey [My1, Common Condition, p. 29, for
Thm. 1.10.4] or Ladyzhenskaya and Ural′tseva [LU, Chap. 4, Thm. 6.4]) may be
relaxed by a slight modification of the so-called difference quotient argument [My1,
sect. 1.11], used to prove that u has L2 second derivatives. Then De Giorgi-Nash
theory, applied to linear equations of divergence form for the partial derivatives of
u, shows that u is C1,β for some β > 0. Once u is C1,β , as in our applications, that
u is Ck,α follows by Schauder theory (or De Giorgi-Nash theory, if you do not care
about the exact value of the Hölder exponent). For outlines of the whole argument,
see [LU, bottom of page 283], [My1, sect. 1.11], or [Gi, Appendix C].

The hypothesis that u be Lipschitz can be relaxed further.
Proposition 3.3 and its proof hold as well for a vector-valued function u and

the associated system of partial differential equations. (For systems there is no
De Giorgi-Nash theory, but the hypothesis on u may be relaxed from C1,β to C1

via Calderon-Zygmund Lp estimates.)

Proof. Differentiating (1) shows that each partial derivative v = ∂u/∂x` weakly
satisfies an elliptic partial differential equation in divergence form:

(5)
∑ ∂

∂xi

(
aij

∂v

∂xj
+ fi

)
= 0,

where

aij(x) =
∂2F

∂ui∂uj
(x, u(x),∇u(x))

and

fi =
∂2F

∂ui∂u
(x, u(x),∇u(x))

∂u

∂x`
(x) +

∂2F

∂ui∂x`
(x, u(x),∇u(x))

− δi`
∂F

∂u
(x, u(x),∇u(x)).

Since the aij and fi are C0,αβ , by Schauder theory for equations of divergence form
([G, Chap. III, Thm. 3.2, p. 88], [My1, Thm. 5.5.3(b)], [CW, Thm. 2.6]), v is C1,αβ

and u is C2,αβ . Therefore aij and fi are C0,α and u is C2,α. By bootstrapping
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(differentiating the equation and repeating the argument), we eventually conclude
that u is Ck,α as desired. If F is real analytic, then u is real analytic [My1, Thm.
5.8.6].

3.4. Proposition. In Proposition 3.3, if the smoothness hypotheses are relaxed to
F and ∂F/∂ui Lipschitz and ∂2F/∂ui∂uj continuous, then u is still C1,α for all
α < 1.

Proof. Such regularity follows from a sharper but less accessible statement of
Schauder theory of Morrey [My2, Thm. 4.7], once S is the graph of a function
u with second derivatives in L2. Indeed, 3.3(1) can now be expanded as∑ ∂2F

∂ui∂uj
uij +

∂2F

∂ui∂u
ui +

∂2F

∂ui∂xi
=
∂F

∂u
.

The coefficients are all bounded, and the leading coefficients

∂2F

∂ui∂uj
(x, u(x),∇u(x))

are continuous, so that Morrey’s theorem [My2, Thm. 4.7] applies.
The starting hypothesis that u has second derivatives in L2 follows formally from

3.3(1) by multiplying through by the Laplacian of u and integrating by parts, if
for example F and its derivatives with respect to the ui are Lipschitz. A rigorous
proof approximates unjustified derivatives by difference quotients (see e.g. [My1,
sect. 1.11], [E, sect. 6.3], [GT, sect. 8.3], [CW, Chap. 1, Thm. 5.1]).

Our main regularity results will be corollaries of the following fundamental reg-
ularity result.

3.5. Proposition (Tangent hyperplane implies regularity). Let S be an n-dimen-
sional isoperimetric hypersurface in a manifold M with a Ck−1,α (k ≥ 1, 0 < α < 1)
and Lipschitz Riemannian metric. At every point p where an oriented tangent cone
to S is a hyperplane, S is a Ck,α submanifold ; if M is real analytic, then S is real
analytic.

Proof. We will apply the Main Regularity Theorem after Almgren of Bombieri [B,
p. 102]. Locally we view S as a hypersurface in Rn+1 with a Lipschitz Riemannian
metric Ψ, a simple example of what Bombieri [B, Def. 2, p. 101] calls a λ-elliptic
integrand. Although Bombieri assumes that Ψ is C2, he uses [B, bottom of p. 103]
only that Ψ, as a function of position z and direction θ, is C2 in θ (whereas a
metric is real-analytic in θ) and that Ψ and DθΨ are Lipschitz in z. Since at a
point a metric is determined by finitely many parameters, actually all derivatives
Dm
θ Ψ are Lipschitz in z. By Proposition 3.1(2), S is what Bombieri calls (Ψ, ω, δ)-

minimal for ω(r) of the form Cr. By Bombieri’s Main Theorem [B, p. 102], S is
a C1 submanifold on an open dense subset of S. Actually in his proof [B, p. 127],
in parallel with a similar result of Almgren [A, IV.13(5)], Bombieri proves such
regularity at all points of S where (A) the density has a local minimum and (B)
the set of tangent vectors to the support lies in a hyperplane. In a later Remark
[B, p. 129], Bombieri explains that hypothesis (B) may be replaced by

(B′) some oriented tangent cone to S is a hyperplane.

By hypothesis, (B′) holds at p. By Proposition 3.2, (A) holds at p. Therefore S is
a C1 submanifold at p.
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Bombieri’s Remark holds because some subsequence of homothetic expansions
converges to the hyperplane, and hence, by lower mass bounds, must lie in a narrow
wedge about the hyperplane, which suffices for Bombieri’s proof of regularity.

Incidentally, Bombieri’s Remark presumably applies to Almgren’s regularity re-
sult [A, IV.13(5)] and seems to be assumed in applications of Almgren to soap
bubble clusters [T1] and Riemannian manifolds, but it is difficult to check all the
details in Almgren’s complicated Memoir.

Next we explain that Bombieri’s proof actually shows that S is C1,1/2 at p. By
his Main Lemma [B, p. 117] on excess decay, inside a small r-ball the so-called
excess satisfies

Exc(r) ≤ C1r
2 + C2r ≤ C3r.

(The starting hypothesis of small excess holds for any C1 surface.) Consequently,
his function Φ(r) [B, p. 125] satisfies

Φ(r) ≤ C4(r2−ε + r + r)1/2 ≤ C5r
1/2.

Now his function ` [B, p. 126] satisfies

|`(a)− `(b)| ≤ C6r
1/2,

which means that S is C1,1/2. (In his slightly more general context, Almgren [A,
IV.13(5)] proves only that S is C1,α for all α < 1/2.)

Higher smoothness for k ≥ 2 follows from Schauder theory (Proposition 3.3).
Indeed, in local coordinates with C1,1 and Ck−1,α metric standard at the origin,
view S as the graph of a C1,1/2 function u(x). For smooth variations, area A and
volume V must satisfy δA = λδV for some real Lagrange multiplier λ, so that
A − λV , which is given by an integral of the form I =

∫
F (x, u,∇u), has first

variation 0. Like the metric, the integrand has F and ∂F/∂uiC
k−1,α and ∂F/∂u

Lipschitz. Thus Proposition 3.3 provides the asserted regularity for k ≥ 2. The
more delicate case k = 1 follows from Proposition 3.4.

3.6. Remark. In a manifold with C2 Riemannian metric, every point has a neigh-
borhood in which any two points are joined by a unique geodesic, which is the
shortest path between the points. Such uniqueness can fail for a C1,1 Riemannian
metric, although normal coordinates still exist about a point. Normal coordinates
need not exist for a C1,α Riemannian metric with α < 1. See [LM, sect. 3].

The following two corollaries are the main results of this paper.

3.7. Corollary (Regularity in low dimensions). For n ≤ 6, let S be an n-dimen-
sional isoperimetric hypersurface in a manifold M with Ck−1,α (k ≥ 1, 0 < α < 1)
and Lipschitz Riemannian metric. Then S is locally a Ck,α submanifold. (If n = 1
and k = 1, then S is C1,1.) If the metric is real analytic, then S is real analytic.

Proof. The corollary follows from Proposition 3.5 and the fact that the only area-
minimizing hypercones in Euclidean space of dimension at most seven are hyper-
planes ([Sis, Thm. 6.1.1, p. 102], [F1, 5.4.14], or [M, 10.5]). For n = 1, S is always
C1,1 because a C1 curve of weakly bounded curvature 3.1(1) is C1,1.

3.8. Corollary (Regularity in general dimension). Let S be an n-dimensional
isoperimetric hypersurface in a manifold M with Ck−1,α (k ≥ 1, 0 < α < 1)
and Lipschitz Riemannian metric. Then except for a set of Hausdorff dimension
at most n − 7, S is locally a Ck,α submanifold ; real analytic if the metric is real
analytic.
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Proof. This result for area-minimizing hypersurfaces in Rn+1 is due to Federer
[F2]. There is a constant Υ(n) > 1 such that an n-dimensional area-minimizing
hypercone in Rn+1 with density less than Υ is a hyperplane [F1, Thm. 5.4.7]. By
Proposition 3.5, S is regular at any point of density less than Υ. It follows by
a limit argument [F2, Lemma 2] that the Hausdorff dimension of the singular set
of S is less than or equal to the Hausdorff dimension of the singular set of some
area-minimizing (tangent) hypercone in Rn+1, which is at most n − 7 [F2, Thm.
1].

We defined isoperimetric hypersurfaces as current boundaries of regions of mul-
tiplicity one. If one allows regions of variable integer multiplicity, one still has the
following regularity.

3.9. Corollary (Hypersurfaces with multiplicity). Let S be an n-dimensional iso-
perimetric hypersurface with variable integer multiplicity in a manifold with C2 (or
C1,1) and Ck−1,α (k ≥ 2, 0 < α < 1) Riemannian metric. Then except for a set of
Hausdorff dimension at most n − 7, S is a locally Ck,α submanifold, real analytic
if the metric is real analytic.

Proof. S can be decomposed into nested hypersurfaces of multiplicity one ([F1,
4.5.17] or [M, p. 98]), for which regularity holds by Corollary 3.8. The collection
is locally finite by monotonicity 3.2(1). If two nested hypersurfaces intersect at a
regular point of each, they coincide locally by Hopf’s maximum principle [H, Satz
1′]. Indeed, as in the proof of Proposition 3.5, locally the surfaces are graphs of
functions stationary for

A− λV = I =
∫
F (x, u,∇u),

with F and F∇u both C2 because the metric is C2 in position and smooth in
direction. Consequently they satisfy the Euler-Lagrange equation

∂F

∂u
=
∑ ∂

∂xi

∂F

∂ui
=
∑ ∂2F

∂ui∂uj
uij +

∂2F

∂ui∂u
ui +

∂2F

∂ui∂xi
,

which has C1 coefficients and therefore satisfies the hypotheses of Hopf; see Serrin
[Se] for further explanation and the extension to Lipschitz coefficients, i.e., from C2

to C1,1 Riemannian metrics.

3.10. Manifolds with densities. The results of this paper extend to a Riemannian
manifold with a positive density function ϕ(x) (a weighting for volume and area)
which is as smooth as the metric (see Gromov [Gr] or Ros [R, sect. 1.4]). Indeed,
Propositions 3.1, 3.2, and 3.5 still hold locally for unweighted area, although the
proof of higher smoothness requires weighted area and volume. The density of a
hypersurface can be taken with unweighted area.

4. Piecewise smooth Riemannian manifolds

Proposition 4.4 shows that an isoperimetric curve γ2 in a piecewise smooth Rie-
mannian surface crosses a singular curve γ1 only at isolated points, as long as the
curvature of γ2 is distinct from the one-sided curvatures of γ1.

Cotton et al. [Co] characterize isoperimetric curves in examples of more general
surfaces, including the surface of the cube as well as the cylindrical can.
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4.1. Definition. A piecewise smooth Riemannian manifold M consists of a locally
finite collection of smooth (C∞) Riemannian manifolds with boundary glued along
isometric components of boundary. One may assume that the metric is continuous,
hence Lipschitz, so that our regularity results (Corollaries 3.7 and 3.8) apply.

Examples include piecewise smooth hypersurfaces in Euclidean space, such as
a cylindrical can Σ ⊂ E3, with top, bottom, and sides. Although Σ is a merely
Lipschitz submanifold of E3, it has C1,1 coordinates and a Lipschitz Riemannian
metric. (Note that normal coordinates do not exist about a point on the rim; see
Remark 3.6.) The surface of a unit cube in E3 fails to be piecewise smooth at the
eight vertices, but it is a smooth Riemannian manifold elsewhere, with the edges
removable singular curves.

In a piecewise smooth Riemannian manifold, a singular hypersurface where pieces
meet has a one-sided curvature (second fundamental form) on each side. For ex-
ample, the rim of a cylindrical can has zero curvature from the side but nonzero
curvature from the top.

4.2. Proposition. Given ε > 0, there exist δ > 0, C > 0 such that a digon in the
Euclidean plane as in Figure 4.2 with angles α1, α2 and sides `1, `2 of curvatures
κ1, κ2 satisfying

`i ≤ d, |κi| ≤ 1/ε, |∆κi| ≤ `i/ε,
k = minκ1 −maxκ2 ≥ ε,

also satisfies
α2 ≥ (1− Cα1)α1.

Proof. For δ small, consider the sides as graphs y = fi(x), 0 ≤ x ≤ s1 +s2, over the
line through the vertices as in Figure 4.2, where s1 is a maximum of h = f2 − f1.

For δ small, the following are small and comparable in size (within a bounded
factor of each other): l1, l2, s1, s2, α1, α2, t1 = tanα1, t2 = tanα2. The following
are O(`1): |f ′i |, |h′|, κ1 −minκ1,maxκ2 − κ2, |f ′′1 −min κ1|, |maxκ2 − f ′′2 |, |h′′ − k|.
Therefore since e.g. h′(0) = t1,

t1s1 −
1
2

(k +O(`1))s2
1 ≤ maxh ≤ t2s2 +

1
2

(k +O(`1))s2
2.

Since |si − ti/k| = O(`21), t22 ≥ (1−O(`1))t21 and hence

α2 ≥ (1−O(`1))α1,

as desired.

Figure 4.2. A small digon with nice curvatures has approxi-
mately equal angles.
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Figure 4.3. In a Riemannian surface, a small digon along a curve
with nice curvatures has approximately equal angles.

4.3. Proposition. Let γ be a short interval of a smooth curve in a smooth Rie-
mannian surface. Given ε > 0, there exist δ > 0, C > 0 such that a digon as in
Figure 4.3 with one side along γ of length `1 and curvature κ1(x), the other side of
length `2 and curvature κ2(x), and interior angles α1, α2 satisfying

`i ≤ δ, |κi| ≤ 1/ε, |Dκi| ≤ `i/ε,
k = minκ1 −maxκ2 ≥ ε,

also satisfies
α2 ≥ (1− Cα1)α1.

Proof. For Fermi coordinates about a geodesic, along the geodesic, gij = δij and
g11,1 = Γ1

11 = Γ2
11 = 0. By smoothness, there is a constant C1 > 0 such that

for Fermi coordinates in a small neighborhood about the unique shortest geodesic
joining points of γ a distance 1 apart,

|gij − δij | ≤ C1`1, |gjj,j | ≤ C1`1, |Γ1
11| ≤ C1`1, |Γ2

11| ≤ C1`1.

The magnitude of the curvature of a curve parameterized by arclength is given by

ẍ+ Γ1
11ẋ

2 + 2Γ1
12ẋẏ + Γ1

22ẏ
2,

ÿ + Γ2
11ẋ

2 + 2Γ2
12ẋẏ + Γ2

22ẏ
2.

There is a constant C2 > 0 such that for the sides of any of our digons, |ẏ| ≤ C2`1.
We claim that there is a constant C3 > 0 such that the differences of the curvatures
of a side of a digon in the given and Euclidean metrics is bounded by C3`1. By our
previous estimates, it suffices to show that

(1)
∣∣∣∣d2x

ds2
− d2x

dt2

∣∣∣∣ = O(`1) and
∣∣∣∣d2y

ds2
− d2y

dt2

∣∣∣∣ = O(`1),

corresponding to the arclength parameterizations in the given and Euclidean met-
rics. By the chain rule

d2x

ds2
=
d2x

dt2

(
dt

ds

)2

+
dx

dt

d2t

ds2

and similarly for d2y/ds2. Since |gij − δij | ≤ C1`1, it follows that dt
ds = 1 + O(`1).

Since y = O(`1) and |g11,1| = O(`1), it follows that d2t
ds2 = O(`1). Consequently, (1)

and our claim follow. Now Proposition 4.3 follows from Proposition 4.2.
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4.4. Proposition. Let p be a point on a (smooth) singular curve γ1 in a piecewise
smooth Riemannian surface. Let γ2 be a C1 curve through p, C2 with curvature
κ2 off γ1, which does not coincide with γ1 in any neighborhood of p. Suppose that
there are real constants C and κ0, with κ0 distinct from the one-sided curvatures of
γ1 such that

|κ2(x) − κ0| ≤ C dist(x, p).

Then p is an isolated point of γ2 ∩ γ1.

Proof. Suppose not. Then the one-sided curvatures of γ1 at p must satisfy

κ− < κ0 < κ+.

Indeed, near p, γ2− γ1 consists of infinitely many short intervals. Consideration of
such intervals above γ1 shows that κ0 < κ+, while consideration of such intervals
below γ1 shows that κ− < κ0; moreover, γ2 crosses γ1 transversally. By Proposition
4.3, successive (small) crossing angles satisfy αn ≥ (1 − C1αn−1)αn−1, and hence
the distances between crossings satisfy

`n ≥ (1− C2`n−1)`n−1, `n − `n−1 ≥ −C3`
2
n.

Hence `n is bounded below by a solution to the differential equation y′ = −C3y
2,

namely y = 1
C3x+C4

. Hence
∑
`n =∞, the desired contradiction.
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