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CLOSED TIMELIKE GEODESICS IN COMPACT SPACETIMES

MOHAMMED GUEDIRI

Abstract. Let M be a compact spacetime which admits a regular globally
hyperbolic covering, and C a nontrivial free timelike homotopy class of closed
timelike curves in M. We prove that C contains a longest curve (which must
be a closed timelike geodesic) if and only if the timelike injectivity radius of
C is finite; i.e., C has a bounded length. As a consequence among others,
we deduce that for a compact static spacetime there exists a closed timelike
geodesic within every nontrivial free timelike homotopy class having a finite
timelike injectivity radius.

1. Introduction

An old existence theorem (cf. [5], [14], or [18]) for closed geodesics on Riemannian
manifolds asserts that in any nontrivial free homotopy class of closed curves on
a compact Riemannian manifold there exists a shortest curve, which must be a
nontrivial closed geodesic.

Very little is known at present concerning an analogue of this result for compact
spacetimes. In a spacetime, there are three types of geodesics: timelike, null (light-
like), and spacelike geodesics. Timelike and null geodesics represent, respectively,
free falling particles and light rays, while a spacelike geodesic has no physical mean-
ing given that it should represent a particle moving faster than light. Accordingly,
it would be of interest to obtain a corresponding result for nonspacelike geodesics.
Actually, since timelike geodesics maximize Lorentz distance between two points
and since any curve can be deformed into a null curve which has zero length, we
seek the longest curve instead of the shortest curve. Given a nontrivial free time-
like homotopy class C of closed timelike curves on a compact spacetime (M, g) , it is
evident that a necessary condition for the existence of a longest curve in C (which
must be a closed timelike geodesic) is that C should be bounded in length (we shall
say in such a case that C has a finite timelike injectivity radius). Accordingly, it is
natural to ask whether this necessary condition is also a sufficient condition for the
existence of a longest curve in a given C.

As Galloway noticed in [6], p. 384, one can conceive the difficulty that a se-
quence of curves in C whose lengths approach the supremum of lengths of all curves
that belong to C may be approaching a closed null geodesic, and to overcome this
difficulty he made a stronger assumption (called of stability) that C is bounded in
length with respect to a new Lorentz metric wider than g. He established the exis-
tence of a longest curve (i.e., a closed timelike geodesic) in every stable nontrivial
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free timelike homotopy class of closed timelike curves on a compact spacetime. Pre-
viously, Tipler [19] established the existence of a closed timelike geodesic in every
compact spacetime admitting a regular covering that contains a compact Cauchy
hypersurface.

Very recently, we provided in [9] and [11] the first examples of compact flat
spacetimes with no closed timelike geodesics. Since the universal covering of such
spacetimes is a Minkowski spacetime, this obviously shows that when the Cauchy
hypersurfaces are not required to be compact then Tipler’s result does not hold
if no additional condition is made. On the other hand, we proved in [9] and [10]
that on a compact spacetime with a regular globally hyperbolic covering (i.e., the
Cauchy hypersurfaces are not necessarily compact) there always exists a longest
curve (which is a closed timelike geodesic) within every nontrivial free timelike
homotopy class which is determined by a deck transformation which is central
or a Clifford translation. As an immediate consequence of this, we derived that
Tipler’s result remains valid when the compactness assumption on the Cauchy
hypersurfaces is replaced by the assumption that the fundamental group of the
spacetime is abelian or consists purely of Clifford translations.

In connection with this, we should also mention the work of Wegner [20]. By
using the notion of quasi-limits first introduced in [15], pp. 404-407, he proved
the following result. Let M be a compact spacetime which is timelike geodesically
complete, and C a nontrivial free timelike homotopy class which is bounded in
length, and let L denote the supremum of lengths of all curves that belong to C.
Then either C contains a closed timelike geodesic of length L, or for each sequence
of curves in C whose lengths approach L every quasi-limit curve is an inextendible
null geodesic (which is not necessarily closed).

In this paper, we shall give an affirmative answer to the question we raised above
in the important case of a compact spacetime admitting a regular globally hyper-
bolic covering space. The outline of the paper is as follows. In Section 2 we give
some preliminary definitions and properties from causal theory. In particular, after
presenting what we have introduced in [9] and called the timelike injectivity radius
for a free t-homotopy class (recall that it was defined to be one-half the supremum
of lengths of all closed curves belonging to that class) we show that, for a compact
spacetime admitting a regular globally hyperbolic covering, the timelike injectivity
radius is finite whenever the displacement function associated to the t-homotopy
class is invariant under the action of the group of deck transformations. This is for
instance the case when the deck transformation determining the t-homotopy class
is central or a Clifford translation. Section 3 is the main part of this paper. It con-
tains our main result which provides an affirmative answer to the question raised
above in the important case of a compact spacetime admitting a globally hyperbolic
covering space. This improves Tipler’s result [19] mentioned above and the results
in [9] and [10]. In Section 4, by combining our main result with Synge’s lemma
for Lorentzian manifolds in [6], we derive a Lorentzian version of the well known
Synge’s theorem. In the last section (Section 5), we present some applications of
the main theorem in the important case of a static spacetime; that is, a spacetime
which admits a timelike Killing field whose orthogonal distribution is integrable.
Namely, we prove that in a compact static spacetime, every free t-homotopy class
with finite timelike injectivity radius contains a closed timelike geodesic. This in
particular establishes the existence of closed timelike geodesics in every compact
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static spacetime with fundamental group that is either abelian, consists purely of
Clifford translations, or has the property that every conjugacy class in it is finite.

2. Preliminaries

We recall the basic definitions from causal theory which will be needed in this
paper. Complete details may be found in [1, 13, 15].

Throughout this paper, a spacetime (M, g) will indicate a connected manifold M
of dimension n ≥ 2 with a Lorentz metric g of signature convention (−, +, . . . , +)
such that (M, g) is assumed to be time-orientable. A tangent vector X to M is said
to be timelike, spacelike or null (lightlike) according to whether g(X, X) < 0, > 0
or = 0, respectively. Similarly, a smooth curve in M is said to be timelike, spacelike
or null if its tangent vector field is always timelike, spacelike or null, respectively.

2.1. Globally hyperbolic spacetimes. A fundamental concept in Lorentz geom-
etry is global hyperbolicity. It is defined as follows: Let (M, g) be a spacetime. For
a given x ∈ M, the set

J+ (x) = {y ∈ M : there is a future directed nonspacelike curve from x to y}
is called the causal future of x. The causal past J− (x) of x is defined dually. By
definition, (M, g) is said to be globally hyperbolic if it is strongly causal and the set
J+ (x) ∩ J− (y) is compact for all x, y ∈ M . Recall that (M, g) is strongly causal
if for each x ∈ M , nonspacelike curves that start arbitrarily close to x and leave
some fixed neighborhood cannot return arbitrarily close to x. The idea here is to
say that there is no almost closed nonspacelike curves.

Global hyperbolicity can also be characterized in terms of Cauchy hypersurfaces.
A subset S of M is a Cauchy hypersurface if and only if each inextendible nonspace-
like curve intersects S once and only once. A basic result (see [13]) of causal theory
asserts that a spacetime is globally hyperbolic if and only if it admits a Cauchy
hypersurface.

2.2. The Lorentzian distance. The Lorentzian distance function dg : M ×M →
R+ for a spacetime (M, g) is defined as follows. Given x, y ∈ M, let C (x, y) denote
the set of all future-directed nonspacelike curves from x to y which are piecewise
smooth. Set dg (x, y) = 0 if y /∈ J+ (x) and dg (x, y) = sup {Lg (γ) : γ ∈ C (x, y)}
if y ∈ J+ (x) , where Lg (γ) is the length of γ relative to g. Unlike the Riemann-
ian distance, the Lorentzian distance function dg is not in general upper semi-
continuous and it may be infinite. The main case of interest to us in this paper is
when (M, g) (or a covering of it) is assumed globally hyperbolic. In this case, dg is
finite and continuous on the whole M × M (see [13]).

2.3. Globally hyperbolic covering spaces. A covering π : M̃ → M is said to be
regular if for any x, y ∈ M̃ such that π (x) = π (y), there exists a deck transformation
φ such that φ (x) = y. This means that the group of deck transformations Γ of
π acts transitively on each fibre π−1(x). For instance, every simply connected
covering space is regular and we have in that case Γ ∼= π1(M) (cf. [21]).

Now suppose that π : M̃ → M is a differentiable covering with M endowed
with a Lorentzian metric g, and endow M̃ with the Lorentzian metric g̃ for which
π becomes a Lorentzian covering (that is, π is a local isometry). It follows that
Γ already acting freely and properly discontinuously further acts isometrically on
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M̃. If in addition π is regular and (M, g) is geodesically complete, then we say
that the deck transformation φ translates the geodesic γ̃ (t) of M̃ an amount ω if
φ.γ̃ (t) = γ̃ (t + ω) for all t ∈ R. In this case, it is clear that γ̃ projects via π onto a
closed geodesic π ◦ γ̃ in M and conversely every closed geodesic in M is obtained in
this manner. In the case M̃ is globally hyperbolic and γ̃ (t) is a unit speed geodesic,
the positive number ω (called a period of φ) coincides with the length of the closed
(non-null) geodesic π ◦ γ̃.

2.4. The timelike homotopy. Let (M, g) be a spacetime and π : M̃ → M a
regular globally hyperbolic covering. Two closed timelike curves γ1 and γ2 in M
are said to be freely timelike homotopic (or briefly: freely t-homotopic) if there is a
homotopy which deforms γ1 to γ2 via closed timelike curves. If C is a t-homotopy
class of closed timelike curves in M, let γ : [0, 1] → M be a closed timelike curve
belonging to C. Let γ̃ : [0, 1] → M̃ be a lift of γ starting at some p̃1 ∈ π−1(p),
where p = γ(0) = γ(1), and set p̃2 = γ̃(1). Since M̃ is globally hyperbolic, we
have p̃1 �= p̃2. Without loss of generality, we may assume that there exists a future
directed timelike curve from p̃1 to p̃2, and since π is regular there is a unique φ ∈ Γ
such that p̃2 = φ(p̃1). Moreover, since any other point q̃ ∈ π−1(p) is of the form
q̃ = ψ(p̃1) for some ψ ∈ Γ, we see that the lift of γ starting at q̃ is ψ ◦ γ̃. It follows
that

ψ ◦ γ̃(1) = ψ(p̃2)
= ψ ◦ φ(p̃1)
= ψ ◦ φ(γ̃(0))
= ψ ◦ φ ◦ ψ−1(ψ ◦ γ̃(0)).

Thus, the conjugacy class [φ] =
{
ψ ◦ φ ◦ ψ−1 : ψ ∈ Γ

}
does not depend on the

choice of the point p̃ ∈ π−1(p) at which we lift γ. Furthermore, one may check
straightforwardly that any other closed timelike curve in M which is freely t-
homotopic to γ determines the same conjugacy class [φ] in Γ. Hence, [φ] is nothing
but the conjugacy class in Γ representing C. We deduce that there is a one-to-one
(but not onto) correspondence between the set of free t-homotopy classes of closed
timelike curves in M and the conjugacy classes in the group Γ of deck transforma-
tions of the covering π : M̃ → M.

2.5. The timelike injectivity radius of a t-homotopy class. In [9], we in-
troduced for a free t-homotopy class the notion of timelike injectivity radius, as
follows. Given a free t-homotopy class C of closed timelike curves in a spacetime
(M, g) , we define the timelike injectivity radius of C to be

Tinj (C) =
1
2

sup
γ∈C

Lg(γ),

where Lg(γ) is the length of γ with respect to the metric g.

Now let (M, g) be a spacetime with a regular Lorentzian covering space
(
M̃, g̃

)
that we assume globally hyperbolic. Let π : M̃ → M be the covering map, and d̃

the Lorentzian distance on M̃ associated to g̃ (obviously, we have g̃ = π∗g). Let C
be a non-trivial free t-homotopy class in M that is determined by a non-trivial deck
transformation φ. By using the notation of the subsections above, one can define
the mapping (called the displacement function) fφ : M̃ → R by fφ(x) = d̃(x, φ(x)),
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which must be continuous as M̃ is globally hyperbolic. Define the mapping hφ :
M̃ → R by hφ(x) = sup {fφ(ψ(x)) : ψ ∈ Γ}.

Since fφ(ψ(x)) = d̃(x, ψ−1 ◦ φ ◦ ψ(x)), we deduce that

(2.1) Tinj (C) =
1
2

sup
γ∈C

Lg(γ) =
1
2

sup
x∈M̃

hφ(x).

Proposition 2.1. Let (M, g) be a compact spacetime with a regular globally hy-
perbolic covering π : M̃ → M , and C a non-trivial free t-homotopy class of closed
timelike curves in M that is determined by a deck transformation φ for which the
displacement function fφ is invariant under the action of the group Γ of deck trans-
formations of π. Then Tinj (C) < ∞.

Proof. Let C be a non-trivial free t-homotopy class of closed curves in M that is
determined by a non-trivial deck transformation φ ∈ Γ, for which the displacement
function fφ : M̃ → R associated to φ is Γ-invariant. Since the fundamental domains
for the action of Γ are compact, it follows that fφ attains its maximum value on
each compact domain K ⊂ M̃ . But Γ(K) = M̃ and fφ is assumed Γ-invariant,
hence the maximum of fφ on K is also the maximum on all of M̃. By (2.1) and the
invariance of fφ we conclude that

Tinj (C) =
1
2

sup
x∈M̃

hφ(x) =
1
2

sup
x∈M̃

fφ(x) =
1
2

sup
x∈K

fφ(x) < ∞,

as required. �

As an immediate consequence of Proposition 2.1, we obtain the following result
which is contained in Theorem 3.1 of [10]. Before stating it, recall that an isometry
φ of a spacetime (M, g) is called a Clifford translation if dg (x, φ (x)) = const. for
all x ∈ M.

Corollary 2.2. Let (M, g) be a compact spacetime with a regular globally hyperbolic
covering π : M̃ → M , and C a non-trivial free t-homotopy class of closed timelike
curves in M that is determined by a deck transformation φ which is central or a
Clifford translation. Then Tinj (C) < ∞.

Remark 1. It may be worth noting that Tinj (C) need not be finite even if M is
compact (see [6], p. 380, for an explicit example).

3. The main result

As mentioned in the Introduction, a necessary condition for the existence of a
closed timelike geodesic in a given non-trivial free t-homotopy class C of closed
timelike curves in a compact spacetime (M, g) is

(3.1) Tinj (C) < ∞.

Question. Is this condition sufficient?

We do not know whether the answer to this question is yes or no in general,
but as Galloway mentioned in [6], p. 384, even if M is geodesically complete one
can conceive of the following difficulty: If C is a non-trivial free t-homotopy class
satisfying (3.1), then a sequence of curves in C whose lengths approach Tinj (C)
may be approaching a closed null geodesic. However, if we restrict our attention
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to the class of compact spacetimes admitting a globally hyperbolic covering, then
things work nicely and the answer to the above question is affirmative, namely we
obtain the following theorem which is the main result of this article. Its proof is
inspired from the first proof of Proposition 25, p. 355, of [18].

Theorem 3.1. Let (M, g) be a compact spacetime with a regular globally hyperbolic
covering π : M̃ → M , and C a non-trivial free t-homotopy class of closed timelike
curves in M. Then C contains a longest curve which must be a non-trivial closed
timelike geodesic if and only if Tinj (C) < ∞.

Proof. In one direction, this is obvious as mentioned above. In the other direction,
let us assume that C is a non-trivial free t-homotopy class such that Tinj (C) < ∞,
and let φ be a deck transformation representing the conjugacy class corresponding
to C. Since M̃ is globally hyperbolic, we deduce from (2.1) that, for all x ∈ M̃, we
have

(3.2) hφ (x) = sup
{

d̃
(
x, ψ−1 ◦ φ ◦ ψ(x)

)
: ψ ∈ Γ

}
< ∞.

Since the fibres π−1 (y) are discrete, it is immediate from (3.2) that for each
x ∈ M̃ there exists a deck transformation ψ̃ which depends on x such that hφ (x) =

d̃
(
x, ψ̃−1 ◦ φ ◦ ψ̃(x)

)
. On the other hand, as in the proof of Proposition 2.1, since

the fundamental domains for the action of Γ are compact and Γ(K) = M̃ for
each compact domain K ⊂ M̃ , it follows by the Γ-invariance of hφ (which is ob-
vious) that hφ achieves its maximum value at some x0 ∈ M̃ ; that is, hφ (x0) =

sup
{

hφ(x) : x ∈ M̃
}

. Note that hφ (x0) > 0, given that C is assumed to be non-

trivial. Let ψ̃0 ∈ Γ such that hφ (x0) = d̃
(
x0, ψ̃

−1
0 ◦ φ ◦ ψ̃0(x0)

)
and let γ̃ : [0, 1] →

M̃ be a timelike geodesic from x0 to x1 = ψ̃−1
0 ◦ φ ◦ ψ̃0(x0) realizing this maximum

value of length; that is, hφ (x0) = Lg̃(γ̃).
By projecting γ̃ under π we obtain a closed timelike geodesic σ = π ◦ γ̃ in M

which must belong to C. It remains to prove that σ is the longest curve in C. To
this end, let c : [0, 1] → M be any other curve in C, and let c̃ : [0, 1] → M̃ be a
lifting starting at some point p = c̃ (0) . In this case, there is some δ ∈ Γ such that
c̃ (1) = δ−1 ◦ φ ◦ δ(p). It follows that

Lg (c) = Lg̃ (c̃)

≤ d̃
(
p, δ−1 ◦ φ ◦ δ(p)

)
≤ hφ (p)
≤ hφ (x0)
= Lg̃ (γ̃) = Lg (σ) .

This proves that σ is the longest curve in C. In particular, we deduce that σ
must be an unbroken closed geodesic (see [13], pp. 106-107). The proof of the main
result is complete. �

Remark 2. As Galloway communicated to me, Theorem 3.1 may be viewed as the
natural Lorentzian analogue of Proposition 25 of [18], and then it seems to be the
most natural statement for compact spacetimes admitting regular globally hyper-
bolic coverings. The analogy goes a bit further due to the fact that any covering
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of a globally hyperbolic spacetime is globally hyperbolic. Thus the assumption
of a regular globally hyperbolic covering is equivalent to the assumption that the
universal cover is globally hyperbolic.

As an immediate consequence of Theorem 3.1 and Corollary 2.2, we have the
following result which is Theorem 3.1 of [10].

Proposition 3.2. Let (M, g) be a compact spacetime with a regular globally hy-
perbolic covering π : M̃ → M , and C a non-trivial free t-homotopy class of closed
timelike curves in M that is determined by a deck transformation φ which is either
central, a Clifford translation, or else the conjugacy class of φ is finite. Then C
contains a longest curve which must be a non-trivial closed timelike geodesic.

Since any compact spacetime contains a nontrivial timelike curve, then by con-
sidering the conjugacy class representing the free t-homotopy class to which this
curve belongs, we deduce from the above proposition the following result which is
Theorem 3.2 of [10].

Proposition 3.3. Let (M, g) be a compact spacetime with a regular globally hyper-
bolic covering π : M̃ → M. If the group of deck transformations Γ of π is abelian,
consists purely of Clifford translations, or every conjugacy class in Γ is finite, then
(M, g) contains a closed timelike geodesic.

Another consequence of Theorem 3.1 is the following.

Proposition 3.4. Let N be a simply connected 2-step nilpotent Lie group with
a flat left invariant Lorentz metric, and Λ a lattice in N . If C is a non-trivial
free t-homotopy class in the compact, flat, Lorentz 2-step nilmanifold N/Λ, then
Tinj (C) = ∞.

Proof. This follows from Theorem 3.1 and Theorem 3 of [11] which states that if N
is a simply connected 2-step nilpotent Lie group with a flat left invariant Lorentz
metric g, and Λ a discrete subgroup of N (not necessarily cocompact), then the flat
Lorentz 2-step nilmanifold N/Λ contains no closed timelike geodesics. �

4. Around a Lorentzian version of Synge’s theorem

The well known Synge’s theorem on connectivity (cf. [18], p. 353) states that
a compact, connected, orientable, even-dimensional Riemannian manifold with all
sectional curvatures positive is simply connected. In [6], Galloway presented a
Lorentzian analogue of this result by proving that, for a spacetime (M, g) , the
following assertions are incompatible:

1. M is compact, even-dimensional, and orientable.
2. Every timelike plane section P in M has sectional curvature K (P) < 0.
3. M has a stable t-homotopy class; that is, there exist a free t-homotopy

class C of closed timelike curves in (M, g) and a Lorentzian metric g1 wider
than g for which Tinj (C) < ∞.

We present here another Lorentzian version of Synge’s theorem.

Theorem 4.1. For a spacetime (M, g) , the following assertions are incompatible:
1. M is compact, even-dimensional, and orientable.
2. Every timelike plane section P in M has sectional curvature K (P) < 0.
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3. M admits a regular globally hyperbolic covering, and there is a free t-
homotopy class C in M such that Tinj (C) < ∞.

Proof. This follows by combining Theorem 3.1 with Synge’s lemma for Lorentzian
manifolds in [6] which states that if M is an even-dimensional, orientable spacetime
with K (P) < 0 for all timelike plane sections P, then for any closed timelike
geodesic γ in M there exists a variation of γ by timelike curves such that each
varied curve has length greater than γ. �

More particularly, we obtain the following.

Proposition 4.2. Let (M, g) be a compact, connected, orientable, and even-dimen-
sional spacetime with a globally hyperbolic covering and such that every timelike
plane section P in M has sectional curvature K (P) < 0. Then Tinj (C) = ∞ for
every free t-homotopy class C in M.

From the latter, by considering the case M = T 2n a torus of dimension 2n, we
obtain the following result.

Proposition 4.3. Let T 2n be a 2n-dimensional Lorentz torus with a regular globally
hyperbolic covering. Then, there exists a timelike plane section P with sectional
curvature K (P) ≥ 0.

Proof. Assume to the contrary that every timelike plane section P in T 2n has
sectional curvature K (P) < 0. In this case, by Proposition 4.2, we have Tinj (C) =
∞ for every free t-homotopy class C. But this contradicts Corollary 2.2, given
that T 2n (as a compact spacetime) contains a non-trivial timelike curve which in
turn determines a non–trivial t-homotopy class. This contradiction shows that
necessarily K (P) ≥ 0 for some timelike plane section P. �

Remark 3. It follows from Corollary 2.2 that Proposition 4.3 remains valid if T 2n

is replaced by any compact even-dimensional manifold having a fundamental group
which is abelian or consists purely of Clifford translations.

5. Closed geodesics in compact static spacetimes

It is well known (see [8]) that a compact spacetime admitting a timelike Killing
vector field is geodesically complete. A natural question then arises: Does such a
spacetime contain a closed timelike geodesic? We do not have an immediate answer
to this question in the general case, but we know at least that the answer is yes in
the two-dimensional case.

Proposition 5.1. Every compact two-dimensional spacetime admitting a timelike
(or spacelike) Killing vector field contains a closed timelike geodesic.

Proof. Let
(
M2, g

)
be a compact two-dimensional spacetime admitting a timelike

(or spacelike) Killing vector field X. Note first that, up to an appropriate finite
covering, one can assume that M2 is the Lorentz torus T 2. By Theorem 2.3 of [17],
we get that T 2 is globally conformally flat. This implies that the universal covering
T̃ 2 of T 2 is globally conformal to Minkowski space, and hence T̃ 2 is globally hyper-
bolic. Since the fundamental group of M2 is abelian, it follows from Proposition
3.3 that M2 contains a closed timelike geodesic. �
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It is worth mentioning that the orthogonal distribution to a timelike (or space-
like) Killing vector field on a Lorentz 2-torus T 2 is always integrable, and that
every free t-homotopy class C of closed timelike curves in T 2 satisfies (3.1) because
π1

(
T 2

)
is abelian. Accordingly, it is natural to expect an affirmative answer to

the question above in higher dimension under the two additional assumptions that
the orthogonal distribution to the timelike Killing field is integrable and every free
t-homotopy class C of closed timelike curves in M satisfies (3.1).

Definition 5.2. A spacetime M is said to be static if it admits a timelike vector
field X which is irrotational; that is, the curl of X vanishes on the orthogonal
distribution X⊥.

Equivalently (see [15], p. 360), a spacetime M is static if and only if there exists
a timelike vector field X whose orthogonal distribution X⊥ is integrable and such
that hX is a Killing field for some positive smooth function h. See also [3] for a
slightly different definition of a static spacetime.

The following result will be an essential tool for proving Theorem 5.5 below.

Theorem 5.3. Let (M, g) be a compact spacetime which admits a spacelike co-
dimension-one foliation F such that there exists a Killing vector field X orthogonal
to F everywhere, and let M̃ be the universal covering of M and π : M̃ → M the
universal covering projection. Then M̃ is isometric to a trivially foliated spacetime
L̃ × R, where L̃ is the universal covering of any leaf of F and the metric g̃ = π∗g

has the form g̃ = ds2
L̃
− f2dt2, where ds2

L̃
is the Riemannian metric on L̃ induced

by g̃ and f is a smooth positive function on M̃ invariant under the action of the
fundamental group π1 (M) . In particular,

(
M̃, g̃

)
is globally hyperbolic.

Proof. By changing the sign of the metric g on the orbits of X we obtain a Rie-
mannian metric g1 on M which must be complete, for M is compact. With respect
to g1, we see that X remains Killing and everywhere orthogonal to F . Moreover,
if F̃ denotes the canonical lifting of F to M̃ , we know from [16] that

(
M̃, π∗g

)
,

which is complete for the compactness of M, is trivially foliated as M̃ = L̃ × R,
where L̃ is the universal covering of any leaf of F and the metric g̃ = π∗g on M̃

is g̃ = ds2
L̃

+ f2dt2, where f is a smooth positive function on M̃ which must be

invariant under the action of the group Γ of deck transformations of M̃, given that
M = M̃/Γ (recall that Γ is isomorphic to π1 (M) , as M̃ is simply connected). The
first conclusion of Theorem 5.3 now follows straightforwardly by again changing
the sign of g̃ on the orbits of the Killing field X̃ on M̃, π-related to X. To prove
the second conclusion that

(
M̃, g̃

)
is globally hyperbolic, we first note that

(
M̃, g̃

)
must be geodesically complete, given that any compact spacetime which admits a
timelike Killing vector field is geodesically complete (see [8]). On the other hand, it
is well known in Riemannian geometry (see for instance [4]) that a codimension-one
foliation which admits an orthogonal Killing field is totally geodesic. This result
can be generalized for Lorentzian manifolds. Accordingly,

(
L̃, ds2

L̃

)
is geodesically

complete. Furthermore, since f is Γ-invariant and the fundamental domains for the
action of Γ are compact, it follows that f is bounded from below and from above.
Thus, assumptions (A1)-(A3) of Theorem 1.1 of [2] are satisfied, and hence

(
M̃, g̃

)
is globally hyperbolic (see Remark 1.3 in [2]). �
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As a direct consequence of Theorem 5.3 is the following result.

Corollary 5.4. The universal covering M̃ of a compact static spacetime M is
globally hyperbolic. More precisely, M̃ is isometric to

(
S × R, ds2

S − f2dt2
)

where
S is a Cauchy hypersurface in M̃ , ds2

S is a Riemannian metric on S, and f is a
smooth positive function on S × R which is invariant under the action of π1 (M) .

We can now state the main result of this section. This follows straightforwardly
from Theorem 3.1 and Corollary 5.4.

Theorem 5.5. Let (M, g) be a compact static spacetime, and C a non-trivial free
t-homotopy class in M such that Tinj (C) < ∞. Then C contains a longest curve
which must be a non-trivial closed timelike geodesic.

As an immediate consequence of Theorem 5.5, we obtain the following interesting
corollaries. The second one is Corollary 4.7 of [3].

Corollary 5.6. Let (M, g) be a compact static spacetime with π1 (M) abelian, or
consists purely of Clifford translations. Then (M, g) contains a closed timelike
geodesic.

Corollary 5.7. Let (M, g) be a compact static spacetime, and assume that every
conjugacy class in π1 (M) is finite. Then (M, g) contains a closed timelike geodesic.
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