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Abstract. Let G be a connected reductive algebraic group defined over the
finite field Fq , where q is a power of a good prime for G. We write F for

the Frobenius morphism of G corresponding to the Fq-structure, so that GF

is a finite group of Lie type. Let P be an F -stable parabolic subgroup of G

and let U be the unipotent radical of P . In this paper, we prove that the
number of UF -conjugacy classes in GF is given by a polynomial in q, under
the assumption that the centre of G is connected. This answers a question of
J. Alperin (2006).

In order to prove the result mentioned above, we consider, for unipotent u ∈
GF , the variety P0

u of G-conjugates of P whose unipotent radical contains u.
We prove that the number of Fq-rational points of P0

u is given by a polynomial
in q with integer coefficients. Moreover, in case G is split over Fq and u is split
(in the sense of T. Shoji, 1987), the coefficients of this polynomial are given by
the Betti numbers of P0

u. We also prove the analogous results for the variety
Pu consisting of conjugates of P that contain u.

1. Introduction

Let GLn(q) be the general linear group of nonsingular n × n matrices over the
finite field Fq and let Un(q) be the subgroup of GLn(q) consisting of upper unitri-
angular matrices. A longstanding conjecture states that the number of conjugacy
classes of Un(q) for fixed n as a function of q is an integral polynomial in q. This
conjecture has been attributed to G. Higman (cf. [10]), and it has been verified for
n ≤ 13; see [33]. There has also been interest in this conjecture from G.R. Robinson
(see [20]) and J. Thompson (see [32]).

In [1], J. Alperin showed that a related question is easily answered, namely that
the number of Un(q)-conjugacy classes in all of GLn(q), for fixed n as a function of
q is a polynomial in q with integer coefficients. Generalizing this result, in Theorem
4.6, we give an affirmative answer to a question raised by Alperin in [1]. In order
to state this generalization we need to introduce some notation.

Let G be a connected reductive linear algebraic group over Fq, where q is a power
of a good prime for G. We write F for the Frobenius morphism corresponding to

Received by the editors March 6, 2006 and, in revised form, November 7, 2006.
2000 Mathematics Subject Classification. Primary 20G40, 20E45; Secondary 20D15, 20D20.

c©2008 American Mathematical Society
Reverts to public domain 28 years from publication

177



178 S. M. GOODWIN AND G. RÖHRLE

the Fq-structure on G; then the F -fixed point subgroup GF of G is a finite group of
Lie type. Assume that the centre of G is connected. Let P be an F -stable parabolic
subgroup of G with unipotent radical U .

In Theorem 4.6 of this paper, we prove that the number of UF -conjugacy classes
in GF is given by a polynomial in q with integer coefficients (in case G has a simple
component of type E8, we require two polynomials depending on the congruence
of q modulo 3). This generalizes the aforementioned result of Alperin, firstly by
replacing GLn(q) by an arbitrary finite reductive group GF and secondly by allowing
any parabolic subgroup of GF rather than just a Borel subgroup.

In order to prove Theorem 4.6, we are led to consider the Fq-rational points in
certain subvarieties of the variety P of G-conjugates of P . Given u ∈ G unipotent,
we write Pu for the subvariety of P consisting of conjugates of P that contain u
and P0

u for the subvariety of Pu consisting of conjugates of P whose unipotent
radical contains u. We prove that the number of Fq-rational points of the variety
Pu (respectively P0

u) is given by a polynomial in q for u ∈ GF unipotent. For a
precise formulation, see Theorem 3.10. Assuming that G is split and that u ∈ GF

is split (in the sense of [22, §5]) we show in Proposition 3.15 that the coefficients
of the polynomials describing the number of Fq-rational points in Pu and P0

u from
Theorem 3.10 are given by the Betti numbers of the underlying varieties.

We now give an outline of the proofs of our principal results and of the structure
of the paper.

In order to state our main results precisely, we require an axiomatic formalism for
connected reductive algebraic groups; this axiomatic setup is given in §2.2. Further,
to make sense of considering the varieties Pu for different values of q, we need a
parameterization of the unipotent GF -conjugacy classes that is independent of q;
the relevant results from [22] and [13] are recalled in §2.3.

For our proof of Theorem 3.10, we require results from the representation theory
of finite groups of Lie type to express |PF

u | and |(P0
u)F | in terms of Deligne–Lusztig

generalized characters. Consequently, |PF
u | and |(P0

u)F | are given as linear combi-
nations of Green functions. Due to work of T. Shoji ([22]) these Green functions
are given by polynomials in q; from this we can deduce Theorem 3.10. The relevant
results on Deligne–Lusztig generalized characters and Green functions are recalled
in §2.5.

In order to prove Proposition 3.15, i.e. that, in case G and u are split, the
coefficients of the polynomials |PF

u | and |(P0
u)F | are given by the Betti numbers of

the varieties Pu and P0
u, we require a purity result for these varieties. In §2.4 we

deduce such a result from a well-known purity result of T. A. Springer [28] for the
variety Bu of Borel subgroups of G that contain u. This deduction also requires
results of W. Borho and R. MacPherson ([3]) about the varieties Pu and P0

u.
By k(UF , GF ) we denote the number of UF -conjugacy classes in GF . To prove

Theorem 4.6 we adapt the arguments in [1] to express k(UF , GF ) in terms of the
sizes of the sets (P0

u)F for u ∈ UF . The independence of the parameterization of
the unipotent GF -conjugacy classes means that, in a sense, this expression does
not depend on q. This allows us to deduce Theorem 4.6 from Theorem 3.10.

Let P and Q be associated F -stable parabolic subgroups of G, i.e. P and Q
have Levi subgroups which are conjugate in G. Let P and Q be the corresponding
generalized flag varieties of P and Q, respectively. In Corollary 3.5 we show that
for u ∈ GF unipotent, we have |PF

u | = |QF
u | and |(P0

u)F | = |(Q0
u)F |. Further, let
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U and V be the unipotent radicals of P and Q, respectively. As a consequence
of the expressions that we get for the polynomials in Theorem 4.6, we show in
Corollary 4.8 that the two polynomials in q given by k(UF , GF ) and k(V F , GF )
are equal. This essentially follows from the fact that the Harish-Chandra induction
functor RG

L does not depend on the choice of an F -stable parabolic subgroup of G
containing L as a Levi subgroup.

We note that the assumption that the centre of G is connected is only really
required so that the parameterization of the unipotent GF -conjugacy classes is
independent of q. This means that many of the results in this paper are valid
without this assumption given an appropriate statement; for example, see Remark
3.12. In Example 4.11, we indicate in the case that G has a disconnected centre
how the number of UF -conjugacy classes in GF is given by a set of polynomials in
q depending on the congruence class of q with respect to some positive integer.

In an appendix to this paper, we give an elementary combinatorial proof that
|(P0

u)F | is given by a polynomial in q in the case G = GLn. Consequently, we obtain
an elementary proof of Theorem 4.6 in the case G = GLn.

As general references on finite groups of Lie type, we refer the reader to the
books by Carter [4] and Digne–Michel [6].

2. Preliminaries

For the statements of the main results of this paper, we require an axiomatic
formalism for connected reductive algebraic groups; this is introduced in §2.2. In
other parts of the sequel we do not require this axiomatic setup and we use the
notation given in the following subsection instead. In each subsection, we state
which setup we are using.

2.1. General notation for algebraic groups. In this section we introduce var-
ious pieces of notation that we require in the sequel.

First we fix some general group theoretic notation. For a group G, a subgroup
H of G and x ∈ G we write: Z(G) for the centre of G; NG(H) for the normalizer
of H in G; CG(x) for the centralizer of x in G; G · x for the conjugacy class of x
in G; and xH = xHx−1. If G is finite and p is a prime, then we write |G|p for the
p-part of the order of G, and |G|p′ for the p′-part of the order of G.

Now we give some notation for connected reductive algebraic groups that we use
in the sequel. Let G be a connected reductive algebraic group over the algebraic
closure of a finite field Fq, where q is a prime power. The variety of unipotent
elements of G is denoted by Guni. For a closed subgroup H of G we write H◦ for
the identity component of H and Ru(H) for the unipotent radical of H. Given
x ∈ G we write A(x) = CG(x)/CG(x)◦ for the component group of the centralizer
of x.

Let T be a maximal torus of G and let B be a Borel subgroup of G containing
T . We write Ψ for the root datum of G with respect to T ; so Ψ is a quadruple
(X, Φ, X̌, Φ̌), where X is the character group of T , Φ is the root system of G with
respect to T , X̌ is the cocharacter group of T and Φ̌ is the set of coroots of G
with respect to T . Let Π (resp. Φ+) be the base of Φ (resp. the subset of positive
roots) determined by B. For a subset J of Π, the standard parabolic subgroup
P = PJ is defined to be generated by B and the root subgroups U−α for α ∈ J .
The unipotent radical of P is denoted by U = Ru(P ). We write L = LJ for the
unique Levi subgroup of P that contains T ; i.e., L is the standard Levi subgroup
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of P (see [6, Prop. 1.17]). The Weyl group of G is denoted by W and we write WL

for the Weyl group of L. As usual, l(w) denotes the length of w ∈ W with respect
to the set of Coxeter generators determined by Π.

For β ∈ Φ+ write β =
∑

α∈Π cα,βα with cα,β ∈ Z≥0. We recall that a prime p is
said to be bad for Φ if it divides cα,β for some α and β, else it is called good for Φ;
we say p is good for G if it is good for Φ.

Now suppose G is defined over Fq, where q is a power of p, and let F : G → G
be the corresponding Frobenius morphism of G. We write GF for the finite group
of F -fixed points of G and likewise for any F -stable subvariety of G. Assume that
B is F -stable (such a B exists, see [6, 3.15]) so that T is a maximally split maximal
torus of G. For each w ∈ W , we let Tw be an F -stable maximal torus of G obtained
by twisting T by w; see [6, 3.24].

We now recall some notation regarding the representation theory of the finite
group of Lie type GF . To simplify notation we often omit the superscript F in
places where it should strictly be written; for example, we write 1G for the trivial
character of GF and we denote the regular character of GF by χG. Given an F -
stable subgroup H of G, we write IndG

H for the induction functor from characters
of HF to characters of GF . For an F -stable Levi subgroup of G, we write RG

L for
the Deligne–Lusztig induction functor from characters of LF to characters of GF

(see [6, §11]). If L is a Levi subgroup of an F -stable parabolic subgroup P of G,
then we recall that RG

L is the Harish-Chandra induction functor (see [6, §6]). For
w ∈ W we write Irr(TF

w ) for the character group of TF
w .

In some parts of this paper we consider l-adic cohomology groups. Given a
variety V defined over Fq we write Hi(V, Ql) for the ith l-adic cohomology group of
V , where l is a prime not dividing q. We write Hi

c(V, Ql) for the l-adic cohomology
with compact support groups. Recall that in case V is projective, the cohomology
groups Hi(V, Ql) and Hi

c(V, Ql) coincide.

2.2. Axiomatic setup for connected reductive algebraic groups. In order
to be able to state the results indicated in the introduction precisely, we use an
axiomatic formalism for connected reductive algebraic groups, following [8, §4]. The
idea is that a tuple of combinatorial objects is used to define a family of connected
reductive groups indexed by prime powers. We refer the reader to [6, §0, §3] for
some of the results used below.

Let Ψ = (X, Φ, X̌, Φ̌) be a root datum. Then given a finite field Fq, the root
datum Ψ determines a connected reductive algebraic group G over Fq and a maximal
torus T of G such that Ψ is the root datum of G with respect to T ; moreover, G is
unique up to isomorphism and T is unique up to conjugation in G.

Now let Π be a base for Φ; this determines a Borel subgroup B of G containing
T . Further, B is determined up to conjugacy in G.

Let F0 : X → X be an automorphism of finite order such that F0(Φ) = Φ,
F0(Π) = Π and F ∗

0 (Φ̌) = Φ̌. Then for any prime power q, the automorphism F0

defines a Frobenius morphism F : G → G such that the induced action of F on X
is given by q · F0. Further, B and T are F -stable, so that T is a maximally split
maximal torus of G.

Now let J be a subset of Π such that F0(J) = J . Then J determines the standard
parabolic subgroup P = PJ of G. If q is a prime power and F is the corresponding
Frobenius morphism q · F0 of G, then P is F -stable.
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Summing up, the discussion above implies that the quadruple ∆ = (Ψ, Π, F0, J),
along with a prime power q determines

• a connected reductive algebraic group G defined over Fq with corresponding
Frobenius morphism F and maximally split F -stable maximal torus T ;

• an F -stable Borel subgroup B ⊇ T of G;
• an F -stable parabolic subgroup P ⊇ B.

The connected reductive algebraic group G is unique up to isomorphism defined over
Fq, the Borel subgroup B is determined up to conjugacy in GF , the maximal torus
T is determined up to conjugacy in BF , and (given B) P is uniquely determined.

At some points in the sequel we do not require the parabolic subgroup P . In
such situations we only consider the data Γ = (Ψ, Π, F0), which along with a prime
power q determines everything above except for P .

We note that if we do not assume that F0 stabilizes a base Π of Φ, then the
data (Ψ, F0) and q still determine a connected reductive algebraic group G that is
defined over Fq and an F -stable maximal torus T of G, which is not, in general,
maximally split. However, there always exists an F -stable Borel subgroup of G (see
[6, 3.15]). Therefore, it does no harm to make the assumption that F0 stabilizes Π.

The notation we use for G, B, T and P does not reflect the fact that their Fq-
structure depends on the choice of a prime power q. Let q be a prime power and
m a positive integer, and write F for the Frobenius morphism corresponding to
q. Then it is not necessarily the case that the Frobenius morphism corresponding
to the prime power qm is Fm; i.e. the definition of G over Fqm is not necessarily
obtained from the Fq-structure by extending scalars. For example, suppose G =
SLn with definition over Fq so that GF is the special unitary group SUn(q2); i.e.
F0 is given by the graph automorphism of the Dynkin diagram of type An−1. Then
the automorphism F 2

0 is the identity, so that the group of Fq2 -rational points of G

is GF 2
= SLn(q2) and not SUn(q4). However, in order to keep the notation short,

we choose not to show this dependence on q.

Remark 2.1. Despite the lack of outward exhibition of dependence on q discussed
above, in the sequel we wish to allow q to vary and for G, B, T and P to define
groups and F a Frobenius morphism of G for each q. For example, this convention
is required in order to make sense of statements such as the following: “the number
of F -stable unipotent conjugacy classes of G is independent of q”, or “the number
of conjugates of PF having nontrivial intersection with a given F -stable conjugacy
class of unipotent elements is given by a polynomial in q”.

Now we discuss some further information that is determined by the data ∆ =
(Ψ, Π, F0, J) and the prime power q, where Ψ = (X, Φ, X̌, Φ̌) is a root datum.
First we note that the unipotent radical U = Ru(P ) of the F -stable parabolic
subgroup P = PJ of G and the unique Levi subgroup L = LJ of P containing T
are determined. Since both P and T are F -stable, so is L. The Weyl group W of
G and the Weyl group WL of L are determined by ∆; further, we note that W and
WL are independent of q. The F -stable twisted tori Tw (w ∈ W ) are determined up
to conjugacy in GF . The root lattice of Φ, which is denoted by ZΦ, is determined
by ∆.

Lastly, in this section we discuss two further properties of the group G that are
determined by ∆. At some points in the sequel we wish to assume that the centre
of G is connected. We note that this being the case for all q corresponds to X/ZΦ
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being torsion free; this is because the character group of Z(G) is X/ZΦ modulo
its p-torsion subgroup, where q is a power of the prime p. Also at some points
we assume that G is simple modulo its centre, we note that this corresponds to Φ
being an irreducible root system.

2.3. On the unipotent conjugacy classes of GF . In this subsection we use the
axiomatic setup from §2.2. In particular, we fix a triple Γ = (Ψ, Π, F0), where
Ψ = (X, Φ, X̌, Φ̌), so that for each choice of a prime power q we obtain a connected
reductive group G defined over Fq; we write F : G → G for the corresponding
Frobenius morphism of G. We use the convention discussed in Remark 2.1 to vary
q. Further, any prime power that we consider is assumed to be a power of a good
prime for Φ.

It is known that the parameterization of the unipotent classes of G and the
structure of the associated component groups A(u) = CG(u)/CG(u)◦ for u ∈ Guni

is independent of q (cf. [18], [19], [16]). We would like a similar statement for the
F -stable unipotent classes of G, and for the unipotent GF -classes.

There is a parameterization of the F -stable unipotent classes as follows (see [22],
[13], and also [8, §4]). There is a finite set E depending only on Γ (and not on
q) so that there is a map E → GF

uni written e �→ ue so that {ue | e ∈ E} is a
complete set of representatives for the F -stable unipotent classes in G. Therefore,
the F -stable conjugacy classes are parameterized by E, and this parameterization
is independent of q.

In order to get a parameterization of the unipotent GF -conjugacy classes we
require some additional assumptions. We assume that X/ZΦ is torsion free, so
that the centre of G is connected, and Φ is irreducible, so that G is simple modulo
its centre.

With these additional assumptions, there is a collection of groups {Ae | e ∈ E}
(not depending on q) such that the component group A(ue) is isomorphic to Ae for
every e ∈ E and the induced action of F on A(ue) is trivial. Consequently, for e ∈ E,
the GF -conjugacy classes in (G · ue)F are in correspondence with the conjugacy
classes of Ae; cf. [29, I, 2.7]. So the unipotent GF -classes are parameterized by pairs
(e, c), where e ∈ E and c is a conjugacy class of Ae. Moreover, this parameterization
is independent of q.

These results largely follow from work of T. Shoji on split elements. Following
[22, §5], an element u ∈ GF

uni is called split provided each irreducible component
of Bu (see §2.4 for a definition of Bu) is stable under the action of F . If q is a
power of a good prime for Φ, then split elements exist in each F -stable unipotent
G-conjugacy class and are unique up to GF -conjugacy with one exception; see [22,
Rem. 5.1]. If G is of type E8, q ≡ −1 mod 3, and C is the class E8(b6) in the
Bala–Carter labeling (this class is D8(a3) in Mizuno’s labeling [17]), then there are
no split elements in CF . If u is split, then F acts trivially on A(u); see [22]. The one
case for G of type E8 where there is no split element can be dealt with explicitly;
see [13].

Thus we have the following result, where we are using the convention discussed
in Remark 2.1 to allow q to vary. This proposition is also stated in [8, §4.1].

Proposition 2.2. Fix the data Γ = (Ψ, Π, F0), where Ψ = (X, Φ, X̌, Φ̌). Assume
that Φ is irreducible and X/ZΦ is torsion free. For a prime power q, let G be the
connected reductive algebraic group and F the Frobenius morphism determined by Γ.
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Then the parameterization of the unipotent conjugacy classes in GF is independent
of q, for q a power of a good prime for Φ.

We now turn our attention to showing that Proposition 2.2 remains true when
we remove the assumption that G is simple modulo its centre; i.e., that the root
system Φ is possibly reducible. At the end of this subsection we briefly discuss
what happens when G has disconnected centre.

We begin by assuming that G is semisimple and of adjoint type, equivalently
that X = ZΦ. In this case the root system Φ has irreducible components on which
the automorphism F0 acts. We may write Φ as a disjoint union Φ = Φ1∪· · ·∪Φs of
F0-stable root systems, where the irreducible components of each Φi form a single
orbit under the action of F0. This gives rise to a direct product decomposition
G = G1 × · · · × Gs, where each Gi is a semisimple algebraic group of adjoint type
with root system Φi; moreover each Gi is F -stable. Now for fixed i, the root system
Φi is the disjoint union of irreducible root systems of the same type; let Υi be a
root system of this type. Then Gi is a direct product Gi = Hi × · · · × Hi where
Hi is a simple algebraic group of adjoint type with root system Υi. Let li be the
number of factors Hi in the direct product decomposition of Gi. Then we see that
GF

i
∼= HF li

i , so that the Fq-rational points of Gi are in correspondence with the
Fqli -rational points of Hi. It follows that the unipotent GF

i -conjugacy classes have
the same parameterization as the unipotent HF li

i -conjugacy classes; i.e., there is a
finite set Ei and for each e ∈ Ei there is a group Ai,e such that the unipotent GF

i -
conjugacy classes are given by pairs (e, c), where e ∈ Ei and c is a conjugacy class
of Ai,e. More precisely, there exists ui,e ∈ Gi for e ∈ Ei such that the F -stable Gi-
conjugacy classes are precisely the classes Gi ·ui,e and the component group A(ui,e)
of the centralizer of ui,e is Ai,e. Let E = E1 × · · · ×Es and for e = (e1, . . . , es) ∈ E
let Ae = A1,e1 × · · · × As,es

. Then we see that the unipotent GF -conjugacy classes
are parameterized by pairs (e, c), where e ∈ E and c is a conjugacy class of Ae. For
e ∈ E, we let ue be a representative of the F -stable unipotent G-class, such that
A(ue) ∼= Ae and F acts trivially on A(ue).

We now consider the case where the centre of G is not necessarily trivial, but
is connected. In this case we let Ĝ be the semisimple adjoint group of the same
type as G and let φ : G → Ĝ be the natural map. The Frobenius morphism F of
G induces a Frobenius morphism of Ĝ, which we also denote by F . We note that
φ induces a bijective morphism Guni → Ĝuni, and this induces a bijection between
the F -stable unipotent conjugacy classes of G and those of Ĝ. Let u ∈ GF

uni be
a representative of an F -stable unipotent G-conjugacy class so that φ(u) = ue for
some e ∈ E as above. We have the exact sequence of algebraic groups

(2.3) {1} → Z(G) → CG(u) → CĜ(φ(u)) → {1}.
Further we note that F commutes with the maps in this sequence. Since taking
component groups defines a right exact functor on the category of algebraic groups
over Fq and Z(G) is connected, we get an exact sequence of finite groups

{1} → A(u) → Â(φ(u)) → {1}.
Moreover, F commutes with this isomorphism. Therefore, it follows that φ induces
a bijection between the unipotent GF -conjugacy classes and the unipotent ĜF -
conjugacy classes.

The discussion above gives the following generalization of Proposition 2.2.
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Proposition 2.4. Fix the data Γ = (Ψ, Π, F0), where Ψ = (X, Φ, X̌, Φ̌). Assume
that X/ZΦ is torsion free. For a prime power q, let G be the reductive algebraic
group and F the Frobenius morphism determined by Γ. Then the parameterization
of the unipotent conjugacy classes in GF is independent of q, for q a power of a
good prime for Φ.

Remark 2.5. The discussion proving Proposition 2.4 gives a parameterization of
the unipotent GF -conjugacy classes given by pairs (e, c), where e ∈ E and c is a
conjugacy class of Ae. We may let u = ue,c ∈ GF

uni be a representative of this
conjugacy class. We now use the convention in Remark 2.1 to vary q. In general,
as we vary q, the representative u changes. For the statement of results in Sections
3 and 4, we use the convention that when we fix a representative of a unipotent
class and let q vary, then it is understood that u also changes.

To finish this subsection we briefly consider the situation when G has discon-
nected centre. As we do not require this case in the sequel, the discussion below is
brief and omits the details.

Suppose that G has a disconnected centre. Let Ĝ be the semisimple adjoint
group of the same type as G and let φ : G → Ĝ be the natural map. We still have a
bijective morphism Guni → Ĝuni induced by φ, and this affords a bijection between
the F -stable unipotent classes in G and Ĝ. The arguments above using the exact
sequence (2.3) imply that taking the quotient of G by Z(G)◦ does not affect the
unipotent GF -conjugacy classes. Therefore, we may assume that Z(G) is finite.

Let u ∈ GF
uni be such that φ(u) = ue for some e ∈ E as above. We still have

the short exact sequence (2.3). When we take component groups, we get the exact
sequence

Z(G) → A(u) → Â(φ(u)) → {1},
and the action of F commutes with the maps in this exact sequence. Let Z be
the image of Z(G) in A(u). Then we have A(u)/Z ∼= Â(φ(u)) and Z is stable
under F -conjugation by A(u). It follows that the F -conjugacy classes of A(u) are
given by pairs (c, d), where c is a conjugacy class of Â(φ(u)) with representative
xZ ∈ A(u)/Z ∼= Â(φ(u)), and d is an F -conjugacy class of CA(u)(x) in Z. This
in turn says that the GF -conjugacy classes in (G · u)F are parameterized by pairs
(c, d) as above. In general, this parameterization depends on q but only up to
congruences of q modulo some positive integer.

We illustrate this splitting of conjugacy classes in the disconnected centre case
with a simple example.

Example 2.6. Suppose G = SL3 with the standard definition over Fq. Then
G has three unipotent conjugacy classes labeled by the partitions (3), (2, 1) and
(1, 1, 1) of 3. The regular unipotent class corresponds to the partition (3) and a
split representative is

u =

⎛
⎝

1 1 0
0 1 1
0 0 1

⎞
⎠ .

One can easily calculate the centralizer of u, and deduce that A(u) is the group of
cube roots of unity in Fq and the action of F on A(u) is the qth power map. If q is
congruent to 1 modulo 3, then the action of F on A(u) is trivial and so there are
three F -conjugacy classes in A(u). If q is congruent to −1 modulo 3, then there is
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a single F -conjugacy class in A(u) and if q is a power of 3, then A(u) is the trivial
group and thus is a single F -conjugacy class. It follows that the GF -conjugacy
classes in (G · u)F depend on the congruence class of q modulo 3.

2.4. On purity of generalized flag varieties. In this subsection we use the
notation from §2.1; we do not require the axiomatic formalism from §2.2.

Let B be the flag variety of G consisting of all Borel subgroups of G. Fix a
parabolic subgroup P of G. Let P = {gP | g ∈ G} be the corresponding generalized
flag variety consisting of all the G-conjugates of P .

For a unipotent element u ∈ G, we consider the fixed point subvarieties Bu =
{B′ ∈ B | u ∈ B′} of B and Pu = {P ′ ∈ P | u ∈ P ′} of P. We also consider the
related subvariety P0

u = {P ′ ∈ P | u ∈ Ru(P ′)} of Pu. Note that for P = B we have
Pu = P0

u = Bu. We can identify the variety Bu with a fibre of Springer’s resolution
of the singularities of the unipotent variety Guni of G. The fixed point varieties
Pu can be viewed as fibres of partial resolutions of Guni, and have been studied
by Borho–MacPherson [3] and Spaltenstein [26]. We note that while the results
in [3] only apply in characteristic 0, Spaltenstein’s treatment [26] is the positive
characteristic setting we require.

Let V be a variety defined over Fq with Frobenius morphism F corresponding
to the Fq-structure. We recall that V is called pure (or is said to satisfy the purity
condition), if the eigenvalues of F on the l-adic cohomology groups Hi

c(V, Ql) are
algebraic integers of absolute value qi/2.

Let u ∈ GF
uni. In [28], Springer showed that despite the fact that the fixed point

varieties Bu are not smooth, they are pure. We require this purity condition also
for the varieties Pu and P0

u.
Let L be the unique Levi subgroup of P containing T . It follows from a result

of Borho–MacPherson [3, Cor. 2.8] (see also [26, Thm. 1.2]) that for each i there is
an isomorphism of Ql-spaces

(2.7) Hi(Pu, Ql) ∼= Hi(Bu, Ql)
WL ,

where Hi(Bu, Ql)WL is the subspace of Hi(Bu, Ql) of WL-invariants (where the
action of W on Hi(Bu, Ql) is given by the action of W defined by Springer [28]
multiplied by the sign character of W ). The isomorphism in (2.7) is induced by
the natural map Bu → Pu (cf. [26, Thm. 1.2]), which is clearly F -equivariant.
Therefore, the isomorphism in (2.7) is compatible with the induced F -actions on
both sides. As a consequence, the eigenvalues of F on Hi(Pu, Ql) are algebraic
integers of modulus qi/2 so that Pu is pure.

Since P and T are F -stable, so is L and the induced action of F on L is a
Frobenius morphism, whence F acts on B(L), the variety of Borel subgroups of L.
Let d0 = dimB(L). Since B(L) is smooth, and H2d0(B(L), Ql) ∼= Ql, the eigenvalue
of F on this one-dimensional space is qd0 . Thanks to [3, Thm. 3.3, Cor. 3.4(b)], we
have an isomorphism of Ql-spaces

(2.8) Hi−2d0(P0
u, Ql) ⊗ H2d0(B(L), Ql) ∼= Hi(Bu, Ql)

εWL ,

for each i, where Hi(Bu, Ql)εWL is the subspace of Hi(Bu, Ql) on which WL acts
via the sign representation ε (i.e. the subspace of WL-anti-invariants). Further, the
isomorphism in (2.8) is F -equivariant. By Springer’s purity result, the eigenvalues
of F on Hi(Bu, Ql)εWL are algebraic integers of modulus qi/2. Consequently, the
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eigenvalues of F on Hi−2d0(P0
u, Ql) are algebraic integers of modulus q(i−2d0)/2 for

all i. It follows that P0
u is pure.

2.5. Deligne–Lusztig generalized characters and Green functions. For this
subsection we use the axiomatic formalism given in §2.2. We fix the triple Γ =
(Ψ, Π, F0), where Ψ = (X, Φ, X̌, Φ̌), so for each prime power q we have a connected
reductive algebraic group G defined over Fq with Frobenius morphism F . Further,
we have a maximal torus T of G and the Weyl group W of G with respect to
T . We recall from §2.1 that for a twisted torus Tw (w ∈ W ), we write RG

Tw
for

the Deligne–Lusztig induction functor from characters of TF
w to characters of GF .

In this subsection we recall some known results about the values of RG
Tw

(θ) on
unipotent elements of GF , where θ ∈ Irr(TF

w ).
Let w ∈ W and θ ∈ Irr(TF

w ). We begin by recalling that as a function GF
uni → Q

the restriction RG
Tw

(θ) to GF
uni does not depend on θ; see [4, Cor. 7.2.9]. The

restriction of RG
Tw

(θ) to GF
uni is called a Green function and is denoted by QG

Tw
; see

[4, §7.6].
Suppose q is a power of a good prime for Φ and assume that X/ZΦ is torsion

free (i.e. the centre of G is connected), so that Proposition 2.4 applies. With these
assumptions, the work of Shoji [22, Prop. 6.1] tells us that the Green functions QG

Tw

evaluated on a unipotent class of GF are given by certain polynomials in q whose
coefficients are independent of q if G does not have a simple component of type E8.
If G has a simple component of type E8, then for u ∈ GF

uni, the value of QG
Tw

(u) is
given by one of two polynomials in q depending on whether q is congruent to 1 or
−1 modulo 3; see [22, Rem. 6.2].

Remark 2.9. For G simple of type E8, we only require two polynomials in case u
lies in the conjugacy class with Bala–Carter label E8(b6); see [22, Rem. 5.1]. This
is precisely the conjugacy class for which there is no split element if q is congruent
to −1 mod q, as mentioned in §2.3. For reductive G the two polynomials are only
required in case there is a simple component H of G of type E8, such that the size
of the F -orbit of H is odd and the projection of u into H belongs to the class with
Bala–Carter label E8(b6). For, if the F -orbit of H is of even size 2m, then the
group of F -stable points of the direct product of the simple groups in this orbit is
a finite simple group of type E8 over the field Fq2m , so that there does exist a split
element (since q2m ≡ 1 mod 3).

Remark 2.10. In case q is a power of a bad prime for G, it is conjectured that the
values of the Green functions QG

Tw
(u) are also given by polynomials in q; this has

been verified in many cases. In general, these polynomials differ from those for
good characteristic. Based on results of Shoji ([22]), it is shown by M. Geck in [8,
Prop. 3.5] that the algorithm for the computation of Green functions, presented by
G. Lusztig in [15, Chap. 24], works in any characteristic. In order to show that
the Green functions are polynomials in bad characteristic, one has to find suitable
analogues of the split representatives which exist in good characteristic. The latter
problem is open in general.

2.6. Two standard lemmas. In this subsection we recall two standard lemmas
that we require in the sequel. The first of these concerns a condition on a rational
function that forces it to be a polynomial. We include a proof of this well-known
result for the reader’s convenience.
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Lemma 2.11. Let f(z) ∈ Q(z) be a rational function. Suppose that there are
infinitely many n ∈ Z such that f(n) ∈ Z. Then f(z) ∈ Q[z] is in fact a polynomial.

Proof. We may write f(z) = g(z) + h(z)
k(z) , where g(z), h(z), k(z) ∈ Q[z] and the

degree of h(z) is strictly less than that of k(z). Suppose for a contradiction that
h(z) 
= 0. We can find a positive integer N such that Ng(z) ∈ Z[z]. Since f(n) ∈ Z

for infinitely many n ∈ Z, there exists such an n for which 0 < h(n)
k(n) < 1/N . But

then we have Nf(n) = Ng(n)+N h(n)
k(n) , and the left hand side is an integer, whereas

the right hand side cannot be an integer. This contradiction shows that h(z) = 0,
so that f(z) = g(z) ∈ Q[z], as required. �

For the next lemma we refer the reader to §2.4 for the definition of a pure variety.
Using the Grothendieck trace formula (e.g. see [6, Thm. 10.4]), Lemma 2.12 can be
proved with standard arguments; see for example [2, §5].

Lemma 2.12. Let V be a pure variety defined over a finite field Fq. Let F be the
Frobenius morphism corresponding to the Fq-structure on V . Suppose there exists
g(z) ∈ Q[z] such that |V F s | = g(qs) for any s ∈ Z≥1. Then

g(z) =
dim V∑
i=0

dimH2i
c (V, Ql)z

i.

In particular, g(z) ∈ Z[z] and the coefficients in g(z) are positive integers. Further,
we have Hi

c(V, Ql) = {0} for i odd, and all the eigenvalues of F s on H2i
c (V, Ql) are

qis for all i = 0, . . . , dimV and all s ∈ Z≥1.

3. Rational points of fixed point subvarieties

of generalized flag varieties

In this section we prove Theorem 3.10 and Proposition 3.15. The proofs of these
results are contained in §3.2 and §3.3. Theorem 3.10 is a consequence of Proposition
3.4, which is proved by combining well-known results from the representation theory
of finite groups of Lie type.

3.1. Fixed point subvarieties of flag varieties. In this subsection we use the
notation given in §2.1 and also the notation from §2.4; we do not require the
axiomatic setup from §2.2. In particular, B is an F -stable Borel subgroup of G
containing an F -stable maximal torus T , and P is an F -stable parabolic subgroup
of G containing B. The unipotent radical of P is denoted by U . Note that U is
also F -stable.

The Frobenius morphism F acts on the variety P of conjugates of P . For u ∈
GF

uni, this induces an action of F on the fixed point varieties Pu and also on P0
u.

Therefore, we may consider the F -fixed points of each of these varieties: PF , PF
u and

(P0
u)F . We may identify P with G/P , because P = NG(P ). Then by [6, Cor. 3.13]

we identify PF with GF /PF , which in turn we can identify with {gPF | g ∈ GF },
because NGF (PF ) = PF . This allows us to identify PF

u with {gPF | g ∈ GF , u ∈
gPF }. In a similar way, we identify (P0

u)F with {gPF | g ∈ GF , u ∈ gUF }, which
in turn can be identified with {gUF | g ∈ GF , u ∈ gUF }.

For an F -stable subgroup H of G and for x ∈ GF we define

fG
H (x) = |{gHF | g ∈ GF , x ∈ gHF }|.



188 S. M. GOODWIN AND G. RÖHRLE

To keep the notation short, we do not show the dependence on F in the notation
fG

H (x). Note that if x ∈ GF is not conjugate to an element in HF , then fG
H (x) = 0.

The following lemma is a consequence of the discussion above.

Lemma 3.1. Let u ∈ GF
uni. Then we have

(i) |PF
u | = fG

P (u);
(ii) |(P0

u)F | = fG
U (u).

Let L be the unique Levi subgroup of P containing T . Since P and T are F -
stable, so is L. For the statements of the next lemmas we recall that WL denotes
the Weyl group of L and Tw is a maximal torus obtained from T by twisting by
w ∈ W .

Lemma 3.2. Let u ∈ GF
uni. Then we have

fG
P (u) =

1
|WL|

∑
w∈WL

QG
Tw

(u).

Proof. First note that fG
P (u) is the value at u of the permutation character IndG

P (1P )
of GF on the cosets of PF . Now IndG

P (1P ) is the trivial character 1L of LF Harish-
Chandra induced to GF ; i.e. as a function GF

uni → Q we have

fG
P = RG

L (1L),

where RG
L is the Harish-Chandra induction functor. By [6, Prop. 12.13] the trivial

character 1L of LF is given in terms of Deligne–Lusztig generalized characters as
follows:

1L =
1

|WL|
∑

w∈WL

RL
Tw

(1Tw
),

where RL
Tw

is the Deligne–Lusztig induction functor. Applying the Harish-Chandra
induction functor RG

L to RL
Tw

(1Tw
) gives the corresponding generalized character

RG
Tw

(1Tw
) for GF ; cf. [6, Prop. 4.7]. Therefore, we have

RG
L (1L) =

1
|WL|

∑
w∈WL

RG
Tw

(1Tw
).

As discussed in §2.5 the restriction of the virtual character RG
Tw

(1Tw
) to the unipo-

tent elements of GF is just the Green function QG
Tw

of GF . Thus we obtain

fG
P (u) =

1
|WL|

∑
w∈WL

QG
Tw

(u),

as claimed. �

The formula in Lemma 3.2 can also be found in [14, Lem. 2.3]. Our next result
is proved in a similar way to Lemma 3.2.

Lemma 3.3. Let u ∈ GF
uni. Then we have

fG
U (u) =

1
|LF |p|WL|

∑
w∈WL

(−1)l(w)QG
Tw

(u).
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Proof. First note that |LF | · fG
U (u) is the value at u of the permutation character

IndG
U (1U ) of GF on the cosets of UF , because NGF (UF ) = PF = LF UF . Since

UF is normal in PF , we see that IndG
U (1U ) is the regular character χL of LF ,

Harish-Chandra induced to GF ; i.e.

|LF | · fG
U = RG

L (χL).

By [6, Cor. 12.14], the regular character χL of LF is given by

χL =
1

|WL|
∑

w∈WL

dim(RL
Tw

(1Tw
))RL

Tw
(χTw

).

Using [6, Cor. 12.9, Rem. 12.10], we have

χL = |LF |p′ · 1
|WL|

∑
w∈WL

(−1)l(w)|TF
w |−1RL

Tw
(χTw

).

Since χTw
=

∑
θ∈Irr(T F

w ) θ, we have

χL = |LF |p′ · 1
|WL|

∑
w∈WL

(−1)l(w)|TF
w |−1

∑
θ∈Irr(T F

w )

RL
Tw

(θ).

Thus, the regular character of LF is a Q-linear combination of generalized Deligne–
Lusztig characters, RL

Tw
(θ). Harish-Chandra induction applied to RL

Tw
(θ) gives the

corresponding generalized character RG
Tw

(θ) for GF . Therefore, we have

RG
L (χL) = |LF |p′ · 1

|WL|
∑

w∈WL

(−1)l(w)|TF
w |−1

∑
θ∈Irr(T F

w )

RG
Tw

(θ).

On unipotent elements of GF the virtual character RG
Tw

(θ) is independent of the
choice of the character θ of TF

w and is just the Green function QG
Tw

, as discussed
in §2.5. Therefore, we have that RG

Tw
(θ)(u) = RG

Tw
(1Tw

)(u) = QG
Tw

(u). Thus we
obtain

fG
U (u) = |LF |p′ · 1

|LF | ·
1

|WL|
∑

w∈WL

(−1)l(w)|TF
w |−1| Irr(TF

w )|QG
Tw

(u)

=
1

|LF |p
· 1
|WL|

∑
w∈WL

(−1)l(w)QG
Tw

(u),

as claimed. �

Combining Lemmas 3.1–3.3 we get the following proposition.

Proposition 3.4. Let P be an F -stable parabolic subgroup of G containing an F -
stable maximal torus T of G. Let L be the Levi subgroup of P containing T and let
u ∈ GF

uni. Then
(i)

|PF
u | =

1
|WL|

∑
w∈WL

QG
Tw

(u);

(ii)

|(P0
u)F | =

1
|LF |p|WL|

∑
w∈WL

(−1)l(w)QG
Tw

(u).
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We note that the special case P = B of Proposition 3.4 is well known: |BF
u | =

QG
T (u) = RG

T (1T )(u); e.g. see [28, §5].
We recall that two parabolic subgroups of G are called associated if they have

Levi subgroups that are conjugate in G. The formulas for |PF
u | and |(P0

u)F | given
in Proposition 3.4 depend only on the Levi subgroup L and not on the parabolic
subgroup containing L; this is due to the fact that the Harish-Chandra induction
functor RG

L does not depend on the choice of parabolic subgroup containing L that
is used to define it, [6, Prop. 6.1]. Therefore, we deduce the following corollary. We
note that this was observed also by G. Lusztig; see [24, II 4.16].

Corollary 3.5. Let P and Q be associated F -stable parabolic subgroups of G and
let P and Q be the corresponding generalized flag varieties. Let u ∈ GF

uni. Then we
have

(i) |PF
u | = |QF

u |;
(ii) |(P0

u)F | = |(Q0
u)F |.

Remark 3.6. Assume as in Proposition 3.4. In the special case P = G of Proposition
3.4(i), we recover the following well-known identity:

∑
w∈W

QG
Tw

(u) = |W |,

for any u ∈ GF
uni; e.g. see [27, Prop. 5.8].

Let P be an F -stable parabolic subgroup of G with U = Ru(P ) and let P be the
corresponding generalized flag variety. Let u ∈ GF

uni. Suppose that G · u ∩ U = ∅.
Then |(P0

u)F | = 0 and it follows from Proposition 3.4(ii) that

(3.7)
∑

w∈WL

(−1)l(w)QG
Tw

(u) = 0.

The special case P = G (and u 
= 1) of (3.7) gives

(3.8)
∑

w∈W

(−1)l(w)QG
Tw

(u) = 0,

which is the formula in [22, Prop. 5.2(ii)] for the sign character of W and 1 
= u ∈
GF

uni (under the Springer correspondence, the sign representation of W corresponds
to the trivial unipotent class in G). Conversely, we can recover (3.7) from the
version of (3.8) for “G = L” by applying the Harish-Chandra induction functor
RG

L .
Further, the special case P = G and u = 1 in Proposition 3.4(ii) gives

1
|W |

∑
w∈W

(−1)l(w)QG
Tw

(1) = qdimB,

which is just the formula in [22, Prop. 5.2(i)] again for the sign character of W .

Remark 3.9. Note that Px and P0
x are defined for any x ∈ G (though P0

x is empty
unless x is unipotent and G · x ∩ Ru(P ) 
= ∅). It follows from the proofs of Lem-
mas 3.1–3.3 that the functions GF → Z≥0 given by x �→ |PF

x | and x �→ |(P0
x)F |

are uniform; that is, they are linear combinations of generalized Deligne–Lusztig
characters RG

Tw
(θ).
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3.2. Polynomial properties for |PF
u | and |(P0

u)F |. In this subsection we use
the axiomatic setup given in §2.2. We fix the data ∆ = (Ψ, Π, F0, J), where Ψ =
(X, Φ, X̌, Φ̌). Then for each prime power q we have a connected reductive algebraic
group G defined over Fq with Frobenius morphism F , and we have a parabolic
subgroup P = PJ of G which is F -stable. We assume that X/ZΦ is torsion free
and that q is a power of a good prime for Φ. We use the convention discussed in
Remark 2.1 to vary q.

We recall that, with the above assumptions, the results of §2.3 say that the
parameterization of the unipotent GF -conjugacy classes does not depend on q.
More specifically, there is a finite set E and finite groups Ae (e ∈ E), such that the
unipotent GF -conjugacy classes are parameterized by pairs (e, c) where e ∈ E and
c is a conjugacy class of Ae. This allows us to use the convention in Remark 2.5 to
take a representative u = ue,c of the conjugacy class with label (e, c) that possibly
changes as we vary q.

We can now state the main result of this section.

Theorem 3.10. Fix the data ∆ = (Ψ, Π, F0, J), where Ψ = (X, Φ, X̌, Φ̌). Assume
that X/ZΦ is torsion free and let q be a power of a good prime for Φ. Let G, F
and P be the connected reductive group, Frobenius morphism and F -stable parabolic
subgroup of G determined by ∆ and q. Fix a label (e, c) of a unipotent GF -conjugacy
class and let u ∈ GF

uni be a representative of this class.
(i) Suppose that G does not admit a simple component of type E8. Then there

exist gu(z), hu(z) ∈ Z[z] such that |PF
u | = gu(q) and |(P0

u)F | = hu(q).
(ii) Suppose that G admits a simple component of type E8. Then there exist

gi
u(z), hi

u(z) ∈ Z[z] (i = ±1) such that |PF
u | = gi

u(q) and |(P0
u)F | = hi

u(q)
when q is congruent to i modulo 3.

Proof. First suppose that G does not have a simple component of type E8. In this
case, the discussion in §2.5 tells us that the values of the Green functions QG

Tw
(u) are

given by polynomials in q. Now it follows from Proposition 3.4(i) that there exists
gu(z) ∈ Q[z] such that |PF

u | = gu(q). That this polynomial has integer coefficients
follows from Proposition 3.20 in the next subsection.

Observe that, as LF is a finite reductive group, the factor |LF |p in the formula
for |(P0

u)F | in Proposition 3.4(ii) is the size of a Sylow p-subgroup of LF . So by [6,
Prop. 3.19], we have |LF |p = qN , where N is the number of positive roots in the root
system of L. Now it follows from Proposition 3.4(ii) that there exists ku(z) ∈ Q[z]
such that |(P0

u)F | = ku(q)/qN . Since this holds for all applicable q, Lemma 2.11
tells us that hu(z) = ku(z)/zN is a polynomial in z. Again, the fact that hu(z) has
integer coefficients follows from Proposition 3.20 in the next subsection.

In case G has a simple component of type E8, the proposition is proved in the
same way. In this case we use Remark 3.21 to ensure we have integer coefficients. �

Remark 3.11. We note that in Theorem 3.10(ii) the need to consider polynomials
depending on the congruence of q modulo 3 only arises in certain special cases; see
Remark 2.9.

Remark 3.12. Remove the assumption that X/ZΦ is torsion free, so that the centre
of G is possibly disconnected. Let Ĝ be the semisimple adjoint group of the same
type as G, and let φ : G → Ĝ be the natural map as in §2.3. Then it is straight-
forward to see that, for u ∈ GF

uni, we have |PF
u | = |P̂F

φ(u)| and |(P0
u)F | = |(P̂0

φ(u))
F |.



192 S. M. GOODWIN AND G. RÖHRLE

Therefore, with a certain formulation, a version of Theorem 3.10 holds when G has
a disconnected centre.

Using the chevie package in GAP3 ([7]) along with some code provided by
M. Geck, we can calculate the polynomials gu(z) and hu(z) from Theorem 3.10.
We illustrate this with some examples below.

Examples 3.13. (i). Suppose G is of type D5. Let u ∈ GF
uni lie in the minimal

unipotent G-class. We note that the centralizer of u in G is connected, so the
elements of GF

uni in the minimal unipotent G-class form a single GF -class. We have

|BF
u | = 5q13 + 24q12 + 60q11 + 106q10 + 145q9 + 161q8 + 150q7 + 120q6 + 85q5

+ 54q4 + 30q3 + 14q2 + 5q + 1

and for P a minimal parabolic subgroup we have

|PF
u | = q13 + 8q12 + 24q11 + 47q10 + 70q9 + 83q8 + 82q7 + 69q6 + 51q5 + 34q4

+ 20q3 + 10q2 + 4q + 1,

|(P0
u)F | = 4q12 + 16q11 + 36q10 + 59q9 + 75q8 + 78q7 + 68q6 + 51q5 + 34q4 + 20q3

+ 10q2 + 4q + 1.

(ii). Now let G be of type G2 and consider the unipotent G-class with Bala–
Carter label G2(a1). This is the subregular unipotent class in G. Let u1 ∈ GF

uni be
a split element in this class. Then the component group of CG(u1) is the symmetric
group S3 on 3 letters. Letting u2 ∈ (G · u1)F be in the GF -class corresponding to
the conjugacy class of transpositions in S3 and u3 ∈ (G · u1)F be in the GF -class
corresponding to the conjugacy class of 3-cycles, then we have

|BF
u1
| = 4q + 1, |BF

u2
| = 2q + 1, and |BF

u3
| = q + 1.

(iii). Finally we consider G of type F4. Let P be the standard parabolic subgroup
of G with Levi factor of type A2 corresponding to the long roots of Π. For u the
split representative in the conjugacy class with Bala–Carter label F4(a3), we have

|(P0
u)F | = 16q + 4.

For u split in the conjugacy class with Bala–Carter label C3(a1), we have

|(P0
u)F | = 4q2 + 10q + 3.

We note that in these cases the constant term in the polynomial is not 1; in Remark
3.16(ii), we give an explanation for this.

Example 3.14. Let G be simple and split over Fq, and let u ∈ GF
uni be a split

subregular element of G. Let r be the rank of G. In [30, III 3.10 Thm. 2] R. Stein-
berg showed that Bu is a union of r projective lines with an intersection pattern
determined by the Dynkin diagram of G; in this case Bu is called a Dynkin curve.
It follows that |BF

u | = rq + 1, when G is simply laced, |BF
u | = (2r − 1)q + 1, rq + 1

in case G is of type Br, Cr respectively, and |BF
u | = (r + 2)q + 1 for G of types G2

and F4.
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3.3. Geometric interpretation of the polynomials. In this subsection we show
that the polynomials gu(z) and hu(z) from Theorem 3.10 have integer coefficients.
Further, in case G and u are split we are able to interpret the coefficients as Betti
numbers of the relevant variety. For simplicity, we only consider the case where G
does not have a simple component of type E8. Analogous results for the case where
G is of type E8 can be proved similarly; see Remark 3.21 for precise statements.
We use the axiomatic setup from §2.2, so we fix the data ∆ = (Ψ, Π, F0, J), where
Ψ = (X, Φ, X̌, Φ̌). Then for any prime power q we have corresponding G, F and P .
Throughout this subsection we only consider powers of good primes for Φ. Further,
we assume that X/ZΦ is torsion free, so that the centre of G is connected; we
note that Remark 3.12 means that this latter assumption gives no essential loss in
generality.

We begin by considering the case where F0 is the identity; this corresponds to G
being split over Fq. Further, we begin by only considering unipotent GF -conjugacy
classes that contain a split element u (see §2.3), and we concentrate on the varieties
Pu and polynomials gu(z).

With the above conditions we can consider Pu as a variety defined over Z, so
that for each prime power q the definition over Fq is obtained by changing the
base. In particular, if we fix a prime p, then Pu can be viewed as a variety defined
over Fp and, for each power q = ps of p, the fixed points PF

u of the corresponding
Frobenius morphism are precisely the Fq-rational points of Pu with respect to the
Fp-structure.

The discussion in the paragraph above, Lemma 2.12 and the purity of the variety
Pu (as discussed in §2.4) imply the first part of Proposition 3.15 below; the second
part holds for the same reasons.

Proposition 3.15. Fix the data ∆ = (Ψ, Π, F0, J), where Ψ = (X, Φ, X̌, Φ̌). Sup-
pose Φ does not have an irreducible component of type E8, the automorphism F0

is the identity and X/ZΦ is torsion free. Let q be a power of a good prime for Φ.
Let G, F and P be the reductive group, Frobenius morphism and F -stable parabolic
subgroup of G determined by ∆ and q. Fix a split element u ∈ GF

uni.
(i) Let gu(z) be as in Theorem 3.10. Then

gu(z) =
du∑
i=0

dimH2i(Pu, Ql)z
i,

where du = dimPu.
(ii) Let hu(z) be as in Theorem 3.10. Then

hu(z) =
d0

u∑
i=0

dimH2i(P0
u, Ql)z

i,

where d0
u = dimP0

u.
Further, for i odd we have Hi(Pu, Ql) = {0} = Hi(P0

u, Ql) and all the eigenvalues
of F on H2i(Pu, Ql) and H2i(P0

u, Ql) are qi for all i. In particular, the Euler
characteristics of Pu and P0

u are given by gu(1) and hu(1), respectively.

The special case P = B in Proposition 3.15 is well known; e.g. see [22, Cor. 6.4].

Remarks 3.16. (i). We note that the values dim Hi(Pu, Ql) and dimHi(P0
u, Ql)

are the Betti numbers of the underlying varieties Pu and P0
u, respectively. Thus,



194 S. M. GOODWIN AND G. RÖHRLE

Proposition 3.4 gives an effective way to calculate these invariants. For example,
consider G of type D5 and u in the minimal unipotent G-conjugacy class and P a
minimal parabolic subgroup. The expressions given in Example 3.13(i) tell us, for
instance, that dimH10(Pu, Ql) = 51 and dim H20(P0

u, Ql) = 36.
(ii). It follows from [31, Cor. 2.4] that Pu is connected. Thus the constant

term of gu(z) is 1. In contrast, it is not always the case that P0
u is connected. This

follows from the values of hu(z) for G of type F4 given in Example 3.13(iii); another
example is given in [24, II 11.8(b)].

Remark 3.17. Let P and Q be associated F -stable parabolic subgroups of G and let
P and Q be the corresponding generalized flag varieties. Then it follows from Corol-
lary 3.5 and Proposition 3.15 that for u ∈ Guni, the Betti numbers of Pu and Qu

(respectively P0
u and Q0

u) coincide. We note that this has been observed by Borho–
MacPherson ([3, Cor. 3.7]). In particular, dimH2du(Pu, Ql) = dim H2du(Qu, Ql)
implies that Pu and Qu have the same number of irreducible components of max-
imal dimension. We note that it is not always the case that Pu and Qu have the
same number of irreducible components in lower dimensions; see [24, II 11.5] for an
example in case G = GL4.

Analogous statements hold if we replace Pu and Qu by P0
u and Q0

u; see [24, II
11.6] for an explicit example where the number of irreducible components differs.
We note however that for G = GLn, the varieties P0

u are equidimensional (see the
final corollary in [23]; also see [24, II Prop. 5.15]).

Note that in contrast to Pu and P0
u, the fixed point variety Bu is always equidi-

mensional, [24, II Prop. 1.12].

Remark 3.18. Next we discuss some special cases where there is an alternative way
to see that |PF

u | is a polynomial in q with coefficients independent of q. Let G and
u ∈ GF

uni be split. Suppose that Pu admits a stratification into a finite union of
locally closed subvarieties, so that the decomposition does not depend on q and
each stratum is isomorphic to some affine space and is defined over Fq; such a
decomposition is called a paving by affine spaces. It then follows that |PF

u | is a
polynomial in q. Further, the coefficient of qi in this polynomial is the number of
strata isomorphic to affine i-space Ai; by Proposition 3.15, this coefficient is also the
(2i)th Betti number of Pu. Below we give some examples when such a stratification
is known to exist.

(i). In case u = 1, the Bruhat decomposition of G implies that there is a paving
of B1 = B by affine spaces, and one deduces that dim H2i(B, Ql) is the number
of elements of W of length i. Likewise, the Bruhat decomposition can be used to
obtain a stratification of P and to interpret the (2i)th Betti number of P as the
number of elements of length i in the set of distinguished coset representatives in
W/WL.

(ii) Suppose G is simple. It is known in all cases apart from E7 and E8 that Bu

admits a paving by affine spaces for any u ∈ Guni; see [5, Thm. 3.9], [24, II Prop.
5.9], and [25, Thm. 2]. See also [11, Ch. 11]. We note that the treatment in [5]
only applies in characteristic 0. In case u is in the subregular class of Guni, Bu is a
Dynkin curve (as mentioned in Example 3.14). Therefore, Bu is the disjoint union
of affine lines and points with no restriction on the type of G. Also, if u is a root
element in Guni, then Bu admits an affine paving, irrespective of the type of G; see
[27, Prop. 7.11].
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(iii). Now suppose G = GLn and P is a parabolic subgroup of G with associated
generalized flag variety P. In [21], N. Shimomura showed that Pu admits a paving
by affine spaces for any P and any u in Guni.

In view of the special situations discussed in Remark 3.18, it is natural to ask
whether in general Pu and P0

u admit pavings by affine spaces. In particular, this is
consistent with the vanishing of the odd l-adic cohomology of Pu and P0

u, as shown
in Proposition 3.15.

Now we consider the situation when u is not split (still assuming that G is
split). So we fix a label (e, c) of a unipotent GF -conjugacy class and let u be a
representative of this conjugacy class; we use Remark 2.5 to vary q. We recall that
u is split if the permutation action of F on the irreducible components of Bu is
trivial.

Since there are finitely many irreducible components of Bu, there is a minimal
positive integer s such that the action of F s on the set of irreducible components
of Bu is trivial. (We note that s is the order of an element of the conjugacy class
c in the group Ae, but as we do not require this fact we do not give a proof of
it.) Therefore, considered as an element of GF s

, we have that u is split. Hence, by
Proposition 3.15 above, the l-adic cohomology groups vanish in odd degrees, and
the eigenvalues of F s on the l-adic cohomology groups H2i(Pu, Ql) are all qis for
i = 0, . . . , du. Therefore, the eigenvalues of F on H2i(Pu, Ql) are of the form ζjqi,
where ζ is a primitive sth root of unity and j = 0, . . . , s−1. Let ni,j be the number
of times ζjqi (j = 0, . . . , s − 1) occurs as an eigenvalue of F on Hi(Pu, Ql). Using
the Grothendieck trace formula we get

(3.19) |PF
u | =

du∑
i=0

s−1∑
j=0

ni,jζ
jqi.

Since (3.19) holds for all q and |PF
u | = gu(q), we see that the ni,j do not depend

on q. It follows that the coefficients of gu(z) are algebraic integers. Since these
coefficients are also rational numbers, we must have gu(z) ∈ Z[z].

Next we consider the case where we no longer assume that F0 is the identity, i.e.
that G is not split over Fq. The automorphism F0 is of finite order, say r. Then
F r is a Frobenius morphism on G corresponding to a split Fqr -structure. The
discussion in the previous paragraph then tells us that the eigenvalues of F r on
H2i(Pu, Ql) are of the form ζjqir, where ζ is some root of unity. It follows that the
eigenvalues of F on H2i(Pu, Ql) are of the form ξjqi, where ξ is some root of unity.
Now an analogue of (3.19) holds, and we can deduce as before that gu(z) ∈ Z[z].

Proposition 3.20 completes the proof of Theorem 3.10. We have proved the
statement about gu(z), and the assertion about hu(z) is proved in the same way.

Proposition 3.20. Fix the data ∆ = (Ψ, Π, F0, J), where Ψ = (X, Φ, X̌, Φ̌). As-
sume that Φ does not have a simple component of type E8 and X/ZΦ is torsion free.
Let q be a power of a good prime for Φ. Let G, F and P be the connected reductive
group, Frobenius morphism and F -stable parabolic subgroup of G determined by ∆
and q. Fix a label (e, c) of a unipotent GF -conjugacy class and let u ∈ GF

uni be a
representative of this class.

Let gu(z), hu(z) be as in Theorem 3.10. Then we have gu(z), hu(z) ∈ Z[z].

Remark 3.21. Suppose G is split and has a simple component of type E8. Then for
u ∈ GF

uni split, the formulas in Proposition 3.15 hold for g1
u(z) and h1

u(z). Further,
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the analogue of Proposition 3.20 holds without the assumption that G and u are
split, i.e. that gi

u(z), hi
u(z) ∈ Z[z] (i = ±1). As mentioned in Remark 3.11, we

only actually need to consider two polynomials, depending on the congruence of q
modulo 3 in certain special cases.

4. Unipotent conjugacy in finite groups of Lie type

In this section we apply the results of the previous sections in order to prove our
generalization (Theorem 4.6) of the main theorem in Alperin’s note [1].

4.1. A counting argument for finite groups. For the first part of this subsec-
tion let G be a finite group and let H be a subgroup of G. In Lemma 4.1 below
we give a formula for the number of H-conjugacy classes in G. This lemma was
proved for a particular case in [1], but the proof applies generally without change;
we include the proof for the reader’s convenience. Before stating the lemma we
need to introduce some notation.

For x ∈ G we write

fG
H (x) = |{gH | x ∈ gH, g ∈ G}|

for the number of conjugates of H in G containing x. By k(H, G) we denote
the number of H-conjugacy classes in G and we let R = R(G, H) be a set of
representatives of the distinct G-conjugacy classes that intersect H.

Lemma 4.1. The number of H-conjugacy classes in G is given by

k(H, G) =
|NG(H)|

|H|
∑
x∈R

fG
H (x).

Proof. Counting the set of pairs {(y, gH) | y ∈ G ·x, g ∈ G, y ∈ gH} in two different
ways, we obtain |G : NG(H)| · |G · x ∩ H| = |G · x| · fG

H (x). It follows that

|G · x ∩ H| =
|G · x|

|G : NG(H)| · f
G
H (x).

Now Burnside’s counting formula gives

k(H, G) =
1
|H|

∑
x∈H

|CG(x)| =
1
|H|

∑
x∈R

|G · x ∩ H| · |CG(x)|.

Thus it follows that

k(H, G) =
1
|H|

∑
x∈R

|G · x| · |NG(H)|
|G| · |G|

|G · x| · f
G
H (x) =

|NG(H)|
|H|

∑
x∈R

fG
H (x),

as claimed. �

Remark 4.2. If the conjugacy class of x ∈ G does not intersect H, then we have
fG

H (x) = 0. Therefore, it does no harm in the formula in Lemma 4.1 to sum over
representatives of all conjugacy classes of G, i.e. to take R = R(G) to be a set of
representatives of all the conjugacy classes of G.

Now suppose G is a connected reductive group defined over Fq with correspond-
ing Frobenius morphism F of G. Let H be a closed F -stable subgroup of G. In this
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situation we write fG
H rather than fGF

HF to shorten notation; we note that this nota-
tion has already been used in §3.1. We can apply Lemma 4.1 in the case “G = GF ”
and “H = HF ” and we obtain the formula

k(HF , GF ) =
|NG(HF )|

|HF |
∑
x∈R

fG
H (x),

where R = R(GF , HF ) is a set of representatives of all GF -conjugacy classes that
intersect HF ; or using Remark 4.2 we may take R = R(GF ) to be a set of repre-
sentatives of all GF -conjugacy classes.

Lastly in this subsection, we remark on a connection between the functions fG
H

and the so-called fixed point ratios for finite group actions; for the importance of
the latter, see for instance [14] and the references therein.

Remark 4.3. Let G be a finite group and let H be a subgroup. Consider the
transitive action of G on the cosets G/H. For x ∈ G, the fixed point ratio of x in
this action is given by

fpr(x, G/H) =
fixG/H(x)
|G/H| =

|G · x ∩ H|
|G · x| ,

where fixG/H(x) denotes the number of fixed points of x on G/H; see [14]. In
particular, by the counting argument in the proof of Lemma 4.1 we get

fpr(x, G/H) =
|NG(H)|

|G| fG
H (x).

4.2. Unipotent conjugacy in finite groups of Lie type. For the start of this
section we do not require the axiomatic setup of §2.2, but we do use the notation
of §2.1. So G is a connected reductive algebraic group defined over Fq with corre-
sponding Frobenius morphism F . The parabolic subgroup P of G is F -stable with
unipotent radical U . We have a maximally split maximal torus T of G and L is the
unique Levi subgroup of P containing T .

The next proposition is proved using Lemmas 3.3 and 4.1.

Proposition 4.4. The number of UF -conjugacy classes in GF is given by

k(UF , GF ) = |LF |p′ · 1
|WL|

∑
w∈WL

(−1)l(w)
∑
u∈R

QG
Tw

(u),

where R = R(GF , UF ) is a set of representatives of the conjugacy classes of GF

that intersect UF .

Proof. We have NGF (UF ) = PF and therefore |NGF (UF )|/|UF | = |LF |. Thus it
follows from Lemmas 3.3 and 4.1 that

k(UF , GF ) = |LF |
∑
u∈R

fG
U (u)

= |LF |
∑
u∈R

1
|LF |p

· 1
|WL|

∑
w∈WL

(−1)l(w)QG
Tw

(u)(4.5)

= |LF |p′ · 1
|WL|

∑
w∈WL

(−1)l(w)
∑
u∈R

QG
Tw

(u),

as claimed. �
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For the remainder of this subsection we use the axiomatic setup of §2.2. We fix
the data ∆ = (Ψ, Π, F0, J), where Ψ = (X, Φ, X̌, Φ̌). Then for each prime power q
we have a connected reductive algebraic group G defined over Fq with Frobenius
morphism F and we have the F -stable parabolic subgroup P = PJ of G. We denote
the unipotent radical of P by U and we write L for the unique Levi subgroup of P
containing T . In order to state the results in this subsection we use the convention
discussed in Remark 2.1 to vary q.

We now state and prove the principal result of this section; it generalizes the
main theorem of [1], which is the special case G = GLn and P = B of Theorem
4.6.

Theorem 4.6. Fix the data ∆ = (Ψ, Π, F0, J), where Ψ = (X, Φ, X̌, Φ̌). For a
prime power q, let G, F and P be the connected reductive group, Frobenius mor-
phism and F -stable parabolic subgroup of G determined by ∆ and let U = Ru(P ).
Assume that X/ZΦ is torsion free and that q is a power of a good prime for Φ.

(i) Suppose that G does not have a simple component of type E8. Then there
exists m(z) ∈ Z[z] such that k(UF , GF ) = m(q).

(ii) Suppose that G has a simple component of type E8. Then there exist
mi(z) ∈ Z[z] (i = ±1), such that k(UF , GF ) = mi(q), when q is congruent
to i modulo 3.

Proof. The first equality in (4.5) says that

k(UF , GF ) = |LF |
∑
u∈R

fG
U (u).

Since LF is a finite reductive group, the factor |LF | is a polynomial in q; e.g., see
[4, p. 75]. By Lemma 3.1(ii) and Theorem 3.10 each of the summands fG

U (u) is a
polynomial in q. With the assumption that X/ZΦ is torsion free, it follows from
Proposition 2.4 that the set R = R(GF , UF ) is independent of q, where we use the
convention of Remark 2.5. �

Remark 4.7. By Remark 2.9, if G has a simple component of type E8 and P is an
F -stable parabolic subgroup of G, then the polynomial k(UF , GF ) in q in Theorem
4.6(ii) only depends on the residue class of q modulo 3 in case U meets the unipotent
class with Bala–Carter label E8(b6). For G simple of type E8, it is straightforward
to calculate the parabolic subgroups of G for which this occurs; for example, this
class does not meet the unipotent radical of any of the maximal parabolic subgroups
of G.

It was already remarked that the formula in Lemma 3.3 for fG
U (u) does not

depend on the choice of an F -stable parabolic subgroup P of G containing L as a
Levi subgroup. This enabled us to deduce Corollary 3.5. Similarly, we can observe
the following corollary. We can argue as in Remark 4.2 to sum over all unipotent
GF -conjugacy classes in the formula for k(UF , GF ) in Proposition 4.4; alternatively
one can note that associated parabolic subgroups have the same Richardson class,
so that the unipotent classes of G meeting their unipotent radicals coincide.

Corollary 4.8. With the same hypotheses as in Theorem 4.6, let P and Q be
associated F -stable parabolic subgroups of G with unipotent radicals U and V , re-
spectively. Then

k(UF , GF ) = k(V F , GF ).
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Remark 4.9. Make the same assumptions as in Theorem 4.6. The commuting
variety of U and G is the closed subvariety of U × G defined by

C(U, G) = {(u, g) ∈ U × G | ug = gu}.
Since U is F -stable, F acts on C(U, G) and we can consider the F -fixed points and
we have C(U, G)F = C(UF , GF ). The Burnside counting formula tells us that

|C(UF , GF )| = qdim Uk(UF , GF ) = qdim Um(q),

where m(z) ∈ Z[z] is as in Theorem 4.6. In particular, |C(UF , GF )| is given by a
polynomial in q with integer coefficients independent of q. (If G admits a simple
component of type E8, there are two polynomials depending on the congruence
class of q modulo 3.) We note that the coefficients of the polynomial m(z) can
be negative (see Examples 4.10). This means that the variety C(U, G) is not, in
general, pure and therefore we cannot interpret the coefficients as Betti numbers
as in Lemma 2.12.

Using the chevie package in GAP3 ([7]) along with some code provided by
M. Geck, we are able to explicitly calculate the polynomials m(z) in Theorem 4.6.
We illustrate this with some examples below.

Examples 4.10. (i). In Table 1 we give the polynomials for k(UF , GF ) in case
G = PGLn and P = B for n = 2, . . . , 10. In this case we can take U = Un to
be the group of upper unitriangular matrices. We note that it follows from the
first equality in (4.5) that k(Un(q), GLn(q)) = (q − 1)k(Un(q), PGLn(q)), because
fGLn

Un
(u) = fPGLn

Un
(u) for any u ∈ Un.

(ii). Now suppose that G is split of type E6. For P = B, we have

m(q) = q42 − q40 − q37 − q36 + q35 − q33 + q32 + 8q31 − 2q30 − 6q29 − 2q28 − 6q27

+ 18q26 − 24q25 − 6q24 + 34q23 + 90q21 − 122q20 − 59q19 − 69q18 + 101q17

+ 304q16 − 265q15 + 234q14 + 48q13 − 1891q12 + 2658q11 − 220q10 − 1794q9

+ 818q8 + 527q7 − 521q6 + 213q5 + 11q4 − 78q3 − 17q2 − 6q + 25,

and if P is a minimal parabolic subgroup of G, then k(UF , GF ) is given by

m(q) = q43 − q41 − q38 − q37 + q36 − q34 + q33 + 7q32 − q31 − 5q30 − 2q29 − 6q28

+ 12q27 − 13q26 − 9q25 + 23q24 + 7q23 + 65q22 − 61q21 − 81q20 − 53q19

+ 47q18 + 231q17 − 78q16 + 42q15 + 79q14 − 987q13 + 748q12 + 931q11

− 1191q10 − 129q9 + 563q8 − 39q7 − 117q6 + 74q5 − 37q4 − 40q3 − 3q2 + 24q.

(iii). Now consider the case when G is of type E6 with twisted definition over
Fq; i.e., GF = 2E6(q). Then for a Borel subgroup of G we have

m(q) = q42 − 8q41 + 31q40 − 80q39 + 160q38 − 273q37 + 423q36 − 615q35 + 848q34

− 1113q33 + 1401q32 − 1710q31 + 2039q30 − 2376q29 + 2699q28 − 2992q27

+ 3258q26 − 3521q25 + 3821q24 − 4201q23 + 4698q22 − 5347q21 + 6155q20

− 7035q19 + 7831q18 − 8471q17 + 9005q16 − 9454q15 + 9764q14 − 9947q13

+ 10114q12 − 10268q11 + 10141q10 − 9392q9 + 7989q8 − 6252q7 + 4526q6

− 2998q5 + 1770q4 − 893q3 + 354q2 − 94q + 12.
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Table 1. k(Un(q), PGLn(q))

n k(Un(q), PGLn(q))

2 q2 + q − 2

3 q5 + q3 − 3q2 − 2q + 3

4 q9 − q7 + 2q6 − 3q5 − 2q4 − 4q3 + 9q2 + 3q − 5

5 q14 − q12 − q11 + 3q10 − 5q9 + 2q8 − 9q6 + 11q5 + 10q4 − q3 − 13q2 − 4q + 7

6 q20 − q18 − q17 − q16 + 5q15 − 6q14 − 3q13 + 12q12 + 3q11 − 40q10 + 44q9 − 7q8

+5q7 + 3q6 − 5q5 − 38q4 + 11q3 + 24q2 + 5q − 11

7 q27 − q25 − q24 − q23 + 6q21 − 6q20 − 4q19 + 3q18 + 16q17 + 2q16 − 45q15

+9q14 + 65q13 − 36q12 − 47q11 + 118q10 − 130q9 + 80q8 − 85q7 + 25q6

+34q5 + 46q4 − 27q3 − 31q2 − 6q + 15

8 q35 − q33 − q32 − q31 + 8q28 − 7q27 − 5q26 + 3q25 + 2q24 + 27q23 − 8q22 − 76q21

+66q20 + 9q19 + 8q18 − 96q17 + 109q16 + 56q15 − 73q14 − 266q13 + 357q12

+93q11 − 530q10 + 278q9 + 253q8 − 153q7 − 52q6 + 11q5 − 96q4 + 51q3

+48q2 + 7q − 22

9 q44 − q42 − q41 − q40 + q37 + 9q36 − 8q35 − 6q34 + 3q33 + q32 + 8q31 + 25q30

− 2q29 − 113q28 + 49q27 + 107q26 − 60q25 + 81q24 − 326q23 + 97q22 + 702q21

− 603q20 − 446q19 + 337q18 + 760q17 − 869q16 + 491q15 − 957q14 + 1063q13

− 142q12 + 123q11 − 939q10 + 1130q9 − 622q8 − 255q7 + 429q6 − 60q5

+124q4 − 92q3 − 60q2 − 8q + 30

10 q54 − q52 − q51 − q50 + q47 + q46 + 10q45 − 9q44 − 7q43 + 2q42 + q41 + 9q40

− 3q39 + 41q38 − 12q37 − 144q36 + 61q35 + 77q34 + 89q33 − 90q32 − 5q31

− 189q30 − 109q29 + 561q28 + 256q27 − 746q26 − 50q25 − 1070q24 + 3249q23

− 682q22 − 4884q21 + 3467q20 + 5522q19 − 8703q18 + 757q17 + 5424q16

− 1423q15 − 1450q14 − 4812q13 + 10000q12 − 6872q11 + 726q10 + 1638q9

− 555q8 + 509q7 − 858q6 + 307q5 − 222q4 + 137q3 + 85q2 + 9q − 42

For a minimal parabolic subgroup of G, we have

m(q) = q43 − 6q42 + 17q41 − 32q40 + 48q39 − 65q38 + 85q37 − 107q36 + 126q35

− 139q34 + 149q33 − 160q32 + 169q31 − 168q30 + 155q29 − 138q28 + 127q27

− 130q26 + 154q25 − 200q24 + 264q23 − 341q22 + 409q21 − 420q20 + 357q19

− 280q18 + 233q17 − 171q16 + 71q15 − 4q14 + 18q13 − 29q12 − 107q11

+ 410q10 − 718q9 + 863q8 − 834q7 + 706q6 − 531q5 + 346q4 − 182q3

+ 65q2 − 11q.
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In case G has a disconnected centre, the parameterization of the unipotent GF -
conjugacy classes depends on q, as discussed at the end of §2.3. We also mentioned
that this dependence is only up to congruences on q. From this discussion, Theorem
4.6 and Remark 3.12, it follows that k(UF , GF ) is given by polynomials up to
congruences on q. We illustrate this in the following example.

Example 4.11. Let G = SL3. In this case, we have three F -stable unipotent
G-conjugacy classes, as mentioned in Example 2.6. The class corresponding to the
partition (1, 1, 1) is {1}, which forms a single GF -conjugacy class; one can also show
that the F -stable class corresponding to the partition (2, 1) is a single GF -class.
As discussed in Example 2.6 the regular class splits into three GF -classes if q ≡ 1
mod 3 and forms a single GF -class if q ≡ 0,−1 mod 3. We consider the case when
P = B is a Borel subgroup of G. One can calculate the value fG

U (u) to be 1, 2q +1,
(q2 + q + 1)(q + 1) for u in the class labeled (3), (2, 1), (1, 1, 1), respectively. Using
the formula given in the first equation in (4.5), we obtain

k(UF , GF ) = (q − 1)2(3 + (2q + 1) + (q2 + q + 1)(q + 1))

= q5 + q3 − q2 − 6q + 5,

for q ≡ 1 mod 3, and

k(UF , GF ) = (q − 1)2(1 + (2q + 1) + (q2 + q + 1)(q + 1))

= q5 + q3 − 3q2 − 2q + 3,

for q ≡ 0,−1 mod 3. So k(UF , GF ) is given by two polynomials depending on
congruences of q modulo 3.

The formula in Proposition 4.4 and Remark 2.10 suggest that the values of
k(UF , GF ) differ for good and bad primes. Below we give an example where this
does occur.

Example 4.12. Consider G of type C2 and P = B a Borel subgroup of G. If q is
a power of an odd prime, then we have

k(UF , GF ) = q6 + 4q3 − 8q2 − 2q + 5

while if q is a power of 2, then we get

k(UF , GF ) = q6 + q4 + 2q3 − 6q2 − 4q + 6.

We are grateful to M. Geck for the computation of these polynomials.

Remark 4.13. Suppose that G is split and that P is an F -stable parabolic subgroup
of G such that every element in R is split. This situation is uncommon, but for
example it is the case if G = GLn. Let L be an F -stable Levi subgroup of P and let
u ∈ R. It follows from Lemma 3.1, Theorem 3.10, and Proposition 3.15 that fG

U (u)
is a polynomial in q with nonnegative integer coefficients. Since L is reductive, it
follows from the Bruhat decomposition of LF that |LF | is a polynomial in q − 1
with nonnegative integer coefficients; cf. [6, Prop. 3.19(ii)]. By the first equality
in (4.5) we have k(UF , GF ) = |LF |

∑
u∈R fG

U (u). Consequently, k(UF , GF ) is a
polynomial in q − 1 with nonnegative integer coefficients.

We observe that for any of the polynomials k(UF , GF ) that we have calculated
in this paper, we have k(UF , GF ) ∈ N[q − 1]. It seems likely that this positivity
behaviour always holds and it would be interesting to know if there is a geometric
explanation for it.
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Remark 4.14. Let P be an F -stable parabolic subgroup of G. Using Lemma 4.1
and the fact that P = NG(P ) we obtain

(4.15) k(PF , GF ) =
∑
x∈R

fG
P (x),

where R = R(PF , GF ) is a set of representatives of the conjugacy classes of GF

that intersect PF . From the proof of Lemma 3.2 we get an expression of fG
P (x) as

a sum of Deligne–Lusztig generalized characters, but this is a linear combination of
Green functions only in case x is unipotent. Further, the set R over which the sum
is taken depends heavily on q, so it is nontrivial to determine whether k(PF , GF )
is given by a polynomial in q.

In [1] it is shown, using an expression as in (4.15), that k(BF , GF ) is given by a
polynomial in q, in case G = GLn. The proof of this depends on partitioning the
set R(BF , GF ) into a finite union R(BF , GF ) = R1 ∪ · · · ∪ Rt independent of q
such that fG

B (x) = fG
B (y) if x, y ∈ Ri and |Ri| is given by a polynomial in q. An

inductive counting argument is used to show that fG
B (x) is given by a polynomial

in q, for x ∈ G.
We hope to use similar arguments to consider k(PF , GF ) in general. In [9], we

have proved that k(PF , GF ) is a polynomial in q in case G = GLn. This is achieved
using a decomposition of the conjugacy classes of GF analogous to the partition
of R(BF , GF ) mentioned above. Further, we reduce the calculation of fG

P (x) to
that of fH

Q (u) for certain pseudo Levi subgroups H = CG(s)◦ of G and parabolic
subgroups Q of H, where x = su is the Jordan decomposition of x. We hope that
similar arguments will apply to arbitrary reductive G. As the centre of a pseudo
Levi subgroup of G need not be connected even if the centre of G is connected,
one can only really hope to prove that fG

P (x) is given by polynomials in q up to
congruences on q.

Finally, we observe that we readily obtain an analogue of Corollary 4.8. Let P
and Q be two associated F -stable parabolic subgroups of G. Then we have

(4.16) k(PF , GF ) = k(QF , GF ).

We argue as follows. We may assume that P and Q share a common F -stable Levi
subgroup, L say. Then the desired equality follows from (4.15), and the equality
fG

P (x) = RG
L (1L)(x) = fG

Q (x) for any x ∈ GF , as RG
L (1L) does not depend on the

choice of an F -stable parabolic subgroup admitting L as a Levi subgroup.

Appendix A. The GLn case

In this appendix, we give an elementary proof of the existence of the polynomial
hu(z) in Theorem 3.10 for the case G = GLn with standard definition over Fq. In
this case, existence of hu(z) follows from the theory of Jordan normal forms, so one
obtains an elementary proof of Theorem 4.6. The proof is purely combinatorial,
beginning with two counting lemmas.

Let V be an n-dimensional vector space over Fq and let W be an m-dimensional
subspace of V . Let l ∈ Z≥0 and define

S(V, W, l) = {U ⊆ V | dimU = l, U ∩ W = {0}}.
We note that the order of S(V, W, l) depends only on n, m and l (and not on the
choice of V and W ). As we let q vary, the order of S(V, W, l) defines a function of
q, which we denote by s(n, m, l)(q).
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The following lemma is proved using an easy counting argument.

Lemma A.1. We have

s(n, m, l)(q) =
l−1∏
i=0

qn − (qm + qi − 1)
qi − qi−1

.

In particular, s(n, m, l)(q) is a polynomial in q.

Proof. Suppose we have chosen a subspace U ′ of V with dimU ′ = l − 1 and
U ′ ∩ W = {0}. Then the number of ways of extending U ′ to U ∈ S(V, W, l) is
(qn − (qm + ql−1 − 1))/(ql−1 − ql−2). The formula for s(n, m, l)(q) now follows by
induction. We have that s(n, m, l)(q) is a polynomial in q by Lemma 2.11. �

We recall that a flag F in V is a sequence of subspaces {0} = V0 ⊆ . . . ⊆ Vr = V ;
in this appendix we only consider proper flags, so Vi 
= Vi+1 for all i. The dimension
vector of F is the r-tuple d = (d1, . . . , dr) ∈ Zr

≥1, where di = dimVi. Fix a flag
F in V with dimension vector d and let e = (e1, . . . , er) ∈ Zr

≥0 be an r-tuple with
ei ≤ di and ei ≤ ei+1 for each i. We define T (F, e) to be the set of subspaces U
of V such that dim(U ∩ Vi) = ei for each i. It is clear that the order of T (F, e)
depends only on the vectors d and e and as q varies, it defines a function t(d, e)(q)
of q. We prove the following lemma by induction using Lemma A.1.

Lemma A.2. t(d, e)(q) is a polynomial in q.

Proof. We work by induction on r. The case r = 0 is trivial. Therefore, we may
assume that the number of ways of choosing U ′ ⊆ Vr−1 such that dim(U ′∩Vi) = ei

for i = 1, . . . , r − 1 is given by a polynomial in q. Given such a U ′, the number
of ways of extending U ′ to U such that U ∩ Vr−1 = U ′ and dim(U ∩ Vr) = er is
the number of subspaces of Vr/U ′ of dimension er − er−1 that intersect Vr−1/U ′

trivially. The induction is now completed using Lemma A.1. �

We retain the notation that V is an n-dimensional vector space over Fq and
we define G = GL(V ). For a fixed dimension vector d = (d1, . . . , dr) (dr = n,
di−1 < di), we define Flag(V, d) to be the set of all flags of V with dimension vector
d.

In this appendix we denote a partition π of n by the n-tuple (π1, . . . , πn) of
nonnegative integers such that

∑n
i=1 iπi = n. We denote by Π(n) the set of all par-

titions of n. We recall that the unipotent conjugacy classes in G are parameterized
by the partitions of n (by the theory of Jordan normal forms). Given a partition
π of n, let xπ ∈ G be a representative of the conjugacy class corresponding to π;
we write yπ = xπ − 1. For any unipotent element x ∈ G we write Par(x) for the
element of Π(n) to which the conjugacy class of x corresponds.

For a partition π and dimension vector d we define

F(π, d) = {F ∈ Flag(V, d) | yπ(Vi) ⊆ Vi−1 for all i}.

As q varies the order of F(π, d) defines a function of q, which we denote by
f(π, d)(q); note that this function depends only on π and not on the choice of
xπ.

Given a flag F ∈ Flag(V, d) we define PF to be the stabilizer of F in G, i.e.,

PF = {x ∈ G | x(Vi) = Vi for all i}.
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It is well known that PF is a parabolic subgroup of G and that all parabolic sub-
groups of G occur in this way (for some d and F ). The unipotent radical UF of PF

is given by
UF = {x ∈ G | (x − 1)(Vi) ⊆ Vi−1 for all i}.

It is clear that for any F ∈ Flag(V, d) and any π ∈ Π(n) there is a bijection between
F(π, d) and

{gUF | xπ ∈ gUF , g ∈ G}.
Therefore, the existence of the polynomial hu(z) in Theorem 3.10 is equivalent to
proving that f(π, d)(q) is a polynomial in q.

If x ∈ G and W is a subspace of V such that x(W ) = W , then we write xW for
the element of GL(V/W ) induced by x. Let c ∈ Z≥1 and let π′ be a partition of
n − c. Define

W(π, π′) = {W ⊆ V | dimW = c, yπ(W ) = {0}, Par(xW
π ) = π′}.

As q varies, the order of W(π, π′) defines a function w(π, π′)(q) of q, which only
depends on π and π′ (and not on the choice of xπ).

It is clear that

f(π, d)(q) =
∑

π′∈Π(n−d1)

w(π, π′)(q)f(π′, d′)(q),

where d′ = (d2, . . . , dr). So by induction we just have to show that w(π, π′)(q) is a
polynomial in q, for all π, π′.

Define Kπ = ker yπ and for each j ∈ Z≥0 define Jπ,j = Kπ ∩ yj
π(V ). Clearly, a

subspace of V is killed by yπ if and only if it is contained in Kπ. Let v ∈ Kπ and let
j ∈ Z≥0 be such that v ∈ Jπ,j \ Jπ,j−1. It is easy to check that the endomorphism
that xπ induces on V/〈v〉 corresponds to the partition π∗, where π∗

j = πj − 1,
π∗

j−1 = πj−1 + 1 and π∗
i = πi for all other i.

Let π′ ∈ Π(n − d1) and for i = 1, . . . , n, define bi =
∑n

j=i πj − π′
j . The observa-

tions in the previous paragraph imply that W ∈ W(π, π′) if and only if W ⊆ Kπ

and dim(W ∩Jπ,i) = bi for each i. It now follows from Lemma A.2 that w(π, π′)(q)
is a polynomial in q.

This completes the proof of existence of the polynomial hu(z) in Theorem 3.10
and therefore the proof of Theorem 4.6 for G = GLn.

We have not justified that hu(z) ∈ Z[z]. This reduces to checking that the
polynomial s(n, m, l)(q) from Lemma A.1 has integer coefficients; we leave the
details to the reader.

Further, we note that it is far from evident from this proof that for associated
parabolic subgroups of G = GLn we get the same polynomials; cf. Corollaries 3.5
and 4.8.
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