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REDUCED STANDARD MODULES AND COHOMOLOGY
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We dedicate this paper to Toshiaki Shoji on the occasion of his 60th birthday

Abstract. First cohomology groups of finite groups with nontrivial irreduc-
ible coefficients have been useful in several geometric and arithmetic contexts,
including Wiles’s famous paper (1995). Internal to group theory, 1-cohomology
plays a role in the general theory of maximal subgroups of finite groups, as
developed by Aschbacher and Scott (1985).One can pass to the case where
the group acts faithfully and the underlying module is absolutely irreducible.
In this case, R. Guralnick (1986) conjectured that there is a universal con-
stant bounding all of the dimensions of these cohomology groups. This paper
provides the first general positive results on this conjecture, proving that the
generic 1-cohomology H1

gen(G, L) := lim
q→∞

H1(G(q), L) (see Cline, Parshall,

Scott, and van der Kallen) (1977) of a finite group G(q) of Lie type, with abso-
lutely irreducible coefficients L (in the defining characteristic of G), is bounded
by a constant depending only on the root system. In all cases, we are able to
improve this result to a bound on H1(G(q), L) itself, still depending only on
the root system. The generic H1 result, and related results for Ext1, emerge
here as a consequence of a general study, of interest in its own right, of the
homological properties of certain rational modules ∆red(λ),∇red(λ), indexed
by dominant weights λ, for a reductive group G. The modules ∆red(λ) and
∇red(λ) arise naturally from irreducible representations of the quantum en-
veloping algebra Uζ (of the same type as G) at a pth root of unity, where
p > 0 is the characteristic of the defining field for G. Finally, we apply our
Ext1-bounds, results of Bendel, Nakano, and Pillen (2006), as well as results
of Sin (1993), (1992), (1994) on the Ree and Suzuki groups to obtain the (non-
generic) bounds on H1(G(q), L).

Introduction

Let G be a semisimple, simply connected algebraic group defined over an alge-
braically closed field k = Fp. The group G has a well-known construction, first
discovered by Chevalley [11], in terms of the corresponding complex semisimple
Lie algebra gC. In addition, given a dominant weight λ for gC, one can construct
two rational G-modules ∆(λ) and ∇(λ) by a process of “reduction modulo p”.
More precisely, ∆(λ) (resp., ∇(λ)) is obtained from a minimal (resp., maximal)
lattice in the complex irreducible gC-module of high weight λ. The modules ∆(λ)
and ∇(λ) were broadly popularized by Steinberg [45] who also established some
basic properties. In addition, these modules have remarkable homological prop-
erties, often dependent on the validity of Kempf’s vanishing theorem (see, e.g.,
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[26, Prop. II.4.6]). A number of these properties were first discovered in [18]. For
example, if λ, µ are dominant weights, then Extn

G(∆(λ),∇(µ)) = 0 unless n = 0
and λ = µ, in which case the Ext group is a Hom and is equal to k. Thus, the
modules ∆(λ) and ∇(µ) not only have the same characters as in characteristic zero
(where they identify with the irreducible module of high weight λ), but, suitably
interpreted, these modules behave homologically the same way as in characteristic
zero. (Also, they collectively form some kind of pair of dual bases at the derived
category level.)

Let Uζ be the (Lusztig) quantum enveloping algebra of the same type as G,
where ζ is a pth root of unity. The process described in the previous paragraph has
been carried out by Lusztig [33] and then further studied by Lin [31], where now
the role of gC is played by Uζ . Thus, we obtain rational G-modules ∆red(λ) and
∇red(λ) which are indexed by λ. In many ways, these modules are quite analogous
to the standard modules ∆(λ) and costandard modules ∇(λ), and they may be
viewed as reduced versions of them. For example, ∆(λ) and ∆red(λ) both have
irreducible head L(λ). The character of ∆(λ) is given by Weyl’s character formula,
while the character of ∆red(λ) is given by the (Kazhdan-)Lusztig character formula
(subject to some restrictions on p). In this paper, we begin an investigation into the
homological properties of the ∆red– and ∇red–modules, together with their deeper
structural relationships to the ∆- and ∇-modules.

To the category G–mod of finite-dimensional rational G-modules, we attach “en-
riched” Grothendieck groups KL

0 and KR
0 . Both KL

0 and KR
0 are free modules over

the ring Z[t, t−1] of Laurent polynomials, and each has a basis indexed by the set
X+ of dominant weights. These bases are paired to each other with respect to a
natural sesquilinear pairing

(0.0.1) 〈 , 〉 : KL
0 × KR

0 → Z[t, t−1].

The groups KL
0 and KR

0 , first introduced in [13], can be viewed as deformations of
the ordinary Grothendieck group K0 of the bounded derived category Db(G–mod).
However, K0 is isomorphic to the ordinary Grothendieck group of G–mod, while
KL

0 and KR
0 preserve homological degree information by taking into account par-

ity conditions on modules. Given rational G-modules M, N , when M and N are
“represented” in KL

0 and KR
0 , respectively—say by [M ] and [N ]—then

(0.0.2)
∑

i

dim Exti
G(M, N)ti = 〈[M ], [N ]〉.

Thus, if [M ], [N ] can be explicitly written in terms of the paired bases alluded to
above, (0.0.2) explicitly calculates Ext•G(M, N) using the form (0.0.1).

More precisely, M ∈ Db(G–mod) is represented in KL
0 when M or its shift M [1]

belongs to EL = EL(G–mod), and direct sums of such objects—those in EL⊕EL[1]—
are also represented in KL

0 . Here EL is a full subcategory of Db(G–mod) roughly
consisting of those objects which have a “filtration” with “sections” of the form
∆(λ)[i], λ ∈ X+, i ≡ l(λ) mod 2, for a suitable “length” function l : X+ → N. A
similar description applies to KR

0 , involving another full subcategory ER defined in
terms of the modules ∇(λ). The “length” function l could just as well be called a
“parity” function, since we only use its values modulo 2. However, it often arises
naturally in terms of lengths of Coxeter group elements associated with dominant
weights.
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In a special situation, the question of when irreducible modules L(λ) belong
to ÊL = EL ⊕ EL[1] (and its counterpart ÊR) is closely related to the validity
of certain character formulas. Specifically, let X+

reg ⊂ X+ be the set of regular
dominant weights. Then a well-known theorem [13, Thm. 5.3] states that, given
a saturated subset Γ ⊂ X+

reg (relative to the ↑ poset structure), L(λ) ∈ ÊL for all
λ ∈ Γ if and only if each L(λ), λ ∈ Γ, has formal character given by Lusztig’s
famous character formula.

The algebra Uζ has a natural integral form Ũζ over a discrete valuation ring with
residue field Fp. Let Uζ be the reduction modulo p of Ũζ . As proved by Lusztig, the
distribution (or hyper-)algebra hy(G) of G is a natural quotient of k⊗Fp

Uζ . In this
way, the irreducible (type 1 and integrable) Uζ-modules Lζ(λ), λ ∈ X+, give rise
by reduction modulo p to certain rational G-modules ∆red(λ) and ∇red(λ). In the
presence of Lusztig’s (now largely known) conjecture for characters of irreducible
representations of quantum groups at a root of unity, his modular conjecture may
be viewed as stating the following: For p ≥ h (the Coxeter number of G) and λ
a regular dominant weight in the Jantzen region, ∆red(λ) ∼= ∇red(λ) ∼= L(λ). An
extension proposed by Kato posits the same result provided only that p ≥ h and λ
is a restricted dominant weight.

A main result, proved in Theorem 6.8, establishes that, if the Kato version of the
Lusztig conjecture holds, then ∆red(λ) ∈ ÊL and ∇red(λ) ∈ ÊR for all regular dom-
inant weights λ. As a consequence, we are able to compute Ext•G(∆red(λ),∇red(µ))
for all regular weights λ and µ in terms of Kazhdan-Lusztig polynomials; cf. The-
orem 5.4(b). This result generalizes to all regular dominant weights a theorem of
[13] for regular dominant weights inside the Jantzen region, where the modules
∆red(λ),∇red(µ) are irreducible. In one substantive case when λ = pµ for a dom-
inant weight µ, we are even able to establish Theorem 5.4 without assuming the
Lusztig conjecture. Section 6 contains additional results and conjectures concerning
the modules ∆red(λ) and ∇red(λ). For example, we conjecture that, for p > h and
λ a dominant weight, the standard module ∆(λ) has a filtration with sections of
the form ∆red(µ) and, in Theorem 6.9, we prove a partial result in this direction.

In Section 7, we apply Theorem 6.8 and other arguments to show there is a
bound on dim H1(G, L), depending only on the root system and valid for any
rational irreducible module L and underlying characteristic p; cf. Theorem 7.3.
A similar, partial, result for dim Ext1G(L, L′) with both L and L′ irreducible is
given in Theorem 7.7. (In the proofs of these results, the Lusztig conjecture is
used, but only to handle very large primes, where the conjecture is a theorem;
cf. [4].) Then we prove analogues of these results, Theorem 7.4 and Theorem
7.9, for generic cohomology H1

gen(G, L) (in the sense of [18]) and its Ext1-analogue
Ext1G,gen(L, L′). Then Theorem 7.10 applies Theorem 7.7 on Ext1G, together with
some results of Bendel, Nakano, and Pillen [8], to bound dim H1(G(q), L) in all
cases for G(q) = Gσ, the fixed points of a surjective endomorphism σ : G → G with
finite fixed points. Again, the bound depends only on the root system. (Results of
P. Sin [42], [43], and [44] handle the Ree and Suzuki groups.) Theorems 7.4 and 7.10
provide the first general positive evidence for a conjecture given by R. Guralnick
[21] that dimensions of 1-cohomology groups for finite groups G0 with faithful,
absolutely irreducible coefficients L0 are universally bounded. As pointed out in [39]
and as well as in the talk by Guralnick reported on in [25], this conjecture remains
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an open question. The current largest known dimension for H1(G0, L0) is 3 (see
[39] and, more recently, [10]), but such cohomology groups are usually at most 1-
dimensional (another observation of Guralnick—see Theorem 7.11 for some related
discussion). First cohomology groups of finite groups with irreducible coefficient
modules are important for the general study of maximal subgroups of finite groups
[6]. We believe our results here represent a significant step in understanding their
asymptotic behavior, irrespective of the final verdict on Guralnick’s conjecture.
Some additional conjectures and questions for algebraic and quantum groups are
given in the preambles to Lemma 7.6 and Remarks 7.8(a), (b) and (c). In addition,
Remark 7.8(c) gives a detailed discussion of how the quantum approach of this
section fits in with Andersen’s 1984 work [1] on Ext1G(L, L′).

Some early results in this paper were reported in [36]. The second and third
authors also thank the American Institute of Mathematics for financial support
during the AIM workshop “Cohomology and representation theory for finite groups
of Lie type: computational methods” held in June 2007. Participant comments
during the meeting led the authors from Theorem 7.4 to Theorem 7.10. We would
especially like to thank Bob Guralnick for asking leading questions, and we also
thank Chris Bendel and Cornelius Pillen for providing some answers.

1. Preliminaries

After reviewing some notions from representation theory of semisimple groups
and related quantum enveloping algebras, we introduce the modules ∆red(λ) and
∇red(λ).

1.1. General notation. Fix the algebraically closed field k = Fp of positive char-
acteristic p. If H is a group scheme over k, let H-Mod (resp., H-mod) be the
category of rational H-modules (resp., finite-dimensional rational H-modules). By
definition, a rational H-module is a comodule for the coordinate algebra k[H] of
H; see [26, Ch. 2].

Let G be a simply connected, semisimple algebraic group over k, defined and split
over Fp. There is a commutative Hopf algebra A0 over Fp such that k[G] ∼= k⊗Fp

A0

as k-Hopf algebras. The Hopf algebra morphism F ∗ : k[G] → k[G] defined by
putting F ∗(s ⊗ a) = s ⊗ ap, s ∈ k, a ∈ A0, is the comorphism of the Frobenius
morphism F : G → G. If V ∈ G–Mod and r is a positive integer, V (r) denotes
the rational G-module obtained from V by making g ∈ G act on V by F r(g). If
V ∼= W (r) for some rational G-module W , we write W = V (−r).

For a positive integer r, set Gr = KerF r, the scheme-theoretic kernel of F r.
If H is a subgroup scheme of G, then GrH = (F r)−1(H) denotes the pull-back
through F r of H. In this paper, we consider only the case r = 1 and the group
schemes G1, G1T and G1B, where T is a fixed maximal Fp-split torus and B ⊃ T
is a fixed Borel subgroup.

The Lie algebra g of G is a restricted Lie algebra; u(g) denotes its restricted
enveloping algebra. Then G1-mod (resp., G1T–mod, G1B–mod) is equivalent to
u(g)–mod (resp., u(g).T , u(g).B-mod). Here u(g)–mod denotes the category of
finite-dimensional u(g)-modules, while u(g).T–mod and u(g).B–mod are the cate-
gories of finite-dimensional u(g)-modules with a compatible (rational) action of T
and B, respectively.

Let X = X(T ) be the character group and X∨ = Hom(Gm, T ) the cocharacter
group of T . There is a natural pairing ( , ) : X × X∨ → Z ∼= End(Gm). Let
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Φ ⊂ X(T ) be the root system of G with respect to T . If α ∈ Φ, let α∨ ∈ X∨ be
the associated coroot. Let Q := ZΦ ⊂ X(T ) be the root lattice.

Let Φ+ be a fixed set of positive roots, and let Π = {α1, · · · , αn} ⊆ Φ+ be the
simple roots in Φ. We assume that if B+ ⊇ T is the positive Borel subgroup defined
by Φ+, then B (the original Borel subgroup) is its opposite Borel subgroup (and
so corresponds to the set Φ− := −Φ+ of negative roots). We regard X as a poset
by putting λ ≤ µ, for λ, µ ∈ X, if and only if µ− λ ∈ NΦ+. A second partial order
↑ on X is defined in terms of the affine Weyl group discussed below.

Let X+ ⊂ X be the set of dominant weights on T , i.e., λ ∈ X belongs to X+ if
and only if (λ, α∨) ∈ Z+ for all α ∈ Π. Denote the fundamental dominant weights
by �1, · · · , �n; thus, (�i, α

∨
j ) = δi,j . We list Π and the fundamental dominant

weights as in [9, Appendix]. For r ≥ 1, let X+
r be the set of r-restricted dominant

weights, i.e., λ ∈ X+
1 if and only if 0 ≤ (λ, α∨) < pr for all α ∈ Π. (When r = 1,

we refer to elements of X+
1 simply as restricted dominant weights.)

1.2. The affine and extended affine Weyl groups. Let E = R⊗ZX be endowed
with a positive definite, symmetric bilinear form ( , ), invariant under the Weyl
group W of Φ. We identify X∨ as a subgroup of E, so that α∨ = 2

(α,α)α and the
pairing X × X∨ → Z is compatible with the inner product.

The affine Weyl group Wp = pZΦ � W is the group of transformations on E

generated by W and the normal subgroup consisting of translations by elements in
pZΦ. If α ∈ Φ and r ∈ Z, define sα,r : E → E by sα,r(x) = x − ((x, α∨) − rp)α.
Then sα,r ∈ Wp. In general, Wp is a Coxeter group. If Φ is irreducible and
if α0 ∈ Φ denotes the maximal short root, then (Wp, Sp) is a Coxeter system,
with Sp = {sα1 , · · · , sαn

, sα0,−1}. Considerations in this paper often reduce to the
irreducible (single component) case.

In this paper, we will usually use the “dot” action of Wp on E, given by setting
w · x = w(x + ρ) − ρ, where ρ = 1

2

∑
α∈Φ+ α is the Weyl weight. Let C+ ⊂ E be

the positive fundamental alcove; it consists of all x ∈ E satisfying, component by
component, the inequalities 0 < (x + ρ, α∨

i ), i = 1, · · · , n, and (x + ρ, α∨
0 ) < p. Put

C− = w0 · C+, where w0 is the maximal word in W . The closures C+ and C− are
fundamental domains for the action of Wp on E. The subsets w ·C+ ⊂ E, w ∈ Wp,
are the alcoves for Wp. If C = w ·C+ is an alcove, put CZ = C∩X and CZ = C∩X.

Using Wp we can define the ↑ partial ordering on X as follows: For λ, µ ∈ X,
λ ↑ µ if and only if there is a sequence λ = λ0 ≤ λ1 ≤ · · · ≤ λt = µ in which,
for 0 ≤ i < t, λi+1 = sβi,ni

· λi for some βi ∈ Φ and some ni ∈ Z. (This partial
ordering, taken from [26, 6.4], differs somewhat from that defined in [13, p. 527],
although the two agree on X+ − ρ.)

When Φ is irreducible, the walls of the simplex C− are labeled by the simple
reflections sα0,−1, sα1 , · · · , sαn

. Thus, the walls of any alcove C are labeled by the
same set of simple reflections, since there is a unique w ∈ Wp satisfying w ·C = C−.
Given s ∈ Sp, we can speak of the s-wall of an alcove C. Thus, the dot action of
Wp carries an s-wall into an s-wall. If λ ∈ C, let Cs be the alcove which is obtained
from C by reflection through the s-wall of C. Similarly, given λ ∈ C and s ∈ Sp,
let λs ∈ Cs be the image of λ through reflection through the s-wall of C. Similar
remarks hold when Φ is not irreducible.

The extended affine Weyl group W̃p is defined to be W̃p = pX � W . Clearly,
Wp � W̃p and W̃p/Wp

∼= X/Q is a finite abelian group. Also, W̃p acts faithfully
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on E, preserving the alcoves. For ξ ∈ X, it is convenient to denote by tpξ the
corresponding element in W̃p. As an operator on E, it is translation by pξ. Define
N to be the stabilizer in W̃p of C+. Then W̃p = N � Wp and N ∼= X/Q.

Let φ : W̃p → W be the surjective homomorphism with kernel pX. For α ∈ Φ,
r ∈ Z, and w ∈ W̃p, wsα,rw

−1 = sφ(w)α,r+(ξ,φ(w)(α)∨) if w = tpξφ(w), ξ ∈ X.
Thus, W̃p acts on the set of reflections sα,r in W̃p, and N is also isomorphic to the
stabilizer in W̃p of Sp.

The length function l : Wp → N for the Coxeter system (Wp, Sp) extends to a
length function l : W̃p → N, setting l(nw) = l(w), for nw ∈ W̃p, n ∈ N , w ∈ Wp.
By the previous paragraph, l(wn) = l(w). The length function defines a function
l : X → N as follows. Given λ ∈ X, choose w ∈ Wp of minimal length such that
w · λ ∈ C−. Put l(λ) := l(w).

A weight λ ∈ X is regular provided that λ ∈ C for some alcove C. Let Xreg be
the set of regular weights, so that Xreg �= ∅ if and only if p ≥ h. Otherwise, λ is
called singular. We let X+

reg be the set of all regular dominant weights.

1.3. Representation theory. Given a closed subgroup scheme H of a group
scheme K, the restriction functor resK

H : K–Mod → H–Mod has a left exact right
adjoint indK

H : H–Mod → K–Mod (the induction functor). For a nonnegative
integer n, let Rn indK

H : K–Mod → H–Mod be the nth right derived functor of
indK

H .
We first consider the representation theory of the semisimple group G. For

λ ∈ X+, let L(λ) ∈ G–mod be the irreducible representation of high weight λ.
Write ∇(λ) = indG

B λ, where λ here denotes the one-dimensional rational B-module
defined by extending λ to a linear character on B through the quotient map B �
B/U ∼= T . If w0 ∈ W is the long word, define � : X → X by τ �→ τ� := −w0(τ ).
Set ∆(λ) = ∇(λ�)∗, where (−)∗ means linear dual. The module ∇(λ) (resp., ∆(λ))
has socle (resp., head) isomorphic to L(λ). We call ∆(λ) (resp., ∇(λ)) the standard
(resp., costandard) G-module of high weight λ. The ∆(λ) (resp., ∇(λ)), λ ∈ X+,
form the standard (resp., costandard) modules in the highest weight categories
G–mod and G–Mod.

The integral group ring ZX of X has Z-basis eξ, ξ ∈ X. If V ∈ T -mod, ch V ∈
ZX denotes the formal character of V . If χ =

∑
nξe

ξ ∈ ZX, set χ(1) =
∑

nξe
pξ.

Thus, ch V (1) = (ch V )(1). For λ ∈ X+, ch ∆(λ) = ch ∇(λ) = χ(λ), where

(1.0.3) χ(λ) :=
∑

w∈W

(−1)l(w)ew·λ/
∑

w∈W

(−1)l(w)ew·0 (Weyl character formula).

Given M ∈ G–mod, its Poincaré polynomial is

(1.0.4) pµ,M (t) :=
∞∑

n=0

dim Extn
G(M,∇(µ))tn ∈ Z[t].

For later use, we recall the following well-known cohomological fact. For (a), see
[13, Lemma 2.2], and for part (b), see [13, Lemma 3.2]. However, (b) holds by (a)
if M has a filtration by G-modules with ∆-sections (i.e., sections of the form ∆(λ),
λ ∈ X+). In particular, it holds if M ∼= L(λ) with λ minimal. Next, the function
pµ,M (−1) is additive on short exact sequences in G-mod. Then (b) follows easily
for simple modules L(λ) by induction on λ, and thus holds generally.
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Lemma 1.1. (a) For λ, µ ∈ X+, dim Extn
G(∆(λ),∇(µ)) = δn,0δλ,µ.

(b) For any finite-dimensional rational G-module M ,

(1.1.1) ch M =
∑

µ∈X+

pµ,M (−1)χ(µ).

If V ∈ B–mod, let LV be the induced G-homogenous vector bundle on G/B
with fibre V at B/B. Write H•(G/B, V ) for H•(G/B,LV ). Thus, for λ ∈ X+,
∇(λ) ∼= H0(G/B, λ) and ∆(λ) ∼= HN (G/B, w0 · λ), where N = dim G/B.

Given V ∈ B-mod, its Euler characteristic is

(1.1.2) χ(V ) :=
∞∑

n=0

(−1)n ch Hn(G/B, V ) ∈ ZX.

Suppose that γ ∈ X. If there exists x ∈ W such that x · γ = γ+ ∈ X+, we say that
γ is W -regular. In this case, the Weyl group element x is uniquely determined.
Otherwise, we say that γ is W -singular. Letting V = χ, we have

(1.1.3) χ(γ) =

{
(−1)l(x)χ(γ+) = (−1)l(x) ch ∆(γ+), γ is W -regular
0, otherwise.

When γ = γ+ ∈ X+, (1.1.3) is consistent with (1.0.3).
We require some facts about the representation theory of the group schemes

G1B and B1T . The set X indexes the irreducible objects in both G1B–mod and
G1T–mod. Thus, if λ ∈ X, let L̂1(λ) be the irreducible G1B-module of high
weight λ. Its restriction to G1T , which we usually continue to denote by L̂1(λ),
remains irreducible. Given λ ∈ X, write λ = λ0 + pλ1, where λ0 ∈ X+

1 and
λ ∈ X. Then in G1B–mod or G1T–mod, L̂1(λ) ∼= pλ1 ⊗ L̂1(λ0), where pλ1 denotes
the one-dimensional module defined by the character pλ1 on G1B. In addition,
L̂1(λ0) ∼= resG

G1B L(λ0).

Lemma 1.2. For any rational G1B-module V , we have

Rn indG
G1B V (1) ∼= (Rn indG

B V )(1)

for any non-negative integer n.

Proof. In degree 0,

indG
G1B V (1) ∼= (k[G] ⊗ V (1))G1B

∼= (k[G]G1 ⊗ V (1))B

∼= (k[G/G1] ⊗ V )B/B1

∼= (indG
B V )(1),

functorially in V . Let I ∈ G1B-mod be injective. Then I is also an injective object
in B-mod, so that the required isomorphism holds in all degrees by dimension
shifting. �

Given λ ∈ X, put Ẑ1(λ) := u(g) ⊗u(b+) kλ. Then Ẑ1(λ) ∈ G1B–mod has
dimension pN , where N = |Φ+|, and has irreducible head L̂1(λ).
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1.4. Character formulas. Let λ ∈ X+ and write λ = w · λ−, where λ− ∈ C−
Z

and w has minimal length among all elements w′ ∈ Wp which satisfy w′ · λ− = λ.
Because the isotropy subgroup of λ− in Wp has the form WJ for some J ⊂ Sp, w is
uniquely determined as a distinguished left coset representative of WJ in W . For
y, w ∈ Wp, let Py,w ∈ Z[t] be the associated Kazhdan-Lusztig polynomial.1 Define2

(1.2.1) χKL(λ) =
∑

y∈Wp,y·λ−∈X+

(−1)l(w)−l(y)Py,w(−1)χ(y · λ−).

The following result is proved by Kato for p ≥ h, but the argument works for
all p. (In Kato’s argument, replace the weight λ in the interior of an alcove by a
weight in its closure.)

Lemma 1.3 (Kato [28]). Let λ ∈ X+ have expansion λ = λ0+pλ1, where λ0 ∈ X+
1

and λ1 ∈ X+. Then
χKL(λ) = χKL(λ0)χ(λ1)(1).

Following [35], we say that λ ∈ X+ satisfies the Lusztig character formula (LCF)
provided that ch L(λ) = χKL(λ). Also, we say that λ = w · λ− satisfies the homo-
logical LCF (hLCF) provided that

(1.3.1) tl(w)−l(y)P y,w = py·λ−,L(w·λ−) =
∞∑

n=0

dim Extn
G(L(w · λ−),∇(y · λ−))tn,

whenever y · λ− ∈ X+. In this expression, P y,w is obtained from Py,w by replacing
t by t−1 throughout, and the second equality is just the definition (1.0.4) of the
Poincaré polynomial py.λ−,L(w.λ−). If λ satisfies the LCF (resp., hLCF), we will
often say that L(λ) satisfies the LCF (resp., hLCF) condition. Actually, using
(1.3.1), it makes sense, for any module M(λ), labeled by λ = w · λ− to say M(λ)
satisfies the hLCF condition.

Although the definitions in the previous paragraph have been made for arbitrary
p, we will be concerned with the special case when p ≥ h (so that X+

reg �= ∅).

1.5. Quantum enveloping algebras. When discussing the quantum enveloping
algebra Uζ below associated to G, ζ will be a pth root of unity. In order to apply
the results of [5], we will always assume that the prime p is odd, and, if G has a
component of type G2, then p > 3. Let C = (ci,j) be the Cartan matrix of G: thus,
ci,j = (αj , α

∨
i ), for 1 ≤ i, j ≤ n.

Inside the function field Q(v), let A = Z[v]m, where m = (v−1, p). The quantum
enveloping algebra U ′ over Q(v) corresponding to the matrix C has generators
E1, · · · , En, F1, · · · , Fn, K±1

1 , · · · , K±1
n satisfying the familiar relations; cf. [27].

Let U be the A-subalgebra of U ′ generated by the divided powers E
(N)
i , F

(N)
i ,

N ≥ 1, together with the elements K±1
i , 1 ≤ i ≤ n.

1Recall that Py,w is a polynomial in q := t2. We prefer to regard Py,w as a polynomial in t,
albeit one which is also a polynomial in t2. Unless y ≤ w, Py,w = 0. If y = w, then Py,w = 1.
If y < w, Py,w has degree (in t) ≤ �(w) − �(y) − 1. If y < w, let µ(y, w) be the coefficient of

t�(w)−�(y)−1; otherwise, put µ(y, w) = 0.
2Let F be the unique facet containing λ. Then, using [26, 6.11], F lies in the upper closure of

a unique alcove C. If C′ is a second alcove satisfying F ⊆ C′, then C ↑ C′. If w ∈ Wp satisfies
w ·C− = C, then w is the shortest element in Wp satisfying w · λ− = λ. In the expression below,

given µ ∈ X+, there may well exist several y ≤ w such that y · λ− = µ.
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Let O = A/(φp), where φp = 1 + v + · · · + vp−1 ∈ m is the pth cyclotomic
polynomial. Thus, O is a discrete valuation ring with maximal ideal n = (p),
quotient field denoted K and residue field Fp. Then ζ := v+(φp) ∈ O is a primitive
pth root of unity. Regarding O as an A-module via v �→ ζ, Ũζ := (O ⊗ U). Set
Uζ = K ⊗ U . Thus, Ũζ is an integral O-form of Uζ . Put U ζ = Ũζ/πŨζ , and let I

be the ideal in U ζ generated by the images of the elements Ki − 1, 1 ≤ i ≤ n. By
[33, (8.15)],

(1.3.2) U ζ/I ∼= hy0(G),

the distribution algebra of G over Fp. Put hy(G) = k ⊗Fp
hy0(G).

Remark 1.4. In practice, it will be more convenient to enlarge O to be a principal
ideal domain with residue field the algebraically closed field k. In what follows, we
will still let O denote this PID and let m = (π) be its maximal ideal. Continue to
let K be the quotient field of O.

The category of finite-dimensional integrable, type 1 Uζ-modules will be denoted
by Cζ . It is a highest weight category with irreducible (resp. standard, costandard)
modules Lζ(λ) (resp., ∆ζ(λ), ∇ζ(λ)), λ ∈ X+. For µ ∈ X+, ch ∆ζ(µ) = ch∇ζ(µ) =
χ(µ). In particular, the quantum version of Lemma 1.1 holds.

Remark 1.5. As noted above, the irreducible, type 1, integrable Uζ modules are
indexed by X+. Subject to some possible restrictions on p, for any λ ∈ X+,
ch Lζ(λ) = χKL(λ). In these cases, we say λ satisfies the LCFζ condition. In type
An and D2n, there is no restriction on p (except our blanket assumption that p
is odd). In type D2n+1, we require p > 3. In other types, we require p > h; see
[46, §7] for a detailed discussion and further references. Throughout this paper,
unless otherwise explicitly noted, we will always assume that the LCFζ holds for all
λ ∈ X+. In addition, for λ = w · λ− ∈ X+

reg with λ− ∈ C−
Z

, we have

(1.5.1) tl(w)−l(y)P y,w =
∞∑

n=0

dim Extn
Cζ

(Lζ(w · λ−),∇ζ(y · λ−))tn.

In other words, the hLCFζ holds for λ. It is unknown to the authors if the as-
sumption that λ is regular in (1.5.1) is necessary. In addition, we have, given
x · λ−, y · λ− ∈ X+

reg,

(1.5.2)
∞∑

n=0

dim Extn
Cζ

(Lζ(xλ−), Lζ(y · λ−))tn =
∑

z

tl(x)+l(y)−2l(z)P z,xP z,y,

where the summation on the right is over all z ∈ Wp for which z · (−2ρ) ∈ X+. See
the argument in [13, Thm. 3.9.1]. A special case of (1.5.2) will be important later.
If y < x with y · λ−, w · λ− ∈ X+

reg, we have
(1.5.3)
dim Ext1Cζ

(Lζ(x · λ−), Lζ(y · λ−)) = dim Ext1Cζ
(Lζ(y · λ−), Lζ(x · λ−)) = µ(y, x).

(See footnote 1 for notation.)

An admissible lattice in M ∈ Cζ is a free O-submodule M̃ of M such that
M̃K = K ⊗O M̃ ∼= M and such that M̃ is Ũζ-stable. If Mµ is a nonzero weight
space in M , then M̃ ∩ Mµ contains a basis for Mµ [20, (3.3)]. Define C̃ζ to be the
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category of integrable, type 1 Ũζ-modules which are finitely generated over O; see
[20] for a discussion. For M, N ∈ Cζ , we have

(1.5.4) Ext•C̃ζ
(M̃, Ñ)K

∼= Ext•Cζ
(M, N)

whenever M̃, Ñ are admissible lattices for M, N , respectively. In addition, suppose
that M̃ is an admissible lattice as above, and put M := M̃/πM̃ . For any V ∈
G–mod,

(1.5.5) Ext•C̃ζ
(M̃, V ) ∼= Ext•G(M, V ).

The proof of (1.5.5) is given in [20, (2.9) & Thm. 3.2]. The proof of [20, (2.9)] (a
reduction to standard issues with projective resolutions) also establishes (1.5.4).

In addition, for λ ∈ X+, there exist admissible lattices ∆̃ζ(λ) and ∇̃ζ(λ) for
∆ζ(λ) and ∇ζ(λ), respectively, so that ∆̃ζ(λ)/π∆̃ζ(λ) ∼= ∆(λ) and ∇̃ζ(λ)/π∇̃ζ(λ) ∼=
∇(λ) [20, pp. 149,158-159]. The lattice ∆̃ζ(λ) is generated as a Ũζ-module by a
high weight vector in ∆ζ(λ).

Given an irreducible Uζ-module Lζ(λ) of high weight λ, fix a high weight vector
v+ ∈ Lζ(λ). Then there is a unique admissible lattice L̃min

ζ (λ) (resp., L̃max
ζ (λ)) of

Lζ(λ) which is minimal (resp., maximal) with respect to all admissible lattices L̃

such that L̃ ∩ Lζ(λ)λ = Ov+. For example, we can take L̃min
ζ (λ) = Ũζ · v+. By

abuse of notation, we call L̃min
ζ (λ) (resp., L̃max

ζ (λ)) the minimal (resp., maximal)
lattice of Lζ(λ). Any two “minimal” (resp., “maximal”) lattices are isomorphic as
Ũζ-modules.

For λ ∈ X+, put

∆red(λ) = L̃min
ζ (λ)/πL̃min

ζ (λ) and ∇red(λ) = L̃max
ζ (λ)/πL̃max

ζ (λ).

The rational G-module ∆red(λ) (resp., ∇red(λ)) is the reduced standard (resp.,
costandard) module of high weight λ. Under the assumption that the LCF holds
for Uζ for all λ ∈ X+(see Remark 1.5),

(1.5.6) ch ∆red(λ) = ch ∇red(λ) = χKL(λ)

for all λ ∈ X+.
The natural surjection ∆ζ(λ) � Lζ(λ) restricts, by the discussion above, to a

surjection ∆̃ζ(λ) � Lmin
ζ (λ). After passage to the field k, we obtain a surjection

∆(λ) � ∆red(λ). Thus, ∆red(λ) has irreducible head L(λ). Dually, there is an
inclusion ∇red(λ) ↪→ ∇(λ), so that ∇red(λ) has irreducible socle L(λ).

In order to give another description of ∆red(λ), we need an unpublished result
of Cline.

Lemma 1.6 (E. Cline). For a restricted weight λ ∈ X+
1 , there is a surjective

morphism Ẑ1(λ) � ∆(λ) in G1B–mod.

Proof. Let v+ ∈ ∆(λ) be a high weight vector. There is a natural G1B-module
map Ẑ1(λ) → ∆(λ) which sends u ⊗ 1 ∈ Ẑ1(λ) to u · v+, u ∈ g. The image
E := u(g) · v+ = u(b) · v of this map is a u(g)-submodule of ∆(λ). Of course,
v+ ∈ E, and we must show that ∆(λ) = kG · v+ ⊆ E.

Let α ∈ −Π be the negative of a simple root and fix an α-root vector xα ∈ g. For
a positive integer n, let x

(n)
α be the corresponding divided power element in hy(G).
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Since λ ∈ X+
1 , for n ≥ p, λ−nα is not a weight in ∆(λ). Thus, x

(n)
α · v+ = 0 for all

n ≥ p. (For example, as noted in the Introduction, ∆(λ) is obtained by “reduction
mod p” from the complex irreducible module of high weight λ, and (λ,−α∨) < p.)
Hence, exp(txα) :=

∑
n≥0 tnx

(n)
α satisfies exp(txα) · v+ =

∑p−1
n=0 tnx

(n)
α · v+ ∈ E,

for all t ∈ k. (For n < p, x
(n)
α ∈ u(g).) Thus, if Uα ⊂ B is the root subgroup

determined by α, Uα · v+ ⊆ E. But B is generated by T and the Uα, −α ∈ Π, so
kBB+ · v+ ⊂ E. Since BB+ is dense in G, we get kG · v+ ⊆ E, as required. �

The following proposition is the r = 1 case of a result of Lin [31, Thm. 2.7].
It shows that the ∆red- and ∇red-construction behaves well with respect to tensor
products. (The proof we give would also work for r > 1, and seems similar to Lin’s
proof which does not explicitly use Lemma 1.6, or its r > 1 analogue.) Let gC be
the complex semisimple Lie algebra of the same type as G. There is a surjective
“Frobenius morphism” Fr : Uζ � U(gC), where U(gC) is the universal enveloping
algebra of gC. Given any gC-module M , Fr∗M denotes the pull-back of M to Uζ .
For λ ∈ X+, Fr∗LC(λ) ∼= Lζ(pλ), if LC(λ) is the irreducible gC-module of high
weight λ.

Proposition 1.7. Suppose λ = λ0 + pλ1, where λ0 ∈ X+
1 and λ1 ∈ X+. Then

∆red(λ) = ∆red(λ0) ⊗ ∆(λ1)(1) and ∇red(λ) = ∇red(λ0) ⊗∇(λ1)(1).

Proof. It suffices to prove the first equality; the second then follows by a dual
argument.

Let v+
0 ∈ ∆red(λ0) and v+

1 ∈ ∆(λ1)(1) be high weight vectors, so that v+
0 ⊗ v+

1

is a high weight vector in ∆red(λ0) ⊗ ∆(λ1)(1). The latter module is the reduction
mod p of the lattice L̃min

ζ (λ0)⊗ L̃min
ζ (pλ1) in Lζ(λ), and so has the same dimension

as ∆red(λ) since Lζ(λ) ∼= Lζ(λ0)⊗Lζ(pλ) by the quantum tensor product theorem.
Also, we can arrange an inclusion L̃min

ζ (λ) ⊆ L̃min
ζ (λ0) ⊗ L̃min

ζ (pλ1) with reduction
mod p of the inclusion, sending a high weight vector of ∆red(λ) to v+

0 ⊗ v+
1 . Thus,

it suffices to prove that v+
0 ⊗ v+

1 generates ∆red(λ0) ⊗ ∆(λ1)(1).
Let r = rad(∆red(λ0)), so that ∆red(λ0)/r ∼= L(λ0). Let µ = µ0 + pµ1 ∈ X+

with µ0 ∈ X+
1 and µ1 ∈ X+. Then

HomG(L(λ0) ⊗ ∆(λ1)(1), L(µ)) ∼= HomG(∆(λ1), L(µ1)) ⊗ HomG1(L(λ0), L(µ0)),

since L(µ) ∼= L(µ0) ⊗ L(µ1)(1) by the tensor product theorem. Thus, L(λ0) ⊗
∆(λ1)(1) has an irreducible head L(λ0)⊗L(λ1)(1). The image of v+

0 ⊗ v+
1 generates

the quotient ∆red(λ0)⊗∆(λ1)(1)/r⊗∆(λ1)(1) ∼= L(λ0)⊗∆(λ1)(1). In other words,
if E is the G-module generated by v+

0 ⊗ v+
1 in ∆red(λ0) ⊗ ∆(λ1)(1), then E + r ⊗

∆(λ1)(1) = ∆red(λ0) ⊗ ∆(λ1)(1).
Next, consider ∆red(λ0) as a u(g).T -module. By Lemma 1.6, ∆(λ0) is a ho-

momorphic image of Ẑ1(λ0). Hence, ∆red(λ0) is also a homomorphic image of
Ẑ1(λ0). Since Ẑ1(λ0) has an irreducible head, ∆red(λ0) must also, as a u(g).T -
module, have an irreducible head. Consequently, r⊗∆(λ1)(1) is the u(g).T -radical
of ∆red(λ0) ⊗ ∆(λ1)(1). (Note that u(g) acts trivially on the second factor.) Thus,
the above discussion and Nakayama’s lemma for u(g).T -modules imply that E =
∆red(λ0) ⊗ ∆(λ1)(1), proving the proposition. �
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2. Grothendieck groups

We study the categories EL and ER associated to the semisimple group G. These
categories naturally lead to the “enriched” Grothendieck groups for the category
G-mod of rational G-modules. Our setup follows that introduced in [13]. The
tracking of degree information in the derived category of rational G-modules pro-
vides the main advantage of the enriched Grothendieck groups over the ordinary
Grothendieck group of G-mod.3

2.1. The categories EL, ER. Let D = Db(G–mod) be the bounded derived cat-
egory of the abelian category G–mod. The category G–mod is fully embedded in
D: if M ∈ G–mod, then M is regarded as a complex in D concentrated in degree
0. Let EL

0 be the full subcategory of D consisting of objects isomorphic to finite
direct sums of various ∆(λ)[m], where λ ∈ X+ and m ≡ l(λ) mod 2. Here [1] is the
(down) shifting functor in D, and, if m > 0, [m] = [1] ◦ · · · ◦ [1]︸ ︷︷ ︸

m

(with the standard

convention if m < 0). If EL
i is defined, for some i ≥ 0, let EL

i+1 ⊂ D be the strict,
full subcategory consisting of all objects X for which there exists a distinguished
triangle A → X → B →, with A, B ∈ EL

i . Then EL
0 ⊆ EL

1 ⊆ · · · . Set

(2.0.1) EL = EL(G–mod) =
∞⋃

i=0

EL
i .

The category ER is obtained by replacing the ∆(λ) throughout by ∇(λ).
In what follows, ÊL = EL ⊕ EL[1] and ÊR = ER ⊕ ER[1].

Lemma 2.1. (a) HomD(EL[m], ER) = 0 for any odd integer m.
(b) Given λ ∈ X+, the following are equivalent:

(1) L(λ) ∈ ÊL;
(2) L(λ)[−l(λ)] ∈ EL;
(3) L(λ) ∈ ÊR;
(4) L(λ)[−l(λ)] ∈ ER.

Proof. (a) is clear from Lemma 1.1, so we prove (b):
(1) =⇒ (2): Suppose L(λ) ∈ ÊL, so that L(λ) ∈ EL⊕EL[1]. Thus, L(λ)[−l(λ)] ∈

EL or L(λ)[−l(λ)] ∈ EL[1]. If L(λ)[−l(λ)] ∈ EL[1], then HomD(L(λ)[−l(λ)], ER) =
0. But

HomD(L(λ)[−l(λ)],∇(λ)[−l(λ)]) �= 0,

a contradiction.
(2) =⇒ (1): trivial.
(3) ⇐⇒ (4): similar to (1) ⇐⇒ (2).
(1) ⇐⇒ (3): The category G–mod has a duality D fixing irreducible objects and

taking each ∆(λ) to ∇(λ), λ ∈ X+. It induces a duality D on D which interchanges
ÊL and ÊR. Thus, if (1) holds, so does (3), and conversely. �

3 There are other ways to track degree information. For instance, the homological degree
can be tracked using the Grothendieck group of a suitable (e.g., Koszul) Z-graded highest weight
category; see [15]. In a future paper [37], we show how even a suitable Z/2-grading is sufficient to
track degree information, again using a suitably enriched Grothendieck group structure. However,
no such graded structures will be required here.
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Lemma 2.2. In the poset (X+, ↑), let Γ be a finite ideal of regular weights. The
following statements are equivalent:

(1) L(λ) ∈ ÊR for all λ ∈ Γ;
(2) L(λ) ∈ ÊL for all λ ∈ Γ;
(3) Extn

G(L(λ),∇(µ)) �= 0 =⇒ n ≡ l(λ) − l(µ) mod 2, for all λ, µ ∈ Γ;
(4) Extn

G(∆(λ), L(µ)) �= 0 =⇒ n ≡ l(λ) − l(µ) mod 2, for all λ, µ ∈ Γ;
(5) the LCF holds for all λ ∈ Γ;
(6) the hLCF holds for all λ ∈ Γ.

Proof. (1) ⇐⇒ (2) follows as in the proof of (1) ⇐⇒ (3) in Lemma 2.1. Next,
(2) ⇐⇒ (3), using Lemma 2.1(b) and [13, Thm. 2.4]. Also, (3) ⇐⇒ (4), since
Ext•G(L(λ),∇(µ)) ∼= Ext•G(∆(µ), L(λ)). For (1) ⇐⇒ (5) =⇒ (6), see [13, Thm.
5.3]. Finally, suppose that (6) holds. Since Py,w is a polynomial in q = t2, (3)
follows. �

Remark 2.3. The proof of the above lemma carries over to the quantum enveloping
algebra case. In view of Remark 1.5 and Lemma 2.2(5), all six conditions hold for
Lζ(λ).

We also have the following related result, which follows from [13, Thm. 2.4].

Lemma 2.4. Let M ∈ G−mod. Then M ∈ EL if and only if Extn
G(M,∇(λ)) �= 0

implies that n ≡ l(λ) mod 2 for all λ ∈ X+. If the composition factors of M have
the form L(w ·λ−) for some λ− ∈ C−

Z
, then it is sufficient to consider only those λ

of the form y · λ− which satisfy λ ≤ w · λ− for some composition factor L(w · λ−)
in M .

2.2. The enriched Grothendieck groups. We continue to work with the cat-
egory G–mod with Λ = X+, regarded as a poset with respect to the ≤ partial
ordering introduced before. The enriched Grothendieck group KL

0 = KL
0 (G–mod)

is the quotient of the free abelian group on objects of ÊL by the subgroup spanned
by all relations X + Z − Y , where X → Y → Z → is a distinguished triangle with
terms X, Y, Z either in EL or in EL[1], or a direct sum of two such distinguished
triangles. If X ∈ ÊL, let [X]L denote its image in KL

0 . The definition implies
that KL

0 is a free module for the ring Z[t, t−1] of Laurent polynomials in which
t[X]L = X[−1]L. Then KL

0 has basis {[∆(λ)]L}λ∈X+ .
The discussion in this and the next paragraph is largely taken from [13]; see

especially Proposition 2.3 there. The right enriched Grothendieck group KR
0 =

KR
0 (G–mod) is defined similarly, using ÊR. It is again a free Z[t, t−1]-module with

basis {[∇(λ)]R}λ∈X+ . Again, t[X]R := [X[−1]]R for X ∈ ÊR. There is a natural
bilinear form

〈 , 〉 : KL
0 × KR

0 → Z[t, t−1],

given by putting

〈[M ]L, [N ]R〉 =
∑

n

dim Homn
D(M, N)tn

in Z[t, t−1] for M ∈ ÊL, N ∈ ÊR. Since

Homi
D(M [−n], N) = Homi

D(M, N [n]) = Homn+i
D (M, N),
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this form is sesquilinear with respect to the action of Z[t, t−1]. That is,

〈f(t)[M ]L, [N ]R〉 = 〈[M ]L, [N ]Rf(t−1)〉 = 〈[M ]L, [N ]R〉f(t−1)

for any f(t)∈Z[t, t−1]. By Lemma 1.1, the bases {[∆(λ)]L}λ∈X+ and {[∇(λ)]R}λ∈X+

are naturally “dual” to one another with respect to this pairing.
Thus, if M ∈ ÊL and

(2.4.1) [M ]L =
∑

µ

pM,µ[∆(µ)],

then

(2.4.2) pM,µ = 〈[M ]L, [∇(µ)]R〉 =
∑

dim Homn
D(M,∇(µ))tn.

The Grothendieck group K0 = K0(G–mod) of G–mod is canonically isomorphic
to the Grothendieck group of the triangulated category D [22]; in practice, we
identify the two. If X ∈ D, let [X] denote its image in K0. Then K0 is a free abelian
group with basis {[∆(λ)] = [∇(λ)]}λ∈X+ . Regarding K0 as a Z[t, t−1]-module in
which t acts as multiplication by −1, there are Z[t, t−1]-module morphisms πL :
KL

0 → K0 and πR : KR
0 → K0 satisfying

(2.4.3) πL

∑
λ

pλ[∆(λ)]L =
∑

λ

pλ(−1)[∆(λ)] = πR

∑
λ

pλ[∇(λ)]R

for
∑

λ pλ[∆(λ)]L ∈ KL
0 and

∑
λ pλ[∇(λ)]R ∈ KR

0 . For M ∈ ÊL, we have from
(2.4.1), (2.4.2) and (2.4.3) that

(2.4.4) [M ] =
∑

µ

∑
n

(−1)n dim Homn
D(M,∇(µ))[∆(µ)].

Lemma 2.5. Assume that the hLCF holds for some λ ∈ X+
reg. Then the LCF holds

for λ and L(λ) ∈ ÊL.

Proof. Write λ = x · λ− for λ− ∈ C−
Z

and assume that (1.3.1) holds. Since Py,x

is a polynomial in t2, it follows that if Extn
G(L(x · λ−),∇(y · λ−) �= 0, then n ≡

l(x)− l(y) = l(λ)− l(y · λ−) mod 2. If µ ∈ X+ does not have the form y · λ−, then
Ext•G(L(λ),∇(µ)) = 0. Thus, Lemma 2.4 and Lemma 2.1 imply that L(λ) ∈ ÊL.

Therefore, (2.4.4) is applicable to L(λ), so that

[L(λ)] =
∑

y

∑
n

(−1)n dim Extn
G(L(λ),∇(y · λ−))[∆(y · λ−)]

=
∑

y

(−1)l(x)−l(y)P y,x(−1)[∆(y · λ−)]

=
∑

y

(−1)l(x)−l(y)Py,x(−1)[∆(y · λ−)],

since Py,x(−1) = Py,x(1). Replacing [L(λ)] (resp., [∇(y · λ−)]) by ch L(λ) (resp.,
ch ∆(y · λ−) = χ(y · λ−)), we obtain that λ satisfies the LCF. �
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3. Hecke operators

Given λ ∈ X, there is an exact, additive projection functor prλ : G–mod →
G–mod which assigns to V ∈ G–mod the largest G-submodule prλV , all of whose
composition factors have the form L(µ) for some µ∈X+∩Wp·λ. If Ext1G(L(ν), L(µ))
�= 0 for ν, µ ∈ X+, then ν ∈ Wp · µ. Hence, given V ∈ G–mod, V ∼=

⊕
λ∈C

+
Z

prλV .

Now let λ, µ ∈ C
+

Z and let ν1 be the unique element in W (µ − λ) ∩ X+. Define
Tµ

λ : G–mod → G–mod by putting

(3.0.1) Tµ
λ (V ) = prµ(L(ν1) ⊗ prλV ).

The functor Tµ
λ is an exact, additive functor with adjoint given by Tλ

µ . As such, Tµ
λ

acts naturally on the category D. By [26, Prop. 7.11], if λ, µ ∈ X+
reg, Tµ

λ preserves

the full subcategories ÊL and ÊR.
We will also need to work with the category G1B–mod. For λ ∈ X, the projection

functor p̂rλ : G1B–mod → G1B–mod is defined by putting p̂rλ(V ), V ∈ G1B–mod,
equal to the largest submodule of V , all of whose G1B-composition factors have the
form L̂1(µ) for some µ ∈ Wp · λ. Then V =

⊕
λ∈C

+
Z

p̂rλ(V ), since given λ, µ ∈ X,

if Ext1G1B(L̂(ν), L̂(µ)) �= 0, then ν ∈ Wp · µ [26, Prop. 9.20]. In addition,

(3.0.2) resG
G1B ◦prλ = p̂rλ ◦ resG

G1B .

As discussed in [26, Ch. 9], given λ, µ∈C
+

Z , the translation functor T̂µ
λ : G1B–mod

→ G1B–mod is defined on V ∈ G1B–mod by

(3.0.3) T̂µ
λ (V ) = p̂rµ(L̂1(ν1) ⊗ p̂rλV ),

where ν1 ∈ X+ is as in (3.0.1).
While the translation functors have been defined for G–mod and G1B-mod, they

carry over with the same definition for the larger categories G–Mod and G1B–Mod.
For any λ ∈ X, we have

(3.0.4) prλ ◦ indG
G1B = indG

G1B ◦p̂rλ.

In fact, given τ = pτ1+τ0 ∈ X, with τ0 ∈ X+
1 , Lemma 1.2 implies that indG

G1B L̂(τ )
∼= ∇(τ1)(1) ⊗ L(τ0). Here we interpret ∇(τ1) = 0 if τ1 �∈ X+. If τ1 ∈ X+,
the composition factors L(ξ) of ∇(τ1)(1) ⊗ L(τ0) satisfy ξ ∈ Wp · τ . It follows
by induction on the length of a composition series that, given V ∈ G–mod, and
ν, µ ∈ C+

Z with ν �∈ Wp · µ, we have prν indG
G1B p̂rµV = 0. Hence,

prλ ◦ indG
G1B = prλ ◦ indG

G1B ◦p̂rλ

= indG
G1B ◦p̂rλ.

Now (3.0.4) follows directly.
For ω ∈ X, let tpω ∈ W̃p by translation by the weight pω. We also let tpω denote

the functor G1B–mod → G1B–mod given by V �→ pω ⊗M . We have the following
useful result.

Lemma 3.1. (a) Let λ, µ ∈ C
−
Z and ω ∈ X. Let n be the image of tpω under the

quotient map W̃p → W̃p/Wp = N . Then

T̂µ
λ ◦ tpω = tpω ◦ T̂n−1·µ

n−1·λ .
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(b) Let ν, ν′ ∈ C
−
Z . Then{

T ν′

ν ◦ indG
G1B = indG

G1B ◦T̂ ν′

ν ,

T ν′

ν ◦ resG
G1B = resG

G1B ◦T̂ ν′

ν .

(c) Suppose that p ≥ h and that λ, λ′ ∈ X+ are restricted and lie in the same
alcove C. Suppose that ν ∈ X+ and L(λ)⊗∇(ν)(1) ∈ ÊR. Then L(λ′)⊗∇(ν)(1) ∈
ÊR. Dually, if L(λ) ⊗ ∆(ν)(1) ∈ ÊL, then L(λ′) ⊗ ∆(ν)(1) ∈ ÊL.

Proof. We first prove (a). If δ ∈ C
+

Z , then ξ ∈ Wp ·δ implies that pω+ξ ∈ Wp ·(n·δ).
Therefore, using the notation of (3.0.1),

(3.1.1)

T̂µ
λ ◦ tpω(V ) ∼= p̂rµ(p̂rλ(tpω(V )) ⊗ L̂1(ν1))

∼= p̂rµ(tpω ◦ p̂rn−1·λ(V ) ⊗ L̂1(ν1))
∼= tpω ◦ p̂rn−1·µ(p̂rn−1·λ(V ) ⊗ L̂1(ν1)).

On the other hand, write n−1 = xt−pω, for x ∈ W . Then

(3.1.2)

n−1 · µ − n−1 · λ = xt−pω · µ − xt−pω · λ
= x(µ) − x · pω − x(λ) + x · pω

= x(µ − λ).

The desired formula in (a) follows by combining (3.1.1) and (3.1.2) with the defi-
nition of the translation functors.

The first part of assertion (b) follows immediately from (3.0.4), using the def-
initions (3.0.1) and (3.0.3) of translation. The second part is adjoint to the first
part.

To see (c), let τ = λ + pν and τ ′ = λ′ + pν. Clearly, τ and τ ′ are both regular
weights lying in the same alcove. At the level of G1B–mod, the translation functor
T̂ τ ′

τ takes L̂1(τ ) to L̂1(τ ′). (See [26, Prop. 9.19(4)].) Hence, by (1),

T τ ′

τ (L(λ) ⊗∇(ν)(1)) ∼= T τ ′

τ (indG
G1B L1(τ ))

∼= indG
G1B(T̂ τ ′

τ (L̂1(τ )))
∼= indG

G1B(L̂1(τ ′))
∼= L(λ′) ⊗∇(ν)(1).

Since the translation functors define an equivalence between the block containing
L(τ ) and that containing L(τ ′), it follows that L(λ′)⊗∇(ν)(1) ∈ ÊR provided that
L(λ) ⊗∇(ν)(1) ∈ ÊR. This proves the first assertion in (b), and the second follows
dually. �

Now assume that p ≥ h. We will require a variation of wall-crossing functors
[26, II.7.2.1]. For each simple reflection s ∈ Sp, fix µ = µs ∈ C−

Z
to lie on the

s-face of C−. We will define a functor θs : G–mod → G–mod. Let B be a block in
G–mod. If the irreducible modules L(τ ) contained in B have singular high weights
τ , we set θs ≡ 0 on B. Otherwise, suppose that the irreducible modules in B have
high weights in Wp · τ for τ ∈ C−; then we put θs(M) = T τ

µ ◦ Tµ
τ on B. Since θs is

defined on each block B, it is defined on G–mod.



REDUCED STANDARD MODULES AND COHOMOLOGY 5239

For any M ∈ G–mod, the adjointness of the Tλ
µ and Tµ

λ defines morphisms

(3.1.3) M
δ(M)→ θsM

ε(M)→ M.

For certain M ∈ G–mod, (3.1.3) defines a complex (with ΘsM of degree 0), and
hence defines an element, denoted βsM , in the derived category D = Db(G–mod).
Thus, βsM is defined when M = L(λ), ∆(λ), or ∇(λ). When M = L(λ) and
λ < λs, βsL(λ) is a complex with cohomology concentrated in degree 0. (If λs < λ,
then θsL(λ) = 0.)

At the level of G1B-mod, there are similar constructions. On modules with
composition factors L̂1(λ) with λ ∈ Wp · τ , where τ ∈ C−, then θ̂s ≡ T̂ τ

µ ◦ T̂µ
τ . In

this case, we have an analogous sequence

(3.1.4) M
δ̂(M)→ θ̂sM

ε̂(M)→ M

in G1B-mod for any G1B-module M . In some cases, (3.1.4) is a complex. In this
case, let β̂s(M) denote the corresponding complex in Db(G1B-mod). For example,
suppose λ is a regular weight such that λ < λs. Then the complex β̂s(L̂1(λ)) is de-
fined, and it has cohomology concentrated in degree 0. Although the functors θs, θ̂s

have been defined on the categories G–mod and G1B-mod of finite-dimensional
modules, the definitions make sense for the categories G-Mod and G1B-Mod.

Theorem 3.2. Assume that p ≥ h and let s ∈ Sp.
(a) For n ∈ N, we have θs ◦ Rn indG

G1B = Rn indG
G1B ◦θ̂s for all s ∈ Sp.

(b) Let λ ∈ X+
reg satisfy λ < λs. Identify β̂sL̂1(λ) with its cohomology. For

n > 0,
Rn indG

G1B β̂s(L̂1(λ)) = 0.

Proof. We first prove (a). Because θs and θ̂s are exact functors preserving injective
modules (in the categories G–Mod and G1B–Mod), it suffices to prove (a) when
n = 0. But the n = 0 case follows immediately from Lemma 3.1(a).

Now we prove (b). Write λ = λ0 + pλ1, where λ0 ∈ X+
1 . The definition of θs,

together with [26, (9.19(4))], implies that θ̂sL̂1(λ) ∼= pλ1⊗M , where M is a rational
G-module (see Lemma (3.1)(a) and (3.0.2). In fact, M = θs′L(λ0)|G1B

∼= θ̂s′L̂1(λ0)
for some s′ ∈ Sp. It follows that β̂sL̂1(λ) has the form pλ1 ⊗ N for a rational
G-module N . (Tensor the defining sequence for β̂sL̂1(λ) with −pλ1, and use the
fact that B-module morphisms of G-modules are always G-module morphisms.)
Therefore, Rn indG

G1B β̂sL̂1(λ) ∼= (Rn indG
B λ1)(1)⊗N by Lemma 1.2, which vanishes

if n > 0 by Kempf’s theorem. �

Corollary 3.3. Let ω, λ ∈ X+ with λ ∈ X+
reg. Assume that s ∈ Sp so that

λ + pω < (λ + pω)s. (Equivalently, λ < λs′, where s′ = n · λ with n the image of
tpω in N = W̃p/Wp.) Then βs is defined for M = ∆(ω)(1) ⊗ L(λ), and βsM has
cohomology concentrated in degree 0.

Proof. In the category G1B–mod, (3.1.4) defines a complex

L̂1(pω + λ) → θ̂sL̂1(pω + λ) → L̂1(pω + λ)

which has cohomology concentrated in degree 0. In fact, this cohomology has the
form pω ⊗N for a rational G-module N . The corollary now follows from Theorem
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3.2 by applying induction indG
G1B to this sequence. Note that R1 indG

G1B vanishes
on L̂1(pω + λ) and well as on pω ⊗ N = 0. �

Lemma 3.4. Suppose that M ∈ G–mod is such that (3.1.3) defines a complex
with cohomology concentrated in degree 0 and that M ∈ ÊL. Then for any ν ∈
X+

reg, Homn
D(βsM,∇(ν)) ∼= Homn

D(M, βs∇(ν)). If, in addition, all the composition

factors of M have regular high weights, then βsM ∈ ÊL also.

Proof. The argument given in [15, Thm. 4.8.3] applies (with M replacing the
irreducible object L(ζ) introduced above (4.8.3.2) there—the irreduciblity is not
used). �

4. Twisted modules

We consider whether the twisted modules ∆(λ)(1) (resp., ∇(λ)(1)), λ ∈ X+,
belong to ÊL (resp., ÊR). By Proposition 1.7, ∆red(pλ) ∼= ∆(λ)(1) and ∇red(pλ) ∼=
∇(λ)(1) for all λ ∈ X+.

An easy spectral sequence argument shows that for µ ∈ X+, if H•(G1,∇(µ)) �= 0,
then µ ∈ W̃p·0. (One can also argue from the linkage principle [26, II.9.1.9(1)].) The
following result provides more precise information on such cohomology modules.
The restriction that p > h is required in order to use [30]. Write

∏
α∈Φ+(1−teα)−1 =∑

σ∈X

∑∞
n=0 pn(σ)eσtn.

Lemma 4.1. Assume that p > h.
(a) For any nonnegative integer n and µ ∈ X, the rational G-module

Hn(G1,∇(µ))(−1) is nonzero only if µ = w · 0 + pξ ∈ W̃p · 0 ∩ X+ (w ∈ W ,
ξ ∈ X) with n ≡ l(w) mod 2. (Also, w · 0 + pξ ∈ X+ implies ξ ∈ X+.)

(b) Assume Hn(G1,∇(µ))(−1) �= 0. Then Hn(G1,∇(µ))(−1) has a G-filtration
with sections ∇(λ), λ ∈ X+. The multiplicity of ∇(λ) as a section in such a
∇-filtration is given by

(4.1.1)

[Hn(G1,∇(µ))(−1) : ∇(λ)]

=

{∑
x∈W (−1)l(x)pn−l(w)

2
(x · λ − ξ) ifn ≡ l(w) mod 2;

0, otherwise.

Proof. For w ∈ W and α ∈ Π, |(w · 0, α∨)| = |(wρ, α∨) − 1| ≤ h. Hence, if
µ = w · 0 + pξ ∈ X+ with w ∈ W , then the restriction on p forces ξ ∈ X+.

Let u be the Lie algebra of the unipotent radical Ru(B) of B. A root subgroup Uα

is contained in B− if and only if −α ∈ Φ+. By [30, Thm. 2], Hn(G1,∇(µ))(−1) ∼=
H0(G/B, S

n−l(w)
2 (u∗) ⊗ ξ) for any n ≥ 0, where the right-hand side is interpreted

as 0 if n �≡ l(w) mod 2. For γ ∈ X, if there exists x ∈ W such that γ = x · γ+ for
γ+ ∈ X+, then by (1.1.3), χ(γ) = (−1)l(x) ch ∆(γ+). Otherwise, γ is W -singular,
and χ(γ) = 0. By [30, Thm. 2], ch H0(G/B, S

n−l(w)
2 (u∗)⊗ξ) = χ(S

n−l(w)
2 (u∗)⊗ξ),

and [30, Thm. 8] implies that H0(G/B, S
n−l(w)

2 (u∗)⊗ξ) has a ∇-filtration. Because
χ(M) = χ(N) + χ(M/N), whenever N is a B-submodule of M , the multiplicity of
∇(λ) as a section in such a ∇-filtration is given by (4.1.1). �

By Lemma 1.1(b), for any λ ∈ X+, ch ∆(λ)(1) =
∑

µ∈X+ pµ,∆(λ)(1)(−1) ch ∆(µ),
where pµ,∆(λ)(1) is the Poincaré polynomial defined in (1.0.4) for M = ∆(λ)(1).
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The following result should hold for p = h. The third author and a University of
Virginia undergraduate, Mark Rawls, have checked this result empirically for the
case p = h = 7. The verification was obtained in the course of a general program
to implement the proposition and the proof of Theorem 6.8 as a new algorithm for
calculating the Kazhdan-Lusztig polynomials (for affine Weyl groups) appearing in
the LCF.

Proposition 4.2. Assume that p > h and that λ, µ ∈ X+. Then pµ,∆(λ)(1) = 0
unless µ = w · 0 + pξ, w ∈ W , ξ ∈ X. In this case,

pµ,∆(λ)(1) =
∞∑

n=0

∑
x∈W

(−1)l(x)
pn−l(w)

2
(x · λ − ξ)tn,

where the sum is restricted to those integers n such that n ≡ l(w) mod 2.

Proof. There is a Hochschild-Serre spectral sequence

(4.2.1) Es,t
2 = Exts

G(∆(λ), Ht(G1,∇(µ))(−1)) ⇒ Exts+t
G (∆(λ)(1),∇(µ)).

If Ht(G1,∇(µ)) �= 0, then Lemma 4.1 implies that µ = w · 0+ pξ and t ≡ l(w) mod
2. Also, Ht(G1,∇(µ)(−1)) has a ∇-filtration, so in (4.2.1), Es,t

2 = 0 unless s = 0 by
Lemma 1.1(a). Thus, using Lemma 4.1

(4.2.2)
dim Extn

G(∆(λ)(1),∇(µ)) = dim HomG(∆(λ), Hn(G1,∇(µ))(−1))

= [Hn(G1,∇(µ))(−1) : ∇(λ)].

Now apply (4.1.1). �

Now we can answer the question posed by this section.

Theorem 4.3. Assume that p > h. Let λ ∈ X+. Then

∆red(pλ)[−l(pλ)]=∆(λ)(1)[−l(pλ)]∈EL and ∇(λ)(1)[−l(pλ)]=∇(λ)(1)[−l(λ)]∈ER.

(Here l(pλ) := l(tpλ) =
∑

α∈Φ+(λ, α∨).)

Proof. We prove that ∆(λ)(1)[−l(tpλ)] ∈ EL; that ∇(λ)(1)[−l(tpλ)] ∈ ER is handled
similarly. The composition factors L(τ ) of ∆(λ)(1) satisfy τ ∈ W̃p · 0 and l(τ ) ≡
l(pλ) := l(tpλ) mod 2. We must show that if µ ∈ X+, then

(4.3.1) Extn
G(∆(λ)(1),∇(µ)) �= 0 =⇒ n ≡ l(pλ) − l(µ) mod 2.

We must have µ = w · 0 + pξ and n ≡ l(w) mod 2. So, to conclude the proof, we
must determine that l(pλ) ≡ l(pξ) mod 2. If Extn

G(∆(λ)(1),∇(µ)) �= 0, then pλ and
µ = w · 0 + pξ belong to the same Wp-linkage class. Hence, pλ − pξ ∈ ZΦ. Since
p > h, X/ZΦ has no p-torsion, so pλ = pξ + pδ, with δ ∈ ZΦ. Then tpλ = tpξtpδ.
Since l(tpδ) is even, l(pλ) ≡ l(pξ) mod 2, as required. �

Corollary 4.4. Assume that p > h. Suppose that λ ∈ X+ and ∆(λ) ∼= L(λ). Then
L(λ)(1)[−l(pλ)] = L(pλ)[−l(pλ)] ∈ EL ∩ ER.

In type An−1 (i.e., G = SLn(k)), there is a determination of all λ for which
∆(λ) = L(λ), given in [26, (8.21)].
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5. Quantum groups and some integral representation theory

We consider when λ ∈ X+
reg satisfies the hLCF, as defined in (1.3.1). We will

say that X ∈ D satisfies the ÊL (resp., ÊR) condition provided that X ∈ ÊL

(resp., X ∈ ÊR). Given λ ∈ X+
reg, write λ ∈ LCF (resp., λ ∈ hLCF, λ ∈ ÊL,

λ ∈ ÊR) provided that L(λ) satisfies the LCF (resp., the hLCF, the ÊL condition,
ÊR condition). Of course, λ ∈ ÊL ⇐⇒ λ ∈ ÊR.

Theorem 5.1. For λ ∈ X+
reg, λ ∈ hLCF if and only if λ ∈ LCF and λ ∈ ÊL.

Proof. First, suppose that λ ∈ hLCF. Write λ = w · λ−, λ− ∈ C−
Z

. If µ �∈ Wp · λ−,
then Ext•G(L(λ),∇(µ)) = 0 by the linkage principle. Hence, if the hLCF holds, then
for µ = y·λ−, we have, by (1.3.1) that py·λ−,L(w·λ−)(−1) = (−1)l(w)−l(y)P y,w(−1) =
(−1)l(w)−l(y)Py,w(−1). Therefore, Lemma 1.1(b) implies that ch L(λ) = χKL(λ),
so that λ ∈ LCF. Also, since Py,w is a polynomial in q = t2, the validity of
(1.3.1) implies that, if Extn

G(L(λ),∇(µ)) �= 0, then l(λ) − l(µ) ≡ n mod 2. So,
L(λ)[−l(λ)] ∈ EL and λ ∈ ÊL.

To prove the reverse direction, assume that λ ∈ LCF and λ ∈ ÊL. Then λ ∈
hLCF, provided that

(5.1.1) dim Extn
Uζ

(Lζ(λ),∇ζ(µ)) = dim Extn
G(L(λ),∇(µ))

holds for any µ ∈ X+
reg and all nonnegative integers n. The left-hand side of (5.1.1)

is computed in the category of integrable, type 1 Uζ-modules. See Remark 1.4.
Write L̃ζ(λ) = L̃min

ζ (λ) = Ũζ · v+ and choose an admissible lattice ∇̃ζ(µ) for
∇ζ(µ). We can assume that ∇̃ζ(µ)/π∇̃ζ(µ) ∼= ∇(µ); see [20, p. 159] (which makes
use of results of [5]). Because the LCF holds for λ, L(λ) ∼= L̃ζ(λ)/πL̃ζ(λ). Thus,
we have a short exact sequence 0 → ∇̃ζ(µ) p→ ∇̃ζ(µ) → ∇(µ) → 0. By (1.5.5),
Ext•

Ũζ
(L̃ζ(λ),∇(µ)) ∼= Ext•G(L(λ),∇(µ)).

Therefore, by the long exact sequence of Ext for HomŨζ
(L̃ζ(λ),−), we obtain,

for any nonnegative integer n, a long exact sequence
(5.1.2)
· · · → Extn

Ũζ
(L̃ζ(λ), ∇̃ζ(µ)) π→ Extn

Ũζ
(L̃ζ(λ), ∇̃ζ(µ)) → Extn

G(L(λ),∇(µ)) → · · · .

But, by hypothesis, L(λ) ∈ ÊL, while Lζ(λ) belongs to the analogous category for
Uζ . If n �≡ l(λ) − l(µ) mod 2, then Extn

Ũζ
(L̃ζ(λ), ∇̃ζ(µ)) π→ Extn

Ũζ
(L̃ζ(λ), ∇̃ζ(µ)) is

surjective. Since Extn
Ũζ

(L̃ζ(λ), ∇̃ζ(µ)) is a finite O-module, Extn
Ũζ

(L̃ζ(λ), ∇̃ζ(µ)) =
0 in this case. It follows that, when n ≡ l(λ) − l(µ) mod 2, the above long exact
sequences provide a short exact sequence 0 → Extn

Ũζ
(L̃ζ(λ), ∇̃ζ(µ)) π→ Extn

Ũζ
(L̃ζ(λ),

∇̃ζ(µ)) → Extn
G(L(λ),∇(µ)) → 0. If n does not satisfy the congruence

n ≡ l(λ) − l(µ) mod 2, the terms of (5.1.2) vanish. Thus, the finite O-module
Extn

Ũζ
(L̃ζ(λ), ∇̃ζ(µ)) is torsion-free (and possibly 0), so it is free. Therefore, (5.1.1)

follows from (1.5.4). �
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Corollary 5.2. Assume that p > h. For λ ∈ X+, write pλ = x · τ−, x ∈ Wp and
τ− ∈ C−

Z
. Then ∆(λ)(1) satisfies the hLCF condition, in the sense that

(5.2.1) tl(x)−l(y)P y,x =
∞∑

n=0

dim Extn
G(∆(λ)(1),∇(y · τ−))tn

for any y ∈ Wp such that y · τ− ∈ X+. In addition, we have

(5.2.2) µ(y, x) = dim Ext1G(∆(λ)(1),∇(y · τ−)) ≤ 1,

where µ(y, x) is the coefficient of tl(x)−l(y)−1 in Py,x (cf. footnote 1).

Proof. Clearly, L̃min
ζ (pλ) satisfies L̃min

ζ (pλ)/πL̃min
ζ (pλ) ∼= ∆(λ)(1) (from the univer-

sal mapping property of ∆(λ)). By Theorem 4.3, ∆(λ)(1) ∈ EL. The result (5.2.1)
now follows as in the proof of the theorem.

Finally, observe that (5.2.1) implies (5.2.2), by Proposition 4.2 and the fact that
p0(σ) = δσ,0 for σ ∈ X. �

For λ ∈ X+
reg, let t = −1 in (5.2.1). Then Lemma 1.1(b) gives that ch ∆(λ)(1) =

χ(λ)(1) = χKL(pλ), which is just the special λ0 = 0 case of Lemma 1.3. Neither
Lemma 1.3 nor Corollary 5.2 depend in any way on the assumption that the LCF
holds in an ideal.

The above discussion provides some evidence for a potentially far-reaching ques-
tion involving the category of rational G-modules. We begin with the following
definition.

Definition 5.3. The left (resp., right) homological lattice property hLPL (resp.,
hLPR) holds for λ ∈ X+

reg provided that Lζ(λ) has an admissible lattice L̃ζ(λ)
(resp., L̃′

ζ(λ)) such that Ext•
Ũζ

(L̃ζ(λ), ∇̃ζ(µ)) (resp., Ext•
Ũζ

(∆̃ζ(µ), L̃′
ζ(λ))) is O-

torsion-free for any dominant weight µ ≤ λ.

The two lattices L̃ζ(λ) and L̃′
ζ(λ) appearing in the conditions hLPL and hLPR

may not be the same. Equality does hold when and only when L̃ζ(λ)/
πL̃ζ(λ) and L̃′

ζ(λ)/πL̃′
ζ(λ) are irreducible (and hence isomorphic to L(λ)), as dis-

cussed in more detail below. This irreducibility condition holds, along with hLPL

and hLPR, when the LCF holds on Γ ∩ X+
reg for some finite ideal Γ.

The n = 0, 1 case of the hLPL implies there is an exact sequence

0 → HomŨζ
(L̃ζ(λ), ∇̃ζ(µ)) π→ HomŨζ

(L̃ζ(λ), ∇̃ζ(µ))

→ HomG(L̃ζ(λ)/πL̃ζ(λ),∇(µ)) → 0

similar to (5.1.2). Thus, L̃ζ(λ)/πL̃ζ(λ) has simple head L(λ). By Nakayama’s
lemma, L̃ζ(λ) is the lattice in Lζ(λ) generated by some vector v+ ∈ L̃ζ(λ)\πL̃ζ(λ)
of weight λ, i.e., L̃ζ(λ) = L̃min

ζ (λ).
Similarly, if the hLPR holds for λ, then the required lattice L̃ζ(λ) is unique up

to isomorphism, and can be taken to be Lmax
ζ (λ).
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Theorem 5.4. Assume that p > h.
(a) For λ ∈ X+

reg, hLPL (resp., hLPR) holds if and only if ∆red(λ)[−l(λ)] ∈ EL

(resp., ∇red(λ)[−l(λ)] ∈ ER).
(b) Suppose that hLPL (resp., hLPR) holds for λ, µ ∈ X+

reg. Then

dim Extn
G(∆red(λ),∇red(µ))

=
n∑

m=0

∑
ν

dim Extm
G (∆red(λ),∇(ν)) · dim Extn−m

G (∆(ν),∇red(µ)).

Furthermore, if λ = x · λ−, where λ− ∈ C−
Z

, then

tl(x)−l(y)P y,x =
∞∑

n=0

dim Extn
G(∆red(λ),∇(y · λ−))tn

=
∞∑

n=0

dim Extn
G(∆(y · λ−),∇red(λ))tn.

In particular,

dim Extn
G(∆red(λ),∇red(µ)) = dim Extn

Cζ
(Lζ(λ), Lζ(µ)),

as given in (1.5.2).

Proof. We first prove (a). If ∆red(λ)[−l(λ)] ∈ EL, then, just as in the proof of
Theorem 5.1, there is, for every integer n, a short exact sequence

0 → Extn
Ũζ

(L̃ζ(λ), ∇̃ζ(µ)) π→ Extn
Ũζ

(L̃ζ(λ), ∇̃ζ(µ)) → Extn
G(∆red(λ),∇(µ)) → 0

which implies that hLPL holds for λ. Conversely, if hLPL holds for λ, then we
obtain the same short exact sequence, so that L(λ)[−l(λ)] ∈ EL, using (1.5.4) and
Remark 1.5. A similar argument applies for the other half of (a).

Finally, (b) follows immediately from (a) and [13, Thm. 3.5]. See also Remark
1.5. �

Remark 5.5. Suppose that p > h. Suppose λ = x ·λ−, λ− ∈ C−
Z

, satisfies the hLPL

(resp., hLPR). Let µ = x · µ− for µ− ∈ C−
Z

. Then µ satisfies the hLPL (resp.,
hLPR).

To see this, consider the assertion for hLPL; the other case is similar. Let B
(resp., B′) be the block (in the category of rational G-modules) determined by
the linkage class Wp · λ− ∩ X+ (resp., Wp · µ−). Let T = Tµ

λ : B → B′ be the
highest weight category equivalence defined by translation. Then T takes the full
subcategory EL(B) of EL to the analogous full subcategory EL(B′). The functor
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T can be defined for the categories of integrable, type 1 Uζ-modules [5, §8.3] and
integrable, type 1 Ũζ-modules.4 Furthermore, it commutes with base change −⊗Ok,
so it carries ∆red(x · λ) to ∆red(x · µ).

6. Some general results and conjectures

We begin with some conjectures on the families {∆red(λ)}λ∈X+
reg

and
{∇red(λ)}λ∈X+

reg
of indecomposable rational G-modules. We will see in Theorem 6.8

that the first three conjectures are theorems, if one assumes the validity of (a form
of) the Lusztig conjecture in positive characteristic p. This latter conjecture is itself
a theorem, though, presently, only for p very large (the size unknown, depending
on the root system) [4]. Still, we are able to present some striking applications,
handling smaller primes separately, in Section 7. The remaining two conjectures we
formulate below are proved in part under the same hypothesis (of a valid Lusztig
conjecture) in Theorem 6.9.

Independently of the validity of these conjectures, the modules above have char-
acters given by

(6.0.1) ch ∆red(λ) = ch∇red(λ) =
∑

y·λ−∈X+

(−1)l(x)−l(y)Py,x(−1)ch ∆(y · λ−),

where λ = x · λ− with λ− ∈ C−. (Recall the assumption in Remark 1.5.)

Conjecture 6.1. Assume that p > h. The left and right homological lattice prop-
erties hold for all λ ∈ X+

reg. In other words, for each λ ∈ X+
reg, the lattices L̃min

ζ (λ)
and L̃max

ζ (λ) of Lζ(λ) have the property that the O-modules Ext•
Ũζ

(L̃min
ζ (λ), ∇̃ζ(µ))

and Ext•
Ũζ

(∆̃(λ), L̃max
ζ (λ)) are torsion-free for all µ ∈ X+

reg.

Conjecture 6.2. Assume that p > h. For each λ ∈ X+
reg, ∆red(λ)[−l(λ)] ∈ EL and

∇red(λ)[−l(λ)] ∈ ER. (Equivalently, for λ ∈ X+
reg, ∆red(λ) ∈ ÊL and ∇red(λ) ∈

ÊR.)

The parenthetic comments follow from Lemma 2.1. Also, by Theorem 5.4, we
have the following observation.

4The definition in [5, §8.3] applies for this latter category, after some additional observations.
In the definition [5, §8.3], one tensors with a certain costandard module and then takes a projection
onto a linkage class. The costandard module has an analogue “over O” (even over the algebra A)

in [5] which integrable, type 1. Tensor products of integrable, type 1 Ũζ-modules are (obviously)
integrable, type 1. Projection onto a linkage class makes sense in the category of integrable, type

1 Ũζ -modules: First, one can talk about “composition factors” for Ũζ-modules and their weights.

The category of all finite rank, integrable, type 1 modules is an O-finite highest weight category C̃
in the sense of [20, §2]. The category C̃[Γ] of all modules in C̃ whose composition factors have only
high weights belonging to a fixed finite poset ideal Γ in X+ has enough projective modules, and its
projective indecomposable modules reduce modulo p to projective indecomposable modules [20,

§§2,3]. Projections onto linkage classes can now be made in the category C̃[Γ] for any sufficiently
large Γ.
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Proposition 6.3. Conjecture 6.1 ⇐⇒ Conjecture 6.2.

There is a variation on Conjecture 6.2:

Conjecture 6.4. Assume that p > h. For λ ∈ X+
reg, write λ = λ0 + pλ1, with

λ0 ∈ X+
1 and λ1 ∈ X+, and set

∆red(λ)′ := L(λ0) ⊗ ∆(λ1)(1), ∇red(λ)′ := L(λ0) ⊗∇(λ1)(1).

Then ∆red(λ)′[−l(λ)] ∈ EL and ∇red(λ)′[−l(λ)] ∈ ER.

Conjecture 6.5. Assume that p > h. For λ ∈ X+, ∆(λ) (resp., ∇(λ)) has a
∆red-filtration, i.e., a filtration as a G-module with sections of the form ∆red(ν)
(resp., ∇red(ν)), ν ∈ X+.

It seems likely that it is enough to check Conjecture 6.5 in the special case when
λ ∈ X+

reg where λ ∈ Wp · (−2ρ)∩X+, since the conclusion should behave well with
respect to translation within an alcove or translation to a wall. Also, as far as
we know, the assumption p ≥ h is sufficient in any of the above conjectures.5 We
have the following variation of the last conjecture, using the modules introduced in
Conjecture 6.4.

Conjecture 6.6. For λ ∈ X+, ∆(λ) (resp., ∇(λ)) has a ∆red′
-filtration (resp., a

∇′
red-filtration), i.e., a filtration as a G-module with sections of the form ∆red(ν)′

(resp., ∇red(ν)′), ν ∈ X+.

Remark 6.7. In [2], a rational G-module M is said to have a good p-filtration
provided that it has a filtration with sections of the form ∇red(λ)′. Then [2, Cor.
3.7] asserts that if p ≥ 2h− 2, every ∇(λ) has a good p-filtration for each λ ∈ X+.
However, as pointed out to us by Andersen (in a private communication), the proof
of [2, Lemma 3.3] does not hold, and so [2, Cor. 3.7] remains unproved.

Theorem 6.8. Let p > h.
(a) Assume that the LCF holds for all regular weights in X+

1 . Then Conjectures
6.1, 6.2 and 6.4 are true.

(b) If Conjecture 6.4 holds and p ≥ 2h − 2, then the LCF holds for all regular
weights in X+

1 .

Proof. First, we prove (a). By Proposition 1.7, the hypothesis implies that if λ ∈
X+

reg, then ∆red(λ) = ∆red(λ)′ ∼= L(λ) and ∇red(λ) = ∇red(λ)′ ∼= L(λ). Suppose
that λ, λs ∈ X+

1 are regular restricted weights and that λ < λs, where s ∈ Sp.
Suppose for ω ∈ X+ that ∆red(λ + pω) = L(λ) ⊗ ∆(ω)(1) ∈ ÊL. Let the wall
separating the dominant weights λ+pω and λs+pω be of type s′. By Corollary 3.3
and Lemma 3.4, βs′ is defined at M := L(λ) ⊗ ∆(ω)(1) and βs′M ∈ ÊL. It suffices
to prove that L(λs) ⊗ ∆(ω)(1) is a direct summand of βs′(L(λ) ⊗ ∆(ω)(1)). But in
the category G1B–mod,

β̂s′(pω ⊗ L̂1(λ)) ∼= pω ⊗ β̂sL̂1(λs),

for some s ∈ Sp, using Lemma 3.1. The LCF holds for regular restricted weights
so that L(λs) is a direct summand of βsL(λ). Also, β̂sL̂1(λ) ∼= βsL(λ)|G1B. We

5But Conjecture 6.5 cannot be extended to all primes p. We are grateful to Will Turner for
indicating that there is a type A counterexample when p = 2. We hope to discuss the example in
a later paper.
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conclude that pω ⊗ L̂1(λs) is a direct summand of β̂s′(pω ⊗ L̂1(λ)). Now apply the
induction functor indG

G1B and Lemma 3.1 to conclude that L(λs) ⊗ ∆(ω)(1) is a
direct summand of βs′(L(λ)⊗∆(ω)(1)). By Theorem 4.3, for ω ∈ X+, ∆red(pω) ∼=
∆(ω)(1) ∈ ÊL. Since any regular restricted weight can be connected to a weight in
C+

Z
by a series of adjacent restricted weights,6 we can now apply Remark 5.5 to

conclude that (a) holds.
(b) Suppose that Conjecture 6.4 holds and that p ≥ 2h−2. Then if λ ∈ X+

1 , the
well-known inequality (λ+ρ, α+0∨) < p(p−h+2) holds. Let µ ∈ X+

reg satisfy µ ≤ λ,
and write µ = µ0 + pµ1, µ0 ∈ X+

1 . Because (µ + ρ, α∨
0 ) ≤ (λ + ρ, α∨

0 ), we see that
(µ1 + ρ, α∨

0 ) ≤ p, i.e., µ1 ∈ C+
Z

. Thus, L(µ) ∼= ∆red(µ)′, so that L(µ)[−l(µ)] ∈ EL.
Therefore, by Lemma 2.2 (taking Γ to be the ideal in the poset (X+, ↑) of regular
weight generated by the regular restricted weights), the LCF holds for λ. �

For λ ∈ X+
reg, put

(6.8.1) Eζ(λ) = ∆ζ(λ)/rad2∆ζ(λ).

Let Ẽ(λ) be the image of ∆̃ζ(λ) in Eζ(λ), and set E(λ) = Ẽ(λ)/πẼ(λ). Observe
that Ẽ(λ) is an admissible lattice for Eζ(λ).

We are not yet able to establish Conjectures 6.4 and 6.5 under an LCF assump-
tion like that given in Theorem 6.8(a). However, we have the following partial
result.

Theorem 6.9. Assume that p > h and that the LCF holds for all regular weights
in X+

1 . With Ẽ(λ) as in (6.8.1), let D̃(λ) be the kernel of the natural surjec-
tion Ẽ(λ) � L̃min(λ), and similarly let Dζ(λ) be the kernel of Eζ(λ) � Lζ(λ).
(Thus, D̃(λ) is an admissible lattice for Dζ(λ).) Then D̃(λ) has a C̃ζ-filtration
with (distinct) sections L̃min(µ)⊕nµ , where nµ = nµ(λ) = nµ = [Dζ(λ) : Lζ(µ)] =
dim Ext1Cζ

(Lζ(λ), Lζ(µ)) for µ < λ. In particular, E(λ) has a ∆red-filtration with
top section ∆red(λ).

Proof. Let Γ be any ideal of dominant weights with Γ ⊆ (−∞, λ). Let D̃Γ(λ) be the
largest O-free quotient of D̃(λ) such that each composition factor of D̃Γ(λ)⊗O K =
DΓ,ζ(λ) has high weight in Γ. Also, let ẼΓ(λ) be the resulting extension (obtained
by forming the evident pushout diagram) of L̃min(λ) by D̃Γ(λ). The conclusion of
the theorem has an evident analogue with Ẽ(λ) replaced by ẼΓ(λ), D̃(λ) replaced
by D̃Γ(λ), and µ required to be in Γ.

We proceed by induction on |Γ| starting with the case Γ = ∅. Thus, we assume
that we are given Γ so that D̃Γ(λ) has a filtration with sections L̃min(µ)⊕nµ for

6To see this fact, we argue as follows: Given a restricted regular weight x in an alcove C, draw
a (straight) line from x to 0. The line must pass through at least one reflecting affine hyperplane
H, and we pick a point z which is the nearest such intersection to x. Let B be any open ball
around z. Then B contains points of C, and so the intersection of C with B is a nonempty open
set. Also, the point z is on the boundary of C, and, as such lies in the closure of a wall F of C
whose containing hyperplane H also contains z. The intersection of the ball B with F is nonempty,
since z ∈ F . Let C′ be the unique alcove other than C which has F as a wall. Since any point of
F is the limit of points of C′, the intersection of B with C′ is nonempty. Taking B small enough,
we may assume that B is entirely contained in the open restricted parallelopiped. So C′ must be
restricted, and, not being on the same side of H as x, is on the side of H containing 0, and is
therefore “smaller”. A reflection of x into C′ and induction gives the desired result.
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µ ∈ Γ and nµ = [DΓ,ζ(λ) : Lζ(µ)] = dim Ext1Cζ
(Lζ(λ), Lζ(µ)). (Note that nµ = 0

for all µ ∈ Γ satisfying l(µ) ≡ l(λ) mod 2.)

Claim 1. Let EΓ(λ) = ẼΓ(λ)/πẼΓ(λ) and EΓ,ζ(λ) = ẼΓ(λ)⊗O K. Suppose ω < λ

has parity opposite to that of λ. Then Ext1C̃ζ
(ẼΓ(λ), L̃max(ω)) is torsion-free. Also,

Ext1C̃ζ
(ẼΓ(λ), L̃max(ω))/πExt1C̃ζ

(ẼΓ(λ), L̃max(ω)) ∼= Ext1G(EΓ(λ),∇red(ω)).

To verify this assertion, put DΓ(λ) = D̃Γ(λ)/πD̃Γ(λ). Also, DΓ(λ) has a filtra-
tion with sections ∆red(µ), with nµ �= 0 (which implies that µ has the same parity
as ω). Thus, Ext1G(DΓ(λ),∇red(ω)) = 0 by Theorem 6.8. Therefore, the long exact
sequence of Ext•G applied to the short exact sequence 0 → DΓ(λ) → EΓ(λ) →
∆red(λ) → 0 gives an exact sequence

(6.9.1)
0 → HomG(DΓ(λ),∇red(ω)) → Ext1G(∆red(λ),∇red(ω))

→ Ext1G(EΓ(λ),∇red(ω)) → 0.

Next, Ext1Cζ
(DΓ,ζ(λ), Lζ(ω)) = 0 by the quantum analogue of Lemma 2.2, since

DΓ,ζ(λ) is a direct sum of irreducible modules Lζ(µ) with µ having the same parity
as ω. Therefore, the short exact sequence 0 → DΓ,ζ(λ) → EΓ,ζ(λ) → Lζ(λ) → 0
gives an exact sequence

(6.9.2)
0 → HomCζ

(DΓ,ζ(λ), Lζ(ω))Ext1Cζ
(Lζ(λ), Lζ(ω))

→ Ext1Cζ
(EΓ,ζ(λ), Lζ(ω)) → 0.

Clearly, the left-hand Hom in (6.9.2) has dimension equal to the multiplicity of
Lζ(ω) in DΓ,ζ(λ). This multiplicity equals the multiplicity of ∆red(ω) as a section
in the ∆red-filtration of DΓ(λ) = D̃Γ(λ)/πD̃Γ(λ) given by induction and reduction
mod π. (Recall ∆red(ω) = L̃min(ω)/πL̃min(ω), and the module L̃min(ω) is torsion-
free.) If ∆red(τ ) is a section of this filtration, then τ and ω have the same parity,
so, Ext1G(DΓ(λ),∇red(ω)) = 0. Thus, dim HomG(DΓ(λ),∇red(ω)) also equals this
multiplicity. It follows that

(6.9.3) dim HomG(DΓ(λ),∇red(ω)) = dim HomCζ
(DΓ,ζ(λ), Lζ(λ)).

By Theorem 5.4(b) and Theorem 6.8, the middle Ext1-terms in (6.9.1) and (6.9.2)
also have the same dimension. Thus, the right-hand Ext1-terms have the same
dimension, as well. Form the exact sequence

Ext1Cζ
(ẼΓ(λ), L̃max(ω)) π→ Ext1Cζ

(ẼΓ(λ), L̃max(ω)) → Ext1Cζ
(ẼΓ(λ),∇red(ω)).

By (1.5.5), Ext1Cζ
(ẼΓ(λ),∇red(ω)) ∼= Ext1G(EΓ(λ),∇red(ω)), so that Claim 1 now

follows.

Claim 2. If ω < λ Ext1Cζ
(Lζ(λ), Lζ(ω)) �= 0 if and only if [Dζ(λ) : Lζ(ω)] �= 0.

Claim 3. Assume that [Dζ(λ) : Lζ(ω)] �= 0 (so that ω < λ, and ω and λ have
opposite parity). Then ω ∈ Γ ⇐⇒ Ext1G(EΓ(λ),∇red(ω)) = 0.

Claim 2 is clear, so consider Claim 3. First, assume that ω ∈ Γ. Then in
(6.9.2), the inclusion ι : HomCζ

(DΓ,ζ(λ), Lζ(ω)) ↪→ Ext1Cζ
(Lζ(λ), Lζ(ω)) is an iso-

morphism, so that Ext1G(EΓ(λ),∇red(ω)) = 0 by (6.9.2) and Claim 1. Conversely,
if Ext1G(EΓ(λ),∇red(ω)) = 0, then Claim 1 implies that ι is an isomorphism so that
ω ∈ Γ. This proves Claim 3.
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Claim 4. If ω ∈ Γ has parity opposite to λ, then Ext1G(EΓ(λ), L(ω)) = 0.

Since HomG(EΓ(λ),∇red(ω)/L(ω)) = 0, the claim follows from the long exact
sequence of Ext•G provided that we know that

(6.9.4) Ext1G(EΓ(λ),∇red(ω)) = 0.

This later vanishing is true by Claim 3, if [Dζ(λ) : Lζ(ω)] �= 0. Otherwise, we
have that Ext1Cζ

(Lζ(λ), Lζ(ω)) = 0 by Claim 2, so the right-hand term of (6.9.2)
vanishes. Thus, (6.9.4) holds by (1.5.4) and Claim 1. This proves Claim 4.

Claim 5. Let ν <λ of opposite parity to λ with ν �∈Γ. We have Ext1G(EΓ(λ),∇red(ν))
∼= Ext1G(∆red(λ),∇red(ν)), which has dimension equal to dim Ext1Cζ

(Lζ(λ), Lζ(ν)).

To prove the isomorphism, we use the fact that DΓ(λ) has, as previously noted, a
filtration with sections ∆red(µ). A module ∆red(µ) appears as a section only when
Ext1Cζ

(Lζ(λ), Lζ(µ)) �= 0, which implies that µ, ν have the same parity. Therefore,
Ext1G(∆red(µ),∇red(ν)) = 0, and so Ext1G(DΓ(λ),∇red(ν)) = 0. Also, since ν �∈ Γ,
we have HomG(DΓ(λ),∇red(ν)) = 0. The first equality follows from the long exact
sequence of Ext•G applied to the short exact sequence 0 → DΓ(λ) → EΓ(λ) →
∆red(λ) → 0. The second equality is a consequence of Theorem 5.4(b). This proves
Claim 5.

We note also the obvious equality

(6.9.5) dim Ext1Cζ
(Lζ(λ), Lζ(ν)) = [Dζ(λ) : Lζ(ν)]

for any ν < λ.
Assume that D̃Γ(λ) �= D̃(λ). Let ν ∈ X+ be minimal satisfying [Dζ(λ) :

Lζ(ν)] �= 0 and ν �∈ Γ. Necessarily, ν < λ, and ν and λ have opposite parity.
Without loss, we can replace Γ by Γ� = {ω ∈ X+ |ω < ν } and keep EΓ,ζ(λ),
DΓ,ζ(λ), D̃Γ(λ) the same. If Γ �= Γ�, we could enlarge Γ to Γ�. Thus, we may
assume that Γ = Γ�.

All composition factors of ∇red(ν) = ∇(ν1)(1) ⊗ L(ν0) have high weight ω with
the same parity as ν, which is opposite to the parity of λ. Except for ν, these
weights ω also belong to Γ, by the minimality of ν. By Claim 4,

(6.9.6) Ext1G(EΓ(λ), L(ω)) = 0

for such ω. In particular,

(6.9.7) Ext1G(EΓ(λ), L(ν)) ∼= Ext1G(EΓ(λ),∇red(ν))

by Claim 4 and the long exact sequence of cohomology. Also, there is an injection

(6.9.8) Ext1G(EΓ(λ), ∆red(ν)) ↪→ Ext1G(EΓ(λ), L(ν)).

The lattice inclusion L̃min(ν) ⊆ L̃max(ν) has quotient which has a finite length
with composition factors of the form L(ω), ω < ν, where L(ω) is a composition
factor of ∇red(ν). Thus, using (6.9.6) and (1.5.5), there is an identification

(6.9.9) Ext1C̃ζ
(ẼΓ(λ), L̃min(ν)) ∼= Ext1C̃ζ

(ẼΓ(λ), L̃max(ν)).

By Claim 1, both sides of (6.9.9) are torsion-free. So the reduction modulo π of the
left-hand side injects to Ext1G(EΓ(λ), ∆red(ν)), which injects into Ext1G(EΓ(λ), L(ν)).
The latter group is isomorphic to Ext1G(EΓ(λ),∇red(ν)) by (6.9.7). By Claim 5,
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dim Ext1G(EΓ(λ),∇red(ν)) = [Dζ(λ) : Lζ(µ)], which is the rank of the right-hand
side of (6.9.9). Thus,

(6.9.10) Ext1G(EΓ(λ), ∆red(ν)) ∼= Ext1G(EΓ(λ), L(ν)) ∼= Ext1G(EΓ(λ),∇red(ν)).

Also,

(6.9.11) Ext1G(EΓ(λ), ∆red(ν)) ∼= Ext1C̃ζ
(ẼΓ(λ), L̃min(µ))/πExt1C̃ζ

(ẼΓ(λ), L̃min(µ))

and

(6.9.12) Ext1C̃ζ
(ẼΓ(λ), L̃min(µ)) is a free O-module of rank nµ.

To complete the proof of the “inductive step,” put Γ′ = {ν} ∪ Γ. Form an
extension

(6.9.13) 0 → L̃min(ν)⊕nν → Ẽ → ẼΓ(λ) → 0

using a O-basis of Ext1C̃ζ
(ẼΓ(λ), L̃min(ν)). By (6.9.10), (6.9.11), and (6.9.12), Ẽ has

the same head L(λ) as ẼΓ(λ). (One gets the same head after reduction mod π, and
even after factoring out by the radical of ∆red(ν)⊕nν .) Thus, there is a surjection
∆̃ζ(λ) � Ẽ, which induces a surjection Ẽ(λ) → Ẽ. The image D̃ of D̃(λ) under
this latter surjection is O-free, and [Dζ : Lζ(ω)] = [Dζ(λ) : Lζ(ω)] = nω for all
ω ∈ Γ′, where Dζ = D̃ ⊗O K. Thus, D̃ = D̃Γ′(λ) and Ẽ = ẼΓ′(λ).

We must check that D̃Γ′(λ) has a C̃ζ-filtration with sections L̃min(µ)⊕nµ , where
µ ∈ Γ′, nµ = [Dζ(λ) : Lζ(µ)] = dim Ext1Cζ

(Lζ(λ), Lζ(µ)). This condition follows
from (6.9.13), induction, and the calculation [Dζ : Lζ(ω)] = nω above, with ω =
µ. �

Remark 6.10. Let D(λ) = D̃(λ)/πD̃(λ). The proof of Theorem 6.8 shows that

(6.10.1) Ext1G(D(λ),∇red(ω)) = 0

for all ω ∈ X+
reg satisfying ω < λ and l(ω) �≡ l(λ) mod 2. In a later paper, we will

show that (assuming the LCF holds for restricted regular weights) the category of
all rational G-modules with composition factors having regular dominant weights
of a fixed parity forms a highest weight category whose standard and costandard
modules are ∆red(µ) and ∇red(µ), respectively. Since all composition factors of
D(λ) are regular and have parity opposite to λ and are smaller than λ, the above
vanishing (6.10.1) result is precisely the standard criterion that D(λ) (or D̃(λ))
has a ∆red- (or L̃min-)filtration in the highest weight category. This remark helps
provide some conceptual insight into the above proof.

One can conjecturally extend the main conclusion of Theorem 6.9 to the entire
radical series of ∆ζ(λ). For λ ∈ X+

reg and n ≥ r, put En
ζ (λ) := ∆ζ(λ)/radn∆ζ(λ),

and let Ẽn(λ) be the image of L̃min(λ) in En
ζ (λ).

Conjecture 6.11. Assume that p > h and let λ ∈ X+
reg. Let D̃n−1(λ) be the kernel

of the natural surjection Ẽn(λ) � Ẽn−1(λ) (n ≥ 2). Then D̃n−1(λ) has a filtration
with sections L̃min(µ), µ ∈ X+

reg.
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7. Applications to degree one cohomology

Throughout this section, G denotes a connected, simply connected, semisimple
group, defined and split over Fp. We let Φ be its root system. We apply the
results of the previous section to obtain new results on the bounds of 1-cohomology
for finite groups G(q) of Lie type. We also obtain several results on Ext1G(L, L′)
and H1(G, L) for the algebraic group G and irreducible modules L, L′, relating
these groups to quantum analogues. Given λ ∈ X+, write λ =

∑∞
i=0 piλi, where

λi ∈ X+
1 . We make no assumption on p, except those explicitly noted below. Put

λ(i) =
∞∑

j=i

pj−iλj .

By [1], Ext1G1
(L̂, L̂) �= 0 for some irreducible G1-module L̂ if and only if p = 2

and Φ has a component of type Cn (n ≥ 1). This statement holds if L̂ is replaced
by an irreducible G-module L(λ). When Φ is irreducible of type Cn and p = 2,
we have Ext1G1

(L(0), L(0))(−1) ∼= ∇(�1) ∼= L(�1), the irreducible 2n-dimensional
(standard) module of high weight �1; see, e.g., [26, 12.2]. On the other hand, in
all cases, if L is irreducible, then Ext1G(L, L) = 0.

The following result (at least part (a)) is essentially contained in [1]. Part (a) is
a step in the proof of [1, Theorem 5.6], but is a step not requiring the hypothesis
p ≥ 3h − 3 of that theorem.

Lemma 7.1. Let λ, µ ∈ X+, and let j be minimal with λj �= µj. (If λ = µ, put
j = ∞ and λ(j) = 0.)

(a) We have

(7.1.1) Ext1G(L(λ), L(µ)) ∼= Ext1G(L(λ(j)), L(µ(j))),

unless p = 2 and Φ has a component of type Cn (n ≥ 1).
(b) Assume that Φ is irreducible of type Cn and that p = 2, and let λ = 0.

Then (7.1.1) fails if and only if µ = 2�1. In this case, we have j = 1 and
Ext1G(L(λ), L(µ)) ∼= H1(G, L(µ)) ∼= k, while Ext1G(L(λ(1)), L(µ(1)))∼=H1(G, L(�1))
= 0.

Proof. We prove (a). We can assume Φ is irreducible. Since Ext1G(L(λ), L(λ)) = 0,
we can assume that λ �= µ and j < ∞. It suffices to show that if λ0 = µ0,
then, Ext1G(L(λ), L(µ)) ∼= Ext1G(L(λ(1)), L(µ(1))). In the Hochschild-Serre spectral
sequence

Es,t
2 = Exts

G(L(λ(1)), Extt
G1

(L(λ0), L(λ0))(−1) ⊗ L(µ(1))) ⇒ Exts+t
G (L(λ), L(µ)),

the (s, t) = (0, 1)-term on the left is zero, unless p = 2 and Φ has type Cn, as
remarked above. Otherwise, Ext1G1

(L(λ0), L(λ0)) = 0 and equation (7.1.1) follows.
This proves (a).

Now assume the hypothesis of (b). First, assume that (7.1.1) fails. By remarks
before the statement of the lemma, we must have

E0,1
2 = HomG(L(0), Ext1G1

(L(0), L(0))(−1) ⊗ L(µ(1)))
∼= HomG(L(µ(1)), Ext1G1

(L(0), L(0))(−1)) �= 0.

It follows that µ(1) = �1 (so µ = p�1), since Ext1G1
(L(0), L(0))(−1) ∼= L(�1).

Also, E1,0
2

∼= E2,0
2 = 0 because L(�1) ∼= ∇(�1) and H•(G,∇(�1)) = 0. Thus,
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Ext1G(L(λ), L(µ)) ∼= Ext1G(L(0), L(µ)) ∼= E0,1
2

∼= k, as required. The converse
statement follows similarly. �

In the following result, the requirement p > h is needed for Theorem 6.8. Also,
the assumption p > h is required to assume that the LCFζ holds for Uζ ; cf. Remark
1.5.

Theorem 7.2. Assume that p > h and that the LCF holds for all regular weights
in X+

1 . Let λ, µ ∈ X+ be distinct weights with λ > µ and let j be minimal with
λj �= µj. Suppose that λ(j) ∈ X+

reg. Then7

dim Ext1G(L(λ), L(µ))=dim Ext1G(L(λ(j)), L(µ(j)))≤dim Ext1Cζ
(Lζ(λ(j)), Lζ(µ(j))).

Proof. Using Lemma 7.1, we can assume that the restricted weights λ0, µ0 are dis-
tinct and regular. The hypothesis and Proposition 1.7 imply that ∆red(λ) ∼= L(λ0)⊗
∆(λ(1))(1). Therefore, the composition factors of ∆red(λ) have the form L(λ0) ⊗
L(τ )(1), where τ ∈ X+ satisfies τ ≤ λ(1). Hence, HomG(rad ∆red(λ), L(µ)) = 0, so,
by the long exact sequence of cohomology, we have an injection Ext1G(L(λ), L(µ)) ↪→
ExtG(∆red(λ), L(µ)). Also, the inclusion L(µ) ↪→ ∇red(µ) induces an inclusion
Ext1G(∆red(λ), L(µ)) ↪→ Ext1G(∆red(λ),∇red(µ)) since there is no nonzero morphism
∆red(λ) → ∇red(µ)/L(µ) because λ > µ. Therefore, composing these inclusions
gives an inclusion Ext1G(L(λ), L(µ)) ↪→ Ext1G(∆red(λ),∇red(µ)). By Theorem 6.8,
dim Ext1G(∆red(λ),∇red(µ)) = dim Ext1Cζ

(Lζ(λ), Lζ(µ)). �

We will show later in Lemma 7.6 that dim Ext1Cζ
(Lζ(λ), Lζ(µ)) is bounded by a

constant Ĉ(Φ) depending only on Φ, for all λ ∈ X+
reg and µ ∈ X+. Assuming p > h

(p ≥ h is sufficient, if we know LCFζ holds8), and requiring that λ be regular,
we may use, in place of Ĉ(Φ), a constant bound E = E(Φ) defined in terms of
Kazhdan-Lusztig polynomials, namely

(7.2.1) E(Φ) = max µ(y, w),

where the max ranges over all y, w ∈ Wp with l(y) = l(w0)+ l(w0y), l(w) = l(w0)+
l(w0w). (See (1.5.3).) Lemma 7.6 shows that the number E(Φ) is finite.9 The
precise value of E(Φ) is unknown, as is the value of a related constant E0(Φ),
which we define as

(7.2.2) E0(Φ) = max µ(w0, w),

where max ranges over all w ∈ Wp with l(w) = l(w0) + l(w0w). That is, E0(Φ) is
defined like E(Φ), except with y fixed, as y = w0. Thus, y · (−2ρ) = 0, and E0(Φ)
is a bound, for p > h, on dim Ext1Cζ

(Lζ(λ), Lζ(µ)) when λ = 0, the 1-cohomology
case.

Theorem 7.3. There is a constant C = C(Φ), depending only on Φ, such that
dim H1(G, L(µ)) ≤ C, ∀µ ∈ X+. Also, if we consider only characteristics p > h

7It is quite possible that this restriction of regularity can be removed, at least in many cases.
For results and conjectures comparing Ext1 between irreducible modules with singular high weights
and Ext1 for irreducible modules with related regular high weights, see [40, §4].

8Recall that p �= 2 always and p > 3 if Φ has a component of type G2.
9A combinatorial proof of this fact can be found in [41, Thm. 3.1], which proves the equivalent

fact that the numbers µ(y, w) are bounded in the lowest 2-sided cell in Wp. Also, [41, Thm. 3.3]

shows that, in type Ãn, E(Φ) → ∞ as n → ∞.
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for which the LCF holds for all regular weights in X+
1 , then dim H1(G, L(µ)) ≤

E0(Φ), ∀µ ∈ X+.

Proof. We can assume Φ is irreducible. Also, Lemma 7.1(a),(b) may be applied with
λ = 0. According to (b), the conclusion of (a) holds, unless dim H1(G, L(µ)) = 1.
We may thus assume, without loss, that j = 0 and that µ0 �= 0. In partic-
ular, H0(G1, L(µ0)) = 0, and H1(G, L(µ)) injects into H1(G1, L(µ)); in fact,
H1(G, L(µ)) ∼= H1(G1, L(µ))G/G1 . Write µ = µ0 + pµ1, µ1 ∈ X+. Then

H1(G1, L(µ))G/G1 ∼= HomG(L(µ1)�, H1(G1, L(µ0))(−1)),

where L(µ1)� is the module dual to L(µ1). Hence, dim H1(G, L(µ)) is bounded by
the number of G-composition factors in H1(G1, L(µ0)).

Since there are only a finite number of possible restricted weights µ0, we have
proved there exists a constant C(Φ, p), depending on both Φ and the prime p, such
that if µ ∈ X+, then dim H1(G, L(µ)) ≤ C(Φ, p), when G is the semisimple, simply
connected group over k = Fp having root system Φ.

Next, we prove the second part of the theorem with p > h. For each root system
Φ, there exists a constant D(Φ) such that if p > D(Φ), the LCF holds for all
regular λ ∈ X+

1 ; see [4]. We will also choose D(Φ) ≥ h. Assume that p > D(Φ).
Let µ ∈ X+ be so that µ0 �= 0 and H1(G, L(µ)) �= 0. By Theorem 7.2,

(7.3.1) 1 ≤ dim H1(G, L(µ)) ≤ dim Ext1Cζ
(Lζ(0), Lζ(µ)).

By the discussion preceding the theorem, which makes use of Lemma 7.6 proved
below, the right-hand side is bounded by E0(Φ). This proves the theorem for p > h.

Finally, putting things together, we see that C(Φ) := max {E0(Φ), C(p, Φ), p ≤
D(Φ)} satisfies the requirements of the theorem. �

We will now apply these results to generic cohomology for the infinite families
of finite groups of Lie type. Let q = pd. These groups fall into several classes:
(1) the split groups An(q), Bn(q), . . . , E8(q); (2) the (Steinberg) twisted groups
2An(q), . . . , 2E6(q); (3) the Suzuki groups 2B2(22n+1); and (4) the Ree groups
2F4(22n+1) and 2G2(32n+1).10 The reader is referred to [19, Ch. 3]. It will be
convenient, however, to denote these groups as iG(q). For example, if G = SLn(k),
then 2G(q) denotes 2An−1(q).11

Fix G and an infinite family {iG(q)}. Here i is fixed and q is allowed to vary over
appropriate powers of p, as indicated above. For any finite-dimensional rational G-
module V and positive integer n, the generic cohomology of V in degree n is defined
to be the common limit

(7.3.2) Hn
gen(G, V ) := lim

q→∞
Hn(iG(q), V ) = lim

m→∞
Hn(G, V (m)).

In [18], [21] it is shown that this limit is achieved for the split i = 1 cases for q or m
sufficiently large. (The characteristic p is fixed in [18], but allowed to vary in [21].)
Paper [7] treats these results in the remaining cases i > 1.12 Applying Theorem
7.3 to (7.3.2), we obtain the following result. It will be improved in Theorem 7.10.

10Although we carry through our method for the Ree and Suzuki groups, we could also just
quote the work of P. Sin [42], [43], and [43]; see the comments following Theorem 7.10.

11We are using the notation of [19]. Some authors would denote this group by 2An−1(q2).
12In [14] it is shown (in general) that, for any m, Hn(G, V (m)) ↪→ Hn

gen(G, V ), so that

Hn
gen(G, V ) is the (finite) directed union of the cohomology of the twisted modules V (m).
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Theorem 7.4. The number dimH1
gen(G,L) is, for all irreducible rational G-modules

L, bounded by a constant depending only on Φ, and not on p and L.

Remarks 7.5. (a) In [23], Guralnick conjectured that there exists a constant C such
that if G is a finite group acting faithfully on an absolutely irreducible module L,
then dim H1(G, L) ≤ C. In [24], it is suggested that, in fact, dim H1(G, L) ≤ 2 in
all cases. Although this specific guess is now known to be false, the original con-
jecture on a universal bound remains open; cf. [39], [25], and [10]. Both Guralnick
and the authors of this paper believe, even if it is found that there is no univer-
sal bound, it should be the case that the dimension grows very slowly. Theorem
7.4 provides positive evidence for this philosophy and is even consistent with the
original conjecture (which Guralnick reconfirmed at the June 2007 AIM workshop).

(b) This paper considers the cohomology of the finite groups of Lie type with co-
efficients in a nontrivial irreducible module L in the defining characteristic p of the
ambient algebraic group G. The generic cohomology is only partly developed in the
cross-characteristic case where the module L is taken over a field of characteristic
different from p. There is a reasonably satisfactory theory in type A [16]. Consider-
ably more is known about cross-characteristic cohomology with trivial coefficients
[38] for GLn(q).

The following lemma completes the proof of Theorem 7.3 and is needed for the
proof of Theorem 7.7. We conjecture that the assumption of regularity on λ can be
removed. Of course, in the quantum case, one need not require that p be a prime,
but we assume this to avoid the discussion of even more special cases.

Lemma 7.6. There is a constant Ĉ(Φ) depending only on the root system Φ with
the following property. For any prime p > 2, and > 3 if Φ has a component of
type G2, let Uζ be defined for the root system Φ and the pth root of unity ζ. Then
dim Ext1Cζ

(Lζ(λ), Lζ(µ)) ≤ Ĉ(Φ), ∀λ ∈ X+
reg, µ ∈ X+.

Proof. Since λ ∈ X+
reg, µ ∈ X+

reg by the linkage principle. By the translation
principle, we can assume λ, µ ∈ Wp · (−2ρ). As noted above Theorem 7.3,

(7.6.1) dim Ext1Cζ
(Lζ(y · (−2ρ)), Lζ(w · (−2ρ))) = µ(y, w)

is independent of p, if p > h. The conditions discussed on y, w (immediately fol-
lowing (7.2.1)) are equivalent to the assertions that y · (−2ρ), w · (−2ρ) ∈ X+,
so that (7.6.1) applies to all groups Ext1Cζ

(Lζ(λ), Lζ(µ)). Thus, it suffices sim-
ply to bound dim Ext1Cζ

(Lζ(λ), Lζ(µ)) for some prime p > h and p = h if h is
prime. Such a bound is easy to find for each prime p, without even requiring
regularity of λ: Without loss, we may assume λ ≤ µ. Let Stζ ∈ Cζ denote the
irreducible (quantum Steinberg) module with high weight (p − 1)ρ. Then Stζ is
well known to be a (self-dual) projective module, as is Stζ ⊗ Stζ ⊗ Lζ(λ). Conse-
quently, dim Ext1Cζ

(Lζ(λ), Lζ(µ)) is at most the dimension of the µ-weight space in
Stζ ⊗ Stζ ⊗ Lζ(λ).

If ν is a weight of Stζ ⊗Stζ , the dimension of the µ−ν weight space of Lζ(λ) is at
most the number of ways of writing λ−(µ−ν) ≤ ν ≤ (2(p−1)ρ as a sum of positive
roots. Also, dim Stζ ⊗ Stζ = p|Φ|. Thus, if p is the Kostant partition function,
Ĉ(Φ, p) = p|Φ|p(2(p − 1)ρ) bounds dim Ext1Cζ

(Lζ(λ), Lζ(µ)). This completes the
proof of the lemma. �
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Theorem 7.7. There is a constant Ĉ = Ĉ(Φ) depending only on the root system
Φ with the following property: If λ ∈ X+ with λj regular for each index j ≥ 0, then
dim Ext1G(L(λ), L(µ)) ≤ Ĉ ∀µ ∈ X+. If p > h is such that the LCF holds for all
regular weights in X+

1 , we may take Ĉ = E(Φ) (defined in terms of Kazhdan-Lusztig
polynomials in (7.2.1)).

Proof. Necessarily, p ≥ h, since the hypothesis states that regular weights exist.
If p = 2, then h = 2 and all irreducible components of Φ are of type A1. In this
case, all weight spaces in all Weyl modules ∆(λ) have dimensions ≤ 1. In general,
if λ ≤ µ, dim Ext1G(L(λ), L(µ)) is at most the multiplicity of the module L(λ) as
a composition factor of ∇(µ) or, equivalently, of ∆(µ). So, the theorem certainly
holds in this case.

If p �= 2, part (a) of Lemma 7.1 applies to Ext1G(L(λ), L(µ)). Thus, we may
assume λ0 �= µ0. Also, applying the Hochschild-Serre sequence, we find that

(7.7.1) Ext1G(L(λ), L(µ)) ∼→ Ext1G1
(L(λ), L(µ))G/G1 .

Let St denote the irreducible and self-dual (Steinberg) module with high weight
(p−1)ρ. Then St is projective as a G1-module, as is any module St⊗V , for V ∈ G1–
mod. The G-module S := St ⊗ St ⊗ L(λ) is G1-projective. Let N be the kernel of
the natural map η : S → k ⊗ L(λ) ∼= L(λ) (defined by the self-duality of St), and
form the short exact sequence 0 → N → S

η→ L(λ) → 0 of G-modules. If M is
any G1-module, let r(M) denote the G1-radical of M , the smallest G1 submodule
of M whose corresponding factor module is completely reducible. Of course, if M
is a G-module, then so is r(M). We claim that the natural sequence of restriction
maps

(7.7.2) HomG1(S, L(µ)) α→ HomG1(N, L(µ))
β→ HomG1(r(S) ∩ N, L(µ)) → 0

is an exact sequence.
First, any G1-module map S → L(µ) has r(S) in its kernel, so that β ◦ α = 0.

Next, r(N) ⊆ r(S), so that r(S) ∩ N is a direct summand of N/r(N) as a G1-
module. Thus, β is surjective. Also, N/(r(S) ∩ N) ∼= (N + r(S))/r(S) is naturally
isomorphic to a direct summand of S/r(S). If f : N → L(µ) is a G1-module map
vanishing on r(S) ∩ N , then there is a map g : S/r(S) → L(µ) whose restriction
to (N + r(S))/r(S) is the same as the map induced by f . Inflating g to S, we find
that the restriction of g to N is f . Thus, the kernel of α is contained in the image
of β, and (7.7.2) is exact, proving the claim.

The standard “projective resolution” definition of Ext1G1
gives a G-module iso-

morphism HomG1(r(S)∩N, L(µ)) ∼= Ext1G1
(L(λ), L(µ)). Taking G-fixed points and

using (7.7.1), HomG(r(S)∩N, L(µ)) ∼= Ext1G(L(λ), L(µ)), so dim Ext1G(L(λ), L(µ))
is at most the dimension of the µ-weight space of S, just as in the argument
for Lemma 7.6. Continuing as in that argument, taking λ ≤ µ, we find that
p|Φ|p(2(p− 1)ρ) bounds dim Ext1G(L(λ), L(µ)) = dim Ext1G(L(µ), L(λ)). Thus, the
theorem holds for individual primes. The remaining details, for p > h large enough
so that the LCF holds for restricted weights, parallel the proof of Theorem 7.3,
making use of Lemma 7.6. We leave these details to the reader. �

Remarks 7.8. (a) In Theorem 7.7, we conjecture that the assumption that the λj

be regular is not needed, at least for j > 0.



5256 EDWARD T. CLINE, BRIAN J. PARSHALL, AND LEONARD L. SCOTT

(b) We do not know if there are similar results to Theorem 7.7 or to Theorem
7.3 for higher degree Ext•G-groups or cohomology (in a fixed degree). The quantum
analogue seems very likely to hold, at least for regular weights, because the Ext•A
algebra of a Koszul algebra A is generated by its terms in degree one.

(c) In [1, Theorem 5.6], Andersen gives a nice reduction, if p ≥ 3h − 3, of the
calculation of Ext1G(L(λ), L(µ)) to a calculation of tensor products and certain other
Ext1G-groups. In our notation, his formula is
(7.8.1)

Ext1G(L(λ), L(µ))

=
∑

ν

dim Ext1G(L(λj + pν), L(µj)) dim HomG(L(λ(j+1)), L(ν) ⊗ L(µ(j+1))),

where, as in Theorem 7.2, j is the smallest index i with λi �= µi. The weight ν
ranges over dominant weights required to satisfy the inequality

λj + pν ≤ 2(p − 1)ρ + w0(µj).

These weights ν are quite small (though [1, Remark 5.7(i)] incorrectly, but inconse-
quentially, overstates the case for this—ν need not be a sum of distinct fundamental
weights). For such a ν, dim Ext1G(L(λj + pν), L(µj)) may be calculated in terms of
Kazhdan-Lusztig polynomials, provided λj is regular (again, [1, Remark 5.7(iv)] is
too optimistic, and the assumption of regularity is still needed, though it may, one
day, be removed). At the time of [1] quantum groups did not exist, but it seems
likely that the same methods should yield a similar formula, with even weaker as-
sumptions, to (7.8.1) in the quantum case, if j = 0. The right-hand Hom term in
(7.8.1) would then be taken over the enveloping algebra U(gC). Comparison of the
Hom terms in (7.8.1) would provide an alternate proof of Theorem 7.2 without the
use of Theorem 6.8, though it would require the additional assumption p ≥ 3h− 3.
Even without such a quantum version, one may use (7.8.1) and the weight space
philosophy of [1, Remark 5.7(v)] to obtain an alternate proof of some version of
Theorems 7.3 and 7.7, albeit without the same bounds, and with the additional
assumption p ≥ 3h − 3.

The following consequence of Theorem 7.7 is stated without further proof.

Theorem 7.9. There is a constant Ĉ = Ĉ(Φ), depending only on Φ, such that

dim Ext1G,gen(L(λ), L(µ)) := H1
gen(G, Homk(L(λ), L(µ)) ≤ Ĉ

for λ, µ ∈ X+ such that λj is regular for each j. If p > h is such that the LCF

holds for all regular weights in X+
1 , we may take Ĉ = E(Φ).

To obtain a result similar to Theorem 7.4 for the cohomology of the actual finite
groups of Lie type, as opposed to the generic cohomology, we can apply Theorem
7.7 and some results of C. Bendel, D. Nakano, and C. Pillen. We will also use work
of P. Sin for some special cases. Fix a root system Φ. Fix a set Π of simple roots
for Φ and let τ be a graph automorphism of Φ (stabilizing Π). For weight ξ, put
ξ̂ := τ (ξ)� = −w0τ (ξ) (the image of τ (ξ) under the opposition involution (−)�).
For any semisimple, simply connected group G over an algebraically closed field k
of characteristic p > 0 with root system Φ, we can regard τ as an automorphism
of G commuting with the standard Frobenius morphism F : G → G (which defines



REDUCED STANDARD MODULES AND COHOMOLOGY 5257

the split form of G). Let σ := F r◦τ . By [8, Thm. 5.1], there is a finite-dimensional,
rational G-module Gr(k) such that, for λ, µ ∈ X+

r ,

(7.9.1) Ext1Gσ
(L(λ), L(µ)) ∼= Ext1G(L(λ), L(µ)⊗ Gr(k)).

In the following theorem, recall G is a connected, simply connected, semisimple
algebraic group with root system Φ over an algebraically closed field k of charac-
teristic p > 0. The theorem applies to the finite groups Gσ of Lie type in this case.
Finite groups of Lie type can be considered without this assumption on G (e.g.,
Gσ = PGLn(q)), but this case is the central one of interest. In applying the results
of [8], we will assume that σ has the form of the previous paragraph, so that Gσ

is not a Ree or Suzuki group. While it seems likely that the methods of [8] can be
applied in these cases, it will be more efficient just to quote some results of Sin in
the Ree and Suzuki cases.

Theorem 7.10. There is a constant C ′ = C(Φ)′, depending only on Φ, with the
following property: Let σ : G → G be an endomorphism such that Gσ is a finite
group. Then dim H1(Gσ, L) ≤ C ′ for all irreducible kGσ-modules L.

Proof. First, assume that Gσ is not of Ree or Suzuki type. Then we can assume
that σ = F r ◦ τ = τ ◦ F r for some positive integer r and a graph automorphism τ
of G.

Assume that p > 3(h− 1). Let Γ be the set of dominant weights λ which satisfy
(λ, α∨

0 ) < 2(h − 1). Below we will use the fact that if p > 3(h − 1), then any
λ ∈ Γ is a regular dominant weight in the bottom p-alcove. Also, if pr−1p > 4h−6,
[8, Thm. 4.7] proves that Gr(k) has a filtration with sections ∇(λ̂) ⊗ ∇(λ)(r) for
λ ∈ Γ. Further, such a section occurs exactly once. Since p > 3(h − 1), each λ ∈ Γ
is a regular weight in the bottom p-alcove. Also, λ ∈ Γ implies that λ̂ ∈ Γ as
well. Thus, ∇(λ̂) ∼= L(λ̂) and ∇(λ) ∼= L(λ) for λ ∈ Γ. In the p-adic expansion∑

j≥0 pjλj of λ̂ + prλ, we have λ0 = λ̂, λr = λ, and λi = 0 otherwise. Thus,
each λ�

j is a regular weight, so Theorem 7.7 implies there is a constant bounding
all dimensions dim Ext1G(L(λ̂ + prλ)∗, L(µ)) = dim Ext1G(L(λ̂� + prλ�), L(µ)) for
all µ ∈ X+. Since Γ is a finite set, independent of r, p, it follows from (7.9.1)
that H1(Gσ, L) is bounded by a constant depending only on the root system. (In
fact, the conditions imposed on q = pr hold with a finite number of exceptions.)
Finally, if p ≤ 3(h − 1), for all but a finite number of cases, we have r ≥ 2 and
ps−1(p − 1) > h, where s is the largest integer ≤ r/2. Then [8, Thm. 5.5] implies
that, given any irreducible Gσ-module L, there is an irreducible, rational G-module
L′ such that H1(Gσ, L) ∼= H1(G, L′). Now we can apply Theorem 7.3.

This completes the proof unless Gσ is of Ree or Suzuki type. In these cases,
work of Sin [42], [43], and [44] bounds dim H1(Gσ, L), L irreducible (and also
bounds dim Ext1(L, L′), L, L′ irreducible, in some cases). In fact, in these papers,
explicit calculations of dimensions are given. The integer 2 is an upper bound on
dim H1(Gσ, L) in all the Ree and Suzuki cases. This completes the proof. �

We conclude this paper with the following result and a remark. (See especially
the last part of Remark 7.12(c), which is relevant to the theorem.)
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Theorem 7.11. Assume that p > h. Let λ = τ + pν ∈ X+, with 0 �= τ ∈ X+
1 and

ν ∈ X+. Suppose that dim H1(G, L(λ)) > 1. Then τ > pν�, where ν� := −w0(ν) ∈
X+.

Proof. By Theorem 7.2, the hypotheses imply that

dim H1(Uζ , Lζ(λ)) = dim Ext1Cζ
(Lζ(pν�), Lζ(τ )) > 1.

By Corollary 5.2 and (1.5.1),

dim Ext1Cζ
(Lζ(pν�),∇ζ(τ )) = dim Ext1G(∆(ν�)(1),∇(τ )) ≤ 1.

Therefore, if we set Qζ(τ ) := ∇ζ(τ )/Lζ(τ ), the long exact sequence of cohomology
forces the conclusion that HomCζ

(Lζ(pν�), Qζ(τ )) �= 0. Hence, pν� < τ . �

Remarks 7.12. (a) Assume that p > h and the LCF holds for all regular weights
in X+

1 . Using Lemma 7.1 and Theorem 7.11, we see that, if dim H1(G, L(λ)) > 1,
then λ = prσ, with σ = σ0 +pσ1, with 0 �= σ0 ∈ X+

1 and σ1 ∈ X+, where pσ�
1 < σ0.

In addition, pσ�
1 must be Wp-linked to σ0.

(b) Suppose G = SL6 for a field k of characteristic p > h = 6 sufficiently large
that the LCF holds for all regular weights in X+

1 . There is a natural isomorphism
Wp → W7, w �→ w′, of Coxeter groups, taking the simple reflections for Wp to their
exact analogues in W7. Choose w ∈ Wp so that w′ · (−2ρ) = 4�1 + 5�2 + 4�3 +
5�4 + 4�5. Let λ = w · (−2ρ). By a calculation of C. McDowell reported in [39,
Prop. 3, Cor. 4], µw0,w = 3. Thus, dim H1(SL6(pd), L(λ)) ≥ 3 for d sufficiently
large.

(c) The bounds given by Theorem 7.7 (or Theorem 7.9) are roughly exponential
in terms of the rank of the root system (and so not very good!). For example, the
proof of Lemma 7.6 shows that

Ĉ(Φ, p) ≤ p|Φ|
p(2(p − 1)ρ),

for any prime. Actually, the same statement holds with a similar proof replacing
p by h + 1. Then one can easily bound p(2(ρ − 1)ρ) by N !P (N(h − 1)), where
N = rh/2 is the number of positive roots (and r is the rank of G), and P is
the usual partition function. One can also argue with the recursive definition of
Kazhdan-Lusztig polynomials to get a bound

E(Φ) ≤ 22|W |,

where W = W (Φ) is the Weyl group. Presumably none of these estimates is even
close. N. Xi [48] has provided elegant theoretical arguments which show the relevant
Kazhdan-Lusztig polynomial coefficients for ordinary Weyl groups are often 0 or
1 for good reason. His result implies that Ext1-groups for the BGG category O
(for a complex semisimple Lie algebra) are often of dimension ≤ 1, at least in type
A. This phenomenon is very similar to what Guralnick (and, subsequently, many
others) have empirically observed for finite groups. It is similar in spirit to Theorem
7.11.

Notes added in proof.
1. The third author wishes here to withdraw the claim of [39, §4] that there

are examples in cross-characteristic of faithful absolutely irreducible modules L for
finite groups G = G(q) of Lie type with dimH1(G, L) ≥ 3. The corresponding
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claim in defining characteristic proved in the previous sections of [39] is unaffected
(and gives infinitely many examples). The problem is that the role played by the
trivial module in the defining characteristic case unfortunately is played in the
cross-characteristic cases discussed in [39, §4] by a non-trivial module, replacing
H1 by an Ext1.

2. In connection with Remark 6.7, we point out that in his paper “Darstellungen
halbeinfacher Gruppen und ihrer Frobenius-Kerne” (J. Reine und Angew. Math.
317 (1980), 157–199), Jantzen shows that Conjecture 6.6 holds generically (i.e., for
dominant weights far enough from the walls of the dominant chamber) for any group
G; see §3.4 and Satz 3.8. On the other hand, in §3.13, he verifies the conjecture for
all dominant weights in type A2. (Thus, Conjecture 6.5 also holds in type A2.)
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