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BOUNDEDNESS OF FOURIER INTEGRAL OPERATORS
ON FL? SPACES

ELENA CORDERO, FABIO NICOLA, AND LUIGI RODINO

ABSTRACT. We study the action of Fourier Integral Operators (FIOs) of Hor-
mander’s type on FLP(Rd)Comp, 1 < p < co. We see, from the Beurling-Helson
theorem, that generally FIOs of order zero fail to be bounded on these spaces
when p # 2, the counterexample being given by any smooth non-linear change
of variable. Here we show that FIOs of order m = —d|1/2 — 1/p| are instead
bounded. Moreover, this loss of derivatives is proved to be sharp in every
dimension d > 1, even for phases which are linear in the dual variables. The
proofs make use of tools from time-frequency analysis such as the theory of
modulation spaces.

1. INTRODUCTION

Consider the spaces FLP(R?)comp of compactly supported distributions whose
Fourier transform is in LP(R?), with the norm || f||7z» = ||f]|z». Let ¢ be a smooth
function. Then it follows from the Beurling-Helson theorem ([I], see also [15])
that the map Tf(z) = a(x)f(é(z)), a € CF°(R?), generally fails to be bounded
on FLP (Rd)comp if ¢ is non-linear. This is of course a Fourier integral operator
of special type, namely Tf(z) = feQ”id’(“)”a(x)f(n) dn, by the Fourier inversion
formula.

In this paper we study the action on FLP (Rd)comp of Fourier Integral Operators
(FIOs) of the form

1) Tf(z) = / TN o (o ) () di.

The symbol o is in ST, the Hérmander class of order m. Namely, o € C* (R%4)
and satisfies

(2) 03050 (2, m)| < Capln)™ P, W(z,n) € R*.

We suppose that o has compact support with respect to z.

The phase ®(z,7n) is real-valued, positively homogeneous of degree 1 in 7, and
smooth on R4 x (R\ {0}). It is actually sufficient to assume a ®(z,7) that is defined
on an open subset A C R? x (R?\ {0}), conic in dual variables, and containing the
points (z,n) € supp o, n # 0. More precisely, after setting

A = {(z,n) € R x (R?\ {0}) : (x, \n) € supp o for some A > 0},
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we require that A contains the closure of A’ in R? x (R%\ {0}). We also assume the
non-degeneracy condition

0?®

It is easy to see that such an operator maps the space S(R?) of Schwartz functions
into the space C§°(R?) of test functions continuously. We refer to the books [13} 24]
for the general theory of FIOs, and especially to [20] 2] for results in L?.

As the above example shows, general boundedness results in FLP(RY)com, are
expected only for FIOs of negative order. Our main result deals precisely with the
minimal loss of derivatives for boundedness to hold.

(z,m)

Theorem 1.1. Assume the above hypotheses on the symbol o and the phase ®. If

1 1
(4) m < —d ‘ - — =
2 p
then the corresponding FIO T, initially defined on C§°(R?), extends to a bounded
operator on ]:Lp(Rd)comp; whenever 1 < p < oco. For p = oo, T extends to a

bounded operator on the closure of C§°(R?) in FL®(R?)comp-

3

The loss of derivatives in (4 is proved to be sharp in any dimension d > 1, even
for phases ®(x,n) which are linear in 7 (see Section [G). In contrast, notice that
FIOs are continuous on LP (Rd)comp if

mé—(d—l)‘l—1
2. p
and this threshold is sharp. In particular, for d = 1, the continuity is attained
without loss of derivatives, i.e., m = 0 ([2I, Theorem 2, page 402]; see also [23]).
As a model, consider the following simple example. In dimension d = 1, take
the phase ®(x,n) = @(z)n, where ¢ : R — R is a diffeomorphism, with ¢(z) = «
for |x| > 1 and whose restriction to (—1,1) is non-linear. Then consider the FIO

(5) Tf(x) = / mPNG () ()™ f () diy,

with G € C°(R), G(x) =1 for |x| < 1. Moreover, let 1 < p < 2. Then Theorem [[T]
and the discussion in Section [6] below show that T : FLP(R)comp — FLP(R)comp 1S
bounded if and only if m satisfies (), with d = 1.

The techniques employed to prove Theorem [[1] differ from those used in [21],
Theorem 2, page 402] and [23] for the local LP-boundedness. Indeed, in [2I] the
main idea was to split the frequency-localized operator, of order —(d —1)/2, into a
sum of O(27(?=1)/2) FIOs whose phases are essentially linear in 1 (there (1) =< 27),
hence satisfying the desired estimates without loss of derivatives. Similarly, in [23],
the main point was a decomposition of T' into a part with phase which is non-
degenerate with respect to n (and further factorized) and a degenerate part, with
a phase closer to the linear case, fulfilling better estimates. However, as example
() shows, the case of linear phases in 1 already contains all the obstructions to
the local FLP-boundedness, so that we cannot here take advantage of this kind
of decomposition. Instead, the proof of Theorem [[LT] makes use of the theory
of modulation spaces MP, 1 < p < oo, which are now classical function spaces
used in time-frequency analysis (see [8, 9, [12] and Section 2 for the definition and
properties).

)
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In short, we say that a temperate distribution f belongs to MP?(R?) if its short-
time Fourier transform V,f(z,n), defined in (®) below, is in LP(R??). Then,
| fllare == ||VgfllLr. Here g is a non-zero (so-called window) function in S(R?),
and changing ¢ € S(RY) produces equivalent norms. The space M>(R9) is the
closure of S(R?) in the M*-norm. For heuristic purposes, distributions in M?
may be regarded as functions which are locally in FLP and decay at infinity like a
function in LP.

Modulation spaces are relevant here since, for distributions supported in a fixed
compact subset K C RY, there exists Cx > 0 such that

CxMllullae < |lullzre < Ckllullae

(see [8, [ [IT] for even more general embeddings, and the subsequent Lemma 2.T]).
Then, our framework can be shifted from FLP to MP spaces and, using techniques
from time-frequency analysis, Theorem [[[T] shall be proven in a slightly wider gen-
erality:

Theorem 1.2. Assume the above hypotheses on the symbol o and the phase .
Moreover, assume {@l). Then, if 1 < p < oo, the corresponding FIO T, initially
defined on S(RY), extends to a bounded operator on MP; if p = oo, the operator T
extends to a bounded operator on M.

Since the proof of Theorem is quite technical, for the benefit of the reader
we first exhibit the general pattern. We start by splitting up the symbol o(z,n) of
(@) into the sum of two symbols supported where |n| < 4 and |n| > 2, respectively.
These symbols give rise to two FIOs 77 and T5, which will be studied separately.

The operator T} carries the singularity of the phase ® at the origin and is proved
to be bounded on M! and on M>. The boundedness on M?, for 1 < p < oo, follows
from complex interpolation. Precisely, the boundedness on M! is straightforward.
For the M™-case, we use the fact that e2™*®@)y(p), x being a cutoff function
which localizes near the origin, is in F L717, uniformly with respect to = (cf. Theorem
[£2).

For the operator T5, which carries the oscillations at infinity, we still prove the
desired boundedness result on M* and on M in the case m = —d/2. Here the
general case follows by interpolation with the well-known case M? = L%, m = 0;
see e.g. [21] page 397].

To chase our goal, we perform a dyadic decomposition of the symbol (of order
m = —d/2) in shells where |n| < 27, j > 0, obtaining the representation Tp =
Z;‘;l TU). Each dyadically localized operator T) is then conjugated with the
dilation operators Uy = f(z) = f(27/%x), so that

(6) T = Uy o T U2,
where T is an FIO with phase
(7) D;(z,n) = ©(279/22,29/%) = 27/20(279/ 22 7).

Now, ®;(x,n) has derivatives of order > 2 bounded on the support of the corre-
sponding symbol, and, as a consequence, the operators TG are bounded on M*
and M, with operator norm < 277%2, These results are established and proved
in Propositions B2l and B3} they can be seen as a microlocal version of [4, [6], where
MP-boundedness (without loss of derivatives) was proved for FIOs with phase func-
tion possessing globally bounded derivatives of order > 2 (extending results for
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p =2 in [3]). Combining this with boundedness results for dilation operators on
modulation spaces [22], we obtain the boundedness of T0U) uniformly with respect
to j. In this way, the assumption () is used to compensate the bound for the norm
of the dilation operator.

A last non-trivial technical problem is summing (on j > 1) the corresponding
estimates. For this, we make use of the almost orthogonality of the T(). As a tool,
for M! we will need an equivalent characterization of the M'-norm; see (Il below.
On the other hand, for the M™°-case, we essentially use the following property:

If 4 is localized in the shell |n| < 27, then Tu is localized in the neighbor shells.

In practice, this is achieved by means of another dyadic partition in the frequency
domain and the composition formula for a pseudodifferential operator and an FIO
(see Theorem [3T]).

Finally, we observe that the above trick of conjugating with dilations has a
nice interpretation in terms of the geometry of the symbol classes, namely, the
associated partition of the phase space by suitable boxes. The symbol estimates
for the Hormander’s classes correspond to a partition of the phase space in boxes
of size 1 x 27, j > 0. Instead, the estimates satisfied by the phases ®;(z,n) in
(@ are of Shubin type [19] and correspond to a partition of the phase space by
boxes of size 27/2 x 27/2. This enters the general philosophy of [7]. Figure 1 shows
the passage from Hormander’s geometry to Shubin’s one, performed in (@). As a
motivation of our study we recall that the solutions of the Cauchy problem for a
strictly hyperbolic equation can be described by Fourier integral operators. If the
equation has constant coefficients, then 7" reduces to a Fourier multiplier and acts
continuously on M? without loss of derivatives; cf. [2 [, [6]. In the case of variable
coefficients, our Theorem [[.2 gives the optimal regularity results on M?. One could
be disappointed then, since the loss d|1/2—1/p| is even larger than (d—1)|1/2—1/p|
in LP; cf. [20, 2I]. However, when passing to treat FIOs whose symbols are not
compactly supported in z, cf. [18], modulation spaces seem really to be the right
function spaces to control both local regularity and decay at infinity. We plan to
devote a subsequent paper to such topics.

The paper is organized as follows. In Section Pl the definitions and basic prop-
erties of the spaces FLP and the modulation spaces MP are reviewed. Section
contains preliminaries on FIOs and the proof of the above-mentioned microlocal
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version of results in [6]. In Section @ we prove Theorem for a symbol o(z,n),
which, in addition, vanishes for 7 large. Section []is devoted to the proof of Theo-
rem for a symbol o(x,n) vanishing for n small. Finally, Section [(] exhibits the
optimality of both Theorems [I.1] and

Notation. We define |z|? = z-x, for x € R, where z-y = zy is the scalar product on
R?. The space of smooth functions with compact support is denoted by C5°(R?), the
Schwartz class is S(RY), the space of tempered distributions S’(R?). The Fourier
transform is normalized to be f(n) = Ff(n) = [ f(t)e=?™ndt. Translation and
modulation operators (time and frequency shifts) are defined, respectively, by

Tof(t) = f(t—x) and M,f(t) = ™" f(t).
We have the formulas (T, f) = M_,f, (M, f) = T,,f, and M, T, = e*™@1T, M,.

The inner product of two functions f,g € L2(RY) is (f,g) = [pu f(t)g(t) dt, and
its extension to &’ x S will be also denoted by (,-). The notation A < B means
A < ¢B for a suitable constant ¢ > 0, whereas A < B means ¢ *A < B < cA, for
some ¢ > 1. The symbol By < By denotes the continuous embedding of the space

By into Bs.

2. FUNCTION SPACES AND PRELIMINARIES

2.1. FLP spaces. For every 1 <p < oo, we define by FLP the Banach space of all
distributions f € S’ such that f € LP(R?) is endowed with the norm

1z = 11 £llze;

for details see, e.g., [14].

The space F LP (R%) omp consists of the distributions in FLP(R%) having compact
support. It is the inductive limit of the Banach spaces FLP(K,,) := {f € FLP(R?) :
supp f C K, }, where {K,} is any increasing sequence of compacts whose union is
R,

Since the operator T in the Introduction has a symbol compactly supported in
x, we see that the conclusion of Theorem [[I] is equivalent to an estimate of the
type

[Tull7rr < CrllullFrr,  Vu € C5o(K),

for every compact K C R

2.2. Modulation spaces [8 [0 [12]. Let ¢ € S be a non-zero window function.
The short-time Fourier transform (STFT) V, f of a function/tempered distribution
f with respect to the window ¢ is defined by

(8) Vof (o) = {£.M,Tog) = [ €7 )3Ty = =) d
i.e., the Fourier transform F applied to f7.g.

There is also an inversion formula for the STFT (see e.g. [12, Corollary 3.2.3]).
Namely, if ||g||z2 = 1 and, for example, u € L2(R?), it turns out that

(9) U= /2d Vyu(y, n) MyTyg dy dn.
R
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For 1 <p < o0, s € R, the modulation space MP(R™) is defined as the space of
all distributions f € &'(R%) such that the norm

1/p
sz = ([, 1V )

is finite (with the obvious changes if p = c0). If s = 0 we simply write MP in place
of M¥. This definition is independent of the choice of the window g in the sense
of equivalent norms. Moreover, if 1 < p < oo, then M} is densely embedded into
MP, as is the Schwartz class S. Among the properties of modulation spaces, we
record that M? = L2, M' ¢ L' N FL'. For p # 2, MP does not coincide with
any Lebesgue space. Indeed, for 1 < p < 2, MP C LP, whereas, for 2 < p < oo,
LP C MP. Differently from the LP spaces, they enjoy the embedding property:
MP — M17if p<gq. If p<oo, the dual of MP is (MP) = Mfls.

Let us define by ME(R?) the completion of S(R?) under the norm |- |[5;». Then

the following are true [10]:

(i) If 1 < p < oo, then MP(RY) = MP(RY).

(i) If 1 < p1,p2 < 00, 81,820 E R, and 0 < 0 < 1,1 < p < o0, s € R satisfy
1/p=(1-06)/p1+6/p2, s=(1—0)s1 + Oss, then

(10) (M M)y = ME.

(i) (ME(RY) = M,

In the sequel, the following characterization of MP spaces will be useful (see, e.g.,
[9, 25]): let ¢ € Cg°(R?), ¢ > 0, such that 3, ¢(n—m) = 1, for all n € R%,
Then

1/p

(11) lullae = > llo(D = m)ull, (my» |

mezZ?

where (D —m)u = F[p(- —m)d] (with the obvious changes if p = o0).

If we consider the space of functions/distributions u in MP(R?) that are sup-
ported in any fixed compact set, then their MP-norm is equivalent to the F LP-norm.
More precisely, we have the following result [8, [, 111 [17]:

Lemma 2.1. Let 1 < p < oo. For every u € 8'(RY), supported in a compact set
K Cc R%, we have uw € MP < u € FL?, and

(12) O ullare < llullFre < Ok llullaze,
where C'i > 0 depends only on K.

In order to state the dilation properties for modulation spaces, we introduce the
indices:
~1/p if 1<p<2,
pi(p) = :
—1/p if 2<p<oo,
and
~1/p  if 1<p<2,
p2(p) = .
—1/p if 2<p<oo.
For A > 0, we define the dilation operator Uy f(xz) = f(Az). Then, the dilation
properties of MP are as follows (see |22, Theorem 3.1}).
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Theorem 2.1. We have: (i) For A > 1,

[ONfllaze S X¥ D fllage, f € MP(R).
(i) For 0 < A <1,

[N fllaze S X¥2D | fllage, f € MP(R).

These dilation estimates are sharp, as discussed in [22]; see also [5].

3. PRELIMINARY RESULTS ON FIOs

In this section we recall the composition formula of a pseudodifferential operator
and an FIO. Then we prove some auxiliary results for FIOs with phases having
bounded derivatives of order > 2.

3.1. Composition of pseudodifferential and Fourier integral operators.
First, recall the general Hormander symbol class S} of smooth functions on R2d
such that

102050 (2,1)] < Ca ()™ PP (2 ) € R

A regularizing operator is a pseudodifferential operator
Ru = / e (2, m) () iy,

with a symbol r in the Schwartz space S(R??) (equivalently, an operator with kernel
in S(R?9), which maps S’(R?%) into S(R?)). Then, the composition formula for a
pseudodifferential operator and an FIO is as follows (see, e.g., [13], [I6, Theorem
4.1.1], [19, Theorem 18.2], [24]; we limit ourselves to recalling what is needed in the
subsequent proofs).

Theorem 3.1. Let the symbol o and the phase ® satisfy the assumptions in the
Introduction. Assume, in addition, o(x,n) = 0 for |n| < 1, if ®(x,n) is not linear
inn. Let a(x,n) be a symbol in S%. Then,

a(lx, DT =S+ R,

where S is an FIO with the same phase ® and symbols s(x,n), of order m + m/’,
satisfying

supp s C suppo N {(z,n) € A: (2, V.®(z,7)) € suppa},
and R is a regularizing operator with symbol r(x,n) satisfying
IL,(suppr) C IL,(supp o),

where 11, is the orthogonal projection on Rg.
Moreover, the symbol estimates satisfied by s and the seminorm estimates of r
in the Schwartz space are uniform when o and a vary in bounded subsets of ST

and S ﬁ;, respectively.
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3.2. FIOs with phases having bounded derivatives of order > 2. In what
follows we present a micro-localized version of [6], Theorems 3.1, 4.1], where the
hypotheses of such theorems are satisfied only in the e-neighborhood Y. of the
support of o, o being the FIO’s symbol. Namely, set

3. = U Be(xo,m0).

(%0,m0)Esupp o

Proposition 3.2. Let o € S§, and X, be as above. Let ® be a real-valued function
defined and smooth on X.. Suppose that

(13) |05®(2)] < Cq  for o] > 2, z=(x,n) € Ze.

Let g,v € S(RY), |lgllze = IIvllzz = 1, with suppy C Bea(0), supp g C Be4(0).
Then, for every N > 0, there exists a constant C' > 0 such that

‘<T(MwTyg)7 Mw'Ty")/)l < Cﬂg€/2 (y/’w)<qu)(y/aw) - w'>_N<Vn(I)(y/’w) - y>_N~

The constant C' only depends on N, g,7, and upper bounds for a finite number of
derivatives of o and on a finite number of constants in ([13)).

Proof. We can write

<T(MwTyg)a Mw’Ty’7>

/Rd TM,Tyg(x) M, Tyvy(x)dx

:/ / 62”@(“")0(%ﬂ)TwM—yQ(n)M—w'Ty"—Y(ﬂf) dxdn
Rd JRd
= /R , /R  Mo—»Tio,-w) (62”@“”7)0(%77)) g(mM_o Ty 7(x) dadn
:/Rd /Rd Ty )M _ (w0 M0, -1 T(0,~w) (62”@(1’")0(%77)) Y(x)g(n) dxdn
= e2mil® @ty mtw) =" y) @+ ] 5 (0 4o/ + ) (2)d(n) ded
y,n Y x)g\n Ul
Rd JRd
= / / 2@ty ) =) @y Ml g (1 4 of i+ w)y(2)G(n) dadn.
B./4(0) J B, /4(0)

Observe that, if (y',w) & X./2, by the assumptions on the support of v and § and
the triangle inequality, this integral vanishes.

Hence, assume (y',w) € /5. Since ® is smooth on X, we perform a Taylor
expansion of ®(z,n) at (y',w) and obtain
Dz +y',n+w) =0y, w) + V. 2(y',w) - (z,1) + oy w) (2, 71),
for z = (z,n) € Be/4(0) x B/4(0), where the remainder is given by
14 @ 72 ! 17 aaq) / d (xvn)a
( ) 2,(y",w) (99,77) - Z o ( t) ((y aw) + t(fcﬂ?)) i al .

=2

Notice that the segment (y',w) + t(z,n), 0 < t < 1, belongs entirely to X if
(99,77) € B€/4(0) X B€/4(0)
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Hence, we can write
T (M,Tyg), My Tyvy)| = ‘/ / 2mi{[V=2(y w)— (W )] (zm}
e/a(0 e/4(0)

x 2™ 2w ) @M g (1 4y 4 w)F(2)§(n) dzdn|.
For N € N, using the identity:
(1 _ AI)N(]. _ An)NGQﬂ'i{[Vztb(y/7w)—(w/7y)].(g:,n)} _ <27T(VICI)(yI,LU) _ wl)>2N
x 2n(V,®(y,w) — y))2N 2V 2 () = (@ )] (e}
we integrate by parts and obtain

(T (MoTyg), Mo Ty)| = 20(Vo@(y', w) — o)) 72N (20(Vy@(y' w) — ) 2

’/ / 27rz{ V. @y ,w)—(w' )] (z,n)}
e/4 (0) 6/4

x(1 =A% (1 — AN 0 Mo (3 4y g+ w) (@) §(n)] dadn).

Hence it suffices to apply the Leibniz formula taking into account that, as a con-
sequence of ([3), we have the estimates 0% ®s (, .)(2) = O((z)?) for z = (z,n) €
Be/4(0) x Be/4(0), uniformly with respect to (y’,w). O

In the following proposition, where supp ¢ and X, are understood to be bounded
in the n variables, we prove the MP-continuity of T" with uniform norm bound with
respect to the constants C, in (I3).

Proposition 3.3. Consider a symbol o € S0, with o(x,n) = 0 for |n| < 2.
Moreover, let Q C R? be open and T' C R4\ {0} be conic and open, such that Q x T
contains the e-neighborhood . of suppo.

Then consider a phase ® € C(Q x T'), positively homogeneous of degree 1 in 1,
satisfying

(15) 07®(2,n)| < Co for |a] =2, (z,n) € X,

(16) det (22 >5>0, V() eQxT
axzanl — b 7n b

and such that

(z,m)

(17) Vz € Q, the map T’ 3 n+— V. ®(x,n) is a diffeomorphism onto the range,
(18) VneTl, the map Q> x— V,®(x,n) is a diffeomorphism onto the range.
Then, for every 1 < p < oo it turns out that

ITullar < Cllullare,  Yu € SRY),

where the constant C depends only on €,0, on upper bounds for a finite number of
derivatives of o and a finite number of the constants in (I3)).

Proof. Let g,y € S(RY), with |lgllz2 = [[7]lz2 = 1, suppy C Be/a(0), suppg C
B¢/4(0). Let ue S (R4). The inversion formula (@) for the STFT gives

VA,(Tu)(y',w’):/ (T(M,Tyg), Moy Ty ) Vou(y,w)dy dw.
R2d
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The desired estimate follows if we prove that the map Kr, defined by

KrGly.) = [ (TOLT,9), MuT,n)Gluw)dy do
R2

is continuous on LP(R24). By Schur’s test (see, e.g., [I2, Lemma 6.2.1]) it suffices
to prove that its integral kernel

Kr(y, o' y,w) = (T(MuTyg), M Tyry)

satisfies

(19) Kre Ly (L,
and

(20) KT S L'Z?LU(L’}/,W/)'

Let us verify (I9). By Proposition ([8.2) and the fact that 1y, ,(y',w)<1la(y')I1r(w)
we have

[Kr(y', o'y, 0)| < Cla(y) Ir(@)(Va@(y',w) —w') "N (V@ (Y, w) —y) ™" VYNeN.

Hence ([I9) will be proved if we verify that there exists a constant C' > 0 such that
/ Ir(w)(Ve®(y,w) — ) Ndw <O, V(') e xR

In order to prove this estimate we perform the change of variable
By T 2w+ V,0(y,w),

which is a diffeomorphism on the range by ([[7). The Jacobian determinant of its
inverse is homogeneous of degree 0 in w and uniformly bounded with respect to %/’
by the hypotheses (I8 and ([IG). Hence, the last integral is, for N > d,

< / (@ —w)™Nda
B,/(I)

< / (@—u)Ndo=C.
]Rd

The proof of (20)) is analogous and is left to the reader.
Finally, the uniformity of the norm of T as a bounded operator, established in
the last part of the statement, follows from the proof itself. O

4. SINGULARITY AT THE ORIGIN

In this section we prove Theorem for an operator satisfying the assumptions
stated there and whose symbol o satisfies, in addition,

(21) o(xz,m) =0 for |n| >4.

Here we do not use the hypothesis ([B]). Indeed, we will deduce the desired result
from the following one, after extending ®|5/ to a phase function, still denoted by
®(x,n), positively homogeneous of degree 1 in n (possibly degenerate) and every-
where defined in RY x (R?\ {0}).
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Proposition 4.1. Let o(xz,n) be a smooth symbol satisfying
(22) o(x,n) =0 for [z[+[n] = R,

for some R > 0. Let ®(x,n), z € R, n € RY\ {0}, be a smooth phase function,
positively homogeneous of degree 1 in n. Then the corresponding FIO T extends to
a bounded operator on MP, for every 1 < p < oo, and on M,

In order to prove Proposition Il we use the complex interpolation method
between the spaces M! and M. Indeed, using (I0),

1
(M, M) = M?, b= 6, 0<6<1,
we attain the boundedness of T' on every MP, 1 < p < oo, if we prove the bound-

edness on M and M. The rest of this section is devoted to that.

4.1. Boundedness on M!. For every u € S(R?), we have

0 (Tua) = [ e |57 ps(@ ()0 (o) | o)

B<a

where pg(91#1®(z, 1)) is a polynomial of order || in the derivatives of ® with respect
to x of order at most |3].
Hence, because of the homogeneity of ® and ([22]),

[0%(Tw)||r < Z/ Cs sup (n)/?1103Po(w,n)ldx | a] < Callullrr.
B<a’1ZISR [n|<R

Using the relation ([Z), the previous estimate, and the inclusion M1 — FL!,
the result is easily attained:

[ Tullar =< |Tullzr <C sup [|0%(Tu)l[pr <C sup Collullrpr < Cllufas.
la|<d+1 la|<d+1

4.2. Boundedness on M. First, we recall a slight variant of [2, Theorem 9]:

Theorem 4.2. Let ® be a phase function as in Proposition L1l Let x be a smooth
function satisfying x(n) = 1 for n| < R, x(n) = 0 for |n| > 2R, for some R > 0.
Then for every compact subset K C R? there exists a constant Cx > 0 such that
(23) sup |[e?™ @)y || 71 < Ck.
reK

The proof is a straightforward generalization of [2, Theorem 9], where the case
of phases independent of z was considered. Namely, since the parameter x varies
in a compact set K, all the estimates given there hold uniformly with respect to
x (more generally, Theorem holds for phases positively homogeneous of order

a > 0 with respect to 7, but here we are only interested in the case v = 1).
We also observe that, if ¢ € C5°(R?), then

(24) [¢(D)ullre < Cllullp=,  Vue S[RY),

where ¢(D)u = F~1(¢i) = (;AS*u This is a consequence of Young’s inequality, since
¢ € L.
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We now have all the pieces in place to prove the boundedness on M of the
FIO T. Since its symbol o vanishes for |n| > R, taking x as in Theorem 2] we
have o(z,n) = o(x,n)x(n) and, for every v € S(Rd)

(@) _/ / 2P @M =) 5 (1 n)x(n)v(y) dndy
Re JRd

= | Fl(™ @) (o2, )Iy)v(y) dy.

If we set K = {x € R?: |z| < R}, since FL! is an algebra under pointwise
multiplication and using the majorization (23), we obtain

(25)  [[Twllz= < olze Sl}l{p(||€2’”“j[’(3”")xIIJrL1 lo(@, ) lFzr) < Cllvflze-

Since o(x,n) = 0 for |n| > R, for every ¢ € S(R?), with ¢(n) = 1 for |n| < R, we
have as well
Tu =T(¢(D)u),
so that, using the embeddings L™ < M, and (23] for v = ¢(D)u,
[Tull e < || TullL = |T(S(D)u)llL~ < Cll¢(D)ul|pe-.
Now, choose a function ¢ as in ([[l). Then ¢ satisfies supp (T;,,)N supp ¢ # 0 for
finitely many m € Z¢ only. Hence, the estimate (24)) yields, for u € S(R?),

lo(D)ull S > [(D)p(D = myul L~ S sup, [6(D)(D — m)ul| Lo

mezZd

A

sup [[o(D —m)ul|p~
meZa

So the FIO T is bounded on M®°. This concludes the proof of Proposition {11

5. OSCILLATIONS AT INFINITY

In this section we prove Theorem for an operator satisfying the assumptions
stated there and and whose symbol o satisfies, in addition,

o(z,n)=0 for |n <2.

We first perform a further reduction.
For every (xg,7m0) € A’, |no| = 1, there exist an open neighborhood 2 C R of
T, an open conic neighborhood I' € R¢\ {0} of 7y and & > 0 such that

(26) |det 05, ®(x,n)] >0 >0, V(x,n)e€QxT,
and

(27) Vz €, themap I' 3 n+— V,P(z,n) is a diffeomorphism onto the range,
(28) VneT, themap Q> z— V,®(x,n) is a difftomorphism onto the range.

Hence, by a compactness argument and a finite partition of unity we can assume
that o itself is supported in a cone of the type Q' x I, for some open € C R?,
I ¢ R\ {0} conic, ' € Q, IV € I, with ® satisfying the above conditions on
QxT.

We now prove the boundedness of an operator T' of order m = —d/2 on M!
and on M. Since it is a classical fact that FIOs of order 0 are continuous on
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L? = M? (see, e.g., [21, page 402]), the desired continuity result on MP when
m=—d|1/2 —1/p|, 1 < p < oo, follows by complex interpolation.

In detail, the interpolation step goes as follows. Observe first that, for every
s € R, the operator (D)® defines an isomorphism of MZ onto MP. This follows
easily from the characterization of the MP-norm in (I, after writing ¢ = @y, for
some ¢ € C°(R?), » = 1 on supp ¢, combined with the fact that the multiplier
ny*p(n —m)(m)~* is in FL! uniformly with respect to m.

Hence, the operator T = T(D)~*(D)*® is bounded M? — MP if and only if
T(D)~* is bounded on MP. Observe moreover that T(D)~* is an FIO with the
same phase as T, and symbol o(z,n)(n)~*, which has order m — s.

Now suppose that the desired result is already obtained for p = 1,2. Take
1 < p < 2 and consider an FIO T of order m = —d(1/p — 1/2). Then, taking the
above remarks into account, T extends to a bounded operator Mﬁwd/z — M?! and
M?2 — M?. Hence, the boundedness on M? follows by complex interpolation, i.e.
(@), because, if § € (0,1) satisfies (1 — 6)/1+60/2 = 1/p, one has (m + d/2)(1 —
#) +mf = 0. The proof for 2 < p < oo is similar.

Of course, when in ({]) there is a strict inequality, the desired result follows from
the equality case, for an operator with order m’ < m also has order m.

Hence, from now on, we assume m = —d/2 and prove the boundedness of T' on
M and on M.

5.1. Boundedness on M'. We need the following result (cf. [11, 22]).

Lemma 5.1. Let x be a smooth function supported where BO_1 < |n| < By, for
some By > 0. Then, for every u € S(R?),

> Ix@ I D)ullar S llulas,
j=1
where x(279D)u = F~1[x(277-)a).

Proof. Let u € S(R?). By using the characterization of the M!-norm in (), we
have

(29) > Ix@ P Dyullan <Y > lleD = m)x (27 D)ul|
Jj=1 j=1mezd

(30) = 3 S @ ID)e(D — mullys
meZd j=1

(31) S Y sup [x(277D)p(D — mul 1.
mezZ? izl

In the last inequality we used the fact that, for any m, the number of indices j > 1
for which supp x(277 ) Nsupp ¢(- — m) # 0 is uniformly bounded with respect to
m

The Fourier multiplier x(277 D) is bounded on L', uniformly with respect to j.
Indeed, for every f € S,

X277 D) fllpe = IF 7 (e(@77)) * fllee < IF @77 N el
=2 F )@ ) el e = IF 0O el
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Hence, | x(277D)p(D — m)ull: S llp(D — m)ull1:. Finally, using (1),

Y Ix@7Dyullan S Y oD = myull =< [lullar
Jj=1 meze

O

Consider now the usual Littlewood-Paley decomposition of the frequency do-
main. Namely, fix a smooth function y(n) such that ¢o(n) = 1 for |n| < 1 and

Yo(n) = 0 for |n| > 2. Set 1h(n) = vo(n) — o(2n), 1¥;(n) = ¥(277n), j > 1. Then
1= "4;(n), VneR™
§=0

Notice that, if j > 1, ¢; is supported where 27— < || < 271, Since o(z,n) = 0,
for |n| > 2, we can write
T=YT0),

Jj=21
where T) has symbol o;(z,n) := o(x,1)¥;(n). Moreover, we observe that
7@ — Ugj/zf(j)Ug—j/%
where TU) is the FIO with phase
(32) D;(z,n) = B2/, 27/2) = 29/20(279/ 22, 1)

and symbol ' '
5(x,m) = 027722, 29/%),
and Uy f(y) = f(A\y), A > 0, is the dilation operator. From Theorem [2.1] we have

(33) IOl S W, A2 1,
and

(34) IOl S A, 0 <A<
Assume for a moment that

(35) 1T ullpn S 2772 ul|p

Then, using B3) and 34]), we obtain
TPl < 279227992 [ul| a1 = ul|ags-
Actually, for the frequency localization of T, the following finer estimate holds:
1T ullap = [T9 (x (27 D)) |[arr < X277 D)ullass,

where x is a smooth function satisfying x(n) =1 for 1/2 < |n| < 2 and x(n) =0
for |n| < 1/4 and |n| > 4 (so that x¥ = t). Summing this last estimate on j with
the aid of Lemma [5.1] we obtain

[Tullare S Nlullare,

which is the desired estimate.

It remains to prove ([B3)). This follows from Proposition [33] applied to the oper-
ator 294/2T7()  Indeed, it is easy to see that the hypotheses are satisfied uniformly
with respect to j. Precisely, we observe that, for every j > 1,

- _jd_;lal+Is]
020, 5;(x,m)| S 277275,
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and &;(x,n) is supported where 27/2-1 < In| <2072 ¢ e Q= {2022, x € O},
n € I''. Moreover, after setting Q; := {272g, x € Q}, we see that

(36) 102000, ()| < 2705,

for (x,n) in the set Q; x I',27/272 < |n| < 29/2%2 which contains an e-neighborhood
of supp ¢;, with € independent of j. Finally, (26), (27), and ([28) give

02d,;
det J
¢ <3$i3m

(37)

( ))’25>0, V(z,n) € Q; xT,
z,m

and

(38) Vo €y, themapI' 31— V,®,(x,7n) is a diffetomorphism onto the range,
(39) ¥neT, themap Q; >z~ V,®,(x,n) is a diffecomorphism onto the range.

Hence Proposition B3] applies and gives (35)).

5.2. Boundedness on M>. We need the following result (cf. [11], 22]).
Lemma 5.2. For k >0, let f € S(R?) satisfy supp fo € Ba(0) and
supp fr C {n e RY: 2871 <|p| <2k} k> 1.
Then, if the sequence f, is bounded in M (R?), then the series Y p-, fx converges
in M>(R?) and
(40) 1> frllars S sup | fillaree-
P k>0

Proof. The convergence of the series >, fx in M°°(R?) is straightforward.
We then prove the desired estimate. Choose a window function g with supp § C
B1/2(0). We can write

Vo(fe)(@,w) = (fio x M_z9)(w).
Hence, supp Vy(fo) C Bs/2(0) C By2(0), and

supp Vy(fir) € {n € R%: 2871 271 < || < 2k+1 420711
C{neR?: 2"72 <n| <22,

for k > 1. Hence, for each (x,w), there are at most four non-zero terms in the sum
> reo Ve(fi)(z,w). Using this fact we obtain

I Fullarse =< 1> Valfillze < 1D Vo (o)l
k=0 k=0 k=0
< 4 sup [Vy(fi)lllee = 4sup [Vy(fi)llLo = sup || fil[are.
k>0 k>0 k>0
O

We now proceed with the proof of the boundedness of T' (of order m = —d/2) on
M. The Littlewood-Paley decomposition of the frequency domain, introduced at
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the beginning of this section, and Lemma yield
| Tullare = 1Y ¢r(D)Tu aro
£>0
< sup [[¢ (D) Tul| are
k>0

oo
(41) <sup Y [¢n(D)TVul are,
k>0 S

where, as before, T' = zjoil TG, with TU) having symbol oj(x,n) = o(z,n)Y;(n)
and the same phase ®. Notice that the sequence of symbols ¢;(x,n) is bounded in

Sy 3/ ?_ whereas the sequence of symbols ¥, (n) is bounded in 595

Applying Theorem B to each product 1, (D)T), we have
'(/Jk(D)T(j) = Sk’j + Ry j,
where S}, ; are FIOs with the same phase ® and symbols 0}, ; belonging to a bounded
subset of S} g/ 2, supported in
(42)  {(z,n) € QxT: |V, ®(x,n)] <2,27 < |p| <27} if k=0,
and in
(43) {(z,n) € A x T : 2F1 < |V, ®(z,n)| <2871, 2771 < || < 29H1), if k> 1.

The operators Ry ; are smoothing operators whose symbols 7y ; are in a bounded
subset of S(R2?), supported where 27! < || < 27+,
Observe that, by the Euler’s identity and (28]),
Vo®(z,n)| = |02, @(x,n)n| < |nl, V(x,n) € QxT.

Inserting this equivalence in ([@2) and (@3], we obtain that there exists Ny > 0 such
that oy ; vanishes identically if |j — k| > Ny, whence, the right-hand side in {I)) is
seen to be

[ee)
<sup Y [[Skgullare +sup Y || Ri g aree
20 51—k <No 20 =1

This expression will be dominated by the M°°-norm of u if we prove thafl

(44) 1Sk jullaree < Jlufaree
and
(45) Rk jullare S 277 [|ull are

This last estimate is easy to obtain. Namely, observe that the symbols 277y ;(z,n)
are still in a bounded subset of S(R??): since || < 27, on the support of 7 ;, for
every a € Z%, N > 0,

1050 k3 (@, m)| Sasn (L [a] + )™ S 279 (1 + Jaf + )~
This implies that the corresponding operators 27 Ry ; are uniformly bounded on

M, ie. (@H).

LOf course, as always, we mean that the constant which is implicit in the notation < is inde-
pendent of k, j.
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It remains to prove (#4)). To this end, we make use of the dilation operator Uy,
as before. Precisely, we recall from Theorem 2] that

(46) NUxfllaze SN fllazee, A>T,
and

(47) IUMflIarse SA Y fllazee, 0< AL
Write

Sk,j = U2j/2gk,jU2—j/2,
where Skyj is the FIO with phase ®;(x,n) defined in (32)), and symbol
Gk (x,n) = crk7j(2*j/2:c, 21/%).
Hence, taking into account (6), (7)), we see that [@4) will follow from
1Sk guullnree S 2792 ul| g

This last estimate is a consequence of Proposition applied to 274/ ng’j. Indeed,
using the notation above, namely Q := {2022, x € '}, Q; == {20/%z, v € Q},
we have already observed that (36), (37), (38), (B9) hold. Moreover, &y ;(z,n) is
supported where 27/2-1 < || < 29/2+1 z ¢ Qf, n € T', and satisfies

1000864, (2,m)| S 2798

This concludes the proof of Theorem

6. SHARPNESS OF THE RESULTS
In this section we prove the sharpness of Theorems [I.1] and Precisely, for
1 1
every m > —d’§ — —|, 1 < p < o0, there are FIOs of the type (), satisfying the
p

assumptions in the Introduction, which do not extend to bounded operators on
FLEmps 1 < p < 00, nor on the closure of Cg° (R9) in F LG mp, and therefore do
not extend to bounded operators on MP, 1 < p < oo, nor on M,

The key idea is that the composition operator f — f o, with ¢ : R — R being

a non-linear C'! change of variables, is unbounded on the space FLP(R)c [T} [15].

6.1. Some auxiliary results. We need to recall the van der Corput Lemma (see,
e.g., [21l Proposition 2, page 332]).

Lemma 6.1. Suppose ¢ is real-valued and smooth in (a,b) C R and that |¢*) (t)| >
1 for all t € (a,b) and for some k > 2. Then, for every X\ > 0,

b .
/ oM gt

where the bound ci is independent of ¢ and .

(48) < epATVE,

Proposition 6.1. Let o : R — R be a C* diffeomorphism, whose restriction to
the interval (0,1) is a non-linear diffeomorphism on (0,1). This means that there
exists an interval I C (0,1) such that | ()] > p >0, for allt € I. Let x € C°(R),
x >0, with supp x C (0,1) and |(suppx) N ()| > 0. Then, if we set

(49) fn(t) = X(t)GZﬂ-inta ne Nv
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for 1 <p <2, we have
(50) Il fn o @llFie > c(p, o, x) 0?7132, WneN.

Proof. The proof follows the pattern of [15, page 219]. In place of the sequence
{e"™},>1 used there, here we consider the smooth compactly supported sequence
of functions {f,}n>1 in [@J).

The assumptions on x, Parseval’s identity, and Holder’s inequality yield

0<C= / ) dt = / fule 1(t)e= 2™ e )y gy
}/f (0 @) () F(Lre™ Z“i”“’)(n)dn‘
(51) < N|F(fr o) lee IF(Lre ™) | o = [l fn 0 llrre | Lre ™| £ pp

for 1/p+1/p’ =1.
Let us estimate ||1;e72™"#|| ;.. The van der Corput Lemma (Lemma [G1]),

"

1" t
for X = 2mpi, 6(8) = du(t) = ~((0)/p+ tn/(pm). hence | ()] = | 212 > 1,
[a,b] = I, gives
| F(1e=2mime) ()| = / 27ipnd(t) gt < co(2mpn) Y2, Wn €N, Wi € R,

with the constant ¢y independent of n,n. Taking the L°°-norm,

(52) 117677 e < c(p)n /2.
On the other hand,
(53) 11727 pr2 = || 17e™>7"|| 12 = |1]'/2.

For 1 < p < 2 (hence 2 < p’ < o0), Holder’s inequality gives
—2min ’ —2min f—2 —2min 2
[ e dn < 1 F e ) o | |F(Lre 00
R

= Lo el Lre 7,
whence
H]l e—27rzmp||]:Lp/ < Hﬂle—QTrzngaH;: 2/p’ HH e—QTrzngaHQ/p' < C(p, @)n_1/2+1/1".

This last estimate also holds for p = 1,2 (because of (B2)) and (B3])), and inserted
in (BI) gives

1fa 0 @llrLe > elp, o x) /P12,
for 1 < p < 2, as desired. O

The generalization to dimension d > 1 reads as follows.

Corollary 6.2. Let ¢ be as in Proposition and fn as defined in [@9). We
define

(54) Fulty,ota) = futr) - fulta),  @(tr,. .. ta) = (p(ta), ..., o(ta))-
Then

(55) | fn o Pl Fremay > c(p, @, x) 0
for1<p<2.

d1/p=1/2)
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We also need the following result.

Lemma 6.2. Let h € S(RY), ()™ = (1 +|t|*)™/2, m € R. Then, for y € R? and
1<p<oo,

(56) 1Ty ()™ e < e(hs p) ()™,
Proof. For a non-zero window function g € S(R?), we have
VoW, (") ) = [ e~ ) (g )
R4
Let us show that the STFT Vg (hTy(-)™) is in LP(R?*?) with the majorization (56).

For N; € N, an integration by parts gives
Vo (RTy ()™ (@, m) = (1 + [2p?) =™ /Rd e 2T (L — AN [(t — )" h(t)g(t — x)]dt.
By Petree’s inequality,

ot -y S (t—y)m 1 S @yl @l va e 2, meR,

The functions g, h are in S(R?), so that

107 g(t — @) < (t —2) N2 < () N2 (),
7R S (6™, VNa, Ny € N, VB, € Z2.
Hence

Vo (WTy (Y™ (@, m)| S (14 [n]*) V(@)™ sup (y)mlol(g)Im-lelFNe=ns
la| <Ny
S (y)™ () NN () N ) =N YN, Ng, N € N
Choosing Np, N such that 2pN; > d, pNa > 2, and N3 such that p(N3 — Ny —
Ny —|m|) > d, we attain the desired result. O

We use the previous lemma to compute the action of the multiplier (D)™ on the
functions f,. Precisely,

Corollary 6.3. Let m € R and f,, be as defined in (54)). Then,
(57) (D)™ fallare < e(x, p)n™.

Proof. Using the invariance of the modulation spaces MP under Fourier transform,
we have

DY Fullage = 1™ Fallare = 1™ TRl are = T ()™ R lare-

with X(t1,...,tqa) = (x® - @ x)(t1,. ., tq), x defined in Proposition [} and n =
(n,...,n). The previous lemma and the estimate () < d'/?n yield the majorization

@D). O

We can now prove the sharpness of Theorems [[1] and It is clear that it
would be sufficient to prove the sharpness of Theorem [I.Il because of Lemma 2.1
and the fact that our operators have symbols compactly supported in x. However,
we start with showing the optimality of Theorem [[.2] and then we show how the
argument above in fact gives the optimality of Theorem [[.T] as well.
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6.2. Sharpness of Theorem
Sharpness for 1 < p < 2. Consider the FIO

Tof(@) = fop(o) = [ 5 f) i,

where ¢ is defined in (54]). We require that the one-dimensional diffeomorphism ¢
satisfies the assumptions of Proposition and the additional hypothesis

(58) 0<c<l|p(z)<C, VzeR,

Then, the phase ®(x,n) = @¢(x)n fulfills the standard assumptions in the Introduc-
tion; in particular it is non-degenerate. Notice that T;; maps C5°(R?) into itself and
supp T f C (0,1) if supp f C (0,1).

We are interested in an FIO with symbol o of order m and with compact support
with respect to the z-variable. So, let G € C°(R?), G > 0 and G = 1 on [0, 1]¢,
and consider the FIO F defined by

(59) Ff(z) = G@)[(Ta(D)™) fl(z) = /Rd ETRENG () ()™ f (1) dn.

The symbol o(z,n) = G(z)(n)™ is of order m with compact support in z. So, if m
satisfies (@), Theorem assures the boundedness of F' on MP. We now show that
this threshold is sharp for 1 < p < 2. Indeed, consider the functions fn in (B4).
They are supported in (0,1)?, so Ts fn are. Hence, applying the estimate (B3] and
Lemma 2.1l we obtain

nd/P=12) <10 Bl rromay = 1Tp full 7L @ey = IGTp full FLr ey
= |GTs fallare ey = |GTa(D)™ (D)™™ full arv (ra)
S NE N mr—nee (D)™™ frllae ray S NF v —ne 7™,

where the last inequality is due to (&1). For n — oo, we obtain —m > d(1/p—1/2),

ie, @).
Sharpness for 2 < p < co. Observe that the adjoint operator T of the above
FIO T is still an FIO given by

B 1
(27 (@))] Jga

with @1 (z1,...,2q) = (¢~ (z1),...,¢ ' (za)) and |Jy| the Jacobian of @. Its
phase ®(z,7) = @~ !(x)n still fulfills the standard assumptions.

Now, let H € C5°(R?) , H > 0, and H(x) =1 on supp (G o ¢~ !). We define the
operator

(60) Ff(x) = H(z)[(D)"T(G)](x).

Using Theorem BT it is easily seen that F is an FIO of order m, with symbol
compactly supported in the z-variable. Its adjoint is given by

(61) F* =GT5(D)™H = F + R,

* 2w L (z
T3 f(x) e f () d,

where F' is defined in (B9) and the remainder R is given by
Rf(z) = G()[T(D)™((H — 1) f)](x).
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If we choose a function G € Cs°(RY) , G =1 on supp G, we can write

Rf = G(2)G(2)[T(D)™((H — 1) f)](2)

G(2)T3[(G o @™ ) (D)™ ((H — 1) [))(x)-

By assumptions, supp (G oo~ 1)N supp (H — 1) = (), so that the pseudodifferential
operator

fr=(Gop™ ) (D)™ ((H —1)f)

is a regularizing operator (this immediately follows by the composition formula of
pseudodifferential operators; see, e.g., [I3, Theorem 18.1.8, Vol. III]): this means
that it maps S'(R?) into S(R?). The operator T}; is a smooth change of variables,
SO G‘(x)ﬂ; maps S(RY) into itself. To sum up, the remainder operator R maps
S'(R%) into S(R); hence it is bounded on MP. This means that F* is continuous
on some MP iff F is.

The operator F is an FIO of the type (@), with symbol of order m and compactly
supported in the z variable. Hence it is bounded on M? if m fulfills (). We now
show that this threshold is sharp for 2 < p < co. Indeed, if F' were bounded on
MP?, then its adjoint F* would be bounded on (MP) = MP' | with 1 < p/ < 2,
and the same for F. But the former case gives the boundedness of F' on M Piff
—m >d(1/p’ —1/2) = d(1/2 — 1/p), which is the desired threshold. For p = oo, if
F were bounded on M| its adjoint F* would be bounded on (M>)" = M' and
the former argument applies.

6.3. Sharpness of Theorem [Tl We start with an elementary remark. Consider
an FIO T satisfying the hypotheses in the Introduction. Suppose that it does not
satisfy an estimate of the type

ITullae < Cllullare,  Vu € S(RY)

(hence m > —d ‘% — %‘) Suppose, in addition, that the distribution kernel of

K(z,y) of T has the property that the two projections of supp K on R% and RZ
are bounded sets. Then, by Lemma [2.I] one sees that there exist compact subsets
K, K’ c R? and a sequence of Schwartz functions u,, n € N, such that

suppu, C K, suppTu, C K', Vn €N,

and

HTunH]:Lp > nHunH}-Lp, Vn € N.

Hence T" does not extend to a bounded operator on FLL, if 1 < p < oo, nor on
the closure of the test functions in FLZ,,, if p = oo.
Taking this fact into account, we see that the operator Fin [0) provides the
1
~ ; '
Similarly, the operator F* in (61]) provides the counterexample for 1 < p < 2.

desired counterexample for 2 < p < oo if m > —d ‘% —
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