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MIXED BOUNDARY-VALUE PROBLEMS
FOR MAXWELL’S EQUATIONS

MARIUS MITREA

ABSTRACT. We study the Maxwell system with mixed boundary conditions in
a Lipschitz domain © in R3. Tt is assumed that two disjoint, relatively open
subsets X¢, ©" of 9Q such that € N Th = 95¢ = 95 have been fixed, and
one prescribes the tangential components of the electric and magnetic fields
on 2¢ and X", respectively. Under suitable geometric assumptions on 99, ¢
and ©", we prove that this boundary value problem is well-posed when L?-
estimates for the nontangential maximal function are sought, with p near 2. A
higher-dimensional version of this result is established as well, in the language
of differential forms. This extends earlier work by R. Brown and by the author
and collaborators.

1. INTRODUCTION

Let Q C R3 be a bounded Lipschitz domain, and fix k¥ € C with Im k& > 0. Under
these assumptions, it has been proved in [20], [18] that the boundary problem for
the Maxwell system

curl E — ik H = 0 in €,

curl H + ik E=01in Q,

(1.1) .
vx Bl =felLPPYo0),

o0
E*, H* € LP(99)

is well-posed whenever 1 < p < 2 + ¢, for some small ¢ = €(9Q, k) > 0. Here and
elsewhere, (-)* denotes the nontangential maximal function associated with Q and
all boundary traces are taken in the sense of nontangential limits; see the body of
the paper (particularly §2) for all relevant definitions.

The aim of this paper is to continue this study by considering the case when
the Maxwell system is equipped with mized boundary conditions. To state these
explicitly, we need some notation. Throughout the paper, we write

(1.2) 00 =x°| |2
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whenever X¢, £ are two disjoint, relatively open subsets of 9 such that T Nh =
0%¢ = 9x". Having fixed two such sets, ¢, ©", we then prescribe

(1.3) vxEl =fonX® and vx H :gonZh.
xe sh

This type of boundary condition is physically relevant since it arises naturally in
semi-conductor modeling [I3] (14} [I5], where X is the insulating part and X" rep-
resents the electric contacts. The boundary conditions ([L3]) also appear naturally
in many microwave problems; cf. the discussion in [I]. In [9], necessary and suffi-
cient conditions for the solvability of magnetostatic and electrostatic problems with
mixed boundary conditions in Lipschitz domains are presented. Another context
where mixed boundary conditions intervene naturally is scattering phenomena from
partially coated perfect conductors. Cf. [5] and the survey [4].

At the scalar level, R. Brown [3] was the first to succeed in treating the case of the
Helmholtz operator with L? mixed (Dirichlet and Neumann) boundary conditions:

(A+k?)u=0inQ,

prescribed in L?(Xp),
Xp

prescribed in L?(Xy)
XN

(1.4) Viantt

oyu

in a suitable subclass of Lipschitz domains, referred to in the sequel as creased
domains. Informally speaking, this requires the two pieces ¥ p and X, in which
0N is partitioned, to meet at an angle < 7. Brown also made the observation
that this type of restriction is necessary given that the harmonic function u(z,y) =
Im (z —l—iy)l/ 2 x € R, y > 0, has zero tangential and normal derivatives on the pos-
itive and negative real semi-axis, respectively. This analysis has been subsequently
extended to allow LP-data with 1 < p <2 in [22].

Here we take the first steps aimed at generalizing this work from scalar equations
to systems. Even though, in broad outline, we follow the same approach as in
[3], the technical details are rather different, as the algebra is considerably more
subtle. We now recall the class of creased domains introduced by R.Brown in [3]
(specialized to the three-dimensional setting). Let 2 C R? be a bounded Lipschitz
domain. Assume that 9Q can be decomposed into two pieces X¢, X" as in (L2
and that there exist two numbers k. > 0, k5 > 0 with k. + kK, > 0, which also
satisfy the following properties. For each boundary point z, there exist » > 0 and
two Lipschitz functions ¢ : R? — R and ¢ : R — R for which

QN Bop(x,) = Bap(xo) N {(21,22,23) : 23 > o(x71,22)},
(1.5) YN Bop(xo) = Bar(xo) NI N (21,22, 23) : 21 < (z2)},

Y N Bor(20) = Bop(1,) NOAN{ (21, 22, 23) : 21 > ¥(x2)},
and such that

16) Oz, > Ke on {(21,22) : 1 < ¥(z2)},
. Oz, 0 < —kp on {(x1,22) : 1 > P(x2)}.

Roughly speaking, the two pieces ¥.¢ and ¥" are separated by a Lipschitz curve,
[ := 9%¢ = 9%" (the ‘crease’ of the domain) and meet at an angle which is strictly
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9Q =graph ¢

FIGURE 1

less than 7. This is illustrated in Figure 1. Thus, 0f2 is inherently non-smooth. As
pointed out by Brown [3] the class of creased domains is natural, since in the class
of domains with piece-wise boundaries the well-posedness of ([L4) fails precisely
when (L0)) is violated.

Our first main result is as follows.

Theorem 1.1. Let Q, ¢, X" be as above, and fixr k € C with Imk > 0. Then
there exists a small ¢ = (09, X6, X" k) > 0 and a finite C = C(08,%¢, %" k) > 0
with the following significance.

Assume that p € (2—¢,2+¢) and let f € LPPY(2¢) and g € LPPY (S be
arbitrary. Then the Maxwell system with mixzed boundary conditions,

curl E — ik H =0 in €,
curl H+ ik E =0 in Q,

(1.7) vxFE

= f on X°,
Ec

vx Hl =g onX",
sh
E*, H* € LP(99),
has a a unique solution. Moreover, this solution satisfies the natural estimate

(1.8) IE e o0) + 1" |Le(a0) < ClIf | oo sey + Cligll ppoi sny-

A few remarks are in order here. First, the condition that f e LP'PY(xe),
g€ Ly ’Div(Eh) is also necessary given the class of functions in which a solution
(E, H) is sought. This amounts to asking f, g to be tangential fields, with LP
integrable components, and such that their surface divergence is in LP as well.
Second, when k& € R, the problem (L) is, generally speaking, only Fredholm
solvable. Third, while our current methods allow us to treat the case when |p — 2|
is small, we conjecture that the optimal range of p’sis 1 < p < 2 +e.
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There is a higher-dimensional, higher-degree extension of this result. To state
it, call a bounded Lipschitz domain € in R™ n > 2, a creased domain, in the
sense of Brown, if (LO)-(L6) hold with x3 replaced by z, and x5 replaced by
a” = (xa,...,xy—1) (with a natural interpretation when n = 2). In this setting, if
ke C,Imk > 0and ¢ € {0,1,2,...,n}, the goal is to determine two differential

forms E and H, respectively, of degrees (¢ + 1) and ¢, in 2 such that
§E —ikH = 0in ©Q,

dH +ikE =0 in Q,

(1.9) E*, H* € LP(09Q),

vV El|. = feLP’(5¢,A0,
vAH|g,=ge Lhdsh AT,

Theorem 1.2. With the above mnotation and hypotheses, there exists € =
(09, 3¢, 3" k) > 0 such that (L9) is well-posed whenever p € (2 —¢,2 + ¢).

Let us point out that this last result contains both Theorem [[I, to which it
reduces when n = 3, after some simple, natural identifications, and Brown’s main
result in [3], pertaining to the well-posedness of (I4]). The latter is obtained by
taking p = 2, £ = 0, ¢ = Xy, " = ¥p, and then setting w := H. In particular,
the class of creased domains retains its significance in the present context as well.

Even though Theorem is our most general result, we opted to first present
a detailed proof for Theorem [[LT] and then highlight both the differences and the
analogies between this and its more involved higher-dimensional/degree version.
The plan of the paper is as follows. In §2 we review potential theoretic concepts, first
in the three-dimensional context (for vector fields; cf. §2.1) and then in Euclidean
spaces of arbitrary dimension (working with differential forms; cf. §2.2). Certain
new Rellich type estimates, most useful in the context of ({7, are deduced in §3.
Then, in §4, the graph-domain version of (1) is proved to be well-posed for purely
imaginary wave numbers. This argument is subsequently adapted to the bounded
domain case (and k € C with Imk > 0) in §5, where the proof of Theorem [I.1] is
completed. Finally, in §6, we discuss the proof of Theorem

In closing, we would like to point out that the structural richness of the higher-
degree case (cf. [19], [2]) allows for a larger variety of mixed problems which can
be treated along similar lines. In turn, such results are useful for proving regularity
results for differential forms with mixed boundary conditions. A typical result reads
as follows:

(1.10)
u, du, Su € L*(Q) and v Auly, € L3 (), v Vul, € () = u e H'/*2(Q)

granted that ) is a creased domain with boundary splitting 9Q = ¥, U X;. We
plan to return to this topic on a different occasion.

2. PRELIMINARIES

2.1. Vector potential theory. Call a bounded domain € C R? Lipschitz if the
following condition is satisfied. For each boundary point x € 92 there exist a
neighborhood U of = in R3, a system of coordinates (isometric to the standard one)
in R3 and a real-valued Lipschitz function ¢ such that 0QNU = U Ngraph ¢, where
the graph of ¢ is considered in the new system of coordinates.
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Let do be the surface measure on 0f2 so that v, the outward unit normal to
Q, is well-defined do-a.e. on 9. Also, for some sufficiently large, fixed, p > 0
let v(z) :=={y € Q: |z —y| < (14 p)dist (y, )} be a nontangential cone with
vertex at z € d€). The nontangential boundary trace of a (possibly vector-valued)
function u defined in €2 is then defined as

(2.1) u Q(a;) = lim u(z) for z€0Q.

z€v ()
Also, the nontangential maximal function of u is defined by
(2.2) u*(z) :==sup{|u(z)|: z €y(x)} for z e IN.

Next, we briefly discuss layer potential operators associated with the Helmholtz
operator A + k? and the Lipschitz domain Q C R3. Recall that for each k € C,

ezk\x|

(2.3) Q. (z) == pr=p r € R®\ {0},

is the canonical (radial) fundamental solution for A + k2 in R3. The single layer
acoustic potential operator and its boundary versions are then defined by

Sef(x) = /d D) f)doty), v,

(2.4)
Suf(x) = /8 B - )/ )do(y). @ e on

The action of the operators Sk, Sk on vector fields is defined component-wise. It is
then easy to check that

(2.5) Skf’m(x) = Suf(x), x €.
In addition, at almost any = € 052,

o= AT ED £

where 0, =} v;0; is the normal derivative and K}, is the formal transpose of the

principal-value integral operator

(2.7) Kif(z) == pv. = )y —x)

I oo Ty —al? eklv=el (1—ikly—z|) f(y) do(y), = € 8Q,

the so-called (boundary-version) double layer acoustic potential operator. Combin-
ing the techniques of [§] with the results in [6] we can infer that for any vector field
fin LP(0Q,R3), 1 < p < 0o, at almost any o € I we have

28)  divsuf| (@) = 4@, f@) +pv. [ div, (@il - 9) )} dolw)

o0
and

29) culSif| | (0) = ~ola) % fla) +pr. [ curl {Bio = 1)) doly)

Turning to function spaces, we next set

(2.10) LP(09) := {f € LP(OQ,R3) : (v, f) = 0 a.e. on IN}.
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From the above discussion and since for f € LY (9Q) one has v x (v x f) = —f, we
see that
(2.11) v X curlSkf‘OQZ (314 My) f, ae. on 99,

where, for a vector-valued density f on 012,

(2.12) Mif(z) :=v(z) x [p.v./@ curl, {®r(z —y)f(y)} do(y)} , x €09,

is the so-called magnetic dipole operator on 0X). Once again relying on the results of
[6] one can show that, for each 1 < p < oo, the operator My, is a bounded mapping
of L¥(09).

For a scalar function 7, set Viann := Vn—(9,n)v for the tangential gradient and,
for 1 < p < oo, define the Sobolev space L} (99) as the collection of all € LP(9N2)

*

with Viann € LY (99). Furthermore, set L¥ | (09Q) := (L’l’l (39)) ,1/p+1/p =1
Now, if 1 < p < oo and f € LY(99), we define Div f as the functional

(2.13) (Div f,n) := —/ (f, Viann) do,

o0
where 7 is an arbitrary Lipschitz continuous function on 92. Thus, Div is well-
defined as a mapping from LY (99) into L” ,(99) and
(2.14) Div (v x f) = —(v,curl f)

for any vector field f € LP(9Q, R?). Note that vx f € L} (9Q) and that the operator
(v, curl -) involves only tangential derivatives so that the right-hand side of ([21I4)
is well-defined and belongs to L” ;(92).

If Q= {x3 > @) : 2’ = (z1,72) € R?}, then the vector fields

(1; 076190(1'/)) TQ(CC/ (p(.%‘l)) — (07 1, 82@(.%/))
V14 V()P ’ L+ [Ve(a!)[?

form a basis for the tangent plane to 9 at the point (', p(z’)) for almost every
r' € R%

Q

(2.15) T2, p(z')) :=

Proposition 2.1. For each 1 < p < oo, the following are true:
(i) A vector field f : O — R3 belongs to LY (99Q) if and only if there exist scalar
functions a1, as € LP(0Q) such that f = a;T* + asT? on OS. Furthermore,

(2.16) I fll roa,rs) = |laillLra0) + llaz|l e o0y,

where the intervening constants depend only on ||V || ree. _
(ii) A vector field f = a;T" + ayT?, a1, a9 € LP(9Q), belongs to LY (9Q) if
and only

6&1 8@2
2.1 — + —— € LP(090).
(2:17) arr +ar2 € F1OY
In this case,
. aal (’9@2
so that, in particular,
(2.19) IDiv fllLr(a0) = |dive: (a1(2”, o(2')), az(2’, o(2'))) | Lo (r2)-

Once again, the proportionality constants depend only on ||Vo| L.



MIXED BOUNDARY-VALUE PROBLEMS FOR MAXWELL’S EQUATIONS 123

Proof. The crux of the matter is the observation that, if f = a;T' + a2T?, a1,as
scalars on 0, then for any 1 we have

an _ aaj
(2.20) / (Vi) do = Y / aj 575 do = /aQ(Z - )ndcr
7j=1,2 7j=1,2
after an integration by parts. O

Next we study the action of the surface divergence operator in connection with
the boundary integral operators introduced earlier. Two identities are going to be
important for us here. First, for k € C, 1 < p < co and f € L¥(99), we have

(2.21) div (S, f) = Sk(Div f) in Q.

Second, if f € LY(99), then

(2.22) Div (M f) = —k*(v, Sef) — Ki(Div f) in L ,(09Q).
In particular, Mj, is well-defined and bounded on the space

(2.23) LPPY(90) == {f € LP(9Q) : Div f € LP(8Q)},

equipped with the natural norm, for each 1 < p < oo. Moreover, it has been proved
n [20], [18] that there exists ¢ = £(8€2) > 0 such that the operators +11 + M :
LPPY(90) — LPPY(09) are isomorphisms if 1 < p < 24 ¢ and Im k > 0.

Finally, we specialize the wave number k by taking k € iR, i.e. k = iw, w > 0.
Then for each 1 < p < o0,

(224 W[(Siwf) L0y + [(VSiwf)* lre0) < Cllfllzr 0
W[Siw fll ey + 1 Kiw fllLeo0) + 1K, flloraa) < Cllflleoa)

where C = C(02, p) > 0 is independent of w > 0. It is essentially well known (cf.
[7] for the case w = 0) that for each 1 < p < 2+ ¢ the operators £31 + K, are
isomorphisms of LP(952). This will play a role in §4.

For homogeneity reasons, we find it convenient to equip the space (2.23)) with a
family of (mutually equivalent) norms indexed by w > 0:

(2.25) 11l 2o 00w = e 00 re) +w™ YIDiv £l 2o a9 -

It follows that for each p € (1,00) there exists C' = C(99,p) > 0, independent of
w, such that

(2.26) HMiwaLf’vD“’(aQ),w < CHfHLf’D“'(aQ),w

uniformly in w > 0. In fact, from the work in [20], [I8] we infer that there exists
e = £(0Q) > 0 such that for each 1 < p < 2+ ¢ the operators +3I + M, are

isomorphisms of P (9Q) and, granted that 2 —e < p < 2 + &,

(2.27) H(:‘:%I + Miw)fHLf*Di"((’)Q),w ~ Hf”L;’fDiV(aQ),w

uniformly in w > 0.
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2.2. Differential forms rudiments. We start by reviewing some basic defini-
tions; cf. [23] for more details. For 0 < £ < n, we let A’ := A‘R™ stand for the
vector space of differential forms of degree ¢ with real (or complex) coeflicients.
That is, E € A’ if and only if E = E?H:z E;dz’, where the sum is performed over

all increasing multi-indices I € {1,2,...,n}¢ and dz! stands for dz;, A--- A dz;, if
I = (i1,ig, . i¢). For E,F € A set (B, F) := Y|, _, ErFy, E:= Y Erdz’, and
|E| := (F, E’>1/2. Recall that the Hodge *-operator, * : A‘R™ — A" ~“R™, is defined
by

/ c c
(2.28) «E =Y efl . Erda’,
|I|=¢

where I¢ :={1,2,...,m} \ I and, for any two ordered arrays I, J,

(2.29) ol 0, if I and J do not coincide as sets,
) 771 the sign of the permutation taking I onto J, otherwise.

As is well known, #x = (—1)“"=9 on A’. In the sequel A and V will denote,
respectively, the exterior and interior products of forms. For example, if a =
(a1, g, ..., ap) is a vector field, identified with the 1-form o = ciyday + - - - + apda,,
and if £ = ZTH:K Erdaz! € A*, then

(2.30)

aANE = Z '<Z/Z£f{aiE1)da€J and aVFE = Z '(ZaiEiJ)de.

|J|=t+1 |I|=¢ i |J|=—1 i
Some elementary properties of these operators are collected below.

Lemma 2.2. For a, B €R" and E,F € A*, G € A'™1, the following are true:
(1) an(aNE)=0and aV (aV E)=0;
(2) *(a ANE) = (=1)faV *E and x(aV E) = (-1)"* la A *E;
(3) a N(BVE)+BV(aNE)=(aB)E;
(4) (aV E,G) = (B,anG).
We recall that the classical exterior differential operator d, d := Y .- | 9; dz;, acts
on a form E = 7 Erda! by

/
(2.31) dE = > " 0;Eydu; Ada'.
I
Its formal transpose 9, the so called co-differential operator, is then given by

(2.32) 0E =~ > 'Y 0,E;da’,

|J|=¢—1 i

with the convention that, if I is a permutation of an increasing multi-index I, then
we set Er := Ef:Ef.

Lemma 2.3. Assume that Q is a bounded domain in R™ with a sufficiently smooth
boundary. Denote by v and do the unit normal and the surface area on 02, respec-
tively. Then the following hold:

(1) d> =0, 6 =0 and —(d§ + 6d) = A, the Laplacian in R";

(2) 6 = (=)D w dx and x6 = (—1)°d*, 6% = (—1)**' x d on (-forms;
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(3) For E € C*(Q,A%) and F € C1(Q, A*+1),
(2.33) /(dE,F> de = / (E,6F) dx +/ (v A E,F)do.
Q Q a0
Furthermore, if E € C%(Q, A%) has (A + k*)E =0 on Q, then
(2.34) / {\dE|2 +0E? - k2\E|2} dz = / {<dE, vAEY — (6B,vV E>} do.
Q a0

We now introduce a distinguished elementary solution ®j for the Helmholtz
operator A + k? in R, k € C,, and n > 1. Concretely, at each z € R™\ {0}, set

1 (—ik n—2 0 n—3 -
(2.35) Oy (x) := -:n| n AT
eZ T
o forn=1,

where w,, denotes the area of the unit sphere in R™. See [10] for more details. Note

that (238) reduces precisely to (Z3) when n = 3.

Now let © be a Lipschitz domain in R™ and, in analogy to (2)), define the
single layer acoustic potential operator on differential forms f € LP(9Q,A*) :=
LrP(09Q) @ AY, 1 < p < oo, by

(2.36) Sef@)= | e —9)i@)dot). e

From [6] and classical arguments, we infer the following.

Lemma 2.4. Let ) be a Lipschitz domain in R", and let f € LP(92,A?), 0 < ¢ <mn,
1 < p < oo. Then, at almost every point x € 05,

(237) lim 8.£(:) = Suf (@) = [ @ula =) f(5) doly),
z€v(x) 00
i = —1 v T v T — o
@39l A5/ =30 D)) +p (af oe-nrwasm).
i = 1 v z v T — o
@30l 0 = 50 1)+ (5[ ata-nswaow).

Moreover, there exists C = C(09,p) > 0 such that
(2.40) w|l(Siwf) lLron) + 1(dSiw f) | Lr o) + 1 (0Siw ) |r0) < CllfllLra0,a%)5

uniformly in w > 0.

We continue to assume that € is a Lipschitz domain in R™. A differential form
FE defined a.e. on 0N is called tangential if vV E = 0 a.e. on 0N, and normal
if v AE =0 ae. on 0. The tangential component of E, E}, is given by F; :=
vV (v A E), whereas the normal component is given by E,, := v A (v V E). This
terminology is suggested by the fact that £ = FE; + F,, and (E;, E,) = 0, so
that |E|? = |E|? + |E,|?>. Also, note that |Ey| = |v A E| and |E,| = |v V E|.
We let LY (09, A%) denote the vector space of tangential ¢-forms with coefficients
from LP(92), and let LP (9, A*) stand for the vector space of normal ¢-forms with
coefficients from LP(0f2).
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Next, define the boundary exterior derivative of a tangential differential form
f €L} _(09,A) as the functional

loc

(2.41) (6o f 1) = / (@, f)do, Vi CHR", A,

o0
and then introduce

(2.42) LPO (09, A) = {f € LY(92,A") : 6o f € LP(0Q, A1)},
equipped with the family of mutually equivalent norms

: L2 (OQ,A) w " Le(@Q,At) T W |00 fllLr(an,at-1)s w )
243)  fllps omnnyw = I/ + w16 /I >0

Similarly, define the boundary exterior co-derivative of a differential form f €
L}, (092, AY), normal to 0%, as the functional

(2.44) (dof 0= [ (@0.0)do, W CUR A,
oQ

and then introduce

(2.45) LP(9Q, AY) := {f € LE(0Q,AY) : do f € LP(8Q, A1)},

equipped with the family of mutually equivalent norms

(2.46) ||fHLﬁ'd(é)Q)Al))w = [|fllro0,a0) + w™|da fllora0.ae+1), w > 0.

Clearly, for each 0 < ¢ < n, the Hodge star-operator is an isomorphism between
LPA(99, AY) and LP° (99, A"~Y). Another useful consequence of definitions is the
following.

Lemma 2.5. Let Q be a Lipschitz domain in R™. If E € C*(Q,A%) is such that
E*, (0E)* € LP(09Q) for some 1 < p < o0, and such that E, §E have nontangential
boundary traces on OS2, then

(2.47) do(vVE)=—-vVJE.

Analogously, if E*, (dE)* € LP(0Q) and E, dE have nontangential boundary traces
on 0X), then

(2.48) do (WANE)=-vAdE.

Next we define two principal-value integral operators acting on a differential form
f on 09 by

My f(z) := lim <l/(x) Y d/yeaQ Sz —y)f(y) do(y)) , x €09,

e—0 :C—y|25

(2.49)
Nipf(z) := lim (V(:v) A 5/|yeag Pp(z —y)f(y) dU(Q)) , @ €0

y—y|>e

Note that My = —Ny. It follows from the results of [6] and well-known techniques
that, for each 1 < p < 0o and each 0 <[ < n, the operator M}, is well-defined and
bounded on L} (952, A). Moreover, since

(2.50) 6o Mpf = —K2vV Spf + vV dSk(ds f), YV fe LP°(0Q, AY),

we may also conclude that My, is well-defined and bounded on L¥*°(9€, A”). Simi-
larly, the operator N}, is well-defined and bounded on LP (99, A*) and LP:4(9Q, A¥).
Moreover, an identity analogous in spirit to (2.50) holds for this operator as well.
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As a final note, we would like to mention here that invertibility results for the
operator j:%IJer, :l:%IJrNk on these spaces (with p near 2) have been established
in [12] and [18].

3. RELLICH TYPE ESTIMATES FOR VECTOR FIELDS

Assume that € is an arbitrary Lipschitz domain in R® and denote by v its
outward unit normal and by do the surface measure on 0f). Next consider a vector
field with real-valued components © € C!' N L*> in R? so that VO € L*. Also,
let U € C?(Q,C?) be such that AU € L*(Q), (VU)* € L?*(09), and so that
the nontangential trace (VU)|aq exists in L%(92). Under these conditions, the
following Rellich type identity can be verified via successive integrations by parts:
(3.1)

%/m (v x carl U2 (1, ) — | (v, cwrl U 21, ©) — [div U (v, ©) } do

+Re {{vx curlU,0)divU — (v x curl U, v x ©)(v, curlU) } do
o0

= / {$|curlU|* div © + 1|div U|*div © — Re (curl U, (VO)curlU) } dx
Q
—Re/ {curl U, curl ©) (divU) dx — Re/ (© x curlU + (divU)©, AU) dx.
Q Q

See [20], [18] for related matters. We now specialize this identity to the following

situation. Fix w > 0 and let F, H solve
curl F = —w H in ),
(3.2)

curl H =w FE in (,

i.e., Maxwell’s system with wave number k = iw, and assume that E*, H* € L?(99)
and the boundary restrictions E|sq, H|oq exist a.e. in the nontangential limit sense.
Furthermore, decompose the boundary 992 = £¢ LU ¥" as in (L2), and assume that
it is possible to find a constant vector field © such that

(3.3) (1,0) < —rk a.e. on X¢ and (1,0) > K a.e. on X",

for some fixed x > 0. Taking U := H in  we may then write, based on (3.1]),
/ [_%<V7@>M<I/,E>|2d0+/ 1(v,0)|v x E|*do
e Sh

(3.4) =/2h §<u,®>\<u,E>|2da—/er 1(v,0)|v x E|*do
+/BQO(|<V,E>||V><E|) da—i—w/g(’)(|E\|H|)da:.

In turn, these allow us to estimate
(3.5)

/|<V,E>\2da+/ lv x BE|*do
e >h

<c | |wEBPd+cC |1/><E|2da+C’w/{|E\2+|H\2}da:.
»h e Q
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In order to continue, observe that

(3.6) /m<1/><E,H}do':/Q<cur1E,H>da:—/Q<E,cur1H>dx

_ —w/{|E|2+ \H|2) da.
Q

Consequently, using this, (I2)), and Cauchy-Schwarz’s inequality, we see that for
each € > 0 there exists C. > 0 such that

w/{|E\2 FHPYde < C. [ v x EPdo + CE/ v x Hdo
Q sh

(3.7) =

+5/ (1B + |HP)} do.
o0

Hence, the Pythagorean Theorem, ([L2)), (B5) and B7), yield
(3.8)

/\E|2da:/ |<V,E>|2da+/ lv x E|*do
o0 o o

<c |(1/,E>\2da+05/ |u><E|2do—|—5/ (B[ + |H]?} do,
»h e oN

for each € > 0. In fact, a similar reasoning in which we reverse the roles of £ and
H, on the one hand, and the roles of ¢ and ¥", on the other hand, gives

(3.9)/ |H|2da§C’5/ |<1/,H>|2dcr+05/ |1/><H|2dcr+e/ (B[4 H?} do,
oN e >h oN

for each £ > 0. Adding up (3), (39), absorbing the terms with small coefficients
in the left-hand side, and keeping in mind that
(3.10) Div(v x E) =w (v, H), Div(v x H) = —w (v, E),

finally leads to the conclusion that

(1B + |H|?} do < c/ {|1/ x E|? + w™2|Div (v x E)|2} do

(3.11) o =

+C/ {\y x H|? +w™?Div (v x H)|2} do.
3

h
For further reference we also note that
w/{|E\2 +|H|?} do < c/ {|y x E|? + w=2|Div (v x E)|2} do
(3.12) @ X

+C [ {vx HI? +w™2Div (v x H)*} do,
sh

thanks to ([B.6) and BIT]).

4. WELL-POSEDNESS IN THE GRAPH CASE

Let Q C R? be a Lipschitz domain. For an open subset ¥ C 9Q and 1 < p < oo
set

LY(S) :={f € LP(Z,R3) : (v, f) =0 a.e. on L},
(4.1) LYPY(D) = {fls : f € LPPV(09)},
LEYN(S) = {f € LYPV(R) : f € LYY (99)},
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where the tilde denotes the extension by zero to 9Q2. Much as with (223))-(Z.23]), we
equip the second space listed above with a family of (mutually equivalent) norms
indexed by w > 0:

(4.2) 11l i sy 0 7= [ llLo (s ey + w DIV £l e (s)-

A similar family of norms is used in conjunction with Lf”(]? V(%). More specifically,
we set

(4.3) ||f\|ng>iV(z),w = ||f||Lf’Di"(Q)’w = fllzrors) + w™!||Div fllLe(s)-

More can be said when ¥ is “reasonable” (which is going to be the case for
the applications we have in mind). Concretely, let 7 : R? — R2, 7(z) := 2’ be
the natural projection onto R? and assume that ¥ C 99 is such that 73, the
image of ¥ under 7, is a Lipschitz domain in R?. In this situation, it follows from
Proposition 2] [I7] and a dilation argument that
(4.4)

Hf”Lf,Div(Z),w ~ inf {||F||1r(5,r3) +OJ_1HDiVFHLp(Z) e Lf’DlV(éQ),F\E = f}

with constants which depend only on the Lipschitz character of 2 and #w3.
Let Q C R3 be the domain above the graph of the Lipschitz function ¢ : R? — R.
Assume that there exist yet another Lipschitz function ¢ : R — R and constants

(4.5) Ke >0, kp>0 with ke +kp >0,

such that

(46) Or p = ke on {(x1,22) : 21 < ¢Y(z2)},
Oz p < —kp on {(x1,22) : 21 > h(x2)}.

We set

“n Y= 00N{(x1,x2,23) : 1 < p(x2)},

Y= 00N {(z1, 72, 23) : 1 > p(x2)},

and observe that if we take the vector field © := (1,0, (ke — £5)/2), then the
estimates in (B3) hold with & 1= L (ke + &) (1 + || Vel =) "1/2 > 0.

Our goal is to prove the well-posedness of (7)) in this graph setting for k € iR,
say k = iw, w > 0. To this end, fix w > 0 and let ¢ = ¢(9Q) > 0 be sufficiently small.
It has been shown in [20], [18] that, if 1 < p < 2 4 ¢, then for each f € Lf;(])jiv(Ze)
the boundary problem

curl F = —w H in Q,
curl H=wF in (,
vx H = f on 09,
E*,H* € LP(09)

(4.8)

is well-posed. Therefore, the operator

(4.9) A LPPY(S%) — LPPY(R°), Af = (vx E) .
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is well-defined, linear and bounded. Thus, matters are reduced to showing that A
is an isomorphism if 2 — ¢ < p < 24 . We proceed in a series of steps, starting
with

Step I. We claim that the operator in question is bounded from below when p = 2
(assuming that the norms ([£2), [@3) are used). Indeed, thanks to the Rellich
estimate ([B.I1) we may write
2 ~ P —2Tyix, |2
12 ey ™ [, AV +72IDiv P} do
- / {lv  HI? +w™2[Div (v x H)[*}do
o0

=/ (v % HP + |, )} do
o0
(4.10) < [ {EP+|H]*}do
o0
< c/ {Iv x BI? + w™2Div (v x E)*} do
Ze

+C/ {|1/ x H|? + w™?|Div (v x H)|2}dcr
»h

= C'||AfH2L%,D;V(Ee)’w,

where the last step utilizes the fact that vx H = 0 on ¥*. As always, the intervening
constants depend exclusively on || V|| L. This aspect is going to play an important
role later on.

Step II. We now construct a one-parameter family of operators {Ag}y indexed
continuously for # € [0,1] and such that A = A;. Concretely, following [3] we
introduce

(4.11)  @o(2') := kmax{z1, 2¢(x2) — 21}, g :=0p+ (1 —0)po, 0 €[0,1],
and set

Qg := {23 > pp(z') : 2’ € R?},
(4.12) 26 =00 N{z € R3: 21 > ¢(x2)},

Yhi=0Q N{x € R3: 21 < (x2)}.

For each 6 € [0, 1], consider now the lifting operator Ly defined as the linear iso-
morphism

(4.13) LP(R2,R?) 5 (ay, as) v% ai(7() TY + az(n () T2 € LY (09p),

where Tg, j = 1,2, are as in (ZI5) but with ¢y in place of ¢. Then Ly can also
naturally be viewed as an isomorphism mapping

(4.14) Lo : LPPY (%) — LPPY(S§) and Lg : Ly (75°) — LYY (S5).
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Let vy stand for the outward unit normal to 0. A straightforward computation
yields

Y f = (fi, fo, f3) € LP(09Q09,R®) == (Lg) (v x f)(2')

(4.15) - <f2(xlv<90(55’)) — (O2p0) (2") f3(2, po(2")) ,

- ) = @re) (e 00 )
It is also convenient to lift scalar-valued functions via
(4.16) Ly : LP(R?) — LP(0Q%), Lo(f) = f(x(")).
Once again, this operator naturally adapts as an isomorphism between
(4.17) Lo : LP(7X°) — LP(wX§) and Lg: LY (7X¢) — LY(7Xg).

In what follows, no notational distinction will be made between ({I3), (@I4),
(#18), and [@IT), as the nature of the operator should, in each particular case, be
clear from the context.

If Ag stands for the analogue of (3] constructed in connection with € and 3§
in place of 2 and X¢, respectively, then the composition

(4.18) Ao : LYPN(n5%) — LPPY(759),  Agi= (L) 'oAgo Ly
is well-defined, linear and bounded. The claim that we make at this stage is that

(4.19) 0,120 Ape L (Lf;(?”(wze) : Lf’Div(ch))

is continuous.
As a first step in this direction we recall from [20], [I8] that the solution (£, H)
of ([A.8)) can be expressed in terms of the data f as
1
H = cul S, [(%I + Miw) f}a
1 _
(4200  E=wlcuwlH = { <—A + ww)sw [(%I + Mm) f} }

= —wSi, K%I n Miw) 71ﬂ W lVS,, {Div(%] n MM) 71ﬂ ,

where it is useful to keep in mind that curlcurl = —A 4+ V div. Next, note from
222) that
(4.21)
-1 -1 § -1 3
Div (%I - Miw> f] = <%I - K;;) [Div f] —w2(%f — K;;) (<u, Siwf)>,
so that
—1 -1 B
E=-wSi [(31 + Mz-w) f] WwIVS, [<;1 _ K;;,) (Div f>}
(4.22)

WV, [(;1 - K;;,) - (<y, Swﬁ)} .
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If we now label with the subscript 8 objects defined in connection with 92y much

as they have been originally introduced for 02, we see that the analogue of the
operator ({£9) becomes

Aof = —wvp X Siws [(%I + Miwﬁ)_lﬂ

5

(4.23) W (v X V) Sig [(%I - Ki*“’9> ) (Div f)}

x5

—w (Vg X V)Siw,0 [(%I - wa,e>_1 <<V9,Sw,af>>}

=5

for each f € Lf”(?iv(Eg). Let us also note that, thanks to (214,

(4.24) Div (Agf) = —w <I/9, curl S, 0 K%I + Mm,9>_1ﬂ>

]
whenever f € Lf:(])) iV(Eg). Consequently, the fact that the mapping (@19 is contin-
uous will follow as soon as we can prove similar continuity claims for the assignments
0+— U;(6),1<j<6, where

U1 (0) == (Lg) " (1/9 X wsw)Lg € L(LP(R2,R2) : LP(R2,R2)),

—1 —1

Uy(0) = (Le)_l(%I-F Miwﬁ) Ly = {(LG)_l(%I+ Miw,Q)LQ}

e L(LP(R2,R2), LP(R2,R2)),

a(0) = (La)™ (00 X VS| Lo € £(L2(R)  /(R2B)),
(4.25)

a(0) = (L) (31 = K) T = (o) (31 = KL 0) Lol B
c /:(LP(R?), LP(RZ)),
Ws(0) i=w (Lo) " (g, w SiwoLo) € £(LP(R2,R2), LP(R?)),

We(0) = (Lo)~(vp, curl Siyy o) € ,c(LP(R2,R2) : LP(RQ)).
Going further, these claims are going to be simple consequences of the fact that

(4.26) Hd%\l/j(e)uamm < C < +oo, for j=1,2,...,6.
This, in turn, can be verified based on the definitions of Ly and ¢y, the identity
([@13), Proposition 211 ([2.7), 212]), the fact that taking the inverse is a continuous
operation on the space of linear isomorphisms, and the detailed analysis of how the
norm of a Calderén-Zygmund type operator defined on the graph of a Lipschitz
function ¢ depends on ||V¢| L~ (a good reference in this regard is [11]). As far as
(#20) is concerned, the interested reader is also referred to [I6 [7] for more details
in similar circumstances.
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Furthermore, an estimate from below —similar to ([@I0)— holds for each Ay,
0 € [0,1]. As a consequence, if p = 2, then Ay is semi-Fredholm for each 6 € [0, 1]
and

(4.27) index A = index A; = index Ayg.

Step III. We now claim that Ay is onto whenever 1 < p < 2 + . To this end,
suppose that
(4.28) w(x1,x2) = Kkx1 on the set {(z1,22) : 1 > Y(z2)}.

Let vp, := (—k,0,1)/4/1 4+ K2 be the unit normal to the plane I, := {(z1, x2, k21) :
x1,x2 € R} and denote by

(4.29) R:R®* —R3 R(x):=x—2,v) v,

the reflection across I1j,. From (E28) we see that %" C II}, so that R = id on X".
The claim that we make at this stage is that if f € L?P(2¢), then the function

fon X€,
(4.30) F:=
—RfR on R¥*,
satisfies
(4.31) F e LPPY(S°URT®) and ||F|| pow seppsey < ClF oo se)-

Indeed, it is immediate that F € L{(3X° U RX°) and that ||F||rs(seursers) <
C||fllLr(ze r3). There remains to compute and estimate the surface-divergence of
F. For this, we shall employ Gauss’ identity to the effect that

(4.32) /E (f. Veantt) dor = — /E (Div f) ndo + ffz (s

provided the following hold. First, ¥ is a (reasonably smooth) surface whose area
element is denoted by do. Its boundary, 0%, has ds as its arc-length and ~ as
its unit normal. Second, f is a vector field tangent to ¥ and 7 is a scalar-valued
function defined on ¥. Both f and 7 aare assumed to be sufficiently well-behaved.
Pick an arbitrary, Lipschitz continuous, compactly supported, scalar-valued func-
tion 7, defined on X¢ LI RX¢, and recall that I' :== 9%¢ = 9X". Then (temporarily
ignoring smoothness issues —these can be dealt with via a limiting argument) we
may write
(4.33)
[ mVumdo = [ (g.V0do— [ (RfR Vi) do
SelRSe se

RXe

- [ Vo= [ (1.9 @o Ry o
(Div f) 77d0+j{<f>7>77d5+/28(Din) (noR)dJ—ji(f,’y) (no R)ds

-,
=

(Div f) nda—i—/ (Div f) (no R)do

e e
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FIGURE 2

as the two path integrals cancel each other, due to the fact that R =id on I' C II.
Consequently,

Div f on X°,
(4.34) DivF =
—(Div f) o R on RX*,
is in LP(X° U RX°) and satisfies ||Div F||zp(seurse) < 2||Div f[|Lr(se), as desired.
To continue, we note that for general vector fields f, g,
(4.35)  curl(RfR)=—R(curlf)R and (RfR)x (RgR)=—R(f xg)R.

Furthermore, if we set Qp := QUX" U RQ, then Qp is a Lipschitz domain invariant
under the reflection R and Rv R = v on 0{)R.

Now fix f € LPPV(2¢) and define F € LP"PY(2¢ U RY¢) as in ([@30). Next, let
(E, H) solve

curl E = —w H in Qg,
curl H =w F in Qp,

(4.36)
v X E|8QR: F on 0Qg,
E*, H* € LP(0Q5).
If we now introduce £ := RER and H := —RHR in Qp, then (E, H) solve a

boundary problem similar to ([@36]) except that, this time, the boundary data is
vx (RER) = (RvR) x (RER) = —R(v x E)R = —RFR. However, since
—RFR = F, from the uniqueness part for (I.I]) it follows that FE=Eand H=H
in Qp. In particular, on X", H = —RH, i.e., H is normal to the support plane I,
and, ultimately, v x H = 0 on X"(C II,). Hence, g := v x (H|sq) € Lf”(?iv(Ee)
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and Ag(g) = f. Since f € LP"PY (%) was arbitrary, this finishes the proof of the
ontoness of the operator Ag.

Step IV. The final claim is that A = Ay is invertible for 2 —e < p < 2+¢. Indeed,
when p = 2, the fact that Ag is invertible follows from Steps I and III. Hence,
thanks to ([@27), Ay is Fredholm with index zero. Since it is also one-to-one, by
(I3, it follows that A is an isomorphism for p = 2. Finally, passing from p = 2
to |p — 2] < € can be done via functional analysis, by invoking certain well-known
stability results.

5. WELL-POSEDNESS FOR BOUNDED LIPSCHITZ DOMAINS

In this section we prove Theorem [[.1] as stated. In a first stage, we assume that
k = iw for some large w > 0 and seek to construct an “approximate” solution to
(T when p = 2.

We begin by reviewing the assumptions made on the bounded Lipschitz domain
Q. Assume that 0Q = £¢ U X" and that there exist a finite collection of points
{z;}; and r > 0 with 9Q C |J; B.(z;), such that for each j the following holds.

¢, ¥" which are rigid

There exists a domain €2; with boundary decomposition X7, X7,

motions of the graph domains satistying (€.0)-(Z1), so that
QN Bop(x;) = Q5 N Bap(xj),

(5.1) 3¢ N Bap(z) = X5 N Bay(z),
SN By () = E? N Bay ().

Next, let {¢;}; be a smooth partition of unity, subordinate to the cover { B, (x;)},
of 02 and, for each j, pick n; € C*°(Ba,(x;)) with n; = 1 on supp§;. Relying on
the results from the previous section, for each j solve

CUI‘IE]‘ —|-ij =01in Qj,
curl H; —w E; = 0 in €,

(5.2) vi x Ej| =¢&f on X5,

x5

VjXHj

= fjg on E?,
sh
EY, H € L2(09;),

where €2;, 3%, Z;‘ are as in (5.1 and v; is the unit normal to 0€2;. In particular,
our analysis from §4 gives

1 1/2
*|2 *|2 < 2 : 2
/m‘[|E]| + |HY| }do—]_C’(/Eem da+w2/ze\D1vf\ da)

(5.3) ! 1 1/2
2 = s 2
+C(/Zh 9 do + = /E IDiv g| da) .
Set

(5.4) E::anEj and H ::anHj in Q,
J J
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so that
(5.5) [u x E} =7 [1/ x H} —
and
curl B+ wH = > (Vn; x Ej) = K,
. - - in Q.
(5:6) cwlH —wkE =3,(Vn; x Hj) = J, .

Note that div K = w > (Vn;, Hj) and divJ = —w > (Vn;, Ej) so that
* * 2 1 : 2 1/2
1 20 + 1K ooy < C( [ 1P o+ 55 [ piv f12do)
e se

(5.7)
1 1/2
+C’(/ lg|* do + 7/ |Div g/ dcr)
h w >h

and, by (3.12),
[T 22) + @ HIdiv Tl 2 ) + 1K || 2(0) + @™ H|div K| 220

< (Y IE Iz, + D I1Hj e,

J J
5.8 1/2
(5:8) gg(/ |f|2da+i2/ \Divf\%zg)
w e w Se

1 1/2
+€(/ lg|* do + —2/ |Div g|? da)
w sh w Sh

Next, consider II, := (A —w?)~!, the Newtonian potential corresponding to the
Helmholtz operator with wave number k = iw, w > 0, and introduce

E = {fcurlﬂwjfw’1VdivaI2+wHwK’}

Q’
(5.9) i ) .
H = [—curl LK +w ' VdivIL,J — wHwJ}

)

Q

where the tilde denotes extension (to R3) by zero outside Q. Then, via a direct
computation,

(5.10) curl B +wH' =K and curlH —wE =J in Q.

Furthermore, since

_ divII, K = I, (div K) — Siw((r, K))  in Q,
divIL,J = I, (div J) — Siw((r, J)) in Q,

we may write

b

Q
H = [—curlﬂwf( +w_1VHM((ﬁx\fT]) —w VS, (v, K)) — wij} ‘Q.

E' = {fcurlﬂwjfw’IVHw(gi_\;_f/() +w VS, ((v, K)) +wﬂwk]

(5.12)
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Thus, if we now set £ := F — E’, H := H — H’, it follows that

curl E+wH =0, curl H —wE =0 in Q,

se’

(5.13) vxB|_~f=vxE|_, Div(vxE)
e e

. —Div f = —(v,curl E)

VXH‘ —g=vxH'
>h

, Div(y X H)‘ —Divg = —(v,curl H’)
>h >h

sh
Consequently, since for €2 bounded and w > 1, 1 < p < oo,
< Cuwlal=2, Vel <2,

< Cw,

||aan ||E(LP(R3),LP(R3))

(44 V5l

L?(99),LP(99) )

we may eventually conclude from (5.7), (515), (BI14), that for w > 1

1B 2 (o0.r2) < C|\VHWH£(L2(R3)7L2(R3)) {||J||L2(Q> +w ! div K £2(0)

+ Cw_l ||Vslw HL:(L2(BQ),L2(BQ)) HKHLQ(GQ)

+ CwHHwHL(Lz(Ra)’LQ(Ra)) ||KHL2(Q)

1
gg{/ |f|2da+—2/ IDiv f|? do
w e w e

1 1
+/ |g\2d0+—2/ |Divg\2do}2.
Sh w Sh

Moreover, |H'||r290) can be estimated in a similar fashion. Next, curl &' =
—wH' 4+ K and curl H = w E' + J so that
(5.16)

curl || L2 00,rs) + |lcurl H'[| 2290, r3)

(5.15)

< C<||f||L2(ZE,R3) 4w IDiv fllp2(se) + 9l z2(sn g2 +w71HD1V9||L2(Eh)>~
All in all,

(5.17)
v x E'|| 250,13 +w ™| Div(r x EN 2000

=+ ||l/ X HIHLQ(aQ,RS) —l—w_lHDiv(u X HI)HLz(ag)

<Cuw™t <||f||L2(ze,R3) +w IDiv fll L2 mey + 19l 2 (on my +0 ||DiV9||L2(zh)),

uniformly for w large. Hence, finally,
(5.18)

1
/\yfof|2d0+—2/ |Div (v x E — f)|*do
Se w e

1
—l—/ |V><H—g|2d0+—2/ |Div (v x H — g)]*do
sh w sh

1 1
< %{/ |f|2d0+—2/ \Divf\2da+/ |g|2da+—2/ \Divg|2da}7
W=t Sse w® Jxe sh w? Jsn
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uniformly for w large. In turn, this implies that the “mixed tangential trace”
operator

T LPPY(2e) @ LPPY(2h) — L2PY(2e) @ L7PY(2h),

(5.19)
T(f,g) = (1/ X E|y., v X H’Eh),
is invertible for w > 0 large, since it satisfies
-1
(5.20) HT - IHL(Lf,DiV(EC)QBL?,DiV(Zh) 7 L?,DiV(ZC)@L?,DiV(Eh)) <Cw <1

This shows that the mixed boundary value problem (7)) is always well-posed if
p =2 and k = iw with w > 0 large. Since, from [20], [I8] we know that any two
vector fields F, H satisfying

curl E —ik H =0 in €,
(5.21) curl H +ik E=01in Q,
E*, H* € LP(092),
with 1 < p < 2+ ¢, are always representable in the form
E = curlSy f, in Q,
(5.22)
H=kvxS8,f+vx VSk(Divf) in §,

for some (unique) f € LP"P™(9Q), it follows that the singular integral operator

Ty : LPPY(9Q) — LPPY(2) @ L2PY(2h),
is invertible if k£ = iw with w > 0 large enough.

On the other hand, it is possible to find a smooth vector field © such that (3.3)
holds in this context (by patching together constant fields, suitably chosen for each
graph domain via a partition of unity). Hence, the analogue of the Rellich estimate
BII) is, in the present context,

/ (|E]® + |H|} do < C(Q,k)/ {Iv x EI? + Div (v x B)*} do
o0 Se

5.23
(5.23) ka;:([§I+Mk]f

, [k21/ X Spf+vx VSk(Divf)]
ZE

sh

(5.24) +O(9, k)/ {|y x H|? + |Div (v x H)|2} do.
Eh,

Lo, k)/Q{|E\2+|H|2}d:c.
When written for E, H of the form ([B.22]), this yields
‘|f||Lf’DiV(89) S CH(%“‘ Mk)fHLf’Di"(BQ) = Clv x EHL%D“(aQ)
(5.25) S O|E|| L200,r8) + CllH|| L200,r3)
< CITifll 20 50y 20005, + | Comp ],

where Comp stands for a generic compact operator (here, contributed by the solid
integrals in (5:24))). The first inequality above is nontrivial and has been established
n [20]. In particular, the operator (5.23)) is semi-Fredholm for any Im & > 0.
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From the standard energy identity we also get that, if Imk > 0, then
(5.26) /{|E|2 +H dx < C(Q,k)‘/ (v x B, H) do|
Q 0

from which we may conclude that T} is one-to-one provided Im k > 0. Finally, the
application

(5.27) Cokm Ty e L(Lf’DiV(aﬁ) L LPPY (s @ Lf’DiV(Eh))

is continuous. In fact, it is not difficult to check that for any bounded Lipschitz
domain 2 and any 1 < p < oo,

(5.28) H%TkHL(LP,LP) < C(9,p) < 400, uniformly for k in compacta,
from which the claim made about (B.27)) follows immediately.

To sum up, the invariance of index under continuous deformations within the
class of semi-Fredholm operators yields that T) in (523) is Fredholm with index
zero if Imk > 0 and, further, invertible if Imk > 0. The extension to p near 2 is
then a consequence of this and known stability results (since LF°™ (99Q), LPPY (2¢),
LP'PY (531 are all complex interpolation scales; cf. [I7] for more general results of
this type).

6. THE HIGHER-DIMENSIONAL SETTING

Here we present the proof of Theorem Since this largely parallels the proof
of Theorem [[LT], we sketch the main steps and only emphasize those aspects which
require new tools and/or ideas.

For starters, the spaces involved in the formulation of (IL9) can be introduced in
a thoroughly analogous fashion to ([@Il). Next, given a bounded Lipschitz domain
QinR" n>2keC,Imk>0and ¢ € {0,1,2,...,n}, it has been proved in [12]
that one can find a (£ + 1)-form E and a ¢-form H, smooth in Q such that

§E —ikH = 0 in ©,

dH +ikE = 0in Q,
vAH|yo=g € Ly 0Q, AT,
E*, H* € L(9Q)),

(6.1)

obeying natural estimates. Therefore, much as in the three-dimensional setting, we
may assume g = 0 in (L9), whenever convenient.

The relevant Rellich type identity, already proved in [12], amounts to the fol-
lowing. If {e;}7_; is the standard orthonormal basis in R", then, for any form
E € C™(Q,A%) and any vector field © = {©;}; in R", with smooth, real-valued

components, we have

Re/ﬂ%|E\2div@+ (§E,OVE)+ (dE,© NE) — Z(V@j VE,e; VE)
(6.2)

j=1

:/ %{|V/\E|2 — |V\/E|2}<@,V> do.
09
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For a creased domain ), this eventually leads to an estimate of the type

/ (B[ + |H[?} do < c/ {lov BP +w255(v v B)P?} do
(6.3) oQ ye
+C {\u AHP? +w2|dy(v A H)|2} do,
Eh
by reasoning much as in §4.

Once again, it is convenient to first consider the case when 2 is a graph domain
and seek to construct a suitable lifting operator L enjoying similar properties to
those described in Proposition 21l In the context of differential forms of general
degree, this is a more involved step, which requires a preliminary discussion.

Denote by Meas (952, A?) the vector space of Af-valued functions defined on 5.
Similarly, Meas (92, A“T9€) stands for the space of global, measurable sections in
the vector bundle of ¢-forms on the Lipschitz manifold 0€2. For each x € 0%, we
let pr, stand for the orthogonal projection of R™ onto 7,09 and introduce

pr, : Meas (992, AT0Q) — Meas (092, AY),
(pryw)(z) (X1, ..., X¢) := w(x)(pry X1, ..., pry Xo)

for each w € Meas (092, A*TO9), a.e. x € 9Q and each X1,..., X, € R”. We shall
also work with

(6.4)

(6.5) Gu = Meas (99, AY) — Meas (9Q, A“TOQ)
defined at a.e. z € 9 by
(6.6) (Jew) (@) (X1, ooy Xo) := w(@)((X7), -y (X)),

where w € Meas (09, AY), X1, ..., X, € T,,09, and ¢ is the inclusion of T,,0Q into
R™. The next two lemmas have been established in [19].

Lemma 6.1. If w € Meas(9Q, A*TOR), then pr,w is tangential and j,pr,w = w.
Conversely, if w € Meas (95, AY), then pr,j.w = w;, the tangential component of
w. In fact, for each 1 < p < 0o and 0 < ¢ < n, the mappings

et LP(8Q, AY) — LP(9Q, A“TOQ),
(6.7)
pr, : LP(0Q, A“TO) —s L (99, AY)

are isometric inverses of each other.

Let doq denote the intrinsic exterior derivative operator on the Lipschitz man-
ifold 9. For each 1 < p < oo and 0 < ¢ < n we consider the maximal closed
(unbounded) operator defined by dag on LP(9€, A*TOR). Tts domain is

(6.8)  Domyy(daq) := {w € LP(0Q,A'TOQ) : dopow € LP(09Q, A1 TOQ)}.
Lemma 6.2. For f € LP4(09Q, AY) we have j, (v V f) € Domy_1 ,(daq) and
(6.9) doa(j«(v V ) = =4 (v V daf).

Conwversely, if f € Domy ,(dpq), then v Apr, f € LE4(9Q, A*1) and

(6.10) do(v Apr,f) = —v Apr,doq f.

In particular, we have that

(6.11) dg = —v Apr,doq jxv V- and dog = —jvVdy(v Apr,)

in the sense of the composition of unbounded operators.
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Now consider the case when 0f2 is the graph of the Lipschitz function ¢ : R™ —
R. Let 7 : R® — R™! be the projection onto the first (n — 1)-coordinates,
ie, m(z',z,) = 2’. When restricted to 9, this becomes a bi-Lipschitz home-
omorphism with inverse 7= 1(2') = (2/,¢(2')), 2’ € R""1. We denote by 7* :
Meas (R~} Af) — Meas (0Q,ATOQ) and (771)* : Meas (0Q,ATON) —
Meas (R"~!, A?) the corresponding pull-back maps.

Proposition 6.3. For each 0 < ¢ < n, the lifting map
(611/22) Meas (R"™1 A*R" 1) — Meas (09, A"~*71), Lof :=*[v Apr,n*(f)]
induces two linear isomorphisms:
(6.13) Le: PR AR Y — L2 (09, AP,
as well as

Lo {f € PR A'R"™Y) ¢ dgns f € LP(R"L ACTIR 1))
(614 — LY (00, A,

where dgn—1 denotes the exterior derivative operator in R™ 1. In each case, its
inverse is given by

(6.15) Ly f = () =D (=) [, (v v s )]
Furthermore, for each f € LP(R™™ 1, A'R"™1) with dgn—1 f € LP(R?~1 AFHIR? 1),
(6.16) SoLef = (—1)" 1Ly (dgnr f).

Proof. To begin with, [Lf| = | * [v Apr.a*(f)]] = [v Apr,x™(f)] = [7(f)] = [[],
thanks to Lemma and the fact that the Hodge star-operator is an isometry.
This ensures that the operator in (613)) is well-defined and bounded.

Next, since §p(xg) = (—1)*1 x (dyg) for every g € LP-4(9Q, A*), it follows that
(6.17)

SoLef — b { v A prur*(f)ﬂ (1) dy v A pror ()]
— (—1)" T w A pradon jur Y [v A pryr ()]
= ()" v Aprdoo e (f) = (1) % v Apr,dao 7 (f)

= (=D)"" s v Aprat(dre-s f) = (=1)" 7 Lega (dina f),

based on Lemma 6., Lemma[6.2, and the fact that the exterior derivative operator
commutes with pull-back. This justifies (G.16I).

Finally, that (GI5) is the inverse of (612) follows once again from Lemma
via straightforward calculations. O

With Proposition in hand, the same type of deformation argument as in
Step I of §4 can be performed, given that the integral operators involved —cf.
@35), 230), 249), [250) - have the same nature as those encountered in the
three-dimensional setting.

Next, we explain how the reflection argument from (£28)-(@.30]) should be carried
out in the present context. Much as in §4, we flatten ¥" and let R stand for the
reflection operator across the supporting hyperplane II;, := {(z1,2"”,k21) : 1 €
R, 2" € R"~2}. Denote by R* the associated pull-back map and let Qg retain the
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same significance as in §4. Then R = id on X" and R*v = v on 0. Other useful
properties are as follows:

«(R*E) = —R*(+xE), (R*E,R*F)=(E,F)oR,
(6.18)  R*(aANE)=(R'a)A(R*E), R'(aVE)=(Ra)V (RxE),
dR*E = R*"dE, §R*E=R'SE, R‘R*=id,

for any differential forms E, F' and any vector field «. In particular, if (E, H) solve
the Maxwell system with boundary datum v A H = F on Qg, then (R*E, R*H)
also solve the Maxwell system with boundary datum v AR*H = R*F on Qg. Thus,
if R*F = —F, then necessarily F = —R*FE and H = —R*H in (g, granted the
uniqueness results proved in [12]. Going further, the latter readily implies v A H=0
on Y"(C IIy,), as desired. In our case,

fon X°
(6.19) F:=
—R*f on RX®,

which is the analogue of (£30). From this, it is immediate that R*F = —F. There
remains to check that
6:20) fe (s A = F e LP° (2" U RS, AY)
6.20
and [|Fl| p.o snipsn aey < ClFll s s aey-

This step can be executed much as we did in §4, granted that a suitable general-
ization of Gauss’ formula ([@32) is available in this context. Nonetheless, this has
already been taken care of in [2I], from which we quote the following result.

Proposition 6.4. Let ¥ be a surface of co-dimension one in R™ and denote by
~v and ds, respectively, the unit normal and the area element on 9%. Also, let

v+ 0¥ — R"™ be the natural inclusion. Then for every f : ¥ — AY which is
tangential to ¥ and every g : ¥ — A1 there holds

(6.21) /Z<f,dg>da—/2<6af7g>da=f;}gﬂw@ds:AEL*(QA*(VAJ“))-

Granted this integral identity, ([6.20]) follows essentially as before. The remaining
steps in the proof of Theorem closely parallel those taken in §4-§5, granted that
representation formulas in terms of singular integral operators are available; cf. the
operator theory reviewed in §2.2.
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