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DECAY FOR THE WAVE AND SCHRODINGER EVOLUTIONS
ON MANIFOLDS WITH CONICAL ENDS, PART 1

WILHELM SCHLAG, AVY SOFFER, AND WOLFGANG STAUBACH

ABSTRACT. Let Q C RYM be a compact imbedded Riemannian manifold of
dimension d > 1 and define the (d + 1)-dimensional Riemannian manifold
M = {(z,r(z)w) : € R, w € Q} with 7 > 0 and smooth, and the natural
metric ds? = (1+7/(z)?)dz? +r2(z)ds. We require that M has conical ends:
r(z) = |z| + O(z~!) as  — +oo. The Hamiltonian flow on such manifolds
always exhibits trapping. Dispersive estimates for the Schrédinger evolution
e*AM and the wave evolution eV ~2M are obtained for data of the form
f(z,w) = Yn(w)u(x), where Y;, are eigenfunctions of Aq. This paper treats
the case d = 1, Yo = 1. In Part II of this paper we provide details for all cases
d+n > 1. Our method combines two main ingredients:

(A) A detailed scattering analysis of Schrodinger operators of the form
7852 + V(€) on the line where V' (§) has inverse square behavior at infinity.

(B) Estimation of oscillatory integrals by (non)stationary phase.

1. INTRODUCTION

It is well known that the free Schrédinger evolution on R™ 1! satisfies the disper-
sive bound

(1.1) 12 Flloo < [t 211 £111,
where A denotes the Laplacean in R™. Similarly, solutions to the wave equation
Ou=0, «(0)=ug, Ou(0)=1uy

in R**! satisfy

n—1
Jutt o 5 777 (

_n—1
ut, Yoo S 7 (luoll ngs + ] o)

1,1 1,1

ol g o + ] s ),
(1.2)

in odd and even dimensions, respectively. Another instance of such decay bounds
are the global Strichartz estimates

(13) 12 £l 248 gnsry S N ll2cen

and mixed-norm variants thereof as well as the corresponding versions for the wave
equation.
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In this paper we establish a decay estimate (valid for all ¢), similar to (L),
for the Schrodinger and wave evolution on a class of noncompact manifolds which
exhibit trapping of the Hamiltonian flow. There has been much activity around
establishing dispersive and Strichartz estimates for more general operators, namely
for Schrodinger operators of the form H = —A 4+ V with a decaying potential V' or
even more general perturbations. The seminal papers here are Rauch [I5], Jensen-
Kato [13], and Jorneé-Soffer-Sogge [14]. We refer the reader to the survey [19] for
more recent references in this area.

Around the same time as [I4], Bourgain [3] found Strichartz estimates on the
torus. This is remarkable, as compact manifolds do not exhibit dispersion as
in (I.I)), which was always considered a key ingredient of the T*T argument leading
to (I3)). The theme of Strichartz estimates on manifolds (both local and global in
time) was then developed further in several important papers; see Smith-Sogge [20],
Staffilani-Tataru [21], Burq-Gerard-Tzvetkov [4], [0], Hassel-Tao-Wunsch [I1], [12],
Robbiano-Zuily [16], and Tataru [22]. Gerard [9] reviews some of the recent work
in this field.

A recurring theme in this area is the importance of periodic geodesics for
Strichartz estimates. In fact, it is well known that the presence of periodic geodesics
can lead to a loss of derivatives in the Strichartz bounds. The intuition here is that
initial data that are highly localized around a periodic geodesic and possess high
momentum traveling around this geodesic will lead to so-called meta-stable states in
the Schrodinger evolution provided the geodesic is stable, as for example on spheres.
Metastable states remain “coherent” for a long time, which amounts to absence
of dispersion during that time; see for example [9] (in the classical approxima-
tion, dispersive estimates are governed by the Newtonian scattering trajectories —
classically speaking, periodic geodesics are states that do not scatter).

For this reason, many authors have imposed explicit nontrapping conditions;
see [20], [I1], [12], [I7]. The relevance of this condition lies with the construction
of a parametrix, which always involves solving for suitable bi-characteristics. On
manifolds these bi-characteristics are governed by the geodesics flow in the co-
tangent bundle; hence the relevance of periodic geodesics.

There is a large body of work on the so-called Kato smoothing estimates where
this nontrapping condition also features prominently; see for example Craig-
Kappeler-Strauss [6], Doi [8], and Rodnianski-Tao [17].

We now define the class of asymptotically conical manifolds M that we shall be
working with.

Definition 1.1. Let 2 C RY with metric ds3 be a d-dimensional compact imbed-
ded Riemannian manifold and define the (d 4 1)-dimensional manifold

M= {(z,r(z)w) |z €R, w € Q}, ds*=r*(x)dsy + (1 +1'(2)?)d2?,

where r € C*°(R) and inf, r(z) > 0. We say that there is a conical end at the right
(or left) if

(1.4) r(z) = |z| (14 h(z)), A (z)=0@="2"%) Vk>0,
as ¢ — 0o (x — —o0).

Of course we can consider cones with arbitrary opening angles here, but this
adds nothing of substance. Furthermore, the regularity assumption can be relaxed
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to finitely many derivatives, but we do not comment on this issue any further. With
Q = S! the manifold M reduces to a surface of revolution

S ={(z,r(x)cosh,r(x)sinf) : —oo < x < 00,0 <0 < 27}

with the metric ds? = r%(z)d#? + (1 + r'(x)?)dz?. It has a periodic geodesic at
all local extrema of r. An example of such a manifold is given by the one-sheeted
hyperboloid: 2 = St and r(z) = \/1 + |z|2 =: (z). If d > 2, the entire Hamiltonian
flow on M is trapped on the set (zg,r(z0)S2) when '(z0) = 0.

In what follows, {Y},, i1, }° o denote the L2-normalized eigenfunctions and eigen-
values, respectively, of —Agq. In other words, —AqY,, = p2Y,, where 0 = u3 <

2<u3<

HI S P S -

Theorem 1.2. Let M be asymptotically conical at both ends in the sense of Defi-
nition [LI] with d > 1 arbitrary. Then for all t > 0 and all n > 0,

i _d+1
(1.5) €82 Y,, fll ooy < Cny MY E 2 || fllLa ()
itn/— _d
(1.6) e V=AY, Fll e ay < Cln, M) T2 (Hf/HLl(M) + ”fHLl(M))a

provided f = f(x) does not depend on w.

We remark that in the flat case, i.e., r = const = 1, the evolutions factor into
those on 2 and R and the dispersive rates are of course the same as on R. As for the
wave equation, (L6l gives the natural estimate for cos(tv/—A () — the number of
derivatives appearing on the right-hand side agrees with that in (L2) when n =1,
since f really sees the evolution along a one-dimensional generator as the “missing”

Coat : ; ; sin(tv—Am)
angular derivatives being hidden in C(n, M). For — /A~ one can prove the

stronger bound which only requires L' data, but we do not elaborate on this here.

In this paper we only prove the case d = 1,n = 0. In Part II we consider the
general case. It turns out that all the cases subsumed in d +n > 1 follow very
much the same scheme, whereas d + n = 1 has some separate features. This is
to be expected, as for N = 2 the dispersive estimates for —Ar~y + V are quite
different from those in RY with N > 3; compare [I8] to [14]. This is due to the
logarithmic singularity of (—Ag2 — 2)7! at z = 0 as compared to the boundedness
of the resolvent when N > 3. Not surprisingly, the logarithmic issues reappear in
Part T but not in Part IT of this series.

We now briefly describe the main ideas behind the proofs of Theorem First,
using arc-length coordinates & on M and after multiplying by the weight 72 (£), we
reduce matters to the Schrodinger operator

2
Han = —0F + s + V() = —02 + V(©)

on Re. Here V7 (€) is a smooth potential that behaves like $d(d—2)¢72 as £ — +oc.
Ifd=1,n=0, then V(&) ~ —@ as £ — oo (it is therefore an attractive potential),

whereas for d + n > 1 the potential V' becomes repulsive (in fact, very much so
as n and d increase). On the one hand, this difference accounts for the separate
treatment of d +n = 1 here as opposed to part II. On the other hand, since

V() = [2up +d(d —2)/4]€7* + O(7?) as [¢| = oo,

with a positive leading term when d+n > 1, it is reasonable that the cases d+n > 1
can be treated simultaneously.
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In order to prove our theorems, we express the resolvent kernel as

(Hap — (A2 4i0)71(€,€) = %{A)@A)

when £ > ¢’. Here f1 are the usual Jost solutions for H4,,, at energy A2

Hd,nfi('a)‘):)‘in('a)‘)a fi('v)‘)NeiEA aSg—)ioov

and
W(A) =W(f-(,A), f+( A)
is their Wronskian.

Let us now briefly recall what is known about the existence of the Jost solutions
and the asymptotic behavior of W(A) for general operators H = —552 + V; see
for example Deift-Trubowitz [7] for these elementary facts of scattering theory.
For potentials V (£) satisfying (£)V(€) € L'(R) the Jost solutions exist and are
continuous in A € R (in fact, they are continuous in A # 0 under the weaker
condition V' € L'). Moreover, W(A) ~ 2i\ as A — oo, and either W (0) # 0 or
W(A) ~ cA as A — 0. The former case is said to be nonresonant, whereas the
latter is resonant; it occurs exactly if there is a globally bounded nonzero solution
to Hf = 0. In the nonresonant case, f ~ 1 as £ — oo then necessarily implies that
f(&) grows linearly in € as £ — —oc0.

In the case of an inverse square potential the behavior of f1 (-, A) and thus also
of W(A) as A — 0 is radically different. Assuming for simplicity that the leading
order asymptotic behavior of V' (£) is the same as £ — +oo (as it is here), we single
out two possible scenarios which emerge from our analysis: first, suppose that

V(O = (7~ DETHOE?) as €5 o0,

where v > 0 (the case v = 0 differing by logarithmic corrections). Then either
W(X) ~ cAl=2” or W(A) ~ ¢A? for some o < 1 —2v as A — 0. Loosely speaking,
the former can be viewed as an analogue of the nonresonant case from the usual
scattering theory, whereas the latter is the resonant case. The resonant case is
characterized by the existence of a nonzero solution u of Hu = 0 with asymptotic
behavior €2 as £ — oo and c|§|%*” as & — —oo, where ¢ # 0. Note that in the
special case v = %, which puts us back in the (£)V € L! scenario, this is exactly
the standard characterization of a zero energy resonance: there exists a nontrivial
globally bounded zero energy solution. In the resonant case one might expect o = 1,
but our analysis does not yield that conclusion.

To conclude this Introduction, let us recall the well-known heuristic principle
that the behavior of the spectral measure close to zero energy is the decisive fact
for the long term behavior of any wave evolution. Indeed, with E being the spectral
resolution of H ,,,

o
eltHan = / e E(dN).
0

Thus, decay of this Fourier transform as ¢ — oo is reflected most strongly by
the behavior of F(d\) around A = 0. This of course explains the importance of
analyzing W (\) close to A = 0.

We now describe the proof method in more detail.
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2. THE BASIC SETUP

The Laplace-Beltrami operator on M, where the base (2 is of dimension d > 1, is

- 1 () L
(21) AM = T-d(x) I +’r/($)2 aat ( 1—|—T‘l($)28x> + ’r‘g(x) AQ

We switch to arclength parametrization. Thus, let

o) = [ VITTWRdy
0
Then (2] can be written as

(22) At = e O (0) + 1

r4(€) ©)
where we have abused notation: r(§) instead of r(z(£)). Setting p(&) = %%
yields

AQa

—

(2.3) Amy(§ w) = 0y + 2pdey + T%AQU

We remove the first order term in (23] by setting

(2.4) y(E.w) =€) Fu(éw).

Then

(2.5) Aty = 0%y + 200y + Doy = [ Hu+ 5 Agul
with

(2.6) H=-0;+V, V(€)=p*E)+p&).

Note that the Schrodinger operator H can be factorized as

(2.7) H=LL, L= —dilg—I-p.

In particular, H has no negative spectrum. In terms of the Schrédinger evolution,
e — TR S f Y f = f(6),
and the same for the wave equation. In particular, any estimate of the form

|2 fll oo vy < CE N fllimy YE>0, f=f(E),

with arbitrary « > 0 and some constant C' that does not depend on t, is equivalent
to one of the form

(2.8) Ir=2 e~ oy < Tt Nuliwy VE>0, u=u(f)

with a possibly different constant C’. Here we absorbed the weight from the volume
element dup = rédédvg arising in the L' (M) norm into the left-hand side of ([Z.8).
An analogous reduction is of course valid for the wave evolution. As usual, the
functional calculus applied to ([2.8]) yields

ezt’H _ / ezt)\E(d)\)7

0
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where E(d)) is the spectral resolution of H. The point is that there is an “explicit
expression” for E(d)),

E(d\?)(€, &) :ZA{Im[

where

f+(€’ A)f—(glv )‘)
W)

}X[oe]“m [%&@/A)} X[e<€ } da,

W()‘) = W(f—(a )‘)a f+(7 )‘)) - f—/i-(, )‘)f—(, )‘) - f/—(a )‘)f+(a )‘)
is the Wronskian of the solutions f+ (-, A) of the following ordinary differential equa-
tion:

’Hfi(ga )‘) = - i(f, )‘) + V(g)fi(ga)‘) = )‘2 fi(gv)‘)v
fr(E,N) ~eFA8 as € — oo,

provided A # 0. The functions fi are called the Jost solutions, and it is a standard
fact that these solutions exist because of the decay of V' which turns out to be

-2
VOIS ()
To establish this, as well as an important refinement thereof, we start with the
following elementary consequence of Definition [[.T1

(2.9)

Definition 2.1. In what follows, a term O(x~7) is said to behave like a symbol if
10L0(z=)| <27 Fas x — oo for all £ > 1.

Furthermore, we shall assume henceforth that both ends of M are conical, i.e.,

(C4) holds.

Lemma 2.2. With suitable constants cs, Coo, and as x — 00

(2.10) &(x) = \/ix—i—coo—l—O(x_l),
as well as

1 Coo 9
(211) = 5e(1- = +oe)

as & — 0o. Moreover, the O-terms behave like symbols.
Proof. We plug r(z) = (14 O(z~2)) and thus r'(x) = 1+ O(z~2) into the expres-
sion for &, i.e.,

fo)= [ VIO B dy = vax + / " Oty ?) dy

=v2z +/ O((y) ) dy +O(z™1) = V22 + coo + O(z 7).
0
Hence, )
r(@) =2 +0(@ ) =277 (—cx) + O,

as claimed. The symbol behavior follows from the fact that the errors in Defini-
tion [L.T] also behave like symbols. O

As a corollary, we obtain

Corollary 2.3. The potential V' from ([28) has the form

(d2 d

(2.12) V(e = (T -5)§2+0E  asg oo,

where O(£73) behaves like a symbol.
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Proof. Simply observe that at a conical end, p = 22 = 2¢=1(140(£71)) as € — oo.
Hence,

V(€)= HE) + () = 7dld — 96 + O as €~ oo,

as claimed. The behavior of the O(-) term follows from the fact that the O(:) in
Lemma are of symbol type. O

From (29), f+(-, A) are solutions of the Volterra integral equations

°° sin(A(n —

(2.13) frlen =t [ Dy £4(n. A dn,

¢ A

and similarly for f_. For the convenience of the reader, we now recall how to solve
Volterra integral equations in general. Thus, consider

(+) o) = g+ | " K (e, )(s)ds

(5) f@) = glo)+ [ Kl 9)7(6)ds

with some g(xz) € L*> and a € R. As usual, one solves them by an iteration
procedure which requires finding a suitable convergent majorant for the resulting
series expansion.

Lemma 2.4. Let a € R and g(z) € L*(a,00). Let

p::/ sup |K(z,s)|ds < oo.

a<lr<s

Then there exists a unique solution to (x) given by

oo 00 co N
1) 1@ =g@)+ Y [ [ T caiK i) gan) da,..doy

n=179 @ =1
with o := x. Furthermore, one has the bound

Hf||L°°(a,oo) < eHHg”LOO(a,oo)v

and an analogue statement holds for (xx).

Proof. We only prove the lemma for (%) since the proof for (xx) is almost identi-
cal. The idea is simply to show that the infinite Volterra iteration ([2I4) for (x)
converges. To this end, define

Ky(s) := iug | K (x,s)]|.
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Then

‘/ / HX[wi71<wi]K(xi—1axi) g(xn) dxy, ... dr;
@ @ i=1
[e%s} oo N
< [ o[ e coaEolen oo de, .. doy
e ¢ i=1

1 e’} oo N
ol umerng [ oo [ T] Kot do..da
n: a a —

=1
1 o n
m”g”Lw(a,oo)(/a Ko(s)ds) .

Hence, the series in (2I4) converges absolutely and uniformly in > a with the
uniform upper bound

%)
1
||g||L°°(a,oo) Z E:un = eHHgHLO"(a,oo)a

n=0

as claimed. O

It is now clear that (ZI3]) admits a solution for every A # 0. At A = 0, we need
to replace (ZI3) with

FoE0) =1+ /E = V) f(n,0) dn.

If d # 2, then this integral equation has no meaning due to the n=2 decay of V (n);
see (ZI2). Moreover, the zero energy solutions of Hu = 0 are given by

(2.15)

<
=
—~
a3
~

Il

<

see (BI)) and (Z4)). Since no linear combination of these functions can be made
asymptotically constant when d # 2, it follows that (Z9) itself has no meaning at
A = 0. Note, however, that for d = 2

r(©) /6 T () dn

is asymptotically constant at a conical end as & — oo, which is in agreement with
the fact that for d = 2 the potential V' decays like an inverse cubic.

In view of this discussion, we have reduced the decay estimates for the Schrodinger
equation to the following oscillatory integral bounds:

/OOO N\ Im [er(f»Sg{)\)(f/a/\)} dA‘

i f+ (€N - (€N —(d+1)/2
/0 e’ )\Im[—w()\) }d)\‘fj th/2,

sup 2 (€)r % (¢)
£>¢7

+sup 2 (E)rE (€
&<’

(2.16)
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For the wave equation, the reduction takes the form

‘/;T—z(g)r—%(g’) /OOO " A Im {%{A‘)@A)] dX (&) dg’

(2.17) +‘/:o rE () (¢) /000 " \Im [—f“f/’k)f‘(f’w dX (&) de’

vl

W
Ak / (16 ()| + ()]} di

uniformly in &.

3. THE SCATTERING THEORY FOR d =1,n=10

The goal of this section is to obtain a sufficiently accurate representation of
f+(,A) in 2I6) and [2I7). We remark that using (22]), one obtains two w inde-
pendent harmonic functions on M:

13
(3.1) W€ =1, )= / () de'

At a conical end, y;(£) = v2logé + O(1); cf. Lemma The related functions
up = r% and up = riy; from [@I5) are zero-energy solutions of H; see (2.6
and ([27)). Their asymptotics are as follows (assuming throughout that M is conical
at the ends):

Lemma 3.1. As { — oo,

u(€) =27 (1= T2+ 0E™),

c
ur(€) =221 T2+ 0(e) (logé +e2 + 0(67)).
Here ¢y is some constant and the O-terms behave like symbols under differentiation
in €.
Proof. The expressions for ug are an immediate consequence of Lemma Simply
compute

(3.2)

13 £
/ () dn = / Va () (14 exe ()t + O(m) ) di
0 0

=V2(logé+ ) +0(E7)  as€ = oo
Thus,
u(€) = M—o/: vt () dn
=20 (12 52 066 (g +ea 4 OETY)  as o
To symbol character of the O(+) terms here follows from the fact that it was assumed

in Definition [[.11 O

We now perturb the zero energy solutions relative to the energy. For small
energies and in the region |€A| < 1, this produces a useful approximation to the
exact solutions.
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Lemma 3.2. For any \ € R, define

13
(33) w6 ) = uy(€) + N / s (o (m) — s (m)uao )y (7, A) iy,

where j = 0,1. Then Hu;(-,\) = Nu;(-, \) with u;(-,0) = u;(+) for j = 0,1, and

(3.4) W(uog(-, A),ur(-,A) =1

for all \.

Proof. First, one checks that W (up,u;) = 1. This yields ’Huj( JA) = A )\)
since Hu; = 0 for j = 0,1. Second, u;(0,\) = u;(0) and u}(0,\) = v} ( ) for
j=0,1. Hence W (ug(-, A),u1(-, A)) = u}(0)up(0) — u1(0)uy(0) = 1. O

As an immediate corollary we have the following statement.

Corollary 3.3. There exist ay(A), a—(N), by (A) and b_(N\) such that with fL(-,\)
as in (29, one has for any A # 0

J+(6,2) = ay (Nuo(€, )+b+()\)u1( A

f-(6,2) = a_(Nuo(§,A) + b-(Mur(E, A).

Furthermore ax(A\) = W(f£(,\),u1(-,A)), b (A) = =W (f+(-, A),uo(-, X)), and
(3.6) W) = W(f-(5A), (5 A) = a- (Wb (A) — ayp (Ab-(N).
Moreover, if M is symmetric, then a_(X) = ax-(A) and b_(A) = —bi(N).

(3.5)
)
)

Proof. The Wronskian relations for ay, by follow immediately from (B4]). The
formula for W () also follows by plugging (8) into ([B.6]). In the symmetric case,
i.e., assuming r(z) = r(—x), one also has r(£) = r(—¢). In particular, this implies
that fo(=&A) = f4(&, ) and up(—§) = uo(§) as well as uq (—§) = —u1(€). Thus,
) =

a-(A) = W(f-(A),ur(5 A) = =W(f- (=, A),u1(= )
=W (A, w5 A) = ar (),

bo(A) = =W(f- (-, A), uo (-, A)) = W(f- (= A), uo(=A))
= W5 A),uo(, A) = =by(A),

as claimed. 0

3.1. The analysis of f(-,\) at a conical end, d = 1. By Corollary 23]

1

where |V1(€)] < |€]73. Moreover, |V1( )(§)| <73k for € > 1.

Lemma 3.4. Let
1

HO = _852 — @

For any A > 0 the problem

HOfO('7)‘):)‘2fO('7)‘)7
fO(ga)‘)Neig)\ as €_>OO
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has a unique solution on & > 0. It is given by

(3.8) fo& ) = \/z emENHTT (EN).

Here H(()H(z) = Jo(2) + 1Yo(2) is the Hankel function of order zero.

Proof. 1t is well known, see Abramowitz-Stegun [I], that the ordinary differential
equation

w” (z) + (/\2 + é) W(z)=0

has a fundamental system of solutions v/z Jo(Az), v/z Yp(Az) or equivalently,
VHP(2),  VEHT (M),

Recall the asymptotic relations

2 p_=
H(g+)(x) ~o el ) as T — 400,
g

2 ; ™
= emie3) as T — -+oo.
T

Thus, (B8] is the unique solution so that
f0(§7 )‘) ~ eZEAv

as claimed. O

Hy ) (2) ~

Having these tools at our disposal, we proceed with our investigation of the Jost
solutions. To this end, instead of the Volterra equation (ZI3]) we will work with
the following representation of the solutions of (Z9]):

Lemma 3.5. For any & >0, A >0,
(39) FEN) = PE N+ [ Gol& Vil (n. 0

with Vi as in @), fo as in BF), and
For any small A >0 and 1 < £ < A7,
(311)  [Go(&m NI S (€m)*[10g AP Xje<ner-1] + (€/A)# [ Tog Alxpy=r-1.

Proof. Simply observe that Gy is the Green’s function of our problem relative to
Ho. Indeed,

GO(§7§; )‘) =0,
0cGo(§,m A)ly=¢ = 1,
HOGO('a 5 )‘) = /\2G0('7 Uk A)

Here we have used the fact that W(fo(-, A), fo(-,\)) = —2i¢A which can be seen by
computing the Wronskian at £ = oo. In conclusion,

Hof(6.0) = X2 [fo@, N+ L Gl V() 4 (0. N dn| — VA(©) 1 (6, )

or equivalently,

HEr (5 A) = N fe(A).
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Finally, observe that for & > A~! fixed,

sup [Go(&,m A)| S AL

n>&

By the Volterra iteration discussed above, this implies that |f(&,A) — fo(§&,A)] S
A~1¢72. In particular,

FrEN) ~ ¥ asé oo,

For the estimate ([BIT)), recall the asymptotic bounds
(3.12) Hy"(z) =1+ Or(2°) + ;lloga: + i+ iOr(z*log x)

as x — 0, where s is some real constant; see [1]. Moreover, |H(g+) (z)] < a2 for
all x > 1. Hence,

Go(&,m M) S (En)FIHSD A)IHSY ()]
< (6n)? [10g(A0)] (| 1og(Mn) xpra<r) + (0N S xpaz ).

which implies (B1)). O

Estimating the oscillatory integrals will require an understanding 959§ f+ (&, A),
for 0 < k+¢ <2, W(A), W(A), and thus ag (A), bx(A), a’. (A) and b/, (). To obtain
asymptotic expansions for all these functions, we need to know the asymptotic
behavior of u;(§), and thereafter that of 87/{8§uj(§, A),forj=1,2and 0 < k+¢ < 2.

To study the asymptotic behavior of the u; (&, A), we use (B3). Setting h; (£, \) ==
uj (&)

for £ > 0 we obtain the integral equations

uji(€) 7
A2t
(3.13) %@M=H"—i/M@%@—w@m@w@WWMM,
uo(€) Jo
2 13
(3.14) MQM:H"Li/M@%@MW—%@ﬁ@WWMM
U 5) 0

from B3). The first iterates of B.I3) and ([BI4) are controlled by the following
lemma. The O(-) terms appearing here will be differentiated later; for now we only
control their size.

Corollary 3.6. As & — oo,

§ 3 1
3.15) wr(©) [ udn) dn—uo(©) [ wrualo)dy = 727+ 0 0g),

13 13
@w>m@/%mmmm—w@/lmmm=§W%wbg
0

0
+e3€52 + O(€2 1og ),

where c3 € R is some constant.
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Proof. By the asymptotic expressions for ug and uq,

/05 u(n) dn =277 /O5 7 (1 - %‘; + 0(<n>‘2)) dn

=271/2 (%52 — et + O(log@) ,

/§u<>u<>d /5 (1‘3‘”+0<< >2>) (logn + 2+ O((m)~)) d
) o(n)ui(n 77*077 <77> n g 2 n 7

= %gﬂogué (c2 - —>£ + O(§log ).

Thus,

BT — 2746 2o+ + O o)) (1€ +0(6))
— 2721+ 0(¢™h)) (%gQ log & + % <cQ - %) &+ O(ﬁlog€)>

=27t/ Eé +0(¢ logo] :

Next, compute

3 3
|t an = v2 [ nliog? -+ 22 10n+ O((a) " o)) (1 + O((n) ™)) dy
=2 (%52 log? ¢ + (2e2 1) | 5nlogndn +0(¢log’ f))
0

=V2 (%@ log” & + 2622—_5 g6 22712 1 O(6log? 5))
Thus, [B.I6) equals

2162 0g € 4+ O(E )1 + 0l ™) (€% one 3 (2 — 5 )€ + Oelox )

setopt 4 22 Letioge - 2221 oo’ o)

— 21/451/2(1_1_0(5—1)) (2

1 1
= 21/451/2{252 log? € + - 252 log ¢ +O(¢log”€) + = <c2 - 2) ¢
1, o 202 -1,
—=¢£2] - = ¢%log
56 log™¢ 5 ¢ }
which finally reduces to

1
RVES (152 log¢ +27/1es® + O(¢ logf)) ,
as claimed. O

Thus a Volterra iteration and the preceding yields the following result for the
u;j(&,A)’'s. The importance of Corollary B.7] lies with the fact that we do not lose
log £ factors in the O(+)-terms, as such factors would destroy the dispersive estimate.
It is easy to see that carrying out the Volterra iteration crudely, by putting absolute
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values inside the integrals, leads to such log¢ losses. Therefore, we actually need
to compute the Volterra iterates in ([2.14)) explicitly (for the version (xx)).

Corollary 3.7. In the range 1 < € <A1, j=0,1,

(3.17) ui(€,2) = u; () (1 + O((€N)?)),

Dcus (€,3) = w(€)(1+ O((EN)?),
(318)  druo(6, ) = 527/ AE + O(E¥ 1o &) (1 + O((EN?)),

Drnn(6,3) = 521/ AN(E/7 og€ + 587 + O(€/710g)) 1+ O((EV?)),
(319)  BReuolE,\) = 22—1/4A<§3/2 +0(E1og ) (1+ O((EN?),

Rewr(§,\) = 421/4A(53/21 og¢ + 53/2
+ cBeg/Q +0(210g ) (1 + O((EN))).
If1E] S 1, then [ui(€,M)] S 1, [0ru; (€ N)] + 10F¢u; (6, M S A for j =0, 1.

Proof. We sketch the proof of this somewhat computational lemma for the function
u1 (&, \), since the argument for ug (&, A) is completely analogous and in fact easier.
The proof of the first equality in ([BI7) is based on the Volterra integral equation

B.14)

e [ ) — uo(e)uin)
B20)  meN=1+¥ [ e Vi (1, )

and on its derivatives in both ¢ and A and the Volterra iteration, for which we also
need to use Corollary The iteration will produce a solution which is given by

mfuzw [ e (uoue) (el

. ul(gn—l)u()(gn)ul (gn) - uO(fn—l)ul (gn)
ul(&nfl)

B o [* ur(Euo(€n)ui(€r) — up(€)ud(&r)

— 14 / ld de

4 Sy (©uo(&1)ur (&) — uo(§ud(&)
R / | ma
o Wl&)uo(&2)ui (&2) —uo(&1)u (&)
U1(51)

Therefore, (3.16) and the equalities

A&, ...d&

d£2d§1+...

ug(§) = 271/4¢1/? (1 — %’g + 0(5—2>> :

ui (§) = 21/4¢1/? (1 - %’g + 0(5—2)) (log€ + e+ 0O(7Y)
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yield
A’ 1 1/4¢5/2 5/2 3
h(€,)) = u—@(g &2 log € + ca¢™? + 0(¢? log ) )
+)\4 / 21/4 Y log €y + el + 0(51% 10%51)} déy
uo(§)

()/ w (€ >[ 24}/ log &1 + ot +0(¢] log )] déa +
=1+0(\¢?),

since we are assuming that 1 < & < A~!. The point to notice here is that terms
involving £*log ¢ (the leading orders) after the integration cancel. Furthermore,
we obtain the usual n! gain from the Volterra iteration (see Lemma [Z7]) from
repeated integration of powers rather than from symmetry considerations. Hence
u(€,20) = u1(€)(1 + O(A%€2)) in that range. To deal with the derivatives, it is
more convenient to directly differentiate the integral equation [B.3]) for wy(&,)\)
with respect to & and/or A, which yields, respectively,

£
(321)  OGeur(&,\) = Oeur (€) + /\2/0 [Ocu1 (§)uo(n) — u1(n)deuo(§)]ua(n, N)dn,
13
(3.22)  Ohwui(§N) = 2>\/0 [u1 (§)uo(n) — w1 (n)uo(&)]ui(n, N)dn

3
2 / s (€0 () — w2 (n)uo(€)]rur (1, N,

as well as
£
32 cur (£, 1) = 2 /0 Bty (€)uo() — s (n)etuo ()]s (1, Nl

3
(3.23) + /\2/0 [Ogur (€)uo(n) — w1 (n)Dguo(§)]Oxua (1, A)d.

In dealing with ([B21]), we simply plug in the information from the first equality of
BI7) and calculate the resulting integral. For ([B.22), we observe that by (B.I6])
the term

£
2 / iy (€0 (1) — 2 (o (€)]uss (1, Nl

is equal to A\(321/4¢%/2log & + 2¢56°/% + O(£3/%log €)). Therefore to solve ([B22),
one needs to run the Volterra iteration with this expression as the first iterate. The
treatment of ([3.23)) is similar to that of ([8.22), and we skip the details. The case
of [€| <1 is left to the reader. O

We now turn to f1(&, ) as well as ax, by (N).
Lemma 3.8. If A > 0 is small and |log \|? < & < A7L, then

Fr(EN) = fo(&,X) + O(e7Y2\27%),

with € > 0 arbitrary.
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Proof. Let
m(z) = Vi | log x| Xjo<z<1] T X[z>1]-

Then, in view of the asymptotic behavior of H(()+),

|fo(§, N)| S m(EN),
and thus also
Go(&,m; M) S A~ m(EN)m(nA).

We claim that also

(3.24) [f+ (&N S m(EN).

With g(a; A) := f(&,A)/m(EN), we obtain the integral inequality
96X £C+0 [N TIm ol X) dn
for some absolute constant C'. Since by our assumption on &,
(oo} [ee]
LA IRmeN s [N )y S € Y log A+ A S 1

the claim follows from Lemma 2.4l We observed above that (see (B11]))

1Go(&,mA)| S VE|log AI” Xje<nar-1) + \/g [log A| X[p>a—1]-

Thus integrating and taking 1 < £ < A~! into account, we obtain from (B3.24]) that
00 -1
’ /e Go(&m MVi(n) f+(n, ) dn’ S /5 Veén|log A2 57% /i |log Al dn

- £ -3 —1/2y 41—
+/ S [logA|n~2dn < €7 12N27F,
VA

as claimed. O

We can now state our asymptotic expansion of a4 and b4. In what follows, O(-)
terms are complex-valued unless stated to the contrary (which will be denoted by

Or(+))-
Lemma 3.9. With € > 0 arbitrary, small, and fized,

ap(N) = 2Y%coVA(1 +icy log A+ ics) + O(A1 %),

(3.25)
by (\) =27 Y4oei VA + O(A179),

as X — 0+, where ¢y = \/gezz, c1 =2, and c3 is some real constant.

T



DECAY FOR THE WAVE AND SCHRODINGER EVOLUTIONS: PART I 35

Proof. By Corollary B3l we have ay () = f(§ MNuf(§,A) = f1L(§, Nui(§, ). Hence
Lemma 3.8 and Corollary B applied to & = A\~/2 yield

0120, = /N Hy(€N) g€ (log € + 2 +2)
~ ((567VRHOl€N) + VENHG(EVA ) €/ (105€ + ca) + O )

= VX Ho(€N) — \/_ \/_log§—|—62 O(\'9)
= V(1 +icy log(EN) 4 iz — icy log & —icica) + O(A79)
= VA1 +icy log A +ic3) + O(A1 %),

as claimed. Note that c3 = 3 — cico. Similarly,

—0512%b+=\/7§H0(§A)%§—1/2 51/2( V2N Ho(AE) + VEXNH)(EN) )
+O0(\79)

ZCl

- —gf oAt O'™8) = —icy VA + O(A179),
and the lemma follows. O

Using the expressions for a4 and b4 above, we obtain the following.

Corollary 3.10. Let A > 0 be small. Then
(3:26) £+(6, %) = eo/A(E) (1 + i1 log(ME)) +ics + ONF™) + O((€) ™ log(6)) )

for 0 < & < A7, whereas for —\7! < £ <0,
(3.27)

F+(6:3) = co/NE) (1-+icy log(M&) ™) +ies + O 9) + O((e) o)) )
Here ¢y is as above and cy,c5 are real constants.

Proof. This follows by inserting our asymptotic expansions for ai(\), by(X),

uo(&,N), and uq (€, A) into ([B3). O

We also need some information about certain partial derivatives of f; (£, A). This
is provided by

Lemma 3.11. For A > 0 small and [log A]> <& < A~ we have
De f(E,0) = D fo(&, M) + O(€73/2A279),
Onfr(E,N) = Oxfol&,N) + O(E/2A"379),
DS+ (EN) = OB fo(€0) +O(€3/2A727%)
with € > 0 arbitrary.

Proof. This follows by taking derivatives in Lemma 3.8 O
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To be able to carry out the analysis, one also needs to understand the derivative
of the Wronskian. To that end we have
Corollary 3.12. Then, with € > 0 arbitrary but fixed,

o a (\) = %21/%@*1/2(1 +icg + 2icy +icy log \) + O(A79),
(3.28) b, () = %2_1/40001)\—1/2 +O()
as A — 0+.
Proof. In view of the preceding,
aly(N) = W(Orfr,ur) + W(fg,0\ur)
= W(0xfo, u1) + W(fo,0au1) + O(A™%)

(3.29) = O[co/ NEHG(AE)) (%5_1/2(log§ + ) + 5—1/2) 1/4
— Relo/ANEH(AE)]EY 2 (log € + o) - 21/
+ co/AEHG(NE) - Z RN (53/2 log € + (% + C3) 53/2>

1
— co0g [V AEH(A] 5 21N (€72 log € + ¢5€™/%) + O(A 7).
Evaluating at £ = A\~'/2, one obtains that the third and fourth terms in (29) are
O(A27¢), and thus error terms. Thus,
1 1
2_1/4cgla'+(/\) = (5)\_1/2(1 +icy log(AE) + is) + z'cl/\_l/2> <§(02 +logé) + 1>
1
- (Z)\_I/Q(l + iy log(AE) +isx) + icl)\_l/2> (log& 4+ c2) + O(A7F)

1
= 5)\_1/2(1 + icy log(AE) + iz) 4+ ict A7Y2,

which further simplifies to

iCl

A2 (logé + e3) + O )

1
= 5)\_1/2(1 +icy log A + i3 + 2icy — iciea) + O(NTF)

1
= 5)\’1/2(1 +ics + 2icy +icy log A) + O(A79).
Similarly,

1
274 (N) = 2 [ SATY2(1 4 ey log(AE) + ise) 4 ic A2

SNTY2(1 ey log(NE) + i) + i61>\1/2) +0(™)

as claimed. O
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Remark 3.13. Recall that this analysis was carried out assuming that M is conical
on the right. If M is conical on the left, then the same analysis applies. In fact,
if M is symmetric, i.e., r(x) = r(—x), then by Corollary a_(A) = ax(A) and
b_(A) = —=by(A). If it is not symmetric but still conical at both ends, then these
relations still hold for the asymptotic expansions; i.e.,

a_(\) = 2Y%coVA(1 + ey log A + ics) + O(A17%),
b_(A) = —i2~Y4coer VA + O(N79),

as A — 0+, where ¢y, etc. are as in Lemma [3.9 The same of course applies to a’_
and b’_.

We end the perturbative analysis with a description of the oscillatory behavior
of f1(&,A) for A& > 1.

Lemma 3.14. Let my (&, ) := e f, (€, ). Then, provided X\ > 0 is small and
A > 1,

(3.30) Im4 (&) =11 S (A,
oA (6, )] S A2
Proof. From ([B.3) and with mg(&,\) = e A& fo(€, ),

(331)  me(6,N) = mo(6,\) + /5 " Goleum NV ()m (. A) i,

where
- o mo(ENmo(n, A) — e 2 EDAmg (€ Nmo(n, A)

Now, by asymptotic properties of the Hankel functions,
mo(€,A) =1+ 0((EN) ™),
where the O-term behaves like a symbol Inserting this bound into B32) yields
|Go(&m N S
provided 1 > & > A7, Thus, from (331,
Imy(&,2) —mo(& M) S €71

and thus, for all EA > 1,
m(€&A) = 1] S (€N,
as claimed.
Next, one checks that for n > & > A7 1,

|a)\60(§a ; >‘)| S

>3

Thus, for all X¢ > 1,
O (€, 0)] SA261 4 / 9 Gol&, m: \) 3 di + / 02|0xm ()] di
13 3
A2l ale / 02(0nm (m, N dn < AHAE)
3

as claimed. O

Mn fact, mo(€,\) = 1 + Or((€X)™2) +iOR((EN)™1).
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3.2. The Wronksian W ()) for conical ends, d = 1,n = 0. In view of our
asymptotic analysis of a1 and by and an explicit expression for the Wronskian
W(A) in terms of these functions (see Corollary B3), we now derive the following
important fact.

Corollary 3.15. As A — 0+,

2 3
W(A) =2\ (1 +ics + i; log /\> +0(\279),

2 2
W' (\) =2 <1 +ic3 +i— +i—log )\> + O()\%_E)
T
with € > 0 arbitrary.
Proof. Follows immediately from
W) = (a_by — asb_)()
and ([B20), B28). See Remark B.131 O

4. THE OSCILLATORY INTEGRAL ESTIMATES FOR d =1,n =0

We now commence with proving the main oscillatory integral estimate (2I6))
and (ZI7) for small energies. Thus, let x be a smooth cut-off function to small
energies, i.e., x(A) = 1 for small |\| and x vanishes outside a small interval around
zero. In addition, we introduce the smooth cut-off functions x(jexj<1) and x[exj>1)
which form a partition of unity adapted to these intervals.

Lemma 4.1. For allt >0

su Ooeit)\2 X()\,g,fl) m f+(£a>‘)f—(€/a)‘) —1
an ) e B }6”‘5@ ’

. Ooeim XX €, E) m S (&N (€N 1
42) s [ e { WO }‘“‘5@ ’

where x(X; €,€") = X(A)X[ien|<1,je7a]<1]-

Proof. We shall first assume for simplicity that M is symmetric, i.e., r(x) = r(—x).
The general case will be discussed at the end of the proof. We first observe the
following:

. {ﬁ(é, A)f(f’w]

WO
1 [(2E 0006 b 6 ) (.2 = O )]
—2a4b4(A)
1 a / 1 b /
= 5 () ) wa(e o€’ )+ 1m (2500 ) w6 Ay )

Further, by ([B:28]), with € > 0 arbitrary but fixed,

L () = 7 [ Ll i 004
2 by 2V2 1+0(\z7%)
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and by Corollary B.12] the O-term can be formally differentiated, i.e.,

b)) o

1 by V2 1 1
—I _— = — — 2 €
g (a+ ()\)> 7 14 (c3+ c1logA)? +0=(327),

Similarly,

which can again be formally differentiated.
By the estimates of Corollary B provided |EA| + |£'A| < 1,

(€, Ao (€', V)] S V/ENED,
O3l (§, Nuo €', V1| S A (€722 + (€)™ (e)/?)
SAVEE (O + (€)?).

Similarly,

ur (€, Mua (&', M) S V{E)(E) log(2 + (€)) log(2 + (£7)),
|0 [ur (€, Nur (€', V]| S AWAENEN () + (€))%) log(2 + (€)) log(2 + (£7)).

Passing absolute values inside ([@Il) and (£2) shows that these expressions are
dominated by

" [ e enmm () uoe vuote' o] x
4.3

+ /0 N ’X(&E’;/\)(<§><€’>)_1/21m (Z—j(M) ul(ww(é’ﬂﬂ dA,

which is bounded by an absolute constant. To obtain decay in ¢, we integrate by
parts. Integrating by parts in ([@1) yields that it is dominated by

- /OOO OA[x(&, €50 () €))7/ *1m (Z_I“)) (€, Njuo(€', V)] ’ i

+t—1/
0

Using the bounds we derived above, these expressions can be seen to be < ¢!, and
(@) holds. For ([A2) we write e'* = (it)"10xe™* and integrate by parts. This
yields that the left-hand side of (£2) is dominated by the exact same terms as
in [@4) (in fact, with an extra \).

If M is not symmetric, then the asymptotics of the previous section allow for
the following conclusion (in very much the same way as in the symmetric case):

Im er(fv A)f*(glv )‘)
W\

(4.4)
dA.

05 [, €509 1m (220 ) an (€ A )]

a+

= (70 + Or(AT7%))uo(€, N)uo(€', \)

n 1-¢ ’
* (1 + (c3 + c1log A)? +0=(A27%))Jur (& N (¢, A)

+ Or(A27%) (ug (&, Nua (€, A) + ur (€, Nuo (€, V),
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where 79,1 are nonzero real constants (in fact, the same as in the symmetric case).
With this representation in hand, the oscillatory integrals are estimated exactly as
in the symmetric case. O

Next, we consider the case || > 1 and |¢'A] > 1. With the convention that
f+(&,=X) = f+(&,)), we can remove the imaginary part in [Z.I6]) and integrate A
over the whole axis. We shall follow this convention henceforth. To estimate the
oscillatory integrals, we shall repeatedly use the following version of the stationary
phase; see Lemma 2 in [I8] for the proof.

Lemma 4.2. Let ¢(0) = ¢'(0) =0 and 1 < ¢"" < C. Then

wn | [ e {/ Fiprt [ la]g)'dx}’

where § = t~1/2.
Using Lemma, we can prove the following:

Lemma 4.3. With x(X\;€,&) = x(A)X[jex|>1,/¢/A|> 1]

* itA? . / 1/2f+(€a)‘)f (§/7>\) ’ -1
@o s | [ e o) RS

i gt ny—172 S+ (&A= N) ’ -1
an s | [ S @) L
for allt > 0.

Proof. Writing fi (£, \)=e*m_ (£, 0), f_(&,\)=e " m_(&,\) as in Lemma [3.14]
we express ([£6]) in the form

(4.8) ’ / e?MNg () dA‘ <t L

where £ > 0 > ¢ are fixed, ¢(\) :== A2 + %(5 — &), and

—-1/2 er(gv )‘)m*(gla /\)
W) '

a(A) = AX(N)x(er>11ea1>1 ((6)(E)
Let A\g = fgg—fl. We have the bounds

(4.9) )] S (EEN) T XN X[jeai> 1, erA1>1)-
By Corollary B.15] for small ||
1

)\ /
’ <W(>\)> ~ [Al(log [A])?’
and by Lemma BT for |EA] > 1, [€'A] > 1,

[0 (& Nm— (€ NI S AT2ET + 17T,

Hence,

1| < ny—1/2 AT et
(4.10) [’ ()] < ((ENEN) XN Xen>1.1e7A1>1] Togo P 7 €+
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We will need to consider three cases in order to prove ([@8]) via (LX), depending on
where \g falls relative to the support of a.

Case 1. |Ao| S 1, [Ao| 2 16171 + €171
Note that the second inequality here implies that

! !
eIl €I o gyt
t £l¢'| £l¢'|
Furthermore, we remark that ¢ = 0 unless £ > 1 and |¢'| = 1.

Starting with the first integral on the right-hand side of [@3]) we conclude from
([E9) that

[ s s (@) s

From the second integral we obtain from (I0) that

(V)| e [ () dA
/ AN S (€))7 /‘W___T

[ Al(log [A[)?
[A=Xo|>6
NN=1/2( /e —1 n-1y s—1 d\
+ ()T +(€) )0 2
A>ETH[E |7
< S0
(€){¢")
Case 2. |Xo| S 1, [Xo| < (€))7 + (€))7 "
Then |A — Ag| ~ |A| on the support of a, which implies that
/
L < e D8 <y
A — |2 +t71 A2+ ¢
A>ET ||t
and also
la’(A)]
d\
/ A = Ao
|)\—>\0‘>5
d\ d\
< ny—1/2 G -1 /-1
sen™( [ mmemEt ) FEHE)
A>ETIH|E| ASETH|E|

- VEE
S Erfe”

Case 3. || > 1, |\o| Z €71+ ¢/ 7L
In this case, |A — Ag| ~ |Ao| > 1. Thus,

1

|a()\)‘ d\ < (<£><€/>)71/2W g 1

N A2+t
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as well as (see (LI0))
la'(\)) My —1/2y 1 xX(A)
[ s eEn N [ s i

‘A—)\0|>5

e o erlg]
)\ZX[\A|>§7 +&'~ ])\0 (€‘€/|)3/2 ~

and (£8) is proved.
Integrating by parts shows that ([47) is dominated by

A+txE-&H) /(Ia(A)I +la (W) dA S (NN (1 + [t (€ - €)™
which is < t_%, and the lemma is proved. O

Now we turn to the estimate of the oscillatory integral for the case [€A] > 1 and
|€'A] < 1.

Lemma 4.4. Let x(X€,&') = X[ienj>1,jea|<1xX(A). Then

m-1/2 [ i AX (A€ €) ’ -1

s e [ e BESE e e na g

u -1z [0 eiim/\X(A;f,ﬁl) / -1
412wl [T eSS e r @i <o

for all t >0 and similarly with x[jex|<1,]e'x|>1]-

Proof. As before, we write f, (&,\) = e m, (£, )). But because of [¢/\| < 1 we
use the representation

f-(€,0) = a-(Nuo(€',A) + b-(Nua (€', A).
In particular,
[f- (& DI S VIAKE) [Tog A]]-
Moreover, from [B.I8) and ([B.28),
[0S (€, V)] S (€)2IA 712  log |Al],
provided [¢'A] < 1. We apply ([@H) with ¢(\) = A2 + $)\ and

o) = RN ™ N (6 )€ ),

By the preceding,
| )\|1 /2
(&)

(4.13) la(N)] < XN X[1eal>1,1e'0 <1

and

(4.14) @' (V)] AEN ™2 XN xpieai>1 e <1
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Case 1. |Xo| £ 1, |€EXo| = 1.

Note in particular || = 1. Here Ag = —%. By (EI3)),

|a()‘>| d\ < <§>—1/2 V ‘)" d\
[A=Xo2+¢1 T A= A2+ ¢!

N d\ N |1/
< 1/2)\ 1/2 1/2 d\
~ <€> | 0| / |)\ _ )\0|2 +t_1 + <£> |)\|2 +t_1
¢ 1/2
S <§>71/2t1/2 <t> + <£>71/2t1/4 5 1.
Here we used the fact that || = % > 1.
Next, write via (€14
la’(A)] -1 1
(4.15) / dr < (6) / et dA
A—o|>5 |A = Aol Dol >6 |AIZ]A = Aol EA=LIeAl<y

Distinguish the cases 75|A| > [A — Xg| and $5|A] < |X — Xg| in the integral on the
right-hand side. This yields

i X
< (V=172 _aA -1/2 L ANNPWES!
EI3) < (©) /A +(&) /MSAO |/\|1/2\ ol

ol 1A = Ao]3/2

dX\
v [ L
> o] [AIP/2
t

1/4
S<®“”W”Q+@Y“ﬂMF”2§<§) L2 L

Case 2. |Mo| S 1, |EX0] < 1.

In this case, |\ — Ao| ~ |A| on the support of a. Consequently,

la(\)] 1 [T
————fw5@2/ APaa<L
‘/fx-—AoP-+t*1 -1

Moreover,

o’V * ()t
//\ d)\</ d\ S 1.

“xolss A=Al T T S (A ~
Case 3. |Ao| > 1.
In this case, |\ — A\g| ~ |Ao| on supp(a). Since |a(N)| < 1 by @IJ), it follows

e oY)
a
— 2 _aa<1
/|>\—>\0|2+t—1 ~
Similarly, since |a’(\)] < (€|A])~2, it follows that

@' (V)] (AIE) 2
/|)\)\0>5 |)\ — )\0| dA 5 / TX()\) dA 5 1.

This proves ([II)).

To prove ([AI2]), we integrate by parts to obtain the upper bound

(1+ Itiﬁ\)’l/(lao\)\ +la W) AN S (L+[e+€)7e2 St
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and the lemma is proved. The other case x[jex|<1,j¢/x|>1] 18 treated in an analogous
fashion. O

The remaining cases for the small energy part of [ZI6) are £ > & > [A\|~! and
¢ < & < —|A|7!. By symmetry it will suffice to treat the former case. As usual,
we need to consider reflection and transmission coefficients. Therefore we write

(4'16) f*(ga)‘) = a*()‘)er(gv)‘) +67()‘)f+(§a>‘)
Then, with W(A) = W (£ (- \), f— (- \)),

W) = B-(MW ([ (5 A), f(5A) = =2iA8-(A)

and

W(f—('7 >‘)7 f+('7 A)) = a— ()‘)W(f+(7 >‘)7 f+('a /\))
= —2ida_ ().
Thus, when A > 0 is small,
(4.17) B_(N) i<1+i03+i72rlog>\> +O(JA]Z79)
and

@) = s W (o Ao 2) = by (Va - X), @7 Ao, 2) + 5 (V- V)

= o (@45 + AT ()

= “Re(a;B; (V)

= %Re (*i|00|201)\(1 +icy log A +ics) + O()\%*E)>

2
(4.18) =i (— log A + 63> +O(\279).
T
In passing, we remark that 1+ |a_|? = |3_|?. Finally, it follows from Corollary B.12}

that the O-terms can be differentiated once in A; they then become O()\_%_g),
e > 0, arbitrary.

Lemma 4.5. For anyt >0

419 s (€€ [ X e e V€N D S
) s e [ e € a) S

and similarly for supg ¢ and X[jex|>1-

Proof. Using ([&I10]), we reduce ([€I9) to two estimates:

(4.21)  sup
£>¢'>0

in?_inere) XA Xigra>1) , -
[ et XL ¢ (€' Vo ()| 5+

and

2 . ’ )\ )\ ’ S —
/ el e >#Mm+<f, Nm (€ NB-(\) dx‘ St

(422)  sup NG

£>6'>0
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We apply ([@H) to (@21T)) with fixed £ > ¢ > 0 and

B =N+ 2 (6 +8),

aN) = (€N X e (i (€ Am (€.)
Then from (@IT),
(4.23) la(M)] S (E(EN 2 X (N xie a1,

and from our derivative bounds on W, a_, and m4(§, A) (see (B30) for the latter),
we conclude that

(4.24) ' ]S IATEHUENEN) 2N X(er a1 1)-

This bound will suffice for the Schrodinger evolution. For the wave evolution, we
also need an integrable estimate on |a’(\)]. It is

') S IAEEEN ™ xOxigsn (1Tog A2 + 12| 7)),

which one obtains by combining ([@I8]) with our asymptotic bound for ﬁ above.

Case 1. Suppose [Ao| S 1 and [¢'Ag| > 1, where Ag = —52&. Note £ > ¢/ > 1.

/L< [t <y
A=Xo|2+tL N eg ™~

since [€'\g| ~ 575' > 1. As for the derivative term in (LX), we infer from ([@24]) that

Then

N

M_&% dx S ((€)(€))"

[N

(4.25) /A LAY S (EeN)”

/ dX N
L BV,
“xol>s 1A= Aol Aeaol>s AA = Ad] [Ing'[>1]

Again, we need to distinguish between |A — Ao| > 15|Ao| and |A — Ao| < 15[Ao].
Thus, since ££' > ¢,

E25) S ()~

Nl=

°dA s _
[ 5+ (@€ ol 0w (177150

1

t2 5
< - > <
Nl €1Og<t1/2>m]"

since also &2 > t.
Case 2. |Xo| £ 1, || < %

Then |A — Ag| ~ |A| on the support of a(\). Hence,
() i [C B [
d\ < 2 — Sy <1

JE-
1/5/)\2

and

N

/M L oy < (enen)

—Xo|>6 |)‘*)\0| ~
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Case 3. |Xo| > 1, |Ao| 2 6_1’
Then |A — Xg| ~ |Xo| on supp(a). Therefore, |a(A)| < 1 implies that
la(V)|

— = d) <1

A= Qo2+t T
and

|a’l()\>| Ay — L -1 ! d)\ 1 1 ,
dA S ((9)(€)) % ol TS o7 los(€l) S L
/A—)\0>6 A = Aol . IAl ™ Aol (€)
This concludes the proof of (AZI)). @22) is completely analogous, and ([I9)
follows.
As usual, integration by parts proves that (20) is dominated by

(e (TS /(|a(>\)\ +la (V) dA S (EHEN A+t (£,
which is < 3.

Finally, the case of £’ < £ <0, |€A] > 1 follows from the case considered in this
proof by a reflection around & = 0. O

We are done with the contributions of small A to the oscillatory integral ([2.16)
and (ZI7). To conclude the proof of (L) for d = 1 it suffices to prove the following
statement. The wave equation will be treated separately; see Lemma [£.7]

Lemma 4.6. For allt > 0,

(een [

— 00

A= X)) -1
4.26 sup N AL f (€N o€ N dA| St
(420)  sup Y PR
Proof. We observed above (see ([£I6])) that W () = —2iAG_(\). Since |5_(\)| > 1,
this implies that |[W(A)| > 2|\|. In particular, W () # 0 for every A # 0. In order
to prove (E24]), we will need to distinguish the cases £ > 0 > ¢’ € > ¢ > 0, and
0 > & > &' By symmetry, it will suffice to consider the first two.

Case 1. £>0>¢'.

In this case we need to prove that

(4.27)
e (GLOR et N VERCRP T

Apply @3) with ¢(A) = A% + £ and
a(h) = () () + ML= 0R)

W(A)
Hence, with \g = e

2t

er(gv )‘)m*(gla /\)

i
<1 la(A)] / la’ (V)]
E2D) <t —\)\—)\0|2+t*1 dX + |/\_/\O|d)\
IA—Xo|>d

=t"Y(A+B).

If |\o|] < 1, then
A S llallo S 1.
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On the other hand, if [A\g| = 1, then £ + |£’| 2 ¢ so that

1 1 1 t
A t2alle SE2UEN) > Sy a7 S 1
()¢
Here we used the fact that
sup sup [m(£,A)] < 1
€ [AZL
which follows from the fact that
0 1 _ 21N - -
(4.28) M€ N) =1+ /E LV Em, (€ N
with V(€ = O((€)~2). Moreover, from our assumptions on 7(z) we recall that
dé
—V 2 ve>o.
FVO SO vezo

We shall need these bounds to estimate B above. From (28], for £ > 0
m(€A) =1+0M\HE) ™),

as well as for £ > 0

(4.29) mi (&) =0 O, =12,

(4.30) hm(€,2) =027,

(4.31) NIem (6, 0) = O(A"4E) 7).

To verify ([£29]), one checks that

43 dome N = g [ 1O @m €0
" % [1— 2NV (€)0m.4 (€, 1) dé.

By our estimates on V, the 1ntegra1 on the right-hand side of {@32) is O(A~1(£)~2),
and (£29) follows for j = 1. For j = 2 note that

1 [ . . -
6N = gy [ 11OV €
1 [ . . _
tan ) o PNV 0m (€ 2) de
Lo iy (2920 (£ ) dE
+ 20 J, [1—e [V (€)9zm (&, A) de,
which again implies the desired bound. For (£30)) we compute
%0 1 _ Q2i(E=HN - -
o) == [ T V@mi €N dé
I3 (3

L[ e ¢ SR F :
tope . SO0 [(€ - GVOmEN] i€

00 ] _ Ri(E-OX 2\ s
+ /6 — S V(©0ama(E ) dE
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so that
a)\m+(£a /\) = O()‘72<£>71)v

as claimed. Finally, compute

Bame& 0 =y [ ANV @i dé

1

V()M (6,A) + -« /E N PHEONg[(6 — E)Vmy (€, \)] dE

+ 2\

1

2372
1 [ s o

+m/§ ¥ E e[V ()my (§, M) dE

B / O (@)aym, (€, )) .

3

Integrating by parts in the first and third terms, and using the previous bounds,
yields the desired estimate. As a corollary, we obtain (take £ = 0)

W()‘) = W(er(’ )‘)’ f*('a )‘))
=my (57 )‘)[mL (57 )‘) —iAm_ (gv )‘)] —m- (5’ )\)[m; (57 )‘) + i)‘m+ (5’ )‘)}
= —2I\1+O0\ 1)+ 01 =-2iA+0(1)
with derivatives W/(\) = —2i + O(A™1) as |A\| = .

Next, we estimate B. First, we conclude from our bounds on W(\) and m_ (£, A)
as well as m_ (&', \) that

o/ (]S (ENEN) 2 xaz A2

Let us first consider the case where |Ag| 2 1. Then

nN\—1/2 dA
BEUOEN™ [0 T

“dx 1 dA
ny—1/2 i - -
< (6 () {/1 T o2 /?>|A/\0>5 |)\—)\o|}

_t 1
(€)(€") [Aolt!/2

Here we used the fact that w < 1, which follows from |A\g| 2 1. If [Ao| < 1,

then |[A — Ag| ~ |A| on the support of a; thus B < 1 trivially. This finishes the case
E>0>¢.

Case 2. To deal with the case £ > &' > 0, we use ([@I6]). Thus,

S1+ og, (Mot"?) S 1.

f=(€ ) = o (M) f1(€,0) + BN f+ (& V),

where
B_(\) = WD) f-(A) - WY

—2iA -2\
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From our large A asymptotics of W () we deduce that
(4.33) B_(A)=1+0(\"", B.(AN)=00\?).

For a_ () we calculate, again at £ = 0,

WAL= (o A), f+ (o A) =mo(§N) (4 (€ N) — 2T (€, N))

— 4 (& A) (ML (&, A) — 2idm_ (€, N))
=m_(§Nm (& A) —m (& N)m (€,
=0\,

so that
(4.34) a_(A) =02, o (N)=00\3).

Thus, we are left with proving the two bounds

s - QItA? GEA(E+E) A= X(/\))a m4(§,N)m (8, N) 1

s) s | [ vy YT e s
s > QItA? GiA(E—E") A1 —x(N\) my (& N)my (§,N) 1

w0 [ woy - s

for any ¢t > 0. This, however, follows by means of the exact same arguments which
we use to prove ([@27)). Note that in (£35]) the critical point of the phase is
g+¢

Ay =
0 2ta

whereas in [@30) it is Ao = —55—5,. In either case it follows from |Ag| 2 1 that £ 2 ¢.
Hence we can indeed argue as in Case 1. This finishes the proof of the lemma and
thus also of Theorem O

Now for the wave case. We will tacitly use some elements of the previous proof.

Lemma 4.7. For allt > 0,

¢ Lo _
[ ween [T e 00 g e e o) a

s sed [(e©]+ 1ol &
with a constant that does not depend on &.

Proof. In order to prove ([31), we will need to distinguish the cases &€ > 0 > ¢/,
£€>¢ >0,and 0 > £ > &, By symmetry, it will suffice to consider the first two.

Case 1. £ >0>¢'.

Integrating by parts yields

(e [encrne 2B (e nm (¢ 3

SUENENEt £ (E—€)T St e,
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provided |t £ (£ — &')| > 1. If this fails, then we need to integrate by parts in £ to
remove one factor of A: since Ae™ %' = idg e~ it follows that

¢ . . ) , _
[ @ty fenere 20D € amo €3 drofe) de

=i [ B € Nm (e drole)

3 . ) N )
- Z/ e /em(mgi& )Wm(ﬁ, N [(€)72m_ (&', ) ¢(&)] dAdg'.

Denote the two expressions after the equality sign by A and B, respectively. First,
exploiting the cancellation due to W(—X) = =W (A) + O(1) as A — oo, we see that

sup
£>0>¢

/e”’\%er(&)\)m(f,)\) d\| < 1.

Furthermore, since |a>\{(1v_v>8\()>\) m (&, \)m_(& N} < xqaz1 Al 77, integrating by

parts in A shows that the left-hand side is in fact < ¢~!. Hence,

A @) suplol < (07 (€] + lole) e
Second, by the same cancellation,
B3 /(<§><£'>)7%(1 £ (€= ()] + [o(€N)]) e’
St [18(€)1+ o) e

which gives the desired bound as usual.
Case 2. £ >¢& > 0.

In analogy with (@35]) and ([@38]) we need to consider

. > eit)\ei)\(ngg’))‘(l *X(A))a A\ m (§, \)m4 (8, A) )\

as) [ Wy e
> A GIAE—E) Al =x(\) m (§; AN)m (8, N)

(4.39) [ ) oA e

The integral in {38) is < (t)~2 uniformly in &, £’ due to the decay of or_; see ([E34).
On the other hand, the integral in (#39) is not a bounded function in &, ¢’ due to
the lack of decay in A; see (£33). Thus, we again need to redeem one power of A
via a &’ differentiation; see above. (I
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