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NONAUTONOMOUS KOLMOGOROV PARABOLIC EQUATIONS
WITH UNBOUNDED COEFFICIENTS

MARKUS KUNZE, LUCA LORENZI, AND ALESSANDRA LUNARDI

ABSTRACT. We study a class of elliptic operators A with unbounded coeffi-
cients defined in I x R? for some unbounded interval I C R. We prove that,
for any s € I, the Cauchy problem u(s,) = f € Cy(R%) for the parabolic
equation Diu = Au admits a unique bounded classical solution u. This allows
to associate an evolution family {G(¢,s)} with A, in a natural way. We study
the main properties of this evolution family and prove gradient estimates for
the function G(t, s)f. Under suitable assumptions, we show that there exists
an evolution system of measures for {G(t, s)} and we study the first properties
of the extension of G(t,s) to the LP-spaces with respect to such measures.

1. INTRODUCTION AND SUMMARY

Parabolic partial differential equations with unbounded coefficients occur natu-
rally in the study of stochastic processes. Let us consider the stochastic differential
equation

dX; = ,u(t,Xt)dt + O'(t, Xt)th, t> s,

(1.1) X - 1

Here, W; is a standard d-dimensional Brownian motion and u (resp. o) is a regular
R? (resp. R¥*9) valued coefficient. If (LI)) has a solution X; = X(t,s,z) for all
z € R%, it follows from Ito’s formula that, for ¢ € CZ(R?) and ¢ € R, the function

u(s, ) = E(p(X (1, ,2)))

solves the partial differential equation
(1.2)
us(s,z) = —3Tr((o(s,x)0*(s,2))D2u(s,z)) — (u(s, ), Vou(s,x)), s<t,

xr
u(t,z) = o(z).
This shows how probability theory may be used to obtain information about the
solutions of second order evolution PDE’s. In the case of Lipschitz continuous

coefficients, there are many results stating conditions on p and o such that (L)) is
well posed. See, e.g., [12], 13} [14].
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It is also possible to take (I2)) as a starting point and work in a purely analytic
manner. This has been done in several papers in the autonomous case (see, e.g.,
the book [3] and its bibliography). To the best of our knowledge, in the literature
there is no systematic treatment of the nonautonomous case except in the particular
case when the elliptic operator in (I2)) is the nonautonomous Ornstein-Uhlenbeck
operator (see [0} [10, [11]).

In this paper we set the basis for the general theory of nonautonomous operators.
More precisely, we consider the equation

13 w(t,r) = Atyu(t,z), (t,x)€ (s,+00) x RY,
. u(s,z) = f(x), z € R
The operators A(t) appearing in (L3 are defined on smooth functions ¢ by

d d
(AM)e)() = Y aij(t.2)Dije(a) + Y bi(t,2) Dig(x)
ij=1 i=1

= Tr (Q(t,x)D2<p(x)) + (b(t,z), Vip(x)).
The time index ¢ varies over an interval I which is either R or a right halfline.
Note that the equation in (I3) is forward in time in contrast to equation (IL2]).
However, reverting time, solutions of (L3]) are transformed into solutions of (L2
and vice versa. Our standing hypotheses on the data b = (b;) and @ = (g;;) are
the following:

Hypothesis 1.1.

(1) The coefficients q;; and b; belong to C’Eéa(l x RY) for any i, =1,...,d
and some a € (0,1);

(i) Q is uniformly elliptic, i.e., for every (t,z) € I x R, the matriz Q(t,x) is
symmetric and there exists a function n: I x R — R such that 0 < 19 :=
inf; gam and

(Q(t,2)&,€) > n(t, )€, EE€RY, (t,x) €I xRY:
(iii) for every bounded interval J C I there exist a function ¢ = ¢; € C*(R?)
and a positive number A = \j such that
lim ¢(x) =400 and (A(t)p)(x)— Ap(z) <0, (t,z) € J x RY.
|z| =400

Conditions (i) and (ii) are standard regularity and ellipticity assumptions in
parabolic PDE’s. It is well known that assuming only (i) and (ii), problem (3]
may admit several bounded solutions also in the autonomous case. Condition (iii)
is mainly used to ensure uniqueness of the bounded classical solution u of (IL3) (i.e.,
uniqueness of a function u € CH2((s,+00) x RY) N Cy([s, T] x RY) for any T > s
that satisfies (I3))).

In Section Zlwe will be concerned with wellposedness of (IL3) in the space Cj,(R9).
In the autonomous case the solutions to (3] are governed by a semigroup {T'(¢)}
which is the transition semigroup of the Markov process obtained in (LI)). In the
nonautonomous setting the semigroup is replaced by an evolution family {G(t, s)}.
We will establish several properties of this family in Section 3. Note that, while
regularity of (G(¢,s)p)(x) with respect to (¢,z) is a classical item in the theory of
PDE’s, regularity with respect to s is less standard. It is treated in the literature
in the case of bounded coefficients because of its importance in several applications
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such as control theory. In our case, to get continuity with respect to s we have to
sharpen Hypothesis [LT[iii), assuming that A(t)¢ is upperly bounded in J x R? for
any bounded interval J C I. The stochastic approach to continuity with respect to
s is related to the martingale problem and may be found in [I§]; see in particular
Corollary 11.1.5 and Theorem 10.2.1.

In Section dl we will study smoothing properties of G(t, s), proving several esti-
mates on the spatial derivatives of G(t,s)p for ¢ € Cy(R%). We will consider the
following additional hypothesis:

Hypothesis 1.2.
(i) The data q;; and b; (i,j =1,...,d) and their first-order spatial derivatives
belong to C2" (I x RY);

loc
(ii) there exists a continuous function k : I — R such that

(Vab(t, 2)€,€) < k(t)|€]*, EER?, (t,x) eI xRY
(iii) there exists a continuous function p : I — [0,+00) such that, for every
i,5,k € {1,...,d}, we have
1Drgis(t, x)| < p(t)n(t, x), (t,x) € I x R
Under this hypothesis we will prove uniform spatial gradient estimates for the
function G(¢,s)f when f € CF(R?), k = 0,1, by means of the classical Bernstein
method (see [2]). We will also prove more refined pointwise gradient estimates
under either one of the following more restrictive conditions:
Hypothesis 1.3.
(i) There ewist a function r : I x R* — R and a constant py € (1,+00) such

that
(Vab(t, 2)E, &) < r(t,z)|)?, ¢eRY, (t,x) e I xRY,
and , ,
a*(p(t))*n(t, x) )
su rit,z) + —————5 | <+o0;
(t,a:)GPde < (t.) 4min{py — 1,1}

(ii) Hypothesis [L2(ii) holds true with the function k being replaced by a real
constant ko. Moreover, there exists a positive constant pg such that, for
every i,j,k =1,...,d, we have

Draij(t,0)| < pon(t, @), (o) € I xR
Then, we get pointwise estimates
(1.4) (VG(t, ) f)(@)P < e (Gt )|V FIP) (@), t>s, zeRY,

for every p > po and some real constant o,. In the autonomous case (see [3])
these estimates are interesting not only in themselves, but also for the study of the
behavior of the semigroup {T'(¢)} in LP-spaces with respect to invariant measures.
An invariant measure corresponds to a stationary distribution of the Markov process
with transition semigroup {7'(t)}. In the analytical setting, an invariant measure
for a Markov semigroup {7T'(¢)} is a Borel probability measure such that

/ (T(t)) () pldy) = / F(o) uldy), >0, f € Cy(RA.
]Rd ]Rd
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The interest in invariant measures is due to the following:

(i) the invariant measure arises naturally in the asymptotic behaviour of the
semigroup. If p is the (necessarily unique) invariant measure of {7T'(¢)},
then

TONE) > [ fa)utdy) as -+

for any f € Cy(R?) and any = € R%;
(ii) the realizations of elliptic and parabolic operators in LP-spaces with respect
to invariant measures are dissipative.

In our nonautonomous case we cannot hope to find a single invariant measure.
Instead, we look for systems of invariant measures (see, e.g., [5] [7]) that are families
of Borel probability measures {y; : t € I} such that

/ (Gt 5)F)(9) je(dy) = / F) paldy), t>s €1, feCy(RY.
R4 R4

In Section B we will prove the existence of a system of invariant measures for our
problem (3] replacing Hypothesis [LI)iii) with the following stronger condition:

Hypothesis 1.4. There erxist a nonnegative function p € C?(R?), diverging to
+00 as |z| — 400, and constants a,c > 0 and to € I such that

(A(t)p)(z) < a—cp(x), t>ty, xecRL

In contrast to the autonomous case, systems of invariant measures are, in gen-
eral, not unique. However, using a pointwise gradient estimate we will prove that
uniqueness holds in the class of invariant measures {y; : ¢ € I} that admit finite
moments of some order p > 0, which may blow up as ¢t — +oco with a certain
exponential rate. By definition, {y; : t € I'} admits finite moments of order p if, for
any t €1,

p1(p) = /Rd 2P (d) < +o0.

Still using a uniform gradient estimate, we show that, also in the nonautonomous
case, the asymptotic behaviour is determined by “the” system of invariant measures,
in the sense that, for any 2 € R%, s € I, and f € Cy(R?),

Jim (G(t,s)f)(x) = y F(y)us(dy),
and the convergence is uniform in each compact set in R,

Concerning point (ii), we note that, since we have to deal with a family of prob-
ability measures pi;, we will also have a family of Lebesgue spaces LP(u;) that are
not mutually equivalent in general. This prevents us from extending the opera-
tors G(t, s) to a single LP-space, because G(t, s) does not map LP(us) into itself in
general, but it maps LP(u,) into LP (). However, it is possible to define an evolu-
tion semigroup associated with G(t, s) on a single LP-space of functions defined in
I xR, This was already done in [6} 10, [T1] in the special case of Ornstein-Uhlenbeck
operators.

The evolution semigroup associated with an evolution family {G(t, s)} is known
to be a useful tool in determining several qualitative properties of the evolution
family. See, e.g., the book [4] and the references therein. In the case of time-
dependent Ornstein-Uhlenbeck operators, the use of the evolution semigroup was
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essential in establishing optimal regularity results for evolution equations and also
in getting precise asymptotic behavior estimates for G(t, s); see [10, [IT]. However,
the general theory of evolution semigroups is well established only for evolution
families acting on a fixed Banach space X, which is not our case. Therefore, the
study of the asymptotic behavior of G(¢, s)¢ for ¢ € LP(us) through the evolution
semigroup is deferred to a future paper. Here, we just describe the first properties
of the evolution semigroup in Section

In the last section we consider a simple example and see how our conditions may
be verified in this setting.

Notation. We denote, respectively, by By(R?) and C,(R?) the set of all bounded and
Borel measurable functions f : R — R and its subset of all continuous functions.
We endow both spaces with the sup-norm || - || -

For any k € R, (possibly k = +00) we denote by CF(R?) the set of all functions
f : RY — R that are continuously differentiable in R, up to [k]-th order, with
bounded derivatives and such that the [k]-th order derivatives are (k — [k])-Holder
continuous in R%. We norm Cf(R?) by setting [fllcr@ay = 2 ja<pm 1P flloo +
2 lal=[k] [Do‘f]C:_[k](]Rd). C*(R?) (k € [0,+0c]) denotes the subset of CF(R?) of

all compactly supported functions and Cy(R?) denotes the set of all continuous
functions vanishing at infinity.
If f is smooth enough we set D; f = %,
J

d d
V@) =) IDif (@)%, ID*f(@)]* = ) |Dij ()]
i=1

ij=1
and
IV, = sup [Vf(z)P, ID*f2, = sup |D?f(x)[>.
R4 zERd

Suppose that f depends on both time and spatial variables. If there is danger
of confusion, we denote by V,f and D2 f the gradient and the Hessian matrix of
the function f(t,-). When f is a vector valued function, V. f denotes the Jacobian
matrix of f(¢,-).

Let D C R%! be a domain or the closure of a domain. By Cita/2’2k+a(D)
(k = 0,1, « € (0,1)) we denote the set of all functions f : D — R such that
the time derivatives up to the k-th order and the spatial derivatives up to the
2k-th order are Holder continuous with exponent «, with respect to the parabolic
distance, in any compact set Do C D.

For any r > 0 we denote by B, C R? the open ball centered at 0 with radius .

Given a measurable set E, we denote by 1z the characteristic function of F, i.e.,
lg(z) =1if z € F and 1g(z) = 0 otherwise.

Finally, we use the notation u; for the (unique) bounded classical solution to

problem ([L3]).

2. SOLUTIONS IN Cp(R?)

In this section we want to solve our parabolic problem (3] with data s € I and
f € Cy(RY). By a solution of (L3) we mean a bounded classical solution, i.e., a
function u € Cy([s, +00) x RY) N CL2((s, +00) x RY) such that (L3) is satisfied. In
the whole section we assume that Hypothesis [[.1]is fulfilled.
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We already mentioned that Hypothesis[[T[iii) ensures uniqueness of the solution
to (L3). In fact, it implies a maximum principle that we state as our first

Theorem 2.1. Let s € [ and T > s. If u € Cy([s,T] x RY) N CH2((s,T] x RY)
satisfies
u(t,x) — At)u(t,z) < 0, (t,x) € (s,T] x R4,
{ u(s,z) < 0, xr € R?,
then u < 0.

Proof. The proof can be obtained as the proof of [3, Theorem 4.1.5]. (]

Now, let us prove that problem (3] admits a unique bounded classical solution
for any f € Cp(R%).

Theorem 2.2. For every s € I and every f € Cy(R?), there exists a unique solution
u of problem ([L3)). Furthermore,

(2.1) [u(t, oo < [ flloo t>s.

Proof. Uniqueness follows by applying Theorem 21l to © — v and to v — u, if u
and v are two solutions. Estimate (ZI) follows by applying the same theorem to

Fu — [ flloo-
The existence part can be obtained in a classical way, solving Cauchy-Dirichlet

problems in the balls B,, and then letting n — +o0. See, e.g., [8 Proposition 2.2],
[T, Theorem 4.2], [, Theorems 2.2.1, 11.2.1]. Since there are some technicalities,
for the reader’s convenience we go into detail. We split the proof in three steps.

Step 1. Here, we assume that f belongs to C2+®(R?). Denote by ng the smallest
integer such that supp(f) is contained in the ball B,,,. For any n > ng, we consider
the Cauchy-Dirichlet problem

w(t, ) = A{t)u(t,z), te (s,+00), x € By,
(2.2) u(t,x) = 0, te(s,+), x€ By,

u(s,z) = f(x), T € By,
in the ball B,,. By classical results (see, e.g., [9] or [15]) and Hypotheses [.TI(i)-(ii),
for any n > ng, the problem (Z:2]) admits a unique solution

([s, +00) x By).

Moreover, the classical Schauder estimates imply that, for any m € N, with m > ny,
there exists a constant C' = C'(m) independent of n, such that

142 24a
Up € C).,. 2

(2:3) ltnllgoeg 2+ ) < Cllflzagea,

for any n > m, where D,, = (s,m) x B,,. By the Arzela-Ascoli theorem, there

exists a subsequence (u™) of u, which converges in C%?(D,,) to some function

u™ € C15:2e(D,). Of course, u™ satisfies the differential equation D;u™ =
A()u™ in D,,, and it equals f on {s} x B,,. Without loss of generality, we can

assume that v is a subsequence of u". Note that, in this case, u™!|p = u™.

Hence, we can define a function u by putting u|p,, = u™. A standard procedure
Ol+a/272+a

loc

shows that u belongs to ([, +00) x R?) and is the classical solution to

problem ([L3]).
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Note that the sequence u,, itself converges to u as n tends to +oo, locally uni-
formly in [s,+o0) x R?. Indeed, the above arguments show that any convergent
subsequence of (u,) should converge to a classical solution of (L3).

Step 2. Assume now that f € Co(R?). Then, there exists a sequence (f,) C
C?+2(R?) converging to f uniformly in R? as n tends to +oo. Estimate (2.1)) yields

g, — s, llcy (s, 400)xrt) < I fn = fmlley, ®ays m,n € N.

Therefore, there exists a bounded and continuous function u such that uy, converges
to u, uniformly in [s, +00) x RY. Moreover, applying the interior Schauder estimates
to the sequence (uy, ), we deduce that uy, converges in Cllo’cz((s, +00) x R?) to u.
Hence, u is the bounded classical solution of problem (L3).

Step 3. Now, fix f € Cp(R%) and consider a bounded sequence (f,) € C2T%(R%)
converging to f locally uniformly in R% as n tends to +00. The same arguments
as in Step 2 show that, up to a subsequence, uy, converges, in Cﬁ.’f((s, +00) xR9),
to some function u € 01104(204/2,2+a((8’ +00) x RY), as n tends to +oo. In particular,
u solves the differential equation in ([[L3). To prove that w is, actually, a classical
solution of the problem (L3)), we fix a compact set K C R? and a smooth and
compactly supported function ¢ such that 0 < ¢ <1 and ¢ = 1 in K. Further,
we split uy, = u,f, +U—y)s,, for any n € N. Since the function ¢ f is compactly
supported in R?, it follows from Step 2 that Uyf, converges to u,s uniformly in
[s,+00) x R,
Let us now consider the sequence (u(1_y)s,). Fix m € N. We claim that

24)  luepp) (B0 < 0 —upta)M,  (h) € (s,+00) x B,
where M = sup,,cy || fnllco- Indeed, as a straightforward computation shows,
(1= up)M = ua—p)u-
Therefore, the function w := wu(;_y)f, —M (1 —u,,) satisfies w; = Aw and, moreover,
w(s, ) =1 =@)fm =M1 —¢) = (1—=¢)(fmn — M) <0.

The maximum principle of Theorem 2. Jlimmediately implies that w is nonpositive in
[s, +00) x R? or, equivalently, U(1—g)f,, < (I—u,)M. To prove the other inequality
in (2.4), it suffices to observe that (—u_y)f,.) = (U_(1-4)s,,) and repeat the above
arguments with f,, replaced by — f,.

Now, since uy, converges pointwise to u, for any (t,x) € (s, +00) x R? we have

jult,2) = F(@)| = T _fug, (6,2) — f@), (t,2) € (5,+00) x BY,
and, for each n € N, we have

g, (t,2) = f(@)] < Jugy, (t2) = f(@)] + [ua—p)r, (E2)|
<

Upf, (t,x) — f(x)] + (1 — up(t,z))M.
The right-hand side of ([2.H) converges to 0 uniformly in K as ¢ tends to s*. Hence,

u can be continuously extended up to ¢t = s, setting u(s,-) = f. This completes the
proof. O

|
(2.5) |

Remark 2.3. Let us observe that the choice of approximating problem ([I3]) by
Cauchy-Dirichlet problems in the ball B,, is not essential. Indeed, repeating step
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by step the proof of Theorem [Z2] we can see that problem (L3) can also be ap-
proximated by the Cauchy-Neumann problems

u(t,x) = A(t)u(t,z), (t,x) € (s,+00) X By,

(2.6) %u(t,x) =0, (t,z) € (s,400) X B,

u(s,z) = f(x), x € By.
We will use this approach in Section Ml to prove estimates for the space derivatives
of G(t,s)f.
Now we define the evolution family associated with our problem (3]). Let
A={(t,s) eI xI:t>s}
We put G(t,t) := idc, (ray, and for t > s we define the operator G(t, s) by setting
(G(t,s)f)(z) :==us(t, x), z € RY,

where u; is the unique solution of problem (I3). We call the family {G(¢,s) :
(t,s) € A} the evolution family associated with the problem (L3)).

It is immediate from Theorem that, for (t,s) € A, the operator G(t,s) is a
positive contraction on Cy(R?). From the uniqueness assertion in Theorem 2], the
law of evolution

(2.7) G(t,s)G(s,r) = G(t, 1),

for r < s < t, easily follows.

The connection with Markov processes suggests that every operator G(t,s)
should be associated with a transition kernel. Recall that a transition kernel p
is a mapping from R? x B(R?) such that p(z,-) is a subprobability measure for
fixed z and such that p(-, A) is measurable for fixed A € B(R?). The following
proposition states that this is indeed the case. In fact, the transition kernels p; g
form the nonautonomous equivalent of a conservative, stochastically continuous
transition function; cf. [7, Sections 2.1 and 2.8].

Proposition 2.4. For every (t,5) € A and every x € R? there erists a unique
probability measure py s(x,-) such that

2. (G = [ Tl

for each Cy(RY). Furthermore, the following properties hold:

(i) for everyt € I, pi(x,-) is the Dirac measure concentrated at x;
(i) fort > s the measure ps(x,-) is equivalent to the Lebesgue measure, i.e.,
they have the same sets of zero measure;
(iii) for fized A € B(RY) and (t,s) € A the map x — py s(z, A) is Borel measur-
able;
(iv) for every open set U C R containing x we have

Jim pes(2,U) =15
(v) for everyt>s>r,x € R and A € B(R?) we have

per(w, A) = /dps,T(y,A) Dt,s(x, dy).
R
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Proof. Let us define
pt,s('r) A) = / g(tv S, T, y) dy7
A

for any (Lebesgue) measurable set A C R? and any ¢ > s, where g is the Green func-
tion of problem (3] which can be obtained as the pointwise limit of the increasing
(with respect to n) sequence of Green functions g, associated with problem (22)).
For the existence of these latter kernels, see, e.g., [9, Theorem 3.16]. The function
g is measurable in its entries, and it is positive since the g,’s are.

Notice that, since G(¢,s)1 = 1 by uniqueness, we have

pala B = [ ) praedy) = (Gt D) = 1,
i.e., prs(z,-) is a probability measure. Now formula (Z8) and properties (i) and
(ii) immediately follow.

To prove (iii), let A € B(R?). Then, there exists a bounded sequence (f,) C
Cy(R?) converging almost everywhere to 1 4. Hence, by the dominated convergence
theorem,

potend) = [ La) sy

— lim In(y) pe,s(, dy)
Rd

n—-+4oo

HEI}_lOO(G(tv s)fn)($>7

for any (s,t) € A and any € R?, and this implies that the function (¢,s,z)
pt,s(x, A) is measurable.

Property (iv) follows from the continuity of the map G(-,s)f on {s} x R, by
virtue of [7, Lemma 2.2].

Finally, (v) is an immediate consequence of 2.7)). O

Corollary 2.5. The evolution family {G(t,s)} is irreducible, i.e., (G(t, s)1y)(z) >
0 for any open set U C R%, any (t,s) € A and any x € RY. More generally,
(G(t,8)14)(xz) > 0 for each Borel set A C R* with positive Lebesque measure, and
for any (t,s) € A and any = € RY.

Proof. The statement follows from the inequality ¢(¢,s,z,y) > 0 ((¢,s) € A, = €
R?) which holds since the Green function g is the pointwise limit of the increasing
sequence of Green functions g, associated with problem ([22)). O

Remark 2.6. The representation ([2.8]) implies that we can extend our evolution fam-
ily G(t, s) to the space By(R?) of bounded, measurable functions. More generally,
in the sequel we set

N = [ F@aady.  aeR,

also for unbounded functions f : RY — R, provided that f € L'(RY, p; (z,)).
Formula (Z8) also implies that the adjoints G*(t, s) leave the space of signed
measures invariant.
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3. CONTINUITY PROPERTIES OF THE EVOLUTION FAMILY {G(t,s)}

In this section we prove some useful continuity properties of the function G(t, s) f
when f € Cy(R%). To begin with, let us prove the following proposition.

Proposition 3.1. Let (f,) C Cy(R?) be a sequence such that || fulleo < M for each
n € N. Then:

(i) if fn converges pointwise to f, then G(-, s) f,, converges to G(-, s) f uniformly
in [s+¢e,T] x K for each T > s+¢ > s and each compact set K C R%;

(ii) if fn converges uniformly to f in each compact set K C R, then G(-,s)fn
converges to G(-,s)f uniformly in [s,T] x K, for each T > s and each
compact set K C R%.

Proof. (i). By the representation formula ([Z8) and the dominated convergence
theorem, we obtain that G(-, s)f,, converges to G(-,s)f pointwise in [s, +00) x RY,
as n tends to +o0o0. However, the classical interior Schauder estimates yield

IG (. 8) fallortarzora(srerix i) < Cllfalls < CM, n €N,

for any € > 0, any compact set K C R% and some positive constant C' = C(e, K).
The Arzela-Ascoli theorem implies that G(-,s)f, converges to G(-,s)f in
CH*([s+¢,T) x K).

(ii). The proof follows by adapting the arguments used in the proof of Theorem
Let K be a compact set and let ¢ € C2T%(R%) be such that ¢ =1 in K. Split
uf, = Upf, + U1—y)s,- By Step 2 in the proof of Theorem 2.2 u,y, converges to
uyf uniformly in [s, +00) x R%.

To complete the proof, it suffices to show that w_.)s, converges to u_.)f
uniformly in [s,7] x K as n tends to +oo for any 7" > s. The arguments in
Step 2 of the proof of Theorem show that, up to a subsequence, u1_y)s,
converges in C12([s +¢,T] x B,), for any ¢ > 0 and any r > 0, to a function

e C1+a/2,2+a((57 +00) x R%). Moreover, letting m go to +oco in (Z4) gives

loc
(3.1) w(t,2)] < (1 - up(t,2)M,  (t,2) € (5,+00) x RY.

Since u,, is continuous at {s} x R? and ¢ = 1 in K, from (BI) we deduce that
v(t, x) converges to 0 as t — s, uniformly with respect to x € K.

Let us now fix € > 0 and let § be sufficiently small such that |ug_yy, |+ [v] <
e/2 in [s,s + 8] x K for any n € N. Moreover, we fix n large enough such that
[u(i—pyg, —v| <€/2in [s+9,T] x K. For such n and ¢ we get

lwi-g)f, — ’UHC([s,T]xK) < ||u(1—gp)f"HC([373+6]><K) + ||UHC([s,s+6]><K)
Hlua—p) . = vlles+omxK)
< e.

Summing up, the sequence uy, = uyf, + U1y, converges, as n tends to +oo,
to the function u = s + v which belongs to CLt/*?T*((s, +00) x R?), and the

loc
convergence is uniform in [s,T] x K. Since K is arbitrary, us, converges locally
uniformly to u in [s, +00) x R<, so that u is continuous up to t = s where it equals
f- Moreover, since uy, converges to u in C*?([s+e¢,T] x Bg) for any ¢ € (0,7 — s)
and any R > 0, then Dyu — Au = 0 for t > s. Thus, u is a bounded classical

solution of (L3) and, by Theorem 2.1} u = uy. This completes the proof. O
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Since evolution families depend on two parameters ¢ and s, it is natural to also
investigate the smoothness of the function G(¢,-)f. In the following lemma we
prove a very useful generalization of the well known formula that holds in the case
of bounded coefficients. This lemma will play a fundamental role in the proof of
the existence of evolution systems of invariant measures in Section

Lemma 3.2. Let f € Cf(Rd) be constant outside a compact set K. Then, for any
r € R? and any sy < 51 < t, the function r = (G(t,r)A(r)f)(z) is integrable in
(so,$1), and we have

(32  (G(ts))@) — (G(ts0) f)(x) = — / (G AW ) () dr

So
In particular, the function (G(t,-)f)(x) is continuously differentiable in Iy := I N
(—o0,t] and
d
45 Gt 8)f) (@) = —(G(2, 5)A(s) f)(2), s € 1.
Finally for any g € Co(R?) the function G(t,-)g is continuous in I; with values in
Cp(RY).

(3.3)

Proof. By assumption, we can write f = g + ¢ - 1l for some g € C?(R%) and some
¢ € R. However, G(t,s)1 = 1, whence the assertion is trivially satisfied by any
constant function. Thus, it remains to prove it when f € C?(R%). Choose ng such
that supp(f) C By, , and denote by {G,(t, s)} the evolution family associated with
problem (22 for n > ng (cf. [II Theorem 6.3]). By [I, Theorem 2.3(ix)], we can
write ([B3) with G replaced by G,,. Integrating such an equality with respect to
s and recalling that, by Step 1 in the proof of Theorem 2.2 for any (¢,r) € A,
G (t,7)f converges to G(t,r)f pointwise in R? as n tends to +oo, we obtain

(Glt,50))(@) = (Glt,50)f)(@) = Tim (Galt,s1)/)(x) = (Gult, 50) 1))

= — nEEI_lOO (Gn(ta T‘)A(”’)f) (LU) d’l’

s1
(3.4) - - [ G An e dr

S0
where the last equality follows by dominated convergence.

Now, observe that ([3.4) implies that the function G(¢,-)f is continuous in I,
with values in Cy(R?), for any f € C2?(R%). Since C?(RY) is dense in Cp(R?),
G(t,-)g is continuous in I; for any f € Co(R?).

To prove that the function G(t,-)f is differentiable, it is enough to show that
the function G(t,-).A(-)f is continuous in I;. Indeed, for any r,rq € I,

[G(t,r)A(r)f — G(t,r0)A(ro) fll
= |G, 7)(A(r)f = A(ro) f)lleo + (G(E,7) = G(t,70))A(r0) flloo
< A f = Alro) flloo + (G (t,7) = G(t,70)) A(ro) [l
and the last side of the previous chain of inequalities goes to 0 as r — rg, since

A(ro)f € C.(R?). Now, ([B4) implies that the function G(t,-)f is differentiable in
I;, and ([33) follows. This completes the proof. O

To prove that (t,s,z) — (G(t,s)f)(z) is continuous in A x R? for any function
f € Cp(R?), we need an intermediate assumption between Hypothesis [LT[(iii) and
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Hypothesis [[L4l More precisely, in the rest of this section we assume that the
following hypothesis is satisfied.

Hypothesis 3.3. For every bounded interval J C I there exist a function ¢ =
@7 € C%(R?) diverging to +oc as || tends to +0o and a positive constant My such
that

(At)p)(x) <My,  ted, zeR%

Hypothesis B3] allows us to define G(t, s) on a larger class than B,(R?). Namely,
we show that the right-hand side of (Z.8]) makes sense for f = ¢, where ¢ is any
function satisfying Hypothesis 3.3l

Let us begin with the following fundamental lemma. If J C I is any interval, we
set

Ay ={(t,s) e I x J:s <t}

Lemma 3.4. Assume that Hypotheses [LI(i)-(ii) and B3 are satisfied. Fiz a
bounded interval J C I and let ¢ = @ be as in Hypothesis[B.3l Then, the function
(t,s,x) = (G(t,s)p)(x) is well defined and bounded in Ay x B,, for every o > 0.

Proof. We may assume (possibly adding a constant) that ¢(x) > 0 for each z € R?.
For every n € N choose a function v, € C*°([0, +00)) such that

(i) Yn(t) =t for t € [0, n],
(ii) ¥, (t) = const. for t > n + 1,
(iii) 0 </, <1 and ¢! <O0.

Then, the function ¢, := v, o ¢ belongs to CZ(R%), and it is constant outside a
compact set. By Lemma [3:2] we have

on(@) = on(x) — (G, 5)pn)(z)

= / /Rd Y) per (2, dy) dr

/ / (04 () (AR W) + 1 () QU 5) Vo), Vo)) prr (s dy) dr

85 > - [ [ A0 mte i i

for any (t,s) € A and any = € R?. We claim that for each s, t € Js < t, letting
n — +oo in (35) we obtain

- / / (A)0) () per(e, dy) dr = — / (G(t, ) A(r))() dr,
s JRd s

so that, in particular, the above integral is finite (see Hypothesis B3]).
It is clear that lim,,_,« ©n(7) = @(x) for each = € RY. We split the integral in
the right-hand side of (8.3]) into the sum

/ » V(@) (A ) (Y) pe.r (2, dy) dr
=~ [ [ v 00— (AR} sl
(3.6) +MJ/ /Rd Uy, (@) per (2, dy) dr.
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Since 9/, (¢)(y) is increasing in n and converges to 1 for each y, both integrals in
the right-hand side of ([B.6]) converge by the monotone convergence theorem. The

claim follows.
Letting n — 400 in B3] yields

(3.7) (G(t, s)p)(z) < p(z) +/ (G(t, ) A(r)e)(x) dr,
and since (A(r)p)(y) < M for each y € R? and r € J,
(38) | Gl @ dr < Mt - ).

Estimates (320 and (88) imply that
(Gt s)p)(x) < plx) + My(t—s),
for any s,t € J, with s <t and any € R?%. It follows that

(3.9) My, = sup  (G(t, 8)p)(x) < +00.
(t,s,z)EAJX]Rd
lz|<e
This completes the proof. O

Having (G(t, s)¢)(x) bounded for (¢,s) € Ay, we may prove in the standard way
that for each r > 0 the family of measures {p;s(x,dy) : (t,s,2) € Ay x B,} is
tight. We recall that a family of (probability) measures {y, : « € F} is tight, if
for any € > 0 there exists ¢ > 0 such that u,(R?\ B,) < ¢ for any o € F.

Lemma 3.5. Under the assumptions of Lemma B4, for each bounded interval
J C I and for each r > 0 the family of measures {p;s(z,dy) : (¢,s,x) € Ay x B}
is tight.

Proof. Fix ¢ > 0 and consider the function ¢ = ¢, in Hypothesis B3l As in
the proof of Lemma B4 we assume that ¢ is nonnegative. Since ¢ blows up as
|z| — +oo, there exists ¢ > 0 such that

M;
p(z) > T’T(HRd\BQ)(JC)a z € RY,

where M, is given by [B.3). Then, for (¢,s) € A;, we have

pra(a, R\ By) = / Loy, (1P (i, dy)

]Rd

< [ e

= MJ,T Rdcp Yy pt,s ,ay

= 31, (Ct99)@) <=,
so that
(3.10) sup  prs(@, R\ B,) <,

(t,s,2)EAN ;X B,

and the statement follows. O

As usual, tightness yields some convergence result.
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Proposition 3.6. Assume that Hypotheses [[1((i)-(ii) andB3] are satisfied. Further,
let {fn} be a bounded sequence in Cy,(RY), such that || fnllce < M for eachn € N and
fn converges to f € Cy(R?) locally uniformly in R®. Then, the function G(-,-)fn
converges to G(-,-)f locally uniformly in A x R,

Proof. Fix any bounded interval J C I and any ¢, » > 0. Let ¢ be such that ([B10)
holds, and for (¢,s,z) € Ay x B, split G(t, s)fn, — G(t,s)f as

(Gt 8) ) (2) — (G(t, ) f)(z) = / (Fa(9) — F(3))pt.s(z, dy)

Rd
- /B (FaW) — F(0))Pra(, dy)
[ ) = 1@y,
RI\B,

so that
[(G(t,8) fa)(z) — (G(t,5) f) ()]

IN

sup [£,(6) = S0 | puc(o.d)

yEB,
+(sup||fn||oo+||f||oo) [ ety
neN R4\ B,
< sup |fu(y) — f(y)| +2Me.

yEB,
Fix ng € N such that

sup |fn(y) — f(y)| <, n > ng.
yeB,

For n > ng we get

sup  [(G(t,8)fn)(x) = (G(t,5)f)(@)| < e(1+2M).
(t,s,2)EA s X B,

Thus, G(-, ) f, converges to G(-,-)f uniformly in A; x B,. O

Now, we are ready to prove that (¢,s,z) — (G(t,s)f)(x) is continuous, for each

f € Cy(RY).

Theorem 3.7. Under the assumptions of Proposition[3.0], the function (t,s,z) —
(G(t,8)f)(z) is continuous in A x R?, for any f € Cy(RY).

Proof. Fix f € Cp(R?) and let (f,) € C°(R?) be a sequence of smooth functions
converging to f locally uniformly in R¢ and such that

sup || fulloo < +00.
neN

By Proposition B, the sequence of functions (t,s,z) — (G(t, s)fr)(x) converges
to (t,s,2) — (G(t,s)f)(x) locally uniformly. Therefore, it suffices to show that
(t,s,z) — (G(t,s)g)(z) is continuous in A x R? whenever g € C2°(R?). For this
purpose, we observe that the classical interior Schauder estimates as in [9, Theorem
3.5] imply a slightly more general estimate than 23), i.e.,

(1) sup [Guls8)gllorsersragnsimpenn < Clall ez,

s€[a,b]

for any a,b € I, a < b, and some positive constant C', independent of n > m.
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Since the sequence of functions (¢t,x) — (G,(t,s)g)(z) converges to (t,z) —
(G(t,s)g)(x) in C1He/22+([s, s4+m] x B,,) for any s € [a, b], it follows that (¢, z) —
(G(t,s)g)(z) € C1T/22 a([s, s 4 m] x By,) for any s € [a,b], and its C'1He/2:2+a.
norm is bounded by CHgHC§+a(Rd), with the constant C' of formula (B.IT]).

Fix (to, 80, T0), (t,8,7) € A x R%, with sg, s € [a,b]. Suppose that so < s. Then,
(t,s0) € A, and

[(G(t,5)9)(2) = (G(to, s0)g) (o) < [(G(t; 5)g)(x) — (G(E, 50)9) (@)l
(3.12) (G2, 50)9)(x) = (G(to, 50)9) (o).
By (B2) there exists a positive constant C' = C'(a,b) such that
(3.13) (G (t, $)9)(@) — (G(t, 50)9) ()] < Cls — sol.

Combining (312) and BI3)) yields
lm (Gl 5)9)(x) = (Glto, 50)9) (o).

(t,s,2)—=(tp,s0,20)
s>sq

Now let us assume that s < sg and split

[(G(t,5)g)(x) — (G(to, s0)g)(wo)| < [(G(t, 5)g)(x) — (G(to, 5)g)(0)]
(3.14) +1(G(to, $)g)(x0) — (G(to, s0)9) (o)

Since (t,z) — (G(t,s)g)(x) is continuous in [s, +00) x R%, locally uniformly with
respect to s, from BI3) and (BI4]) we also deduce that

lim (Gt 5)g)(x) = (Glto, 50)9) (x0).

(t,s,2)—(tg,s0,xQ
s<sQ

This completes the proof. O

4. GRADIENT ESTIMATES

In this section we prove both uniform and pointwise gradient estimates. Besides
being interesting in their own right, we will need them in the next section to prove
uniqueness of systems of invariant measures in a suitable class and convergence
results.

Throughout the section we assume that Hypotheses [Tl and hold. Therefore,
the bounded classical solution of problem (2] is such that its first-order spatial
derivatives belong to Cllc)t%’era((s,—i—oo) x RY) (see, e.g., [9, Theorem 3.10] and
[16]). We will use this fact in the sequel to apply a variant of the Bernstein method
to get our gradient estimates.

First, we prove uniform gradient estimates.

Theorem 4.1. Let s € I and T > s. Then, there exist positive constants C1,Cy,
depending on s and T, such that:

(i) for every f € CLH(RY) we have
IVG(E,8)flloo < Crllfllcpras s<t<T;
(ii) for every f € Cyp(R?) we have

Co
t—s

IVG(#, ) flloo <

| flloos s<t<T.
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Proof. Tt suffices to prove the statement for f € C2+®(R%), since we may approxi-
mate an arbitrary f by a sequence (f,) C C2t*(R?), bounded with respect to the
sup-norm and converging to f locally uniformly in R%. Also, Step 3 of Theorem
shows that VG(-, s) f, converge to VG(-, s)f pointwise in (s, 7] x R9.

Let k, p be the functions in Hypothesis Set

ko := sup k(t), po := sup p(t).
te(s,T] te(s,T)

(i). Let u, be the unique solution of the Cauchy-Neumann problem (2.8]), where
n is so large that the support of f is contained in B,,. By Remark 23] u,, converges
to u(t,z) == (G(t,s)f)(z) in CY2([s,T] x K) as n — +o0, for any compact set
K C R4,

Define

2 (t, ) = un(t, 2)% + a|Vu, (t, )|?, (t,z) € [s,T] x By,

Then, z, belongs to C12((s, +00) x B,,) N Cy([s,T] x By,), for any s < T. Since B,
is convex, the matrix Dv = (D;v;) is positive definite. Moreover, differentiating
the equality % = 0, one easily verifies that

d d
Z VjDij’U/Di’U/ = — Z Dil/jDiuDjU S 0,
3,=1 4,5=1

which, in its turn, implies that the normal derivative of z, on 0B, is nonpositive.
We claim that we may choose a > 0 in such a way that Dz, — A(t)z, < 0 for
s <t < T. Then, the classical maximum principle yields |z,| < ||f||201(Rd)7 ie.,
b

U (t, )% 4 a|Vyun (t, )|? < Hf”%‘g(]Rd)’ (t,x) € (s,T) x By.

Letting n — 400, statement (i) follows with C; = a~ 2.
From now on we omit the subscript n as well as the dependence on t and x to
simplify notation. To prove the claim, observe that

d
2= A()z = 20(Vyb Vau, Vou) — 2(QVau, Vau) — 20y (QVaDyu, VaDiu)
k=1
d
(4.1) +2a Z Dyu - Tr (DyQ - D2u) .
k=1

Using Hypothesis [L2(iii), we estimate the last term as follows:

d d d
ZDku -Tr(DRQD?u)| < ponz |Dyul - Z |D;ju| < pond%\vmuHDguL
k=1 k=1 i,j=1

The other terms are easily estimated using Hypotheses [[I[(ii) and [[2(ii). Eventu-
ally, we get

2 — A()z < 2(ako — 0)|Vaul? = 2an|D>ul? + 2apond? |V yul| D2yl
< 2(aky —1)|Vsuf? — 2an [ D2uf? + ay (34 (V0 + [ D2uf?)
< (2ako — 20 + anpid®)|Vul?.

The right-hand side is negative if we choose a < d*?’pa2 such that 2aky < np.
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(ii). We proceed similarly to (i), defining
Zn(t, ) = un(t,2)? + a(t — )| Vaun|?, (t,x) € [8,T] x By.
As above, in what follows we omit the subscript n as well as the dependence on ¢
and z.

If we proceed as in part (i), we see that z satisfies an equality similar to (£1])
with a replaced by a(t — s) and a further addendum a|V, u|?. Hence,

2z — A()z < 2a(T — s)k§ — 20+ a(T — s)nd®pg + a)|V ,ul?,

where k:g' = max{kog,0}. The right-hand side is nonpositive if we choose a = ar <
(T — 5)~*d=3py? such that 2a(T — s)ko + a < 19. By the maximum principle we
obtain z, < ||f||% and statement (i) follows, with Cy = a2, letting n — +o00. [

Remark 4.2. In the proof of Theorem [£1] we have chosen to approximate G(t,s)f
by solutions of Cauchy-Neumann problems instead of Cauchy-Dirichlet problems
as in the first part of the paper. Approximation by Cauchy-Dirichlet problems is
in fact possible, but it requires stronger conditions on the coefficients (see, e.g., [3,
Section 6.1] for the autonomous case) that we want to avoid here.

As a consequence of Theorem [£.] our evolution family enjoys the strong Feller
property.

Corollary 4.3. For any f € By(R%) and any t > s, we have G(t,s)f € Cy(R?).

Proof. Let f € By(RY). Then, there exists a bounded sequence (f,) C Cy(R?)
which converges pointwise to f almost everywhere in R%. As a consequence of
Theorem E.T] for any fixed s < ¢, the function ¢t — G(t, s) f,, is Lipschitz continuous
with Lipschitz constant independent of n. The statement follows, observing that,
by the dominated convergence theorem and ([Z8), G(¢,s)f, converges to G(t,s)f
pointwise. (I

Corollary 4.4. For any f € CL(R?Y) and s € I, the function V,G(-,s)f is contin-
uous in [s,+00) x R

Proof. We have to show only continuity at ¢ = s. For any n € N, let ¢ € C°(B,,)

be such that 0 < ¢ < 1 and ¢ =1 in B,_1. Put u(t,z) := (G(t,s)f)(z) and
v = pu. We have v; — A(t)v = ¢ in B,,, where

¥ = —uAt)y - 2(QVep, Vou).

From Theorems and [£1] it follows that the functions u and V,u are bounded
and continuous in (s, T] x R?, for any T > s. Since ¢ is compactly supported in
B,, v € C((s,s+1],Co(B,)). Moreover, Theorem Il yields the fact that ||¢)]eo <
Cllfllcpway for some C' > 0.

Let {G,(t,s)} be the evolution family associated with problem (Z2]). By the
variation of constants formula (e.g., [I, Proposition 3.2]) we have

(42)  w(t,) = Gult, 5)(f) +/ Golt,o)b(o)do,  s<t<s+1.

By classical gradient estimates ([I5, Chapter IV, Theorem 17]), we get
Cl C2
m”w(g)”m < \/ﬁ“f”Cg(]Rd)a

[VaGa(t,0)Y(0)]le <
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for any s < 0 <t < s+ 1 and some positive constants C7 and C5. Hence, we can
differentiate (£2]) obtaining

t
Voot ) = VoGt s)(0f) +/ V.Gt o)0(o)do,  s<t<stl.
Therefore, for any z,zg € B,_1 we have

Vault, @) = VF(20)] < |(VaGnlt, s)(0f)(@) = VF(0)| + 2Ca| flley ey (¢ = 9)2,

and this implies that VG(-, s) f is continuous at the point (s, o) since the function
V.Gn(-, 8)(pf) is continuous in {s} x B, by classical results. Since n is arbitrary,
the statement follows. O

Next, we prove a pointwise gradient estimate.

Theorem 4.5. Assume that Hypotheses [T, [L2(i), (iii) and L3(i) are satisfied.
Then for every p > po and any f € CL(R?), we have

(43)  (VG)N@P < e IG)VI@),  t2s weRY
where
(4.4) Op =P (t,x)EIpXRd ( (t,2) + 4min{pg — 1, 1}) .

Similarly, under Hypotheses [Tl [LX(i) and [L3)ii), estimate [@3]) holds true for
any p € (1, 4+00), with

(4.5) A -
' p =P %o 4min{p — 1,1} )

Moreover, if the coefficients q;; (i, =1,...,d) do not depend on x and r <7 in
I x R?, then @3) holds true for p =1 too, provided Hypothesis [L3ii) is satisfied.
In such a case, o1 = kg.

Proof. To prove the first part of the statement, fix s € I and & > 0. Set u(t,z) :=
(G(t,s)f)(z) and define

w(t,z) = (|Veu(t,z)|* + a)g , t>s, xR

By Corollary B4, w € Cy([s,T] x R?) for all T > s, and moreover by [9, Theorem
3.10], w € CY%((s,T) x R%). A straightforward computation shows that

wy — A(t)w = f1 + f2 + f3,

where

d
fi= p(|vxu|2 + 5)%_1 <<vxb Veu, qu> - Z(vaDkua vkau>> )
k=1
d
fo = p(IVaul> +2)5 7" Dyu- Tr(DyQ - D2u),
k=1
fs = —plp— 2)(|Vggu|2 + 6)§72<QD?EU V.u, Dgu Ve u).



NONAUTONOMOUS KOLMOGOROV PARABOLIC EQUATIONS 187

Using Hypotheses [[[(ii), [L2(i), (iii) and [3[(i), we estimate f; as in the proof of
Theorem (4.1l getting

(4.6) A

IN

d
p(|Vau)? +e)8 L. (r |V ul? — Z(QVkau, Vkau>>
k=1

< p(|Vaul? +€) 571 (r [Vpul* — | Diuf).

Moreover, for every ¢ > 0 we have
» d3p2
(@7 o < o9+ 8y (eD2u 4 SVl )

Concerning f3, we have
(QD?*uV yu, D?uV, u) = |QY2D?uV ul?

< QY2 D3u))? [Voul?
d

(4.8) = |Voul> > (QV.Dyu, V,Dyu).
k=1

Now we distinguish between two cases.

Case 1: p > max{pg,2}. Since p(p — 2) > 0, the uniform ellipticity assumption
implies f3 < 0. Using (£8) and ([@1) with ¢ = 1, we obtain

wy — AC)w < op(|Vaeul? + )27 V,ul?
(4.9) = Up(\qu|2—|—6)% —crps(|qu|2 +E)g—1.
Now, observing that
2
a51§<1>a5+p, a>0,
p 2

from ([@9) we deduce that
wy — A()w < op (W —9.),
where,
Op, if Op Z O, 0, if op Z 0,
Tpe = 2 . = b ifo, <0
O'p{l—(l—;>€}7 if Up<0, 5&, WU op )

and oy, is given by (£4).

Case 2: pg <2 and 1 < p < 2. In this case, —p(p — 2) is positive. Hence, we may
use (L) to estimate f3. Together with estimates (1) and ([&8)) (with ¢ =p — 1),
we obtain

wy — A()w < p(|Vggu|2 + 8)%71
d3p2

— " nV..ul?

d
«((2-9) 3109, D, V. D +
k=1

U

11V, = Y@V i, VD + (o= Vi D2l
k=1

IN

Op.e(w— ).
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Here,

0, ifo,>0,
0e = P .
e2, ifo, <0,

and o, . 1= o), is given by (7).
Now the procedure is the same in the two cases. Setting v = w — . we have
vy — A(-)v < 0, cv. On the other hand, the function

2ty ) = e IG(Ls) (VP + ) %, t>s,
satisfies z; — A(t)z = op 2. Thus,
(v—2) = (Alt) + ope)(v—2) <0, t € (s,+00),
(v—2)(s) = —0..

Theorem 2.1 implies v < z. Letting ¢ — 0T, the statement follows by Proposition

B.1
In the case that Hypothesis [[3(i) is replaced by [L3(ii), the functions f;, fo are
estimated as follows:

d
(4.10) fi <p(IVaul® +e)8 L. (ko Voul® = (QV.Dyu, Vkau>>

k=1
< p(|Vaul? + )51 (ko [Voul — | D2uf?),

) & o2
@1 s p(Val +F (D2 + GO,

for any ¢ > 0. Then, the estimate (@3) with p € (1,400) (and with p = 1, too,
if the diffusion coefficients are constant with respect to x) follows by arguing as
above. O

Corollary 4.6. Under the hypotheses of Theorem L3, there exists a constant C
such that

IVG(t,8)flloo <C -7 T |flloo, fECHRY, sel, t>s+1,

for every p > po if Hypothesis [L3N1) is satisfied, and for every p > 1 if Hypothesis
[L3(ii) is satisfied.

Proof. By Theorem 1] for any f € C,(R?) the function G(s+1,s)f is in C}(R?),
and its C'-norm does not exceed Ci||f]||o for some C; > 0, independent of f. If
t > s+ 1, we have, by Theorem [£.5]

(VG )N@I = [(VG(ts+ DGl + 1,5)1)(@)
e (G(t, s +1)|[VG(s + 1, 8) fIP) (x)
e TG(s + 1, 8) f|.

IN I

IN

Thus,
IVG(t, ) fllE < e~ CTDVE(s + 1,5) f|%,

and the statement follows. O
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5. EVOLUTION SYSTEMS OF MEASURES

Definition 5.1. Let {U(¢,s)} be an evolution family of bounded operators on
By(R%). A family (1;) of probability measures on R? is an evolution system of
measures for {U(t, s)} if, for every f € By(R%) and every s < t, we have

(5.1) /]R Ut 5)f dv, = /Rdfdz/s.

Formula (5.I) may be rewritten as U*(t, s)vy = v,. It implies that if we know a
single measure vy, of an evolution system of measures for {U(t, s)}, then we know
all the measures v; for ¢ < ty. In particular, an evolution system of measures is
uniquely determined by its tail (14)¢>¢,.

In this section we give sufficient conditions for the existence of an evolution
system () of measures associated with the evolution family {G(¢, s)} and we study
the main properties of (u;). As a first step, we note that, for our evolution family
{G(t, s)}, evolution systems of measures necessarily consist of measures which are
equivalent to the Lebesgue measure.

Proposition 5.2. If (u;) is an evolution system of measures for {G(t,s)}, then
(1) is equivalent to the Lebesgue measure.

Proof. For each A € B(R?) and t € I we have

() = [ (G +1.01)(@) pria(da).

By Corollaries and 3] if the Lebesgue measure |A| of A is positive, then
(G(t + 1,t)114)(x) is positive for each z € R?; therefore 114(A) > 0. On the other
hand, by Proposition[Z4\ii), if |A| = 0, then G(t+1,¢)14 = 0; hence u:(4) =0. O

To prove existence of evolution systems of measures we use a procedure similar
to the Krylov-Bogoliubov Theorem which states that, in the autonomous case,
existence of an invariant measure is equivalent to the tightness of a certain set of
probability measures. In our case, the corresponding tightness property is proved
under Hypothesis [[4] through the Prokhorov Theorem. It states that a set {P, :
«a € F} of probability measures is tight if and only if, for any sequence (a,) in
F, there exists a subsequence a,, such that Pank converges to some probability
measure P in the following sense:

[ @) Py = [ F) P, f e R
k——+oo R4 R
Lemma 5.3. Assume that Hypotheses[LIl and [[4 are satisfied. Then, G(t,s)p is
well defined for any ty < s <t € I. Moreover, for any fized x € R%, the function
(t,s) — (G(t,s)p)(x) is bounded in A = {(t,s) € I x I :tg < s < t}.

Proof. Lemma [B.4] implies that G(t, s)p is well defined for (t,s) € A with t5 < s
and that the function (¢, s,z) — (G(t, s)¢)(x) is locally bounded. To complete the
proof, we fix t > tq and z € R?, and consider the function g defined in [to,t] by
g(s) == (G(t,8)¢)(x). g is measurable, because (G(t, s)p)(z) is the pointwise limit
of the functions (G(t, s)¢,)(x) in the proof of Lemma[34] that are continuous with
respect to s. The procedure of Lemma [3.4] yields

(5.2) o(r) — g(s) > / “(cglo)—a)do,  to<s<r<t
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We claim that (5.2) implies

5:3) oo < (90 - 2)et0 4L ssst

Indeed, for any fixed s > tg, the function ® defined by

2(r) = (966~ 2+ [ (esto) ~ayan ). sz

is continuous in [s,t] and therein weakly differentiable with ®'(r) > 0 a.e., so
that it is nondecreasing, and ®(s) < ®(¢) implies (B3). From (E3) we obtain
(G(t, 8)p)(x) < p(x) + a/c, and the statement follows. O

Theorem 5.4. Assume that Hypotheses[L1l and[I. 4 are satisfied. Then, there exist
an evolution system (ut) of measures for {G(t,s)} and a constant M > 0 such that

(5.4) /R L P() pe(dy) < M, t>to.

Proof. Fix s € I and xg € R For any t > s, define the measure j; s by

1 1
s(A) =
Mt’( ) t—s t—s

/st prs(T0, A) dr = /:(Gﬁ, $)1La) () dr-

Lemma [5.3] implies that the family (p,5)1>s>1, is tight, through the same proof of
Lemma 3.5l The Prokhorov Theorem and a diagonal argument yield existence of a
sequence t, diverging to +oco and of probability measures p,, (n € N, n > ty) such
that e, n —* pn. To define ps also for noninteger s, we show preliminarily that
G*(n,m) i, = pm for m < n. Indeed, for each A € B(RY) we have

G (n, ) n(A) = / 14(y) G (n, 1) (dy)

Rd

_ /R (G, m) 1) () pa ()

= lim
k—+oo b — M
. 1
= lim
k—+oco ty — N

. 1
= lim
k—+oo b, —m

= pim(A).
Thus, we can extend the definition of the measures ps to any s € I by setting
s := G*(n, s)pn,, where n is any positive integer greater than s. Since G*(n, s) =
G*(m, s)G*(n,m), this definition is independent of n. It is immediate to check that
(u¢) is an evolution system of measures for {G(¢,s)}.

To complete the proof, we observe that, since (G(t, s)p)(xo) is bounded in ¢ >
s > tg, then each integral

=[G = [ el

t—s
is bounded for ¢ > s > ¢y by the same constant. Letting t — +o00, we get (54)). O

/ ' (G(1,n)G(n,m)14)(x)dr

/ (G rm) ) () dr

/k(G(T,m)llA)(x) dr




NONAUTONOMOUS KOLMOGOROV PARABOLIC EQUATIONS 191

Remark 5.5. It should be noted that the evolution system of measures constructed
in Theorem [.4] could still depend on . Indeed, in general, the evolution system
of measures is not unique. In [I0, Lemma 2.2] it is proved that the evolution family
associated with the operators

(A(t)u) (@) = 5 Au(z) + (B(t)a, Vu(2))

where B(t) are time depending matrices, admits infinitely many evolution systems
of measures. However, uniqueness may be achieved among all systems of measures
which have finite moments of order p for some p > 0 with a certain asymptotic
behaviour.

In the following, if (1¢) is a family of probability measures on R?, we denote by

)= [ lol? i)

the p-th moment function. We note that, if p(z) = |x|P satisfies Hypothesis [
then Theorem [B.4] implies that {G(¢,s)} admits an evolution system of measures
(u¢) such that p:(p) = O(1) as t — +o0, i.e., there exists to € I such that the p-th
moments of y; exist and are uniformly bounded for any ¢t > ¢,.

Let us see the connection between evolution systems of measures and asymptotic
behaviour of solutions to problem ([2). We assume that there exists a negative
constant w such that, for large t — s, we have

IVG(t, ) flloo < €| flloo, f € Gy(RY).
A sufficient condition for this may be obtained from Corollary
Theorem 5.6. Assume that there exists w < 0 such that
(5.5) IVG(t, ) flloo < Ce* | floc,

forallt > s+1, all f € Cy(R?) and some positive constant C. Further, assume that
{G(t,s)} admits an evolution system of measures (u;) such that, for some p > 0,

lim i (p)e“?" = 0.

t——+oo

Then,
: _ d
Jin (G(9N)@ = [ fnld),  aeR
for all s € I and f € Cy(RY). If I =R, then, we also have

i (Gusn@ - [ fwnin) =0 ser

S§—>—00
In both cases the convergence is uniform in the compact sets of R%.

Proof. Without loss of generality, we may assume that p < 1. We have

(Gt = [ S ) = C9N) = [ (G0 mld)

Rd

{(G(t,5) 1) (@) = (G(E, ) F)(Y)} pe(dy).

R4
Splitting
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and using the mean value theorem and (&.A]), we get for ¢t > s+ 1
(G(t,9) (@) = (G(t,8) )W) < 27| fllooe™ ) |z — y|P.

Hence, we have

(Gt - [ 50 (i)

(5.6)

IN

207l [ 2=yl eli)

IN

20| e (Ja+ [ o ).
R

and the right-hand side vanishes as t — +oo (and also as s — —oo, if I = R),
uniformly for x in compact sets. (]

Corollary 5.7. Under the hypothesis of Theorem B0, there exists at most one
evolution system of measures (pt) such that limy_, ;o p1¢(p)e“Pt = 0 for some p > 0.

Proof. Let (put), (v4) be two evolution system of measures with the above property.
By Theorem [5.6, for each f € C,(R?) and s € I we have

/ F() pa(dy) = / 1) vs(dy),

since both integrals coincide with lim;—, 1 (G(t,s)f)(0). The statement follows.
O

6. EVOLUTION SEMIGROUPS IN LP SPACES
WITH RESPECT TO INVARIANT MEASURES

In this section we assume that I = R and that Hypotheses [[L1] and [[.4] are
satisfied.

Let us define the evolution semigroup {7 (¢)} associated with the evolution family
{G(t,s)} on the space Cy,(R*!) by

(T F)(s,2) = (G(s,s =) f(s = t,-)) (@), (s;x) €eRITL ¢ >0.

Proposition 6.1. The family of operators {T (t) : t > 0} is a semigroup of positive
contractions in Cy(RYTY). Moreover, T (t)f tends to f locally uniformly in R4 as
t — 0%, for any f € Cy(RIT1).

Proof. As a first step we prove that, for any ¢ > 0, the operator 7 (t) maps Cp(R9*+1)
into itself. By Theorem 22| we know that

sup (T (@) f)(s,2)| < [|fllo, ety t>0.
(s,x)ERItL

Let us now fix (g, zo) in R%T! and observe that

[(T(@).f)(s,2) = (T(£) f)(s0,20)|
= [(G(s,s = 1) f(s,-))(x) = (G(s0, 50 — t) f (50, ) (w0)]
< [(G(s,s = 1) f(s,))(x) = (G(s,5 = 1) f(s0,")) ()]
(6.1) +(G(s,s = t) f(s0,-))(x) = (G(s0, 50 — ) f (50, ")) (o).
By Proposition [3.6],
tm sup (@ = 1), )a) — (Glr,r 1) (50, D) =0,

57750 (r,z)€[s0—0,50+3] X {zo+Bs }
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for any § > 0. Therefore, the first term on the right-hand side of (6.1) converges
to 0 as (s,x) tends to (sg, o). Similarly, by Theorem B.7] the function (p,r,x) —
(G(p,7)f)(z) is continuous in {(p,7,z) € R4*2 : r < p}. Hence, also the second
term tends to 0 as (s, ) tends to (sg,xo). This shows that 7 (t)f € Cp(RI+1).

The semigroup property follows easily since {G(t,s)} is an evolution family.
Indeed, for any t; < to, it holds that

(T(t2)T(t1)f)(s, )
(G(s,5 = t2)T(t1) f(s = t2,-))(@)
= (G(s,8 —t2)G(s —ta,8 —ta — t1)f(s —t1 — ta,)) ()
= (G(s,8s —ta—t1)f(s —t1 —ta,")) (x)
= (T(t1+t2)f)(s, @),
for any (s,z) € R4+
The positivity of 7 (¢) follows from the positivity of the evolution family {G(t, s)}.
Finally, the fact that 7 (¢) f converges to f locally uniformly in R ast — 0T is

an immediate consequence of the continuity of the function (p,r, z) — (G(p,r)f)(z)
in {(p,r,z) € R%*2:p > r} and Proposition 3.6l 0

Remark 6.2. Since G(s,s —t)1 =1 for each t > s, if f = f(s) depends only on
time, then (7 (¢)f)(s,z) = f(s —t), i.e., T(t) acts as a translation semigroup.
Therefore, T (t) cannot have any smoothing or summability improving property in
the s variable. In particular, it is not strong Feller and not hypercontractive.

Now, let (u¢) be an evolution system of measures for {G(¢,s)}. Note that the
function s — us(A) is measurable in I for any Borel set A. Indeed, by Lemma
B2 the function s — (G(t,s)f)(x) is bounded and continuous in (—oo,t), for any
r € R? and any f € Cy(R?). Hence, the function

g (G(t, 8)f) (@) pu(dr)
is continuous as well in (—oo,t). Since

pe(4) = [ (G(t9)10) @) ()

and 14 is the pointwise limit of a sequence (f,) C Co(R?), bounded with respect
to the sup-norm by dominated convergence, the measurability of the function s +—
ws(A) follows. Therefore, we can define

v(J x K):= /Jut(K)dt

for Borel sets J C R and K C R?. Of course, ¥ may be uniquely extended in a
standard way to a measure on B(R+1).
In the following, we denote by G the differential operator

(6.2) Gu(t, z) = A(t)u(t, ) — u(t, ), (t,x) € R
We state a preliminary lemma about 7 (¢) and G.

Lemma 6.3. (i) For all p € C.(R,Cy(R?)) and all t > 0 we have

T(t)pdv = / o dv.

Rd+1 Rd+1
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(i) For ¢ € CH2(R4*Y) we have
(6.3) Godv =0.
Rd+1

Proof. (i). We have
[ Tedr = [ [ (Gl =00t —t.) @) ofao)

= /R/Rdgp(s—t,x)us_t(da:)ds
- / / ) () dr

= / pdv.
Rd+1

(ii). By part (i) we obtain
TWe=¢ 4, _ .

I
hg})1+ Rd+1 h
Now we show that
Mo —
lim M dv = Gpdv.
h—0t JRd+1 h Rd+1

For this purpose, let a,b € R and § > 0 be such that supp(p) C [a,b] X Bs. Then, if
t € [0, 1], the support of the function (s, z) — @(s—t,x) is contained in [a, b+1] X Bs.
Therefore, for any h € (0,1] we have

T(h)p— v
Rd+1 h

- / TWe=v,,
[a,b+1] xR h

b+1 S,8 — S — . xXr)— 5,8 — S, X
L[ (Gl hpte = k) = (Gl = WD) 4y

h

B (G(s,s — p(s,)) (@) — ols,2)
+/a /Rd - ws(dzx) ds

b+1
=: / (I1(s,h) + Is(s, h)) ds.
As far as I is concerned, we note that

G(S,S o h) <SO(S _ ha) - ¢(87)>‘ § sup |S0t| < 400
h Rd+1

sup
Rd

and moreover
90(5 B h,l‘) B 50(871.)

li = T ¥Ps\5, )
T ol )
the convergence being uniform in z. Since f := —p, € C.(R¥*1Y), G(s,s — h)f

converges uniformly to f as h — 0T by Lemma [3.21 Overall we see that

Jim 1i(s.) = = [ (o) ()
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and I (s, h) is bounded by supga |-
Let us consider I(s,h). Taking Lemma into account, we write

I(s,h) = %/]Rd /:h(G(S’T)A(T)‘P(Sa‘))(Qf)drus(dx)
1 S
— i [ [ C 0w ) @) ) ar

1 S
= —/ A(r)p(s, z) pr(dx) dr,
h s—h JR4
so that
lim I(s,h) = / A(s)p(s, x)ps(dx),
h—0t R4
for almost every s, by the Lebesgue differentiation theorem. We also note that
sup |Ir(s,h)| < sup  [(A(r)e(s,))(@)]-

selabi1] Ll

Hence, by the dominated convergence theorem,

lim [ (I1(s,h) + I2(s,h))ds = /R/Rd (—ps(s,z) + A(s)p(s, ) ps(dx) ds.

h—01 R
This proves (ii). O

Remark 6.4. In view of (6.3]) we say that v is infinitesimally invariant, although it
is not a probability measure.

Proposition 6.5. For any p € [1,400), the semigroup {T (t)} extends uniquely
to a strongly continuous semigroup of positive contractions {T,(t)} on LP(R*+1 v).
Moreover, the infinitesimal generator of {T,(t)} is an extension of the operator
Go : CRA(RMY) — LP(RHY ) defined by Gof = Gf, for any f € CH*(RHHY),
where G is given by (62).

Proof. Using the Holder inequality and taking Proposition 2.4] into account, it is
immediate to check that

|(T@)F) (s, 2)[P < (TOIfP) (s, ), (s,x) € RH, £ >0,
for any f € C.(R%*1). Integrating in R?*! we obtain
(6.4) T @) flle@atr vy < NFlloe@ats vy, t>0.

Since C.(R9*!) is dense in LP(RY*! 1), estimate (64) implies that any operator
T(t) can be extended uniquely to a bounded operator 7,(f) which also satisfies

Clearly, {7,(t)} satisfies the semigroup law since {7 (¢)} does. It remains to show
that {7,(t)} is strongly continuous. Of course, it suffices to show that 7,(¢)f — f
as t — 0F for all f € CL2(R4H). For such f’s, we have T,(t)f = T(t)f — f
pointwise a.e. as t — 07 (see the proof of Lemma [6.3)ii), where it was shown
that the difference quotients converge pointwise a.e.) and the functions 7,(t)f are
uniformly bounded. The dominated convergence theorem implies that {7,(t)} is
strongly continuous.

To complete the proof, let us prove that C12(R9*!) is contained in the domain of
the infinitesimal generator of the semigroup {7,(¢)}. For this purpose, we adapt the
proof of Lemma [6.3)ii). Let a,b € R and 6 > 0 be such that supp(y¢) C [a, b] x Bs.
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By Lemma we know that
(65,5 = )55 = t.)a) = s~ ) = [ (Glsar) 4G5~ ,9) o)

for any (s,z) € R4*! and any t > 0. It follows that

’(T(t)f)(s,:v) — f(s,7)
t

—(G1)(s, )

< % /: [(G(s,m)A(r) f(s = t,-))(2) = (A(s) f (s, ) ()| dr
1 S
+2 /Sit | fe(r,2) = fi(s, )| dr,

for any (s,z) € R%! and any ¢ > 0. Arguing as in the proof of Proposition 611 it is
immediate to check that the function (r,p) — (G(s,r)A(r)f(p,-))(x) is continuous
in {(r,p) € R? : r < s}. Therefore,

Tim (Gls.r)A() £ (s~ 1)(@) — (A()(5.)(a) =0,
for any (s,z) € R4*1. Thus,

i TON(s.2) = f(5.2)

t—0+ t

= (Gf)(s, ), (s,z) e R4

Moreover,
t —
wp | TONE) s 2)
(s,@)€[a,b+1]x Bs t

< sup [(A(r) £ (s, ) (@)] + | filloo-

(r,s,x)E€la,b+1] xsupp(f)

Hence, the dominated convergence theorem implies that t=1(7(¢)f — f) converges
to Gf,ast — 0T, in LP(R¥*! v) for any p € [1, +00). O

7. AN EXAMPLE

In this section we consider operators .A(t) defined on smooth functions ¢ : R% —
R by

(7.1) (A)p)(z) = Ap(x) + (b(t, 2), Vip(x)),
under the following assumptions on b = (by, ..., bg).

Hypothesis 7.1.
(i) The functions b; (j = 1,...,d) and their first-order spatial derivatives be-
long to C2)° (I x R?) for some o € (0,1);

(ii) the functilg;z b(-,0) is bounded in I;

(iii) there exists a continuous function C : I — R such that
(a) C is bounded from above in I;
(b) limsup,_, ., C(t) <0;
(©) (Vub(t,0)E &) < COIEP,  tel, meeRr.
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Under Hypothesis [[1T], it is easy to check that, for any N € N, the function
¢ : R? — R, defined by ¢(x) = 1 + |z|?V for any € R, is a suitable Lyapunov
function for the operator A satisfying both Hypotheses [LI[iii) and [[4l Indeed, a
straightforward computation shows that

(A#)p)(z) = 2N 2 (AN? + 2N (d — 2) + 2N (b(t, z), ).
Using Hypothesis [[I[(iii)(c) yields

1y 1
b;(t,xz) =b;(t,0) +/ £bj (t,sx)ds = b;(t,0) +/ (Vab;(t, sx), x)ds,
0 0

so that

2b(t,2),5) = 2(b(t,0),2) + 2 / L b(t o) o) ds
< 2|b(t,0)|\$|+20(()t)|w|2,
for any ¢ € I and any = € R?. Hence, for any ¢ > 0, we have
(7.2) (A(t)p)(z) < (AN? +2N(d — 2))[z*N 2 + 2[b(t, 0)||z|*V " + 2N C(t)[x*N.
Since
|x|2N—j§£\x|2N+C¥al_%, zeRY, >0, j=1,2,
where C,,, = (m/(m —1))*=™/m, we can rewrite (T.2) as follows:
(A)p)(z) < {2NC(t) +e(2N(d — 2) + AN?) + 2eN|b(t, 0) |}z >N
+Cn (2N(d —2) + AN?) N 4 2N Cone 72N |b(2, 0)]
Y1 ()2 + (1)

Hypothesis [I(iii) follows taking ¢ = 1 and, for any bounded interval J compactly
supported in I, Ay > max{sup; 1, sup; ¢2}. Similarly, if we fix € = ex such that

(7.3)

1
e(d—2+2N+|b(+,0)|lec) < ~3 lim sup C(t),

t——+oo

and tg € R such that

1
(7.4) C(t) < = limsup C(7), t > to,
2 T— 400
then Hypothesis [[.4] is satisfied for any ¢ > ;.
Finally, Hypothesis [3|(ii) is trivially satisfied by virtue of Hypothesis[[I[(iii)(a).
Hence, the following result holds.

Theorem 7.2. Let A be defined by (1)) with the function b satisfying Hypothesis
LI Then, problem (L2) is well posed in Cy(R?). The corresponding evolution
family {G(t,s)} is irreducible and maps bounded measurable functions into bounded
continuous functions. Moreover, {G(t,s)} admits an evolution system (u:) of mea-
sures having bounded moments of any order N € N for any t > to, where tg is the
number in ([L4). In particular, all polynomial functions are integrable with respect
to py for any t > ty.
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