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FLUCTUATIONS OF LEVY PROCESSES
AND SCATTERING THEORY

SONIA FOURATI

ABSTRACT. Initial work by Spitzer was extended to show that the behav-
ior of the bivariate processes (X¢, inf X,) or (X¢, sup Xs), where X is a
0<s<t 0<s<t

Lévy process, can be entirely reconstructed on the basis of the Wiener-Hopf
factorization of the Lévy exponent of X. This paper is meant to establish
that a similar device can be used to investigate the trivariate Markov pro-
cess (X¢, inf X, sup X;). This involves substituting (2,2)-matrices for
0<s<t 0<s<t

the scalar functions involved in the Spitzer-type factorization. The computa-
tion of this matrix from the Lévy exponent of X is a Riemann-Hilbert problem,
which is the same as the one appearing in the inverse scattering problem.

1. INTRODUCTION

The relevance of the Wiener-Hopf theory to Lévy processes was discovered by
Spitzer [22] and has given rise to a huge literature. Previous work on the subject
was based on factoring ¢(iu)+q, where ¢(iu) is the exponent of a Lévy process and ¢
is a nonnegative parameter, thus characterizing separately the law of the maximum
M and the law of the minimum m of the process at an independent exponential

o(iu) +q
then use the Wiener-Hopf theory to factor it into two matrices. This turns out to
provide enough information to reconstruct the joint distribution (M, m). In fact, we
obtain the distribution of the triple (M, m, F'), where F' is the value of the process
at time (.

This paper is organized as follows. In Section 2, we review the basic facts on
Wiener-Hopf factorization. In Section 3, we introduce six functions which will play
an important role in the rest of this work. In Section 4, we state the two main
theorems. Theorem [.]] provides a system of integral equations satisfied by the
functions. Theorem [ 2states that this system is equivalent to the Riemann-Hilbert
problem mentioned above. In Section 5, we rephrase the previous results in terms
of scattering theory and show that our six functions solve both a direct problem
(Theorem 7)) and an inverse problem (Theorem [2)) in the sense of that theory. In
Section 6, we show, using appropriate path decompositions, that our six functions
provide a unified treatment of a family of problems which includes the exit problem
and the like. Technical work begins in Section 7. This section is devoted to a single

time ¢. In this paper, we substitute the matrix ( (1) L ) for ¢(iu) + ¢ and
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preliminary result to the effect that knowing that the amplitude doesn’t exceed a
given value, the pre and post minimum processes are independent. Sections 8 and
9 supply the proof of Theorem Il In Section 8, we establish the first equation
of the integral system of Theorem LIl Section 9 deals with the second group of
equations. The key idea is to construct the solutions of the relevant equation from
two Markov chains which are built from the successive minima and maxima of the
process. Section 10 provides the proof of Theorem There we develop Shabat’s
investigations (see [21]) into the Riemann-Hilbert problem to make them suitable
for our purposes. Theorem is interpreted probabilistically in Section 11. This
is achieved by bringing out the relations between our six functions that appear in
the factorization in the Riemann-Hilbert problem in terms of the usual Wiener-
Hopf factorizing of certain auxiliary Lévy processes. Finally, Section 12 is devoted
to applying our results to stable processes and to Lévy processes without positive
jumps. This allows us to extend the results initiated by Rogozin [I9] such as those
of Kyprianou [13] for the stable case. Lévy processes without positive jumps were
first studied by Takécs [24], followed by a large number of papers such as Emery
[7, Koryluk, Suprun and Shurenkov [12], Suprun [23], Rogers [18], Bertoin [2],
Avram, Kyprianou and Pistorius [I], Doney [6], Kyprianou and Palmowski [I14],
L. Nguyen-Ngoc and M. Yor [15], and Pistorius [16] and [I7]. Our version of these
results provides a unified setting for these works.

2. SOME FACTS ON WIENER-HOPF FACTORIZATION

Let (2, F) be the space of functions defined on [0, +oo[ with values in R U {d},
where ¢ is a cemetery point, and let X denote the canonical process Xy (w) = w(t).
In this paper, P is the distribution on (2, F) of a Lévy process starting at 0 with
Lévy exponent ¢. More precisely, iu — ¢(iu) is the unique continuous function
defined on the line iR, such that ¢(0) = 0 and which satisfies the following identity
for all iu € iR:

e—t¢(iu) — P(e_iUXt).

We first remind the reader of the basic facts on the Wiener-Hopf factorization (see
[3], chapter 6, for more on the subject).
Let S; and I; be the past maximum and past minimum processes, namely:

Sp:i=sup{X,,0 <s <t} I, ;= inf{X,,0 < s < t}.

We now introduce the local times at 0 of the reflected processes X —S and X —1,
L and L, and the associated Wiener-Hopf factors 1,(\) and 9,(\). The definition
of these objects involves the regularity of [0, 4o00[ or | — oo, 0] for the Lévy process
X.

If ]0, +o0] is regular (resp. | — 00,0[) i.e. TY = inf{t > 0, X; > 0} = 0 a.s. (resp.
To = inf{t > 0,X; <0} =0 a.s.), then 0 is a regular point for the Markov process
X — S (resp. X —1I) and L (resp. L) denotes any local time at 0 of this process.
In this case, t ~— L[0,t] (resp. t + L[0,t]) is an increasing continuous process,
and we denote by 7 (resp. 7) its right continuous inverse and H; := S, (resp.
H; := I;,). The pair (1, H;) (resp. (7, H})) is a bivariate Lévy process which has a
finite lifetime if lim;_, oo X; = —00 a.s. (resp. lim; o X = 400 a.s.). Denote by
Pg(A) (resp. 1[1(1()\)) the Lévy exponent of (r;, Hy) (vesp. (¢, H;)). More precisely,
for every ¢ € [0, +00[, 14 (resp. 1[1(1) will be a continuous function defined on the



FLUCTUATIONS OF LEVY PROCESSES AND SCATTERING THEORY 443

half-plane {\ | R(\) > 0} (resp. {\ | R(A\) < 0}), ¥4(0) (resp. t,(0)) is real, and
Yg(N) (resp. 1,(\)) satisfies the identity:

e Wi\ = pemMimamp < L) R(A) > 0; ¢,t €0, 400,

respectively,
e~ ta(N) .= P(ef)‘H”‘m;t < EC) R(A) <0; ¢, t €0, +00].
If [0, +o0[ is irregular (this means that the time 70~ := inf{t > 0, X; > 0} is
positive a.s.) (respectively if | — 00, 0] is irregular, To— := inf{t > 0, X; < 0} is

positive a.s.), then the set {t | Sy = X;} (resp. {t | X¢ = I;}) is a.s. discrete and

the local time L (respectively, L) is the random point measure

L(dt) = > lx,=s,0u(dt),

u€[0,¢]

respectively,

L(dt) := > lx,=1,0u(dt).

uel0,¢[
Denote by 14()) (resp. 14(\)) the functions
Yg(N) = 1= P(e™¥ro- =0T 70~ < fo0)  R(N) > 0, € [0, +00],
respectively,
Pg(N) =1 = P(e 70— 9T < 4o0) R(A) <0,q €[0,+00].

Notice that, in this case, ¢,(\) (resp. 14()\)) is the Lévy exponent of a bivariate
compound Poisson process and that, according to proposition 4 of chapter 6 in [3],
Xgo- >0 as. (resp. X7,_ < 0 a.s.); thus the times T°~ and T := inf{t, X; > 0}
are equal a.s. (resp. Tyo— = Tp := inf{t; X; < 0} a.s.).

Finally, if none of these conditions is fulfilled, then P is the distribution of a
compound Poisson process. In this case, for reasons which will appear later, it
is necessary to use a dissymmetric definition of local times. We denote by L the
random measure

L(dt) := lst:Xt1t€[07<[dt,

and L will be the random point measure
L(dt) = do(dt) + > 1r,_s1,1x,=1,0u(dt).
u€]0,(]

As above, ¢, () will denote the Lévy exponent of the bivariate Lévy process (7, Hy),
where (7¢) is the inverse of the nondecreasing continuous function t — L]0, ] and
H; = S5;,; namely, ¢4(\) is a continuous function defined on the half-plane {A |
R(A) > 0}, ¢q4(0) is real, and 14(N) satisfies the identity

e~ ta(N) . Pe Mi—am ¢ < L¢) R(A) > 0; ¢, t €0, +o0].

The function ¢, (\) is the function defined by the following identity (Tp := inf{t, X;
<0}

Pg(N) i= 1 — P(e M Xro—aTo. 7y < ).
Notice that again in this case, the function t,()\) is the exponent of a bivariate
compound Poisson process.
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Note that, in all cases,

r o—MSi—at . 00
oy /[O’C[ L(d)) R\ > 0; g € [0,+00[, gR(N) # 0
and
ﬁ =P( /[O)C[ e MTUL(dt))  R(N) <0; g €[0,+00],gR(N) # 0.

When ]0, +oo[ (resp. | — o0, 0[) is regular, the local time L (resp. L) is defined
up to a multiplicative constant. In the sequel, this constant is chosen in such a way
that Proposition 2.I] below holds. Notice that, for the compound Poisson process,
this follows from the convention we have chosen.

Proposition 2.1. The pair (14(\), 14(\)) satisfies the following Wiener-Hopf iden-
tity:
Vg (iu)hy(iu) = ¢(iu) + q iu € iR; ¢ € [0,400l.
Note that the definitions above depart from ordinary use, as described, e.g.,

in Bertoin’s book, in two respects. First, local times are defined here as random
measures rather than nondecreasing functions. Second, by a Wiener-Hopf factor,

we mean 1, () or 1,()\) instead of % or f;’(—%
3. THE MAIN FUNCTIONS

We now define the so-called excursion measures N and N associated to local
times L and L by the compensation formula (see for example chapter 4 of [3]).

Proposition 3.1 (Compensation formula). There exists a unique measure on
(Q,F), N (resp. N) such that

P § : 1(1g*X(g73)— )s>o0€dw l(fg*Xg+t)ogt<d—g €dws
lg,d[eC

=P (/ l(ItX(ts))s>o€dw1L(dt)> N(dw2)7
[0,400]

respectively,

p § : 1(59*X(975)— )azo0€dwr L(Sy—X g1 )ocica—gEdws
lg.dleC

=P (/[ [1(StX(ts))s>o€dw1L(dt)> N(de)v
0,400

where C (resp. C) is the set of connected components of the complement of the
support of L(dt) (resp. L(dt)).

Notice that if [0, +o0o[ (resp. ] — 00, 0[) is regular, then the state 0 is a regular
point of the Markov process X — S (resp. X — I) and N (resp. N) is the usual
excursion measure from 0 of this process. If [0, +oo[ (resp. | — 00, 0]) is irregular,
then N (resp. N) is the distribution under P of the canonical process X killed at
time T° (resp. Tp).
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We can now introduce the main functions of this paper. First, for each x €
10, 400 let

T? :=inf{t | Xy >z}, T,:=inf{t|X; < -z},
Vx = lnf{t | Xt - St < —x}, Vx = lnf{t | Xt - It > .’L'}

Then, define the right continuous left limited functions of = (z € ]0, +00]) :

Aq(x, )\) = P(/ ].St/_]tgmeiAStith(dt)); AeC, g€ [0,+OO[,
(0,¢[

(z,A) := P(/ 15t_[t§xe_)‘lt_qtf/(dt)); AeC, qe0,+o0],
[0,¢[

4,
Cylm, A) i= N (e M1 77 < (); R(A) >0, g €[0,400],
C'q(x, A) = N(e_)‘XTw —aTe. T < Q); R(A) <0, g €[0,+00].

If [0, +o0] (resp. | —o0,0[) is regular, it is easy to check that the process ((7¢; Hy);
0<t< Ly,) (vesp. ((74; H;);0 <t < Ly=)) is a killed bivariate Lévy process, and
we denote by Bg(x, A) (resp. Bq(:c, A)) its Lévy exponent; more precisely for every

positive 2 and every ¢ € [0, +o00[, By(x, \) (resp. B, (x,))) is a continuous function
defined on the half-plane {\,R(A) > 0} (resp. {A,R(N\) > 0}), By(z,0) (resp.

By(z,0)) is real and
e tBa@N) = P(e7An I < Ly ); R(A) >0, ¢, t €0, +00],
e~ tBa(@) = Pe M9t < Lya); R(A) <0, ¢,t €0, +00].
If [0, 400[ (resp. | — 00,0]) is irregular, then
By(xz,\) :=1— P(e‘ASTO_qTo;T0 < Va); R(A) > 0,q € [0, +00],
respectively,
By(z,\) :=1—P(e M=o, Ty < V), R(X) <0,q € [0,+00].

Notice that, in this case, T < V,, if and only if T7° < T}, (resp. Ty < V* if and only if
Ty < T°). Notice also that the function (g, \) + By(z, ) (resp. (g, A) = By(z, \))
is the Lévy exponent of a compound Poisson process.

In all cases, the following hold:

(3.1) m = P(/[o,vm[ e ML), R(N) >0, g€ 0, +oo],
1 —Ali—qty .
52 g =P /[Ome Mgt E(dr)); R(V) <0, q € [0, +ool.

We now define the following functions:

Hq(.’L') = Aq(x,O) = P(/[O " ]_St,[tgme_th(dt)),

Hy(z) == Ay(z,0) = P(/[0 . Ls,—1,<z€ T L(dt)).
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We will denote by H,(dz) and H,(dr) the Stieltjes measures associated to these
nondecreasing functions. Since L[0,¢] and L[0, ¢] are positive for every € > 0, H,(x)
and Hy(x) do not vanish for any positive z. Furthermore,

() < P( [

1St§me*th(dt)) and Hq(x) < P(/ 1_1t§ze*qtf4(dt)).
[0,¢]

[0,

For ¢ = 0, the right-hand side of the first (resp. second) inequality is the so-called
renewal function of the subordinator with Lévy exponent ty()\) (resp. (=)
(see [3] chapter 3). Therefore it is finite and H,(z) and H,(x) are finite too. Let
us mention that the following inequalities have been proved in [§] :

P(/ ls,<ze " L(dt)) < 4H,(z) and P(/ 1_1,<.e”TL(dt)) < 4H, ().
[0,¢] [0.¢]
4. THE MAIN RESULTS

We now present the main results of this paper. These have been announced in
[10].

Theorem 4.1. 1) For every q € [0, +oo[ and every complex number X, the functions
Ay and Ay satisfy the integral equations

Ay (x=,X) = Hy(0) + / e WA, (y,\) qu(dy),
10,2 H,(y

Hy(dy)
Hy(y™)
2) For every q € [0,+oo] and every complex number \ with R(A) > 0 (and

RA) =0 if g >0 or imX; = —o0) the functions Cq and By satisfy the integral
equations

Ay ) = H,0)+ [ My
10,2]

o — ef)\y Hq(dy)
S N XUAY S

_ e/\y — ﬁq(dy)
Be N =+ [ Vg

Moreover,
AQ(x_7 )‘)BQ(xa )‘) + AQ('/I:) )‘)Cq(x_7 )‘) =1L
3) For every q € [0,+00[ and every complex number A with R(A\) < 0 (and
RA) =0 if ¢ >0 orlimX; = 4+00) the functions C, and B, satisfy the integral
equations

~ \y Hy(dy)
Cylz,\) = B \) g
MG /}m)+oo[e (v, )Hq(y 7
By(e™.A) = dy(A) + / e (y, 1) Hal )
[,+oo] q\y

Moreover,
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For all z € |0, 400 and all ¢ € [0, +o00[ define

M, () = ( ﬁzgii ;i;(ﬁ)” ) iR >0,

M, (2, \) = ( —BC%SZC%,AA)) ﬁzgig > it RO\ <0,

Observe that for all A = iu € iR, the following limits exist:
. . Ag(z,iu)  —Cylz,iu)
+ N _ 2q\s qg\Ls
My (i) := A—>i1},1§g%>\)>0 Ma(@, A) = ( Ay(xyiu)  By(x,iu) ’
N . _ By(z,iu) Az, iu)
My (@, iu) := Aam},lgéAKoMQ(x’)\) B < —Cy(zyiu) Agy(x,iu) )

Theorem 4.2. For all x € ]0,+o0[, ¢ € [0,4+00[, A — My(z,\) is the unique
function satisfying the following properties.
1) X — My(x, N) is analytic on the two half-planes {R(N\) > 0} and {R(\) < 0}.
2) X = My(x,\) has a right limit (M, (x,iu)) and a left limit (M, (x,iu)) at
every point tu € iR and these two limits satisfy the equation

M (x, iu) = M (2, i) ( ; ;éu) » )

My Az
A[+1 €M M12
e—)\xM2l 22

BAES
is bounded in {R(\) > 0} U {R(N\) < 0}.
4) When R(\) — —oo,

W — ]., 'lLO()\)MQQ(l’,)\) — ].,

e Mya(z,\) — 0 if | — 00, 0[ is regular,

3) The matriz

and
e M My (x,\) = 0 if | — 00, 0] is irregular,
and when N(N\) — 400,
Mgg (:L‘, )\)
A M A 1 — =1
¢0( ) 11(x7 )_> ) w()()\) — 1,
e My (z,\) — 0 if 0, +00[ is regular,
and
e Myo(z,\) — 0 if |0, +ool is irregular.

5. CONNECTIONS WITH SCATTERING THEORY

The integral equations mentioned in Theorem [Tl can be rewritten as a distribu-
tion-theoretic differential equation as follows:

0 G_Ax?(dx)
(5.1) My@ N = o o ) Malad),
€ Hq(z—)
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where A € C\iR. This differential equation is a nonstandard form of the classical
equation of the scattering theory on the line, with a measure-valued potential matrix

H,(dz)
( I:I?d) Hq(w) )
xr
Ty O

Notice that these measures need not be finite.
We now review the basics of scattering theory, as expounded in [5]. Suppose

we are given a potential matrix ( ﬁ(om) S(w) ), where v and © are real functions

of a real variable satisfying some regularity assumptions; in particular, they are
integrable. To this matrix is associated the differential equation

0 e y(x)

Ve = (g o )Y

where A is a complex parameter.

Denote by J the matrix J := ( (1) 21 ) One can prove that for any imag-

inary complex number A = iu and any matrix solution z — Y (z,iu), the ma-
trix €2 /Y (x,iu)e "2 7 converges to the limits y* (iu) and y~ (iu) as © — +oo
and * — —oo. The scattering matrix associated to the potential is defined by
S(iu) = [y~ (iv)] "ty T (iu). Obviously this matrix doesn’t depend on the particular
solution z — Y (z,4u). On the other hand, for any complex A, there exists a unique
solution = ~— Y(z, ) such that e/ Y(z, \)e 2"/ converges to the identity matrix
as T — —00.

Shabat [21], see also [5], has proved that for any = € R, the function A —
Y(x,A) is analytic on the half-planes {#(\) > 0} and {R(A) < 0}, has right
limits (Y(z, (iu)™) and left limits (Y(z, (iu)~) at any point su on the imaginary
axis and the jumps matrix [Y(x, (iu)~] "1V (z, (iu)T) is equal to S(iu). Moreover,
es 7Y (x, )\)e_TMJ converges to the identity matrix as |A\| = +o00. It is then clear
that the function A — Y(z, ) is entirely determined by these conditions. The de-
termination of the matrix Y (z, A) and consequently of the potential matrix from the
scattering matrix (“the inverse problem”) reduces to solving this Riemann-Hilbert
problem.

In our problem, the coordinates of the matrix-valued function obtained by ex-

tending the potential matrix
H,(dzx)
( . 0 F;q(x) >
H,(dx)
Hq(z™) 0

to zero on | — 0o, 0] are measures instead of functions. Moreover, these measures
are not finite unless P is the distribution of a compound Poisson process and ¢ is
positive. Consequently, none of the solutions of the associated differential equation
is regular both as # — +o0o and & — —oo; therefore, the matrices y™ (iu), y~ (iu)
and S(iu) do not exist in the sense given above. Moreover, the differential equation
x — Y(x,\) need not have a solution such that the matrix eA_;JY(x,)\)e%J
converges to the identity matrix as |A| goes to +00. The solution of the differential
equation (Sc) we chose is the most convenient from a probabilistic point of view.
Theorem tells us that this matrix is the solution of a Riemann-Hilbert problem,
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as in classical scattering theory. In the present setting the role of the scattering
o . 0 -1
matrix is played by the matrix ( 1 é(in) +q )

6. CONNECTION WITH THE EXIT PROBLEM

We now explain how the resolvent of the Markov process (X, .S, ) and the dis-
tributions of the position of this process at different times are related to the six
functions A, A,C,C, B, B. Denote by supp(L) and supp(L) the supports of the
random measures L(dt) and L(dt), and, for all positive times t,

g¢ :=sup ([0, ¢[Nsupp(L)),  g¢ := sup ([0, {[Nsupp(L)) -
Proposition 6.1. For all A\;,\y € C, q1,¢2 € [0,+00[, z € |0, 4+00[, one has

Aql (1‘, )\I)Aqg (1‘, )\2) _ P(/ ef)qlt*lhgt1St_1t§xef)\2(Xt*[t)*qz(tfét)dt)
[0,400[

= P(/ e—AQSt—(Dgt1St_ltSxe—k1(Xf,—S,,)—ql(t_gt)dt).
[0,4+00[

For ¢ = ¢q2 = ¢, the previous statement shows that the pair of functions
(Aq,Aq) determines the value of U4(0,0,0, dydudv), where U is the resolvent of
the trivariate Markov process (X, S, I). (One can easily deduce from this the value
of Uy(x,a,b,dydudv) for any triple (z,a,b).) We shall see that this result is an
immediate consequence of a path decomposition stated in Proposition [[.1] and we
will prove it later. Notice the limits

1

lim fllx,)\ == R(A) <0, g1 € 0,400, 1R(A1) #0
Jm Ag (2, A1) PN (A1) 1€ [ 1 R(A1)
and
1
i = — > .
zgr_’l_loo Aq2 (l‘,)\g) 1/1(12 ()\2) %()\2) >0, g2 € [0,4‘00[, qQ%()\Q) 7’5 0

Thus, the limit of the identity of Proposition [6.1] as x goes to +o0o, gives us a
less precise version of theorem 1F in Bingham’s paper [4] and for A; and A2 on the
imaginary axis, it is also a less precise version of theorem 49.1 in Sato’s book [20].
These two versions of Wiener-Hopf factorization seem to be the most precise which
have been obtained until now.

The next propositions are immediate consequences of the definition of our func-
tions A, B,C, A, B,C and of the compensation formula stated in Proposition B.1l
The proofs are left to the reader.

Proposition 6.2. For all R(u1) >0, R(p2) <0, q1,q2 € [0, +00[, z €]0, +o0],

P <9Xp( —m1Sv, — qgv, — p2(Xy, — Sv,) — qQ(Vx_sz))>

1 .
=——(C4(z, ,
Bq1 (-%Ml) lh( IU'Q)
P <9XP(—M2IVI —qgve — 1 (Xve — Iye) — (J2(Vm—ng)))
1
-l Cpm).
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When X is a stable Lévy process and ¢ = 0, one can use the identities above
and the explicit expressions of the functions By,By, Co,Co given in Section 12 of
this paper in order to recover Kyprianou’s results [I3]. When X has no positive
jumps, using the same machinery, one can derive the results of Avram, Kyprianou,
and Pistorius, [I], Kyprianou and Palmowski [14], Doney [6], Nguyen-Ngoc and Yor
[15], and Pistorius [16] and [I7].

Let us denote by

U® :=inf{t|S; — I; >z and Sy = X;} Ainf{t | St — I; > z and X; = I;}.

Proposition 6.3. For all A € C, R(uq) > 0, R(uz) <0, q1,¢2 € [0,+00], z €
10, 400,

Despite this nice path decomposition, the behavior of the process (X, S,I) at
time U* doesn’t seem to have been investigated thus far.

Let A,(z,dy) be the measure with Laplace transform A,(z,\) (A4(z,dy) =
P(fOJr(><> 1s,—1,<z1ls,eaye % L(dt))). This measure is absolutely continuous with re-
spect to the measure A,(4o00,dy) := P(f[O)JrOO[ ls,caye 1 L(dt)), with a density
ay(x,y). This entitles us to define

Ay(b+y,dy) == ag(b+y,y)As(+o0,dy) = P(/[ [1,It§blst€dye_qt[/(dt)).
0,+00

Similarly, denote by A4(a — y,dy) the measure

Aq(a -, dy) = P(/ 15t§a11t€dyefqtf/(dt)).
[0,400[

For all positive reals a, b, denote by T} := inf{t | X & [-b,al}.

Proposition 6.4. For all A € C, R(u1) >0, R(u2) <0, g1,¢2 € [0, +00],
P(GXP(—AIT; — qure — i (Xpa—Ire) — q2(T — gre)); Xro = ST;>
= / e MGy, (a =y, ) Ag, (a — y, dy),
[7b10]
P <6Xp()\ST; — qigrp — p2(Xrg —Strp) — q2(Ty' — gr¢)); Xrp = IT;)

= /[ ] e MCq, (b+y, p2)Ag, (b + y, dy).
0,a
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Again, when X is a stable Lévy process and ¢ = 0, one can use the identities
below and the explicit expressions of the functions Ag,Aq, Cy,Co presented in Sec-
tion 12 of this paper and recover Rogozin’s [I9] results. When X has no positive
jumps, using the same machinery, one can obtain the results of Takdcs [24] (see
also Emery [7] and Rogers [I8] for a simpler proof) and more detailed results in
Koryluk, Suprun and Shurenkov [12], Suprun [23] and Bertoin [2].

7. INDEPENDENCE OF PAST AND POST MINIMUM PROCESSES “CONDITIONALLY
ON THE AMPLITUDE” AND PROOF OF PROPOSITION

The results of this section can be found in the author’s preprint [9].
We first introduce some more notation. For all g € [0, +o0[, let Q, Qg and Qg
be the measures on (2, 7, P) defined as follows:

“+o0
Qo) = P{| L ypeicane "],
0
QJdw) =P Lisox, soeae ML),
[0,400]
Qé(dw) = P[/[ [1(It,X(tis)7;Szo)edwe_qtzz(dt)].
0,+00

All these measures are supported by the set of paths with finite lifetime. Notice
that for a positive ¢, Qq, Qg and Qé are finite measures and P, := ¢Qq is the
distribution of the Lévy process X under P killed at an independent exponential
time with parameter ¢q. Notice also that the measure Qg is finite if lim;_, 1 oo Xy =
—oo (P-a.s.), and Qé is finite if lim;_, . X; = +00 (P-a.s.). The measures Qg and
Q$ are infinite in the other cases and Qg is infinite in all cases.

Let ¢ be the lifetime of the canonical process X, and let F';, M, m be the final
values of X, S, I,

¢ :=sup{t,X; € R} F=X. M :=Sq_ m o= Ie_.

Denote by o and p respectively the last time when X takes its maximal value and
the first time when X takes its minimal value (Xo_ := 0):

o:=sup{t <(|X;VX,_ =M}, p:=1inf{t > 0| X; A X;— =m}.

Also (,0,p, F, M, m are assumed to be zero when the path is constantly equal
to the cemetery point 4.

Notice that, under Q,, for every ¢ € [0,4o0[, the time o (respectively p) is
respectively the unique time at which the process X; V X;_ (resp. X; A X;_) takes
its maximal (resp. minimal) value, unless P is the distribution of a compound
Poisson process.

T 1

Notice that ?Q‘IT(?(;U)) and (21(((1;;)) are respectively the law of the process (M —

q q
X(o—s)-»5 > 0) and the law of (m — X(,_5-;5 > 0) under P, = ¢Q,. This
property is a standard consequence of the compensation formula of Proposition

B.1
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The next identities follow straightforwardly from the definitions:
Ag(x, ) = QJ(e ™M M < 2) = Qf(e M 9 M < w),
Hy(z) = QM < 2) = Qi M < x),

1 O (=AY _ AT —AF—qC
Gy~ Bl = Qo)
Ag(, ) = Qe ™5 —m < 2) = Qi % —m < x),

1 O AF b —AF—qC
A
Hy(z) = Ql(—m < z) = Qf(e ™ —m < z).

Proposition 7.1. For every q € [0, +o0[, x € ]0, +00],
Qi((m—X(,_p-3t>0) € dw; M —m < x,(Xyyp, —m;t > 0) € dwy)
=Qu((M = X(yp-;t>0) € dwy; M —m <z, (X160 — M;t > 0) € dwy)
= Qé(dwl; —m < x)Qg(dwg;M < ).
Proof. Let us first prove the assertions for ¢ > 0 and x = 4o00. One has the
following identities:
P,((m — X(p—p-5t > 0) € dwy; (Xiqp —m;t > 0) € dwy)
=Py ((m—X,—p-;t > 0) € dw1)P,((Xt4, —m;t > 0) € dwy)
(71) = Pq((m — X(p_t)—;t > 0) € d’LUl)Pq((M — X(J_t)—,t > 0) S d’LUQ)
_ Qy(dwr) Qf(dw,)
QiQ) Q@)
The first equality follows from the well-known independence of the past and post
minimum processes (see [3], lemma 6, chapter 6, for example), the second from the
fact, again well known (see [3], lemma 2, chapter 2) that the process
(F — X(—p-3;t > 0) has the same law as X under P,. The last one follows

from the compensation formula, as we have already mentioned.
On the other hand, we obtain

1 1 1
(7.2) QOQ@Q) = L
! ! 14(0) ¥Yq(0) ¢
The first identity follows from the definitions of Q} and QJ, the second one from
the Wiener-Hopf equation of Proposition 2.1l for iu = 0.
Recall that P, = ¢Q, and multiply the identity (ZI)) by % and use ([Z.2)) to get
Qq((m — X(p_py-3t > 0) € dwy; (Xppp — mit > 0) € dws) = Q}(dw:)Q] (dws).

Letting ¢ go to 0, we get the same identity for ¢ = 0.
The event {M — m < x} can be written as the following intersection of two
independent events:

{M —m <z} ={-min[m — X,_y-;t > 0] <z} N {max[X;,, —m;t > 0] < x}.
This yields
Qu((m — X(p—py—;t > 0) € dwy; M —m < 25 (Xeyp —mit > 0) € dws)
= Qé’(dwl; —m < x)Qg(dwg; M <uz).
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Using the identity in law of the process (F' — X(¢_4)-;t > 0) and X, we obtain
the other identity of Proposition [Tl O

Proof of Proposition 6.1l Let XT and X (=) be the processes (Xt4p—m;t >0) and
(m — X(,—-;t > 0), respectively. Then,

P(/ e_AIIt_(Ilgt lst_ItSxe—A2(Xt,—ft)—%(t—gt)dt)
[0,400[

= Qo (ef>\1qu1p1M_m<zef>\z(Ffm)fq2(C7p))

= Qoe MFX ) =m(x )y A2 F(XT)—a2((XT))

m(X () <z lM(xT)<e€

= Qé(e_)‘lF_‘hC; —-m < x)Qg(e_AzF_’”C; M <) = A, (x,\)Ay (T, \2).
The first, the second and the fourth identities follow from the definitions. The third
one follows from Proposition [T.11

Similarly, the second assertion of Proposition [61] follows from the second asser-
tion of Proposition [Z.1] O

Unless explicitly specified, all the statements made in the rest of the
paper hold for every ¢ € [0, +o0[.

8. PROOF OF PROPERTY 1) OF THEOREM []]

Write for all 2 € 10, 4+o0],
Qg”(dw) = Qé(dw\ —m < z), ng(dw) = Qg(dw|M < x).

Notice that when Q}(m = 0) > 0, the measure Q}(dw| —m = 0) is the Dirac
mass on the path constantly equal to §. We make the convention that Q}° and Q}°
are this Dirac mass.

Lemma 8.1.

QN (Xoqt — M3t > 0) € dw|M — X(,_py-;t > 0) = QM (dw),
Qé((XpH —m;t > 0) € dwlm — X(,_y-;t > 0) = Qg_m(dw).
Proof. Still denote by X' and X(-) the processes (Xt4p — mst > 0) and
(m — X(p—4)-;t > 0), respectively. Using the identities of Proposition [Z.I] with

x = +oo, we deduce that these two processes are independent under Q,. We then
obtain (remember that H,(z~) = Ql(—m < x))

Hy(5™)-Q((M = Xyt > 0) & dug, M € dar, (X — M;t > 0) € duw)
81) =Qu(-m[X T < a5 (M~ X(g_py-;t > 0)[X] € du,

M[X" € dz, (Xt — M;t > 0)[XT] € dw).
Notice the identities between random variables —m[X(7)] = M[X;t € [0, p[] — m

and M[XT] = M[X;;t > p] —m. Thus, on the event {—m[X ()] < x; M[XT] € d},
we have p < o and m = I,-; moreover, the time p, := inf{t; X; A X;- = I1,-} is
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equal to p. We then obtain the identities of events
{=m[X] < a; (M — X(y_py-:t > 0)[X] € dwo, M[XT] € da,
(Xopt — M;t > 0)[X"] € dw}
={S,- —m <z, (M~ X,_y-;t €[0,0 = p|) € dwy,
M —m e dx,(Xo4t — M;t > 0) € dw}
= {Sp; — I, <z (M = X(5_p)-3t € [0,0 — po[) € dwy,
M _Ia'_ S d.’E, —m[Xngt - M,t > 0] < Z, (Xa'+t - M,t > 0) S d’LU}
On plugging these identities into (81, and using the independence property of
the processes (M — X(,_y-;t > 0) and (X,4¢ — M;t > 0) under Q, as stated in
Proposition [[.1] we obtain
Hy(27).QI((M — X(5_4)-3t > 0) € dwo, M € dx, (Xopy — M;t > 0) € dw)
(82) =Qq(S,; — Lo~ < (M —X(o_y)-it €[0,0 = po[) € dwo, M — I~ € da,
—m[Xoqe — Mt > 0] < 2)Q}" (dw).
Integrating this identity with respect to dw, we obtain
Ho(z7).QN(M = X(y_py-3t > 0) € dwo, M € dx)
(8.3) = Qq(SP; —I,- <2, (M = Xo_p-;t €[0,0 — ps]) € dwo, M — I, € dax,
Identities (82) and (B3] then give
Hy(z7).QI((M — X(5_4)-3t > 0) € dwo, M € dx, (Xopy — M;t > 0) € dw)
= Hq(x_).Qg((M — X(o—p)-3t > 0) € dwo, M € da:)Qgr(dw).
When z is positive, Hq(x*) is positive and we can divide by Hq(x*) the previous
identity. We then obtain the first assertion of the lemma. When =z = 0, this
assertion is trivial.

We proceed similarly to obtain the second assertion of the lemma.
Proof of fact 1) of Theorem [4.1] For all z €]0, +oc[ and A € C,

AN = QUM < z,e ) = Hy(0) + fi L QYe M = y)H,(dy)
e QL (e MM = y) H, (dy)

I
»am »Qm
o O
T
—
S S
_ml

>

<
i)
-,
<-‘1|

>
=
>

Q

t

|

=
v
=)

|
s
=
QL
s

= Hy(0) + [l e MQE(eM s —m < y) Tl

B H, (dy) Hq(y)
= H,(0 —I—f]o’z[e_)‘yAq(y, /\)—Ifq(;’) )

The fourth identity follows from Lemma [RI} the others are obvious.
The identity

A )= B0+ [ g nget

is proved in a similar way. ([
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FIGURE 1

9. PROOF OF PROPERTIES 2 AND 3 OF THEOREM [£.]]
9.1. Two Markov chains. We now define the successive minima and maxima.
We first let
My:=M and 1T :=o0,
mo:=inf{X; |t >T1} and Ty:=inf{t>Ty| X AXi— =ma}.

Then we define inductively

Moy 1 :=sup{X; |t > Ton}  and  Toyyq i=sup{t > To, | X V Xy = Mopia},

Mmaon42 ‘= 1nf{Xt ‘ tZTQn-i-l} and T2n+2 = inf{tZTgnJ’_l | Xt A Xt_ ngn_;,_g},
Zong1 = Mopi1 —mo, and  Zopio = Mopyo — Mopiq.

If T, = ¢, put Z, 41 := 0 and T, := (. Notice that F = 37> Z,.

The behavior of the sequence (Z,,) is depicted in Figure 1. Similarly, let

my :=m and Si :=p,
My :=sup{X; |t >T1} and Sy :=sup{t>T1 | X;V X;_ = I},
Mmaon+4+1 ‘= 1nf{Xt ‘ t Z Sgn} and 52n+1 = 1nf{t Z Sgn | Xt A Xt_ = m2n+1},
Moy yo i =sup{X; | t>Sant1} and Sapio :=sup{t>Sont1 | X¢ V Xio =Mapi2}
and
Yont1 :=mopt1 — Moy, and  Yon 9 := Mopio — Man1.

If S, = ¢, put Y, 1 := 0 and S, := . Notice that F =37 V,,.

Lemma 9.1. Under Qg the sequence (Z1, Za, . ..) is a Markov chain with transition
kernel given by

fora £0. Pyfa.dy) = gt 1,0 T,
q q
P (0.{0) = 1.

and with initial law :
Q}(Z1 € dy) = Hy(dy).

Under Qé the sequence (Y1,Ya,...) is a Markov chain with the same transition
kernel and with initial law

QL (Y1 € dy) = H,(dy).
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Proof. The following identities hold:

Q}(Z1 € dy) = Hy(dy),
Ql(Z; € dy|Zy = z) = Q) (min[Xy 4, —M;t>0] € dy|M = x)

,(—d
=Ql(medy|-m<a)= Hi(z)y) Lyela.0]-

The third identity follows from Lemma [BI} the others follow from the definitions
of the random variables Z; and Zs.
The same arguments show that

Q) (Y1 € dy) = Hy(dy),

Hy(dy)
QY2 € dylty =) = ZH el
A straightforward induction establishes the rest of the lemma. O
Write

+o0 too
Ug(dy) :=>_ Ql(Zn € dy),  Vy(dy) =Y _ Q}(Yn € dy),
1 1

7o = sup{n; Z, & [, z[} (12 := 0if Z1 <),
Vy 1= SuP{”% Yn € [*.’ﬂ, CE[} (Vm = 0if Yl Z 799)'

Lemma 9.2. 1) Under Q) (dw;r, > 0), the sequence (Zr,—n)o<n<r, is a sub-
Markov chain with values in R* and with initial law

Hq(z7) H,y(x)
Ql(Z:, € dy; e > 0) = Lyelco—a| o o + Lyco o] = Uy (dy).
q( ) [ y€] [Hq((_y)_) y€Elz,+ [Hq(y)] q( )
Its transition kernel R, does not depend on x and satisfies the equation
(9.1) Uqy(dz)Py(2,dy) = Ry(y, dz)Uqy(dy) on R* x R*.

2) Under Q}(dw;v, > 0), the sequence (Yy,—n)o<n<v, is a sub-Markov chain
with values in R* and with initial law

Hg(x~ H
QUYL € > 0) = ey a7 gy + uetncoet g Vol
q q

Its transition kernel S, does not depend on x and satisfies the equation
Vo(d2)Py(,dy) = S,(y,d)V,(dy)  onR* x R*.

Proof. Tt is a standard fact from the theory of time reversal of Markov chains (or
processes) that the time 7, is a so-called “return time” of the Markov chain (Z,)
and consequently that (Z,, _,)o<n<r, is a sub-Markov chain with a transition kernel

x

related to that of (Z,,) by the so-called “duality identity”
Uqy(dz)Py(z,dy) = Ry(y, dz)U,y(dy) on R* x R*.

In particular, this transition kernel does not depend on the particular return time
Tx. Since we lack an adequate reference, we check this property in our particular
case.
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For every y € R*, let z — pq(y, z) be a density of the measure P,(y, dz) relative
to Uy(dz). Then for every integer m (measures involved here are on R*)
Qg(Zrz—m € dyma Zrlvf(mfl) € dym—la B er € dyO)
+oo
Z Qg(anm € dyma Zn—(m—l) € dymflv Zn—(m—Z) € dym72v B

n=m-+1

Zn € dyo, 7w = 1)

+o00
= Z Qg(Zn—m € dy'rm an(mfl) € dym—h an(mf2) € dym—27 DR

n=m-+1
Z, € dyO; Zn+1 € [—$’$[)1yog[ﬂ;7w[
+oo
= Z Qg(anm € dym)pq(ym7 ymfl)Uq(dymfl)Pq(ymfla dym72) v
n=m-+1
(9.2)
Pq(yla dyo)lyOQ[—x,x[Pq(yOa [799, xD
(9.3)

= Uq(dym)pq(yma ym—l)Uq(dym—l)Pq(ym—l, dym—Z) .. ~Pq(y1, dy())]-yog[—x,;c[~

The second identity follows from the definition of our particular time 7,, and from
the fact that the sequence |Z,| is nonincreasing; the other identities are trivial.
We deduce from identity ([@3]) that

Qg(er—m € dym‘ZTm—(m—l)a B Z‘r,) = Uq(dym)pq(yma Z‘rm—('m—l))'

Thus the sequence (Z;, _n)o<n<r, is a sub-Markov chain and its transition kernel
is Ry(z,dy) = pq(y, 2)Uy(dy). Multiplying the last identity by the measure U,(dz),
one recognizes the duality equation.

We now compute the law of Z, . Put m = 0 in the identity ([@2]). This yields

+ oo
Ql(Z-, € dyo) = 1yyg(—val Y QU(Zn € dyo) Py(yo, [, ()
n=1
H,(x) Hy(x)

=1 ttoo[ 5 T 1 —oor—az| T — = ) Uq(dyo)-
(bactsont g+ el ey )

The last identity comes from the value of P, given in Lemma
The corresponding results for the sequence (Y., _p)o<n<y, are derived similarly.

O
Write
1 - 1
) = = He A2 Zn 7 s odd) = — Te M 7is odd),
Cq (1‘ ) Hq (ZE) Qq (6 Tl ) Hq(ﬂ?) Qq (6 Tl )
1 - 1
b A) = T(e=A2nL1 Zn. i — T(e—Amz, . i
g (T, A) Hq(:c*)Qq(e ; T1S even) I x*)Qq(e ; Tois even),
va . 1 “am .
Celz, A) = i (gci)Qg(e_AZ"zl Yo: p,is odd) = i (x*)Qé(e A is odd),
q q
- ]_ vy 1
be(x, A) == = e AXnti Yo s even) = — T(em*Mva:y is even).
g (T, A) Hq(x)Qq(e v, is even) Hq(:c)Qq(e v, is even)
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Lemma 9.3. For R(\) >0 (and R(A\) =0 if ¢ > 0 or lim X; = —co P-a.s.),
leq(z, A)| <400 and |by(x, )| < 400,

and

.
be(A)

For ®(X\) <0 (and for R(A) =0 if ¢ > 0 or im X; = +o00 P-a.s.),

Ag(z—, N)bg(z, X) + Aq(x, A)cg(x, N) =

6q(2,N)] < +00  and  |by(z, \)| < +oo,

and
. . 1
Aj(x—, Nbg(x, A) + Ag(z, N)Cg(x, ) = = .
o= VBl ) + A Do) =
Proof. Write S,, := inf{n | Z,, € [z, z[}. Clearly S, = 7, + 1. Moreover,
—+oo
Ql(r: =0,Zs, €dy) + > QY(Z1 € day ... Zy € dnTy =1, Zs, € dy)
n=1
+o00
= Qg(Tx =0, ZSw € dy) + Z 1wn€[7w,w[1y€[7w,x[Qg(Zl €dzy,. ..,
n=1
Zy € dxp, Zniq € dy)
+o0o
= Qg(Zl € dy)lye[fw,a:[ + Z lm"Q[fm,w[lye[fw,w[Qg(Zl S d331, BRI
n=1

Zy, € dxp)Py(an, dy)
= H,(dy)1 [1+ Lo cleoo—a/QN(Z) € day, ...
q\AY)Lyefo,a] @y €]—o0,—z[Rq(£1 Lyeees

n IS even,n>2

1
Zn €dey) ————
V(o)
+ ﬁq(_dy)lye[fw,o][ Z 1wn€[w,+oo[Qg(Zl c dl‘l, e
n is odd
o € dn) ——]
Tp) =——].
n n Hq($n)

Again, the first identity is a consequence of the fact that the sequence |Z,| is
nonincreasing together with the definition of times 7, and S,. The third identity
follows from Lemma

Now, let us check that the o-field 0(Z,1,<,;n > 1) is o-finite. To see this,
first note that the variable Z11;, 40 + 1, —¢ is positive and is 0(Zpln<r,;n > 1)-
measurable. The variable Z11;, o has law Hy(dy)1,c[z,1o0[, Which is o-finite, and
the event {7, = 0} has measure H,(z~). So one can deduce the conditional law of
the variable Zp, on 0(Z,1,<-,;n > 1) from the preceding identities:

Hy(—dy)
Ql(Zs, € dy|Znlp<r.in>1) =11 is odd—=— 21 e
¢(Zs, € dyl <rim > 1) »iwodd g el

H,y(dy)

(94) + ]-TI is evenmlye[o,z['
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Moreover,
(95)  Ag@,N) =Ql(e MM <) = Ql(e M ET % 2y < 1)
= o, QU2 = ) Hy )

Similarly,
(9.6) Ag(w,2) :/[ . QLTI Yo Yy = ) H, (~dy).
Remember that
(9.7)

The transition kernels of (Z,) under Q} and of (Y;,) under Q} are the same.
(9.8)

S, is a stopping time of the chain (Z,)
and 0(Zylp<s,;n > 1) D o(Zylp<qr,;n > 1).

459

We deduce from properties ([@.4]), [@3), [@.4), (@1), (@), the following identity:

Znln<r,in > 1) =17, is odd Ag(x’ A) w

! 67AZ§;CZ7L ———— T 11, iseven .
&l Hyw) 7 E Hy(a)

Therefore,

o) = QTN = Qe ETT A = Qe AT AR )
q
_ Ta _ T A .’If,)\
= Qe FQEET 21, ) a0

Az, A)
- Hy(z)

Ty 18 even)
Hy(z™)

= by(x, \)Ag(x ™, A) + cq(z, N) Ag(z, N).

The condition that cq(z,A) and by(z, A) be finite has to be checked only in the

case ¢ = 0 and R(\) > 0. It is enough to check this fact for positive real .

In

this case the real numbers Ag(z~, \), Ag(z, \) are positive and m is finite. Thus

the previous identity shows that the (positive but possibly infinite a priori) co(x,

and bo(x, \) are actually finite.
The second part of the lemma is proved similarly.

\)

d

Lemma 9.4. For ®(\) > 0 (and for R(A) =0 if ¢ > 0 or if lim X; = —oo P-a.s.),

P{q(dy)
Hq(y) 7
H,(dy)
bg(x, A :1—|—/ eMeg(y, N) =2
q( ) ]x,+oo[ q( )Hq(y_)
For R(A\) <0 (and for R(A\) =0 if ¢ > 0 or lim X; = 400 P-a.s.),

cqlr, ) = / by (y, \)
[z,+o00]

Hy(dy)
Hy(y~)’
i H,(dy)

by(z,A) =1 +/ e Ny (y,\) = .
! [z,+o0[ ! Hq(y)

&yl A) = / by (3, )
Ja,+oo]
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Proof. We first extend the transition kernel of (Z,,), Ry, by setting R,(y, {—o0}) :=
1 — Ry(y,R*) for y # 0. Integrate with respect to z the “duality equation”,
1y220Uq(d2) Py(2z, dy) = 1y220U4(dy) Ry(y, dz). This yields

1yer- Ry(y. R U, (dy) = 1yen- / Uy(d2) Py, dy)

+oo
= lyer- Z Qg(Zn € dy) = lyer~(Uy(dy) — Hy(dy)).
2

From this it follows that

(9.9) Ry(y, {—0o})Uy(dy) = Hy(dy) for y # 0.

For y # 0, denote by p¥ the distribution of the Markov chain starting from y and
with transition kernel Ry, (S,) the canonical process of the space (R* U {—oo )N,
where —oo is the cemetery point and £ the lifetime of the process Sy,). From the
distribution of Z,_ as stated in Lemma [0.2] it follows that

(9.10)
4l \) = qu(x) Q)(e i 2o 1, is 0dd) = /[HOO[ pY(eAEi5n) (gq(?;’))
and
by (i, ) = Hq(lx)Qg(e—AZ?l Zu. 7. is oven)
(9.11) = Hq(lx_) Ql(r. =0)+ /}_ . pY(e A S")Uq(dy)%]
A€ Uy (dy
=1+ /}_ ,_x[py(e AL S“).%.
On the other hand, for every y # 0,
P (e B I (dy) = e /[_Oo sy P €I 42U )
= Ry, oD+ [ U 02 By )
e [ e S G ) = by, ) Hof).

The first identity follows from the fact that (S,,) has the Markov property under
pY with transition kernel R,. The duality equation (@.I]) proves the second identity.
Lemma 0] together with the identity (@3], impies the third identity. The fourth
identity derives from (@IT]).

Using the preceding identity, we can derive from (@.I0) that

H,(d
cq(z, ) = / e b, (y, \) Vq( y)
Ja,+o0 Hy(y)
The other assertions of the lemma are proved in a similar way. O

Lemma 9.5. For every complex number A with R(A) > 0 (and R(X\) =0 if g >0
or limy_, oo Xy = —00, P-ps),

Yg(N)eg(z, A) = Cog(z™,A)  and  g(N)bg(z, N) = By(z, N).
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For every complex number A with R(X\) < 0 (and R(\) = 04fq > 0 orlims 400 Xt =
+00, P-ps),
QZ)q(A)éq(va) = Cy(z,A)  and QLq()‘)Bq(% N) = By(z™, ).
Proof. Recall the definition (@) of the time U?,
U =inf{t | S — I; >z and Sy = Xy} Ainf{t | Sy — I; > x and X; = I;}.

Let B® be the event B* := { Xy« = Sy=,U* < 400} and denote by X the process
X,(w) = F — X,_(w). Add a"for the corresponding objects. Denote by XT and
X the processes (Xi4, —m;t > 0} and (X;45 — M;t > 0}, respectively.

A quick look at the picture will convince the reader that the following two prop-
erties hold:

T2 (XT)
(9.12) {ra(X")is odd} = B*, Y Z,X")=M-1I; onB"
1

Pick an event A such that 0 < Q}(A) < 400 and get
Q; (A)Hy(w)cq(w, A) = Qi(A)Q) (e 51 2257, is 0dd)

5 (XT)

= Qu(A(m — X(,_p-3t > 0);e *n=i " Znir (XT) is odd)
= QuA(XY), e M) B)
= Qq(e MM-Tu=) g A(X1)).
The first identity follows from the definition of ¢4, the second one from Proposi-
tion [l the third one from (@I2]) and the fourth one from the identity in law of
X and X under Q.

On the other hand, U” is a stopping time and it is smaller than ¢ on the event
B*. Therefore we get (denote by 6. the path (X;1p= — Xy=;t > 0))
(9.14) M —Iys = (Xy» — Iy=) + Mo 0y. and A(XY) =A(X'o0} )on B".
From this, it follows that
(9.15)

Qq(e—/\(M—IUx);Bx;A(Xi)) — Qq(e—)\(XUx—IUx); Bx;e—)\MOG?,x;A(Xi ° 9[0]@))

=P (e X Xvr=lue), BTyQ (e M A(XY)).

The first identity follows from (@.I4]), and the second one derives from the Markov
property at time U* as follows:

The first identity in Proposition for A\ =0, y3 = A and ¢; = g2 = ¢ implies
(9.16) P (e A Xur=Ivn) By — Hy(2)Cyla™, \).
Finally, we obtain from Proposition [.1]

(9.13)

017 Que AR = Q) IRYA) = L Q5(A).
a
Putting together equations (@13), (@13), @I6), (@I1), we obtain

QY (A)Hy(z)cq(x,3) = Qqe MM T0e): B, A(XY))

= Py (I 5 QM ACK) = Hy ()0 o 0) 55 QYA
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Multiplying these equations by Lw"i(%), this yields
1(A)Hy(z)

Coy(x7,A) = Yg(Neg(z, A).

We now turn to the proof of the second identity of the lemma. To this end, recall
that V, = inf{t | X; — S < —z}.

Notice further that if U* = +o0 or Iy = Xy, then V, = U®. Moreover
(denoting by 0%, the path (Xs1p= — Xy=;s > 0)), if Sye = Xy=, then V, =U* =
U + Vg 000, L(w,dt + U*)1y>0 = L(65. (w), dt) and Sy»yy = Xy= + St 0 05

Therefore, we deduce the identity of random variables,

/ e ML (dt)
[07V1‘[

— / e MUL(d) + L{xpe—SyeUr<too}e U7 / e M L(dt)] o 0 .
[0,U=] [0,Va]

Thus, by using the Markov property of X at time U”, we obtain
(9.18) Pq/ e M L(dt) = Pq(/ e MeL(dt))
[0,Va] [0,Uu=]

+ Py (e M Xpye = Sy UT < +OO)Pq([/ e M L(dt)]).
(0, Vx|

Notice that

1
9.19 ——— =P / e M L(dt
(9.19) By(w, N al o (dt))
follows from (B]). Let us now check that
(9.20) Az, \) = Pq(/ e MtL(dt)).
[0,U=

Regularizing to the left in the definition of A,(z, \), we obtain

Ag(z™,\) = Pq(/ e MtL(dt)),
[0.U==[
where U*~ = inf{t | S; — I; > x}. Notice that if U*~ and U® are different, then
Ije- = Xyo— and U® < inf{t > U*~ | S; = X;}. Thus the measure L(dt) puts no
mass on the interval [U*~,U?[ and equation (©.20)) holds.
On the other hand, use the first identity of Proposition for yy = A and
q1 = g2 = q to obtain

(9.21) P, (e 0" Xipo = Spa; U™ < +00) = Ay(z,\)Cy(z7, ).
From equations (@I8)), (@19), (@20) and @21)), it follows that
1 1

Boe ) = Ay(z7,\) + Ay (2, \)Cy (2™, )\)m.

Equivalently,

By(z, ) Ag(x™, A) + Ag(z, \)Cy(z™,\) = 1.
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Upon comparing with the identity obtained in Lemma s Ag(z, Nbg(z, A) +
Ay(z, Neg(x, \) m and the identity already obtained: Cy(z™,A) =

Ye(z, N)eg(z, A), we get the following:
By(w,A) = 1q(\)bg(, A).

The other two identities of the lemma are obtained similarly. O
Properties 2 and 3 of Theorem [£.]] follow from Lemmas [.3] and O

10. PROOF OF THEOREM
10.1. Two lemmas.

Lemma 10.1. For all x €]0,4+o00[ and iu € iR,

By(z,iu)By(z7,iu) — Cy(z™, iu)Cy(x, iu) = ¢(iu) + g,
BEI("Eﬂ iu) = (p(iu) + q)Aq(x7 iu) + Cq(.%', i),
By(x,1u) = (6(iu) + ) Ay (@, iu) + Cq(z, iu).

Comments. According to Theorem [T the three pairs of functions (A, (z~, iu),
Ay (z,iu)), (Cy(x™,iu), By(x,iu)) and (B, (z~,iu), Cy(z, iu)) satisfy the same dif-
ferential equation in z, in the sense of distribution theory. If the coefficients of this
equation were sufficiently regular, the second and the third identities of Lemma [I0.1]
would follow from the fact that the space of solutions of this differential equation is
2-dimensional, and the first identity would follow from the Wronskian identity. In
the next proof, we check that these results still hold in our setting by using Stieltjes
integral calculus.

Proof. We will denote by u[z + oo] (resp. p|z,+oc]) (z € ]0,+00]) any function
definite for x positive, complex-valued, left (resp. right) continuous and having
bounded variations on [z, +00] (resp.]x, +00]) for every = € 10, +o00] and p(dx) will
be the associated complex measure on |0, +o00]. Similarly, u[0,z] (resp. u0,z[)
will denote a complex-valued function, right (resp. left) continuous and having
bounded variations on [0, z] (resp.[0,z[) for every z € [0,+oo[ and p(dx) will be
the associated complex measure on [0, +00].

We now state a few facts about Stieltjes integral calculus.

An easy application of Fubini’s theorem yields, for all positive x,

(101) o, +oc)uala, +oc] = |

o iy, +<>O]u2(dy)+/ p2ly, +oolp1 (dy).
x,+00

[, 400l
If the complex measure 1 (dz) is also integrable on [0, z[, we have

pal0,lucle, +od] = [

11110, gl (dy) — / pialy, ool (dy).
|z, +o0]

[, +00]
[To establish it, add it with the previous one.] When adding the term
> m{yHr({y})
y€E[z,+00]
in both integrals of the right-hand side, we obtain

1[0, z[po]z, +-00] :/] N ]ul[O,y]m(dy)—/[ N [uz[%+00]u1(dy)+u1({w})uz({x})~
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By regularizing on the right, we obtain

(10.2) 1110, €]z, +00] :/

11110, gl (dy) — / ialy, +oo] (dy).
J,+00]

JER

Applying the previous equation to p;[0,z] := ] when ——L— has bounded

1
f2]@,+00] p2]@,+00]
variations on [0, z] for every positive x, we get the identity of complex measures

[0, z] := = 110, ylp2(dy) = paly, +oolpi(dy)  on ]0, +oof

pala, +o00]
and we deduce

p2(dy)
p2ly, +00lp2 [y, +o0]

We now go on to proving the first identity of Lemma [[0.J] The equations

Bq(x’,iu) = dq(iu) + f[w)Jroo[Cv’q(y,iu)e*iuy% and By(z,iu) = tg(iu)+

e +M[Cq(y*,iu)ei“y% of Theorem [l imply that B,(z~,iu) and By(z,iu)
are of the form pq [z, +00] and ps)x, +00], respectively. Now applying identity (I0.1])
to these two functions, we obtain

(10.3)  p1[0,2] = = i (dy) = on ]0, +o0[.

piz]a, +00]

(10.4)
: i . ww Hy(d
By(z™, iu) Bg(, iu) = vq(iu)q(iv)+ / B(y_,iu).C(y_,iu)e’“yiq( ?j)
J+o0] Hy(y™)
N Ay —iuy He(dy)
+[ B Cpine Sl
[@,400] Hq(y)
Equations C,(z7,iu) = Lf[x7+oo[Bq(y,iu)e’i“y—%q((d;)) and Cy(x,iv) =

jim,+oo[Bq(y_vi“)eiuy% of Theorem BTl imply that C,(z~,iu) and Cy(x,iu)

are also of the form p[z, +00] and ps]x, +00], respectively. Now applying identity
(10D to these new functions yields

(10.5)
e ey Hyldy)
Cy(z™,iu)Cy(x, iu :/ Co(y™,iu).By(y~, iu)e™¥ =L 22
q( ) CI( ) ];c,—i-oo[ q( ) q( ) Hq(y_)
5 - _iuy Hq(dy)
+/ Cy(y,iu).By(y, iu)e” ™Y ==
[x,400[ ! ! H,y(y)

Upon substracting equation (I0.4) from ([I0.5]), we obtain
(10.6)  By(z™,iu)By(z,iu) — Cylz ™, iu)Cylx, iu) = by (iu)hy(iu) = ¢(iu) + q.
Let us now establish the second identity of Lemma I0.J When multiplying by
¢(iu)+q the identity of TheoremT] (A, (x, iu) By(x ™, iu)+Aq(z~, tu)Cy(x, iu) = 1)
and subtracting it from (I0.6]), we get

Bq(a:_, iu)[Bg(x,iu)— (¢(iu) + q)Aq(z, iu)]
— C’q(x, iw)[Cy(z™, iu) + (H(iu) + ¢)Aq(z™, iu)] = 0.
Recall identity (3.2), m = P(f[o,vw[ e~ tlt=at[(dt)). This implies that neither

By (z,iu) nor By(z~,iu) vanishes. This enables us to multiply equation (I(LG) by
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the measure Bq(x*,iul)Bq(x,iu) —uz Ig‘q(g), and obtain
(10.7)
1 . . b . —iuz Hy(dz)
| By [(Bale i) = (9000 + ) Ag(w e
_ — - - C'q(x,zu) —zuxHq(dx) _
[C’q(x Jiu) + (P(iu) + q)Aq(z ,zu)] [Bq(x_, iu)Bq(x,iu)e ) ) 0.

Put ¢ > 0. We claim that equation ([I07) is of the form pq]0,z|us(dz)—
palz, +oojpi (dx) = 0, where

w10, x] == m and  peofz, +o0] := Cy(x™,iu) + (P(iu) + @) Aq(z™, tu).

To see this, first notice that it follows from identity (5.2) that & is of the form

1
q(T,iu)

—wWC (i) Pg]q((d;’))) of

1 1
By (x,iu) p2]x,+oo]

1[0, ], and we can use the identity (B,(z,iu) = f]x ool €

Theorem [l in order to apply formula (I03) to 1[0, 2] :=
get

and

pi(dr) = = C’q’(x,%u) e uT }{Q(dx) on |0, +ool.
By(xz,iu)By(z,iu) H,(z)
In order to establish the equation relative to us, we first establish bounded vari-
ations on [z, +00] of Cy(x™,iu) + (P(iu) + q)Aq(x~,iu) as follows: the measures
Q] (dw) and H,(dzx) are finite because ¢ is positive; thus the function A,(z~,iu) =

Ql(M < zje ™F) tends to Qf(e7™F) = as = goes to +o0o. On the

1
) wq(iu)
Alg(w(;?), is bounded by 1; thus it is H,(dx) in-
q
tegrable. From these facts and from the identity of Theorem EI] (A,(z~,iu) =

Hq(0) + fio.0f (3‘““’%]‘[,1(d;1/))7 we deduce

other hand, the function of z,

N i o Hyldy)
Adla™s i) = Amfy&mmm@.

Consequently, this equation and the identity of Theorem Il (Cy(z™,iu) =
—iu . Hq da . . . .
f[w’Jroo[e VB, (x, iu) Hq((yy))) give us that the function Cy(z~,u) + (¢(iu) + q)

Aq(z™, tu) is of the form psx, +00] with

. ruw Ho(d
palde) = (B (i) — (6(iw) + ) Ay iu))e 2 28 o jo o
Hy(x)
Now, we can integrate equation (I07) over |x,4oc] and use equation (I0.2) and
obtain that the function
Gyl i) + (9in) + ) Ay, i)

(1[0, ] o], +oo] = B, (z,iu)

is a constant function of x on |0, 4+o00[. On the other hand,

lim Cy(z,iu) =0, lim Ag(z,iu) = lim Bg(x,iu) = ¥q(iu).

T—r+0o0 Tr——400 ’¢q (ZU) ’ Tr—+00
Thus

Cy(z,iu) + (P(iu) + q) Ay (z, iu) qi)(iu)v—l— q

lim =

[ =1.
T—r—+00 Bq(ﬂj, zu) 'Qqu (Zu)d]q (Zu)
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This enables us to deduce the second identity of Lemma [T0.1]

By(z,iu) = Cq(z,iu) + (¢(iu) + q) Aqg(z, iu).

The third identity of Lemma [I0.1] can be proved similarly or by regularizing the
second one at the left and integrating it over ]z, +00] with respect to the measure

ei”%. To get the second and the third identity when ¢ = 0, use a limit. O
q

Enlarge the probability space (€2, F,P) so that it contains a random variable &,
independent of the canonical process X and which has an exponential distribution
with parameter ¢ and still denote by the same notation this enlarged space. For
t > 0, write

D, := inf (Jt, +oo[Nsupp (L)), Dy := inf (]t, +oo[Nsupp (L)) .
Also set
U =inf{t| S, — I > z}.
Lemma 10.2. For every complex number with R(\) > 0,
1 —po(A)Ag(z, ) = P(exp(—ASp

Po(N)
b m - P(exp(_)\SDVzAsq)QDVE/\gq < —l—oo),

); Dys+ e, < +00),

Uzt Agq

For every complex number with R(\) <0,

1- &0()‘)1411(% )‘) = P(eXP(_)‘ID ); DU”/\gq < +OO)’

Uzt Agq
() -
— ——— =P(exp(—Alp. . i Dya < +0).
Bq(x, )\) ( p( DVI/\gq) \4 /\5(1 )
Proof. Denote by GBUVM&(I the path (Xt+DUz+qu - XDU”A&I ;t > 0). Clearly,

/ e M L(dt) = / e Mt L(dt)
[0,00] [0,Uz+AEq]

oot U Ay | / e S L(dt)] 0 05
a [0,400[

+1p

vet e vrtagg

By using the Markov property at time Dya+ ¢, , we then obtain
(10.8)
1

o 1
U +A§q§DU’”+/\§q < —|—oo)v—7

Yo(N)

_~ __p ASe L)+ Ple
Po(A) (/[O,UZ-%-/\fq]e (dt)) + P(e

and we deduce from the definition of the function A,(z, A) that
(10.9) Ay, 2) = P(/ =25 (dt)).
[0,U=F AE,]

The first identity of Lemma [[0.2] follows from (I0.8)) and (I09).
Use similar arguments to prove the other identities of the lemma. ([l
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10.2. The matrix M, satisfies the properties of Theorem Fact 1) is
obvious. Fact 2) follows from the second and the third identities of Lemma [I0.1]
We check fact 3) :

The functions A +— A, (x,\), A = Ay(z,\), X = Cy(z,\), A = Cy(x,\) are
Laplace transforms of finite measures supported respectively by sets [0, z], [z, 0],
[z, +oo[ and | — o0, z]. Consequently, the functions A = A, (2, \), A > e A A, (z, \),
A = e*Cy(x,\) are bounded on the half-plane {R(A\) > 0} and the functions
A A (2, ), A= Ag(z, M), A= e *2Cy (2, \) are bounded on the half-plane
{R(N) < 0}.

The function A\ + B,(x,)\) (resp. A +— B,(z,\)) is the Lévy exponent of a
subordinator (resp. opposite of a subordinator) killed at an exponential indepen-
dent time. Thus the function A — Bl‘i(‘ii\) ) is bounded on the
half-plane {R(A) > 0} (resp. {R(X) < 0}).

We now check fact 4). Notice that the random variables Sp_, aeq ntq
(resp. IDUI+A.EQ and IDvaﬁq) are positive (resp. negative). Thus by using

Lemma [T0:2] we obtain

By (z,\)
[A]+1

(resp. A —

and Sp,,

. . B,(z,\)
1 M)A A)=1 1 4
RO o0 YoM Ag(w,4) =1, R(A) oo Po(N) ’
S By(z, A\
lim o\ Ag(x,\) =1, lm Do
R(A)——o0 R(A)=—o0  Pp(A)
Now, suppose | — 00,0[ is regular and denote by A,(z,dy) the measure with

Laplace transform A,(x, \),

¢
Aq(l’,dy) = P(/ 1St_[t§x€7qt15t€dyL(dt)).
0
In particular,

¢
Ag(z,{z}) = P(/o 1,—0e” 1g,—o L(dt)).

Since | — 00, 0] is regular, I; = 0 if and only if ¢t = 0 and at time ¢t = 0, Sy = Sy =
0 # x. Hence, the measure A,(z,dy) does not change {x} and e**A,(z, ) is a
Laplace transform of a measure supported by [—z,0[. Therefore,

li A A (2, \) = 0.
RO o0 a(@,A)

When |0, +00] is regular, one similarly obtains the following limit:

lim e A, (z,\) =0.
R(N)—+o0

If | — 00, 0[ is irregular, then for every positive stopping time 7', either P is the
distribution of a compound Poisson process and the set {s | info<y<s Xytr—Xp- =
Xsyr — Xp-} is (P-a.s.), a discrete union of intervals where the process X is
constant, or the set {s | info<y<s Xyyr — X7- = Xoyr — Xp-} is discrete. One
can easily deduce that the set {t | I; = X;} has the same property N-a.s. Moreover,
the time T, is the first time when X; is strictly smaller than —z. It follows that
Xr, < —z on T, < +0o N-as., and A > Cy(z,\) = N(e 7= T, < 4o0) is
the Laplace transform of a finite measure supported by | — oo, —z[; thus

m(xl)igl—oo e M Cy(2,\) = 0.
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When |0, +o00[ is irregular, then one similarly obtains the following limit:

li Ao (2, \) = 0.
m(x)@%oe a(®,A)

10.3. Proof of the uniqueness part of Theorem Notice first that, when
regularizing on the right the identities A, (7, \)By(z,A) + Ay (z, \)Cy(z7,\) = 1
and A, (2, \)B,(z7,\) + Ay(z7,\)Cy(x, \) = 1 stated in Theorem BT} we obtain
that det My (z, A) = 1 for every A € C\iR. Now let N(\) be another matrix having
the same property as M, (z,)) and let us check that N(\)[M,(x, A)]~! is equal to
the identity matrix. For simplicity, the mention of parameters x and ¢ is omitted
in the sequel.

By fact 1) the matrix N(X)[M()\)]~! is analytic on the two half-planes {R()\) >
0} and {R(A) < 0}, and by fact 2) it can be extended by continuity at every point
of the imaginary axis.

Fact 3) allows us to state that N(A)M (\)~'is bounded on every compact set of
C. Thus a standard argument shows that the extended matrix is entire.

Fact 3) gives us also that the matrix W&%JN(A) [M(\)]"te=*27 is bounded

on C (remember that J denotes the matrix ( (1) (11 )), hence the components of

the matrix U := e*2 7 N(A)[M(A\)]"te=*27 are polynomials.
We now investigate the behavior of each component of this matrix as $(\) goes
to —oo or 400. Let us compute Uy,

Ull = N11M22 - N12M21~

If ] — 00, 0] is regular, then e** N5 goes to 0 as R(\) goes to —oc, while e‘”Mgl is
bounded; therefore, the product N1oMas; goes to 0. On the other hand, N1 ~ ()
and Moy ~ ﬁ; thus N1 Mas — 1. We have obtained that Uy; goes to 1 as R(\)

goes to —oo and Uy is a polynomial; thus Uy; is identically 1.

If ]0, +o0] is regular, exchange the roles of the two half-planes in order to obtain
that Uy is equal to 1 again.

In other cases, P is the distribution of a compound Poisson process, and so
e~ Moy goes to 0 as R(\) goes to —oo, while e** N1, is bounded; thus the product
Nio My goes to 0 again. Moreover, Ni1 Moo goes to 1 as before. We can again
conclude that Uyy goes to 1 as R(A\) goes to —oo, and so, that Uy is identically 1.

We turn now to the computation of Uss,

U22 = N22M11 - N21M12~

Upon exchanging the roles of N and M in the previous argument, we get that U
is identically 1.
Compute Usq,

Usy = € *(Nay Mag — NogMyy).

If | — 00, 0] is regular, then 1y is the exponent of the opposite of a subordinator that

is not a compound Poisson process, and Mo, and Ny are equivalent to m; thus

they vanish when R()\) goes to —oo. Moreover, e~ Ny; and e~ ** My are bounded,
so Uz vanishes as R(\) goes to —oco and we conclude that Us; is identically 0.

If ] — 00, 0[ is irregular, then 1o is the exponent of the opposite of a subordinator
which is a compound Poisson process. Then it converges to a positive value as R(\)
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goes to —oo. Thus, 1im§R(/\)H,OO Mgg = 1img%(>\)ﬁ,oo N22 = lim%()\)ﬁfoo ﬁ S
]0, +00[. On the other hand, e=** Ny; and e~ ** My go to 0. Therefore, Us; goes
to 0 as R(A) goes to —oo and again Us; is identically 0.

Finally, compute Uss,
U12 = eAw(—Nllel + N21M11)'

By a similar argument, we obtain that U2 goes to 0 as R(\) goes to +00 and again
Uiz is identically 0.

We have obtained that the matrix U = e*2/ N(\)[M()\)]"te=*27 is equal to the
identity matrix; thus N(X) = M (). O

11. PROBABILISTIC INTERPRETATION OF THE IDENTITIES
BETWEEN THE SIX FUNCTIONS

We first introduce some terminology on Wiener-Hopf factorization. Denote by
(W, G, Q) any probability space. Let Z be a real process defined on (W, G) with a
lifetime that may be finite. If the distribution of Z under Q is P,, we shall say that
¢(iu) + g is the Lévy exponent of Z under Q and its spatial Wiener-Hopf factors
are the functions dq and .

Let S = (0,51,...,5n,...) be a sequence of real random variables defined on
(W, G) and having under Q the distribution of a random walk possibly killed at an
independent geometric time. We will identify its distribution to the distribution of
the compound Poisson process with Lévy exponent 1 — Q(e™"51; 1 < ¢) (¢ denotes
the lifetime of S, & = inf{n | S,, = §}). We shall say that this function is the Lévy
exponent of the random walk S and that its spatial Wiener-Hopf factors are those of
this compound Poisson process. It is easily seen that these factors are respectively
1— Qe ™5v0; Vh < &) and 1 — Qe ™Svo—; V0= < &), (Vp :=inf{n > 1|5, <0})
and VO~ :=inf{n > 115, > 0}).

We now revert to the space (2, 7, P) and denote by 6§ the path (X, 1¢+—X;; s > 0)
for every time ¢. The reader can easily convince him/herself of the next assertions:

11.1. Interpretation of the identity B, (z,iu) = (¢(iu)+q) A (z,iu)+Cy(x, iu).
If | — 00, 0] is regular, then define:
To:=0, Ty:=V" Ty =T, +V 00r , (Thy1:=+o0if T, =+00),

~ +oo
L(dt) := Z L1, <t<T,., L(OF, , dt —Tp,).

n=0
Denote by () the right continuous inverse of L and write
Y;g = X;_t.

Under P,, Y is a Lévy process, its Lévy exponent is Bq(x,iu) — Cy(z,u) and its
Wiener-Hopf spatial factors are 1, (iu) and ¢, (iu) Aq(x, iu).

If | — 00,0[ is irregular, then define the sequence of stopping times (T,,;n > 1)
as follows:
Ty =Ty =inf{t | X; € [0, 2]}, Tyy1 := T + Ty 0 07, , (Try1 := +o0 if T), = +00).
Under P, the sequence (0, Xr,,...,Xr,,...) is a random walk. Its Lévy ex-

ponent is B, (x,iu) — C,(z,iu) and its Wiener-Hopf spatial factors are ), (iu) and
g (iu) Ag(z, iu).
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The interpretation of the identity By(x,iu) = (¢(in) + q)Aq(z, iv) + Cy(z, iu) is
similar.

11.2. Interpretation of the identity.

(i) + q) Ay (z,iu)Ag(z ™, iu) + Cy(z ™, iu) Ay (z,iu) + Cy(z,iu) Ag(z ™, du) = 1.
This identity is obtained from
By (z,iu) Ay (x™,iu) + Cy(x™, du) Ay (x,iu) = 1
and ) ]
By(z,iu) = (¢(iu) + q)Ag(x, iu) + Cy(z,iu).
Denote by (U,;n > 1) the sequence of stopping times :
U, .=U", Upny1:=Up +U" 007 (Upy1 := +o0 if Uy = +00).

Under Py, the sequence (0, Xy, ,...,Xy,,...) is a random walk, its Lévy expo-
nent is 1 — Cy(2™,iu) A, (x,iu) — Cy(x,iu)Ay(z~,4u) and its Wiener-Hopf spatial
factors are 1, (iu) A, (z, iu) and b, (iu) A, (z ™, iu).

11.3. Interpretation of the identity Bq(av_7 iu) By(z,iu) —Cy(z™, iu) Cy (0, iu) =
p(iu) + g

Let S = (0,51,...,S5n,...) be a real-valued random walk (with infinite liftime)
on any probability space (W, G, Q). Denote by, for all « € |0, +o0],

Vem=inf(n>1]S, ¢ 0.al), VO =inf{n>1]8, ¢ [-2,00.

When applying the identity : By(x ™, iu)By(x,iu) — Cy(x,iu)Cy(x™, iu) = ¢(iu) +¢
to the compound Poisson process which has Lévy exponent 1 — Q(e™ %) = ¢(iu),
we obtain for all 4u € iR and s € [0, 1],

[1— Q(e_iusv(f_svoz_;SVDz— <0)][1-Q(e

—iusS

- Qe v~ SVOW;SVDZ_ > x)Q(eiiusVa?_ szf;S’VIo_ < —x) =1-sQ(e”5).

—iuS,0- SV,B*;SVQ_ > 0)]

12. EXAMPLES

In this section, we treat two examples of Lévy processes: stable processes which
are not killed [¢ = 0] and Lévy processes without positive jumps. The “exit prob-
lem” has been essentially solved for these processes, by Rogozin [19] in the first
case and by Takdcs [24] in the second case. The authors mentioned in part 3 gave
solutions of derived problems. This section is meant to show how the main results
presented here (Theorems 1] and [42)) can be used to provide a unified treatment
of the subject. The reader can also find in the recent work of [I1] other cases for
which the “exit problem” is solved.

12.1. Stable processes. Let P be the distribution of the stable process with index
a, with positivity parameter p (i.e., p = P(X; > 0)), and normalized by the equa-
tion |¢(i)] = 1. Put v := ap and § := a(1— p), where v and ¢ belong to the interval
[0,1]. The case § = 0 (resp. v = 0) corresponds to the subordinators (resp. the
opposite of subordinators) and we will exclude these cases in the sequel. The case
v = 1 corresponds to stable processes without positive jumps. The Lévy exponent
¢ can be written as follows (we use the principal part of the power functions):

¢(iu) = e’ EOI My * = (—iu)® (iu)”.
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We chose the spatial Wiener-Hopf factors
Polin) = (—iu)°, Yo(iu) = (1u)7.
Theorem 12.1. For all x € |0, 400],

Ap(, ) = —— / eyt -Yya,  (rec)
0

L'(v) z
for vy €]0,1],
+oo
Co(z,\) = F(lr(—éj)ll“)('y)/m e*’\y(% — 1)*7y*6*1dy (R(A) > 0),
+oo a
Bo(z,\) = ﬁ/{) (1- e—ky)(% + 1)y tay + %x” (R(N) > 0)

and for v =1 (consequently 6 = a — 1),
Co(x,\) = T'(a).e z° (R(N) > 0),

Bo(z,\) = A+ g (R(N) > 0).

The functions Ay, Cy and By are obtained by duality.

Sketch of proof. The stability property gives us easily that the functions Hgy and
Hy are of the form
Hy(x) = kya?, Hy(z) = k_a?°,

where k4 and k_ are positive constants. Consequently, upon differentiating twice
the integral equation of Theorem [£1] one finds that the differential equation in
x, satisfied by the three functions Ag(z, \), Co(z, A) and Bo(z, \), is the confluent
hypergeometric equation. This fact and the behavior of these functions when x
goes to +oo allows us to compute them.

12.2. Lévy processes without positive jumps. In this section P is the distri-
bution of a Lévy process without positive jumps. We refer to chapter 7 of the book
[3] for the results we recall here. The Lévy exponent is of the form

o(iu) = o?u? + aiu + / (1 —e ™ —juxl,s_q)m(d).
]700’0[

This function can be extended to define an analytic function on the open half-plane

R(A) < 0} which is continuous on the closed half-plane {R(\) < 0}. Again, let ¢ be

this function. Moreover, there exists a unique function ¥ defined on [0, +oo[ such

that ¢(—¥(q)) = —q, and one can use as Wiener-Hopf factor ¢, the function

Pq(A) = A+ ¥(q).

This Wiener-Hopf factor corresponds to the choice of the local time L(dt) = dS;.
Notice that in case P is the law of a Lévy process of the form at — Y;, where a
is a positive real and Y is a subordinator without drift, one has to take L(dt) =
15 17,-x,0; instead of L(dt) = > 17,—x,6; as we have stated at the beginning of
this paper but this doesn’t change previous results. Denote by W, the so-called
scale function. The scale function is the unique nondecreasing right continuous
function defined for ¢ € [0,4+o00[ and for x € [0, +oo[ and satisfying the identity

1

YRy g (A>¥(q)).

(12.1) /0+<><> e MW, (x)dx =
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The associated Stieljes measure W, (dx) admits a right continuous density w, on
10, +00[ (we shall reprove this fact in the next proof)

Wo(x) = We(0) + /] )y

Theorem 12.2. For all g € [0,+00[ and x €]0, +o0],

Aq(x,)\)zfoxe_’\y%(;)y)dy (A e ),
0

Afa ) = W0+ [ o) - GESW ks (e ©)

—X

The functions Cy and B, can be analytically extended to the whole complex plane
and

e—Az
CaleN) =y (AEO)
By(z,\) = A + ;”Vq((?) (A e ),
Cylz,A) = By(x,A) — (6(N) + @) Ag(x,A)  (R(N) <0),
By(x,A) = (6(N) + @) Ag(z,A) + Colz,A)  (R(A) <0).

Proof. Since there are no positive jumps, we see that

(12.2)

Cy(z™,A) = e N (8¢, > ),

(12.3)

By(z,A) = A+ N(§ < Cor I, < —z) and Erf_l N(& < Cor I, < —z) = ¥(q),

where £, denotes an independent exponential time after having enlarged the mea-
sures N and NN in order to contain such a variable.
Differentiate the integral equation of Theorem 1]

H
(12.4) Colz™,A) = / e By(y, \) (%),
[@,400] Hy(y)
and use the expressions of C; and B, given by (I2.2]) and (I2.3) to deduce
H
(12.5) M = N(S¢, > z)dx on ]0, +o0l,
Hy(x) !

and the measure N(Sg, € dx) admits a right continuous density n, on ]0, +-0c[ and

N(gq < < or I{gq < —x) — v ’I’Lq({I;)

In particular, we see that

(12.6) lim —————— = ¥(g).
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Recall the following identity from Theorem T}
y H,(d
(12.7) Aam N = H O+ [ e 2D,
10,2] Hy(y)

In view of equation ([I2H), it follows from equations (IZ4) and (I27) that
Cy(z, \) and Ay(x, A) are differenciable functions of . Upon computing the value

of [éggiﬂl, we obtain

(12:8) ]

[Aq(x, )‘)}/ _ By(z, A)Ag(z, ) + Cg(x, \) Ag(a, N) e_MfHQ(dx) = M 1 .
Cq(z, ) (Cy(z,A))? Hy(x) N(Se, > )

The first identity is a consequence of identities (I2Z4) and ([I27), and the sec-
ond one follows from (IZ2) and ([I2Z3) and from the identity of Theorem [FT}

By(z, N)Ag(x7, A) + Cy(z, M) Ag(z, X)) = 1.
Upon integrating equation (IZ.8]), we obtain
r 1 z N(Sg > x)
Az, \ :Ca:,A/ M~ d :/ e M R T Ty
(@) () 0 N(S§q>y>y 0 N(qu>x—z)y

The second identity follows from (I2.2)).
In order to identify the function A,(z, \), differentiate the preceding one and use

([I27) to obtain
(12.9)

P P S |V S 1) na()
Ag(x,\) = N (5, > 0) +/0 ([N(qu >y)2 N(Se, >y) N(Se, > :v))dy.

We now prove that the function

m is equal to the scale function W, (),

and this will complete the proof. O
For R(A) < 0 and  — +oo, use (IZ6)) in equation (IZT]) to obtain

T o L ) ¥(q)
i Ao = st O T W s

Moreover, lim,_, 4 oo Ay (z,\) = ¢ql(x) = 2;(")\‘1)/52. Therefore for R(A) < 0,
A+ ¥(q) _ 1 N /+°° A ngly)  ¥(g) \dy
$(N)+q  N(S, >0)  Jo [N(Se, >y)]? N(S¢, > )

1 +oo 1
- - ¥y~ —¥(@yyg
e Rl A e S L

“+o0 eAy

o N(S¢, >y)

The last identity follows from an integration by parts.
We deduce the following identity for £(\) < 0,

=—(A+Y%(q). dy.

1 o0 \ 1
—— = et ———dy.
oA +a  Jo N(Se, >y)
Comparing with identity (I2.1]), one finds that the Laplace transforms of the two
right continuous (in fact continuous) functions m and W,(z) are equal on
{R(\) > ¥(q)}. Thus, these two functions are equal.
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