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TWISTED FOURIER-MUKAI NUMBER OF A K3 SURFACE

SHOUHEI MA

ABSTRACT. We give a counting formula for the twisted Fourier-Mukai partners
of a projective K3 surface. As an application, we describe all twisted Fourier-
Mukai partners of a projective K3 surface of Picard number 1.

1. INTRODUCTION

Fourier-Mukai (FM) partners of a projective K3 surface S have been studied
beginning with Mukai’s work [§]. The basic results due to Mukai and Orlov ([I0])
are as follows:

(1) If a 2-dimensional moduli space M of stable sheaves on S is non-empty and
compact, then M is a K3 surface. When such an M is fine, a universal
sheaf induces an equivalence D?(M) ~ D?(S).

(2) Every FM partner of S is isomorphic to a certain 2-dimensional fine moduli
space of stable sheaves on S.

(3) A projective K3 surface S’ is an FM partner of S if and only if their Mukai
lattices are Hodge isometric.

Using Mukai-Orlov’s theorem (especially (3)), Hosono-Lian-Oguiso-Yau ([5]) de-
rived a counting formula for the FM partners of S.

On the other hand, it has been recognized that studying twisted FM partners as
well as usual (i.e., untwisted) FM partners of S is important when analyzing the
derived category D®(S) of S. Recall that a twisted FM partner of S is a twisted K3
surface (S’,a’) such that there is an equivalence D®(S’,a’) ~ DP(S). Caldararu
([, [2]), Huybrechts-Stellari ([6], [7]), and Yoshioka ([14]) generalized Mukai and
Orlov’s results to the twisted situation. When S is untwisted, their results can be
stated as follows:

(1) When a 2-dimensional coarse moduli space M of stable sheaves on S is a K3
surface, a twisted universal sheaf induces an equivalence D*(M, o) ~ D(S),
where « is the obstruction to the existence of a universal sheaf.

(2) Every twisted FM partner of S is isomorphic to a certain 2-dimensional
coarse moduli space of stable sheaves on S endowed with a natural twisting.

(3) A twisted K3 surface (S',a/) is a twisted FM partner of S if and only if
the twisted Mukai lattice of (S’,a’) and the Mukai lattice of S are Hodge
isometric.
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Let FM?(S) be the set of the isomorphism classes of the twisted FM partners
(8", /) of S with ord(e/) = d. The number #FM%(S) is an invariant of the cat-
egory D(S) representing the number of certain geometric origins of D®(S). The
aim of this paper is to present an explicit formula for #FMd(S’). It enables us to
calculate #FM?(S) from lattice-theoretic information about the Néron-Severi lat-
tice NS(S) and the knowledge of the group Opodge(T(S)) of the Hodge isometries
of the transcendental lattice T'(.S).

Let Id(DNS(S)) be the set of order = d isotropic elements of the discriminant
form Dyg(s). From an element x € Id(DNS(S)) we can construct overlattices M,
T, of NS(S), T(S) respectively, and a homomorphism «, : T, — Z/dZ. After
defining certain subsets G1 (M), Ga(M) of the genus G(M) of a lattice M such that
G(M) =G (M) UGy(M), our formula is stated as follows.

Theorem 1.1 (Theorem [2)). For a projective K3 surface S the following formula
holds:

#FMA(S) = Z{Z#(OHodge(Twaaw)\O(DM)/O(M))

+ E(d) Z#( OHodge(Ta:;aw)\O(DM’)/O(M/)) } .
M/

Here @ runs over the set Omodge(T(S))\I*(Dns(s)) and the lattices M, M’ run
over the sets G1(M,), Go(My) respectively. The natural number £(d) is defined by
ed)=14ifd=1,2, and e(d) =2 if d > 3.

When d = 1, Theorem [Tl is Hosono-Lian-Oguiso-Yau’s formula. Even though
Theorem [ Tlseems complicated in appearance, it is rather adequate for calculations
for the following reasons:

e The genus G(M) and the homomorphism O(M) — O(Djs) have been stud-
ied in lattice theory, and much is known (cf. [9]).

e If we can identify the discriminant form Dyg(s), it is easy to calculate
I*(Dys(s))-

o The group Onodge(T(S)) and its subgroup Opodge(Tw, (tz) are cyclic, and
the Euler function of the order of Ogoage(T'(S)) must divide rk(7(S)) (cf.
[5]). For example, Opodqe(T(S)) = {£id} whenever rk(T(S)) is odd.

In fact, we shall derive more simple formulae for #FM?(S) for several classes of K3
surfaces: Jacobian K3 surfaces, in particular K3 surfaces with rk(NS(S)) > 13,
K3 surfaces with 2-elementary NS(S), and K3 surfaces with rk(NS(S5)) = 1.

As a by-product of the proof of Theorem [Tl we obtain an upper bound for
the twisted FM number of a twisted K3 surface (Proposition 3). The sharpness
of the estimate is related with a Calddraru’s problem stated in [I] (Remark B7).
Note that if a twisted K3 surface (S’,a’) has an untwisted FM partner, e.g., if
rk(NS(S’)) > 12 ([6]), then Theorem [[1] gives a counting formula for the twisted
FM number of (5, o).

As an application of Theorem [T, we shall describe all twisted FM partners of
a K3 surface of Picard number 1 as follows.

Theorem 1.2 (Theorem[E.3)). Let S be a projective K3 surface with NS(S) =ZH,
(H,H) = 2n. We have FM%(S) # ¢ if and only if d*|n. For a natural number d
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with d?|n, let {vor | (0,k) € ¥ x (Z/dZ)*} be the primitive isotropic vectors in
NS(S) defined by (&2). Let My be the moduli space of Gieseker stable sheaves
on S with Mukai vector vy 1, endowed with the obstruction o, 1, € Br(M, 1) to the

existence of a universal sheaf.
(1) If d*> < n, then

FM4(S) = { (Mo s o) | (0,k) € S x (Z/dZ)* }.

(2) Assume that d*> = n. Choose a set {j} C (Z/dZ)* of representatives of
(z)dzZ)* J{£id}. Then

FMY(S) = { (Mo, a0) | (0,k) € S x {j} }.

Theorem [[.2 is a twisted generalization of a result of [4] and [12].

This paper is organized as follows. In Sect. 2.1, we prepare some lattice theory
following [9]. In Sect. 2.2, we recall from [I] and [6] several facts about twisted
K3 surfaces. In Sect. 3.1, we describe a quotient set of FM?(S) in terms of lattice
theory. In Sections 3.2 and 3.3, we describe the fibers of the quotient map in terms
of lattice theory. In Sect. 4, we derive Theorem [[LT] and its corollaries. In Sect. 5,
we prove Theorem

Notation 1.3. By an even lattice, we mean a free Z-module L equipped with a
non-degenerate symmetric bilinear form (,) : L x L — Z satistying (z, z) € 2Z for
all z € L. The group of the isometries of L is denoted by O(L). For two lattices
L and M, Emb(L, M) is the set of the primitive embeddings of L into M. An
element [ € L is said to be isotropic if (I,1) = 0. The hyperbolic plane U is the even
indefinite unimodular lattice Ze + Z f, (e,e) = (f, f) =0, (e, f) = 1.

By a K3 surface, we mean a projective K3 surface over C. The Néron-Severi
(resp. transcendental) lattice of a K3 surface S is denoted by N.S(S) (resp. T(S5)).
Let NS(S) := HO(S,Z) ® NS(S) ® H*(S,Z) and H(S,Z) := P>, H*(S,Z),
which are equipped with the Mukai pairing. We denote Ax3 = U® @ E2 and
KKg = U@AKg = U4@E82

2. PRELIMINARIES

2.1. Even lattices. For an even lattice L, we can associate a finite Abelian group
Dy, := LY/L equipped with a quadratic form ¢ : Dy, — Q/2Z, qp(z + L) =
(x,2) +2Z for x € LY. We call (Dr,qr) the discriminant form of L. There is a
natural homomorphism ry, : O(L) — O(Dy, qr), whose kernel is denoted by O(L)o.
We often write just (Dp,q) or Dy, (resp. r) instead of (Dy,qr) (resp. 7). Set
IYDyp) :={x €Dy |q(zr) =0 Q/2Z, ord(z) = d }.

Proposition 2.1 ([9]). Let M be a primitive sublattice of an even unimodular
lattice L with the orthogonal complement M. Then

(1) There is an isometry X : (Das, qar) — (Dagey —qurs ).

(2) For two isometries yar € O(M) and vy € O(M?Y), there is an
isometry v, € O(L) such that vr.|panm+ = Y ©Yare if and only if Xory(yar) =
Tars (Yars) © A

Two even lattices L and L’ are said to be isogenus if L ® Z,, ~ L' ® Z, for
every prime number p and sign(L) = sign(L’). By [9], these are equivalent to the
conditions that (Dr,q) ~ (D, q) and sign(L) = sign(L’). The set of the isometry
classes of the lattices isogenus to L is denoted by G(L).
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Proposition 2.2 ([9]). Let [(Dy) be the minimal number of the generators of Dy, .
If L is indefinite and tk(L) > 1(Dr)+2, then G(L) = {L} and the homomorphism
r1 18 surjective.

Let L be a lattice of sign(L) = (b4, b_), by > 0. We denote by €, the set of the
oriented positive-definite b, -planes in L&R, which is an open subset of the oriented
Grassmannian and has two connected components. A choice of a component of 2z,
which is equivalent to a choice of an orientation for a positive-definite b -plane in
L®R, is sometimes called an orientation of L. For example, for a K3 surface S the
lattice NS(S) is of sign(NS(S)) = (2, p(S)). We define the orientation of NS(S)
so that R(1,0,—1) @ R(0, H,0) is of positive orientation, where H € NS(S) is an
ample class.

For a subgroup I' C O(L), let I'" be the subgroup of I' consisting of the
orientation-preserving isometries in I'.  The group I'" is of index at most 2 in
I'. We define the subsets G1(L),G2(L) C G(L) by

Gi(L) :=={L € G(L) |O(L')g # O(L')o},
Go(L) = {L" € G(L) | O(L)§ = O(L')o}.

We have the obvious decomposition G(L) = Gi(L) U Go(L). When by is odd, we
have O(L)§ # O(L)y if and only if —idp, is contained in rz(O(L)").

2.2. Twisted K3 surfaces. We recall some basic facts about twisted K3 surfaces
following [1] and [6].

Let (S,a) be a twisted K3 surface. That is, S is a K3 surface and « is an
element of the Brauer group Br(S), the group of the torsion elements of H?(OJ).
Via the exponential sequence

0 — Pic(S) — H*(S,Z) — H*(Os) — H*(0%) — 1,
we have a canonical isomorphism
(2.1) Br(S) ~ H*(S,Q)/(NS(S) ® Q + H?(S,7)).

We denote the identity of Br(S) by 0, and the inverse of « by —a. A (rational)
B-field lift of o is a class B € H*(S,Q) mapping to « in (ZI). Considering the
intersection pairings of B-field lifts and T'(.S), we also have

(2.2) Br(S) ~ Hom(T(S), Q/Z).

By [22), we identify o with a surjective homomorphism « : T(S) — Z/ord(«)Z,
whose kernel is denoted by T'(S, @).

Definition 2.3. Set

Otodge(T(9), @) := {9 € Onodge(T(5)), g = aj,

D(5,0) = ik o (30 r(s) (Ormagel(T(S), ))),
where Opodge(T'(S)) is the group of the Hodge isometries of T'(S), and A : O(Drs))
= O(Djr5s)) 1s the isomorphism induced from the isometry Ay g, : (Dr(sy,q) =~
(Dys(sy —9)-

From the inclusions T'(S, o) C T'(S) C T'(S, )", we have the isomorphism

OHodge(T(S), o) ~ {g € Ooage(T(S, @), r(g)(a (1)) =a1(1) € DT(S,Q)},
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where 1 € Z/ord(a)Z. In the generic case, OHodge(T(5), ) = {id} if ord(er) > 3
and Onodge(T(S), o) = {£id} if ord(a) <

Let B be a B-field lift of a and let wg € H2(S C) be a period of S. By definition,
the twisted Mukas lattice H(S B Z) f (S, ) and B is the lattice H(S,Z) endowed
with the period e®(wg) = (1, B, 1(B, B)) A (0,ws,0). Let

NS(S, B) :=eP(wg)t N H(S, B,7Z),

T(S,B) := NS(S,B)" N H(S, B, Z).
We have a Hodge isometry e? : T(S,a) ~ T(S, B), as each class | € T(S) is of
degree 2.

We need the following criterion for derived equivalence, which is just a combi-
nation of known results. It is implicitly proved in Section 7 of [6].

Proposition 2.4 ([, [6], [I4], [7]). Let S be a K3 surface and let (S',a/) be a
twisted K3 surface. Then there exists an equivalence D*(S',a’) ~ D®(S) if and
only if there exists a Hodge isometry T(S) ~ T (S, ).
Proof. If there is an equivalence D®(S’,a’) ~ D®(S), the equivalence is of Fourier-
Mukai type by the theorem of Canonaco-Stellari ([3]). It follows from Theorem 0.4
of [6] that H(S', B',7Z) is Hodge isometric to H(S,Z), where B’ € H%(S',Q) is a
B-field lift of o/. In particular, T'(S’, B’) is Hodge isometric to T'(S).

Conversely, assume that there is a Hodge isometry T'(S) ~ T(S’,a’). We have
a Hodge isometry g : T(S) ~ T(S',B’) for a B-field lift B’ of o/. By Propo-
sition 211 NS( ) and NS(S' B’) are isogenus. Because ng”(S) admits an em-
bedding of the hyperbolic plane U, it follows from Proposition that g extends
to a Hodge isometry ® : H(S,Z) ~ H(S', B',Z). Composing ® with the isome-
try —idpo(s)+m1(s) @ idpy2(s) if necessary, we may assume that ® is orientation-
preserving. Now we have D?(S’,a’) ~ D¥(S) by Theorem 0.1 of [7]. O

When o = 0, Proposition 2:4] is Mukai-Orlov’s theorem ([8], [I0]).

Definition 2.5. Let (S, ) be a twisted K3 surface. A twisted K3 surface (57, o) is
called a twisted Fourier-Mukai (FM) partner of (S, «) if there exists an equivalence
D*(S’,a’) ~ Db(S,a). The set of the isomorphism classes of the twisted FM
partners (S,a’) of (S,a) with ord(a’) = d is denoted by FM?(S,a). It is easily
seen that FM%(S, a) is empty unless d? divides det(T(S, a)).
Definition 2.6. Set

FMU(S, @) :=FMU(S, @)/ ~,
where two twisted FM partners (S1, o), (S2,a0) € FM%(S,a) are equivalent if
there exists a Hodge isometry g : T'(S1) =~ T'(S2) with g*as = a;. Denote by

7 FM%(S, o) - FM(S, )
the quotient map.

We remark that for a twisted K3 surface (S, o) with a B-field lift B € H%(S,Q),
the period of S is determined by the natural Hodge isometry

H2(S,2Z) ~ ((o,o, N ﬁ(S,B,Z))/Z(o,o, 1).

In Section 5, we shall calculate twistings in terms of the discriminant group. The
basic idea of the following lemma goes back to [g].
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Lemma 2.7. Let (S,a) be a twisted K3 surface with a B-field lift B € H*(S,Q).
We denote d := ord(a) and A = Afs.B2) (Dﬁé(s,B)’Q) ~ (Dp(s,B), —q). Then

(0,0,=1) € J’V\S(S,B)V and we have the Hodge isometry

(2.3) e = exp(B)A : T(S) 5 (A(0.0, ’71)), 7(5.3)).
The twisting « is given by
(2.4) 7(S) % B (1(5))/T(S. B) ~ {A((0.0, ‘71))> ~ 7,/dZ.

Proof. Since « : T(S) — Z/dZ is surjective, we can take a transcendental cy-
cle I € T(S) such that (I,B) = % + k with k € Z. Setting I’ := eB(l) =
14(0,0,1 +k) € T(S, B)", we have e : T(S) ~ (', T(S, B)). Since I’ — (0,0, %) €
H(S, B,Z), it follows that ((0,0, =LY, m) € Zfor all m € NS(S, B). By the relation
A((0,0, _71)) = 1" € Dy(s,p), we have ([23). Then (2.4)) follows from the relation
a(l) =1 € z/dZ. O

More precisely, the divisibility of (0,0,1) € NS (S, B) is equal to d, but we do
not need this fact in the following.

3. LATTICE-THEORETIC DESCRIPTIONS

3.1. Isotropic elements of the discriminant form. Let (S, ) be a twisted K3
surface. We write T := T'(S, a), which is an even lattice of sign(T") = (2,20 — p(5))
equipped with a period. For a twisted FM partner (S1, a1) € FMd(S, «) there exists
a Hodge isometry g1 : T'(S1, 1) ~ T by the Huybrechts-Stellari theorem (Theorem
0.4 of [6]). Then g; and o induce an isomorphism g;(7(S:))/T = 7Z/dZ. The
subgroup ¢1(T(S1))/T C Dr is an isotropic cyclic group of order = d.

Definition 3.1. Define the map
f: FMY(S, @) = Orodge(T)\I(Dr)
by u([(S1,e1)]) = [g1 (a7 H(1))]-

Lemma 3.2. The map u is well defined and is injective.

Proof. The ambiguity of the choice of a Hodge isometry g; : T(S1, 1) ~ T comes
from the action of Oage(T) so that the class [g1(a; *(1))] € Orodge(T)\I%(Dr)
is well defined from the partner (Si,aq). Since the map p is defined in terms of
T(Sy) and aq, it is clear that u is well defined as a map from FM(S, a).

We prove the injectivity of p. For two partners (S;, ;) € FMd(S,a), i=1,2,
and Hodge isometries g; : T(S;, oy) ~ T, write z; := g;(a; ' (1)) € I?(Dr). Assume
the existence of a Hodge isometry ¢ € Opoage(T’) such that zo = r(p)(x1). Since
r(¢)({x1)) = (x2) C D, ¢ extends to the Hodge isometry @ : T(S1) ~ T'(S2). By
the equality r(¢)(g1(a; *(1))) = ga(ag *(1)) we have *ag = ;. Hence [(S1, )] =
[(S2,a2)] € FMA(S, a). 0

Proposition 3.3. If the twisted K3 surface (S,a) has an untwisted FM partner,
then the map p is bijective.
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Proof. Tt suffices to show the surjectivity. Let S’ be an untwisted FM partner of
(S, ). Since there exists a Hodge isometry T'(S’) ~ T, we may assume from the first
that (S, @) itself is untwisted. Take an isotropic element @ € I4(Dy) = I4(Dr(g)).
Via the isometry X\ : (Dp(gy,q) ~ (D]VE(S)’ —q), we obtain an isotropic element

Az) € Id(DNNS(S)). Set

M, := (\(z), NS(S)) c NS(S),
T, := (x, T(S)) c T(S)Y,
(

which are even overlattices of NS (S), T
Via the isometry

(Dr,,q) = (&) /(@) @) = (A(@))" /(A (@)), =a) = (D7, —0),

we obtain an e@edding ij ®T, — /NXK;:,Avyith both MI and T, embedded prim-
itively. Since NS(S) C M., the lattice M, admits an embedding ¢ of the hy-

perbolic plane U. Then the lattice A, = p(U)*+ N Ags is isometric to the K3
lattice Ai3 and has the period induced from T,. Now the surjectivity of the period
map ([13], [I5]) assures the existences of a K3 surface S, and a Hodge isometry

®: H*(S,,7Z) = A,. Pulling back the homomorphism
oy Ty = Ty /T(S) = {z) ~Z/dZ, a.(z)=1

S) respectively.

by ®|7(s,), we obtain a twisted K3 surface (S,, ay).

Since there exists a Hodge isometry T'(S,,a,) ~ Ker(a,) = T(S5), it follows
from Proposition 4 that (S,,a,) € FM%(S). By the construction, we have
1([(Se, ap)]) = [x]. O

In general, there is a condition on the image of u. Let B € H%(S,Q) be a B-field
lift of o € Br(S). There is a natural isometry A : (Dr,q) =~ (D —q). We
define

(1) JUDr) = {x € I"(Dr), Emb(U, (\(z), NS(S, B))) # ¢}.
One can verify that the set J¢(Dr) is independent of the choice of a lift B.

NS(S,B)’

Proposition 3.4. We have the inclusion
Im(pt) € Oproage(T)\J*(Dr).
Proof. For a twisted FM partner (S1,0;) € FMY(S, a), write [z] := u([(S1, @1)]).

By Proposition 22 it suffices to show that NS(S;) and M := (A(z), NS(S, B)) are
isogenus. We have the isometry

(Dysis @ =~ Drson—a) = (@) /@), —q)
(@) /A@)), @) = Dy, a)-

1

O

We make the following identification tacitly in Section 4. For z € I¢(Dz) such
that [z] = u([(S1,a1)]), set Ty := (x,T). For a Hodge isometry g1 : T'(S1, 1) =T

with g1 (a; (1)) = x, by Proposition there exists an isometry
v NS§(S1) = (Mx), NS(S,B))  with 7(y) 0 Ag, 5 = Aor(g1):
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Here the Hodge isometry g; : T'(S1) ~ T} is induced from g;, and the isometry
A:(Dr,,q) ~ (Do\(x),JVS(S,B))’ —q) is induced from .
Let Ap2(s) : Dr(s)y — Dns(s) be the natural isomorphism. When S is untwisted,

NS(S1) is isogenus to (Ag2(s)(x), NS(S)).

3.2. Embeddings of the hyperbolic plane. Let (S;,a1) € FM%(S,a) be a
twisted FM partner of (S, ). Recall from Section 2.2 that we have defined the finite-
index subgroup I'(S1,a1) C O(]V:S/’(Sl)). The subgroup I'(S1,a1)™ C T'(Sy,aq)
consists of orientation-preserving isometries in I'(S1, 1) (see Section 2.1). We de-
fine the map

T (W((Sl,a1))) 5 T(S1, 1) T \Emb(U, NS(S))

as follows. For a twisted FM partner (S, ap) € 71 (77((5’1,041))) there exists a
Hodge isometry g : T(S3) = T(S;) with g*a; = as. By Proposition 22 ¢ can
be extended to a Hodge isometry @ : H(Ss,Z) = H(S1,Z) such that the isometry
(I)‘E\TS(SQ) : NS(S;) = NS(S) is orientation-preserving. Then, by considering
® : HO(S,,Z) + HY(S5,Z) < NS(S1), we obtain an embedding ¢ : U < NS(S).
Here we identify H®(S,Z) + H*(S2,7Z) with U by identifying (1,0,0) with e, and
(0,0, —1) with f.

Lemma 3.5. The assignment (Sa, as) — [p] defines an injective map

vn! (w((sl, al))) — (81, a1) P \Emb(U, NS(S1)).

Proof. First we prove that v is well defined. Let us be given two Hodge isometries
9,9+ T(S5) 5 T(S1) with g*cq = (¢')* oy = as. Let 7,9 : NS(S5) > NS(S4)
be orientation-preserving isometries such that v @ ¢g and ' ® ¢’ extend to Hodge
isometries H(Ss,7Z) ~ H(Sy,Z). Then the isometry v/oy~! € O(NS(S})) preserves
the orientation and satisfies 7(7/ o 7" 1) oA = Ao (g’ 0o g71), so that we have
v € I'(S1,a1)" - 7. Hence the map v is well defined.

We prove the injectivity of v. For two partners (S;, o) € w1 (w((Sl, al))), i=
2,3, set [p;] := v((Si,a;)) and assume the existence of an isometry v € ['(Sy,aq)*
such that ¢ = 70 3. We can extend 7 to a Hodge isometry & : I:T(Sl,Z) 5
H(S1,7Z) with (5|T(Sl))*a1 — ay. By restricting ® to ¢o(U)L N H(Sy,Z), we
obtain a Hodge isometry ® : H?(Sy,7Z) = H?(Ss,7Z) with (®|7(sy)) 3 = az.
Since y preserves the orientation, ® maps the positive cone N.S(S3)™ to the positive
cone NS(S3)T. Composing ® with an element of the Weyl group W (S3), we may
assume that ® is effective. Then it follows from the Torelli theorem ([I1], [15]) that
(53,(13) >~ (Sg,ag). U

Proposition 3.6. If (S, «) has an untwisted FM partner, then the map v for every
twisted FM partner (S1,01) € FMY(S, ) is bijective.

Proof. We may assume that (S, ) itself is untwisted. To prove the surjectivity,
we shall construct a twisted K3 surface (S,,,) from an arbitrary embedding
w: U — ng(Sl). The lattice A, = (U)+ N H(S,,Z) is isometric to the K3
lattice Ags and possesses the period induced from 7'(S7). On the other hand,
the lattice M, := p(U)L N ng”(Sl) has the orientation induced from ¢ and the
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orientation of NS (S1). That is, we can choose a connected component MJ of the
open set {v € M, ® R, (v,v) > 0} so that for each vector v € M} the oriented

positive-definite two-plane Rp(e+ f) ®Rv C NS (S1) ® R is of positive orientation.
By the surjectivity of the period map, there exist a K3 surface S, and a Hodge
isometry ® : H2(S,,Z) = A, such that ®(NS(S,)T) = M. Pulling back a; by
®|7(s,), we obtain a twisted K3 surface (S, a,).

Since there is a Hodge isometry

T(Sy,ap) 2T (S1,00) = T(5),
we have an equivalence D°(S,, o) ~ D°(S) by Proposition 24 Hence we have
(Sprap) € 77 (m((S1,01))).
Since the direct sum of the Hodge isometry ®|z s ) : T'(S,) 5 T(S1) satistying
(®|7(s,)) a1 = o, and the orientation-preserving isometry
0 ® (Blys(s,) : NS(S,) = o(U) & M, = NS(S)
can be extended to the Hodge isometry ¢ @& ®, we have v((S,,a,)) = [¢]. d

Remark 3.7. In his thesis [1], Cald&raru proposed the following problem:

Question 3.8 ([I]). Let (S1, 1) be a twisted K3 surface. For each untwisted FM
partner Sy € FM(S;) and each Hodge isometry g : T(Ss) = T(S1), we obtain a
twisted K3 surface (S2,g*a1). Is it true that (S2,g*a;) € FMd(Sl7 ay)?

From the construction of the twisted K3 surface (S, ) in the proof of Propo-
sition [3.6], it is immediately verified that the map v in Lemma [3.5]is bijective if and
only if the answer to Caldararu’s question is positive for the twisted K3 surface
(S1, 1) and each Ss, g.

3.3. Union of the two orbits. Given an embedding ¢ : U — ]/V\-g(Sl), we have
the decomposition

L(S1,a1) = F(Sl,Oél)+ U F(Slval)Jr ) (*idap(U) @ idg;(U)L)-
From this we obtain
L(S1, )¢ = D(S1,a1)" -0 U L(S1,a1)" - (—o).

Lemma 3.9. Let (S,,a,) be the twisted K3 surface constructed in the proof of
PropositionB.6l. Then —p € T'(S1,00)™ - ¢ if and only if (Sp, o) = (S, —avp).

Proof. Tt suffices to show that (S_,,a_,) ~ (S,, —a,). Since Mfw =M}, we
have a Hodge isometry ® : H?(S_,,Z) = H?(S,,Z) with (@lr(s_,)) ap = a—y
and ®(NS(S_,)*) = —NS(S,)*. Then —® : H*(S_,,Z) = H?(S,,Z) satisfies
(—¢|T(s_¢))*(—04¢) =a_, and —P(NS(S_,)") = NS(S,)". O

When ord(a;) < 2, we have a, = —a, so that I'(S1,a1) - ¢ = T'(St, 1) - ¢ for
every embedding . Hence we obtain the identification

I'(S1, 1) T\Emb(U, NS(S1)) ~ T'(S1,a1)\Emb(U, NS(S;)).
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Proposition 3.10. Assume that ord(ay) > 3. For an embedding ¢ : U — NS(S;)
the following conditions are equivalent:

(1) (S ap) 2 (Sp, —ay),
(i) Sy admits an anti-symplectic automorphism,

(iii) (U)X NNS(S1) € Gi(NS(S1)), i.e., O(NS(S,))d # O(NS(Sy))o.

Proof. (ii) = (i) is obvious.

(i) = (ii): Assume the existence of an automorphism f : (S, o) = (S, —ov,).
Since ord(a,) > 3, ord(f*|r(s,)) must be even, say 2n. As Opodge(T(S,)) is a
cyclic group (cf. Appendix B of [5]), then f™ is an anti-symplectic automorphism
of S,.

(ii) = (iii): For an anti-symplectic automorphism f, we have —f*|ng(s,) €
O(NS(S,))0 — O(NS(S,));

(iif) = (ii): Assume the existence of an isometry v € O(NS(S,))o—O(NS(S,))d -
Then we can extend the isometry —y@® —idp(s,,) to the anti-symplectic Hodge isom-
etry ® : H*(S,,Z) ~ H?(S,,Z) which preserves the positive cone. Composing ®
with an element of the Weyl group W (S,,), we may assume that ® is effective. O

4. THE COUNTING FORMULA

Proposition 4.1. For a twisted K3 surface (S1,aq) there exists a bijection

F(Sl,al)\Emb(U,Jf\f\g(Sl)) = |_| (OHodgc(T(Sl)aal)\O(DM)/O(M))'
MeG(NS(S1))

Proof. We can decompose the set Emb(U, N—S”(Sl)) as
Emb(U,NS(51) = | | { ¢ € Emb(U, NS(S1)), o(U)* ~ M } .

MeG(NS(S1))
The isometry group O(m (51)) = O(M @ U) acts transitively on each component
{¢ € Emb(U,NS(S1)), o(U)t ~ M } with the stabilizer subgroup O(M) C
O(M @ U). From the surjectivity of » : O(M ® U) — O(Dpygu) =~ O(Duy)
(Proposition 2.2) and the inclusion O(M @& U)o C T'(S1, 1), we have
[(S1, a0 \Emb(U, NS(S1)) =~ | <F(Sl,a1)\O(M@ U)/O(M))
MeG(NS(S1))

L] (7(0(S1.a))\O(Dan) /r(O(M)) ).

MeG(NS(51))

12

d

Let (S,a) be a twisted K3 surface with a B-field lift B € H?(S,Q). For an
isotropic element x € I‘i(DT(S,a)) we define the lattice T, by T, = (z,T(S, «)) and
define the homomorphism «,, : T,, - Z/dZ by

ap Ty - Ty )T(S,0) = (x) ~ Z/dZ, ag(x)=1.

For a pair (z, M) such that = € I%(Dr(g,q)) 2 Id(Dﬁ:g(s B)) and (\(z), NS(S, B))

~ U @ M, we define the natural number 7(z, M) by
(2, M) i= #(Ototge (T, 02)\O(Dar) [O(M) ),
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where the group OHodge(Tw, 0tz) acts on O(Dyy) via 7 : Onodge(Tw, 0tz) — O(Dr,)
and A : O(Drp,) ~ O(Dpygu) =~ O(Dyy). For a natural number d we define the
natural number €(d) by

() = { 1, d=1,2,

2, d>3.
From Section 3 and Proposition 1] we deduce the formula for #FMd(S ).
Theorem 4.2. For a K3 surface S the following formula holds:

H#FMY(S) = Z{Z r(@, M) +e(d) > 7(a, M’)}.
x M M
Here @ runs over the set Opoage(T(S))\I*(Dr(s)), and the lattices M, M' run over
the sets Gi({Ag2(5)(x), NS(S))), Goa({Am2(s)(w), NS(S))), respectively.
We also obtain the following inequality.

Proposition 4.3. For a twisted K3 surface (S, «) the following inequality holds:
H#FMY(S, @) < Z{ZT(x,M) +e(d) ZT(x,M’)}.
T M M’

Here x runs over the set Opodge(T(S,a))\JDr(s,a)), where JYDrp(s,a)) is the
set defined in BI). The lattices M, M' run over the sets G1(My), Go(M,), respec-
tively, where My, is a lattice satisfying (A(x), NS(S,B)) ~U & M,,.

Corollary 4.4. When Jf\f—g(S, B) contains U @ U, then
#HEM(S, @) = # (OHodge(T(S, @))\I(Dr(s.0)) -

Proof. By considering U+ N H (S, B,7Z), one observes the existence of an untwisted
FM partner S’ € FM'(S,a). We have a Hodge isometry T/(S,a) ~ T(S’). Since
NS(S’) contains U @ U, then NS(S') contains U. Now we apply Theorem
to §'. For z € I4(Dr(s), the lattice M, = (Agz(s)(z), NS(S’)) admits an
embedding of U so that G(M,) = {M,} and 7(z,M,) = 1 by Proposition
Then G(M,) = G1(M,) due to the existence of the isometry —idy @ idge. O

By Corollary 1.10.2 of [9], NS(S, B) admits an embedding of U@ U if rk(NS(S))
> 13.

Corollary 4.5. When the lattice NS(S) is 2-elementary, i.e., Dyg(s) ~ (Z/2Z)°,
then #FMd(S) =0 unless d =1,2. If d = 1,2, we have

#EMA(S) = # (Omoage(T(S))\I*(Dr(s))) -

Proof. Because the lattice M, := (Ag2(g)(x), NS(S)) is also 2-elementary, G(M,) =
{M,} and 7(x, M,) =1 by Theorem 3.6.2 and Theorem 3.6.3 of [9]. O

5. TWISTED FOURIER-MUKAI PARTNERS OF A K3 SURFACE
OF PICARD NUMBER 1

Let S be a K3 surface with NS(S) = ZH, (H,H) = 2n. In this section we
shall describe all twisted FM partners of S (up to isomorphism) as moduli spaces
of stable sheaves on S with explicit Mukai vectors, endowed with natural twistings.
The result is a natural generalization of a result of [4] and [12]. First of all, we
calculate the twisted FM numbers by Theorem
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Proposition 5.1. For a natural number d, we have #FM®(S) = 0 unless d?|n. If
d?|n, then

o(d)-27d 7 mM=2 >3 g% =p,

FMd S - —2
# %) { o(d)-27d =1 g =1 20rd?* < n.

Here ¢ is the Euler function and 7(m) is the number of the prime factors of m.
We define T(1) = 1.

Proof. We have Dyg(s) = (&) ~ Z/2nZ and Opoage(T(S)) = {+id} (cf. [5]).
Since

H H 2n
d ooy 2t
I (Z)NS(S))7ég = (d’ d) 2

it follows that #FM?(S) = 0 unless d?|n.

€27 & d?*n,

Assume that d*|n. Then we have I*(Dyg(s)) = {k’], k € (Z/dZ)*} so that
1 d=1,2,
#Omaare PN Do) = { 1 )0 4534
For d > 3 and k € (Z/dZ)*, we have (ZH, k%) = ZX and

H\ ( H G (ZHE) @? =n,
6(z7) = {23} = {g(zf% & <n.
Because Opodge (T, ay,z) = {id}, O(Z4) = {+id} and

{id} d* =n,

(5.1) 0D ={ {y bz o
it follows from Theorem that
d) .1- QT(d_Zn)fl d2 =n

FMd S) — 90( L ’

# (5) { o(d)-2-27d =1 g2 <,

SIS

Let d < 2. Since Onodge(T, ) = O(z£) = {£id} and the isomorphisms
)

E
(D) still hold, we have #FM%(S) = 27(@ " m=1 — ,(d) . 27(d""m)~1 Ly Theorem
4.2 O

Now we shall construct the moduli spaces. Since the primitive embeddings of the
lattice ZH into the K3 lattice Axs are unique modulo O(Aks3), we fix an isometry
H?(S,Z) ~ Ag3 = U? @ E? so that H is written as H = nu + v, where {u,v} is
a standard basis of the first U. Then the transcendental lattice T'(.S) is written as
T(S) =Z(nu —v) ®U? ® EZ. Set G :=nu—v € T(9).

For a natural number d with d?|n, let d=2n = HTEdI ) o8
position. When d? = n, we put p; = e; = 1. Set

by :{{7;1,"',Z'a}C{].,Q,"',T(d72’I’L)} {i1,- ,ia} # 9, H p2e‘7d2 }

be the prime decom-

We have #¥ = QT(d*Qn)—l' For 0 = {ila"' 7ia} €%, set ry = Hieop? and
Sy = r;ld*Qn. Then 7, is coprime to s,. We have 7, > s, if d> < n. Let
k € (Z/dZ)*. By the arithmetic progression, we can find a natural number k € N
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coprime to 2n with k=ke Z/dZ. For example, we may take k=1ifk=1. Fix
such a k for each k € (Z/dZ)*. For (0,k) € ¥ x (Z/dZ)*, we define

(5.2) Vok i= (dry, kH, k2ds,) € NS(S).

Then v, is a primitive isotropic vector in NS (S) with div(ve ) = d.

Let My := Mpy(vo ) be the coarse moduli space of Gieseker stable sheaves
on S with Mukai vector v, . It follows from [§] that M, ) is non-empty and
is a K3 surface. Let a, € Br(M, ) be the obstruction to the existence of a
universal sheaf ([2]) with a B-field lift B, € H?(Myx, Q). By [6], there exists an
orientation-preserving Hodge isometry

(5.3) & : H(Myy, Boy,Z) ~ H(S,Z) with (0,0,1) — vy,
which induces a Hodge isometry
(5.4) H2 (M, 1, Z) ~ (u;k nH(S, Z))/ng,k.

(We remark that the Hodge isometry (5.4) was proved first by [§].)
Using (5.4)), we shall calculate the isometry

Aok = Mgz, .z) ¢ (DNsi, ), 9) = (Dru, 1), —4)-
Firstly, direct calculations show that
NS(Mo) = (vau N NS(S))/Zvon
LA (Vek g Vok
({12 W51 1

g H g
- (Z”—”“ @Z(O,——,—ngk:)) /Z%.

1

d d
We define

H .
Hyp = [(0,—3,—230@} € NS(M,.1).

s

We have NS(M, ) = ZH, ), and l%Hmk = [(rs,0, —50152)]. Since the Hodge isom-
etry (53] is orientation-preserving, H, j, is the ample generator of NS(M, ). For
the transcendental lattice we have

T(Myp) =~ M/vak

- (<ng,k /el M> oU?a Eé)/ZUmk-

Here L means the primitive hull of the lattice L in H(S,Z). Since Afi(s Z)(%) =
’ETG € Drs), it follows from Lemma 27 and the Hodge isometry (5.3) that the
twisting a1, is given by

G

Doelok
(5.5) oy s T(My ) P25 <E

Via the Hodge isometry (5.4]), we obtain a Hodge isometry

,T(S)>/T(S) ~ <%’;G> ~Z/dZ.

(5.6) Jo ki = d o eBok :T(My ) =~ <g,T(S)>, gmk([iﬂGerva’kD = ];—G

d d’
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Set Gy = g;i(%), which is a primitive vector in T(M, ). From (G.6), for
(0,k), (0", k') € £ x (Z/dZ)* we have a Hodge isometry

B7) 9o =gt 0 gek : T(Moy) = T(Myr ), o (Go) = Gor -
Therefore we have an equivalence D®(M, 1) =~ D®(M, ;) by Proposition 24 Note

that the Hodge isometries from T'(My 1) to T'(My ) are just {j:gg:;f/
Now we calculate A, as follows. We have

Dns,,) = {5529 <(2; 0 ;Tiz)>
Do, ~ <l2€i(;i> B <(250' kdu, 21?“20)>

Firstly assume that r,s, is odd. With respect to orthogonal decompositions

T(reses) T(reSe)
Dysou, 0 = (2/22) & D (Z/pi'7), Drou,. = (Z20)e @ (Z/pi2),
=1 =1
we write
Ha,k = 7(rese Ga,k = T(To S0
(5.8) 270080’ = (1,.{5;’]{;,"' "/I:O',(k? ))7 m = (1’y;7k7... ’yo'k: )).

For all i, the elements xgk and y;k generate respective Z/p;'Z. Since we have

kH, . kGo

= [(1, kdsyu,0)] € H*(M,1,7),

7Sy 7Sy
kH, kGo - - )
—To ’ o ’ = 7kd o ,k H MU ,Z )
" 21584 21584 [(0, kdrou, )] € (Mo, Z)

the isometry Aok, = Ag2(n, ,,z) is determined by

i yi k 1€ 0,
5.9 Aok(xh 1) = 7 ;
59) R B L
If r, s, is even, put p; = 2 and write
T(To80)
Ha'vk _ 1 7(7'030) e1+1 ~ €
5y s = @okr 2 Tox” ) € Dnsou,u = (2/297L) @ D @/wiz),
o0 =2
T(resSe)
GU,k . 1 T(ross) D ~ Z 261+IZ Z E’Z
P (gl U € Drn = @20 e @ @),
oo0 =2

Then A, 1 is determined by the same equations as (5.9)).

Proposition 5.2. For the twisted K3 surfaces (Mo i, o), the following hold.
(1) The underlying K3 surfaces {My 1, (0,k) € £ x (Z/dZ)*} are derived equiv-
alent to each other.
(2) We have My ~ My g if and only if o = o’.
(3) We have (Mg g, k) ~= (M1, k™ g 1).

Proof. We already proved the assertion (1) using Mukai-Orlov’s theorem.
Assume the existence of an effective Hodge isometry & : H2?(M,,Z)
~ H*(Mys 1, Z) for (o,k), (o', k') € ¥ x (Z/dZ)*. We must have ®(H, ) = Hy 4
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and ®(Go k) = £Gor p. Since the identity Ay g 0 7(®|ns(ar, ) = T(@lr(ar, 1)) ©
Ao,k holds, it follows from (B.3) that o = ¢’ or (¢/)¢. By the definition of ¥ we have
c=o0.

Conversely let 0 = ¢’. If we define 72,1 : NS(My ) ~ NS(M, 1) by vgi(Hak) =
H,1, then 77 ® g7 extends to an effective Hodge isometry H2(My,Z) ~
H?(M,1,Z). Since the twistings o, are given by (G.H), we have (gg:i)*aa,l =
kag i, or equivalently, (ggj,i)*(k_lag,l) = Qg k- O

Finally, we obtain the following theorem.

Theorem 5.3. Let S be a K3 surface with NS(S) =ZH, (H,H) = 2n, and let d
be a natural number satisfying d*|n.
(1) If d*> < n, then

FM?(S) = {(Mo ;o) | (0,k) € S x (Z/dZ)*} .
(2) Assume that d*> = n. Choose a set {j} C (Z/dZ)* of representatives of
(Z)dZ)* J{£id}. Then
FMY(S) = {(My, a0 i) | (0,k) € S x {5}}.
Note that —id acts trivially on (Z/dZ)* if d < 2.

Proof. That (M, k, ay1) € FM?(S) is a direct consequence of Cilddraru’s theorem
(2]). By Proposition B.1] it suffices to show that the twisted K3 surfaces on the
right hand sides are not isomorphic to each other.

(1) By Proposition 52 the right hand side is identified with the set

{(Ms1,kao1), (0,k) € X x (Z/dZ)"}.

We have (My 1, kay1) # (M1, K agr 1) if 0 # o', Since d* < n, then Aut(M, 1) =
{ld} so that (Mgﬁl, kaml) "7/_& (Mg,l, k/ao"l) if k& 7é k.
(2) Let d*> = n. The right hand side is identified with the set

{(Mo1,kaoa), (0,k) € ¥ x {57}

Similarly as in (1), we have (My 1, kao1) % (Mo 1,k 1) if 0 # o', Now the K3
surface M, admits an anti-symplectic involution ¢, 1 and Aut(M, 1) = {id, ts.1}.
Therefore (M, 1, kag1) % (Msa1, K aqq) if k # £K'. O

When d = 1 with & = 1, the result is proved in [4] and [12].
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