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FAST FOURIER TRANSFORMS FOR THE ROOK MONOID

MARTIN MALANDRO AND DAN ROCKMORE

ABSTRACT. We define the notion of the Fourier transform for the rook monoid
(also called the symmetric inverse semigroup) and provide two efficient divide-
and-conquer algorithms (fast Fourier transforms, or FFTs) for computing it.
This paper marks the first extension of group FFTs to nongroup semigroups.

1. INTRODUCTION

The rook monoid R, also called the symmetric inverse semigroup, is the set
of all partial permutations of {1,...,n} under function composition; i.e., it is the
semigroup of all bijections between all subsets of {1,...,n} under function compo-
sition, with the usual rule for composing partial functions. That is, go f is defined
for precisely the elements x for which x € dom(f) and f(z) € dom(g). It is called
the rook monoid because it is isomorphic to the semigroup of all n x n matrices
with the property that at most one entry in each row is 1 and at most one entry in
each column is 1 (the rest being 0) under multiplication. Such matrices (called rook
matrices) correspond to the set of all possible placements of nonattacking rooks on
an n X n chessboard. For example, consider the element o € R4 defined by

o(2) =1, o(4)=4.

Then, viewed as a partial permutation, o is

(1 2 3 4
7=\ -1 - 4 )

where the dash indicates that the above entry is not mapped to anything. As a
rook matrix, we have
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In this paper we define the notion of the Fourier transform for a C-valued func-
tion on the rook monoid, and we address the problem of computing it efficiently.
We present two distinct fast Fourier transform (FFT) algorithms, both of which
make use of tools generalized from group FFT theory [29]. We assume no special-
ized knowledge. This paper is meant to be readable by group FFT theorists with
an interest in semigroups as well as semigroup theorists with an interest in FFTs.

The history of the FFT is an interesting one, beginning, like many subjects
in mathematics, with Gauss, who developed the now-classical FFT to efficiently
interpolate the orbits of asteroids. This FFT was rediscovered by Cooley and
Tukey [7] in 1965 to analyze seismic data. A different FFT was discovered in 1937
by Yates [35], for the analysis of data on factorial designs. The theory of FFTs for
abelian groups reconciles these two FFTs. The first is an FFT on Z/nZ, and the
second is an FFT on (Z/27Z)*. From this generalization also grew a theory of FFTs
for nonabelian groups. For example, we now have FFTs on supersolvable groups,
FFTs on the symmetric group, FFTs on compact Lie groups, and FFTs on finite
groups of Lie type. For a survey of these results, see [29].

We have both theoretical and practical motivations for creating FFT algorithms
for the rook monoid. From a theoretical perspective, these FFTs are significant
because they are the first examples of FFTs on a nongroup semigroup. The rook
monoid plays the same role for finite inverse semigroups that the symmetric group
S, does for finite groups in terms of Cayley’s theorem: every finite inverse semigroup
is isomorphic to a sub-semigroup of some rook monoid (see, e.g. [18], pp. 36-37), so
this makes the rook monoid a natural place to begin extending the theory of FFTs
to semigroups. Also, just as groups capture symmetry, inverse semigroups capture
partial symmetry. See [I8] for more on this idea.

From a practical perspective, partially ranked data occur naturally, and the rook
monoid provides a nice computational framework for analyzing such data. For ex-
ample, consider voting data in which some voters do not fully rank all candidates.
In practice, this may well be the case. For example, in the 1980 American Psycho-
logical Association (APA) presidential election, only a third of the voters cast fully
ranked ballots [9]. Say f(o) is the number of voters who submitted a ballot of type
o. For the o above, f(o) would represent the number of voters who ranked candi-
date 2 in the first position, candidate 4 in the fourth position, and didn’t bother
ranking candidates 1 and 3. The values (o, f(¢)) make up the dataset. There have
been previous attempts at spectral analysis for such datasets. For example, in [9],
Diaconis used spectral analysis on symmetric groups to analyze the APA election
mentioned above. We propose viewing f as an element of the semigroup algebra
CR,,, so that the spectral analysis of f involves projecting it onto the isotypic com-
ponents of CR,, by means of an FFT. Things are more complicated than in the
group case because CR,, has two natural bases. This means that there are two nat-
ural ways to view functions on R,, as elements of CR,,, and therefore two different
notions for the convolution of such functions. We will address both in this paper.

Partially ranked voting data is also a type of “not missing at random” (NMAR)
data. Missing data in a sample is said to be NMAR if it is believed to be missing,
at least in part, because of its unobserved value. In the voting example, any ballot
that is not fully ranked is considered NMAR, since the voter intentionally left
something on the ballot blank. Consumer survey data frequently contains NMAR
data. NMAR data contrasts with randomly missing data, which, in the voting
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example, can be caused by accidentally losing some of the ballots. To date, there
doesn’t seem to be a standard method for analyzing NMAR data. However, the
concept of spectral analysis for the rook monoid immediately applies to any NMAR,
dataset that can be considered a collection of partial rankings. Since spectral
analysis is a model-independent approach, spectral analysis for the rook monoid
may go a long way towards creating a standard method for dealing with NMAR
data.

This paper is organized as follows. Sections 2.1l and contain basic definitions
and background material about semigroups and the rook monoid. Section 2.3
contains a brief introduction to semigroup representation theory. Sections [2.4] and
are devoted, respectively, to two important tools in FFT theory: chain-adapted
matrix representations and Schur’s Lemma, adapted to semigroups.

Section [ is devoted to basis considerations for semigroup algebras. Section
defines both natural bases for CR,,, and Section [3.3] defines the notion of a Fourier
basis. Section Ml defines the Fourier transform.

Section [ shows how the semigroup algebra CR,, decomposes into a product of
matrix algebras over group algebras. This has far-reaching implications, some of
which are explored in Section [6l Section describes explicit matrix representa-
tions for R,,, Section [6.2] contains an explicit Fourier basis description for CR,,, and
Section contains the Fourier inversion theorem for CR,,.

In Section [{l we explain some of the issues that arise when choosing how to
associate functions on R, to elements of CR,,. As mentioned previously, this is
only an issue because CR,, has two natural bases.

Section [{ contains FFT-specific considerations. Computational complexity for
FFTs is defined in Section Bl Our algorithms for the FFT on R,, use ideas from
group FFT theory, which we cover in Sections and B3l

Section [0 contains our better FFT algorithm for R,. It relies heavily on the
decomposition described in Section Bl and the results in Sections and B3]

Section contains our other FFT algorithm for R,. The ideas involved are
mainly from Sections 2.4 2.5] and While it is not as efficient as the algorithm
given in Section [A it is constructed in an entirely different way. We present this
algorithm because the ideas involved may be useful for constructing FFTs on other
semigroups.

2. PRELIMINARIES
2.1. Definitions for general semigroups.

Definition (semigroup). A semigroup is a nonempty set S together with an asso-
ciative binary operation (which we write multiplicatively).

Definition (inverse semigroup). An inverse semigroup is a semigroup S such that,
for each = € S, there is a unique y € S such that

zyxr = x and yry = y.

In this case, we write y = 2~ L.

We remark that the condition that y be unique is necessary for this definition.
An element x € S is said to be regular or Von-Neumann regular if there is at least
one y € S satisfying zyr = x and yxy = y, and S is said to be regular if every
element of S is regular. Consider the full transformation semigroup X on the set
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{1,2,...,n}; that is, all maps from {1,2,...,n} to itself under composition. It is
easy to see that X is regular, and that (for n > 2) there exist elements © € X
for which there are multiple elements y € X satisfying zyx = =z and yzy = y. X
is therefore not inverse. An equivalent characterization of inverse semigroups (see,
e.g. [18)]) is as follows.

Theorem 2.1 (inverse semigroup). An inverse semigroup is a semigroup S which
is reqular and for which all idempotents of S commute.

Definition (semigroup algebra). Let S be a finite semigroup. The semigroup
algebra CS is the formal C-span of the symbols {s}scs. Multiplication in CS,
denoted by *, is given by convolution (i.e., the linear extension of the semigroup
operation via the distributive law): Suppose f,g € CS, with

F=>_f)r, g=Y gt

res tes

Then

(1) Frg=SrerS gt =" S fr)gt)s.

res tes seSrteS:rt=s

If S is a group, then convolution may be written in the familiar way:

Frg=3_> flr)gr's)s.

seSres

Note that convolution here means convolution in the semigroup algebra. We hold
off on defining a notion of convolution for functions on S until Section [ We will
use the semigroup algebra convolution to define function convolution once we have
defined how to associate functions to elements of the semigroup algebra. It turns
out that, unlike in the case of groups, there is in general more than one natural way
to associate functions on S to elements of CS because, in general, CS has more
than one natural basis.

2.2. Facts about R,,.

Definition (rank). Given an element o € R,, the rank of o, denoted rk(o), is
defined to be rk(c) = |dom(o)| = |ran(o)].

There are two main types of elements of R,,: the elements of rank n (i.e., the
permutations) and the elements of rank less than n. In his analysis of the repre-
sentation theory of R,,, Munn [27] introduced what he called cycle-link notation for
the elements of R,,. As an example, consider the following element o € Ry:

(1 2 3 4
7=\ 3 - 2 4 )

In cycle-link notation, a cycle (a1, as, ..., ax) means that
a1 & Qg,03 V> A3,...,0k_1 — ag, and ar — aq,
and a link [by,ba, ..., b;] means that

b1 — bg, by > b3, ..., bp_1 +—> b, and by goes nowhere.



FAST FOURIER TRANSFORMS FOR THE ROOK MONOID 1013

The element o, expressed in cycle-link notation, would be [1,3,2](4). Note that
the cycle-link representation of a permutation always consists of cycles only, and
elements of rank less than n always contain links when written in cycle-link notation.

Theorem 2.2.

IR,| = En: (Z)Qk!

k=0

Proof. For any particular rank k, there are (}) choices for the domain and (})

choices for the range of an element of R,,, and for any particular choice of domain
and range, there are k! ways of mapping the domain to the range. ([l

We also have the recursive formula
Theorem 2.3. Forn > 3,
(2) |Rn| = 20|Ry—1| — (n — 1)°| Ry 2|
Proof. See Section d
Theorem 2.4. R,, is an inverse semigroup.

Proof. For an element o € R,,, define v € R,, by

dom(v) =ran(o), and, for € dom(vy),

A(z) = 0 ().
It is easy to see that yoy = v and oyo = o, and that - is the only element of R,
satisfying both equations. O

2.3. Semigroup representations. Here we provide a brief introduction to the
representation theory of semigroups. For a more complete introduction to this
topic, see [28] and [34].

In this paper, we adopt the convention that all maps act on the left of sets, and we
only consider left modules. We also only concern ourselves with finite semigroups.
For the rest of the paper, every semigroup discussed is understood to be finite. Let
S be a semigroup. If S does not have identity, then let S* denote S with an identity
element added. If S does have identity, then let S* = S.

Definition (semigroup representation). A representation of S is a finite dimen-
sional C-vector space V together with a homomorphism p from S into the semigroup
End(V) under composition.

Remark. If S is a group, this definition does not agree with the usual group defi-
nition, which requires p(e) = 1 € End(V'). Such representations are called unital.
However, there is only a trivial difference between a representation and a unital
representation of S': a representation is called null if p(s) = 0 for all s € S, and
every representation of S! is either unital, null, or a direct sum of a unital and a
null representation ([28], Fact 1.10).

Definition (semigroup matrix representation). A matriz representation of S is a
representation of S with respect to a particular choice of basis for V; i.e., it is
a homomorphism from S into the semigroup of dim(V) x dim(V') matrices with
entries in C under multiplication.
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Definition (representation module). A representation module for S is a CS-module
that is also a finite dimensional C-vector space.

Definition (matrix representation of CS). A matriz representation of the semi-
group algebra CS is an algebra homomorphism p from CS into the matrix algebra
Mg, (C).

Given a representation p of S, we may create a representation module for S by
viewing the underlying vector space V' as a CS-module, where the action of S on V'
is given by p, and the action of CS on V is given by the linear extension of p. In this
case, we call V' (as a CS-module) the representation module for p. Conversely, given
a CS-module V which is also a finite dimensional C-vector space, we may define a
representation p : S — End(V') by p(s)-v=s-vforalls € Sand v € V. In this case,
we call p the representation associated to V. Furthermore, a matrix representation
of CS defines a matrix representation of S by restricting to a basis, and any matrix
representation of S extends linearly to a matrix representation of CS. Matrix
representations of S and of CS are therefore in one-to-one correspondence, and the
notions of representations, matrix representations, and representation modules for
S are equivalent. We shall move between these notions freely as needed.

Also, we will often abuse the language and simply refer to a representation or
matrix representation p of S, where the underlying vector space V is understood.

Definition (irreducible representation). A nonnull representation p of S is said to
be irreducible if the representation module for p is nonnull and simple. In other
words, with respect to no basis does p have the form

_ (¢ O )
r ( g o2
for some representations ¢1, ¢o and some matrix-valued function g.

A matrix representation of CS is irreducible if and only if the corresponding
matrix representation of S is irreducible.

Definition (equivalence of representations). Given two matrix representations p;
and py of S (or of CS), py is said to be equivalent to py if there exists an invertible
matrix A such that Ap;(s)A~! = pa(s) for all s € S. Equivalently, two repre-
sentations of S are equivalent if their representation modules are isomorphic (as
CS-modules).

Theorem 2.5 (decomposing representations). Suppose that CS is semisimple.
That is, as a CS-module, CS is isomorphic to a direct sum of simple CS-modules.
Then every representation of S (or of CS) is equivalent to a direct sum of irreducible
and null representations of S (resp. CS). Furthermore, there are only finitely many
inequivalent, irreducible representations of S (resp. CS).

Proof. This is [28], Theorem 1.18 and Proposition 1.19. O

Theorem 2.6 (Wedderburn-Artin). Let CS be semisimple, and let Y be a com-
plete set of inequivalent, irreducible matrix representations for S. For each p € Y,
p:S— Mgy, (C), extend p linearly to p : CS — My, (C). Then the family {p}
defines an isomorphism of algebras

(3) CS — P Ma, (C).

peEY
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Ezxplicitly,
31t @ (S0 ) - @ (S romtn ).
ses peY ses peEY \s€S
Proof. See, for example, [8], [28], [30], or [12 p. 50, exercise 18]. O

Corollary 2.7 (sum of the squares of the dimensions). Let S be a semigroup such
that CS is semisimple, and let Y be a complete set of inequivalent, irreducible matriz
representations for S. Then

(4) 1S|=>"d.

peY
Proof. The formula () is just the C-dimensionality of the algebras appearing in
@. O
Theorem 2.8 (Munn [26], Theorem 3.1). CR,, is semisimple.

More generally, we have the following extension of Maschke’s theorem.

Theorem 2.9 (Munn [27], Theorem 4.4). If S is an inverse semigroup, then CS
is semisimple.

2.4. Adapted representations. Let Xy < X; < --- < X,, be a chain of semi-
groups whose semigroup algebras CX; are semisimple. Even if a matrix represen-
tation of X is irreducible, its restriction to X;_1 will typically not be. However, it
will be equivalent to (though not necessarily equal to) a direct sum of irreducible
and null matrix representations of X;_;.

Definition (adapted representations). Let ); be a set of inequivalent, irreducible
matrix representations for X;. The collection {Y;}, is said to be chain-adapted
to the chain Xy < X7 < -+ < X, if, for every ¢ > 1 and every p € Y, plx,_, is
equal to a direct sum of null representations and matrix representations in );_1.
Note that this definition forces the irreducible representations appearing in such a
restriction to be equal whenever they are equivalent.

Induction shows that a representation from a chain-adapted set of representations
may be restricted further down the chain with the same equality results. In partic-
ular, if {V;}7, is chain-adapted to Xo < X7 < --- < X,,, then {¥},}¥_; is chain-
adapted to X;, < Xj, < --- < Xj, for any nonempty subset {j; < jo < -+ < ji}
of {0,...,n}.

We shall often simply ask that a complete set of irreducible representations ),
for X,, be adapted to the chain Xg < X; < --- < X,,. In this case, the choices of
the V; are understood (and, in fact, are often completely determined) by the choice
of V,.

Remark. Adapted representations are very important in the construction of FFTs
(see [21], for example), but the requirement that a set of representations be adapted
is in no way limiting. Given any chain Xy < X; < --- < X, of semigroups
whose semigroup algebras CX; are semisimple, a straightforward induction argu-
ment shows that a complete set of inequivalent, irreducible, chain-adapted matrix
representations always exists. Explicitly describing such sets, however, is frequently
a challenging endeavor.
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Remark. Chain-adapted representations are also sometimes referred to as seminor-
mal or Gelfand-Tsetlin representations.

2.5. Schur’s Lemma. Schur’s Lemma appears in many forms, the most widely
recognized probably being the one below.

Lemma 2.10 (Schur’s Lemma). Let R be a ring and let M, N be simple R-modules.
Then every R-module homomorphism ¢ : M — N is either 0 or an isomorphism.
See, e.g., [12], pp. 30-32.

For computational purposes, the following (also called Schur’s Lemma) is a very
useful consequence of Lemma 2,10

Lemma 2.11 (Schur’s Lemma). Suppose that A < B < C are semigroups, that
Ya, Vg, and Yo are complete sets of inequivalent, irreducible matriz representa-
tions for A, B,C, respectively, adapted to the chain, and that CA,CB, and CC are
semisimple. Let p € Yo. Say plp = p't & -+ ® pF (with each p? either in Vg or,
without loss of generality, null of dimension 1) and pi|s = pl @ - @ p;(j) (with

each pf either in Y4 or, again without loss of generality, null of dimension 1). Let
o € B such that o commutes with every element of A. Then p(o) is a block matrix

plc) 0 0 ... 0
0 p*(c) 0 ... 0
: : . . 0
0 0 N ()

where, for 1 < j <k, the block pf (o) is dtself a block matriz, with blocks indexed by
all ordered pairs from {p},..., 'O_Zy(j)}:

le- pg : Pg(j)
o NI N, M ]
J J J J
o) — Nl M, .. )\279'(].)I
I j j Y
Poiy \ Mgyl Xgiy2l - Nagyed

where the /\i,b are scalars, I is the appropriately-sized identity matriz for the block

in which it appears, and the block in position p? py, is nonzero only if Pl and pg are
equivalent representations of A.

Proof. To prove this, we need only show that p’(c) has the block form indicated
above. Let V7 be the representation module for p/ on B. Viewing V7 as a CA-

module, we have V7 = Vlj B P ng(j), and the Vij are simple CA-modules, where

the module action on Vij is given by p!. Note that a basis B of V7 has already been

chosen by virtue of the fact that p’ is in matrix form, and likewise, bases B; for the

V7 are given since p! is in matrix form. Since p? is adapted, we have that B; C B

for all i, B; N By, = 0 for i # k, the B; are ordered as subsets of B, and |JB; = B.
Since ¢ commutes with A, we have that, for all v € V7 and = € A,

P(0)-x-v=pl(ox)-v=p(xo) v =2-p(0)-v;
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i.e., p/(0) is a CA-linear map from V7 to itself. Hence

p/ (o) € Homea(VI,V7) = Homea (V) @ --- @ VI, Vi @--- @ V7).

According to our basis B for V7, we have

Homea(V{,V{) ~ Homea(V{,VY) ... Homca(Vy;), V)
, Homca(VY,V3)  Homea(V4,V3) ... Homea(VZ ., V{)
P(o) e . . . Y
Homea(V{, V) Homea(V4, V) Homea (V). Vi)

Let X € Homgca(V)/, Vbj ) be given in matrix form with respect to the bases By,
By. By Lemma 2I0L X is either 0 or an isomorphism (i.e., X is either 0 or p/ and
pg are equivalent representations of A). Suppose then that X is an isomorphism.
The goal, then, is to show that X is a diagonal matrix. Since X is CA-linear, for
every © € CA,v € VJ we have

Xrx-v=x Xv.
With respect to B,, By this is

and hence for every x € CA,
Xpl(x) = pi () X.

Since p? and p{; are equivalent, and are either null or part of an adapted set of
matrix representations, we have p) = py, and thus

(5) Xpi(x) = po(2)X

for all x € CA. .

Now, either p? is null of dimension 1 (in which case so is pj ), which means that
X is 1-dimensional and we're done, or p! is an irreducible representation of A. So,
suppose p’ is irreducible. Then by Burnside’s theorem (Theorem 1.14 of [28]), we

have
pa(CA) = M;z,/(C),
and therefore (B]) says that X is in the center of M|z, |(C), i.e. X is diagonal. [

Remark/Notation. Schur’s Lemma says that adapted representations cause the ma-
trix p(o) to be sparse and structured. Under the same hypotheses as above, let
M(B, A) be the maximum multiplicity of an irreducible or dimension-1 null repre-
sentation of A occurring in the restriction, from B to A, of an irreducible represen-
tation of B. Since p(c) is a block matrix of the form

plc) 0 0 ... 0
0 p*o) 0 ... 0

plo) = 0 0 : )
0
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and the block p?(o) is of the form

J J

£1 P2 Py(5)
ol NI NI o M T
j J J J
ploy= | e !
I i i R
Poiy \ gl A2l o XoGyemn!

where /\i)b # 0 implies that p? and pi are equivalent representations of A, we see
that the matrix p(o) contains at most M (B, A) nonzero entries per row and column.
The computational implication of Schur’s Lemma, then, is that for an arbitrary
d, x d, matrix H, it requires no more than M(B,A)df) complex multiplications
and additions to perform each of the matrix multiplications p(o)H and Hp(o),
as opposed to the upper bound of df’, multiplications and additions that would be
necessary if p(o) were arbitrary.

3. BASIS CONSIDERATIONS FOR CS

3.1. The poset structure of an inverse semigroup.

Definition (poset structure of S). Let S be a finite inverse semigroup. For s,t € S,
define

s <t <= s = et for some idempotent ¢ € S
<= s =tf for some idempotent f € S.

For R,,, the idempotents are the restrictions of the identity map. If S is a group,
then its poset structure is trivial.
If P is a finite poset, then the zeta function ¢ of P is given by

¢:PxP—{0,1},

((z,y) = {1 o<y,

0 otherwise.

Given a poset P, one may define an incidence algebra for P over any ring with
identity. The element ( is invertible in the incidence algebra, and its inverse is
called the Mobius function p. There is a general theory of Mobius inversion for
incidence algebras. We will not go into the details here. Rather, we will record
only the results that we need. Details may be found in [34].

The Mobius function for R, (over C) is well known ([32], [34]). It is, for z <y,

pla,y) = (~1) K0,

3.2. Natural bases for CS. Let S be an inverse semigroup. There are two nat-
ural bases for CS (if S is not a group). The first basis is of course {s}scg, and
multiplication in CS with respect to this basis is just the linear extension of the
multiplication in S. To motivate the second basis, recall that every (finite) inverse
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semigroup is isomorphic to a subsemigroup of a rook monoid and can therefore be
viewed as a collection of partial functions. There is another model for composing
partial functions: only allow the composition if the range of the first function “lines
up” with the domain of the second. For example, if

(1 2 3 4 (12 3 4
7=\ -1 — ) TT=\l4 3 - — )

then the idea is that the composition 7o o is

oo — 1 2 3 4
moo=\ 4 _ , _ )
and the composition ¢ o 7 is disallowed. The groupoid basis for CS encodes this.

Definition (groupoid basis). Let S be an inverse semigroup. Define, for each
s € S, the element |s| € CS by

sl= 3 s

teS:t<s

Theorem 3.1. The collection {|s|}ses is a basis for CS. Multiplication in CS
relative to this basis is given by the linear extension of

(6) mm:{WJU®m$ﬁww

0 otherwise.

Furthermore, the change of basis to the {s}scs basis of CS is given by Mobius
1NVersion:

(7) s= 3 1t

teS:t<s

Proof. This is [34], Lemma 4.1 and Theorem 4.2, using our convention that maps
act on the left of sets. d

The viewpoint then is that we have two natural bases for CS, the basis {s}scs,
and the basis {|s]}scs. Note that, if S is a group, then s = [s|] € CS for all s € S.

3.3. Fourier bases for CS. Let S be a semigroup such that CS is semisimple.
This means that CS decomposes into a direct sum of simple submodules (i.e., left

ideals):
CcS=EPL.

Let Y be a complete set of inequivalent, irreducible matrix representations of
CS. Then, according to Theorem [2.6]

(8) @r:Cs— P My, (C)

pEY pEY

is an isomorphism of algebras.

There is a natural basis for the algebra on the right: the set of matrices in
the algebra with the property that exactly one entry is 1 (the rest being 0). The
inverse image of this set is a basis for CS called the dual matriz coefficient basis for
Y, or the Fourier basis for CS according to Y. When we refer to a Fourier basis
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for CS, we mean any basis of CS that can arise in this manner by choosing an
appropriate ). Note that there is a unique Fourier basis for CS (up to ordering) if
and only if every irreducible representation of S has dimension 1 (as is the case for
S = Z/nZ, for which the isomorphism (§) is the usual discrete Fourier transform
and the associated Fourier basis is the usual basis of exponential functions).
Consider the natural basis for the algebra on the right. The preimage of a single
column of these elements from the p!* block is a basis B for a submodule of CS,
and each element of CS acts on B exactly as described by p. We therefore have that
B is a basis for an irreducible submodule of CS (isomorphic to the representation
module for p). Since the map above was an isomorphism, the preimages of distinct
columns have intersection {0}, and we therefore have the well-known fact:

Theorem 3.2. FEach irreducible representation of CS occurs in the decomposition
of CS into irreducibles exactly as many times as its dimension.

4. THE FOURIER TRANSFORM ON CS

Let S be an inverse semigroup, and let ) be any complete set of inequivalent,
irreducible matrix representations of CS.

Definition. The isomorphism () is called a Fourier transform on CS.

Definition. Let f € CS. The Fourier transform of f is the image of f in the

matrix algebra
P M., (C)
peEY

via the isomorphism (8). Equivalently, the Fourier transform of f is the re-expres-
sion of f in CS in terms of a Fourier basis for CS.

Let f € CS be given with respect to one of the natural bases, i.e., either f =
Yoscsf(s)sor f =3 g f(s)[s]. Weshall sometimes say “calculating the Fourier
transform on CS” to mean calculating the Fourier transform of an arbitrary element
f € CS given with respect to one of the natural bases, where the choice of ) is
understood.

Definition. Let p be a representation of CS. Define

#5) = {ZSES FE)pls) i f =g F(5)s,
Sees F)p(ls)) i F=Ycq F(5) 5]

For p € Y, f(p) is therefore just the p** block in the image of f in the isomorphism

®.

Remark. Since the map in () is an isomorphism, it respects multiplication, and
hence the Fourier transform turns the convolution of elements of CS () into mul-
tiplication of block-diagonal matrices. It turns convolution into pointwise multipli-
cation if and only if all irreducible representations of S have degree one, which, for
example, is the case for S = Z/nZ.
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5. DECOMPOSITION OF CR,, INTO A MATRIX ALGEBRA
OVER GROUP ALGEBRAS

Let S be an inverse semigroup. The theorem in this section is a special case of
Theorem 4.6 in Steinberg [34], which provides an explicit isomorphism between CS
and a direct sum of matrix algebras over group algebras. The groups appearing in
the group algebras are the maximal subgroups of S. The purpose of this section is
to explain this isomorphism in the case when S = R,,.

This turns out to be a very important isomorphism for the FFT theory for R,,.
It allows us to easily describe a complete set of inequivalent, irreducible represen-
tations for R, (Section [G1]), it allows us to describe explicit Fourier bases for CR,,
(Section [6.2)), it allows us to easily state the Fourier inversion theorem for CR,
(Section [6.3]), and it forms the basis for one of our FFT algorithms (Section []).

Let Dy, C CR,, be the C-span of {|s] : s € R,,rk(s) = k}. By (@), we have that
CR,, = @?:0 Dy, so that the product of two elements in Dy, is an element of Dy,
and the product of an element in D; with an element in D; is 0 if 7 # j.

For k € {0,...,n}, we identify Sy C R,, with the subgroup of elements of rank
k with domain and range equal to {1,...,k}. We therefore take Sy to be the set
consisting of the zero map, and Sy = S;. The following decomposition theorem was
implicit in the work of Munn and made explicit in [34], Theorem 4.6.

Theorem 5.1. Dy, & M(:)(Csk), and thus CR, = @, _, M(Z) (CSk).
Proof. Use the k-subsets of {1,...,n} to index the rows and columns of M, ) (CSk)
in such a way that {1,...,k} is the first k-set. If A and B are two k-subsets of

{1,...,n}, let P(a—p) denote the unique order-preserving bijection from A to B.
Keeping in mind that our maps act on the left of sets, define a map
¢ : Dk — M(z) ((CSk)

by defining it on a basis element |s]:

¢( LSJ ) = p(ran(s)—){l,.“,k})sp({l,“.,k‘}—ﬂlom(s))Eran(s),dom(s)a

where Epan(s).dom(s) 18 the () x (}) matrix with a 1 in the ran(s),dom(s) po-

sition and 0 elsewhere. Observe that pan(s)—{1,...k})SP({1,....k}—dom(s)) € Sk by
construction.
It is easy to show that ¢ is an isomorphism and that ¢! is induced by

9EAB &= [P, k1> A IP(B {1, k)] -
Note that if g € S, C R,,, then

¢(lg]) = gEn1.
(]

Notational Remark. For the rest of the paper, if A and B are k-subsets of {1,...,n},
then we will denote the unique order-preserving bijection from A to B by p(4_p)-
6. CONSEQUENCES OF THEOREM 5.1

6.1. Explicit matrix representations of CR,. Let G be a finite group. The
representations of the matrix algebra M, (CG) were studied as early as 1942 by
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A H. Clifford in the context of Brandt groupoids [4]. In the notation of Section [
we have

k=0

Given an irreducible matrix representation p of Sy (or of CSy), we can “tensor
up” to an irreducible matrix representation p of M B (CSk) and then extend p to

an irreducible matrix representation of CR,, by declaring it to be 0 on the other
summands. Specifically, for g € Sk,

9) p(9EA,B) = EaB ® p(9).

Let IRR(S)) be any complete set of inequivalent, irreducible matrix representations
of Sk. For p1,p2 € IRR(Sk), M] shows that g1 and pa are equivalent if and only
if p1 and po are equivalent, and that all irreducible matrix representations (up to
equivalence) of M n (CS},) are obtained in this manner.

Therefore, the distinct irreducible representations of CR,, are in one-to-one
correspondence with the elements of [#;_,IRR(Sk). Many explicit descriptions
of IRR(Sk) are known. Two well-known computationally advantageous ones are
Young’s seminormal and Young’s orthogonal forms. A description of the former
may be found in [3], and a description of the latter in [I0].

To be completely explicit, suppose f € CRy,, with f =3 _p f(s)[s], and let
p € IRR(S)). Then p is an irreducible matrix representation of CR,,, and

pf) = f(s)a(ls])

SERn

= > f(s)p(ls))
Ok

= > S D P 0 IP B (1)) (Bas @ p(g)) -

AC{1,...,n} BC{1,....n} g€Sk
|Al=k |B|=k

We have thus effectively described the irreducible representations of CR,, by
describing their actions on the {|s]} basis. We remark that, if desired, one could
obtain a description of the irreducible representations of R, by looking at these
representations on the {s} basis via ([f). We also remark that there are other ways
to describe a complete set of inequivalent, irreducible representations for R,, that
do not involve decomposing it into a sum of matrix algebras over group algebras,
or indeed referencing the {|s]} basis at all. For example, see Grood’s description
n [I3], Halverson’s description in [I4], or Section [I0.21

6.2. Explicit Fourier bases for CR,,. Let IRR(S;) be a complete set of in-
equivalent, irreducible matrix representations for Sy, for k € {0,...,n}. For each
p € IRR(Sk), let p denote its extension (via the method discussed in Section [6.1])
to CR,,. We take Y = J;_,{p : p € IRR(Sy)}.

It is now easy to explicitly describe the Fourier basis for CR,, according to ) in
terms of the natural {|s|} basis. That is, ift B C CR,, is the set of inverse images
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of the natural basis of @ ,cy Mq,(C) in the isomorphism

(10) @r:Cr, - P My, (C),
pEY pPEY
then for each b € B,
b= Y b(s)|s].
SER,

We will now describe the coefficients b(s).

We begin by assuming we have an explicit description of a Fourier basis for CSj
for each k € {0,...,n}. That is, if C is the set of inverse images of the natural
basis of the algebra on the right in the isomorphism

(11) P r:CS— P My, 0),
p€IRR(Sk) pEIRR(Sk)

then, for each c € C,
c= Z c(x)x,
€Sy

and we assume that we know the coefficients ¢(x). They may be found, for example,
by using the standard Fourier inversion theorem for groups (Theorem [6.2)).
Now, fix p € IRR(Sy). Fix ¢; ; € CS,

Cij = Z Ciyj(l’)l',
€Sy
to be the inverse image in the isomorphism () of the element of
D My, (©
pEIRR(S})

that is 1 in the ¢,j position in the p block and 0 elsewhere. p is a block matrix
whose rows and columns are indexed by the k-subsets of {1,...,n}, and whose
entries are themselves d, x d, matrices. Call the m k-set M and the n** k-set N.

Theorem 6.1. Let X be a d, x d, matriz with a 1 in the i,j position and 0 else-
where. The inverse image in the isomorphism (IQ) of the element of @ ;. Ma,(C)
that is By, n @ X in the p block and 0 elsewhere is

Lp({l,...,k}aM)J <Z ci () Lﬂ) LP(N—»{L.--JC})J :

€Sy

peEY

Proof. If ¥y € Y, 4 # p, then

2 ([P({l,...,k}_m)J (Z ci,j(z) M) [P(N—>{1,...,k})J> =0

€S}
because

o (Z ¢ij(x) LxJ) =0.

€S
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On the other hand,

p (U?({l,m,k}aM)J (Z cij(z) m) Lp(N—%{l,.i.,k})J>

TES)
= (Em,l & Idp) (El,l & X) (El,n & Idp) = Em,n ® X.

O

6.3. The Fourier inversion formula for CR,,. We begin by recalling the Fourier
inversion theorem for groups.

Theorem 6.2. Let G be a finite group, and let f = . f(s)s € CG. Let IRR(G)
be a complete set of inequivalent, irreducible matrix representations for G. Then

f&) = 3 dytrace (fo)ols ™).
)

G|
p€IRR(G

Proof. See [30], Section 6.2. O

We now state a preliminary lemma, which is a direct consequence of Theorem
and Section

Lemma 6.3. Let f = Y p f(z)|z] € CR,, and let Y be a complete set of
inequivalent, irreducible matriz representations for R, , induced by

H  IRR(S:)
ke{0,...,n}

in the manner described in Section [61] Let rk(x) = k. Write

T = P{1,....k}—ran(z))YP(dom(z)—{1,...,k})

for a unique y € Sk. X
The ran(z),dom(z) entry of f(p) is a d, x d, matriz. If we denote it by

J(P)ran(z),dom(z), then we have

f(I) = Ta Z dptrace (f(ﬁ)ran(z),dom(z)p(y_l)) .

pETRR(Sk)

Proof. For p € IRR(S)) we have

o)=Y fs)a(ls)),

SER,,

with p(|s|) = 0 if rk(s) # k. By definition of p, the Fourier transform f(p) may
be computed block by block (and thus may be inverted block by block). The
ran(z), dom(z) entry of f(p) is determined by the values f(s) for which ran(s) =
ran(z) and dom(s) = dom(z), and these values do not affect any other entries of
f(p). Explicitly, the ran(z), dom(z) entry of f(p) is given by

Z F(Pa,... ky—ran(2)) SP(dom(z)—{1,....k}) ) P(5)-
SESk
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Let us define a function fian(x),dom(z) O0 Sk by
fran(m),dom(z)(s) = f(p({l,...,k}—)ran(z))Sp(dom(x)%{l,...,k}))'
Then

Z F(P1,... ky—ran(2)) SP(dom(z)—{1,...k})) P(8) = Z Jran(z),dom() (8)p(5)
sESk seSk

= fran(x),dom(a:) (p) :

The Fourier inversion theorem for groups then applies and yields:

f(:E) = f(p({l,...,k}—)ran(w))yp(dom(;c)—>{1,.4.,k}))

- \;T| > dytrace (franu),dom(z)(p)p(y‘l)) :
pEIRR(S})
and since
Franta)dom(@)(P) = F(Prante) domo):
we are done. -

Now, let S be any set of inequivalent, irreducible matrix representations for R,,.
We define some notation before stating the Fourier inversion theorem for CR,,.

Let ) be a complete set of inequivalent, irreducible matrix representations for
Ry, induced by W,y 3 IRR(Sk) in the manner described in Section If
p € IRR(S})), we have the corresponding p € ), which is equivalent to some repre-
sentation in S, which we denote by p.

Theorem 6.4 (Fourier inversion theorem for CR,,). Let

f=73_ f()|z] € CRn.

QfeRn

Let tk(x) = k, and let us denote the semigroup inverse of x by x—*. Then

f@) = gr > dytwace (F@)alla~))).
pEIRR(S})
Proof. Since p is equivalent to p, write
p=A"1pA
for some invertible matrix A. We therefore have
f(p) = A7 f(p)A.
As in Lemma[63] let y be the unique element of S such that

T = P{1,....k}—ran(z))YP(dom(z)—{1,...,k})"
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Now, we have

trace (f(ﬁ)ran@),dom(m)p( ) =trace [ [Edom(a).ran(z) @ Ay 1)])

A” 1J)A)

the last equality arising from the similarity-invariance of the trace. The theorem
now follows from Lemma [G.3] O

7. ASSOCIATING FUNCTIONS ON S TO ELEMENTS OF CS

We are now ready to address the issues that arise in choosing how to associate
functions on S to elements of the semigroup algebra CS. We also define the Fourier
transform and the convolution of functions on S.

Let S be an inverse semigroup. Let f : S — C. Having defined two “natural”
bases for CS, we have two natural choices for how to associate f to an element of

CS, either
Fed fo)s o fod fs)]s]
seS seS
In the first case, which we shall call the semigroup association model, the elements
s in CS are associated to the characteristic functions of the elements s € S. In the
second case, which we shall call the groupoid association model, the elements |s| in
CS are associated to the characteristic functions of the elements s € S.

Definition (Fourier transform of a function on S). Let f : S — C. Given an
association model, the Fourier transform of f is defined to be the Fourier transform
of the associated element of CS.

Thus, if the groupoid association model is used, then the Fourier transform of f

DS #s)nlls))

peEY seS

is

and if the semigroup association model is used, then the Fourier transform of f is

B> rs)nls)

peY seS

where Y is a complete set of inequivalent, irreducible matrix representations of CS.
The convolution of functions on S is also defined by the association model.

Definition (convolution of functions on S). Let f,g: S — C. Choosing an associ-
ation model defines how the images of f and g in CS multiply. Denote the images
of f,gin CS by f,g respectively. Then we define, for s € S:

Under the semigroup association model, f * g(s) = the s** coefficient of f * g
expressed with respect to the {s} basis. Under the groupoid association model,
f#g(s) = the |s|™ coefficient of f * § expressed with respect to the {|s]} basis.
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For the case S = R,,, what follows is an overview of the considerations one should
take into account when choosing which function association model to use.

Consideration 1 (convolution). Convolution of functions on R, is defined by the
association model used. If the semigroup association model is used, then convolu-
tion of C-valued functions f, g on R, is defined by (). Specifically,

(fxg)s)= D flr)g).
rtERy :rt=s
If the groupoid association model is used, then convolution of C-valued functions
f,g on Ry, is defined by their multiplication in CR,, with respect to the {|s]} basis.
Specifically,
Fra)s) = S e s).
r€ER,:
ran(s)=ran(r)
Consideration 2 (inner products). There is a natural inner product for C-valued
functions f,g on R,:
(f.9)=>_ f(s)g(s).

SeRn
It would be nice to use this inner product. Choosing an inner product on functions
and an association model induces an inner product on CR,, (or equivalently, choos-
ing an inner product on CR,, and an association model induces an inner product
on functions on R,,). Specifically, if we choose the above inner product, then the
semigroup association model induces the inner product (-,-); on CR,, defined by

1 ifs=t,
(s,t)lz{

0 otherwise,

and the groupoid association model induces the inner product (-, -), on CR,, defined
by

1 if |s] =[¢],

(Ls], [t])y = .

0 otherwise.
However, choosing the inner product (-,-); leads to undesirable consequences with
regards to the Fourier basis for CR,,, as described in Consideration Bl For this
reason, if the semigroup association model is used, then it is recommended to take
the inner product (-, -}, on CR,, and use that to induce an inner product on C-valued
functions on R,,.

Consideration 3 (orthogonality of isotypic subspaces of CR,,). Since CR,, is

semisimple, we have
CR, =P L,

where each L; is simple. Let us group them according to their isomorphism classes:

CR, = PV,
peY
where ) is a complete set of inequivalent, irreducible matrix representations for R,,,
and Vj is the sum of all simple submodules of CR,, isomorphic to the representation
module for p € V. The Vj are called the isotypic subspaces or isotypic submodules
of CR,,. Note that this decomposition does not depend on the choice of }. Let
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v € Vv € V. We would like to have an inner product (-,-) on CR,, such that, if
Vp 7é Vp/, then

(v,0") =0,
i.e., an inner product under which the isotypic subspaces of CR,, are orthogonal.
The claim is that (-,-), accomplishes this and that (-,-); in general does not.

Theorem 7.1. Let V; # V. Then, using the notation above, (v,v"), = 0.

Proof. By linearity, it suffices to show this in the case that v and v’ are Fourier
basis elements of CR,,. We take J to be the set induced by ;<o .,y IRR(Sk)
in the manner described in Section [6.I] and we assume that v and v’ are part of a
Fourier basis for CR,, according to ).
We know that
CSv= P w,
pEIRR(Sk)

where W, is the sum of all the irreducible submodules of CS}, isomorphic to the
representation module for p. If w € W,,w’ € W,,W, # W/, then under the inner
product [-, -] on CSy, defined by

1> als)s, Y bs)sl = 3 als)b(s).
SESK SESK SESK

it follows from the discussion in Chapter 2 of [30] that we have [w,w’] = 0.

Now, suppose that p was induced by p € IRR(Sk) and that p’ was induced by
p" € IRR(S;). By Theorem 6.1} when written in terms of the natural {|s|} basis, v
contains nonzero coefficients only for the elements |s| where s is of rank k, and v’
contains nonzero coefficients only for the elements |s| where s is of rank j. Thus,
if k # j, we have (v,v"), = 0. Suppose then that k = j. By Theorem [6.I] we have

v= Lp({lw,k}ﬁB)J Z v(s) |s] Lp(A%{l,‘..,k})J )
SESk

for A, A’, B, B’ some k-subsets of {1,...,n}, and
Z v(s)s € W, Z V'(s)s € Wy
seSk seSk

some Fourier basis elements for CSy.
If A# A" or B # B, it is apparent that (v,v"), = 0, so suppose further that
A=A"and B=PF'.
Now, since Vj; # Vj, we have p # p/, and we therefore note that
[Z v(s)s, Z v'(s)s] = 0.
SESK SESK

For convenience, we temporarily denote p(1,... x}—n) by ps and pa_(1,.. x}) by
pa. We have

(W 0')y =D > vV (t) ([ppspal . lpstpal)s

SESK tES)
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and |ppspa] = |pptpa] if and only if s = ¢, so
(0,0)y =D w(s)v'(s) = [ Y v(s), Y v'(s)] =0.
seSk sESk sESy
Il

Remark 7.2. The isotypic subspaces V; need not be orthogonal under the inner
product (-, -),. For example, consider CR;, which has two nonisomorphic irreducible
representations, each of degree 1, and hence a unique Fourier basis. It decomposes
as

CR; = (C-span([Id])) & (C-span([0])) .
We have
((1d], [0]); = (Id = (0), (0)); = —1.

8. FFT ALGORITHM CONSIDERATIONS

8.1. Computational complexity. If G is a finite group, then {g}4c¢ indexes the
natural basis of CG. If S is an inverse semigroup, then CS has two natural bases,
the {s}scs basis and the {|s]}scs basis. We therefore define the following two
corresponding notions of computational complexity for the Fourier transform on

CS.

Definition (computational complexity). Let ) be a complete set of inequivalent,
irreducible matrix representations for CS. For an arbitrary element f € CS ex-
pressed with respect to the {s} basis,

F= fs)s,
sES
the number of operations needed to compute the Fourier transform of f, i.e.; to
compute

(12) Flo) =" f()n(s)

ses

for all p € V), is denoted by T5;(S5).
For an arbitrary element f € CS expressed with respect to the {|s]} basis,

F=Y f)1s),
sesS

the number of operations needed to compute the Fourier transform of f, i.e., to
compute

(13) Floy =" F(s)p(ls))

ses

for all p € ), is denoted by TJESJ (9).
Now, let Y vary over all complete sets of inequivalent, irreducible representations
for CS. We define

C*(S) = miny(73(95)),
cls(S) = miny (735*(S)), and
C(S) = max(C*(S),C*)(9)).
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An operation is defined to be a single complex multiplication together with a
complex addition. For the purposes of our analysis, we assume that all represen-
tations in ) are precomputed (i.e., evaluated at every basis element s of CS or at
every basis element |s| of CS) and stored in memory.

If G is a group, the {s} and the {|s]|} bases of CG are identical, so we may drop
the superscripts on the complexity notation. For example,

T3(G) = Ty(G) = T(@).

Now, let Y be any complete set of inequivalent, irreducible matrix representations
for CR,,. A naive implementation of the Fourier transform on R,,, i.e., computing

(@) and ([@3) directly, gives
C(Rn) < |Rnld2,

peEY

which, by (@), gives
Theorem. C(R,) < |R,|?.

As n grows, this cost quickly becomes prohibitive.

For the same reason, we also have C(G) < |G|? for any group G, but many fam-
ilies of groups enjoy results along the lines of C(G) = O(|G|log® |G]). Indeed, such
upper bounds remain the goal in group FFT theory. There are also groups G for
which there currently exist greatly improved (but not O(|G|log”|G|)) algorithms,
such as matrix groups over finite fields or, more generally, finite groups of Lie type
[21]. It is conjectured that there are universal constants ci, ce such that for any
group G, C(G) < ¢1|G|1log™ |G| [24]. It is currently known that, for example,

C(Z/nZ) = O(nlogn),
C(G) < 8.5|G|log |G| for any supersolvable group G, and
C(S,) = O(]S,|1og? |Syn|) (where S, is the symmetric group on n letters).
See [2], [1], and [20], respectively, for these results, or see Section[R.3]for a description

of an O(|S,|log® |S,|) FFT on S,,.
We now state the main results of this paper.

Theorem 8.1. Cl*I(R,,) = O(|R,|log? |R,|).
Theorem 8.2. For any € > 0,C*(R,) = O(|R,|'T), and hence
C(R,) = O(|Rn‘1+6)-

We prove these results in Sections and [0.2] respectively.

8.2. FFTs on groups. In this section, we describe a general method used to
construct FFTs on groups. This section is basically an elaboration of the main idea
in [21] and is included in the interest of keeping this document self-contained. This
method is used in the FFT on S,, given in Section (which itself is used in the
FFT for R, given in Section [d). We also will generalize this method directly to
create an FFT for R, in Section [0l

Let G be a group and let H be a subgroup of G. H partitions G into cosets
yH. Let C C G be a full set of coset representatives for distinct cosets (i.e.,
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G =U,eccyH, and y1 #y2 € C = y1H Ny H = 0). Let p be a representation of
G. Then, since p is a homomorphism, we have the factorization

(14) Fo) =" F@rlg) =D o) D> fy(h)p(h),

geG yeC heH

where £, () = f(yh).

Let Vg and Yy be complete sets of irreducible, inequivalent matrix representa-
tions for G and H, respectively, adapted to the chain G > H. We would like to
compute f(p) for all p € Vg. The idea is that if we already knew all the fy(fy) for
all v in Vg and y € C, then we could construct the inner sums in ([4]) based on how
p splits when restricted to H. (To do this in practice for a particular group G, we
would need a theorem that says how p splits when restricted to H. Such theorems
are known as branching theorems.) Since Yy, Yo are adapted, this construction
can be done for free, since (say plg = p1 ® -+ D pi)

> fMp(h) =" fy(h) [pr(h) @ -+ @ pr(h)] = fy(p1) © -+ & fy(pr).

heH heH

Then, to finish computing f (p), we need to multiply % matrices together and add

the results. Denote »°, ; fy(h)p(h) by Ay(p). Then by choosing our representa-
tions Vg, Vg for G and H to be adapted to the chain G > H, we have

Theorem 8.3.

Ty (G) < 'ff'ﬂ'y (H) + Mg (C),

where Mg (C) is the number of operations needed to compute the sums

> p(y)Ay(p)

yel

for all p € Ya, given the matrices Ay(p).

M¢(C) can be made small by choosing the coset representatives y € C' in such
a way that p(y) is a sparse matrix (or, more generally, can be factored into a small
number of sparse matrices).

Of course, this method can be used recursively with a subgroup chain and a
corresponding collection of chain-adapted representations, as in [21], [24].

8.3. An FFT on the symmetric group. In this section, we describe an algo-
rithm to compute the FFT on S,,. The FFT algorithm for R,, presented in Section[Ql
explicitly uses FFTs on S,,, and ideas from this algorithm are used in the FFT on
R,, presented in Section [I0l

Consider S,, and the subgroup chain S,, > S,_1 > --- > S; = {1}, where Si
is identified with the subgroup of S,, that fixes the points k+1,...,n. Choose a
complete, inequivalent, irreducible set of matrix representations for CS,, adapted
to this chain and call it },,. Two well-known choices are Young’s orthogonal and
Young’s seminormal forms (see, for example, [I0]). Let t; be the transposition
(j—1,7). Let e denote the identity element of S,. We use the following set of coset
representatives:

{Ti 01 S ) S TL,TZ' = 6-'-€ti+1ti+2-'-tn}.

7
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Thus, for example, T} = tot3---t,, Thn_1 = tn, and T;,, = e. We therefore obtain

(15) Zf(S)p(S)=Zp(Ti) > fre)(s),

SES, S€ESp-1

which then implies

(16) Ty (Sn) < 22!

< g T (Sam) + Ms, ().
n—1

Once we have calculated all the f}i on S,_1, then for any p € ),, we can
reconstruct (for free, since we are using chain-adapted matrix representations) the
inner sums in (I3 based on how p splits when restricted to S,_;. This splitting is
described by the branching theorem for S, (see, for example, [10], p. 304).

We now turn to analyzing the Mg ({7;}) term in (I6]). Notice that, for j > 2,
t; € S; and t; commutes with S;_o (and to € Sy and to commutes with S7).
It is easy to derive from the combinatorics of Young tableaux (see, for example,
[16]) that the maximum multiplicity occurring in the restriction of any irreducible
representation of S; to S;_2 is 2. By Schur’s Lemma, then, for any j (2 < j < n)
and any p € Yy, p(t;) contains at most 2 nonzero entries per row and column.

Fix p € Y,. Since p(T;) = p(tit1)p(tiva) - - - p(tn), computing p(T;)Ar, (p) for an
arbitrary matrix Ar,(p) may be accomplished by multiplying Ar,(p) on the left by
p(tn), multiplying the result on the left by p(t,—1), multiplying the result of that
on the left by p(t,_2), etc. It therefore takes a maximum of 2(n — i)d2 operations
to perform the multiplication p(T;) Az, (p) (keeping in mind that multiplying by the
identity matrix may be done for free), and once p(T;)Ar,(p) has been computed
for all T;, it takes a maximum of (n — 1)d§ operations to add the results to give
Sor p(Ti) Az, (p). Letting p vary over Yy, then, implies

Ms,({Ti}) < Y D 2 —i)dy+ ) (n—1)d;

PEYVn i=1 PEYn
= (n=1)(n)|Sn| + (n = 1)[Sn|
= (n? —1)|S,|.

Putting this together with (If]), we obtain:
T3, (Sn) < 0Ty, (Sp—1) + (n* = 1)[Sy].
Induction on n then yields

Theorem 8.4. Ty, (S,) < 2n(n + 1)%n!

This is of order n!(logn!)® = |S,|log®|S,|. The algorithm described here is the
heart of Clausen’s FFT on S, [3].

By a more careful analysis of the matrix multiplications involved, Maslen has
obtained an algorithm for the FFT on S, of complexity O(|S,|log®[S,|) (|20],
Theorem 1.1):

Theorem 8.5. Let ), denote a complete set of inequivalent, irreducible represen-
tations for S, in Young’s orthogonal or seminormal form. Then

Tou(Sn) < Jnln = 115, .
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9. AN ALGORITHM FOR THE FFT oON R,
In this section, we present the faster of our two algorithms for the FFT on R,,.

In the process, we prove Theorems R.] and

9.1. An FFT for changing from the {|s|} basis to a Fourier basis. Let
f € CR,, be an arbitrary element, given with respect to the {|s]} basis:

F=Y" f(s)s)-

Let Y, denote Young’s seminormal (or orthogonal) matrix representations for
Si. For our complete set of inequivalent, irreducible representations for R,,, we
take the set ) induced by Wye(o, .,y Vi In the manner described in Section

If p € Y was induced by p € ), then we have that f(p) is an (%) x (}) matrix
whose rows and columns are indexed by the k-subsets of {1,...,n}, with entries
themselves d, x d, matrices. By Theorem 5.1l and (), we know that for s € R,

_ 0 if rk(s) # k,
p(ls]) = .

Eran(s),dom(s) ® p(p(ran(s)—>{1,.4.,k})Sp({l,“.,k}—>dom(s))) otherwise.
Let A and B be k-subsets of {1,...,n}. Then the A, B entry of f(ﬁ) is

(17) FP)as =D FP1 k) ASPB (1, e}))P(5)-
seSk

If we define a function fa g on Si by
fa.B(s) = f(P1,...k} = ASPB—{1,...k}) )

then () is just fa.5(p), a Fourier transform on Sy. An obvious algorithm presents

itself: for each k, run (2)2 FFTs on S;. By Theorem [B.5]

3
Ty, (Sk) < Zk(k —1)|Sk|.

Theorem (Theorem BI). Cl*(R,) = O(|R,|log® |R,|).

Proof. By the above algorithm,

(1) Touts

NE

T (R,)

E
I
=

IN
[
N
> 3
N——
[\
SRS
=
~—~
=
-
S~—"
=

~
Il
o

o
I
o

IN
NG GURIN Y U
=
3
|
=
()=
. N
> 3
N~
[\v]
=

IN
3
S
!
=
E
3

Since CL*J(R,,) < ’TyLSJ (Rn), |Rn| > n!, and n = O(log(n!)), we are done. O
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9.2. An FFT for changing from the {s} basis to a Fourier basis. Let
f € CR,, be an arbitrary element, given with respect to the {s} basis:

F=> f(s)s.

SER,

Thanks to the algorithm in Section @] a simple algorithm for calculating the
Fourier transform of f is evident: use the set ) of inequivalent, irreducible matrix
representations for R,, used in Section [@.I] re-express f in terms of the {|s]} basis,
and then run the algorithm in Section Under this approach, the only algorith-
mic complexity left to consider is the complexity of changing from the {s} basis to
the {[s]} basis. Suppose

F=Y g(s) s

Since

s= > i,

teER,:t<s

basic linear algebra gives

o= S f@).

TER,:x>s

Given s € R, with rk(s) = k, there are |R,,_j| elements z € R,, satisfying x > s.
A naive implementation of the {s} — {|s]} change of basis therefore takes at most

(18) kZ_O (Z)2k!|Rnk|

operations.

If we consider the matrix that encodes this change of basis (which consists only
of zeroes and ones), then (I8)) is the number of ones in this matrix, counted row by
row, since a row corresponding to an element s € R,, of rank k has |R,,_j| ones in
it. On the other hand, a column corresponding to an element s € R,, of rank k has
2% ones in it, so counting column by column, we obtain:

n n

> (Z)Qk!IRn—kl =3 (Z’)Qk!zk,

k=0 k=0
and thus the {s} — {|s]} change of basis takes at most

n n 2 n n 2
> <k> kb <2m " <k> k! = 2" R,,|
k=0 k=0

operations.
Putting this together with Theorem Bl we obtain

Theorem (Theorem B2). Let e > 0. Then

C*(Rn) = O(|Rn|1+6)~
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Proof. The algorithm in this section consists of two steps: change from the {s}
basis to the {|s|} basis, and then run the algorithm in Section Thus

C*(Rn) < Ty(Rn)
< 2[Rl + Ty (Rn)
< 2"|R,| + Zn(n )[R,
For large enough n, we have 2" > 3n(n — 1) and |R,| > n!® > 2", so
T3 (Rn) = O(|Ry|'*).
O

Remark. In his doctoral thesis [19], the first author has developed an
O(|R,|log® |R,|) algorithm for the {s} — {[s]} change of basis, which in turn
yields the improved result C(R,,) = O(|R,|log® | R,|).

10. ANOTHER ALGORITHM FOR THE FFT oON R,

In this section, we present an algorithm for the FF'T on R,, that is quite different
from the algorithm presented in Section The algorithm in Section [@ involved
examining the poset structure of R,,, decomposing CR,, into matrix algebras over
group algebras, using matrix representations for R, induced by computationally
advantageous matrix representations of Sy, and running FFTs on Sj.

In contrast, the algorithm in this section directly generalizes the ideas in Sections
82 and B3l It involves finding a semigroup factorization of R, into “cosets” and
using a chain-adapted set of matrix representations to run recursive calculations
on the sub-semigroup chain R,, > R,,_1 > --- > Ry. The algorithm in this section
computes the Fourier transform of an element in CR,, expressed with respect to the
{s} basis directly, without referencing the {|s]} basis. It is not an O(|R,,|log® |Ry|)
algorithm, so we do not consider the {|s]} — {s} change of basis necessary to run it
on the {|s|} basis. Even for an element expressed with respect to the {s} basis, the
algorithm in Section [0 is slightly better. Nevertheless, we present this algorithm
because the ideas involved may be helpful for designing FFTs on other inverse
semigroups.

10.1. Another FFT for changing from the {s} basis to a Fourier basis.
Let f € CR, be an arbitrary element, given with respect to the {s} basis:

F=Y" f(s)s.
SER,

As with the symmetric group (SectionB.3)), let t; be the transposition (j — 1, 7).
We use the following sets of “coset representatives” (we call them “coset represen-
tatives” because they play the same role in this FFT as coset representatives do in
group FFTs):

{T;:1<i<n,T; =tip1tiza - -tn} (where T,, = Id) and
TV 1<i<n—1,T =tytp_1--ti1}.
We use the semigroup chain R, > R,_1 > --- > Rj, where
Ry={c€R,:0(j)=jifj> k}.



1036 MARTIN MALANDRO AND DAN ROCKMORE

Halverson [I4] has found a complete set of inequivalent, irreducible matrix repre-
sentations for R,, adapted to this chain. The description may be found in Section
10.2] Call this set ),. For each p € ), we must compute

Fo)=">_ f(s)p(s).
SER,

A subsemigroup does not necessarily partition its parent semigroup into equally
sized cosets, so we cannot directly factor through a subsemigroup as in (I4). In-
stead, we use an approach for R, that is based on the recursive formula ([2). With
this, we have the following factorization theorem.

Theorem 10.1 (factorization theorem for R,,). For any representation p of Ry, if
n > 3, we have the following factorization:

(19) Fo)=Y_p(T) Y fr(s)p(s)+p(n)) Y fu(s)n(s)
i=1

SER, 1 SER,—1

PSS @) | e,
i=1

= sER, 1

where [n] is the link (1)(2)---(n — 1)[n], fa(s) = f(A4s), and

i 0 if n —1 € dom(s),
fT (8) _ ; f . ( )
f(sTY)  otherwise.
Proof. See Section O

As in the group case, we will use the above breakdown to compute f(p) recur-
sively. If we knew fi,(7) for all v € V1, fr,(7y) forall y € Y1 and 1 <@ <,

and fT'(y) for all v € V,,_1 and 1 < i < n — 1, using [[T) we could reassemble
them for free, since we are using chain-adapted representations, based on how p
splits when restricted to R,,—1 (see Theorem [I0.6]) to calculate the inner sums in
([@). To finish computing f(p) for any p € Yy, then, we multiply these inner sums
by the p(T;), p(T?), and p([n]) and add them up. Therefore, we have

Lemma. For n > 3,

T3 (Rn) < 20Ty (Ra—1) + Mg

n?

where Mg, is the total number of operations required to compute the sum ([I9) for
all p € YV, given knowledge of the f[n\], all the fi, and all the fT" on R,_,.

We now analyze Mg, to obtain:
Theorem 10.2. For n > 3,
(20) Ts. (Ry) < 2nTy _ (Ru—1) 4 2n°|R,|.

Proof. To analyze Mg, , let:

e M7 = The maximum number of operations necessary to calculate the ma-
trix product p(T;)Ar, (p) for arbitrary matrices Ar,(p), for all p € Y, and
for all T; (1 < i< n).
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e My = The maximum number of operations necessary to calculate the ma-
trix product AT (p)p(T?) for arbitrary matrices A”" (p), for all p € Y, and
forall T8 (1 <i<n-—1).

e M3 = The maximum number of operations necessary to calculate the ma-
trix product p([n]) A, (p) for arbitrary matrices A, (p), for all p € Y.

e M, = The maximum number of operations necessary to add together 2n
d, x d, arbitrary matrices, for all p € V,.

Then Mg, <Yt M;.

Analysis of Mj: For each p € Y, and each T;, we must perform the multiplication
p(T) AT, (p) = p(tiv1)p(tiye) -+ p(tn) AT, (p) for an arbitrary matrix Ar, (p). As was
the case with S,,, for j > 2, t; € R;, t; commutes with R;_5, and M(R;, R;_2) =
2. By Schur’s Lemma, p(t;) (7 > 2) contains at most 2 nonzero entries per row
and column. For j = 2, t5 € Ry, and the maximum dimension of an irreducible
representation of Ro is 2. Therefore, p(t2) contains at most 2 nonzero entries per
row and column. Alternatively, it is obvious from the description of ), (see Section
I02) that p(t;) (j > 2) contains at most 2 nonzero entries per row and column.
Therefore, multiplying an arbitrary matrix by p(t;) on the left requires at most
2d? operations, and so performing the multiplication p(T;) Az, (p) requires at most
2(n — i)d? operations. Therefore, we have

Mi< Y N 20— )& = (n)(n - 1)|Ral,

pEY, i=1

where the final equality comes from ().

Analysis of Ms: The only difference between M; and M, is that Ms involves
multiplying arbitrary matrices by p(7%) on the right rather than by p(7;) on the
left, so My is the same as M; in the complexity analysis. Thus

Ma < (n)(n — 1) Ral.
Analysis of M3: Since [n] € R, [n] commutes with R,,_1, and M(R,, R,—1) =
1, we have that p([n]) contains at most 1 nonzero entry per row. Thus
Ms< > d2=|Ry|.
PEYn
Analysis of My: For a particular p, the matrix additions can be accomplished
with (2n — 1)d? operations. Thus
My < > (2n—1)d) = (2n — 1)|Ry|.
PEYn

Putting this all together, we obtain
Mg, < (2(n)(n—1) + 1+ 2n — 1)|R,| = 2n?|R,|.

We now prove that this algorithm gives the following complexity result.

Theorem 10.3. Forn > 5, 73?”(Rn) < 2"n|R,|.
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Proof. Base case: |Rs| = 7, so a naive implementation of the FFT on Ry gives
Ty, (R2) < 49. Applying (20) repeatedly, we have

T, (Rs) < 2(3)T3, (R2) + 2(3)%| R3] < 6(49) + 18(34) = 906, so

T3, (Ra) < 2(4) T3, (R3) + 2(4)%|Ra| < 8(906) + 32(209) = 13936, so

T3 (Rs) < 2(5)T3, (Rs) + 2(5)%|R5| < 10(13936) + 50(1546) = 216660, and
216660 < 2°(5)|Rs| = 247360.

This proves the base case.
Similarly, for n = 6, we have

T35, (Re) < 2(6) T3, (Rs) + 2(6)| Rg| < 12(216660) + 72(13327)
— 3559464, and 3559464 < 25(6)|Rg| = 5117568.

Now, let n > 7. Observe that, for @ = 1 to n, the sets {0 € R, : o(a) = n} are
disjoint, and each are of size |R,,_1|; thus n|R,—1| < |Ry,|. Therefore, we have

T3, (Rn) <2075, (Rn—1) + 20°| Ry)|
<2n(2" ' (n — 1)|R,_1]) + 2n%| R,
< 2"(n —1)|R,| + 2n%|R,,|
= 2"n|R,| + (2n* — 2™)|R,|
< 2™n|R,| (since 2n? < 2" for n > 7).
O

10.2. Chain-adapted matrix representations for R,. In this section, we give
a description of a complete set of irreducible, inequivalent, chain-adapted matrix
representations for R,, relative to the chain R,, > R,_1 > --- > Ry. The results
herein are a special case of the results in [14].

Definition (partition). A partition A of a nonnegative integer k (written A - k) is
a weakly decreasing sequence of nonnegative integers whose sum is k. We consider
two partitions to be equal if and only if they only differ by the number of 0’s they
contain, and we identify a partition A with its Young diagram.

For example, A = (5,5,3,1) is a partition of 14, and
A= (5,5,3,1) = (5,5,3,1,0)

It is well known that a complete set of inequivalent, irreducible representations
for R, is indexed by the set of all partitions of the integers {0,1,...,n} (see, for
example, [I3] or [31]). Therefore, for integers n > 0, let

An={A\Fk:0<k<n).
Definition (n-tableau, n-standard tableau). For A € A,,, define L to be an n-

tableau of shape A if it is a filling of the diagram for A with numbers from {1,2,...,n}
such that each number in L appears at most once. L is an n-standard tableau if,
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furthermore, the entries in each column of L increase from top to bottom and the
entries in each row of L increase from left to right.

Fix A. Let T} denote the set of n-standard tableaux of shape A. The symmetric
group acts on tableaux by permuting their entries. If L is an n-tableau, then
(¢ — 1,4)L is the tableau that is obtained from L by replacing ¢ — 1 (if i — 1 € L)
with i, and by replacing i (if i € L) with i — 1. Note that L € T} need not imply
(i—1,i)L € T,

Let {vy : L € T)\} be a set of independent vectors. We form

V* = C-span{vy, : L € T2}

As such, the symbols vy, for L € T}, are a basis for the vector space V*. Halverson
defines an action of R, on V* in such a way that (extending by linearity) V* is
an irreducible CR,,-module and such that, as A ranges over A,, the V* constitute
a complete set of inequivalent, irreducible representation modules for R,,. We first
describe this action, and we then describe an ordering of the bases for the V* so that
the resulting matrix representations are chain-adapted to R, > R,—1 > --- > Rj.

Definition (content). If b is a box of A in position (4, 5), then the content of b is
defined to be
ct(b)y =7 — 1.
Let L € T). If i —1,i € L, then let L(i — 1) and L(i) denote the box in L
containing ¢ — 1 and 4, respectively.
To define the action of R,, on V?*, it is sufficient to define the action of a set of
generators of R, on V.

Definition (action of R, on V*). Define the action of the transpositions ¢; =
(i — 1,4), for 2 < i < mn, as follows:

1 1 ep . .
sy + U+ sEe—areey))ve Hi-Liel,
Vi, L if exactly one of
ti’UL = )
i—liel,
v ifi—1,i¢L,
where

vy, if ¢;L is n-standard,
vy =
L 0 otherwise.

Define the action of the link (1)(2)---(n — 1)[n] = [n] on V* by

if L
o, =4 8 BT ¢ L
0 ifnelL.

Remark. If A = (0), then V?* is 1-dimensional, and the action of R, on V* is the
trivial action given by zv = v for all x € R,, and all v € V.

Theorem 10.4. As X wvaries over all partitions of all nonnegative integers less
than or equal to n, the V> constitute a complete set of irreducible, pairwise non-
isomorphic representation modules for R, [14].

Definition (corner of a partition). A corner is a box ¢ of A for which A contains no
box to the right or below c. In other words, the corners are the possible positions
of n in an n-standard tableau of shape .
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We now record the branching theorem for R,,.

Theorem 10.5 (branching theorem). As a CR,,_1 module,

vi= @ v

HEAXT=

where A™°= is the set of all partitions p € A,_1 such that either p = X (if A ¥ n)
or 1 is obtained by removing a corner from X [14].

Now, for purposes of chain-adaptation, we order the basis {vr} for V* using the
following generalized last-letter ordering.

We begin by partitioning the vy, into subsets based on the corners cy, ..., ¢ of
A. Number the corners from top to bottom. Now, form the sets

VM0)={vr:LeT)and n ¢ L},

VMi)={vy:LeT)andnccof L}, 1<i<lI,

and declare elements of V*(j) to be earlier in the ordering than elements of V*(k)
whenever j < k. To order the subset V*(k), delete the corner ¢; (do nothing if
k = 0) and repeat the same ordering process (starting by identifying the corners of
the resulting partition and partitioning the vy, into subsets based on those corners)
with n — 1 in place of n, etc.

As an example, consider A = (2,1,1), which has two corners, and Rs. Our
ordered basis for the 15-dimensional V* is

4|<’U 3‘<U 2‘<’U 5|<1} 5‘<1} 5‘<’U 5‘<1} 3‘

1
2
3]

2‘<v 4‘<v 4|<v 4‘<v 2|<U

[feo]] [&]ro]—

‘C“|N’ = |»l>‘co —

1
3
4
1
4
5]

o] RS

1
12
5]

3]<?[2]3]
4
5]

S| [m e

Remark. If A F n, then the generalized last-letter ordering scheme given above
reduces to the usual last-letter ordering scheme used for Young’s orthogonal and
seminormal representations of the symmetric group.

It is now easy to see, under this ordering of the bases for the V?*, that the
matrix representations described in this section are chain-adapted to the chain
R, >R,_1>--->R,. We know, by the branching theorem for R,, how V*
decomposes as a R,_; module (it decomposes into the C-span of the V*(k) for
0 < k <), and it is obvious by the action of R,,_; on V* that

R, _1C-span(V*(k)) C C-span(V*(k))

for all k. The same argument is used to induct down the chain R, > --- > Ry,
now, and is trivial because we ordered our basis for V* inductively according to
the same rule. We now restate the branching theorem for R,, under our ordering
of the bases for the V.
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Theorem 10.6 (branching theorem). Let p* be the matriz representation associ-
ated to V* with respect to the basis {vp}, with the basis ordered according to the
generalized last-letter ordering. Then

p>\|Rn—1: @ P,

HEXT=
where A7°= s the set of all partitions p € Ap_1 such that either p = X or u is
obtained by removing a corner from A. The first p € A7~ is the one that removes
no corners (if A ¥ n), the next u is the one that removes the highest corner, the
next [ is the one that removes the second highest corner, etc.

10.3. Proof of Theorem 10.1. To provide motivation for the proof of Theorem
0.1l we begin by proving the recursive formula

Theorem (Theorem 23). Forn >3, |R,| = 2n|R,—1] — (n — 1)?|R,,—2].

Proof. Viewing the elements of R,, as rook matrices, R,, consists of those elements
having all 0’s in column n and row n (of which there are |R,,—1|), together with, for
each @ € {1,...,n}, those having a 1 in position («, n) (of which there are n|R,,_1|
total), together with, for each @ € {1,...,n—1}, those having a 1 in position (n, «)
(of which there are (n —1)|R,_1] total). Counting the number of elements of R,, in
this way overcounts. For each (a, 8) with 1 < «, 8 < n — 1, every element with 1’s
in positions (a,n) and (n, 8) (of which there are (n —1)?|R,,_2| total) gets counted
twice. (]

Now, let f € CR,, be given with respect to the {s} basis. We prove Theorem
101l

Theorem (Theorem [[0.1]). For any representation p on Ry, if n > 3, we have the
following factorization:

Foy=2_nT) Y fr(s)pls) +p(ln)) Y fu(s)ols)

i=1 SER,—1 SER, 1

n—1

+3 01N M)l | a1,

=1 | s€ER,_1

where [n] is the link (1)(2)---(n — 1)[n], fa(s) = f(As), and

i, J0O if n—1 € dom(s),
Js) = {f(sTi) otherwise.

Proof. Let n > 3. We have 3 types of elements s of R,,.

e Type 1: Those for which s(n) =i for some 1 <i <mn.

e Type 2: Those for which both s(i) = n for some 1 < i < n —1 and
n ¢ dom(s).

e Type 3: Those for which both s(i) # n for all 1 <i <n and n ¢ dom(s).
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By the argument given in the proof of Theorem 23] this counts all elements of R,
precisely once.

Now, let 1 < i < n. View the “coset representative” T; as a permutation matrix,
and view the elements s € R,, as rook matrices. Multiplying any matrix X on the
left by T; simply moves row j of X to row j + 1 (for all j such that i < j <n —1)
and moves row n of X to row i. Thus, as s varies over R,,_1, T;s varies bijectively
over {s € R, : s(n) = i}. Therefore, we have

s€R,, of Type 1

where fr,(s) = f(T;s).

Similarly, multiplying any matrix X on the right by 7% moves column j of X to
column j+1 (i < 7 < n—1) and moves column n of X to column ¢. Thus, as s
varies over R,_1, sT" varies bijectively over {s € R, : s(i) = n}. So

S fels) = Y F(sTHp(sTY)

SER,:s(i)=n SER, 1

> (T p(s)p(T).

SER,_1

To ensure that we only count the elements of Type 2, we restrict our attention to
1 <i<n-—1, and we set the function values of the elements of Type 1 appearing
in the above sum to 0:

2 -5 S ey

s€ER, of Type 2 i=1 s€ER,_1

S| S i) | o,

i=1 | sER,_1

where

s (s) = 0 if n — 1 € dom(s) (i.e., n € dom(sT?)),
f(sT")  otherwise.
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Finally,
Yoo fGes)= Y f(Inls)e(n]s)
s€R,, of Type 3 SER,_1
— o1 3 fim()n(s):
SER,—1

Putting this all together, then, we find that for any representation p of R,, and any
n >3,

o= > fes)+ Do fees)+ Y fs)els)

SER,, of Type 1 sER, of Type 2 s€R, of Type 3
=" 0(T) D fr(s)pls)+p(n]) Y fm(s)o(s)
i=1 SER,_1 SER,_1

S S Tt | o).

i=1 [ s€ER,_1

11. CONCLUDING REMARKS

The extension of FFTs to semigroups creates a new collection of interesting
challenges. We remark that many of the ideas in this paper (such as those from [34]
and several of the results in this paper that follow from them) can be extended to
general inverse semigroups. As with groups, FFT algorithms for inverse semigroups
will vary from semigroup to semigroup, but a number of the underlying ideas are
the same for any inverse semigroup FFT. These ideas can be cast in a general
framework, which we intend to help guide the development of future FFTs, and
this general framework is the subject of a paper currently in preparation.

Also, as mentioned previously, spectral analysis for the rook monoid involves
projecting a function onto the isotypic subspaces of CR,,, which can be accom-
plished by means of an FFT, and examining the resulting projections. A variety of
interesting issues arises in this analysis, and we have worked out a detailed example,
consisting of partially ranked voting data on Rs, to explain them. These results
are the subject of a paper currently in preparation.
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