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ADDITION THEOREMS VIA CONTINUED FRACTIONS

MOURAD E. H. ISMAIL AND JIANG ZENG

ABSTRACT. We show connections between a special type of addition formulas
and a theorem of Stieltjes and Rogers. We use different techniques to derive
the desirable addition formulas. We apply our approach to derive special
addition theorems for Bessel functions and confluent hypergeometric functions.
We also derive several addition theorems for basic hypergeometric functions.
Applications to the evaluation of Hankel determinants are also given.

1. INTRODUCTION

An algebraic addition theorem for a function f is an identity of the form

(1.1) P(f(x), f(y), flz+y)) =0

for some polynomial P in three variables. Weierstrass proved that an analytic
function satisfying an algebraic addition theorem is a rational function in z, a
rational function in e** for some A, or an elliptic function, [I1, Chapter 13]. This
notion is too restricted to be useful in the theory of special functions. In general
a family, say ¢y, of special functions satisfies an addition formula if there is an
elementary continuous function A of three variables x,y,t and an expansion in
terms of a family of special functions 9, such that the expansion coeflicients factor
as products in x and y. In other words, we have

(1.2) (A1) =Y COm) Sh(@) Ah(y) vu(t),  CAp) €C.

Recall the definition of a Bessel function

= (=)™ x\ 2mtv (z/2)Y - —22

1. W(2) = _ (7) =" _F —,

(13) 4 (z) mZ::Om!F(m—i—V—l—l) 2 F(V—I—l)o A N

and the modified Bessel function

) ) > 2)V+2m

1.4 I, — —ivr/2 . i /2 _ (LL'/ )

(1.4) @)= e = 3

One important addition theorem is the addition theorem for Bessel functions,
Jy(w) _ T(v) <

(15) wY = (ZZ/2)V Z(U+H)CZ(COS¢) Jl/+n(z) JV+TL(Z)a

n=0
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for v #0,—1,-2,..., where w := (2% + Z?> — 22Z cos ¢)'/2, [1}, (7.15.30)], [26]. The
polynomials {C¥(x)} are the ultraspherical polynomials. The special case ¢ = 7 is

Lr+y T < (=1)"(2v)n
(1.6) (z +y)” = (zy/2)" T;)(V'i'n)T Join(®) Juin(y),

since C¥(—1) = (=1)"(2v),/n!. The addition theorems we will encounter in this
work are of the type (L8)).

This work arose from an attempt to understand the Stieltjes-Rogers theorem of
continued J-fractions; see Theorem [Z] It is clear that (ZI2]) of Theorem 2lis an
addition theorem of the type (IL6]).

We decided to explore g-analogues of Rogers’ addition formula (2I2) of Theorem
2Tland to compute the functions Q;(x),j = 0,1, ... for specific continued fractions,
since the theory of orthogonal polynomials, especially the recently discovered one,
provides a rich source of continued J-fractions. We discovered two g-analogues of
Theorem 2.1l They are Theorems [£.1] and (4.4

In this work we establish addition theorems for many special functions. To the
best of our knowledge only (L) and (3.8]) are known. We offer three different tech-
niques of proof and provide at least one example of each technique as illustrations.
We realize that it is possible to use fewer techniques to achieve the same goals,
but we believe there is merit in utilizing as many different ideas as possible. One
approach uses the plane wave expansion, [15, (4.8.2)],

(1.7)

MNa+p+n+1) _ B+n+1
Ty _ ) e Y | F 2y | Pleh)
‘ nZZOF(a+B+2n+1)( R P N Y R

for « > —1, § > —1, and its special case [15] (4.8.3)],

oo

(1.8) e =TW)(y/2) ™" Y (v +n)Liny)Ch(z), v>-1/2.

n=0

The polynomials {PY(LQ’B (x)} and {C¥(x)} are Jacobi and ultraspherical polynomi-
als, respectively. The expansions ([7)-(L8) are instances of the Fields and Wimp
expansions [J]; see also [8], [24]. Other techniques use Rodrigues-type formulas
followed by integration by parts, and connection coefficient formulas.

We shall follow the notation and terminology in [I], [I5], and [12]. In par-
ticular we shall use the Rogers connection coefficients formula for the continuous
g-ultraspherical polynomials {C),(z;8|q)},

[n/2]

ﬂk ’V/ﬁ kl—ﬁq"_% .
(1.9) (z;7vlq) = Z qﬂ -~ - Cr—2 (23 Blq),
[15, p. 330], and the facts that
(1.10) Un(x) = Cy(2) = Cp(z; 4lq)-

2. PRELIMINARIES

Given a moment sequence {u,}, we define the linear functional £ : z" — u,
on the vector space of polynomials C[z]. We shall always assume pg = £(1) = 1.
Then the monic polynomials P, (x) orthogonal with respect to the £ or the moment
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n, satisfy the following three-term recurrence relation (the spectral theorem for
orthogonal polynomials [I5] Chapter 2]):
(2.1) Poi1(z) = (2 = by) Po(x) = Ay Pp1(z), n >0,

where A\gP_1(z) = 0 and Py(z) = 1. We shall always require the functional to be
regular, [5], which is equivalent to demanding that A, # 0 for all n,n > 0. The
orthogonality relation is

(2'2) E(PmPn) = Ay )\nam,n-

The moment sequence is related to the coefficients b,, and \,, by the following
identity:

1
2.3 1+ " =
(2.3) Z Hn A2
n2l 1—box — 5
/\2.’L‘
1-— blx —
An2?
1— by — =2
Define the determinants
Ho H1 Hi Ho H1oo--- Hn
H1 M2 e il M1 P2 o-. Hnga
Ain =] : : : , Dy () = : R :
Hi—1 Hi cee H2i-1 Hn—1 Hn ... H2p-—1
U Pntl  -ee Pt 1 x ... z"
In particular, let
(2'4) D, = An,na Xn = An,n+1~

Then P,(x) = (Dy—1) 1D, () is the monic orthogonal polynomial sequence for £.
It is easy to see that

D,
(2.5) L(x"P,(x)) = = ApAn_1 ... A1,
n—1
(2.6) L(z" P, (2)) = DX" = M1 A(bo & -+ by).
n—1
Therefore
L[PQ(‘I))] Dn—QDn
(2.7) - n =
LIP?_i(x))] D;_,
and

_ E[xpg(x))] _ Xn Xn—1
> = LR " D. T Dy

The next theorem is the backbone of this work.

Theorem 2.1. Define the Stieltjes tableau of entries H;,, (n > 0) by
Hi,=0 for i<0 and i>n;

(2.9) Hy,n=1 foral n>0;
Hip=H 1n1+bHin 1+ N1 Hip1n-1-
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Then the generating function ano Hy,x" has the continued fraction expansion
@3) if and only if, for any two nonnegative integers k,€ > 0, the following convo-
lution identities

(2.10) Hopye = HopHoy + M MHy g Hyg+ -+ M- NHjpHjp + - -
hold. Moreover with the exponential generating functions of {Q;(t)},

oo

(2.11) Q,(t) = ZHjmﬁ,

n!
n=j

the convolution identity (ZI0Q) is equivalent to the addition formula

(2.12) olz+y) = ZM An Qu(@)Qn(y)-

Wall [23] points out that the first part of Theorem 2.1]is due to Stieltjes, but
the addition theorem (2.12)) is due to Rogers. For a proof and references, see [23]
Section 53].

It is important to note that the H;,’s are the connection coefficients in

(2.13) 2" =Y HjnPi(z)
3=0
Observe that the addition formula ([2.I2]) is equivalent to
h ho(
(2.14) Zhol2) = holy) _ Z M A o),
where

o0
= Z Hjnt".

n=j

Note that if z = y, then (ZI4]) reduces to
wh () + ho(x Z Ar (z)*.
In general (ZI0) implies
(2.15) Z HOchjs ™ = ZM A Qu(s)Ra(t),
where
(216) Qn(s) = Z Hijij, Rn(t) = Z Hmjdjtj.
j=n j=n

We may define a generalized translation operator (GT') on polynomials by
(2.17) (GT)sz™ Zc]sjdm St

One can extend (GT), to formal power series by linearity.
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Remark 2.2. According to the Flajolet-Viennot theory [I0, 25] we can interpret
H; ,, in the Stieltjes’ tableau as follows. Let us attach weights to the steps of a
lattice path at level 7 (i > 0) of a Motzkin path in the following way:

w(/) =1, w(=)=bi and w(\)=A\.

Let Tg—i(n) be the set of Motzkin paths from level 0 to level i of length n. Then
we have the following interpretation:

Hi,n = Z w(rY)v
Y€T0—i(n)

AMAz-AiHin = Y w(y).
’YEF7‘,_>0(?’L)

This provides a combinatorial interpretation of (Z10).

Let {P;j(x)} be the monic orthogonal polynomials with respect to the moment
sequence Hy, and £ be the functional £(2") = Hy,,. Then it follows from ([213)
that

o0

n=j
Note that bz = Hi+1,i+2 — Hi7i+1 and

Ajn
(2.19) H;, = SOV
Therefore the addition formula (ZI2)) generalizes the Hankel determinants in ([2.4)).
We refer the readers to [3 [I3] 14, 20, 21} 28] for the application of orthogonal
polynomials to the computation of Hankel determinants.
The following theorem gives another interpretation of the function Qo(z) for
which our technique will derive an addition theorem.

Theorem 2.3. Assume that {P,(x)} are orthogonal with respect to a positive mea-
sure p with compact support contained in {z : |z| < r}. Then

(2.20) Al)\g...Aij(t):% et/ZFn(1/z)@,
|z|=r Z

where

(2.21) R = [ P, = sl

Proof. Let i, = [ x"dpu(z). The right-hand side of ([2.20) is

6t/z —Pj(u) U @ = DR . w2k P (u U @
fiﬂ—r lezudu( ) z /Rﬁﬂ—rnz_;) n! Z( )P (u) dp(u) 2

k=0

_ c- (tu)n (u u) = etu (u u
_/R;O = Piw) dp( )—/]R Pj(u) dp(u),

and the theorem follows from (2.I8]). O
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The function F),(z) is related to the function of the second kind [I5].
Throughout this work we will use the Heine transformation

_ (B,AZ q)oo A
(222) 2¢1(A,B,C,Z)— (C7Z7q)oo 2¢1(C/BaZ7AZ,QaB)
(see [12] (II1.1)]) and the 2¢1 to 2¢2 transformation

(AZ;q) oo

(2.23) 201(A, B;Csq,2) = (Z;q)

See [12], (IT1.4)].

3. ULTRASPHERICAL AND JACOBI POLYNOMIALS

The ultraspherical (or Gegenbauer) polynomials are

v _(QV)n -n, n+2v |1-x
Ch(x) = o 2 F1 4 1/2 — | v#D0.
The normalized weight function is
I'v+1)

w(z) = (1—2%)"2A@v), A@)= T(1/2)T(v+1/2)°

The corresponding orthogonality functional £ is defined by

1
(f) = / o)

The monic ultraspherical polynomials {P,(x)} and the A; are

n! jG+2v—1)

P,(x) = 27" Cr(x), Aj =

(¥)n Av+j -1 +j)
Moreover
2Fn() = Paa(z) + 4(1/n—|(—nn+—2ly)(_l/1—i)- n) n-1(@)-
Therefore (ZI8) when v > —1/2 implies
A = 3y £ R W)

= T e (g v n)fm(t)cz(x)a(m))

1)/~ E )
Therefore
(3.1) Qi(t) = wbﬂ'(t)-

il(t/2)v
It is straightforward to see that addition formula (ZI2]) in the present example is
equivalent to (L0]).

Next we consider Jacobi polynomials. The normalized weight function is
B Fa+5+2)
© 20HA I (a+ 1)I(B+ 1)

(32) w(z)=(1-2)*(1+2)°A(e, ), Ale,B)
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In this case, the functional £ to be considered is

1
L(f) = / o)

The monic Jacobi polynomials {P,,(z)} are defined through

n+a+p+1),

P (@) =

P, (z),
so that

dn(n+ a)(n+ B)(n+ a + P)
Cn+a+B-1D)2n+a+B8)22n+a+8+1)

(3.3) An =

As in the case of ultraspherical polynomials we can use (1) and the result is

ti —t .
(3.4) Qi(r) = %1F1 < af;—r—;i 9 ‘215) )

As an example of the use of the Rodrigues formulas we give another derivation of
(4). The Rodrigues formula for Jacobi polynomials is [I5], (4.2.8)]

(-1)" d"

(3.5) (1—2)(1+4z)°P>P(z) = o ol do [(1—2)" (1 4 2)"F].
Therefore
) _ 2J]'A(O[,B) ! xt o (e B pla,B)
Q](t))\1~-~)\j(06+/6+j+1)j/16 (1—2)*(1+2)" P77 (x) dx

_ (_1)J A(OZ,B) /1 ewtd_j
Ao Ajla+B+5+1); ) dad
t/ Ao, B)

1
= - et (1 — )T (1 + z)"Pdx,

(1 —2) (1 +2)7*F] do

after integration by parts. Taking into account the integral representation [6, 6.5.1)]

1
(3.6) 1F1(a;¢;2) = F(a)?((cc)a) / ey 11 —u)"*ldu, Rec>Rea>0,
- 0

(B3), and B2)), we see that the last expression for Q;(x) reduces to

_tj ‘ a+j+1
(37) Qj(t)—ﬁe 1F1(a+ﬁ+2j+2’—2t>.

The equivalence of the representations [B3.4]) and (B.7) follows from the transfor-

mation [15], (1.4.11)]
a 2 c—a |
1F1 < c Z> =€ 1F1 < c Z) .

This analysis establishes the following theorem, which is the main result of this
section.
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Theorem 3.1. We have the addition theorem for the confluent hypergeometric
functions

1F1( ol ‘t—i—s) :i(a+1)n(5+1)n(a+ﬁ+1)n (ts)"

(3.8) a+f+2 — (ot B+ 1)om(a+B+2)2 0l
a+n+1 a+n+1
. 1F1< a+B+2n+2 ’t> 1F1< a+B+2n+2 ’8>
When a = 8 = v — 1/2, Theorem Bl reduces to (L6) since
(3.9) e P 1 Fi(v+1/2;2v+ 1;22) =T (v + 1)(2/2)" I, (x),

[6l (6.9.10)]. Moreover both [B:4) and (3.71) also reduce to (B.1]).
Note that Theorem Bl and ([BI]) can be proved from Theorem 2.3l and the facts

! PP () T(n+a+1)T(n+B+1)
_ ) g-mn NV g
/_1(1 D1 +1) z—t dt = F2n+a+B+2)

2 .
1—2)"

1
/ et (1= 2)*(1 + 2)° PP (2)da
1

y gntotf+l n+l,at+n+1
(z—1)r L 27 a+ B+ 2n+2

see (4.4.1) and (4.4.6) in [I5]. Moreover the integral

can be evaluated from the plane wave expansion (L7) instead of the use of Ro-
drigues’ formula.

It must be noted that (B8) coincides with formula (42) of Burchnall and
Chaundy []. It is also a limiting case of formula (50) [4]. The latter is stated
in [6]; see the first unnumbered formula after (7) in Section 2.5.2. Indeed if we
replace z by z/b and ¢ by (/b and let b — oo, the above-mentioned formula reduces
to our ([B.). The terminating case &« = —m — 1, 8 = v+ m of (BH) is the case
r = 0 of Koornwinder’s addition formula for Laguerre polynomials; see (3.3) in [19].
Also, this terminating case of ([B.8) is the inverse of 10.12(42) in [7].

4. TWO ¢-ADDITION FORMULAS

The g-binomial formula

(G, (at0)
(0 ,;O(q;q)nt C (td)s

yields Euler’s g-analogues of the exponential formulas:

— " 1
(+2) ,;0 @0 (G)e’
< (5)¢m
q (4

The g¢-difference operator is defined by

qu(z) =



ADDITION THEOREMS VIA CONTINUED FRACTIONS 965

It is easy to see that

) tjq(é)
; 1 (11— q) J
(45) Pa ((xt;q>oo) = @D
Note also that
j 1 B tjq_(%) 1
o 2 (am) < 0 (ata Tl
(4.7) D, (—etia)) = oy (<ot )

4.1. First g-addition formula. Define the g-translation operator 7T 4 by
(4.8) Tyat™ = (@ +y) (@ +yq) - (z+yg" ).
Extend this by linearity on functions f(z) =", a,z", so that

Toaf@) =Y an(e +y)(@ +ya) - (@ +ya" ).

n=0

Note that

n

49)  Tyaa"=(e+y)(@+y/a) - (@+y/a" ") = Togya &),

Define two g-analogues of @Q;(t) by

[ m _ [ q(g) n
4.10 Qitq) =) Hjn——— Qi) =) Hjn
( ) J( ) nz:; J (Q§Q)n ]( ) nz:; J (Q§Qn
Theorem 4.1. The convolution identity (Z10Q) is equivalent to the addition formula
(4.11) Ts,¢Qo(t; q) Z)\l Ao Qu(t; q) Quls;q).
Moreover, we have

1 Pj(x)

4.12 (t;q) = .
(1.12) Qi) = 5oL ().

~ 1
(4.13) Qj(tia) = L (Pj(w) (=t q)oo) -

IYERDY

Proof. The g-binomial theorem and the definition of 7, give

k

Tyat" = (@ +y)@+y)- (@ +yg" ) =3 [”] oDankyk,
k=0 q

This establishes the equivalence of (£I1]) and (ZI0). Equations @I2) and (I3)
follow from Euler’s formulas (£2)—(3]).
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4.2. Little Jacobi polynomials. The little g-Jacobi polynomials {p,(x;a,b)} are
defined by

(4.14) Pa(w;0,b) = 261(¢ 7", abg"*; ag; g, g).
See [I8, pp. 92-93]. The corresponding monic polynomials {P;(z)} are given by

(—1)ng~ &) (abg™+; g).,

(4.15) palaia ) = T

and
aq2n—1(1 —¢")(1 —ag™)(1 — bg™)(1 — abq™)

4.1 Ap = .
(4.16) (1 —abg®>=1)(1 — abg®*)(1 — abg®")(1 — abg?™+1)
Let
(4.17) a=q%, b=4q".

Then the weight function is given by

: _ @@de o
S T

and the corresponding orthogonality functional is

b
(4.18) L(f) = (abq(“‘é’ qq Do = / f@)w(z; o, B)dgr

where the g-integral is defined (see [I2, p.23]) b

/0 " Fdt = a(- ) S g a)g"
n=0

/ab f(t)dgt = /Ob f(t)d,t — /Oa F(t)dgt

The Rodrigues-type formula for the little g-Jacobi polynomials is

1 (1—gpgtl)

and

41 (27a,b) = D’ ot g ).
(4.19) p3(w;a,b) w(zye, B) (¢ q); 10zt 56+ 5)
Therefore
Q;(t:q)

aig

(abg, abq’; q)2,(agq, bg; @)oo /1
(¢, agq, bq, abg; q); (abg?, q;¢)eo (1 — q) Jo (=ot; @)octw(z; @, f) Py (x)dge

- 2 . . 1
(abq ,q)zj(aq, bg; Q)oo(—l)j(l —q)
(g, aq,bq; q);(aba?, ¢; ¢)so (1 — q)
The g-analogue of integration by parts is

b b
(4.20) / Dy(f(2))w(x)dgr = —é/ f(@)Dyjq(w(z))dgx

1 .
/ (—at;q)ee DY, (w(s 0 + 5, B+ §))dya
0
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provided that w(a/q) = w(b/q) = 0; see [I5, (11.4.9)]. Applying ([L.20) to the last
expression for Q;(¢;¢) we obtain

- (d .
Qj(t;q) = (abg?; 0)3;(aq, ba; 0)oct’q?) i (*tqﬁ",q"“;q)ooq<a+j+1>n
I (¢,aq,bg;9);(abg?, ¢;@)oc = (aPT" 115 q) o0
(—t¢?, gt @)t g?) ( bgitl, 0 ‘ j+1>
- i |8 aq :
(4:9);(abg® % q)0s =

This shows that

~ g (—tg,agit;q)n bg?tt, e
4.21 (t:q) = : '
( ) Q]( ’ Q) (q’ q)j 61—I>I(1) (abq2+2], e q)oo 2¢1 _tq_]

Now the Heine transformation ([222]) leads to

q,aq“l) :
(—tg’, aq’* !5 q)oc b’ 1, € g, a¢t) =26 —tq? /e, quH g€
(abg>* 2, 6,q) 0 —t¢? | 271 abg?i+2 €]
Therefore the above equation and ([{.21]) establish the basic hypergeometric repre-

sentation
q. —tq ) :
oo

Qi(tiq) = (abg*; 9)2;(ag, bg; q) oot? Z(q1+";q)ooanq(j+1)n
I\ -

_ tig(2) j+1
(4.22) Q;(t;q) = (q:}q)j 191 ( a%32j+2

Similarly we have

(¢, aq,bq: 9)(abg®, ¢ @)oo “= (b1, 1¢™; q) oo
Applying the Heine transformation (Z22)) to the last 3¢; yields
(4.23) Qjt;q) = 201 ( abq2+?
given by [E22)) and [@23). Moreover we have the following addition formula:
(4.24)
0, aqj"‘l aqj+1
X 201 < 2j+2 qt) 141 abg?i+2

£ (agi b+l ¢ ,
== _(qbzﬂ)? 2 1( 1 0 ‘q,aq]“)-
(¢50);(t, abg®*2; ¢) oo
tJ J+1
= — 0, ag q,t) .
(¢:9);
Theorem 4.2. For the functional in [EI8) the functions @j (t;q) and Q;(t; q) are
s ( aq, —s/t ‘q t> i ¢*%) (aq, bg, abg; q); (qast)
2¢@1 ) =
abg? = (¢:9);(abg, abg?; 4)2;
ot
abq q, —5q > .
Proof. We only need to show that the left-hand side of [@24) is 7T;,,Qo(¢,¢). This
is indeed the case as can be seen from (£8]). O

It is important to note that Theorem 4.2 is a g-analogue of Theorem 3.1. Indeed
with @ = ¢®,b = ¢® and s and t replaced by s(1 — ¢) and t(1 — ¢), respectively,

equation ([£24) tends to (B.8) as ¢ — 1.
Note that the transformation ([2:23]) implies

tJ bgit1

(4.25) Q;(t;q) = mldﬁ < abg2i+2

q,qj+1at> .
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Thus the addition theorem (@24 has the alternate form

aq, —s/t 2)(aq, bq, abg; ast)’
(5, 57 2) - 52 ot e

abg , ;q);(abg, abg?; q)2; (t;q) oo
(4.26) =0 (¢:9)j(abg, abg®; q)2; (t;q)
bgit! 4 agitl ‘
X 161 ( ab22j+2 quﬁlat) 191 < ab32j+2 Cb—qJS).

Remark. A different g-analogue of Theorem 3.1 was given by Jackson [I7, (55)].

4.3. Big ¢g-Jacobi polynomials. The monic big ¢-Jacobi polynomials are

(abg" 5 q)n

4.27 pn(x;a,b,c) = P, (x).
(4.27) ( ) (ag; cq; q)n @)
Let
(z/a,x/c)so
4.2 = —-—
(4.28) wi(x,a,b,c) (b2
and
(4.20) w(za,b, ¢) = wi(z,a,b,c) (ag,bg, cq, abg/c; q)oo

aq(1 —q) (q,abg? c/a,aq/c;q)oo

The corresponding orthogonality functional is
aq
(4.30) L(f) = / F@)w(z,a,b,c)dya.
cq

The Rodrigues-type formula for big g-Jacobi polynomials is

ancnqn(n+1)(1 _ q)n

(4.31) wy(x)pn(x;a,b,c) = Dywi (r,aq",bq", cq").

(aq, cq; @)n

Note that
(4.32) A, = —acg" (1 —¢")(1 = ag")(1 — bg")(1 — cg™)(1 — abg™)(1 — abq" /c)

. n (1 _ aqun—l)(l _ abq2n)(1 _ aqun)(l _ abq2n+1) .
So
(4.33) Ao A = (—ac) ¢ 3)/2(q, aq, by, cq, abg, abg/c; q);

’ (abq, abq?; q)2;
Therefore
1
Qs(t:a:b,0) = 55 L(B;(@)/ (@t 9))
J

(=13 = U ) (a1 b e abgi T /5 q)
(¢;9)ja9(1 — q)(q, abg?, c/a,aq/c; @)oo
“ Diw (z, aq’, bg’ , cq”)
. / (@ 4)
g7 (abg?; q)25(agT bg? T e abg? T es q) oo
B a(q: q);(q, abg?, c/a,aq/c; q) s

qT

I

7
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where

-t /aq (g7 Ja,2q77 /c;q) o
i= — q
(1 _q) (xabx/gxtq J§q)oo

n+1 aqn+1/c. q) qn+j
- “Z aqn+3+1 abqn+]+1/c q) (atqn+1;q)oo

e g
CZ cq"ﬂ+1 bg" it q) o (ctq™ i q) oo

_ aq](aQ/c,q;q)oo s ag’tt, abgit/e, atq »
(aqj‘l’l’ abqj+1/c’ atq, q)oo 2 aq/c, 0 ’

e (cq/a 43 q)o ” et bgiT, ctq 0
) A

(cq?*1,bg7HL, ctq; q) o cq/a, 0

The conclusion of the above calculations is that

tI
(t,a,b,c) =
Qi ) (¢;:9);(abg®+2, q) s
b j+1ac j+1a [eS) Qa J+1, ab J+1 c, at
(4.34) o | (ba q.q)32 q ¢ e atq |
(¢/a,atq; q)oo aq/c, 0

(aqj-Fl’abqj-i—l/c; q)oo (qu+1’ bqj+17 th ‘ q):|
(afc,ctg;q)oe 2\ cq/a, O )

Next we apply (12.5.8) in [15] with A = D/(qat), B = a¢’*!,C = abg' /e, E =
abg®*? and let D — 0 and realize that Q;(t, a,b, c) has the representation

q, qct) .

ti ag’ T, abg? ™1 /c
435) Qi(t.abe)=— o » ab
“3) Qithabe) (q;q)j(aqt,q)oo2¢1( abg*+

It is clear from ([30) that Q,(¢,a,b,c) = £

(@95
Next we compute the functions Qj (t,a,b,c). We have

Q;(t,a,b,c) = mﬁ(Pj(x)(—xf;Q)oo)
(=17 (1 = g)7 (g7 bg*L, cq*L, abgi* Je; q) o
a(q; q)j(q,abq®*23  c/a, aq/c; q) oo

></ (—2t; @)oo Djwi (7, aq’,bg’, cq’ )dyx
cq

_ t ()(aq1+1 b L e’ abg? T Je; ) o
a(q;q);(q,abg®>*%  c/a,aq/c;q)oe 7
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where

q

- /aq (zq 7 /a,2q77 /¢;q) o
T a(l-q) (, ba/e, xtq77; q) o
= ’JZ (—atg™ " ag" T e )
a (ag"+1, abg"*1/c; q) o !

,gz (—ctq™t', q" T eq™t T fa; Q)ooqn
cqn+1 bq"+1 q)oo

a(—atqj+17q,GQ/C; q)oo p ag*t,abg?tl/e, 0

(agi*1, abgi+1/c; q) oo 392 —atgi 1, aq/c 4

C(fctqurla q, CQ/a; Q)oo qu+17 bqj+17 0
(et bgi 1 q)0e ° 2\ —ctg™, cq/a 49

It follows that
~ )
Q;i(t,a,b,c) =
i = q);(abg>%7; q)oc
(4.36) " (bqj-’rl, qu-i-l, —atqﬂ'l; q)oo aqur,l’ abqurl/c, 0
(c/a;q)oo 2\ —atg?t, aq/c %9
L (ag” abg’ /e, —etq’ i g)oc. e/t bg?th 0
(a/e;q)oo SN\ —ctg’tt, cqfa 1
To simplify ([@36) we apply (12.5.8) in [15] with B = a¢’™!,C = abg’*' /e, D =

—atg?t,E = abg¥*? and let A — oco. Alternately we may use the result in
Exercise 3.8 of [12]. The conclusion is that

_ ()4 (—atgit, J+1 bai+1
437 5. _q atq’ " q)oo ag’™,  abg’" /e
( ) Q] (t7a7 b? C) (q’ q)] ¢2 abq2j+27 _atq]+1

q, —thjH) .

Finally the transformation (Z23]) gives yet another alternate representation, namely

~ (3)¢ G+ it
_ _q . ag’tt, cq B
(438) Qj (ta a, b7 C) - (q’ q)] ( ta Q)oo Q(bl ( abq2]+2 q, t> .
ig(2)

It is clear from ([@37) or (£3])) that éj(t,&b, c) = t(q?q)j 4.

Theorem 4.3. The functions Q;(t,a,b,c) and @j(t, a, b, c) associated with the big

q-Jacobi functional [@30) are defined in [E30) and [@E3]) (or in [@3T)). Moreover

we have the following addition formula:

(—qas; @)oo ga, qab/c —s/t

W 302 aqu, —qas q,qct

_ Z —acst) q] U+D (aq, bq, cq, abq, abg/c; q);
(¢; q)(abg, abg?; q)2;

ag’t1, cqtt
q7qct> 201 ( abgi+2

(4.39)

aqﬁ‘l, abg?™ /c
><2¢1< abg2i+? /

q, —S) .
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Proof. We only need to evaluate 75 ,Qo(t; a,b,c). Clearly T, ,Qo(t;a,b,c) is

DL ULTM S SCO WA

2. .
= (q,abg% q)n P O((L(I)k
(ga,qab/c; q)n >
= =8/t Q) n+k
z% (¢, abg?; q)n Z:: /6 @
(ga,qab/c — s/t;q)n n n
= qct)”™ 190(—q"s/t; ——;q, qat
; (@ abirg), A" 1ool=d"s/ )
_ Z (ga,qab/c — s/t;q)n (qet)” (—q""tas; q) oo
— (g,abg* q)n (agt; @)oo

The g-binomial theorem reduces the last expression to
—qas;q a, ab/c, —s/t
(24as: @)oo - 2 6, o, q_/ Mt g et ),
(qat; @)oo abg?, qas

and the theorem follows. O

4.4. Second g-addition formula. Define the noncommutative operation S, on

f(l‘) = fo:o anz™ by

T) = Z an(x +y)"
n=0

where yz = qry. Recall [I2] p.28] that the noncommutative binomial theorem reads

n

(4.40) @ty =Y m qx’ﬂy”*k.

k=0

Theorem 4.4. The convolution identity (Z10Q) is equivalent to the noncommutative
addition formula

(4.41) SsQo(t; q) ZM “An Qu(t; @) Qu(s; q)-
Moreover, we have

P
(442) Qiltia) = A 1 /\j£ ((xt](qg;)oj '

Proof. The noncommutative binomial theorem and the definition of S, give

Multiplying 2I0) by t™s"/(q; ¢)m(¢; ¢)n and summing over all m,n > 0, we get
tm n

tmsn
Hoppn—————— = —  HmHinh.. A
2 4 Q) (@5 D) 2 (G Dmlgq)n 70" J

m,n>0 Jj,m,n=>0

This establishes the equivalence of (@4 and ([ZI0). Equation (#42]) follows
from Euler’s formula. (]
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Example. We consider the Rogers-Szegd polynomials, which are defined by

(4.43) hn(a;q) = Zn: m qak.

k=0

They have the g-exponential generating function

= halasq) 1
o(t;q) —nz:% (& Dn = (t; @)oo (at; @)oo

Therefore

oo

SsQo(t;q) = Z

t+5)

1
T+ 55 0)0oalt + )5 q)oo

The corresponding orthogonal polynomials are Al-Salam-Carlitz polynomials

(@) (z; q), which have the generating function

(4.44) (it _ 3~ Ea)(x e

S
@t = (G

The associated functional is defined by

(4.45) Lf(z) =

1 1
(1 —q)(q,a,q/a;a)m/a (gz, qz/a; @)oo f(x)dgx

Note that, [18],
(4.46) A= —ag (1 —¢%).
It follows from (A44]) that the generating function of @, (x) is

n

Y
Z >\1 nQn t Q) (q Q)

(v, ay; @)oo /1 (q7,92/a; q) oo
T (1900 9/a D0 Jo @y, 7t 9)e
_ (ay;9)e0

Y3 q) oo y, t (¥: 9o ay, at
d) ( Q7q> * (1/a7at;q)oo 2¢1 < aq

a,t;q) 0o q/a
ayt, yq/t, ¢/ ayt; q)o é (y @y qq/ayt)

(t,at,q/t,q/at; q)so yq/t

q

QaQ>

Bl
N

where the last equality follows from the transformation [12], (III.32)] if we replace
all the small letters by capital ones and apply the parameter identification:

A:ya B:aya C’:yq/t, Z:(I/ayt
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Therefore

y" (ayt,yq/t,q/ayt; @)oo . y, ay
A A Qn(t; — 1 ’ .q6/ayt
Z v Mm@l =T gt ) i 2 \ygyt | 9

(ayt,ya/t; ) .. a/t, qfat
— lim (8¢; ' d
(t,at,q/t,q/at;q)m 5_1}{17( Q’Q)OO 2¢1 yq/t q,
_ (ayt;g)oo
(t,at; @)oo’
where we used the transformation [12, (II1.3)] and lims_,1- (1 — ) >°07  a,0™ =
lim,_,~ an. By equating the coefficients of y™ we get

(1.47) Qultia) =

Summarizing we get the following theorem.

Theorem 4.5. If st = qts, then the following addition formula holds:
(4.48)

1 —- t/ s’
(t+s,a(t+s);q ; 49)j (¢:9);(t, at; @)oo (¢50)5(s, 053 @)oo

4.5. Computing first g-addition formulas using generating functions. Re-

call that the Al-Salam-Carlitz polynomials {Uy(ba) (x;q)} have the generating func-
tion (44 and the associated functional is in (@45). It follows from (@44]) that
the generating function of @, (t; ¢q) is

At AnQutq) L
Z b @ tq)(qq)n

(v, ay; @)oo /1 (qz,q/a;q)oo
T (1900, 9@ D0 Jo @y, 76 9)e
_ (ay;9)e0

Y3 @) oo y, t (¥: @)oo ay, at
065 Q) 201 ( ¢/a q,Q> + a, at; ) 201 < aq ‘q,Q>
q,q/ayt) :

oyt ya/t a/ayti oo, ( y, ay
(t,at,q/t,q/at; q)s ya/t

where the last equality follows from the transformation [12], (II1.32)] if we replace

all the small letters by capital ones and then take the following substitutions:

A=y, B=ay, C=uyq/t, Z=q/ayt.

q

(@)
_

Therefore

y* (ayt,yq/t,q/ayt; @) ay
Z)\l AnQn(t0) (©:9)n  (t,at,q/t,q/at;q) jim 21 y /t 4,40/ ayt

_ (0t 9)s
(t, at; q)oo
Equating the coefficients of y™ in the above identity we get
t" 1
(4.49) Qnltiq) =

(@ @n (t,at;q)oo
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Similarly we have
(4. 50)

y" (¥, ay; @)oo R Iy, .
Z/\l AnQn(t:a) (Ga)n  (1—0q)(g:a,q/a;¢) /a (23 @)oo (=t @)ocds

The right-hand side of ([50) is

(v, 0y 9)oo | (¢" 1 /a, —tq”;q)ooqn_ai (ag"*!, —taq"; @)oo
(@,9/0;9)o0 | = (@ 0)n (Y™ 0) o) = (¢:9)n (aYq™;0) oo
q,q>-

(ay7 _taQ)OO < y70a0 > (y7 _at;Q)OO ( ay,070
= —— R + P e e A
(a59) o0 32 ~t,q/a ©4 (1/a;q) oo 392 qa, —at
In (II1.34) of [12] replace a, b, c,d,e by A, B, C, D, EC, respectively, then let C — 0,
and then let A — co. The result is the three-term relation
B DE> (F;q) 00 < B,0,0
161 h o 302
( D ( )oo

“g E/Biq D,qB/E q)
(B, DE/B;q)oc E,0,0
(D,B/E;q) 7\ DE/B,qE/B |T9)

We now choose B =y, E = ay, D = —t. Therefore [LE0) becomes

q, at> .

n

vy Yy
(451) ZAl nQn t Q) (q;CZ)n - ( taq)oo 1¢1 < —t
Finally we apply the ¢-binomial theorem in the form

Wi =Y _(@an )y
k

— (@ O)k(@: Dk

and ([£40) to obtain

(4.53)

A ;9
(4.52) Qj(t;q) = Q 14G) 161 (0; —tq’; ¢, —atq’).
(4:9);
Theorem 4.6. We have the identity
(=81@)0 0,—s/t
t
(t7Q)oo 2¢1 -5 ¢
- : i SUEnS (—ast)"q" "1 161 (0; —tq™; ¢, —atq™).
(t,at; @)oo = (4:9)n
Proof. We only need to show that the left-hand side in (53] is 75 ;Qo(t; ¢). This
can be seen as follows. By (£43) and (A8 we have
t"a k —s/t;q)n
Tautta) = 323 el
n—0 k=0 q q n—k

Ookk

S/t Dk Z " (—sq" [t

—o Dk =0 (¢ @)n

((; ;Zzo b1 ( 0’_8_S/t '%at) .
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5. SHEFFER-TYPE POLYNOMIALS

5.1. Moments of Sheffer-type polynomials. For the Sheffer-type orthogonal
polynomials we can compute Q;(t) by the generating function

(5.1) > N ,XanQn(£<a¢§:an7l >’
n=0 .

where the o;’s are some suitably chosen constants.

The cases of Hermite, Laguerre, Meixner, and Charlier polynomials do not lead to
interesting addition theorems because the addition theorem predicted by Theorem
21 follows from the binomial theorem. We just indicate the corresponding Q;(t)
in the addition formula of each family of polynomials.

Indeed in the case of Hermite polynomials {H, ()},

(5.2) An =n/2, H,(z) =2"P,(z),
and
(53) Qult) = exp(t/4).
In the case of Laguerre polynomials {L%(z)},
(5.4) M:nm+m,Lﬂm:“$Vmu%
and
(55 Qult) = o (1= )=,
For Meixner polynomials { M, (x; 3, c)}, we have
(5.6) A :M M(x.ﬁc):(c—l)”P(x)
. n (1 _ C)2 ) n b b n (/B)n n ?
and
1—c \?™ (et —1)"

In the case of Charlier polynomials {C),(z;a)},
(5.8) Ap = an, Cp(z;a) = (—a) " P,(x).
A calculation gives

(¢~ 1)

(5.9) Q,(t) = T exp(e’ —1).
In the case of Meixner-Pollaczek polynomials P (x; ¢), [18],
_n(n+2\—-1) Ao o (2sing)”
(5.10) Ap = W7 P (z;9) = Tpn(x)
One can see that the Q);’s are given by
27 sin ¢ 2 j
(5.11) 0= () b2,

Note that for the orthogonal polynomials of Sheffer type all the Qo (t)’s have been
given in [29].
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5.2. Sheffer-type polynomials as moments. For the Hermite polynomials, we

have
oo

(5.12) exp (22t — t?) =

Let
n+1

(n+ 1!
From exp (2z(t + s) — (t + 5)?) = exp (22t — t? + 225 — 52 — 2ts) we derive the ad-
dition formula.

Theorem 5.1. The functions {Q;(t)} have the addition formula

" t"
Qn(t)zielrtft? — —'+2(n+1).’£ 4+ ..
n!

n!

(5.13) o(t +5) Zn' (t)Qn(s)-

n=0
It follows that \,, = —2n and

(5.14) Hipin = (Z t ”) H, ().

Remark. Radoux [22] proved (EI3) by computing the corresponding Stieltjes
tableau using induction.

For the Laguerre polynomials L%a)(:c) we have [I8] p. 48]:
> (c) n

n!Ly " (x) t

5.15 toFy(—; 1;,—xt) = E _—
( ) €0 1( ,Oé-'— ) ZE) — (a+1)n n!

In (B:8)), letting B = a4+ B+ 1 and substituting ¢ and s by ¢/« and s/a, respectively,
and then letting @ — oo we get

oo

(B),(4ts)™
Fi(—;B+1;-2(t+s)) Fi(—B+2n+1;-2t
a6) "0 ; 2n(B+1) ofi( )
X oF1(—; B+2n+1;—2s).
Let
tn
(5.17) Qn(t;a) = Eet oF1(—;a+2n+1; —2xt), n > 0.

Then we have the following addition formula.

Theorem 5.2. The functions {Q;(t;a)} have the addition formula

S'Ozzoo—n'()( ) « S
(5.18) Qo(t+ ;) ;0 Do T Or(tEQn (s

n(a+n—1)(—4z?)
= (at2n—1)(a+2n—2)(a+n)

n+ 4\ nlLT (z
(5.19) Hiitn = ) (@) .
i ) (a+2i+1),
For the Meixner polynomials M, (x; 8, ¢) we have

(9 - £

As an immediate consequence we have \, and

(5.20) el Fy ( ?
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In (33), substituting a+1, a+5+2, t and s by —z, 8, (c—1)t/(2¢) and (¢—1)s/(2¢),
respectively, we obtain

(5 [en) - B () e
on( Fon [ (G 55

Therefore, defining
tr n—u
Qn(x; B,c) = 61F1<5+2n

we have the following addition formula.

1—(3)
—t),
¢

Theorem 5.3. The functions {Q;(t; 3,c)} have the addition formula
(5.22)

)= 3

In the same way we derive

\ n(:chn1)(ﬁ+x+n1)(ﬂ+n2)<1c>2
" (B+2m—2)(B+2n—3)(B+n—1 c

2n
L (126) Quits@utsi o)

and
1+n . .
(5.23) H;itn = < ) )Mn(x —4; 8+ 2i,¢).
i
The Meixner-Pollaczek polynomials Pr({\)(a:; ¢) have the generating function

. oo \)
t )\+’LI —2i¢ o P’Vl (xv(b) n
(524) (& 1F1 ( 2)\ (6 - 1)t = nEZO 7(2)\)7167'”45]5 .

In (B.8), substituting o+ 1, 8+ 1, t and s by A — 1 +iz, A — 1 —ix, (1 — e 2*)¢/2
and (1 — e~2?)s/2, respectively, and letting

" Atiz+n
N) (e _ vt
(5.25) Qo) = e (55

(e7%% 1)t) ,

we obtain the following addition formula corresponding to Meixner-Pollaczek poly-
nomials.

Theorem 5.4. We have the addition formula

Pl (A +42)n (A —i2), (2X —
(2A = 1)2n(2X)5

(526) PVt +5:0) =Y i gn 00 (15 )0 (51 9.

n=0

6. ¢-ULTRASPHERICAL AND ASKEY—WILSON POLYNOMIALS

The continuous g-ultraspherical polynomials have the weight function

L (e (g 1
W0 = o (867, Be29) (8. Ba)ow YT — 27

x =cosf € (—1,1),
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and have the property

_2(8). (-1 By
R P A TR (=)
In view of (LI0) and (L.8]) we see that
(6.1) e = 250+ 1)1 (1) Un (2).
n=0

Now the special case v = ¢ of the connection relation (9] gives the following
expansion:

[n/2] ﬁk(q/ﬂ, ) ( )n_klfﬁqn—mg
= (4 O)r(aB; Dk 1-8

Using the above expansion and the orthogonality of the g-ultraspherical polynomials
we have

(6.2) Up(z) = Cr—ak(z; B | q).

oo

Q0= 3y 2 [ @0+ D) P2

_ QJH 277 (B); 1 . B*(q/B; Dk 0)j41 1 — BE
BT S e el o7 v e

]
97+l & B*(q/B; Dr (@5 )k
¢ kzo( 2k + D (t) (¢ 0)e(Be )k

To denote the explicit dependence on ¢ and 3 we set

2 _ B (/B )r(@ 5 )
z;o(j P2 D2 () (¢ (BP0,

Thus we have proved that

(6.3) Q;(t:5,9) =

Theorem 6.1. The functions {Q;(t; 5,q)} have the addition formula

e e (a8 )n _ .
(6:4) Qo(8+t,ﬁ,q)—;4nw’ DBy (5 8. 0)Qn(1:8,0)

The special case 8 — 0 is worth recording. Indeed if

(6.5) Fu(t;q) == s Z(n + 2k + 1)In+2k+l(t)(_1)nq(k§1) {n —/: k} ’
k=0 .

then we have established the curious result

(6.6 s+ tig) =3 CO B (s ulti0).
n=0

Another interesting case is to let 8 = ¢"; then let ¢ — 1. This should reduce
@©3) to BI) since lim, 1 Cp(2;¢”|q) = CZ(x). Surprisingly the ¢ — 1 limit of
[63), after setting 8 = ¢" is

(—v)e()r J+2k
*2 E I .
Ul TP
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Equating the above limit and the @; as in (B1)) leads to the following known identity
involving Bessel functions:

6.7) (/2" " I(z) =) D(p+n)T(v 41— p)(p + 2n)

-0 n'l—‘(u+1—u_n)1"(y+n+l) H+2n(2);

see [7, (7.15.2)]. Tt is also worth mentioning that (G.7) is equivalent to a theorem
of Bailey evaluating the sum of a well-poised 4F3 with argument —1, [6l (4.5.4)] .
Next we consider the Askey—Wilson polynomials whose weight function is

(621‘9 e—2z97 q) 1

H?:l(ajeievaje 19; q)oo \% 1-— .’£2
y (¢ 9)0 H1§j<k§4(ajak§ q)oo

27 (a1a2a304; ) o

W (z;a1,az2,a3,a4]q) =
(6.8)

, x=cos#.

The Askey-Wilson polynomials have the basic hypergeometric function represen-

tation
q, Q> .

One very special case of their connection coefficients formula is [2 (6.4)—(6.5)]

Pn(x;a1,a2,a3,a4 | q) = a7 " (araz,a1a3, ara4;q),

n—1 0 —i6

(6.9) " oajasazasq” ", a1e¥,are
><4¢3<q , 1102030449 ,aie,ay

aiaz, a1as, a1a4

(610) pn(xv «, G2, a3, 04 ‘ Q) = Z ck,npn(x; a, az, as, a4 | q)7
k=0
where
a" ¥ (q; Q)nlazazasq" s q)r(/a; Q) n—r k
(6.11) ¢k = (a;0mq"; @)n—k
) " (g aazazasqh1; Or(q, aazazasq?; Dn—k 2§j1;1[1§4 s "
Moreover
1
Un(x) = Tpn(x, \/57 q, 7\/5, 7Q|Q)a
(@2 q)n
pn(x30,b, ¢, dlq) = 2" (abedq" " q)n P (),
. (1—¢")(1 — ara2a3a49"?) 11« cpca(1 — ajang™ ")
n — .

4(ara2a3a4¢>"73, a1a2a3a4¢*"=2; q)2

Applying ([2I8) and the plane wave expansion (6.1 we find that the Q,,’s are
given by

Q1) = S £ P) = S D (DL @) )
S aq™ Qo
LR e

q"t O q/a; Q) n—m
)m (€, a¢*™2q)n—m
)

o] m—+1 n m
= (2/t) Z 2"(n+ 1)1 41(2) ((Zn+2 ,qq))n ((] a;erl) q(
4

m+1 m+3/2 m+3 2,
X(_q ,q / y —q / 9

n=m

n—m:-
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After some simplification we arrive at

2m+1 St
Qm(t) = , 2"a"(n+m+1)
(6.12) +1 " +1 2m+3. 2
m ’ a, — m ; " 5
L a/a =" q)n(g 7)n Lo (1),

(g, ag>mF2, qntm+2q),

Theorem 6.2. The functions {Q.(x)} defined in [612)) satisfy the addition the-
orem

= (g ).
(6.13) @o(s +1) = ;::0 47 (aq, aq®; q)an Qu(®)@n(s).

7. ULTRASPHERICAL POLYNOMIALS AS MOMENTS

One of the generating functions reads

o0

W), e
- E L ).

Let cos¢p = —1. Then w = z+ Z and C}(—1) = (—1)”(27':!)". It follows from (.5
that

n=0

2 X (v —1/2) ()" (2v = 1),
°F1<v+1/2’ 1 )‘Z v+ 1/2)(v = 1/2)n 11

» 2Z\" P — 1722 P — .fZ2
4 ) P\ vr1/24n 4 )\ vr12400 4 )
Therefore, letting z = tv/1 — 22 and Z = ty/1 — 22 we obtain

= (n+v—1/2)(=1)"2v — 1), (1 — z%)"n!

(7.2)

13 QU= T )
where
" - (2 -\ 1" tn
Qn(t):me o1 ( v+ 1/24n ;?> =m+(n+1)x(n+1)! + e

Extracting the coefficients of ¢"*s™ in (73] we get

(m+n)ICy,_, () B i (k+v—1/2)(-1DF2v — 1) (1 — 22)*
2V)mammin! El(v+1/2)k(v —1/2) k41 4k
Crth (@)Crt (@)
(21/)7-,1,]@(21/),1,]@ )

(7.4)

Using the relation

lim_a~"/205 412 (/@) = Hle)
a—0o0 n!
we derive
Hpn(2) "\ (=2)% Ho i (2) Ho ()
(7.5) minl Z kK (m—

) (n—k)

k=0
An immediate consequence of (3]) is the following formula for the Hankel deter-
minant evaluation [28, Corollary 3].
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Corollary 7.1. We have
(7.6)

(i +5)! G )"(”“)/2 - ri(2v)r—1
det(@”)zﬂc i )>O<ij<n_ H V+1/27" 1(v+1/2),

and more generally, for n > 0, the entries of the Stieltjes tableau ([29]) are
[n/2]

(n+ i)t (a? — 1)F 2
77 H. . = :
(7.7) pe ,;) iR (n — 2k)! (v + 1/2 + i) 4"

r=1

8. A VARIATION OF THE STIELTJES-ROGERS ADDITION FORMULA

Let { P, (z)} satisfy (1) with moment sequence {z, } and P, (z) = a=" P, (az+b)
(a # 0). Then it is well known [5, p.25] that {P,(z)} is an OPS with respect to
the moments given by

(5.1) s (1) or—m

k=0
and satisfies
_ b — b\ = An o
(8.2) Poi1(z) = <x - ) Po(z) = = Py1(z).
a a
Let Qo(t) =%, un%. Then it is easy to see that
_ e Cviva
(8.3) Qo(t) = fin nop =€ P19Qo(t/a).
n=0

The following variation of the Stieltjes-Rogers addition formula ([2I2]) is sometimes
very useful.

Theorem 8.1. The addition formula for the moment sequence (81]) is

(8.4) (s+1) Z A a2 Qu (8)Qn(t),
where Q,(t) = e~"/2Q,,(t/a). The corresponding entries in (Z9) are
~ n+j n+tj _
(85) Hj,j+n = Z ( k )(_b)ka_n_JHj,n+jk'
k=0

In particular we have H, ,, = (—b/a)"H, ,, i.e.,

(8.6) det(fiit+j)o<ij<n = (7> det(pi+j)o<i,j<n-

For example, let p,, = (o +1),, be the nth-moment of the Laguerre polynomials
{L%(z)} (see (BA)). If a = b= 1/xz, then

n

(8.7) fn = (1" " <Z> 2F (o + 1)y,

k=0
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is a weighted derangement number. The corresponding addition formula reads

oo

(8.8) Qo(s+1t) = Z (o + 122" Qn(8)Qn(t).

n=0

The a = 0 case of the above formula was derived by Radoux [22] using induction.
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