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THE DIMENSIONS OF
A NON-CONFORMAL REPELLER
AND AN AVERAGE CONFORMAL REPELLER

JUNGCHAO BAN, YONGLUO CAO, AND HUYI HU

ABSTRACT. In this paper, using thermodynamic formalism for the sub-additive
potential, upper bounds for the Hausdorff dimension and the box dimension of
non-conformal repellers are obtained as the sub-additive Bowen equation. The
map f only needs to be C'!, without additional conditions. We also prove that
all the upper bounds for the Hausdorff dimension obtained in earlier papers
coincide. This unifies their results. Furthermore we define an average con-
formal repeller and prove that the dimension of an average conformal repeller
equals the unique root of the sub-additive Bowen equation.

1. INTRODUCTION

In the dimension theory of dynamical systems, it is a very interesting topic to
study the Hausdorff dimension of invariant sets of hyperbolic dynamics. Bowen [3]
was the first to express the Hausdorff dimension of an invariant set as a solution
of an equation involving topological pressure. Ruelle [I3] refined Bowen’s method
and obtained the following result. Assume that f is a C1*7 conformal expanding
map, A is an isolated compact invariant set and f|, is topologically mixing. Then
the Hausdorff dimension of A, dimg A, is given by the unique solution « of the
equation

(1.1) P(f|a, —alog|| Dz f||) = 0,

where P(f]|x,-) is the topological pressure functional. The smoothness C1*7 was
recently relaxed to C! [9].

An estimate from above for the Hausdorff dimension of compact invariant sets
for differentiable maps has been given by A. Douady and J. Oesterlé [5], and by
Ledrappier [1I]. For non-conformal dynamical systems there exist only partial
results. For example, the Hausdorff dimension of hyperbolic invariant sets was only
computed in some special cases. Hu [I0] gave an estimate of the dimension of
the non-conformal repeller for a C? map. Falconer [6] [7] computed the Hausdorff
dimension of a class of non-conformal repellers. Related ideas were applied by Simon
and Solomyak [16] to compute the Hausdorff dimension of a class of non-conformal
horseshoes in R3.
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For C! non-conformal repellers, in [I8], Zhang uses singular values of the de-
rivative D, f™ for all n € ZT to define a new equation which involves the limit
of a sequence of topological pressure. Then he shows that the unique solution of
the equation is an upper bound for the Hausdorff dimension of the repeller. In [IJ,
the same problem is considered. Barreira bases his estimates on the non-additive
thermodynamic formalism which was introduced in [2] and the singular value of
the derivative D, f™ for all n € Z*, and gives an upper bound for the box dimen-
sion of the repeller under the additional assumptions for which the map is C*+7
and v-bunched. This automatically implies that for Hausdorff dimension. In [g],
Falconer defines topological pressure of sub-additive potential under the condition
|(Def) L2 D2 f|| < 1, which means that f is 1-bunched. They also obtain an up-
per bound for the Hausdorff dimension of the repeller. The questions are whether
the three bounds as above are the same and whether the upper bounds of the box
dimension hold true for a C'' non-conformal repeller.

In this paper, the first, using thermodynamic formalism for sub-additive poten-
tial defined in [4], we can obtain upper bounds for the Hausdorff dimension and the
box dimension of non-conformal repellers. The map f only needs to be C*, with-
out additional conditions. In fact, we prove that the upper bound of the Hausdorff
dimension of non-conformal repellers in [18] is the unique root of the generalized
Bowen equation which relates to sub-additive thermodynamic formalism. Further-
more, we proved all the upper bounds in [T}, I8, [§] and ours are the same and we
can prove that topological pressure in [4] is the same as in [I} 8] in which they need
that f is C'™7 and ~-bunched. Our result also gives an affirmative answer to a
problem posed by K. Simon in [I5] concerning an upper bound without assuming
the 1-bunched property.

Then we introduce the notion of an average conformal repeller. Using thermody-
namic formalism for sub-additive potential, we prove that the Hausdorff dimension
and the box dimension of average conformal repellers equal the unique root of the
Bowen equation for sub-additive topological pressure. The map f only needs to
be O, without additional conditions. Meanwhile, we introduce super-additive po-
tential topological pressure and prove that for special potentials, sub-additive and
super-additive topological pressures are the same. In [2], Barreira introduces the
concept of a quasi-conformal repeller by using Markov construction and proves that
its dimension is the unique root of the equation obtained by non-additive topologi-
cal pressure. In [12] is introduced the concept of a weakly conformal repeller and its
dimension using the Bowen equation is obtained. It is obvious that for C! maps,
quasi-conformal and weakly conformal repellers are average conformal repellers,
but the reverse is not true. Therefore our result is a generalization of the results in
2 [12).

Next we recall some basic definitions and notation.

Let f: X — X be a continuous map. A set F C X is called an (n, €)-separated
set with respect to f if whenever z,y € E, then d,,(z,y) = maxo<i<n_1 d(fiz, fiy)
> €. For x € X and r > 0, define

Bu(z,7)={y € X : fly € B(f'z,r), foralli=0,...,n— 1}.

If ¢ is a real continuous function on X and n € Z7, let

n—1

Snd(x) =D o(f'(x)).

=0
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We define

P, (¢,€) = sup{z exp Spd(x) : E is an (n, €)-separated subset of X }.
zEE

Then the topological pressure of ¢ is given by
1
P(f,¢) = lim limsup — log P, (¢, €).
=0 psco N
Next we give some properties of P(f,-) : C(M,R) — RU {oo}.

Proposition 1.1. Let f : M — M be a continuous transformation of a compact
metrisable space M. If o1, € C(X, R), then the following are true:

(1) P(f,0) = hsop(f)-

(2) |P(f, 1) — P(f.02)| < llor — 2|

(3) 1 < 2 implies that P(f, 1) < P(f,¢2).

Proof. See Walters’ book [17]. O

Corollary 1. Let f : M — M be a continuous transformation of a compact metris-
able space M. If ¢ € C(M,R) and ¢ < 0, then the function P(a) = P(f, ap) is
continuous and strictly decreasing in «.

Proof. Let M = max,cn o(x) and m = mingep (). Then ¢ € C(M,R) and
@ < 0 imply that m < M < 0. If a3 < ag, then for all n € N, we have

(g — ar)nm < Sy (aze)(z) — Sp(arp)(z) = (a2 — 1) Snp(z) < (a2 — ar)nM.
Thus for Ve > 0,
elaz—an)nm o P (a1p,€) < Py(asp, €) < Py(ayp, €) X eloa—a)nM,
This implies that
(a2 —ar)m + P(f, a1) < P(f,20) < P(f,a19) + (a2 — a1) M.
Therefore P(f, ap) is continuous and strictly monotone decreasing on «. O
Another equivalent definition of topological pressure involves open covers.

Definition 1.1. If p € C(M, R), n > 1 and U is an open cover of M put
n—1

palf, 0,U) = inf{z sup e7?(®) | 3 is a finite subcover of \/ f~uy.
8 rEB e

It is proved [17] that the limit
1
lim — logpn(fv (bvu)
n—o0o N
exists and is equal to 11;%{% log p(f, 0, U)}.

We have the following lemma whose proof can be found in [I7].

Lemma 1.1. If ¢ € C(M,R), n > 1 and U is an open cover of M, then

lm lim = logpa(f, 6.U) = P(f,).

diam(U)—0 n—00
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A linear map L : R™ — R” is said to be expanding if ||Lv| > ||v|| for all v € R™
and v # 0. Given an expanding linear map L : R™ — R™, let Ay > Ay > -+ >
Am > 0 be the logarithms of the singular values of L, which are eigenvalues of
(L*L)%7 counted with their multiplicities, where A,, > 0 because of the expansion.
Following [5] we introduce the function

g*(L) = Z Ai + (o — [a])/\m—[a],

for any o € [0,m], where [a] is the largest integer < a. ¢*(L) is continuous

and strictly increasing in a. ¢°(L) = 0 and g™ (L) = > \; = log|Jac(L)|, where
i=1

Jac(L) is the Jacobian of L. The map ¢g® has the followi;lg super-additive property.
If L:R™— R™ and L' : R™ — R™ are two expanding maps, then

(1.2) g*(L'L) = g*(L) + g*(L).

The paper is organized as follows. In Section 2, we develop the sub-additive ther-
modynamic formalism and prove that the upper bound of the Hausdorff dimension
of non-conformal repellers in [I8] is exactly the unique root of the equation of
sub-additive topological pressure. In Section 3, we consider the relation between
sub-additive thermodynamic formalism defined in [4] and [2] [§], and we obtain for
a C'! non-conformal repeller A, that the upper box dimension is bounded by a value
which is the unique solution of the equation of sub-additive topological pressure.
This is a generalization of the result in [2]. In Section 4, we introduce the definition
of an average conformal repeller and give related results and the main theorem. In
Section 5, we develop super-additive thermodynamic formalism and the variational
principle for super-additive potential. In Section 6, we give the proof of the main
result.

2. A SUB-ADDITIVE THERMODYNAMIC FORMALISM

Let f: X — X be a continuous map. A set F C X is called an (n, €)-separated
set with respect to f if whenever z,y € E, then d,,(z,y) = maxo<i<n—1 d(fiz, f'y)
> €. A sub-additive valuation on X is a sequence of continuous functions ¢, : M —
R such that

¢m+n(x) < d)n(x) + gf)m(fn(x)),

we denote it by F = {¢y,}.
In the following we will define the topological pressure of F = {¢,,} with respect
to f. We define

P, (F,e) = sup{z exp ¢n(x) : E is an (n, €)-separated subset of X }.
el
Then the topological pressure of F is given by
1
P(f,F) = limlimsup — log P,,(F,¢).
=0 posoco M

Let M(X) be the space of all Borel probability measures endowed with the weak*
topology. Let M(X, f) denote the subspace of M(X) consisting of all f-invariant
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measures. For p € M(X, f), let h,(f) denote the entropy of f with respect to s,
and let F, () denote the following limit:

. 1
Fulp) = lim = / Gud

n—oo

The existence of the above limit follows from a sub-additive argument. We call
Fi(p) the Lyapunov exponent of F with respect to u since it describes the expo-
nential growth speed of ¢,, with respect to u.

In [4], the authors proved the following variational principle.

Theorem 2.1 ([]). Under the above general setting, we have
P(f, F) = sup{hu(T) + Fulp) : p € M(X, f)}

In [2], Barreira used a different method to introduce topological pressure for
sub-additive potential functions and proved the variational principle if the potential
functions satisfy further conditions.

Let M be a C'°° Riemann manifold, dim M = m. Let U be an open subset of
M and let f: U — M be a C' map. Suppose A C U is a compact invariant set on
which f is expanding, that is, fA = A and there is £ > 1 such that for all z € A
and v e T, M,

1Dz foll = Kllvll,

where ||.|| is the norm induced by an adapted Riemannian metric. Let M(f]a)
denote all the f invariant measures supported on A.

If v € A, then D f : T, M — Ty, M is a linear map. Denote the logarithms of
the singular values of D, f by

and for « € [0, m], write

m

9@, ) =g"(Daf) = D Xl f)+ (@ = [a]) An_ja) (@, )

i=m—[a]+1

Since f is C*, the functions = — \;(z, f) and z — g(z, f) are all continuous.
In fact, fA = A implies f"A = A. f" is also expanding on A. Let the logarithms
of the singular value of D, f™ be

Mz, f) = Xz, ) > - > A(2, f™) > nlogk

and set

m

g (@, M) =g*(Daf™) = D Nilw, ) + (@ = [0 Amja (@, f7).

i=m—[a]+1

The functions g*(-, f™) satisfy
9% (@, [ = g% (2, 1) + g° (f" (@), 1)
Define a sequence of functions P, : [0,m] — R as follows:
1
Pa(0) = P(fla. -4 (. 7).

In [18], the author proved the following result.
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Lemma 2.1 ([I8]). For every a € [0,m], the following limit exists:
lim P,(a) = nienzf+ P,(a).

n—r oo

Set P*(a)) = lim P,(«). Then P* is continuous and strictly decreasing on [0,m].

Theorem 2.2 ([18]). Let
D(f,A) = max{a € [0,m] : P*(a) > 0}.
Then

Remark 1. By the variational principle and Ruelle’s inequality, we have P*(m) < 0.
Since P*(0) = h(f|s) > 0, by Lemma 2.1] it follows that the equation P*(a) = 0
has a unique solution on [0,m]. By the definition, we have that D(f,A) is the
unique solution of the equation P*(«) = 0.

In this paper, we first prove the following proposition.

Proposition 2.1. Suppose {¢,(x)} is a sub-additive continuous function sequence
on M. Let F = {¢n}. Then we have P(f,F) = lim P(f, ‘z;—")
n—oo

Proof. The existence of the limit lim P(f, %") can be found in [I8].
n—oo

First we prove that

Pn

P(f,F) < hm P(f, )

For a fixed m, let n =ms+ 1,0 <1 < m. From the subadditivity of {¢,}, we have

,_.
l\')

m—1s—

1
S_
m

m—1
(rbm fszrj % 2_% +¢m J+l(f(871)m+j(x))].

I
=]

7j=0 1

Let C7 = max;=1.... 2m—1 MaxXgyex @;(r). Then we have

(sm+1)—1 1 ‘ 1 sm—1
oul@) < D —bm(F(@) - — §j(%u%»+mx
Jj=0 j=(s—1)m
< Z ¢7n +401

Hence we have

n—1

exp(én () wmz Sm (7 (2)) +4Ch).

Thus
P, (F,e) = sup{z exp ¢, (x) : E is an (n, ¢)-separated subset of X'}

A

Pn(%qu,e) x exp(4Chy).

IN

This implies
1
P < P(f,—om) -
(f,F) < PUf,-6m)
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From the arbitrariness of m € ZT, we have

P(f,F) < P(f, %qﬁm), for all m e Z+.

Therefore

P(f,F) < lim P(f, On

n— oo

)

Next, we prove that

P(f,F) > hm P(f, ¢n).

Since f: A — A is an expanding map, hu( f) is an upper-semi-continuous function
from M(f|a) to R. From the variational principle of topological pressure [I7], we
have that for every k € ZT there exists por € M(f|5) such that

1 1
P(fla, 2—k¢2k) = hy,, (f) + /A 2—k¢2kdﬂzk'

Since M(f|a) is compact, this implies that uor has a subsequence which converges
to u € M(f|a). Without loss of generality, suppose that pox converges to p. Using
the sub-additivity and invariance of /,LQk, then we have for every k € N,

e ( ¢2k pioe < hy () + /A b1 () dpok.

Furthermore for fixed s € N, if £ > s, from the sub-additivity and invariance of
Lok, We have

¢2 Pas ()
Hgk Zk S h/JIQk (f) + 25
A
Since hy,(f) is an upper—serm—contmuous function, we have

lim P(f, ¢n) = hm P(f, ¢2k)
n—oo

o ¢2k

B kgr;o par

IN

khm /¢225 2k
< hu(f)+ /A ¢2‘2—Sd

Since sequence { [, ¢n(x)dp} is a sub-additive sequence, we have

i /A = infd /A -

The arbitrariness of s € N implies that
¢2

lim P(f, —) < hu(f)+ lim

n—oo S— 00
Hence by the variational principle of the Sub—addltlve topological pressure in [4],
we have

lim P(f, (bn) hy(f) +1m/¢2 x)dp < P(f, F).

n— 00 n 5—00

This completes the proof of Proposition 211 O
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Theorem 2.3. Let F(a) = {—g*(-, f")}. Then we have P(f, F(a)) = P*(«).

Proof. For a fixed a, let ¢, (z) = —g*(x, f™). Then it is a sub-additive continuous
sequence on A. By Proposition 21l for F(a) = {—g“(x, f™)}, we have

P, F(@) = Tim P(7,%%) = lim P(f, " (-, ")) = P*(a)

n—oo n n—oo

d

Theorem 2.4. Let F(a) = {—9%(-, f™)}. Then we have that P(f,F(«a)) is con-
tinuous and strictly monotone decreasing on « € [0,m]. Thus P(f, F(a)) =0 has
only a unique solution in [0, m].

Proof. Let ¢p(a,x) = —g*(z, f*). If aq, ag € [0,m], aq < ag, then for all n € N,
we have

(a1 —ag)nloghk = —¢n(az, ) — (=dn(on,2)) = (a1 — az)nlog | f|.
Thus for Ve > 0,
elormaz)nlogk o p (F(ay),€) < Po(F(ag),€) < Po(Flay),e) x eler—az)nloglifll
This implies that
(a1 —ag)log || fIl + P(f, F(a1)) < P(f, Faz)) < P(f, F(a1)) + (a1 — az) log k.

Therefore P(f, F(«)) is continuous and strictly monotone decreasing on « € [0, m].

On the one hand, P(f, F(0)) = hiop(f) > 0, and on the other hand, by Ruelle’s
inequality [14] and Theorem 21, we have P(f, F(m)) < 0. Therefore P(f, F(a)) =0
has a unique solution in [0, m]. O

Remark 2. Theorem [2.4] can be deduced from Theorem 2.3] and Lemma 2.1 But
for the completeness, we include a different proof.

Corollary 2. D(A, f) is the unique solution of equation P(f, F(a)) = 0.
Proof. The proof can be deduced from Theorem 2.3 and Remark [ O

Lemma 2.2. For a fized n € N, P,(a) = P(f,—1g%(-, f™)) is a continuous and
monotone decreasing function on a € [0, m].

Proof. The proof is analogous to the proof of Theorem 2.4 O

By the Ruelle-Margulis inequality and the variational principle in [I7], we have
P,(m) = P(f,—1g™(-, f™)) < 0. Since P,(0) = h(f|s) > 0, by Lemma 22 it
follows that equation P, (a) = 0 has a unique solution. Denote it by a,,. Then we
have the following proposition.

Theorem 2.5.
inf a,, = D(A, f).
inf o (A, )
Proof. Without loss of generality, we suppose that lim «, = o* = inf,cyan,.
n—oo
Otherwise we can take a subsequence which converges to a*.
Since
PUf. g™ () = P g™ (D] < =g ™)+ g (]
) ng ) ) ng ) —_ ng ) ng )
< la” —an][| DS,
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we have
P(LF@) = Jim P~ (/")
= lim P(f =™ (") =0

By Corollary Bl we have
D(f,A) =a* = inlfwan.
ne

Now for a fixed n € N, we consider the equation
ﬁn(a) = P(fnll\v _ga("fn)) =0

It is easy to prove that Pn(a) is continuous and strictly decreasing on [0, m],

P,(0) = htop(fn|/\) = nhtop(f|/\) >0
and
P, (m) = nP(f|x, ~log|Jac(Dyf)) < 0
Hence the equation ]5,1(04) = 0 has a unique solution, which we denoted by D,,.

Applying Lemma 1 in [I§] to the expanding map f™ yields dimyp A < D,. So

dimg A < inf D,. It was proved in [I§] that
nez+

inf D, <D(f,A).
nez+

Next we want to prove the reverse inequality, that is to say,
< i .
D(f,A) < inf D,
In order to prove the inequality as above, we firstly prove the following theorem.

Proposition 2.2. Suppose {¢,(x)} is a sub-additive continuous sequence on M.
Let F = {¢n}. Then we have P(f, F) = klim TP(f*, ¢r).
—00

Proof. For a fixed k € N, it is well known that if F C M is an (n, €)-separated set
of f*, then E is an (nk, ¢)-separated set of f. By the definition,

P(f*,é€) = lim limsup - logsup{z exp(Snok(2)) |

zeER
E is an (n, ¢)-separated set of f},

where

(Sndr (@) = dr(@) + Pk (fFa) + - + o (fVra),
Hence for a fixed m < k, letting k = mg + r and C' = maxgep max;=1 ... am ¢:(2),
the sub-additivity of ¢, implies that

[ V)

S
._.
Q
,..

m—

+¢m ]—H(f(q 1 er]( ))]

SIH

P (fH (2

1
m

or(z) <

Il
o
Il
o

i % j:O

k—1 1 _
=0

IN
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Thus for 1 < j <n —1, we have

or(fH () < Z bm(F(f¥ (2)) + 4C.

m
Hence

ok (x) + Si(fFx) + -+ o (FDra)

nk—1

> (@) + dnC

Sn¢k($)

AN

1
= Sur(—m 4nC.
S, k(md) )(z) + 4nC
This gives that

Pn(fka¢ka€) < Pnk(f,%(bm,e)xe‘mc.

Thus
1 1
P(f*,¢x) < kP(f,—¢m)+ lim —loge*®
m n—oo N
1
= kP(f, —¢m)+4C.
m
Therefore

lim %P(fk,qbk) < P(f, lqsm) for all m € ZT.
m

k—oc0

By Theorem 2] we have
1 : 1 P(f F
égn k}%f ,¢k)_,%§£@fxfa ¢m) (f7 )

Next we prove that
P(£.F) < lim P(f*,61).
k—oo k
For afixed k € N, let n = km+r, 0 <r <k, and let C = max, ey maxi<;<g ¢i(z).
For Ve > 0, by the uniform continuity of f, there exists § > 0 such that if £ C M
is an (n, €)-separated set of f, then E is an (m,§)-separated set of f¥ and § — 0
when € — 0. Using the sub-additivity of ¢,, we have

On (@) < o) + o (fF (@) + - + du(f V(@) + ¢ (f™F(2)).

Thus
Po(f,F,€) < Po(f*, o1, 6) x €©.
Hence
P(f, F,0) < 2 P(f*, 60.0).
This gives that
PJ,F) < 3 P(f*, 0)

For k arbitrary, we have that

. 1
‘P(fa]v S Jgg}%fmfka¢k)
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Corollary 3. Let F(a) = {—g%(-, f¥)}. Then we have
o1 o
P(f,f(a)) = khm Ep(fka -9 (7fk))
—00

Proof. For fixed a, let ¢(z) = —g®(z, f*). Using Theorem for Fla) =
{—g%(x, f¥)}, we get
P, F(@) = Jlim P~ /1),

k—o0

Theorem 2.6.
inf D,, = D(A, f).
neN

Proof. Without loss of generality, we suppose that 1i_{n D, = p* = inf,eny Dy,
Otherwise we can take a subsequence which converges to 5*. Since
1 - * " 1 1 * 1 -
|Ep(fka_gﬂ ('7fk))_ Ep(fka_ng('afk))l < || - Egﬂ ('afk)—i_Eng(ka)”
< |B" = Dil|DfIl,

we have
PULF(E) = Jim 2 P( " ()
3 1 k —
Thus

d

In this section, we have proven that for a C! non-conformal repeller A, D(f, A),
which is the unique solution of equation P(f, F(«)) = 0, is the upper bound of the
Hausdorff dimension of A. This is a generalization of the classical result that for a
C'*7 conformal repeller A, dimy A is given by the unique solution of the equation
P(f|a, —alog|| Dy f|l) = 0. Moreover, we prove that

DU.A) = 1, D1 =
where for each n € N, D,, and «,, are the unique solutions of the equations Pn(a) =
0 and P,(«) = 0, respectively.

3. OTHER RESULTS OF UPPER BOUND ESTIMATES OF THE DIMENSION
FOR A REPELLER

Let us first recall Falconer’s definition of topological pressures for sub-additive
potentials on mixing repellers. Without loss of generality, we only consider one-
sided sub-shift spaces of finite type rather than mixing repellers.

Let (X4,0) be a one-sided sub-shift space over an alphabet {1,...,m}, where
m > 2. As usual ¥4 is endowed with the metric d(z,y) = m™", where z =
(zx), vy = (yx) and n is the smallest of the k such that xzy # yi. For any admissible
string I = iy ...y, of length n over the letters {1,...,m}, denote [I] = {(z;) € & :
xj; =1, for 1 < j < n}. The [I] is called an n-th cylinder in ¥ 4.
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Let F be a sub-additive family of continuous potentials defined on . Falconer
defined the topological pressure of F by

1
FP(o,F)= 1i_{n ElogFPn(cr, F) and FP,(o,F)= Z sup e?n (@),
n—0o0 1 z€[I]

where the summation is taken over the collection of all nth cylinders [I].

It is not so hard to see that in this special case, FP,(o,F) = P,(o,F,1/m)
and P, (0, F,m™ %) = FP,.;_1(0, F) for all k € N. This implies that FP(o, F) is
equivalent to our definition of P(o, F).

Now let us turn to Barreira’s approach in defining pressures for sub-additive
potentials via open covers.

As in the previous sections, let f be a continuous map acting on a compact metric
space (X,d). Let F = {¢,}52, be a family of sub-additive continuous functions
defined on X. Suppose U is a finite open cover of the space X. For n > 1 we denote
by W,,(U) the collection of strings U = U; ... U, with U; € U. For U € W, (U) we
call the integer m(U) = n the length of U and define

X(U) = Unf0n...nf Yy,
= {xeX: fjfleUj forjzl,...,n}.
We say that I' C J,,~; Wa(U) covers X if Jyp X (U) = X. For each U € W, (U),
we write e?(U) = SUP,¢ x (U) e?(®) when X(U) # 0 and e?Y) = —o0o otherwise.
For s € R, define
M(f,s,F,U) = lim inf{ > e ety
Uer

where the infimum is taken over all I' C |J.-, W;(U) that cover X. Likewise, we

jzn
define
= liminfi —sm(U) ,¢(U)
M(f787~7:7u)—hnﬁ_l>£f1nf{26 e }’
Uer
M(f,s,F,U) = limsup inf{z esm(U)ed(U)y

where the infimum is taken over all I' C W, (i) that cover X. Define
Pe(f,F.U)=inf{s: M(f,s, F,U) =0} =sup{s: M(f, s, F,U) =+oc},
CP*(f,F,U) =inf{s: M(f,s,F,U) =0} =sup{s: M(f,s, F,U)=+o0},
CP*(f,F,U) =inf{s: M(f s,F,U) =0} =sup{s: M(f,s,F,U) = +oo}.
Define
P*(f,F)= liminf P*(f,F,U),

diam(U)—0
P* = liminf CP*
CP*(f,F) dialgar);o(?_(fvf,u),
P* — liminf CP* .
CP*(f,F) diaﬁ&?ﬁoc (f, F,U)

Barreira named P*(f,F) the topological pressure, CP*(f, F) and CP*(f,F)
the lower and upper topological pressures of F.

Now we consider the connection between P*(f, F) and P(f,F). In [4], we prove
the following equality.
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Proposition 3.1. Assume that the topological entropy h(f) < oo and that the
entropy map p— h,(f) is upper-semi-continuous. Then P*(f,F) = P(f,F).

Theorem 3.1. Let M be a C* Riemann manifold and f : M — M be a C' map.
Suppose A C M is a compact invariant set on which f is expanding. Then

P(f, Fla)) = P(f, F(a)).

Proof. Since A C M is a compact invariant set on which f is expanding, it has
measure-theoretic entropy and h, ( f|a) is an upper-semi-continuous map in M(f|a).
By Proposition Bl we have

P(f, Fla)) = P(f, F(a)).
(]

In [1], Barreira proved that if A is a repeller of a C1™7 map, for some v > 0 and
f is y—bunched on A, then dimp < t*, where t* is the unique number of equations
P*(f,F(a)) = 0. In [1], the y—bunched condition and C'™7 were used to show
that it is reasonable to define P*(f, F(«)).

Corollary 4. Let M be a C> Riemann manifold and f : M — M be a C' map.
Suppose A C M is a compact invariant set on which f is expanding. Then

dimp A <D(A, f) and dimyg A < D(A, f),
where D(A, f) is the unique solution of the equation P(f,F(a)) = 0.

Proof. By Theorem B.1], we have that if A is a repeller of a C' map, then we can
define P*(f, F(a)) and prove that it is coincident with P(f, F(«)). It is proved in [I]
that dimp < t*, where t* is the unique solution of the equation P*(f, F(«)) = 0.
Thus we have that t* = D(A, f), which is the unique solution of the equation
P(f,F(a)) = 0. Therefore we also have the inequality for the box dimension. O

Remark 3. In [18], Zhang posed a problem whether D(A, f) is the upper bound
of the box dimension of A. The corollary as above gives an affirmative answer
to the problem. Moreover, our result shows that the sub-additive thermodynamic
formalism can be applied. In fact we have proven that if A is a repeller of a C*
map, then the upper bounds of the Hausdorff dimension of A by Barreira in [II,
Falconer in [§] and Zhang in [I§] all coincide. This unifies their results and it also
shows that the bunched condition in [I] and [8] is unnecessary. Our result also gives
an affirmative answer to a problem posed by K. Simon in [I5] concerning an upper
bound without assuming the 1-bunched property.

4. AVERAGE CONFORMAL REPELLER

Let M be a C*° Riemann manifold, dim M = d. Let U be an open subset of M
and let f: U — M be a C' map. Suppose A C U is a compact expanding invariant
set. Let £(f) denote all the ergodic invariant measures supported on A. By the
Oseledec multiplicative ergodic theorem, for any p € E(f), we can define Lyapunov
exponents Ap(p) < Aa(p) <--- < Ag(p) -

Definition 4.1. An invariant repeller is called average conformal if for any u €
E(f): M(p) = Aa(p) = -+ = Aa(p) > 0.
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It is obvious that a conformal repeller is an average conformal repeller, but the
reverse is not true.
Next we will give the main theorem.

Theorem 4.1 (Main Theorem). Let f be a C' dynamical system and let A be an
average conformal repeller. Then the Hausdorff dimension of A is the zero tg of
t— P(—tF), where

(4.3) F = {log(m(Df"(x))),z € A,n € N},
and where m(A) = ||A=Y|| !
The proof will be given in Section 6.

Theorem 4.2. If A is an average conformal repeller, then

Jim_ = (log | Df"(2)| ~ logm(D" (2))) = 0
uniformly on A.
Proof. Let
F,(z) =log||Df"(x)|| —logm(Df"(z)), n € N, z € A.

It is obvious that the sequence {F,(z)} is a non-negative sub-additive function
sequence. That is to say,

Froim(z) < Fp(z) + Fr(f"(2)), v € A
Suppose [@3)) is not true. Then there exists ey > 0, and for any k € N, there exists
ng > k and x,, € A such that
1
’I’lT.;Fnk (mnk) > €.

Define measures
ng— 1

1
= — O i .
Moy, ne ; f (:L’nk)
The compactness of P(f) implies that there exists a subsequence of pi,, that con-
verges to the measure p1. Without loss of generality, we suppose that p,, — p. It
is well known that p is f-invariant. Therefore u € M(f).
For a fixed m, we have

) 1 1
kll)n;o y EFm(x)dunk = /M EF,,L(:c)du.

This implies

m

lim Z lFm(fi(xnk)) = /M iFm(x)du.

For a fixed m, let ny, = ms+1,0 <1 < m. The sub-additivity of {F,,} implies that
for j7=0,...,m—1,
Fo(@n,) < Fi@n,) + Fa(f(@n,) + o+ Fn(f™C72) I (2n,))
+Fn gt (70 I (n,).
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Summing j from 0 to m — 1, we get

m—1s—2
1 im-+j
Fnk (xnk) < E Z Fm(f I (xnk))
j=0 i=0
1 m—1 ]
o Y F@n) + Fn (£ (0,)

<.
I
o

Let C7 = max;=1,... 2m—1 maxgzea F;(x). Then

(sm+1)—1 sm—1

1 ) 1 )
Fule) €03 SEa(P@) - Y Falf@)+20
j=0 j=(s—1)m
nk—l 1
< N LR (i) + 40,
=0
Hence we have
o1 1A ; 1
klggo n_ank (Tn,) < klggo n_k ; EFm(f (Tn,)) = " EFm(x)dH-

The arbitrariness of m € N implies that

k—o0 N

1 1
lim —F,, (x,,) < —/ F,(x)dp, Ym e N.
m Sy
Hence

1
lim — [ F,(z)dpu> e > 0.
m—oo M Jar

Then the ergodic decomposition theorem [I7] implies that there exists i € £(f)
such that

1
lim — [ F(z)dp> e > 0.
m—oom Jur

On the other hand, from the Oseledec theorem and Kingman’s sub-additive ergodic
theorem, we have

1
hm—/bMWWM@=med
m Jm

m—o0

Therefore

im»3¥[;k%ﬂdemaﬁw::Aﬂﬂ)

1
m—o0 M,

Ad(f) — A1 () = eo.

This gives a contradiction to the assumption of an average conformal repeller. [J

5. SUPER-ADDITIVE VARIATIONAL PRINCIPLE

In this section, we first give the definition of super-additive topological pressure.
Then we prove the variational principle for a special super-additive potential.

Let f: X — X be a continuous map. A set F C X is called an (n, €)-separated
set with respect to f if whenever z,y € E, then d,,(z,y) = maxo<i<n—1 d(fiz, fiy)
> €. A super-additive valuation on X is a sequence of functions ¢,, : M — R such
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that

Oman(T) > on(®) + om (" (2));
we denote it by F = {¢,}.
In the following we will define the topological pressure of F = {¢,,} with respect
to f. We define
Py (F,e) = sup{z expyn(x): E  is an (n, ¢)-separated subset of X }.
zeE
Then the topological pressure of F is given by
1
P*(f,F) = lim limsup — log P, (F,¢).

e=0 posoo M

For every u € M(X, f), let Fi(u) denote the following limit:

1
Fie(p) = hm —/apndu

The existence of the above limit follows from a super-additive argument. We call
Fi(p) the Lyapunov exponent of F with respect to u since it describes the expo-
nential growth speed of ,, with respect to p.

Theorem 5.1. Let f be a C dynamical system and let A be an average conformal
repeller. Let F = {pn(x)} = {—tlog||Df"(z)||} for t > 0 be a super-additive
function sequence. Then we have

P*(f, F) = sup{hu(T) + Fulp) : p€ M(X, f)}.
Proof. First we prove that for any m € N,
* QDm
> —).
PU(S.F) 2 P(f 2

For a fixed m, let n = ms + 1,0 < ! < m. From the super-additivity of {¢,}, we
have

=

s—2

o (F () + LS
=0 m j=0

[p(x) + P (fEV™H (@))].

3

S

1
on(T) > —
m

Il
=3

J
Let C71 = min;—1 . 2m—1 mingex @;(z). Then we have

(sm+1)—1 1 1 sm—1
on(z) > Y —om(f(2)) — — em(f(2)) +2C1
j=0 j=(s—1)m
n—1 1
> —em(f/(2)) +4C1
— m,
7=0
Hence we have
n—1
1 )
exp(pn(z)) > exp(zo — (7 (x)) +4C1).
J:
Thus
Pr(F,e) = sup{z exp pn(z) : F is an (n, €)-separated subset of X}
rck

Y

1
Pn(%@mv 6) X exp(401).
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This implies
. 1
P(f.F) > PUf—om)
For an arbitrary m € Z*, we have

1
P*(f,F) Zp(faa@m), for all me ZT.

By the variational principle in [17], for every u € M(f), we have

PHRF) 2 PUmon) 2 1)+ [ (@), m € N,

Hence we have for every u € M(f),

1
P* >h li —om(x)dp.
(1F) 2 1P+ Jim [ ()
Therefore
* . 1
P, F) Z sup{hu(f) + lim [ —om(x)dp, pe M(f)}.
Let ®,(z) = —tlogm(Df™(z)) for t > 0. Then it is sub-additive. By the
theorem in [4], we have
. 1
P(f;{®n}) = sup{hu(f) + lim [ —&p,(x)dp, pe M(f)}.
By the definitions, —tlogm(D f™(x)) > —tlog ||Df™(x)|| for ¢t > 0 implies that

P*(f, F) < P(fi{®n}).
Theorem 3] implies that for any p € M(f), we have

1 1
lim —®,,(z)dp = lim —@m(z)dpu.
m m

m—o0 M m—o0 M

Therefore
* . 1
P*(f,F) =sup{hu(f) + lim [ —&p(z)dp, pe M(f)}
m—o0 [rrm
This completes the proof of the theorem. (I

6. THE PROOF OF THE MAIN THEOREM

In this section, we will give the proof of the main theorem. First we state some
known results.
In [I], Barreira proved the following theorem.

Theorem 6.1. If f is a C! expanding map and A is a repeller, then
s1 < dimy A < dimgA < dimpA < g,

where s1 and t1 are the unique roots of Bowen’s equations P(f, —tlog||Df(z)||) =0
and P(f, —tlogm(Df(x))) = 0, respectively.

Since A is f-invariant, it is f"-invariant. Hence we have the following corollary.
Corollary 5. If f is a C' expanding map and A is a repeller, then
Sp <dimg A <dimgA < dimpA <t,,

where s, and t, are the unique roots of Bowen’s equations P(f™, —tlog || D f™(x)||)
=0 and P(f™,—tlogm(Df"(x))) = 0, respectively.
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Next we prove that the sequences {tor } and {sqr} are monotone.
Theorem 6.2. The sequence {syr} is monotone, and

lim sor = s,.
k—oo

Then we have that s, is the unique root of the equation P*(f, —t{log||Df"(x)|})
=0.

Proof. First we prove that the sequence {sg»} is monotone increasing. Let ¢, =
—log ||[(Df™(x)| and F = {p,}. Then it is a super-additive function sequence. For
a fixed k € N,

Py(¢p,e) = sup{z exp Spo(z) : E is an (n, €)-separated subset of X }.
zelR

For Ve > 0, by the uniform continuity of f, there exists § > 0 such that if £ C M is
an (n, €)-separated set of 72" then E is a (2n, §)-separated set of f2 and 6 — 0
when € — 0. Using the super-additivity of ¢,,, the Birkhoff sum .S, por+1 of por+1
with respect to kaJrl has the following property:

Snparii () = @orer (@) + parnr (2 @) 4+ o (f2 V)
k k+1 k+1 ok
> oon () + por (f2 @)+ 0or (f2 )+ (f2 f2 1)
k1, kA1, k
+ oo (T 2) oo (f7 (D 2 )
= Sonpar(x),

where So, @0k () is the Birkhoff sum of @qr with respect to f2k.
Thus

k41 k
Pn(fZ 7¢2k+17€)2P2n(f2 7@2’%6)'

Hence

k+1 k
P(f2 7@2’“‘*‘1) > 2P(f2 7@2’“)'

Therefore if sgr+1 is the unique root of Bowen’s equation P(tpgr+1) = 0, then
we have

k41

0= P(f2" speripanin) > 2P(f2, sqri100n).

Since the function P(f2k,t<p2k) is monotone decreasing, sor < Sok+1.
The arbitrariness of & implies that the sequence {syr} is monotone decreasing.
Next we prove that

—_

P*(f,F) > %P(fk,s%) Vk € N.

For afixed k € N, let n = km—+r, 0 <r <k, and let C' = min,ep maxi<;<g @i ().
For Ve > 0, by the uniformly continuity of f, there exists § > 0 such that if £ C M
is an (n, €)-separated set of f, then E is an (m, §)-separated set of f* and 6 — 0
when € — 0. Using the super-additivity of ¢,,, we have

on(x) > or(@) + or(fF @) + -+ oe(F V(@) + o, (F™F ().
Thus
P:(f,fve) > Pm(fk,(,ok,(s) X 670.
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Hence

P*(f,f,é)z P(fk7<pk75)'

x| =

This gives that
P(fk7 @k)

=

P*(f,F) >
Therefore
" 1 k
Vi (fa}—) > Q_kP(f2 ,(,ng) Vk € N.

Let tF = {t@n(x)}. Then we have
N 1 k
P(ﬂ@dﬁzﬁPUZJ%%ﬂ:O Vk € N.
The monotone decreasing of P*(f,¢F) with respect to ¢ implies that the unique
root s, of the equation

P*(f,tF)=0
satisfies
Sy > Sor Vk € N,
Thus
Sx > 5= kglfoo Sok
Next we want to prove that
5S> Sy

For a fixed m,
1 m
g (7 sampam) = 0.
Using the variational principle, for any p € M(f) € M(f?"), we have

1 1 m
hulf) + gresan [ pamdi = () sn [ pamdi) <0,
M M

Letting m — oo, we have

1
hu(f) +3 lim 2—m<p2mdu§0.

Using the super-additive variational principle, we have
P*(f,s{¢n}) 0.
Since P(f,t{wn}) is strictly monotone decreasing with respect to t, we have

Sy <S.

Lemma 6.1. If ¢,(x) is a sub-additive sequence, then

Gom
2m

. 1 ok .
JHm op P(f5, 60) < lim P(f, Z0).
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Proof. For a fixed k € N, it is well known that if F C M is an (n, €)-separated set
of fzk7 then F is an (n2*, ¢)-separated set of f. By the definition,

(ka ¢or) = lim limsup — 1ogsup{z exp( S dor () |

€70 m—oo rEE

E is an (n, €)-separated set of ka},

where

(Sudpor () = ox (@) + 6on (7 @)+ + o (V" 2).
Hence for a fixed m < k, let 28 = 2"¢ + r and C = max,en max;—1,om ¢;(x).
Then the sub-additivity of ¢, implies that

1 2m_1q—2 o
() < o DD b (f7 ()
j=0 =0
1 2ot o
+ o jZ:j [6(x) + Gom 2 (FOD2"H (@)
2F 1 1 '
< ;Q—mqsgm(f (2)) + 4C.

Thus for 1 < j <n —1, we have

2k_1

b (29(@) <Y gabun (U2 (@) + 4C
i=0
Hence
S7L¢2k (1') = ¢2k($) +¢2k (kaZC) 4o —|—¢2k (f(nfl)gkx)
n2k—1 1 i
< Zz; 27¢2m(f (z)) + 4nC

n2k( ¢2m)(9€) +4nC.
This gives that

Pu(f¥ ¢0r.6) < P/, Qm@m €) x einC.
Thus
P om) < 2’“P<f,i¢2m> + lim log et
= (fy ¢2M) +4C.
Therefore
Jim 27P(f2k,¢2k) < P(f. g qsgm) for all m € Z+.
Hence

hm —P(f ,¢2k) < hm P(f, ¢2m)

k—oo 2k
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Lemma 6.2.

lim P(f, Do

n—oo

) < P(f,F).

Proof. Since f : A — A is an expanding map, h,(f) is an upper-semi-continuous
function from M(f|a) to R. From the variational principle of topological pressure
[17], we have that for every k € ZT there exists por € M(f|a) such that

1 1
P(fla, 2—k¢2k) = hy,, (f) + /A 2—k¢2kdﬂzk'

Since M(f|a) is compact, this implies that pyr has a subsequence that converges
to € M(f|a). Without loss of generality, suppose that pox converges to p. Using
the sub-additivity and invariance of pyx, then we have for every k € N|

u2k ¢2k piok < Py, (f) —|—/Aq51(x)d,u2k.

Furthermore for fixed s € N, if £ > s, from the sub-additivity and invariance of
Lok, We have

Par () Pa2= (z)
Mgk / : k h/ﬂgk (f)+ 20 dpiar.
Since hy,(f) is an upper-semi-continuous function, we have
Par . o ()
hm P(f’ ) = klingo(h'uzk (f) + N 2k dpar)
: P2s (x
<
- klim / 28 Hae)
P2: ()

< mm+/ i
A
Since the sequence { [ A &n(7)dp} is a sub-additive sequence, we have
lim / qz)"—(x)d,u / Onlt d ).
n—oo [y n n>1
The arbitrariness of s € N implies that

lim P(f,(bzk) < hu(f) + lim ey

k—o0 s—oo Jo 28

(x)dp.

Hence by the variational principle of the sub-additive topological pressure in [4],
we have

Jim P(7, %2 < () + i [ 2@y < PSP,
S oo A
This completes the proof of the lemma. O

Theorem 6.3. The sequence {tan} is monotone, and

lim t2n = t*7
n—00

where t* is the unique root of the equation P(f, —t{logm(Df™(z))}) = 0.
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Proof. First we prove that the sequence {ton} is monotone decreasing. Let ¢, =
—logm(Df"(x)). For a fixed k € N,

Py(¢,,€) = sup{z exp Spé(x) : E is an (n, €)-separated subset of X }.
rEE
For Ve > 0, by the uniform continuity of f, there exists § > 0 such that if £ C M is
an (n, €)-separated set of f2k+1, then F is a (2n, d)-separated set of ka, and § — 0
when € — 0. Using the sub-additivity of ¢,, the Birkhoff sum S, ¢or+1 of Por+1
with respect to kaH has the following property:
Subreer() = dpens(@) + G (FF72) o+ by (27 D)
k k+1 k+1 k
< Gor (@) + dor (fF 1) + dor (f7 2) + o (f7 7 1)
k41, k41, k
"'+¢2k(f2 ( 1)$)+¢2k(f2 ( 1)f2 )
= Sondor(z),
where Sa,dqr () is the Birkhoff sum of ¢ox with respect to ka.
Thus

+ IA

Pn(f2k+1a¢2k+1,6) < PZn(f2k7¢2k75)~

Hence
P(f2" goren) < 2P(F2, 6on).

Therefore if tyr+1 is the unique root of Bowen’s equation P(t¢ok+1) = 0, then we
have

0=P(f2" torridorsr) < 2P(F2 torsidor).

The monotone decreasing of the function P(f2k,t¢2k) implies that tor > tor+1.

The arbitrariness of k implies that the sequence {tyr} is monotone decreasing.
Hence the limit exists and we denote the limit of this sequence by . From the proof
as above, we have

P pyrir)
ok+1

P(f2k7¢2k) <. < P(f2a¢2)
2k - - 2

IN

< P(f,9).
Next we prove that
P(f,F) < P(f*,¢x) VkeN,
For afixed k € N, let n = km+r, 0 <r <k, and let C = max,cp maxi<;<g ¢i(x).
For Ve > 0, by the uniform continuity of f, there exists § > 0 such that if £ C M

is an (n, €)-separated set of f, then E is an (m,J)-separated set of f¥ and § — 0
when € — 0. Using the sub-additivity of ¢,,, we have

On () < (@) + ok (fF (@) + -+ + o (fV* (@) + 60 (f7 ().

| =

Thus
Po(f, F,€) < Po(f*, o1, 6) x €.
Hence
P(f, Fo0) < 2 P(f*, 60.0).
This gives that
P(J,F) < 3 P(F*, 60).
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Therefore

(6.4) P(f,F) < %P(ff,qszk) Vk € N.

Let tF = {t¢n(z)}. Then we have
P(f, toe F) < Q%P(ka,tMst) =0 VkeN.
Therefore the unique root t* of the equation
P(f,tF)=0
satisfies
t* <tox VkeN.

Thus

k—+o0

Next we want to prove that

t<t*.
From Theorem and Lemmas and [6.2 we have that the sequence
{%P(f2k7¢2k>} is monotone decreasing and it converges to P(f,F). By the defi-
nition, it is easy to prove that

2k — 2k
0< P(f 7t¢2k) o P(f 7t2k¢2k) S |¥7t2k|c, Vi c N,

- 2k 2k
where C' = max ¢ |¢1(2)|. Letting k — oo, we have
P(f,tF) =0.
Hence, we have
t=t".
O
Theorem 6.4. t* = s,.
Proof. From the theorems as above, we have that the functions
P(f, —t{logm(Df"(x))})
and
P(f, —t{log || Df"()|})
coincide and both of them have unique zero points. Therefore
t* = s,.
O

The proof of the main theorem. From Corollary [l and Theorem stated above,
we have

dimy A = dimgA = dimp = s, = t*.
This completes the proof of the main theorem.

Corollary 6. If A is an average conformal repeller, then the Hausdorff dimension
of A is the zero t* of
1
¢ Pt log(| det (D)),

where d = dim M and t — P(—t5log(|det |[Df|)) is classical topological pressure.
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Proof. If A is an average conformal repeller, then by Theorem 2] we have

Jim (log | Df"(2)]| ~ logm(D" (x))) = 0
uniformly on A.
On the other hand, log(m(Df"(z))) < 2log(|det(Df"(x))]) < log(|Df™(x)]).
Therefore

P(f, ~t* {logm(Df"(2))}) = P(f, ~t*{;log| det(D" )]}

= P(f, =t"{log [ Df"()[|}) = 0.
The additivity of {log ||[Df™(z)||} implies that

P(f, £ log| det(D" () [}) = Pf, ~#*log | det(Df(@)]) = .

That is to say that t* is the root of the equation P(—t2log|det(Df)|) = 0. This
gives the proof of the corollary.
O
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