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A LIOUVILLE THEOREM
FOR VECTOR VALUED SEMILINEAR HEAT EQUATIONS
WITH NO GRADIENT STRUCTURE
AND APPLICATIONS TO BLOW-UP

NEJLA NOUAILI AND HATEM ZAAG

ABSTRACT. We prove a Liouville theorem for a vector valued semilinear heat
equation with no gradient structure. Classical tools such as the maximum
principle or energy techniques break down and have to be replaced by a new
approach. We then derive from this theorem uniform estimates for blow-up
solutions of that equation.

1. INTRODUCTION

This paper is concerned with blow-up solutions of the semilinear heat equation
(1.1) Ou = Au+ F(u),

where u(t) : x € RY — RM A denotes the Laplacian and F : R® — RM is not
necessarily a gradient. We say that u(¢) blows up in finite time T if u(t) exists for
all t € [0,T) and

i [Ju(t) < = +oc.

We note that an extensive literature is devoted to the study of equation (II]). Many
results were found using monotonicity properties, the maximal principle (valid for
scalar equations) or energy techniques (valid when F' is a gradient). See for example
[Wei84], [Fuj66], [Balr7], [Lev73]. Unfortunately, there are important classes of
PDEs where these techniques break down. For example, equations of the type
(CI), where F is not a gradient, or PDEs coming from geometric flows; see for
example a review paper by Hamilton [Ham95].

In this work, we would like to develop new tools for a class of equations where
classical tools do not work, in particular, vector valued equations with no gradient
structure. More precisely, we will consider the following reaction-diffusion equation:

(1.2) uy = Au+ (1 +i0)|ulP~ u, u(0, ) = uo(x),
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where u(t) : RN — C, § € R and
(1.3) p>1land (N —2)p< (N +2).

Note that the nonlinearity in this equation is not a gradient. Note also that (L2))
is a particular case of the complex Ginzburg-Landau equation

(1.4) O = (14 iB)Au + (e +6)|ulP " u — yu, where (z,t) € RN x (0,7T),

B, 6 and v real, p > 1 and € = +1.

This equation is mostly famous when e = —1. It appears in the study of various
physical problems (plasma physics, nonlinear optics). It is in particular used as
an amplitude equation near the onset of instabilities in fluid mechanics (see for
example Levermore and Oliver [LO96]). In this case, Plechd¢ and Sverdk [PSO01]
used matching techniques and numerical simulations to give strong evidence for the
existence of blow-up solutions in the focusing case, namely 8§ > 0.

The case € = 1 is less famous. To our knowledge, there is only the work of
Popp, Stiller, Kuznetsov and Kramer [PKK98|, who use a formal approach to find
blow-up solutions. More recently, Masmoudi and Zaag [MZ08al gave a constructive
method to show the existence of a stable blow-up solution under some conditions
for the parameters.

Let us present in the following the known results for equation ([2) and most
importantly the research directions and open problems. In the study of the blow-up
phenomenon for equation (2], we believe that there are two important issues:

Construction of examples of blow-up solutions: In this approach, one has
to construct ezamples of solutions that blow up in finite time. In particular, one has
to find conditions on initial data and/or parameters of the equation to guarantee
that the solution blows up in finite time. For equation ([2]), we recall the result
obtained by Zaag [Zaa98] (the range of ¢ has been widened in [MZ08a]):

For each 6 € (—/p, /D),

i) equation (L2) has a solution u(z,t) on RN x [0, T) which blows up in finite time
T > 0 at only one blow-up point a € RY,

i1) moreover, we have

(15) i (T — ) P ua+ (T 0)08(T ~ 1)) 2,0) ~ fo(=) |ean) =0
with ( 12
fs(z)=(—-1+ ﬁ
iii) there exists u, € C(RM\{a},C) such that u(z,t) — u.(z) as t — T uniformly
on compact subsets of RN\{a} and

|22) 751

lttlé
_[8p—)oglz—al] ¥
(b~ 1)z~ aP

Uy () as T — a.
Remark 1.1. In [MZ08a], the same result was proved for equation (I4]), where the
linearized operator around the expected profile is much more difficult to study.

Asymptotic behavior for any arbitrary blow-up solution: In this ap-
proach, one takes any arbitrary blow-up solution for equation (Z) and tries to
describe its blow-up behavior. More precisely, it consists in the determination of
the asymptotic profile (that is, a function from which, after a time-dependent scal-
ing, u(t) approaches as t — T') of the blow-up solution.
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In earlier literature, the determination of the profile is done through the study
of entire solutions (defined for all time and space) of the equation. See for example
Grayson and Hamilton [GH96] for the case of the harmonic map heat flow and
Giga and Kohn [GK85| for the heat equation (that is, § = 0 in ([2)); there, the
authors prove a Liouville theorem which turns out to be the trivial case of the
Liouville theorem proved by Merle and Zaag in [MZ98a] and [MZ00] and stated
in Proposition B4 below). Let us remark that the use of Liouville theorems was
successful for elliptic equations (see Gidas and Spruck [GS81a] and [GS81D]).

More recently, the characterization of entire solutions by means of Liouwville theo-
rems allowed us to obtain more than the blow-up profile, namely uniform estimates
with respect to initial data and the singular point. See for the heat equation Merle
and Zaag [MZ98b], [MZ98a], [MZ00], for the modified Korteweg-de Vries equa-
tion Martel and Merle [MMOO], for the nonlinear Schrédinger equation Merle and
Raphael [MR04], [MR05] and for the wave equation Merle and Zaag [MZ08b] and
[MZ08h)].

The existence of a Lyapunov functional is traditionally a crucial tool in the proof
of Liouville theorems, such as for the heat equation [MZ00] or the wave equation
[MZ08b]. One wonders whether it is possible to prove a Liouville theorem for a
system with no Lyapunov functional. The first attempt was done by Zaag [Zaa0l]
for the following system:

(1.6) Oru = Au+ P, v = Av +uf,

and its self-similar version

- 1y, (el
wn 0,2 = A®— 1y -VO+ 0P (2) 0,
00 = AU — 1y VU 47— (L)W,

This is the result of [Zaa0l]:

Consider pg > 1 such that (N—2)pg < N+2 and M > 0. Then, there existsn > 0
such that if |p—po|+1q—po| <, then for any nonnegative (O, V) solution of (L)
such that for all (y,s) € RN xR, ®(y,s) +V(y,s) < M, then either (®,¥) = (0,0)

1 1

or (®,¥) = (I',v) or (?,V) = (I‘ 1+ 65750)7% v (14 68750)7%) for some
so € R, where (I',7) is the only nontrivial constant solutions of (7)) defined by

(1.8) fyp—F(p+1) anqu—Fy(q—i_l).
pg—1 pg—1

Before [Zaa01], Andreucci, Herrero and Veldzquez addressed the same question
in [AHV97] but could not determine explicitly the third case. In some sense, they
just gave the limits as s — oo (for a statement, see the remark after Proposition
23below). The characterization of that third case is far more difficult than the rest.
The lack of a Lyapunov functional was overcome thanks to an infinite dimensional
blow-up criterion.

Following system (L6, it was interesting to address the case of equation (2]
for § # 0. As for system (LQ), there is no Lyapunov functional. On the contrary,
no blow-up criterion is available and the set of nonzero stationary solutions for
the self-similar version is a continuum (see Proposition 2] below). For these two
reasons, new tools have to be found, which makes our paper meaningful.
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Another reason for our work is the full Ginzburg-Landau model () with 8 # 0.
That case has one more difficulty since the linearized operator in the self-similar
variable becomes nonselfadjoint, as one can see from [MZ08a]. Thus, this paper is
a fundamental step towards the proof of a Liouville theorem for the full Ginzburg-
Landau model ([I4]), which we believe to be an open problem of great importance.

1.1. A Liouville theorem for system (I.2]). Our aim in this paper is to prove
a Liouville theorem for equation (I2). In order to do so, we introduce for each
a € RV, the following self-similar transformation:

(+i5) r—a
=T y(x,t), y = , s = —log(T —t).
(a0, = = 8(1'— 1)
If w is a solution of (L)), then the function w = w, satisfies for all s > —log T and
y € RN:

(1.9) wa(y,s) = (T —1)

1 (1+149)
1.10 we = Aw — -y - Vw —
(1.10) 5Y =1

We introduce also the Hilbert space

w + (14 46)|w| P~ Dw.

_ i
L} = {g € L},.(R",C), /RN lg|*e™ 4" dy < +o0}, where p(y) =
If g depends only on the variable y € RY, we use the notation
v
loli; = [ latw)Pe ay
P RN

If g depends only on (y,s) € RY x R, we use the notation

L
lotes)ly = [ latwoPe 4 .

The main result of the paper is the following Liouville theorem, which classifies
certain entire solutions (i.e. solutions defined for all (y,s) € RY x R) of (TI0):

Theorem 1 (A Liouville theorem for equation (LI0)). Assuming ([3)), there exist
0o >0 and M : [—dg, 6] — (0, +00] with M (0) = +o00, M(§) = +o0 as § — 0 and
the following property:

If16] < 6g and w € L>®(RN xR, C) is a solution of (LI0) with ||w||pe @y xr,c) <
M(5), then, either w =0 or w = ke or w = ps(s — s9)e’ for some 6y € R and

(1+i8) 1
so € R, where ps(s) = k(1 +€°)” =T and K = (p—1) 1.

Going back to the original variables u(x,t), we rewrite this Liouville theorem as
the following:

Theorem 2 (A Liouville theorem for equation (L2)). Assuming (L3)), there exist
8o > 0 and M : [—0o, 6] — (0, +o00] with M(0) = 400, M(§) — 400 as § — 0 and
the following property:

If 1] < 60 and uw is a solution of (L2 satisfying u(z,t)(T — t)ﬁ €
L®(RN x (=00,T),C) and |[u(z,t)(T — )77 || oo @8 x(-ooryc) < M(8), then,
u =0 or there exists Ty > T and 0y € R such that for all (z,t) € RN x (=00, T),

144

u(z,t) = w(Tp —t)~ vt gt
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Remark 1.2. This result has already been proved by Merle and Zaag [MZ98a] and
[MZ00] (see also Nouaili [Nou0§]) when § = 0.

In that case, M(0) = +oo, which means that any L entire solution of (I0),
with no restriction on the size of its norm, is trivial (i.e. independent of space).

When 6 # 0, this conclusion holds only for “small” L* norms (i.e. bounded
by M(J)). We suspect that we cannot take M(§) = +oo. In other words, we
suspect that equation (LI0) under the condition (L3) has nontrivial solutions in
L* with a high norm. We think that such solutions can be constructed in the
form w(y, s) = wo(y)e’™* with high w and high ||wg|| r, as Popp et al. did through
formal arguments on page 96 in [PKK98| when ¢ ~ +3 (which is outside our range).

Remark 1.3. Since this result was already known from [MZ98al and [MZ00] when
6 = 0, the case § # 0 may appear as a not surprising interesting perturbation
technique of the case § = 0. If this is clearly true for the statement, it is certainly not
the case for the method and the techniques, mainly because the gradient structure
breaks down and the linearized problem is no longer selfadjoint (see the beginning
of Section 2 for more details). We have to invent new tools which are far from being
a simple perturbation technique. This comprises the main innovation of our work.

Remark 1.4. One may think that our result is completely standard in the context
of dynamical systems. It happens that already in the case § = 0, standard methods
such as the center manifold theory do not apply in our case as pointed out by
Filippas and Kohn in [FK92|, pp. 834-835. In particular, Proposition 3.8 below,
whose statement is standard, does not follow from center manifold theory because
the nonlinear term is not quadratic in the function space L,%.

1.2. Applications to type I blow-up solutions of (I.2]). As in previously cited
recent blow-up literature ([MZ00], [MMO00] and [MZ08b]), Liouville theorems have
important applications to blow-up for the so-called ‘type I' blow-up solutions of
equation (Z2]), that is, solutions satisfying

1

vt € [0,T), [[u(®)l|z~ < M(T —#)"77,

where T is the blow-up time. In other words, the blow-up rate is given by the
associated ODE u/ = (1 + i6)|u[P~ u.

We know that the solution of (IZ) constructed in [Zaa98] is of type I (and the
same holds for the solution of the Ginzburg-Landau equation (L4 constructed in
[MZ08a]). However, we have been unable to prove whether all blow-up solutions
of (L2) are of type I or not. Note that when § = 0, Giga and Kohn [GK85] and
Giga, Matsui and Sasayama [GMS04] prove that all blow-up solutions are of type
I, provided that p is subcritical (N — 2)p < N 4+ 2). When ¢ # 0, the methods
of [GK85] and [GMS04] break down because we no longer have positivity or a
Lyapunov functional.

However, following [MZ00] and [Zaa0l], we can derive the following estimates
for type I blow-up solutions of (L2):

Proposition 3 (Uniform blow-up estimates for type I solutions). Assume (L3,
consider |6| < 8y and a solution u of ([L2) that blows up at time T and satisfies

vt € [0,T), lu(t)l|= < M) —t)” 77,
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where 8o and M (0) are defined in Theorem [l Then,

o (i) (L™ estimates for derivatives)

k

()| (T — )77 = k and |VFu(t)||p=(T — )7 773 =0
ast —T fork=1, 2 or 3.

e (ii) (Uniform ODE behavior) For all € > 0, there is C(g) such that VY €
RV, vt € [%,T),
ou . -1
E(m,t) — (L4+d0)|ulP " u(x, t)| <celu(z,t)|” + C.
Remark 1.5. When § = 0, this result was already derived from the Liouville theorem
in [MZ98a] and [MZ00]. It happens that adapting that proof to the case § # 0 is not
straightforward, because the gradient structure is missing. However, unlike for the
Liouville theorem, the adaptation is mainly technical. For the reader’s convenience,
we show in Section 4 how to adapt the proof of [MZ98a] and [MZ00] in the case

5 #0.

Our paper is organized as follows: Section 2 and Section 3 are devoted to the
proof of the Liouville theorem (we only prove Theorem [2] since Theorem [I] follows
immediately from the self-similar transformation (I.9))). Note that Section 2 con-
tains the main arguments with no details and Section 3 includes the whole proof
with all the technical steps. Finally, we prove in Section 4 the applications to
blow-up stated in Proposition [3]

2. THE MAIN STEPS AND IDEAS OF THE PROOF OF THE LIOUVILLE THEOREM

In this section, we adopt a pedagogical point of view and explain the main steps
and ideas of the proof with no technical details. These details are presented in
Section Bl The reader may think that our result is an interesting perturbation of
the Liouville theorem proved in [MZ00] for 6 = 0. If this is true for the statement,
it is certainly not the case for the proof for three structural reasons:

- The gradient structure breaks down when § # 0, which prevents us from using
any energy method or blow-up criteria. To show blow-up, we need to find a very
precise asymptotic behavior of the solution and show “by hand” that it cannot stay
bounded.

- When § # 0, the linearized operator of (ILI0) around the constant solution w =
K is no longer selfadjoint and no general theory is applicable to derive eigenvalues
directly. A careful decomposition of the solution is needed instead.

- Since equation ([[2]) is invariant under rotations in the complex plane (u —
ue'), this generates a null eigenvalue for the linear part of equation (LI0), and a
precise modulation technique is needed, unlike the real-valued case when § = 0.

The proof of the Liouville theorem is the same for N = 1 and N > 2 with
subcritical p (see (I3))). The only difference is in the multiplicity of the eigenvalues
of the linearized operator of equation (LI0]), which changes from 1 when N = 1
to a higher value when N > 2. In particular, one needs some extra notation and
careful linear algebra in higher dimensions. For the sake of clearness, we give here
the proof when N = 1. The interested reader may find in Section 4 (page 128) of
[MZ00] how to get the higher dimensional case from the case N = 1. Clearly, the
following statement is equivalent to Theorem [Il
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For any M > 0, there exists 64(M) > 0 such that for all |0] < §4(M), if w(y, s)
is an entire solution of (LLI0), defined for all (y,s) € R x R and

(2.1) Jw(.,8)l|L < M,

then w depends only on the variable s.

In the following, we will prove this latter statement. Let us consider M > 0
and w(y, s) satisfying (2)) and prove that w is trivial provided that ¢ is small.
As in [MZO00], the starting point is the investigation of the behavior of w(y, s) as
§ — —00.

Part 1: Behavior of w(y,s) as s = —oo.
In the case § = 0, the method of Giga and Kohn [GK85] proves that w(y,s)
approaches the set of stationary solutions of (LI0) {0,xe"|§ € R} as s - —oc in
Li. We would like to do the same here; that is why we give the stationary solutions
of (LI0) in the following.

Proposition 2.1 (L* stationary solutions of (ILI0Ol)). Consider 6 # 0 and v €
L>®(RN) a solution of

146
“1 v+ (14 i8)oP 0.

1
(2.2) 0=Av—§y~VU—

Then, either v =0 or there exists 8y € R such that v = ke'?.

Remark 2.2. When 6 = 0, the same result holds only for subcritical p satisfying
(N —2)p < N + 2, and the proof due to Giga and Kohn is far from being trivial;
see Theorem 1 (page 305) in [GK85].

Proof of Proposition 1. Consider v € L®(RY) a solution to (Z.2). Multiplying
(Z32) by vp and integrating over RV gives after integration by parts

1410
0= / Vo2 — ‘p*{ / o2 + (1 + i) / [w[P+1).

Since d§ # 0, identifying the imaginary and the real parts gives [ IVv|? p = 0; hence
Vv =0 and Av = 0. Plunging this in (Z2)) yields the result. O

To prove that the solution approaches the set of stationary solutions, the method
of Giga and Kohn breaks down, since it heavily relies on the existence of the fol-
lowing Lyapunov functional for equation (LIQ) in the case 6 = 0:

_1 2 1 2 1 p+1
@3 Bw) =g [ Vol sy + g [ofpds—— [1ul oy

When § # 0, we don’t have such a Lyapunov functional. Fortunately, a perturba-
tion method used by Andreucci, Herrero and Veldzquez works here and yields the
following:

Proposition 2.3. For any M > 0, there exists 05(M) such that if |0] < 6y and w
is an arbitrary solution of (LIO) satisfying for all (y,s) € R x R, |w(y, s)| < M,
then either

(i) Hw(,s)”Lg — 0 as s = —oo or (i) infger ||w(., s) — Hei9||L% — 0 as s - —o0.

The next parts of the strategy (parts 2 and 3) investigate cases (i) and (ii) of
Proposition [Z3] which are certainly not of the same degree of difficulty.
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Part 2: Case where w — 0 as s — —o0.
In this case, we have w = 0. Rather than giving a proof, we simply explain here how
the proof works. For the actual proof, we rely again on the method of Andreucci,
Herrero and Veldzquez (see Proposition 3.1, in section 3 of [AHV97]). Our argument
is that the stationary solution of (ILI0l), which is identically zero, is stable in Li;
hence, no orbit can escape it, except the null orbit. To illustrate this, we Write from
equation (LI0) the following differential inequality for h(s) = [, [w(y, s )| p(y)dy,

h<><——h +2/|wy, VP ply)dy

Using the regularizing effect of equation (LI0)), we derive the following delay esti-
mate:
p+1

vs e R, [ o) o) < € ( / |w<y,s—1>|2p<y>dy) ,

for some positive C*. Therefore,

Vs € R, I (s) < —]%h(s) +C(M)h(s — 1)‘”3_1.

Using the fact that h(s) — 0 as s = —oo and delay ODE techniques, we show that
h(s) is driven by its linear part; hence for some & > 0 small enough, we have

2(s—o)

Vo € R, Vs> o+ 1,h(s) <gpe™ p-T .

Fixing s € R and letting 0 — —o0, we get that h(s) = 0; hence w = 0.

Now that case (i) of Proposition has been handled, we consider case (ii) in
the following.

Part 3: Case where infye [|w(.,s) — #e’’||[z — 0 as s — —oc.
The question to be asked here is the following: Does the solution converge to a
particular ke as s — —o0o or not?

The key idea is to classify the Li behavior of w as s = —oco. We proceed in 5
steps.

Step 1: Formulation of the problem.

Note that the degree of freedom in case (ii) of Proposition 23] comes from the
invariance of equation (L2)) under the rotation (u — ue®®). This invariance gener-
ates a zero mode for equation ((ILI0l), which is difficult to control. The idea to gain
this control and show the convergence of w(y, s) is to use a modulation technique
by introducing the following parametrization of the problem:

(2.4) w(y,s) = e (v(y, s) + k) with & = (p — 1)7<Pi1>.
A natural choice would be to take 6(s) such that
lt(.5) = €*Onllzs = inf Juw(y,s) — 5ellzz.
This is not our choice. We will instead choose 6(s) such that we kill the neutral
mode mentioned above. More precisely, we claim the following;:

Lemma 2.4. There exists s1 € R and 6 € C*((—o0, s1],R) such that
(i) Vs < s1, [(Im (v) — 6 Re (v))p =0, where v is defined by ([2.4).
(it) We have [[v(.,s)|[2 = 0 as s — —ooc.
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(iti) For all s < s1, we have
(2.5) 10°()] < Cllo(., 5)I72-

With the change of variables (24]), we focus in the following steps on the de-
scription of the asymptotic behavior of v(y, s) and 6(s) as s — —oo. Using (24)),
we write the equation satisfied by v (= vy +ivy) as

(2.6) v = Lv —ifs(v + k) + G,
(2.7) where G = (1 + i9) {|v + &P v+ k) — kP — pi T vl}
(2.8)

1
satisfies |G| < C|v|? and ‘G —(1+ @6)2— {(p—2)v] +v3 + 20102 }| < C|v]*.
K

A good understanding of our operator £Lv = Av— 5y-Vo+(14id)vy will be essential
in our analysis. The following lemma provides us with the spectral properties of L.

Lemma 2.5 (Eigenvalues of £~)
(i) L is an R—linear operator defined on L% and its eigenvalues are given by

1- %\m € N}.

Its eigenfunctions are given by {(1 4 i6)hm, ithm|m € N}, where

(2.9) Z o] (—=1)mym—2m,

We have L((1+i0)hy) = (1 — 2)(1 +i6)hm and L(ihy) = —Zihy,.
(it) Each r € L2 can be uniquely written as

+oo
r(y) = (1+1i0)71(y) +ira(y) = (1+10) (Z Pl ( ) +i (Z fzmhm(y)> :
m=0

where:

71(y) = Re{r(y)} and r2(y) = Im {r(y)} — 6 Re {r(y)}
(2.10) and for i = {1,2}, #im = [ 7(y) P ?‘yg) o(y)dy.

1A

Remark 2.6. Note that the eigenvalues 1, 1/2 and 0 have a geometrical interpreta-
tion: they come from the invariance of equation (I.2)) to translation in time (A = 1)
and space (A = 1/2), dilations uy(§,7) — /\ﬁu(gﬁ, 7A) and multiplications by
' (the group St) for A = 0.

Remark 2.7. Following (ii), we write each complex quantity (number or function)
zas z =2z +iz and z = (1410)Z; + 922 with zj=1 2, Zj=1 2 € R. In particular, we
write

= (14i6)01(y,s) +iva(y,s)

v(y, )
(211) _ (1—|—Z6) Zm Oruhn(g)hm(y)+i2i:062m(5)hm(y).
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Proof. Using the notation (ZTIT]), we see that

(2.12) Ev—<oﬁ %—I)(%)

where
(2.13) Lh=Ah— %y-Vh—i—h

is a well-known selfadjoint operator of L2(RR,R) whose eigenfunctions are h,, (2.3),

which are dilations of Hermite polynomials. Thus, the spectral properties of L
directly derive from those of £. The interested reader may find details in Lemma
2.2, page 590, from Zaag [Zaa98§]. O

Note from this lemma that operator L has three nonnegative eigenvalues:

e )\ =1, with eigenfunction (1 4 i§)ho(y) = (1 + 9).

e \ = 1/2, with eigenfunction (1 + id)hq(y) = (1 4 id)y.

e \ = 0, with two eigenfunctions (1 +i6)ha(y) = (1+id)(y? —2) and iho(y) =i
From (211 and (ZI0), the coordinate of v(y, s) along the direction ihg is

fao(s) = [ (I (o0 5)) =8 Re (v(3.)) F205-00)

— [ (1 (000 5)) = 5 Re (ol (0
Using (i) of Lemma [Z4] we see that the choice of 0(s) guarantees that
(214) Vs S S1, 772()(8) =0.

In the next step, we will use the spectral information of L to derive the asymptotic
behavior of v, then w as s — —oo.

Step 2: Asymptotic behavior as s — —oo.

As s — —o0, we expect that the coordinates of v on the eigenfunctions for A > 0 will
dominate. These eigenfunctions are (1 + i) when A = 1, (1 4+ i)y when A\ = 1/2,
(1+446)(y* — 2) or i when X\ = 0. Note that for this latter case, the direction along
i already vanishes thanks to the choice of 0(s) (see [2I4))). So, if A = 0 dominates,
that is, the coordinate of v on (1 + id)(y*> — 2) dominates, since the linear part
vanishes, the equation is driven by the quadratic approximation & ~ —22, that is,
@ ~ L. Using (iii) of Lemma 24l we see that 6(s) has a limit as s — —oo; hence w
converges from (Z4). More precisely, we have:

Proposition 2.8. There ezists 6y € R such that 0(s) — 0y and ||w(.,s) — /@ew“HL%

— 0 as s — —oo. More precisely, one of the following situations occurs as s — —o0,
for some Cy € R and C, € R*,

(2.15)
(i) |w(. 5) = {r + (14 i8)Coe}e'®|| 2 < Cets,
(ii) llw(., 5) — €0 {1 — (1 +i8) gty (v — 2) — i GEER LY s < Clesle,
(’L’LZ) H’LU(7 S) — {K/ + (1 + ié)cles/zy}eieo HL?, < Cell—e)s

In Step 3, we show that case (i) yields the explicit solution ¢s(s — sg) for some
30. In Steps 4 and 5, we rule out cases (ii) and (iii).

In comparison with the case § = 0, we can say that the difficulty in deriving
Proposition [Z8] is only technical. One should bear in mind that the difficulty level
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is much lower than the obstacles we have in Steps 4 and 5 to rule out cases (ii) and
(iii) of Proposition [Z8

Step 3: Case where (i) holds.
As for Step 2, there is no real novelty in this step; the difficulty is purely technical.
First we recall (i) from Proposition 28

(2.16) lw(.,s) = {K + (1 +i0)Coe*}e'® || 12 < Ce>*.
Let us remark that we already have a solution ((s)e’® of (LI0) defined in R x
(=00, §] for some § € R and which satisfies the same expansion as w:

(a) if Cp =0, just take @ = k,

(b) if Cp <0, take @ = ps(s — sp), where sg = —log(—%)
Co(Pfl))

)

(2.17) (c)if Cp >0, take ¢ = @i(s — s¢), where s = log(
8
and @j(s) = k(1 — es)f(é'tl)).
¢35 (s) is a solution of (II0) that blows up at s = 0, but is bounded for all s < —1.
Note that, from (ZTI6]) we have

(2.18) lw(., s) = @(s)e™| 2 < Ce?e.

Since the difference between the two solutions of (II0) is of order e**/2 and the
largest eigenvalue of £ is 1 < %, this difference has to vanish leading to w(y, s) =
$(s)e? (remember that the largest eigenvalue matters, since s — —00). Since case
(c) violates the uniform bound (21I), only cases (a) or (b) occur. More precisely,
we have the following:

Proposition 2.9. Assume that case (i) of Proposition 2.8 holds. Then, either w =
ke or there exists so € R such that for all (y,s) € RxR, w(y, s) = ¢s(s— s¢)e’%
for some 6y € R.

Steps 4 and 5: Irrelevance of cases (ii) and (iii) of Proposition 2.8

Step 4 and the following account for the novelty of our work. Indeed, in the case
0 = 0 treated in [MZ00], cases (ii) and (iii) of Proposition 2.8 were ruled out thanks
to a blow-up criterion based on energy methods. Indeed, when § = 0, Merle and
Zaag used the Lyapunov functional for equation (II0) introduced in (Z3]). More
precisely, they have the following blow-up criterion (see Proposition 2.1, page 111
in [MZ00)):

Lemma 2.10 (A blow-up criterion for equation (LI0) when § = 0). Let W be a
solution of (LIO) (with § =0), which satisfies:
ﬁ
2

BV (s0)) < 5 ([ W Poay)

for some sqg € R. Then, W blows up at some time S > sg.

Still for 6 = 0, it is shown in [MZ00], when case (ii) or (iii) hold in Proposition[2.8]
that
for some ag and sg, we have

p+1

219)  Blunloso) < 5o ([ wasooan)
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where
(2.20) W, (¥, 8) = w(y + ape?, s)
is also a solution of (LI0).

A contradiction then follows since, in the same time, w,, is defined for all s € R
from (2.20) and has to blow up by condition (2I9) and Lemma 2101

When § # 0, all this collapses. No perturbation method can allow us to use in
any sense the Lyapunov functional or the blow-up criterion. We have to invent a
new method to rule out cases (ii) and (iii) of Proposition Let us explain our
strategy only for case (ii), since it is quite similar for case (iii). From the rotation
invariance of equation (II0), we assume that 6y = 0.

Our source of inspiration is the study of (ILI0), when 6 = 0 and w — & as
s = 400 (and not —oo) by Herrero and Veldzquez [HV93] and Veldzquez [Vel92),
to obtain the (supposed to be generic) profile, starting with the following profile:

1 1
w(y,s) =k + (1—§|y\2)+0(g) as § — 00.

K
2ps
The convergence here takes place in L2 and L>(|y| < R) for any R > 0.

Herrero and Veldzquez extended this convergence to a larger set of the form
ly] < K+/s, for any K > 0. They obtained:

w(y, s) — fo(i)‘ — 0 as s — 400,

NG

sup
ly|<K+/s

1
where fo = ((p -1+ %%) " is a solution of

1f0(§) + | folP~ 1 fo(€), where € = %

In some sense, we can say that fo is an approximate solution of (ILI0) when s — oo,
because

lo.fo— {Afo+ 56 V5o -

1 1
0=§§'Vfo(§)—p_

1
p—1
We note that Veldzquez’s method is a kind of method of characteristic applied to
the parabolic equation (II0)), where the Laplacian term is dropped down because

the profile is flat. Here, we will use ideas from Veldzquez to find the profiles of the
solution in the variables —.= (ye®/? in Step 5). We hope to find singular profiles,

C
fo+ fo|“fo} e = 10400~ Afollo~ < .

y

which violate the upper bound 2I)) on w(y,s). Our candidate for the profile is

(14i3)

G (\/L_—S), with G(¢) = k (1 — 48;:(1;%)52)7 "™ In fact G is a solution of
1 1440
0= EVG(E) - ptzl G+ (1+i8)|GP1G.

We can note (as in the case of fy defined below) that G is an approximate solution

of (LIN) (for |y| < Kov/—s, where Ky = 48:‘15?). We see also that G is singular

for |y| = Kov/—s. Using Veldzquez’s technique to extend the convergence in (ii) of
Proposition 28 from |y| < R to larger regions |y| < egv/—s, with g9 < Ky, we can
prove the following.
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Proposition 2.11. Assume that case (iii) from Proposition 28 holds. Then there
exists ag > 0, such that:

(2.21) lims—s —oo SUP|y <=5 [W(Y, 5) = G (ﬂ_) ~0,
2.21 )1
where G(§) = k (1 _ 4%5:(1;%)52) @D

Imagine for a second that (2:21]) holds for any arbitrary ep < Ky. Since |G(§)| —
oo as £ — Ky, we can fix g¢ large enough so that |G(go)| > 3M. Taking |so| large
enough in (ZZI]), we then see that

|’w(60\/ —So0, So)| Z 2]\47

which contradicts the upper bound 21)). It happens that, unlike the case s — oo,
where £ = 0 realizes the maximum of the profile fy, here £ = 0 realizes the minimum,
which obliges us to take ey small enough in order to use Veldzquez’ method of
convergence extension. Since gq is small in our approach, we remark from (Z21])
that w(y, s) is flat (i.e. close to a constant) in a large region, in the sense that

sup ‘w(y,so) - G(%O)‘ — 0 as 9 — —o0.
|y— 8 v=sol<4lso|""*

Using a kind of continuity with respect to initial data for equation (LI0), we can
show that for any € > 0,

(2.22) sup w(%ox/—so, s) — Wgo(s)’ — 0 as 59 — 00,

s0<s<s{—¢

where s§ < 400 is the lifespan of W, (s), the space independent solution of (10,
with We,(s0) = G(%). It happens that W,, can be computed explicitly:

5\ —(kid)
s—so (p B 1)60 Pt
1607 52)

Wso(s)—m<1—e

2
and that it blows up at time s = s§ — log (1(61’(;1_);0» > sp, because ¢ is small.

Taking s = so—fi0, where po > 0 is small enough such that |W,, (s§—uo)| > 3M,
we see from ([2.22) that |w(52 /=50, s5—po)| > 2M, which violates the upper bound
&),

Conclusion of Part 3 and sketch of proof of the Liouville theorem:
From Steps 4 and 5 we see that cases (ii) and (iii) of Proposition [2.8 are ruled out.
By Step 3, we obtain that w = ke'? or w = ws(s— so)ew0 for some real sg and 6y,
where @5 is defined in Theorem [ which is the desired conclusion of Theorem [l
In Section 3, we give the details of the proof.

3. DETAILS OF THE PROOF OF THE LIOUVILLE THEOREM

In this section, we give the whole proof of the Liouville theorem. We only
prove Theorem [ since Theorem ] immediately follows through the self-similar
transformation (C9)). Note that in Section 2, we already gave a sketch of the proof
stressing only the main arguments. Thus this section is intended only for readers
interested in technical details.

We adopt here the same sectioning as in Section 2: three parts and Part 3 is
divided into five steps. Hence, we recommend that the reader first reads a given
step in Section 2 before reading the corresponding step in Section 3. As in Section
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2, we prove Theorem [ in its form given in the statement around 2.I]). We consider
M > 0 and a global solution w(y, s) of (II0), defined for all (y,s) € R x R such
that

[w(y, s)llLe < M.
Our goal is to find §j(M) > 0, such that if |§] < §;(M), w depends only on the
variable s. We proceed in three parts:

In Part 1, we show that when s — —o0, either w — 0 or w approaches the set
{ke?|0 € R}.

In Part 2, we handle the first case and show that w = 0.

In Part 3, we linearize the equation around xe?(®), for some well-chosen 6(s),
and show that either w = ke’ or w = ps(s —s¢)e’® for some real sy and 6y, where
s is defined in Theorem [Tl which concludes the proof.

It happens that we rely on the analysis performed by Andreucci, Herrero and
Veldzquez [AHVO7] for the system (L7). That is the reason why we give Part 1
and Part 2 at once.

Parts 1 and 2: Behavior of w(y,s) as s — oo and conclusion in

the case where w — 0 as s - —o0.
In these parts, we investigate the behavior of w as s — —oo and reach a conclusion
in the easiest case. Following what we wrote in Part 1 of Section 2, we know from
Proposition Bl that the set of stationary solutions of ((LI0) consists of 0 and xe®,
where 6 € R. In order to prove that w approaches this set as s — —oo0, we rely
completely on the analysis performed in [AHV97] for the system (7). Indeed,
no extra arguments are necessary for the present equation (LI0). That is why we
only give the main arguments which make the proof of [AHV97] hold for equation
(CI0) and refer the interested reader to [AHV9T| for the details. Now, using the
perturbation method of [AHV97], we have the following:

Proposition 3.1 (A primary classification). For any M > 0, there exists 6{(M)
such that if 8] < &) and w is an arbitrary solution to (LI0) satisfying forall (y,s) €
RxR, |w(y,s)| < M, then, either (i)(|lw(s)| = 0) or (ii)(infper |w(s) — ke | — 0)
as s — —o0.

Remark 3.2. This result replaces Proposition and Part 2 in Section 2.

Remark 3.3. In [AHV97], the conclusion of the authors in Theorem 2 for system
(D) is more accurate: either (®,¥) is (0,0) or (T',7) defined in (L)), or

(®,¥) = (I',y) at — oo and (P, ¥) — (0,0) at + oo.
Using the same technique for our equation (II0), we get Proposition Bl Indeed,
due to the fact that the set of nontrivial stationary solutions is a continuum (see

Proposition 1)), we need a modulation technique to derive the case w = ke, This
case will be treated in Part 3.

Proof of Proposition 3.1l This proposition follows from the arguments developed
for the twin system (7)) in [AHV97], and no more. To limit our paper to a
reasonable length, we don’t give the proof. However, we should mention the 3
fundamental features of (ILI0) that one needs to check to be convinced that the
proof of Andreucci, Herrero and Veldzquez works here.

e Both systems are of parabolic type involving the same linear operator

1 1
Lov = —div (pVv) = Av — ot V.
p
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Ifv= (1 + 2(5)171 + 0o with 01, U5 € R, then

9501 = Lob1 —aty + f1(01,02),
0502 = LUz — bz + f2(01,02)
with @ < 0, b < 0 and | f;(?1, 02)] < Clv|* for some o > 1.
e When p = ¢ = po in ([[L7), the authors give in (3.12) and Lemma 3.2 of

[AHV97] a classification of entire solutions. In our case, when 6 = 0 in
(CI0), we have the following Liouville theorem (see Theorem 1 in [MZ00]).

Proposition 3.4 (Merle-Zaag [MZ00]; A Liouvile theorem for equation (LI0) with
§ = 0 and subcritical p). Assume (L3) and let w € L®°(RYN x R, C) be a solution

of

ow 1 w

— =Aw—-y-Vw— —— P=Ly,

ds wooy v p—1 [l
Then, necessarily, one of the following cases occurs:

a) w =0,
b) 30 € R such that w(y, s) = ke,
c) there exists so € R, such that for all (y,s) € RN x R, w(y,s) = p(s — s)e’’,
where By € R and
p(s) = m(1+e) 7.
Remark 3.5. Note that ¢ is the unique global solution (up to a translation) of

R e
p—1
satisfying ¢ — k as s = —oo and ¢ — 0 as s = oo. The method of Andreucci,
Herrero and Veldzquez in [AHV97] is in fact a perturbation method around this
result.

The property of equation (2] saying “small L% norm implies no blow-up locally”
(note that this property replaces the Giga-Kohn property “small local energy im-
plies no blow-up locally”, which breaks down because we no longer have a gradient
structure) becomes the property:

Proposition 3.6. For all M > 0, there exist positive ng, Cy and My such that if
|0] <1 and v is a solution of ([[L2) satisfying
(31) ¥ e[0.1), [o®)llze < M1 —1)"7 and if Yao| < 1, [lwsy (0|12 < n,

for some 0 < n < ng, where

Xr — X 1+i8

Yy = m,sz—log(l—ﬂ, wzo(yvs):(l_T)IHl U(&T)a

then:
(i) for all |zo| <1 and s € [0,+00),

(32) o 8)lz3 < Come™ 7T,
(i) for all |z| <1 and t € [0,1), we have |v(x,t)] < M.

Now, we write the following lemma, which will be useful in the proof of the
proposition above.
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Lemma 3.7 (Regularizing effect of the operator £). Assume that ¥(y, s) satisfies
Vs € [a,b], VyeR, s <(L+0)Y and0<Y(y,s),

for some a < b and 0 € R, where
1 1.
(3.3) L) = A — 3y Vi + 1 = ;le (pVY) + 1.

Then for any r > 1, there exists C* = C*(r,0) > 0 and s* = s*(r) > 0 such that

1/r
(3.4) Vs € [a+ s™,b], (/R [ (y, s)|’”p(y)dy> < CHle(, s = s") ez
Proof. See Lemma 2.3 in [Vel93]. O

Proof of Proposition [0l Consider M > 0, |§] < 1 and a solution v of (2] such
that (BI) holds for some n > 0, |xg| < 1.

(i) For simplicity, we write w instead of wy,. Since w is a solution of (II0)), we
multiply (ILI0) by wp and integrate to get

(3.5)
1) < =206+ [ oo )P o)y, where 165) = [ fu(y.5)Pp(u)dy.

If we note that w = w; 4 iws, then using Kato’s inequality (Aw; - sgn(w;) < Alw;|
with ¢ = 1,2) and the fact that w is bounded, we obtain by equation ([LI0I])

Os (lw| + wal) < A(jwr] + [wa]) — % - V(Jwr] + Jwa]) + C(jwn] + [w2l),

for some C = C(M) > 0.
Using Lemma [B77] we see that there exist C*(M) > 0 and s* = s*(p+1) >0
such that for all s > s*,

(36) [ 1w o)y < s - S
Now, we divide the proof into two steps:

Step 1: 0 < s < s*. Using (B3) and the fact that w is bounded by M > 0 (see
BI)), we get
I,(s) < A (s) for some A = A(M) > 0;

hence I(s) < e*I(0) < eMn? < %37]26_%, where we define Cp = 2eA 2"
This gives (B2) for 0 < s < s*.

Step 2: s > s*. In this step, we argue by contradiction to prove (3.2) for all s > s*.
We suppose that there exists s; > s* such that

(3.7 I(s) < (0017)267%, for all s* <s < sq,

(3.8) I(s1) = (Con)2e .

Let F(s) = I(s)(Con)*ze%. From B3), B6), B7) and Step 1, we have for all
s* < s < sy,

F(s)

IN

C*(Con) 2e7-T1(s — s*)"
< O (ConyrterTe )

-

2
P+l

T < C*(Con)Pter—1% 75,

P
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Since F(s*) < % from the step above, we integrate the last inequality to obtain

F(s1)

IN

CH(Cprlebis (678* - 6781) ¥ F(s%)
s 1 3
< CHCppPlerT+-< =
< CHOnPTer T 45 < 0,
for n < no(M) small enough. This contradicts ([B.8]). Therefore, ([B.2]) holds.

(ii) Applying parabolic regularity to equation (ILI0) and using estimate (B.1I),
we get for all |zg| < 1, R > 0 and |y| < R, |wa,(y,s)| < Moe  #71; hence for
all ¢ € [0,1), |v(zo,t)] < My, for some My = My(M). This ends the proof of
Proposition O

Part 3: Case where infycp [|w(.,s) — /ﬁ;ewHLg — 0 as s - —oo.
We study case (ii) of Proposition Bl As we wrote in Part 3 of Section 2, the
natural question is to know whether w converges to a particular ke as s — —oo
or not. A modulation technique will be essential to classify the Lf) behavior for w
and prove the convergence. We proceed in five steps.

e Step 1 is intended to be the modulation technique.

e In Step 2, we show that the linearized problem of (LI0) around xe? has
3 nonnegative directions as s — —oo (A = 1, 1/2 or 0), and that the
component along one direction dominates the others. This gives a kind of
profile for w with a uniform convergence on every compact set.

e In Step 3, we show that the case where A = 1 dominates corresponds either
to w = ke or w = ps(s — s0)e?% for some Oy € R and sy € R, where @
is defined in Theorem [1l

e Steps 4 and 5: To rule out cases where the directions A = 1/2 or A = 0
dominate, we use a geometrical method where the key idea is Veldzquez’s
work [Vel92] to extend the convergence from compact sets to larger zones,
where the profile appears to be singular, which violates the uniform bound
1) in w. These steps are innovative to our work.

Step 1: Formulation of the problem.
Let us recall Lemma [2.4] from Section 2.

Lemma 2.4l There ezists s; € R and 6 € C'((—o0, s1],R) such that
(i) Vs < s1, [(Im (v) — & Re (v))p =0, where v is defined by

(3.9) w(y,s) = e (v(y, s) + k) with k = (p — 1)_<P+1>.

(it) We have [[v(.,s)|[r2 = 0 as s — —oc.
(#ii) For all s < s1, we have

(3.10) 10 (s)] < Cllo(, 5)II72-

Proof of Lemma 2.4l (i) Since infge(g oq) [lw(.,s) — /%w”L,% — 0 as s = —oo and

lw(.,s) —re' |22 is continuous as a function of § and w, there exists 0(s) such that

_ v
lalizg = [ loPe" ay,
RN

(3.11) w(.,s) — f;eié(S)nL% = eei[ggﬂ [w(.,5) = Ke®| L2 — 0 as s — —oo.
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We will slightly modify 0(s), so that if we define v(y, s) by B3) for some 0(s) close
to 6(s), then we have (i) of Lemma [Z4] We apply the implicit function theorem to
F: L2 xR — R defined by F(w,0) = [ (Im (we™* — k) —d Re (we™* —k)) p.

Since we have F (neié,é) =0and & = — [(Re (we ) +5Im (we=*)p),
hence %—g (neié 9) = —k # 0, using the implicit function theorem and (@BII),
we obtain the existence and uniqueness of C* §(w) such that F(w,8(w)) = 0 and
€90 — 9] < Gyl 5) — e 3.
(ii) Since we have from (3.9),
o( ) ez = lwss) = we®Oflpz < [lw(.,s) = w1z + ﬁle“g e”|
< (1 + Cor)l|Jw(.,s) — ke )HL2

using (B.10)), we conclude that [|v(.,s)[[z2 — 0 as s — —o0.
(iil) Writing v = (1 + 40)0;1 + 02, we rewrite (2.0) as follows:

(3.12) U1, = L1+ 0/(8)((5’51 + ’52) + él,
(3.13) Bas = (L—1)0y — 6 (s)((1+ 62y + 653 + k) + Ga,
where L is given in [B3]),
~ _ b~ 5 ~2 i~2 3
(3.14) G, = 50 + 502 + O(Jv]”),

(3.15) Gy — (1+52)M+

O([v]*).

Note that (1 4 i0)Gy +iGy = G is defined in (Z7).
Now, we multiply BI3]) by p and integrate over R to get

/’Ugs/)—/dlv pVig) — /9 1—|—5 vl—l—év—l—mp—i—/Ggp

From (2I0), we have 93 = Im (v) — d Re (v). We get from (i) of Lemma [24] that
f vgsp = 0.

Since [ div (pVv2) = 0 we obtain
(3.16) 0'(s) /((1 + 6%y + 60 + K)p = /égp.

Using (3.15]), we have
(3.17) ’/égp < C/|v|2p.
Recalling from (ii) that lim,_, o ||v|| = 0, we have

/((14—62)171 + 602+ K)p — /Hp as § — —oo.

Thus, the conclusion follows from (BI6) and BI7). O

Step 2: Asymptotic behavior of v as s — —oo.
First, we recall the decomposition (Z.11):
v(y,s) = (1+1i6)vi(y,s) +i02(y, s)
(1 + Z5) Zmzo Ulm (S)hm(y) +i Zm:() T)Qm(s)hm(y),
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and introduce

v-(y,8) = (1L +6) Y um(s)hm(y) +i Y Dam(5)hm(y)
m=3 m=1

As we saw in Step 2 of Section 2, the modulation techniques give v90(s) = 0.
Therefore, we have

v(y,s) = (1 +10)(010(8)ho(y) + V11(s)h1(y) + 12(8)h2(y)) +v-(y, s).
Using ODE techniques, we are able to prove the following:

Proposition 3.8 (Classification of the behavior of v(y,s) as s - —o0). As s —
—o0, one of the following situations occurs:

(i) 011 (s)] + |D12(5)] + lv— (., 8)[| 2 = o(T10(s)),
[v(.,s) = (1 +10)Coe®|[ 12 = O(egs) and |0 (s)| = O(e**) for some Cy € R.

(i) |010(s)| + [012(s)| + [[o- (., 8)l[ 22 = 0(012(5)),
[v(.,8) = (1 +i6)Cre™?y[| 2 = O(e~9%) and |0 (s)| = O(e®) for some Cy € R\
0 and € > 0.

(iii) [010(8)] + [012(s)| + [[o— (-5 8)l Lz = 0(12(s)),

) K B 10g| | by (14076 1
||v(1.,s) +(1 +25)W(y = 2)[lzz = O( ) and 0 (s) = 2p=7) 2
O o§?’|s|)

Proof. As already pointed out by Filippas and Kohn on pp. 834-835 in [FM95] in
the case § = 0, we can’t use center manifold theory to get the result. In some sense,
we are not able to say that the nonlinear terms in (312) and (BI3) are quadratic in
the function space L%. However, using ODE techniques similar to those of [MZ98al
and [FM95], we manage to conclude the proof. Since we add no real novelty, we
leave the proof to Appendix [Al O

Now, we recall Proposition 2.8 as it is a direct consequence of the proposition
above.
Proposition 2.8 There exists 6y € R such that §(s) — 6y and ||w(., s) — ke'® 2

— 0 as s — —oo. More precisely, one of the following situations occurs as s — —o0,
for some Cy € R and C; € R*:

(3.18)
(i) (., 5) = {r + (1 +i6)Coe*}e'®|| 12 < Ceds,
(i) (. 5) = €% = (1 +8) a2y (0 = 2) = iG55 1Yy < P2,
(iii) w(., s) = {r + (1 +i6)Cre* *y}e®] s < Cell=2)s,

Proof of Proposition [Z8. From Proposition B8, we have ||v(., 5)||L% =o0(1/|s]) in
all cases. Then using (I0), we obtain |6 (s)| < C/s?. Consequently, there exists
a 6y such that 0(s) — 6y as s — —oo. Using the definition [B.9), we get the
convergence for w.

We will just prove (ii), since the proofs for (i) and (iii) are the same and even
easier.

Integrating the estimate for 6 (see (iii) of Proposition [38), we get

(1+62)dk 1 (log|s|)

(3.19) 0s) =0 — 50—

52



3410 NEJLA NOUAILI AND HATEM ZAAG

and
2
io(s) _ ioo [, _ . (1+0°)0K log |s|
(3.20) e e {1 142(1)_52)25 + O( 2 )p-

Using the fact that w(y,s) = ) (k + v(y,s)) (see@H)), the desired estimate
follows from [B20) and the L? expansion of v from (i) of Proposition B8 This
concludes the proof of Proposition 2.8 O

Step 3: Case where (i) of Proposition [2.8] holds.
We prove Proposition 2201 More precisely, we will prove that either w = ke or
there exists s € R such that w = ¢s(s — so)e?0.

As we wrote in Step 3 of Section 2, if ¢ is defined by (ZI7), then we have
(3.21) Vs < 5 [w(.,s) — ¢(s)e | g2 < Ce.
Our goal is to prove that w = ¢ on R x (=00, s,]. If we introduce V = w — ¢e'?,
then we see from (LI0) that V satisfies:

(3.22) A,V = (E + 1(5)) V + B,
where
(3.23)

~ 1

LV = AV —5y-VV + (1+i6)V, |I(s)] < Ce® and |B| < C|V|? for all s < s;.
As we saw in Lemma and (ZI2), £ is diagonal with respect to (V;,Va) such
that V = (14 i6)V; + V5 and 1 is its largest eigenvalue.

Therefore, if we define ||V||..=1/[ (VE+VZ)p, an equivalent norm to |V (., s) L2,
then we get from (:22) and (3:23),

OVl < (1 + Ce)[V]e. + V...

To estimate ||[V2||.., it is easy to see from ([B.22) and the fact that V is bounded
that

As(IVa] + Vo) < A(IVA] + [Val) - % VIV + V) + C(Va] + [Val).-
Therefore, we can apply the regularizing effect of Lemma B.1 to \f/1| + |Va| and

obtain the existence of C* > 0 and s*, such that ||V (.,5)?||.. < C*[|[V(.,s — s*)|]%.
Then, we obtain

(3.24) Vs < 89, I'(s) < Z1(s) + CI(s — s*)?,

W Ot

where I(s) = |[V(.,8)||... Since I(s) < Ce%? from B2, the following lemma
from [MZ98a] allows us to conclude the proof.

Lemma 3.9. Consider I1(s) a positive C* function such that [3.24) is satisfied and
0<1I(s) < Ce3/2s for all s < sg, for some so. Then, for some s3 < so, we have
I(s) =0 for all s < s5.

Proof. By a trivial induction, we prove that

(063/45)2" |

VYn e N*and s < sy I(s) < C
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Taking s < s3, where Ce?/43 = 1/2 and making n — 400, we see that for all
s <ss, I(s) =0. O

Using Lemma [39] we see that V=0 on R X (—o0, s3]. Consequently, we have
(3.25) V(y,s) € R x (—o0,s3], w(y,s) = p(s)e'®.

From the uniqueness of the Cauchy problem for equation (II0) and since w is
defined for all (y,s) € Rx R, ¢ is also defined for (y, s) € R xR and (3.28) holds for
all (y,s) € R x R. Therefore, case (c) in (2.17) cannot hold and for all (y, s) € R?,
w(y, s) = ke or w(y, s) = ¢s(s—sg)e?. This concludes the proof of Proposition
and finishes Step 3.

Step 4: Irrelevance of case (iii) of Proposition [2.8]
As we said in Step 4 of Section 2, it is enough to prove Proposition 2IT] (which we
recall here) to conclude this case:

Proposition 2111 Assume that case (iii) from Proposition 2.8 holds. Then there
exists eg > 0, such that:

( ) lims, SUP|y|<egv/—=s w(y7 5) -G ( /_y,S) =0,
3.26 (1+i8)
— T -1

where G(§) = K (1 - 422_(15%)52) v

Indeed, let us first use Proposition Z.11] to find a contradiction ruling out case
(iii) of Proposition 2§ and then prove Proposition 2111
We define ug, by
(3.27)
£+ Fv=s0
v1i—1
We note that us, is defined for all 7 € [0,1) and £ € R. wu,, satisfies equation (L.2).
The initial condition at time 7 = 0 is u,,(§,0) = w(§ + /=50, 50). From 1),
we have

Uge (§,7) = (1 — 7)_%10(31,5), where y = and s = sg — log(1 — 7).

1

(3.28) V7 €[0,1), ||usy (-, T)||pee < M(1—7) 71,
Using Proposition 211}, we get:

sup
|€]<4]so]t/*

sy (€,0) — G(%O)\ = g(s0) — 0 as s — —oo.

If we define v, the solution of:

{v’ = (1+i6)|vP~to,
v(0) = G(%).

_ (1+i%)

then v(7) = Kk (1 — 1(5(;?;5) — T) "' which blows up at time 1 — 1(61)(;1,)(?2(2]) < 1.
Therefore, there exists 79 < 1, such that |v(1)| = 2M (1 — T())ipiil. Now, we
consider the function z = |[R{us, — v}| + [S{us, — v}|. Then we have for all
T € [0, 7o)

(3.29) 0.2 < Az + C(gg)z.

We recall Lemma 2.11 (page 1063) from [MZ98D)].
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Lemma 3.10. Assume that z(§,T) satisfies for all |§| < 4By and 7 € [0, 7.]:

Orz < Az + Az +p,
Z(E,O) < 20, 2(577—) < BQ,

where T, < 1. Then, for all |£] < By and 7 € [0, 7],
2(€6,7) < e (20 + pu+ C’Bge*Bf/Al).

Using the fact that z is bounded for all 7 € [0, 9], by B2 = Ba(eg) (use (3:2])),
we apply this lemma with B; = |so\1/4, T« = T0, 20 = g(So) and A = 0. Then, we
get for all 7 € [0, o],

sup  z(&,7) < g(s0) + C’(z:‘o)e_lso‘l/?/4 — 0 as 9 — —o0.
[€]<]s0|/4

M
For |sg| large enough and & = 0, we get z(0,79) < 7(1 —70)" Y=Y and

1

3M 1
s, (0,70)[ = [v(70)| — [2(0,70)| = ——=(1 —70) 77T,
2

which is in contradiction with B28). Thus case (iii) of Proposition 28 cannot
occur. It remains to prove Proposition 2.111

Proof of Proposition 211l If we note f(y,s) =G (\/L_> Then f satisfies
—s
—2.Vf- + (1 +i0)|f]P~tf =0.
R e VRNl
Alp — 82
Consider some arbitrary ¢y € (0, R*), where R* = H The parameter g

will be fixed small enough later in the proof. If we note
K 1 (14+6%)6k%1

(3.30) F(y,s)= f(y,s)+ (1 +i5)2(p —5) e i =072 >
then we see from (iii) of Proposition 228 that

(331) (FCs) = 0s) (1= xe)lay =0 (57) as s o —ox,
where

(3.32) Xeo(y,8) = 1 if ] > 3¢ and zero otherwise.

Vsl

The formal idea of this proof is that F' solve in an approximate way the same
equation as w for s = —oo. By (B31]), w and F are very close in the region |y| ~ 1.
Our task is to prove that they remain close in the larger region |y| < g9v/—s, for
some £g to be chosen later. Let us consider a cutoff function

Y
3.33 =
(3.33) 1y, 5) %(\/_—S),
where v € C*°(R) is such that (&) = 1 if |{] < 3eg and (&) = 0 if |§] > 4ep. We

introduce

(3.34) v=(w-F).
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We note that v = (1 +id)04 + its and Z = (|D1| + |P2]). Our proof is the same as
Veldzquez [Vel92], except for the fact that we need to perform a cutoff, since our
profile F(y, s) defined by (3:30) is singular on the parabola y = R*\/—s. The cutoff
function will generate an extra term, which is difficult to handle. Let us present
the major steps of the proof in the following. The proof of the presented lemmas
will be given at the end of this step.

Lemma 3.11 (Estimates in modified Li spaces). There exists €g > 0 such that the
function Z satisfies for all s < s, and y € R:

(3.35)
1 s (¥P4+1) e _
GSZ—AZ+§y-VZ—(1+U)Z <C|zZ*+ =2 + Xeo | —2div ((|71]| + |22]) V),

where s, € R, 0 =1/100 and x., is defined in B.32). Moreover,
(3.36) N2 ‘(Z(s)) =0(1) as s = —o0,

|s
where the norm N2(1) is defined, for all™ >0 and 1 < g < oo, by
1/q
(3.37) viw) = s ([ ires-2Ea)

Using the regularizing effect of the operator £, we derive the following pointwise
estimate, which allows us to conclude the proof of Proposition .11}

Lemma 3.12 (An upper bound for Z(y, s) in {|y| < egv/—s}). We have

sup  Z(y,s) =o(l) as s = —o0.
lyl<eov/—s

Indeed, we have by definition of Z, for all |y| < ggv/—s, |lw—F| =0 < CZ(y, s).
Thus, Proposition 2.11] follows from Lemma It remains to prove Lemma 311
and Lemma

Proof of Lemma BIIl The proof of (830 is straightforward and a bit technical.
We leave it to Appendix [Bl Let us then prove ([336). We take sp < s, and

sp < s < 8,4 such that e < 4/—s. We use the variation of constants formula in

B33) to write
Z( )<S S—So)Z( SQ)

/s s—T< {Z+(y2;§ 1)+x60}—2div ((|Dl+|ﬂg)V7)> dr

where S, is the semigroup associated to the operator L,¢ = A¢p— %y-ngH— (140)¢,
defined on L2(R). The kernel of the semigroup S, (7) is

o[ 1]
(4m(1 —e7))1/2 4(1—e7)

e(l—i—o’)‘r
(3.38) So(1,y,2) =

Setting

(3.39) r=r(s,s0) =2e0e 2 =Rie 7
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and taking the N2—norm we obtain
N2(Z(..5)) < N2(S0(s — 50)Z(-. 50)) + c/ N2(S,(s — ) Z(7))dr
0

0 [ s ()

-
+C/ Nf(Sa(S—T)Xeo(va))dT+C/ NZ (S (s —7)(div ((|n] + [22]) V) )dr

S0 S0
=L+t I3+ Jdi+Js5.

In comparison with [Vel92], we have a new term J5 coming from the cutoff terms.
Therefore, we just recall in the following claim the estimates on Ji,...J; from
[Vel92], and treat J5, which is a new ingredient in our proof.

Claim 3.13. We obtain as s — —o0,

| < Celt+o)(s—so) 198150

.
sot((s=Ro)=s0)+ ,(1+0)(s—7—Ro) ) ) e(s=s0)(1+0)
‘JQl < C (1—@5_7'_R0)1/20 (LT(Z(,T) ))dT+CT,
S0
with Ry = 4eo,
e(s—s0)(1+0)

|J5] < C’T(l + (s = s0)),

Ty < Cels300+9)eas " where o > 0,

|Js| < Cels200+9)eBs where B> 0.

Proof. See page 1578 in [Vel92] for Ji,..., Js.
Now, we treat J5. We have from (B.38):

(3.40)

Sg(s—7(')(—)(c}iv()(|l71|+|’72|)VV))( Vs

B Cels—)(1+o (yef s—T —)\) . ~ ~
==y P~ g —ememy ) W (Al DT

Ce(S_T)(1+U) (ye—(s—r)/Q _ )\) (ye—(s—r)/Z _ /\)2
= /— exp (—

B 2(1 — e=(5=7) 4(1 — e=(s=7))

ey | Yl + 1529

Since w and F are bounded for \/‘% < RT* and supp(V7y) C (—4egv/—7, =30/ —7)
U (3e0v/—T, 4e0v/—T), we have

(2n] + 12DV [ < Clnl + 122D, < tu <oy
S C(]I3€()§ Lyl <450) S CXE()-

Vel

Using the Cauchy-Schwarz inequality, we obtain

So(s = 1) (=div (([71] + [22]) V)| < m
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where
1/2

—(s—7)/2 _ )\)2

T, — —(s=7)/2 _ )2 _(ye d\

1 </]R(ye ) eXp 4(1 _ 67(577-)) )

(s— 1/2
(ye (s—7)/2 _ )\)2
— o dA

</ o ( AT —e Gy )
Doing a change of variables, we obtain Z; = C(1 — e*(S’T))S/‘l. Furthermore, we

have
2 1/2
122 <7 </ Xgoe‘ld)\) ,
R

_ (ye—(S—T)/Q _ /\)2 A2
I3 = (/exp (— 21— ) + T dA

We introduce 6 = ye~(5=7)/2 and, by completing squares, we readily check that

2 —))2 —(s—7) 2
AT @—X) __(1+e ) \ 20 )24 0 .
2(1+e~(=7)

P

where
1/2

4 2(1—e=m) 41 —e=(s=m) (14 e=(s=7)

02
o (2(1 - e—<s—f>>> '

e(s—T)(l—i-a) 12
“GoTN1/8(] — o—(5-7) 5/8||X50H Ly,
(1+e )H/8(1—e )

Then we obtain
1= e~(-7)
2oc(U=")
’ ((1 + e—(s—ﬂ))

[N2(S, (s — 7)div (171] + [72) V)| < €

1/2

Therefore,

where
2,—(s—7)
yle
I, = N? —) |
=2 (ot =)
Let us compute Z;. Using the fact that
(y—p? yPe T
4 4(1 — e (s=7)

1 2
-3 (_ (y(l FeGm)=12 +e—(s—7’))1/2) +M26—(s—f)> ’

and doing a change of variables, we obtain

(y—n? yPe 7
- d
/Rexp ( 1 Tai—eey )W
2¢=(s=7) 1 2
< Cexp (%) / exp (_Z (y(l +e—(s—7))—1/2 —p(1+ e—(s—‘r))l/Z) ) dy.
R

Hence Z; < C(1 + e~ =7))1/8 and

(s—=7)(140) A2
N2(S, (s — r)div ((|n] + |72) V) < O / e T d\ .
(Selo = mytiv (Ul + 172DV < O ey | f
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This gives
5| = / N7 (Sq(s = 7)(div (|o] + |#5]))) dr < C(n)els o0+ easo,
S0
where o > 0. This concludes the proof of the claim O

Summing up J;—1. 5, from claim BI3] we obtain

NZ(Z(.,8)) <
so+((s—Ro)—s0)+ (s=T7—Ro)(1+0)
s—sp)(140 log |so| e
e(s—s0)(1+ )C%JFC/S

(1 — es—7—Ro)1/20 Nf(Z(wT)))Q dr.

o]

Now, we recall the following from [Vel92|:
Lemma 3.14. Let e, C, R, 0 and « be positive constants, 0 < o < 1 and assume
that H(s) is a family of continuous functions satisfying:
R)4 6(577)(1+”)H(T)2
(1 _ e(s—T—R))a

(s—
H(s) < ges1to) 4 C’/ dr for s > 0.
0

Then there exists £ = £(R, C, «) such that for any € € (0,e1) and any s for which
ee’(119) < ¢ we have
H(s) < 2ees(H9),

Proof. See the proof of Lemma 2.2 from [Vel92]. Note that the proof of [Vel92] is
done in the case o = 0, but it can be adapted to some ¢ > 0 with no difficulty. O

We conclude that NE(T,SQ)(Z("S)) < Ce(s_SO)(l‘“’)% as s — —oo. If we

fix s = —e(*=%0) then we obtain s ~ sg, log|s| ~ log|so| and NIQ%I\/—_S(Z("S))

IN

1
—, we get Nél\/_—s(Z(.,s)) =

C’sl““’logs# < Clslg—_@ — 0 as s - —o0. Since 0 = 100
0]

o(1), as s = —o0.
This concludes the proof of Lemma B.171 O

Proof of Lemma 312l We aim at bounding Z(y, s) for |y| < Rgy/—s in terms of
Ng,y=(Z(s")), where Ry = g9 and Ry = 2¢, for some s’ < s. Starting from
equation ([B38), we do as in [Vel92):

Z(s) < {e“®S(Rg)Z(. s — Ro)}

s 2
+ {C/ eCtmS(s - 1) (L T?: Dy xa)) dT}
S—RO

- {2 [ st aiv (il + 92|)V7))d7}
s—Ro
= M+ Mz + Mjs, where Ry = 4ey,

where S is the semigroup associated to the operator £ defined in (B:3). The terms
My and M, are estimated in the following:

Claim 3.15 (Veldzquez). There exists sg, such that for all s < sg,
(3.41)

241
sup My = sup [0 (MR ) < &
ly|<R2v/—s ly|<R2v/—s
sup  |Ma| = sup  [e“ToS(Rg)Z(., s — Ry)| = o(1) as s — —oo.

ly|<R2v/—s |[y|<R2v/—s
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Proof. See page 1581 from [Vel92] and Lemma 6.5 in [HV93] in a similar case. O

It remains to estimate Mjs. Using the same calculus in (340), we write
1S(s = 7) (=div ((|71] + [72]) V7))

CesS™T 67(577')/2 — )2 ) ~ ~
‘ (1- esz)l/Q /Rexp _(y ) ) div ((|in] + |V2|)v7)d>\‘

= 4(/1 _ 67(577'))
Ces™7 (ye_(s_T) 2 _ A) (ye—(s—T)/Z — 22\, )

B ‘(1 — )12 /R_ 21— G m) P - e<57>)) (171] + | 72]) VA
Ces™7 e/ (ye* s—71)/2 _ )\)2

< m /R lye (s=7)/2 _ Al exp <— 4(1 — e_(S—T)) Xeo A
STT— —(s=7)/2 _ )2

< GV (e VYL

(]_ _ 6577)3/2 R 4(1 _ 67(577—)) 0

We make the change of variables z = (1 — e~ (=7))"1/2(\ — e~ (7=9)/2y) and we

obtain
(ye= 6=/ — ))? s—7y1/2 —22/4
/]Rexp (— 10 =) XegdA < (1—€°77) /Ee dz,

where
L= {zeRi|z 4 eI - )Y 2 31— )Y )

Since |ye~("=)/2| < gy\/=s, we readily see that ¥ C {2 € R: |2| > egy/—s}. Then
we conclude that

CeS—T
(I—eT)

(s — 7) (~div (1] + [72]) V)] < ¢, where 8> 0,

and we obtain
1
sup  |Mjz|=o(—) as s = —o0.
ly|<R2v/=s s
Putting together M;—;, . 3, the proof of Lemma [3.12] is complete. O

This concludes also the proof of Proposition ZTT] and rules out case (iii) of
Proposition 2.8 O

Step 5: Irrelevance of case (ii) of Proposition 2.8]

To conclude the proof of Theorem [l we consider case (ii) of Proposition [Z8 We
assume as in the previous case that 6y = 0. We claim that the following proposition
allows us to reach a contradiction in this case.

Proposition 3.16. There exists eg > 0 such that
(3.42)
(1+i8)
lim sup w(y, s) — G(ye®/?)| = 0, where G(&) = k(1 — CLrPE)~ =

ST T y|<ege—e/2

Indeed, as in the previous step, first, we will find a contradiction ruling out case
(ii) of Proposition and then prove Proposition

We define ug, by
(3.43)

5 + g —50/2
Use (§,7) = (1 — T)_;tléw(y, s), where y = % and s = so — log(1 — 7).
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ug, is defined for all 7 € [0,1) and & € R. ug, satisfies equation ([2)). The initial
condition at time 7 = 0 is u,, (£,0) = w(£ + Le /2, s9). From (ZI)), we have
(3.44) V7 €[0,1), [ltsg (- 7)1 < M(1—7) 751,

Using Proposition [3.10], we get

sup  |ug,(€,0) — G(e0/2)| = g(s0) — 0 as so — —oo.
|€]<4e=0/4

If we define v, the solution of

{ v (14 i6)|v|P~ o,
v(0) = G(3),

14146

_ (A+1i8)
then v(r) =k (1 — C1x7 75 —7) 7, which blows up at time 1 — C1r 775 < 1.
Therefore, there exists 79 < 1, such that |v(1p)| = 2M (1 — 7'0)_1’_11. Now, we

consider the function z = |R{us, — v}| + |S{us, — v}|. Then we have for all
T € [0, 79):
(3.45) 0.2 < Az + C(gg)z.

Using the fact that z is bounded for all 7 € [0, 9] by Bs = Ba(go) (use ([3.:44))), we
use Lemma BI0 with By = e=*0/4 7, = 75, 20 = g(s0) and A = 0. We obtain for
all 7 € [0, 70],

sup  |z(&7)| < g(s0) + C’(<€(J)6787|50V2/4 — 0 as sg = —o0.
|€|<e—=0/4

1
For |sg| large enough and & = 0, we get |2(0,79)| < (M/2)(1 —19)” 7~ and
3 _1
g (0,70)] > SM (1~ 70) 77,

which by B343) is in contradiction with ([3:44) and case (ii) of Proposition 28] is
ruled out. Now, we prove Proposition [3.16]

Proof of Proposition [B16. The proof is very similar to that of Proposition ZT11
We note that f(y,s) = G(ye*/?). Then f satisfies

1
(3.46) —0sf — zy-Vf—(1+19) / + (1 +aS)|fIP f=0.
2 (p—1)
X P
Consider an arbitrary ¢¢ € (0, %), where R* = g— eo will be fixed small enough
1

later. Let us consider a cutoff function v(y, s) = yo(ye*/?), where o € C*(R) such
that v9(&) = 1 if €| < 3egg and (&) = 0 if [£| > 4eg. We note v = (w — f) and
Z =~ (|p1]| + |P2]). From (ii) of Proposition 2.8, we have

(3.47) |1Z]| < Ce*t=%) as s — —o0, for some & > 0.

As in the previous case, we divide our proof into two parts given in the following
lemmas.

Lemma 3.17 (Estimates in the modified L% spaces). There exists g > 0 such that
the function Z satisfies for all s < s, and y € R,

1
(348) 0.2 -AZ+3y-VZ—(140)Z < C(Z% 4 e* 4+ X, ) — 2div ((|71] + |72 ) V),
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where s, € R, 0 = Wlo and

(3.49) Xeo (> 8) = 1 if [y|e®/? > 3eq and zero otherwise.
Moreover, we have

(3.50) N2250efs/2 (Z(s)) =o0(1) as s = —o0.

As in Step 4, the following lemma allows us to conclude the proof of Proposition
0. 10l

Lemma 3.18 (An upper bound for Z(y, s) in |y| < gge™*/?). We have
(3.51) sup  Z(y,s) =o(1) as s = —o0.
ly|<eoe==/2

It remains to prove Lemmas [3.17 and to conclude the proof of Proposition
Here, we only sketch the proof of Lemma [B.I7 since it is completely similar
to Step 4. We don’t give the proof of Lemma We refer the reader to Step 4
and Proposition 2.4 from Veldzquez [Vel92] for similar situations.

Proof of Lemma BI1 As in the previous step, we leave the proof of [B.48]) to Ap-
pendix [Bl

Let us now apply the variation of constants formula and take the norm Nf(s750),
where 7(s, s9) is as in ([3.39). Assume that so < 2s.. Then for all 59 < s < 3, we
have

NX(Z(.s)) < Nf(SUS(S—So)Z(-aSO))+CfSSONf(fa(S—T)(Z(wT)Z))dT
+C Nf(S(s—T)(eT))dT—FC’/ N2(Sy(s — T)(xey (-, 7)))dT

S 50
=2 [ NESq(s = m)(div (2] + [5]) V)
S0
= Ji+Ja+ I3+ Ji+ Js.
Arguing as in Step 4 and using ([B:47]), we prove:

Claim 3.19.
|J1| < Ce(s—so)(l—i-a)eso(l—a),

soF+((s—Ro)=s0)+  ,(s—7—Ro)(1+0)
| o] < C/SO 0o ) L2(Z(.,5)%)dr
+Ces=50)0+9) s with Ry = 4eq,
s < Cels—s0)(1+0)gs.
[Ty < Cels—s0)(1+0) g—ae™ yhore o > 0,
|Js| < Celss0(+0)e=Be™ where 5 > 0.
Proof. To estimate J;—1. 4, see page 1584 in [Vel92]. To treat Js, we proceed as in
the proof of Lemma [3.17] of the previous step. O
Summing up Ji=1,.. 5, we obtain
N2(Z(.5)
< Cels—s0)(1+0) o(1-¢)s +Cfssoo+((S—Ro)_So)+ %(L%(Z(.,s)%)dr

Then using Proposition B.14] we get N2

r(s,80)

—oo for 59 < s < 2. If we fix s = 50/2, then we obtain Nf(svs())

(Z(.,5)) < Cels=20)(1+0)o(1=8)s 55 5
(Z(.,8) <
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Ces2=e)=(1+40) < Ces(1=(2640)) 5 () a5 5 — —00, since € is small enough and

o= ﬁ. This concludes the proof of Lemma B.17] O

As mentioned earlier, we don’t give the proof of Lemma B.I8] and we refer the
reader to Step 4 and Section 2 from [Vel92]. This concludes the proof of Proposition
B.16] and rules out case (ii) of Proposition 2.8 O

Conclusion of Part 3 and the sketch of proof of the Liouville theorem:
As we wrote in Section 2, we conclude from Steps 4 and 5 that cases (ii) and
(iii) of Proposition 2.8 are ruled out. By Step 3, we obtain that w = re'® or
w = ps(s—50)e’% for some real so and 6y, where ;s is defined in Theorem [ which
is the desired conclusion of Theorem [I1

4. APPLICATIONS OF THE LIOUVILLE THEOREM FOR A TYPE I BLOW-UP
SOLUTION OF (L2)

In this section we describe how to adapt to the case § # 0 the proof of Proposition
Bl given in [MZ98a] and [MZ00] in the case § = 0.

Proof of (i) of Proposition Bl. The proof is exactly the same as in the case 6 = 0
(see page 148 in [MZ98a]). However, one needs the following lower bound, which is
a bit tricky to get and which we give for the reader’s convenience.

Lemma 4.1 (Sharp lower bound on the blow-up rate). For allt € [0,T),
lu@llzs > 5(T = 1)"7=.

Remark 4.2. This bound is sharp, since there is equality for the solutions of the
ODE v’ = (1 +4d)|v[P~ v, which are particular solutions of (L2)).

Proof. We introduce p = /1 + |u]?, and we claim that p satisfies

(4.1) 0 < A+ .
Indeed, we can easily prove that 0;|u|> = @Au + uAu + 2|u[PT!. Then we have:
~ Op|ul?
o0p = 575
YT AP
Ay o~ AP (TP

201+ [ul)/2 4(1 A [uf?)3/2
aAu+ uAu +2|Vul>  |u-Va+a- Vul®

2(1 + [ul?)'/? A(L + [u]?)3/?
Using the fact that |u- Vi + @ - Vul|® < 4|ul?|Vul? < 4(1 + |uf?)|Vu|?, we have
Ap > M Hence
T 2014 [uf?)/?
_ _ |u|PHL o
Op < Ap+ T (B2 <Ap+p7,

which gives ([@1]).

Now we prove that p > x(T — t)_ﬁ, for all ¢t € [0,7T). For this, we argue by
contradiction.

Assume that ||p]| L~ < K(T—to)ifil, for some tg < T'. Then, there exists Tp > T

such that ||p(to)|| L~ < H(To—to)_ﬁ . Using the maximum principle, the inequality
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remains valid after Ty and we have limsup,_,, ||p(¢)||~ < &(To — T)_ﬁ < 00,
which is a contradiction. This concludes the proof of Lemma [£.1] O

Proof of (i) of Proposition Bl Consider |§] < dg and a solution u(t) of ([2) that
blows up in finite time 7" > 0 such that

(4.2) Wt € [0,7), lu(t)|lz~ < M(8)(T — )" 771,

where 6y and M(J) are defined in Theorem [[ Let us now prove the uniform
pointwise control of the diffusion term by the nonlinear term, which asserts that
the solution u(t) behaves everywhere like the ODE v’ = (1 + id)[u[P~u (up to a
constant).

The plan of the proof is the same as in [MZ98a] and [MZ00]. However, the
Giga-Kohn property “small local energy implies no blow-up locally” breaks down
because we no longer have a gradient structure. The property has to be replaced
by a new idea of ours “small L,% norm implies no blow-up locally”, which is stated
in Proposition

We argue by contradiction and assume that for some gy > 0, there exists
(Zn, tn)nen, a sequence of elements of R x [%, T), such that

(4.3) Vn € N, |Au(xn, tn)] > eolu(an, tn)P + n.

From the uniform estimates and the parabolic regularity, since ||Au||p«~ is bounded
on compact sets of [%, T), we have

T—t, — 0asn— oo.

Part (i) of Proposition [ implies that |u(x,, t,)|(T — tn)r'_il is uniformly bounded.
Therefore, we can assume that it converges as n — 4o00. Let us consider two cases:

i) Estimates in the very singular region: |u(xy, tn)|(T — tn)ﬁ — ko > 0. From
E3), it follows that

K __p_
| Autn) |z > [Auan, tn)] 2 eo () (T~ ta) 71,

with ¢, — T, which contradicts (i) of Proposition Bl
il) Estimates in the singular region: u(xy,t,)(T — tn)p%l — 0.
We consider n large enough such that

[u(zp, tn)|(T — tn)ﬁ < 7730, where 79 is defined in Proposition
We take t2 — T such that

(4.4) (T —19)57 = V.

Using ([43]) and uniform estimates, we obtain

p

n < |Au(xn, tn)] < Co(T —t,) -1,

hence t9 < t,. Now we distinguish two cases:
Case 1. We assume that (up to extracting a subsequence) there exists ¢/, €

(19, t,) such that |u(xp, t],)[(T — )77 = 21o. If we consider

(4.5) Un(€,7) = (T = ) 7T (g + E/T — b,y + 7(T — ),



3422 NEJLA NOUAILI AND HATEM ZAAG
then, we have from (i) of Proposition Bl and (£2),
2
(4.6) [0 (0,0)[ = S0, [Vn(0)][zoe + [Ava(0) ][z — O,

V7 < 1, Jun(7) |l < M(8)(1 = 7)" 77 and 9-v, = Av, + (14 i8)|vn [P vy,

Using parabolic regularity, we can extract a subsequence (still denoted by ¢,,) such
that, v, (£, 7) — 9(&,7) in C*! for every compact set of R x (—oo0, 1), with

0,0 = Ab + (1+46)[6[P~19, |6(0,0)| = 2/3n0 and [|0]| = < M(8)(1—7) #T.

Using the Liouville theorem (see Theorem [2), we get

_ 148

36\ ! Pt
0, 7) =k (—) -7 e for some 6, € R.
2n0

We claim that it is enough to extend the convergence of v, — © to all 7 € [0,1)
(and &€ = 0), to conclude the proof. Indeed, if we have this extended convergence,
then we write from (£3) and the definition (£I) of v,,,

(A (0,7)] = (T = ,) 77 [Au(0, )| = Zu(0, )P (T = £,)7T > o (0,7,)]"

’
tn—t,

with 7, = 7—- Letting n — oo, we obtain

€0 . . g0 (2 \*
4.7 0> — P> _ (2
(4.7) > 5 min ()] = 5 <3770> :

which is a contradiction.
Let us then extend the convergence. If we consider the following similarity
variables,

_ &%
Yy = Jior
then, we see from (G) that for all [§o| < 1, [lwng(-,0)|[rz < no, for n large
enough. Using Proposition B.6] we get for all |{] <1 and 7 € [0,1), |v,(&,7)| < M.
Using the parabolic regularity, we can extend the convergence, and then reach the
contradiction (7). This concludes Case 1.

Case 2. We assume that for some ng € N, for all n > ng and t € [t9,¢,], we
have

(4.8) s=—log(l —7), wne (y,8) = (1 — 1) 10, (€,7),

1 2
(T —t)rT|u(z,, t)] < 5770-

Then, we take t/, = t% and introduce v, by ([&5). As in Case 1, we obtain by
Proposition and parabolic regularity:

tn — 10
T—19"

V¢l <1and 7 €[0,1), |v,(&,7)] < Moy, |Av,(0,7,)| < Cono, where 7, =

Therefore, we get from ({3), (£3) and (£4):
n < |Aup (g, ta)| = (T - t%)_%|Avn(Oan)| < Cono(T' - t%)_;% = Conov/n,

which is a contradiction, as n — oo. This ends Case 2 and concludes the proof of
Proposition [3 O
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APPENDIX A. PROOF OF PROPOSITION
We prove Proposition B8 here. We recall from [B12),..,[315):
(A.1) b1 = Loy + 0 (s)(001 + o) + Gy,

(A.2) Bos = (L—=1)0y— 0 (s)((14 6281 + 002 + k) + G,
where £ is given in [33]) and
~ _ b~ 5 ~2 I 3
(A.3) G = o V1T o O(Jvl”),
N 5 (8551 + ¥
(A4) G = (142 o),

A primary idea to deal with system ((A),..,(A4) is to confirm that it is driven
by its linear part 0s(v1,02) = (L1, (L — 1)2) (except for the neutral modes 2,
where the second-order terms matter, and 939 = 0 by the choice of the modulation

parameter; see (2.14))).

To this end, let us decompose v; and v9, respectively, with respect to the
spectrum of £ (with a positive (A = 1 or A = 1/2), zero and nonnegative part
(A < —1/2)) and £ — 1 (with zero eigenvalue and a nonnegative part (A < —1/2)).
Let us introduce some notation:

U14(y, 8) = D10(s)ho(y) + t11(s)h11(y), 2(s) = [|01+(., )| 2,
Ornuit (¥, 8) = 012(5)h2(y), 2(s) = [[O1nun (., 5)ll 2,
T1-(y,8) = 223 D1 () A (), y1(s) = 01, 8)l| 2,

and we denote by
+oo
o1 (Y,8) = Y Do () (y),  ya(s) = [|B21 (- 8)| 2-
1

Since we have 79(s) = 0 from (ZI4)), it follows that
21 (y, 8) = D2(y, s) and y2(s) = [|02(., s)|| 2.
Finally, we define
Ni(s) = 05001 +T2) + Gl 12,
Na(s) = [6s((1+8%)B1 + 60 + k) + Gallz.

We proceed in 3 steps:
e In Step 1, we use ODE techniques to show that either z or x dominates as
§ — —0O0.
e In Step 2, we consider the case where z dominates and show that it leads
to case (i) or (ii) of Proposition B8l
e In Step 3, we show that (iii) of Proposition B.8 holds in the case where x
dominates.

A.1. Step 1: Either [[014(.,s)|z2 or [[O1nuu(., s)l|lr2 dominates as s — —oo.

Projecting (A) onto the unstable subspace of £ forming the LZ-inner product
with 014, and using standard inequalities, we get

1
2 > —z— Nj.
2_22: 1
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Working similarly with 919(s), 91— (y, s) and 02(y, s) we arrive at the system

z > %Z - N17
t] < N
A5 @l < N,
(&.5) i < —3u+ N,
Yo < —3Y2+ Na.
Using the fact that v is bounded (see [2I)) and ([24)), and (23, we obtain easily
(A6) Ni+ng<c [,
for some positive constant C. Thus, it follows from (A5) that
i > 1z—CN,
(A7) |t] < CN,
where
(A.8) y=y1 +yo and N2 = / lv[*p.
If we knew that for |s| large enough,
(A.9) N <e(z+y+2),

which is equivalent to [ |v|*p < e? [ |v]?p, we could use ODE techniques to conclude
the step. The meaning of estimate (A9) is essentially that the L2—norm of the
quadratic term |v|? is small compared to the norm of the linear term |v|. However,
we do not have this information at this stage. We thus estimate N as follows. Given
any € > 0, and any « > 0 (both will be chosen small in the sequel), there is a time
s. such that:

(A.10)

/|U|4p = /| 1 |v|4p—|—/| 1 lo|*p < aF / \v\4|y|kp+52/|v|2p for all s < s,.
y|>a~ y<a~

Here we use the fact that v(y, s) goes to zero uniformly on the compact set |y| <
a~1, which follows from (ii) of Lemma 4] and parabolic regularity. The exponent
k which appears in (A0) is an arbitrary positive integer (later we will choose it

to be large). We set
7= [ 1ot
so that (A.I0) can be rewritten as

/|’U|4p <aFJ? 4 &2 / |v[?p for all s < s,.
From the inequalities above, we get that
(A.11) N <aF?] +e(z+y+2) forall s <s,.
We next estimate J. Multiplying (A by @1 |v|?|y|*p, and BI3) by 2|v|?|y|*p,
integrating over all R, we get after some calculations:
J<—0T+e(@+y+2)+elz+y+2)?
where
k ka?
4

1
—c——(k—-1)and & = 56052716/2]4;(]4; +n—2).

(A.12) 0= :
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Using the fact that z,y,z — 0 as s — —oo, we end up with
(A.13) J<—0J+4 (x+y+2),

where 6 is still given by (A12)) with a different value of the constant c. To end the
proof we choose k large enough (certainly k > 4), so that for some o*(k) > 0, we
have for 0 < a < a*, 6 > . We obtain from (A7), (AII) and (AI3):

o> (3-8 @+,
7 < @ +g+2),
gy < —(53-87+é(x+2),

where

J=y+J, é = Cmax(e 4+ ca?F/2 oF/2),
Note that € can be made arbitrarily small by choosing first  and then e sufficiently
small. Now, we conclude by using the following lemma.

Lemma A.1. Let x(s), y(s) and z(s) be absolutely continuous, real-valued func-
tions that are nonnegative and satisfy:

i) (x,y,2)(s) = 0 as s = —o0.

it) For all € > 0, there exists so € R such that for all s < s,

2 > coz—celx+y),
(A.14) lz] < e(z+y+2),
y < —coy+e(x+z).

Then either x +y = o(z) ory + z = o(x), as s — —o0.
Proof. Here, we adapt the proof of Lemma A.1 (page 172) from |[MZ98a]. By

rescaling in time, we may assume cy = 1.
Part 1. Let ¢ > 0. We show in this part that either

(A.15) Jsa(e) such that Vs < sg, 2(s) + y(s) < Cex(s)
or
(A.16) Jso(e) such that Vs < so, x(s) + y(s) < Cez(s).

We show that for all s < s¢(g), B(s) < 0, where 5 = y — 2¢(z + z). We argue by
contradiction and suppose that there exists s. < so(g) such that 5(s.) > 0. Then,
if s < s, and B(s) > 0, we have from (AI4) that § = ¢ — 2¢(& + 2) < 0. Therefore,
for all s < s, B(s) > B(s«) > 0, which contradicts 8(s) — 0 as s — —oo. Thus, for
all s < s(g),

(A.17) y < 2e(x+ 2).
Therefore, (A14) yields

(A.18) z > %z—%m,
(A.19) || < 2e(z+ 2).

Let v(s) = 8cx(s) — z(s). Two cases then arise:
e Case 1. There exists sy < so(e) such that v(sz) > 0. Then we compute
i =8ei—2 < 16%(w+2)— 12+2ex = v(s) (§ +2¢) —2(s) (1 — 2e — 16¢?).
Therefore, for all s < sg, y(s) > 7(32)6&_25)(3_82) > 0, that is, 8zx(s) >

2(s). Together with (A7), this yields (ATH).
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e Case 2. For all s < sg(e), v(s) < 0, that is, 8ex(s) < z(s). In this case

(A19) yields
1 1
(A.20) Vs < so(e), 2 > 17 and & < (25 + Z) z; hence @ < (1 + 8¢)2.

By integration, we get z(s) < (8¢ + 1)z(s). We inject this in (AJ9) and
get from (A20) that & < 2e(z + 2) < 2e2(2 + 8¢) < 82(2 + 8¢)2(s), which
gives z(s) < 8¢(2 + 8¢)z(s) by integration.
Part 2. It is easy to see that if for some £ > 0, (AI5) holds, then it holds for all
¢’ < e and the same with (A.16]). This concludes the proof of Lemma [A-T] O

Applying Lemma [AT] we get either
01222 + 101 (5 8)ll Lz + 192(., 8) [ 22 = o([|o14(, s)l| £2)
or
18l + 11 8l + Nt )l = ollralzz).
A.2. Step 2: Case where |[U14(., s)||z2 dominates. Now, we focus on the case
[O1nun (- 8) Lz + [01- (s 8) |2z + 1020, 8)l[ £z = o([[014-(, 5)]|2). We will show that
it leads to either case (i) or case (ii) of Proposition B:8 We want to derive from

(A1) the equations satisfied by 19 and ©1;. For this, we estimate in the following
lemma, [ Giky,(y)p(y)dy for m = 0,1, where

() = b (9)/ 5

and G is given by (A3).

Lemma A.2. There exists Sy > 0, and an integer k' > 4 such that for all 5 €
(0,80), 3so € R such that Vs < sg, fv2|y|klp < co(K)BYF 2(s)2.

Proof. This lemma is analogous to Lemma A.3, p. 175 from [MZ98a], which handles
the real case with § = 0. One can adapt with no difficulty the proof of the present
context. ([

Proceeding as in Appendix A from [MZ98a] and doing the projection of equation
BI12), respectively on ko(y) and ki (y), we obtain
p

(A.21) Bo(s) = Br0(s) + ~ (1 4+ a(s)22(s)

and

(A22) Ha(s) = 5oua(s) + 1(s)2(5)%

where z(s) = [|[014(.,5)[[z2, a(s) = 0 as s = +oo and n is bounded. Then, from
standard ODE techniques, we get

(A.23) Ve > 0, 910(s) = O(e'=9)%) and @1, = Cre? + O(e(179)%),

Since z(s)? = ||o14.(., 8)||22 = 03y + 20%,, we write (A2I) as
P

2
%o(s) = tuo(s) + 2010 Pse (1 + als)) +4(s),

K

where v(s) = O(e2(1=2)%) and a(s) — 0 as s — —o0, which gives by integration

p— &
K

(A.24)  D1o(s) = |C125e° (1 + o(s)) + Coe® + 0(e2179)), as s — —oo.
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Two cases then arise:

o If Oy # 0, then 9;; = Cre? > 019 = O(se®), from ([A24). Note first that

(A.25)

applying Lemma [B7] to |vi| + |va| (this is possible from equations (A
and ([(A2)) and the boundedness of v), we have for all |s| large enough (and
s <0),

N?* = / [o(y, s)*p(y)dy < C xlv(.,s — s%) |72,

for some positive s* and C*.

Recalling system (A7) and using (A25), we obtain § < —1y +
cllv(., s — s*)||2L% < —1y + ce®. Then, we obtain y = O(e®); similarly,
we obtain @ = ||01puu(., 8)|[rz = O(e*). We conclude that [[v(.,s) — (1 +
ié)C’leS/zyHL% = 0(e*179)) as s — —o0, for some £ > 0. Using (Z3), we
get |05] < Ce®. This is case (ii) of Proposition B.8
If C; = 0, we obtain case (i) of Proposition B8 Indeed, let us first improve
the estimate of v. In fact, from (A24) we have 919 = Coe® + O(e*/?%) and
from ([(A22) we have ¥, = O(e%/2%).

We note y = [[01-(.,5)|[z2 + [|02(-; 8)llz2 and @ = [|o1puu (., 8)[[r2. Re-
calling system (A7) and using (A:28), we obtain

) 1 " 1 s
y < —§y+0\|v(~75—5 )||2Lg < —§y+062 :

Then, we have that y = [[01-(., s)||zz + [|02(., 8)[|z2 = O(e3/?%). Similarly,
we obtain that

T = ||61null(~a S)”Li = 0(63/25)

and we conclude

[v(.,8) = (1 +i0)D10(s)| 22
= [|(1 +6) (D11(s) + V1 nun (- 8) + 01— (., 8)) +102(, 8)| 2
= 0(e3/?).

Using (2.3]), we get ‘9/(8)|L§ < Ce?s. This is case (i) of Proposition 3.8

A.3. Step 3: Case where |[1nuu(.,5)|/r2 dominates. In the following we prove
that (iii) of Proposition B8 holds. First, we prove the following lemma:

Lemma A.3. Assume that

(A.26)

HﬁlJr('u S)HL% + ||@1*('7S)HL;‘; + ||’52(7s)||Lf7 = O(H’Dlnull('as)HL;‘;)

holds. Then

00:8) = ~(1+i8) g (07 = 2) o),

mn Lz as s — —00.
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Proof. Since 01nu = 012(8)ha(y), we note that 012 = [ 91k2p. Projecting equation
(A1) onto ha(y) we get

o) =20 [t

ds
+9’(s)/(551+@2)k2(y)p(y) +/ 21 T3ka(y)p(y) + O( /|v| ko (y

=2 2: /”1nuuk2( )p(y) — P9 /(”muu )kg(y)p(y)
+0'(s )/(51,1 + 09 ks (y /—ﬁ%kg p(y) + O(/ v k2(y)p(y))
= (p ;:2)817f2 + = o E1+E + &+ &y,

where we use the fact that [ Opuukap = 925 [ h3kep = 80%,. We next estimate &1,
&y, €5 and &,. For this, we need the following lemma:

Lemma A.4. There exist g > 0 and an integer k' > 4 such that for all « € (0, ayp),
there exists sg € R such that for all s < sg,

1P oy < calkra™* [ 2o
Proof. See the proof of Lemma C.1 in [MZ98a] (page 187). O

Recalling that v7 = U1 4 014 + U1pui, We write on the one hand:

&) < 1oy + 01| X 01 + Vit [F2(y) |,
1/2 1/2 1/2
¢ ( J +ﬁ1_|2p) {( / a%k»%(y)p) ¥ ( / amuk§<y>p) }

We have from (A26) that ([ |04 + 01-|%p) 1z _ o(12) and

- 1/2 12 -
([ #8w0)" + ([ Fukbwe)” (/ o] k2p> el = I + L.

On the other hand, we have
1 1/2 1/2
e [ geitnon < o [0)  ([3i0)
1/2
ofons) ( [ 102430
\—I,_/

IN

A

IN

To treat I;, we have from [A4}

/ By < o / o2 + / Iyl p < of / 0[20) < ci,.

We conclude that & = 0(93,) and &5 = o(9%,). We can see easily that £ = o(%,),
because of Lemma [Z4]



A LIOUVILLE THEOREM FOR HEAT EQUATIONS 3429

It remains to estimate £4. We consider « € (0, o) and we proceed as in Appendix
C from [MZ98a] (page 189). We write for m =0 or m = 2:

[ty < [ elredys [ ool
y|<a~ y|>a—

ca~ / ey onal [ iy
y[<a~ y|>a—

IN

IN

< Clea™™ + Meo(K)a'™) / 32 oy,

where we used the fact that [v| — 0 as s = —oco in L>=(B(0,a™1)), |v(y,s)| < M,
Lemma[Ad and [ [v]?pdy < J 63Lullpdy. We can then choose € and « such that for
s < so, [ Jv]*ly|™p < e [©2,,p and we obtain €4 = o(0%,).

So finally, we have

Y
Lo = 220

407, + (7).

Solving the above, we obtain

K

Bimatl = ——— (14 o(1)) (42 — 2).
This concludes the proof of Lemma [A3] O

In order to finish the proof of (iii) of Proposition 3.8 we need to refine the
estimates of Lemma [A.3] to catch the O(L—Z‘)
Recalling system (A7) and using (A-25]), we obtain

< —gytelos = s < —gy e
y s —gytelol,s =5z < —gy+es
65/2
Then, integrating (yeS/Q) C’S—2 between —oo and s, we get y < S% Doing the
s/2
same for z = [|014.(., s)[|r2, we obtain (ze™5/%) > o 5~ Integrating between s
s

and sg > s, we have z < —-

s
Proceeding as in the proof of Proposition [A3] we write:

(A.27)
d . p — 02 p 52
E(Um) = T Ulnullk2 (U%null %)kQ(y)p(y)

#0660 + / —w@ o)+ 0 ( [ 1Prawoto))

52 52
S a ] ey Y RN
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Then, we have

1< [ 014+ 81+ 52l X 0+ Srnualha(o)lo
1/2 1/2 1/2
< </ D14 + 01— + 5220) {</ U2k’§(9)ﬂ> + </ ﬁ%nullkg(y)p) }
1/2 1/4 1/2
S € (/ ’E%nullp> {C (/ U4p) +c (/ ’D%nullp) } .

C
Using the fact that [|01nuu(., 8)l|z2 ~ — and (A.25), we have
s

2
4 2 N c ¢
/U P§C</U (-73_3)0) SWSS—Q-
C C
— and & < —=. Then,
s

& <y? < P

C
Thus, & < = Similarly, we obtain & <
s

we have from (A27):
d . 4(p — o?
0y A=)

By integrating, we conclude that:

[s*’
N 1. 4(p—82). 1

_— K log |s|
R T R

).

82
Finally, we get [[v(.,s) = (1+ 16) 755555 (2 = 2)[|z2 = O(%) as s — —o0. Tt

remains to prove the estimate for 6 (s) to conclude the proof.
Integrating equation ([A.2)) with respect to pdy, we obtain:

0 (s) /((1 + 62)iy + 5oy + K)p = /égp.

On the one hand, we have ((1 4 6%)&; + 602 + k) = & + O(=). On the other hand,
using [(AF)), we get

. 1+06%)8 [ 1+6%) [
/G2p= u/vfp-i-( )/U1U2pa
K K
where we have from (iii) of Proposition B8, [ 9102p = O(lof%),
/@%P = /7712]1304‘/(@%_5%2]1%)/)

= 80+ / (01 — D12h2)) (01 + D12) p,

1
s

V12 = qpmss T 0(1052'5‘), J (91 = D12h2)) (01 4 T12) p < 0_1052\5| x 1= Clofs‘sla
, (1+62)8 K ’1 log |s|
0 (s) = - .
() K 2(p—92) ) s? +0( s3 )

Consequently, we obtain the desired estimate for 6. This concludes the proof of
Proposition [3.8
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APPENDIX B. EQUATIONS OF Z IN STEPS 4 AND 5

Equation of Z in Step 4: In this part we establish the equation satisfied by Z
in Step 4 of the proof of Theorem [l We denote by ¢ : C — C the function defined
by ¢(x) = |x[P~ 2. If we introduce v = (w — F), where F is defined by (3.30), then
we see from (LI0) that v satisfies the following equation for all (y, s) € R x R, such
that for |y| < 4egv/—s,

(B.1) Osv=(L—-1v+Iv)+ Bv)+ Ry, s),

where L is defined in B3)), v = vy + ivs,

I(v) = (1 + ) _]ﬁ +(p— V|FIP3F(Fyvy + Fawo) + |[FIP~ '
B(v) = (1+i0) [p(F +v) — ¢(F) = (p — D|F [P F(Fiy + Fav) — [FIP~ '],
R(y,s) = —8,F + AF — %y VEF - (14 M)% + (1 440)|F|P~F.

Using Taylor’s formula and the fact that w and F are bounded for |y| < 4epv/—s,
we readily obtain for all s < sg and |y| < 4e9y/—s that

BW)| < Clvf?,
R(y.s)| < 0 (M +x,)

with Xe, defined in 32). If we write v = (1 + i8)71 + i, B = (1 +1i6) By +iBs
and R = (14 i6)Ry + iRz, then we have

(B.2) dsin = Ly + 1101 + 1o + By + Ry,

(B.3) D5ty = (L — 1)y + ooy +la101 + Ba + Ry,

where
haly,s) = (1—52)(|F|7”’1 )+ (p— D|FP3(F° - 0217 - 1,
La(y,s) = —o(|FP~" - ) ( —1)|F|P=3(F = 0Fy) F,
ba(y,s) = (1+8)(|FP~ T — o07) + (P = VIFP3(Fy + 6F,) Py,
laa(y,s) = (1+8)(FP' = L5) + (- D[FP2R>.

p—1

Proceeding as in the proof of Lemma B.1 from [Zaa98| (page 615), we obtain for

all |y| < 4egv/—s,

(1+ 1y
5]

Therefore, we write for |s| large enough and |y| < 4egy/—s:

|li,;(y,s)| < C'min [ ,1] , for any 4, j € {1,2}.

(1+5ls)

fost o) < ¢ {8

+X50} < C{2ef+ Xeo } -
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Now, we multiply (B:2)) and (B.3) respectively by sgn(4) and sgn(2»). Using Kato’s
inequality, we obtain for z = || + |i], |s| large enough and |y| < 4eg/—s:

1 241
832—Az—|—§y-Vz—(1+0)2§C<22+(ysi_:)—kxso),

where we fix g9 small enough so that 0 = Ced = 1.
Now, we consider the cutoff function v ([B33]), we define Z = z7y and we obtain for

|s| large enough:
0.7 - AZ+ Ly vz (110)2 <c(z2+ 950
S 2y J) - + s2 +X€0
+z(3s~y—A”y+%-V”y) —2V~y-Vz

(here, we used the fact that v22 = Z2 + (y —9?)2%2 < Z? + Cx,,). The last terms
in this equation are the cutoff terms. Using the fact that z(@s'y —Ay+ 4 V'y) -
2VAVz < Cxe, — 2div (2V7y), we obtain for |s| large enough:

1 2, WP+1) ol 1
asZ—AZ+§y-VZ—(1+U)Z <C|Z°+ = + Xeo | —2div ((|71]| + |22]) V),

which is the desired equation in Lemma [3.111

Equation of Z in Step 4: In the following, we determine the equation satisfied
by Z in Step 4. We let v = w — f. We can see from ([B46]) that v satisfies the
following equation for all (y,s) € R x R, such that for |y| < 4eqe™%/2,

O = Av—3y-Vv+iv)+B)+Ry.s),
where
) = =14 i0) - + (L 0) {(p = DU (frn + o) + 1170

B(v) = 1+ {If + v/ (f +v) = |fIP7'f
— (0= DIfP2f(fin + fora) = [fIP M0},
R(y, s) = e*AG(ye/?).
Using a Taylor formula, we prove that for |s| large and |y| < 4ege™5/2,
[B)| < Clvl?,  |R(y, )| < Ce™ + X (4, 5),

with xe, defined by BZJ). If we write v = (1 +0)in + ivp, B = (1+i6)By + iBs
and R = (1 4+ id)Ry + iRz, then we have

(B.4) dsin = Ly + 11101 + 1o + By + Ry,

(B.5) Dsiy = (L — 1)y + looig + lp101 + Ba + Ry,

where
haly,s) = (L= (fPP =29+ - DIfFP*(H2 -2 R%) -1,
La(y,s) = =0(fIP~" = 520) + (0= DIfIP 2 (fr = 0 f2) fo,
loi(y,s) = (+8)(fIP7" = 325) + (0= DIFP2(f + 6 f2) fo,
ba(y,s) = (L+8)(fIP~ = 5) + (0= DIFIP* >

Proceeding as in the proof of Lemma B.1 from [Zaa98| (page 615), we obtain for
lyles/? < 4eq and s large,

;i (y,s)] < Cmin [|y|es/2, 1} , for any 4, j € {1,2}.
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If we consider y., defined in (34J), then we write for |s| large and |y| < 4ege™%/2:

< C{lyle” +xe0 } < C oo+ X} -

Now, we multiply (B4)) and (BE) respectively by sgn(4) and sgn(#). Using Kato’s
inequality, we obtain for z = |I4] + ||, |s| large enough and |y|e® < 4ey,

|0,

1
832—Az+iy-Vz—(1—|—0)z§0(22—|—es—|—x€0),

where 0 = Ceg = Wlo' Now, we consider the cutoff function ~y, we define Z = zv

and we obtain for |s| large:
1
02 —AZ+3y-VZ—(1+0)Z
<C(Z°+e +Xe) — 2 (837 — Ay + % : V’y) +2V4Vz.

The last terms in this equation are the cutoff terms. Using Z(@S’y —Ay+4- V’y) -
2VAVz < Cxe, + 2div (2V7), we obtain for |s| large:

1 ~ -
0sZ — AZ + J¥- VZ—-(140)Z<C(Z°+€° +xe,) — 2div (|| + |72)) V),
which is the desired equation in ([B.48]).
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