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THE BOCHNER-SCHOENBERG-EBERLEIN PROPERTY

FOR COMMUTATIVE BANACH ALGEBRAS, ESPECIALLY

FOURIER AND FOURIER-STIELTJES ALGEBRAS

EBERHARD KANIUTH AND ALI ÜLGER

Abstract. The classical Bochner-Schoenberg-Eberlein theorem characterizes
the continuous functions on the dual group of a locally compact abelian group
G which arise as Fourier-Stieltjes transforms of elements of the measure algebra
M(G) of G. This has led to the study of the algebra of BSE-functions on the
spectrum of an arbitrary commutative Banach algebra and of the concept
of a BSE-algebra as introduced by Takahasi and Hatori. Since then BSE-
algebras have been studied by several authors. In this paper we investigate
BSE-algebras in the general context on the one hand and, on the other hand, we
specialize to Fourier and Fourier-Stieltjes algebras of locally compact groups.

Introduction

Let A be a commutative Banach algebra with Gelfand spectrum Δ(A) and let
M(A) denote the multiplier algebra of A. A bounded continuous function σ on
Δ(A) is called a BSE-function if there exists a constant C > 0 such that for any
finitely many elements ϕ1, . . . , ϕn of Δ(A) and complex numbers c1, . . . , cn the
inequality ∣∣∣∣∣∣

n∑
j=1

cjσ(ϕj)

∣∣∣∣∣∣ ≤ C ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

holds. The BSE-norm of σ, ‖σ‖BSE , is defined to be the infimum of all such C. The
algebra A is called a BSE-algebra (or said to have the BSE-property) if the BSE-
functions on Δ(A) are precisely the Gelfand transforms of the elements of M(A).
Thus BSE-algebras admit a remarkable description of the range of the Gelfand
homomorphism of M(A), restricted to the subset Δ(A) of Δ(M(A)).

The contraction BSE stands for Bochner-Schoenberg-Eberlein and refers to the
famous theorem, proved by Bochner and Schoenberg (1934) for the additive group
of real numbers and by Eberlein (1955) for general locally compact abelian groups
G, saying that, in the above terminology, the group algebra L1(G) is a BSE-algebra
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(see [31]). Recall that Δ(L1(G)) is naturally homeomorphic to the dual group Ĝ of
G and M(L1(G)) is isometrically isomorphic to the measure algebra M(G) of G.

The notion of BSE-algebra and the algebra of BSE-functions were introduced
and first studied by Takahasi and Hatori [34]. This paper initiated a series of
subsequent publications [18, 19, 20, 35, 36] and has had a great impact. In [34],
apart from a number of examples, useful characterizations of BSE-functions were
given. Moreover, CBSE(Δ(A)), equipped with the BSE-norm, was shown to be a
semisimple Banach algebra, and the relevance of the existence of a Δ-weak bounded
approximate identity was demonstrated. The BSE-property also appeared in [22]
and [37].

In this paper we investigate BSE-algebras from the general point of view on the
one hand and the BSE-property for Fourier and Fourier-Stieltjes algebras of locally
compact groups on the other hand. A brief outline is as follows.

In the preliminary Section 1 we present several facts about the algebra of BSE-
functions. In particular, we relate CBSE(Δ(A)) to CBSE(Δ(I)) and CBSE(Δ(Ae))
for ideals I of A and the unitization Ae of A. The results are used substantially
later in the paper.

Suppose that A has a bounded approximate identity. To every element m of A∗∗

we associate the function m̂ : Δ(A) → C defined by m̂(ϕ) = 〈m,ϕ〉. This function
m̂ need not be continuous on Δ(A). It turns out that the subspace

C(A∗∗) = {m ∈ A∗∗ : m̂ : Δ → C is continuous}
of A∗∗ plays an important role in our investigation. In Section 2, we establish two
criteria for a semisimple commutative Banach algebra A to be a BSE-algebra. The
first one (Theorem 2.1) characterizes BSE-algebras in terms of C(A∗∗) and turns out
to be useful in some of the proofs of subsequent results. The second characterization,
which proves to be even more important, states that if ‖a‖ = ‖â‖BSE holds for all
a ∈ A (which is the case for most Banach algebras), then A is a BSE-algebra if
and only if the Fourier-Stieltjes transform M(A) → Cb(Δ(A)) is a semi-embedding
of Banach spaces (Theorem 2.4). Theorem 2.4 admits a surprising application to
uniform algebras.

In Section 3 we study algebras A which are ideals in their second duals. We
obtain that then A is a BSE-algebra if and only if A has a bounded approximate
identity and we determine the best possible norm bound (Theorem 3.1).

It is a natural question whether M(A) and Ae have to be BSE-algebras whenever
A is a BSE-algebra, and vice versa. Regarding the unitization, we give in Theorem
4.8 a necessary and sufficient condition in terms of A for Ae to be a BSE-algebra.
We also comment on when this condition is satisfied. Suppose again that A has a
bounded approximate identity. Then, if M(A) is a BSE-algebra, so is A at least
when A → CBSE(Δ(A)) is isometric (Theorem 4.1). The reverse implication holds
if Δ(A) is dense in Δ(M(A)) (Corollary 4.3).

Several of these results are applied in Section 5, where we investigate the Fourier
and Fourier-Stieltjes algebras, A(G) and B(G), associated with an arbitrary locally
compact group G. We remind the reader that when G is abelian, A(G) and B(G)

are isometrically isomorphic to L1(Ĝ) and M(Ĝ), respectively. The Fourier algebra
A(G) turns out to be a BSE-algebra if and only if the group G is amenable, and in
this case the closed ideals of A(G) which are BSE-algebras are found to be precisely
those ideals which possess bounded approximate identities and therefore correspond
to the closed sets in the coset ring of G (Theorems 5.1 and 5.3). Moreover, if I
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is such an ideal, then the elements of I can be identified within the algebra of
BSE-functions on Δ(I) (Theorem 5.4). If G is abelian, then B(G) is a BSE-algebra
(if and) only if G is compact, and this result extends to nilpotent groups. For
general G, however, there is a somewhat surprising diversity in that, no matter
whether G is amenable or not, B(G) can be a BSE-algebra and can fail to be one
(see Theorems 5.7 and 5.9). All these features are illustrated by examples. Most
notably, the Fourier-Stieltjes algebras of noncompact connected simple Lie groups
with finite centre and of certain 2-step solvable groups are BSE-algebras.

1. Preliminaries and the algebra of BSE-functions

Let A be a commutative Banach algebra. A linear operator T on A is called
a multiplier if it satisfies xT (y) = T (xy) for all x, y ∈ A. The set M(A) of all
multipliers of A is a unital commutative Banach algebra, the multiplier algebra of

A. For each T ∈ M(A) there exists a unique continuous function T̂ on Δ(A) such

that T̂ (a)(ϕ) = T̂ (ϕ)â(ϕ) for all a ∈ A and ϕ ∈ Δ(A) [24, Theorem 1.2.2].
A bounded net (eα)α in A is called a Δ-weak bounded approximate identity if it

satisfies ϕ(eα) → 1 (equivalently, ϕ(eαa) → ϕ(a) for every a ∈ A) for all ϕ ∈ Δ(A).
Such approximate identities were studied in [21], where the first example was given
of a semisimple commutative Banach algebra which has a Δ-weak approximate
identity, but does not possess a bounded approximate identity. Accordingly, in
[34] these approximate identities are referred to as bounded approximate identi-
ties in the sense of Jones and Lahr, but we prefer to stick to the above more
suggestive name used in [12]. As shown in [34, Corollary 5], A has a Δ-weak

bounded approximate identity if and only if M̂(A) ⊆ CBSE(Δ(A)). There are
classes of semisimple commutative Banach algebras for which the existence of a

Δ-weak bounded approximate identity already forces M̂(A) = CBSE(Δ(A)), that
is, A is a BSE-algebra, but which nevertheless don’t admit bounded approximate
identities [18]. We shall mention these at the end of this section. In many cases,
however, the three properties that A is a BSE-algebra, A has a bounded approxi-
mate identity, and A has a Δ-weak bounded approximate identity turn out to be
equivalent (see Theorems 3.1, 5.1 and 5.3).

The multiplier algebra of a semisimple BSE-algebra A is topologically isomorphic
to CBSE(Δ(A)) [34, Corollary 6]; that is, there exist positive real numbers c and

d such that c‖T‖ ≤ ‖T̂‖BSE ≤ d‖T‖ for all T ∈ M(A). In particular, the norms
a → ‖a‖ and a → ‖â‖BSE on A are equivalent. Since we always have ‖â‖BSE ≤ ‖a‖,
it is an interesting question of when these two norms on A are equal. A number
of examples where this happens to be the case are given in [36], among them L1-
algebras of locally compact abelian groups, Lp(G) for a compact abelian group
(1 ≤ p < ∞) and commutative H∗-algebras.

For a commutative Banach algebra A we define β(A) ∈ [0,∞] by

β(A) = sup

⎧⎨⎩
∣∣∣∣∣∣

n∑
j=1

cj

∣∣∣∣∣∣ :
∥∥∥∥∥∥

n∑
j=1

cjϕj

∥∥∥∥∥∥
A∗

≤ 1, ϕj ∈ Δ(A), cj ∈ C

⎫⎬⎭ .

It is clear from the very definition that β(A) is finite if and only if the algebra
CBSE(Δ(A)) is unital; that is, the constant function 1 on Δ(A) is a BSE-function.
Moreover, in this case, β(A) = ‖1‖BSE .
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Lemma 1.1. Let A be a commutative Banach algebra. Then the algebra
CBSE(Δ(A)) is unital if and only if A has a Δ-weak bounded approximate identity.
Furthermore, in this case, the norm ‖1‖BSE = β(A) is equal to the minimum of
the norm bounds of all such approximate identities.

Proof. Suppose that (eα)α is a Δ-weak bounded approximate identity. Then, for
any

∑n
j=1 cjϕj ∈ span(Δ(A)),∣∣∣∣∣∣

n∑
j=1

cj

∣∣∣∣∣∣ = lim
α

∣∣∣∣∣∣
n∑

j=1

cjϕj(eα)

∣∣∣∣∣∣ = lim
α

∣∣∣∣∣∣
〈
eα,

n∑
j=1

cjϕj

〉∣∣∣∣∣∣
≤ sup

α
‖eα‖ ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

.

So 1 ∈ CBSE(Δ(A)) and β(A) ≤ supα ‖eα‖.
Conversely, let 1 ∈ CBSE(Δ(A)). Then, for all ϕ1, . . . , ϕn ∈ Δ(A) and c1, . . . , cn

∈ C, ∣∣∣∣∣∣
n∑

j=1

cj

∣∣∣∣∣∣ ≤ β(A) ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

.

This means that the assignment
∑n

j=1 cjϕj →
∑n

j=1 cj is a bounded linear func-

tional on span(Δ(A)). By the Hahn-Banach theorem there exists m ∈ A∗∗ such
that ‖m‖A∗∗ ≤ β(A) and 〈m,ϕ〉 = 1 for all ϕ ∈ Δ(A). Since the unit ball of A
is w∗-dense in the unit ball of A∗∗, there exists a net (eα)α in A with eα → m in
the w∗-topology and ‖eα‖ ≤ ‖m‖ for all α. In particular, ϕ(eα) → 〈m,ϕ〉 = 1 for
all ϕ ∈ Δ(A). So (eα)α is a Δ-weak bounded approximate identity and, combining
this with the first part of the proof, gives

β(A) ≤ sup
α

‖eα‖ ≤ ‖m‖ ≤ β(A).

This finishes the proof of the lemma. �

Lemma 1.2. Let A and B be commutative Banach algebras and φ a continuous

homomorphism from A onto B and let φ̂ = φ∗|Δ(B) : Δ(B) → Δ(A). If σ ∈
CBSE(Δ(A)), then σ ◦ φ̂ ∈ CBSE(Δ(B)) and

‖σ ◦ φ̂‖BSE ≤ ‖σ‖BSE‖φ‖.

Proof. For ϕ1, . . . , ϕn ∈ Δ(A) and c1, . . . , cn ∈ C, we have∣∣∣∣∣∣
n∑

j=1

cj(σ ◦ φ̂)ϕj)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
n∑

j=1

cjσ(ϕj ◦ φ)

∣∣∣∣∣∣
≤ ‖σ‖BSE ·

∥∥∥∥∥∥
n∑

j=1

cj(ϕj ◦ φ)

∥∥∥∥∥∥
A∗

≤ ‖σ‖BSE ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
B∗

· ‖φ‖,

as claimed. �
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Corollary 1.3. Let A and B be unital commutative Banach algebras. If A and B
are topologically isomorphic, then A is a BSE-algebra if and only if B is a BSE-
algebra.

Proof. Let φ : A → B be a topological isomorphism and suppose that B is a

BSE-algebra. With the notation of Lemma 1.2, if σ ∈ CBSE(Δ(A)), then σ ◦ φ̂ ∈
CBSE(Δ(B)) and hence there exists b ∈ B such that, for any ϕ ∈ Δ(B),

σ(ϕ ◦ φ) = (σ ◦ φ̂)(ϕ) = b̂(ϕ) = (ϕ ◦ φ)(φ−1(b)).

Since Δ(A) = {ϕ◦φ : ϕ ∈ Δ(B)}, it follows that φ̂−1(b) = σ. Thus CBSE(Δ(A)) ⊆
Â and so A is a BSE-algebra. �

Lemma 1.4. Let A be a commutative Banach algebra and σ ∈ CBSE(Δ(A)). Let
I be a closed ideal of A, and suppose that I has a Δ-weak approximate identity,
bounded by c > 0. Then σ|Δ(I) ∈ CBSE(Δ(I)) and

‖σ|Δ(I)‖BSE ≤ c‖σ‖BSE .

Proof. We have to show that given ε > 0, for any ϕ1, . . . , ϕn ∈ Δ(I) and c1, . . . , cn
∈ C,

∣∣∣∣∣∣
n∑

j=1

cjσ(ϕj)

∣∣∣∣∣∣ ≤ c ‖σ‖BSE ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
I∗

+ ε.

First, select a ∈ A such that ‖a‖ ≤ 1 and

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

≤

∣∣∣∣∣∣
n∑

j=1

cjϕj(a)

∣∣∣∣∣∣+ ε

2‖σ‖BSE
.

Next choose 0 < δ < 1 such that

δ

1− δ

n∑
j=1

|cj | ≤
ε

2c‖σ‖BSE
.
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By hypothesis, there exists b ∈ I such that ‖b‖ ≤ c and |ϕj(b) − 1| ≤ δ for
j = 1, . . . , n. Then we get∣∣∣∣∣∣

n∑
j=1

cjσ(ϕj)

∣∣∣∣∣∣ ≤

∥∥∥∥∥∥‖σ‖BSE ·
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

≤ ‖σ‖BSE

⎛⎝∣∣∣∣∣∣
n∑

j=1

cjϕj(a)

∣∣∣∣∣∣+ ε

2‖σ‖BSE

⎞⎠
= ‖σ‖BSE

⎛⎝∣∣∣∣∣∣
n∑

j=1

cj
ϕj(b)

ϕj(ba)

∣∣∣∣∣∣+ ε

2‖σ‖BSE

⎞⎠
≤ ‖σ‖BSE

⎛⎝∣∣∣∣∣∣
n∑

j=1

cjϕj(ba)

∣∣∣∣∣∣+
n∑

j=1

∣∣∣∣cj(ϕj(b)−1)

ϕj(b)
ϕj(ba)

∣∣∣∣+ ε

2‖σ‖BSE

⎞⎠
≤ ‖σ‖BSE

⎛⎝‖ba‖

⎛⎝∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
I∗

+
n∑

j=1

|cj |δ
1− δ

⎞⎠+
ε

2‖σ‖BSE

⎞⎠
≤ c‖σ‖BSE ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
I∗

+ ε,

and we are done. �

Lemma 1.5. Let A be a commutative Banach algebra and let I be a closed ideal
of A such that A/I is semisimple. For a complex-valued function σ on Δ(I), let
σ̃ : Δ(A) → C be defined by σ̃(ϕ) = σ(ϕ) for ϕ ∈ Δ(A) and σ̃(ϕ) = 0 for ϕ �∈ Δ(I).

(i) If σ ∈ CBSE(Δ(I)) ∩ C0(Δ(I)), then σ̃ ∈ CBSE(Δ(A)) and ‖σ̃‖BSE =
‖σ‖BSE.

(ii) If CBSE(Δ(A)) ⊆ M̂(A), then CBSE(Δ(I)) ∩ C0(Δ(I)) ⊆ M̂(I).
If Δ(I) is closed in Δ(A), the same conclusions hold if CBSE(Δ(I)) ∩
C0(Δ(I)) is replaced by CBSE(Δ(I)).

Proof. The proof of both, (i) and (ii), is only a slight modification of the arguments
in the proof of [34, Theorem 8]. �

Let G be an abelian locally compact group and S a Segal algebra on G. In
[18, Lemma 1.1] it was shown that S is a BSE-algebra if (and only if) S has a Δ-
weak bounded approximate identity. But note that S has a bounded approximate
identity only if S = L1(G). Now, in [18], two classes of Segal algebras were shown
to admit Δ-weak bounded approximate identities.

(1) For 1 < p ≤ ∞, let Sp(G) = L1(G) ∩ Lp(G) with norm defined to be
‖f‖ = max{‖f‖1, ‖f‖p}. Then Sp(G) has a Δ-weak approximate identity
of norm 1 whenever G is non-compact [18, Theorem 2.1].

(2) For 1 < p < ∞, let Ap(G) = {f ∈ L1(G) : f̂ ∈ Lp(Ĝ)} with norm ‖f‖ =

max{‖f‖1, ‖f̂‖p}. If G is non-compact and non-discrete, then Ap(G) has
a Δ-weak approximate identity of norm 1 [18, Theorem 3.1].
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2. Characterizations of BSE-algebras

In this section we present two characterizations of semisimple BSE-algebras with
bounded approximate identities both of which turn out to be quite useful. Moreover,
we feel that they clearly display those properties of A and of its multiplier algebra
M(A) that are relevant in our context. In the entire paper, the second dual A∗∗

of a commutative Banach algebra A will always be equipped with the first Arens
product, which is defined as follows (compare [2, Section 9]). For a, b ∈ A, f ∈ A∗

and m,n ∈ A∗∗, the elements f · a and m · f of A∗ and mn ∈ A∗∗ are defined by

〈f · a, b〉 = 〈f, ab〉, 〈m · f, b〉 = 〈m, f · b〉 and 〈mn, f〉 = 〈m,n · f〉,
respectively. With this multiplication, A∗∗ is a Banach algebra and A is a subalge-
bra of A∗∗. In general, the multiplication (m,n) → mn is not separately continu-
ous with respect to the w∗-topology on A∗∗. But, for fixed n ∈ A∗∗, the mapping
m → mn is w∗-continuous. Although under this multiplication A∗∗ is not commu-
tative in general, commutativity of A implies that am = ma for all m ∈ A∗∗ and
a ∈ A.

If σ ∈ CBSE(Δ(A)), then the linearization σ̃ : span(Δ(A)) → C of σ, defined
by σ̃(

∑n
j=1 cjϕj) =

∑n
j=1 cjσ(ϕj) for c1, . . . , cn ∈ C and ϕ1, . . . , ϕn ∈ Δ(A), is

a bounded linear functional and hence by the Hahn-Banach theorem there exists
m ∈ A∗∗ such that ‖m‖ = ‖σ‖BSE and m̂(ϕ) = 〈m,ϕ〉 = σ(ϕ) for all ϕ ∈ Δ(A).
The essential point here is that m̂ is continuous on Δ(A). This leads us to introduce
the set

C(A∗∗) = {m ∈ A∗∗ : m̂ : Δ → C is continuous}.
Then C(A∗∗) is a norm closed subalgebra of A∗∗. By Theorem 4 of [34], Ĉ(A∗∗) =

CBSE(Δ(A)). If m1 and m2 are two extensions of σ̃, then ̂m1 −m2 = 0 on Δ(A).
Therefore, a naturally arising space is

R(A∗∗) = {m ∈ A∗∗ : m̂ = 0 on Δ(A)}.
The space R(A∗∗) is a w∗-closed ideal of A∗∗.

Suppose that A has a bounded approximate identity and hence A∗∗ has a right
identity e. Then the map j from M(A) into A∗∗ defined by j(T ) = T ∗∗(e) is a
homomorphism with ‖j(T )‖ ≤ ‖e‖ · ‖T‖. Conversely,

‖j(T )‖ = sup{|〈T ∗∗(e), f〉| : f ∈ A∗
1}

≥ sup{|〈T ∗∗(e), a · f〉| : a ∈ A1, f ∈ A∗
1}

= sup{|〈T (a), f〉| : a ∈ A1, f ∈ A∗
1}

= sup{‖T (a)‖ : a ∈ A1} = ‖T‖.
So j is a Banach algebra isomorphism between M(A) and the closed subalgebra
j(M(A)) of A∗∗, and j is an isometry if ‖e‖ = 1.

Our first result characterizes BSE-algebras in terms of the space C(A∗∗).

Theorem 2.1. Let A be a semisimple commutative Banach algebra with bounded
approximate identity. Then A is a BSE-algebra if and only if

C(A∗∗) = j(M(A))⊕R(A∗∗).

Proof. Suppose first that A is a BSE-algebra and let T ∈ M(A) and put m =

T ∗∗(e) ∈ A∗∗. Then m̂ = T̂ on Δ(A), so that m̂ is continuous on Δ(A). Conse-
quently, j(M(A)) ⊆ C(A∗∗). Now, let n be an arbitrary element of C(A∗∗). Then,
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since A is a BSE-algebra, n̂ ∈ CBSE(Δ(A)) and hence n̂ = T̂ for some T ∈ M(A).

Let m = T ∗∗(e) ∈ j(M(A)). Then n̂−m = 0 on Δ(A) and so n − m ∈ R(A∗∗).
This shows that C(A∗∗) ⊆ j(M(A)) + R(A∗∗). Clearly, j(M(A)) ∩ R(A∗∗) = {0},
whence C(A∗∗) = j(M(A))⊕R(A∗∗).

Conversely, if C(A∗∗) = j(M(A)) + R(A∗∗) holds, then M̂(A) = Ĉ(A∗∗) =
CBSE(Δ(A)). Hence A is a BSE-algebra. �

As an immediate consequence of this characterization we get

Corollary 2.2. Let A be a unital semisimple commutative Banach algebra. Then
A is a BSE-algebra if and only if C(A∗∗) = A⊕R(A∗∗).

The following lemma is straightforward. We include it for completeness.

Lemma 2.3. Let E and F be Banach spaces and let T : E → F be a bounded linear
operator. Let m ∈ E∗∗ be such that T ∗∗(m) ∈ F . If (aα)α is a net in E converging
to m in the w∗-topology of E∗∗, then the net (T (aα))α converges weakly to T ∗∗(m)
in F .

To motivate the next characterization of BSE-algebras, consider the measure
algebra M(G) of a locally compact abelian group G and the Fourier-Stieltjes trans-

form Γ : M(G) → Cb(Ĝ). Then Γ(M(G)1) is norm closed in Cb(Ĝ) [31, Theorem
1.9.2]. In terms of general Banach space theory, Γ is a semi-embedding. Recall that
a bounded linear operator T : E → F between Banach spaces E and F is said to
be a semi-embedding if T is one-to-one and T (E1), the image of the closed unit ball
of E, is closed in F . Of course, if T is a topological isomorphism onto its range,
then T is a semi-embedding. However, being a semi-embedding is a much weaker
condition. The reader can find ample information on this notion in [3].

The following theorem shows that in the context of general commutative Banach
algebras A, the relevant condition for A to be a BSE-algebra is that the Fourier-
Stieltjes transform Γ : M(A) → Cb(Δ(A)) is a semi-embedding.

Theorem 2.4. Let A be a semisimple commutative Banach algebra with bounded
approximate identity and let Γ : M(A) → Cb(Δ(A)) denote the Fourier-Stieltjes
transform. If Γ is a semi-embedding, then A is a BSE-algebra, and the converse is
true at least when ‖â‖BSE = ‖a‖ holds for all a ∈ A.

Proof. Suppose first that Γ is a semi-embedding. To show that A is a BSE-algebra
we shall use Theorem 2.1. To that end, let m ∈ C(A∗∗) be given. Of course, we
can assume that ‖m‖ ≤ 1. Then there exists a net (aα)α in the unit ball A1 of A
such that aα → m in the w∗-topology of A∗∗. For each α, consider the multiplier
Tα = Laα

∈ M(A)1. Since m̂ ∈ Cb(Δ(A)), an application of Lemma 2.3 to the
Gelfand transform shows that âα → m̂ weakly in Cb(Δ(A)). Because the functions

T̂α and âα agree on Δ(A), this means that T̂α → m̂ weakly in Cb(Δ(A)). Therefore,
the set Γ(M(A)1) being convex and norm closed, we get that m̂ ∈ Γ(M(A)1). Thus

m̂ = T̂ for some T ∈ M(A)1. Since A is semisimple, T is uniquely determined. Now
let e be a right identity in A∗∗ and let n = T ∗∗(e). Then m− n belongs to R(A∗∗)
and thereforem ∈ j(M(A))+R(A∗∗). This shows that C(A∗∗) = j(M(A))⊕R(A∗∗)
and hence A is a BSE-algebra by Theorem 2.1.

Conversely, suppose that A is a BSE-algebra and that ‖â‖BSE = ‖a‖ holds for
all a ∈ A. To prove that Γ(M(A)1) is norm closed in Cb(Δ(A)), let σ ∈ Cb(Δ(A))
be such that σ is in the norm closure of Γ(M(A)1) in Cb(Δ(A)). There exists a
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sequence (Tn)n in M(A)1 such that T̂n → σ uniformly on Δ(A) as n → ∞. Let e
be a right identity in A∗∗ and S → S∗∗(e) the corresponding embedding of M(A)
into A∗∗. Then, for any

∑n
j=1 cjϕj ∈ span(Δ(A)),∣∣∣∣∣∣

n∑
j=1

cj T̂n(ϕj)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
n∑

j=1

cj T̂ ∗∗
n (e)(ϕj)

∣∣∣∣∣∣
≤ ‖T ∗∗

n (e)‖ ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

≤ ‖e‖ ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

since ‖Tn‖ ≤ 1. Letting n → ∞, we get∣∣∣∣∣∣
n∑

j=1

cjσ(ϕj)

∣∣∣∣∣∣ ≤ ‖e‖ ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

.

This shows that σ ∈ CBSE(Δ(A)), and since A is a BSE-algebra, there exists

T ∈ M(A) such that T̂ = σ.
It remains to show that ‖T‖ ≤ 1. To this end, let a ∈ A be given. Since

T̂n(a)(ϕ) → T̂ (a)(ϕ) for all ϕ ∈ Δ(A), we have for any
∑n

j=1 cjϕj ∈ span(Δ(A)),∣∣∣∣∣∣
n∑

j=1

cj T̂ (a)(ϕj)

∣∣∣∣∣∣ = lim
n→∞

∣∣∣∣∣∣
n∑

j=1

cj T̂n(a)(ϕj)

∣∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣∣
〈
Tn(a),

n∑
j=1

cjϕj

〉∣∣∣∣∣∣
≤ lim sup

n→∞
‖Tn(a)‖ ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

≤ ‖a‖ ·

∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

,

so that
∥∥∥T̂ (a)∥∥∥

BSE
≤ ‖a‖. Now, by hypothesis, ‖x̂‖BSE = ‖x‖ for all x ∈ A. It

follows that

‖T (a)‖ = ‖T̂ (a)‖BSE ≤ ‖a‖,
and hence ‖T‖ ≤ 1 since a ∈ A was arbitrary. �

Remark 2.5. Let A be a semisimple commutative Banach algebra with bounded
approximate identity satisfying the condition ‖â‖BSE = ‖a‖ for all a ∈ A. In
view of Theorem 2.4 one might wonder whether A is a BSE-algebra if and only
if the Gelfand transform Γ : A → C0(Δ(A)), as opposed to the Fourier-Stieltjes
transform, is a semi-embedding. However, the following example shows that this
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is not true. Let G be any non-discrete locally compact abelian group. Then there

exists a singular measure μ ∈ M(G) such that μ̂ ∈ C0(Ĝ) (see [14, Theorem 7.4.1]).
Now let G be compact. It is worth mentioning that in this case a functional

analytic proof for the existence of such a measure μ has been given in [3]. Of
course, we can assume that ‖μ‖ ≤ 1. Let (uα)α be a bounded approximate identity

in L1(G) with ‖uα‖1 ≤ 1 for all α, and let fα = uα ∗ μ ∈ L1(G)1. Then f̂α → μ̂

pointwise on the discrete group Ĝ and since c0(Ĝ)∗ = l1(Ĝ), this implies that

f̂α → μ̂ weakly in c0(Ĝ). It follows that μ̂ is contained in the norm closure of the

convex set Γ(L1(G)1) in c0(Ĝ). This shows that Γ(L1(G)1) is not closed in Cb(Ĝ)
because otherwise we would have μ̂ = ĝ for some g ∈ L1(G), which is impossible

since μ is singular. However, recall that ‖f̂‖BSE = ‖f‖1 for all f ∈ L1(G).

Employing Morera’s theorem and Montel’s theorem, it was shown in [34, Theo-
rem 7] that the disc algebra and the classical Hardy algebra are BSE-algebras (in
this context, compare also [20]). This raises the question of whether every uniform
algebra is a BSE-algebra. Here by a uniform algebra we mean a unital commu-
tative Banach algebra which is isometrically isomorphic to a closed subalgebra of
C(X) for some compact Hausdorff space X. As a reference to uniform algebras we
mention the monograph [33]. A straightforward application of Theorem 2.4 shows
that the above question has an affirmative answer.

Theorem 2.6. Every uniform algebra is a BSE-algebra.

Proof. Let A be a uniform algebra. By Corollary 1.3, we can assume that A is a
closed subalgebra of C(X)for some compact Hausdorff space X. Then the Gelfand
homomorphism Γ is an isometric isomorphism of A into C(Δ(A)). Moreover, ‖a‖ =
‖â‖BSE for all a ∈ A and Γ is a semi-embedding. So A is a BSE-algebra by Theorem
2.4. �

3. Algebras which are ideals in their second duals

One class of commutative Banach algebras A, for which a particularly simple
criterion for A to be a BSE-algebra can be given, is the class of semisimple commu-
tative Banach algebras which are ideals in their second duals (Theorem 3.1). For a
discussion of which algebras belong to that class, see Proposition 3.5. A criterion
analogous to Theorem 3.1 will turn out to be valid for ideals in Fourier algebras of
amenable locally compact groups, which we address in Section 5.

Theorem 3.1. Let A be a semisimple commutative Banach algebra which is an
ideal in its second dual A∗∗. Then the following are equivalent.

(i) A is a BSE-algebra.
(ii) A has a Δ-weak bounded approximate identity.
(iii) A has a bounded approximate identity.

The approximate identity in (iii) can be chosen to be bounded in norm by β(A).

Proof. (i) ⇒ (ii) being obvious, let (ii) hold. Then, by Lemma 1.1, A has a Δ-weak
bounded approximate identity, say (gγ)γ . Let e ∈ A∗∗ be a w∗-cluster point of
(gγ)γ . Then ‖e‖ ≤ β(A), and ê = 1 on Δ(A) and hence âe = â on Δ(A) for all
a ∈ A. Since A is an ideal in A∗∗ and A is semisimple, this implies that ae = a for all
a ∈ A. By Goldstein’s theorem, there exists a net (fβ)β in A such that ‖fβ‖ ≤ ‖e‖
for all β and fβ → e in the w∗-topology. Thus afβ → a weakly for every a ∈ A;
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that is, (fβ)β is a weak approximate identity. Then there exists another net (eα)α,
each eα being a convex combination of fβ ’s, which forms an approximate identity
in norm [6, Proposition 2.9.14]. Since ‖fβ‖ ≤ ‖e‖ for all β, ‖eα‖ ≤ ‖e‖ ≤ β(A).

It only remains to show (iii) ⇒ (i). If A has a bounded approximate identity,
then A∗∗ has a right identity e and the mapping m → em is a bounded projection
in A∗∗. This induces a decomposition A∗∗ = eA∗∗ ⊕ (1 − e)A∗∗. We claim that
j(M(A)) = eA∗∗. If T ∈ M(A), then T ∗∗ is a multiplier of A∗∗ and hence T ∗∗(e) =
e T ∗∗(e).

Conversely, since A is an ideal in A∗∗, eachm ∈ A∗∗ defines a multiplier Tm : a →
am of A, and then it is readily checked that T ∗∗

m (e) = em. As (1−e)A∗∗ ⊆ R(A∗∗),
we conclude that A∗∗ = j(M(A)) + R(A∗∗). Theorem 2.1 now shows that A is a
BSE-algebra. �

Of course, our interest is in deciding whether an algebra A is a BSE-algebra.
However, a simple consequence of Theorem 3.1 is that, when A is an ideal in its
second dual, A cannot possess a Δ-weak bounded approximate identity unless it
possesses a bounded approximate identity. This latter condition is usually much
easier to check.

Corollary 3.2. Let A be a semisimple commutative BSE-algebra which is an ideal
in its second dual. Then ‖a‖ ≤ β(A)‖â‖BSE for all a ∈ A. Consequently, if
β(A) = 1, then the Fourier-Stieltjes transform Γ : M(A) → Cb(Δ(A)) is a semi-
embedding.

Proof. By Theorem 3.1, A has a bounded approximate identity (eα)α bounded by
β(A). Let AA∗ = {a · f : f ∈ A∗, a ∈ A}. Since A has a bounded approximate
identity, by the module version of Cohen’s factorization theorem (see [6, Corollary

2.9.26]) AA∗ is a closed linear subspace of A∗. Observe next that span(Δ(A)) =
AA∗. In fact, this can be seen as follows. Let m ∈ A∗∗ be such that 〈m,ϕ〉 = 0 for
all ϕ ∈ Δ(A). Then

0 = ϕ(a)〈m,ϕ〉 = 〈m, a · ϕ〉 = 〈ma,ϕ〉

for all a ∈ A and ϕ ∈ Δ(A). Since A is semisimple and an ideal in A∗∗, it follows
that mA = {0}. This in turn implies that 0 = 〈ma, f〉 = 〈m, a · f〉 for all a ∈ A

and f ∈ A∗. Thus m annihilates AA∗ and hence span(Δ(A)) = AA∗ by the Hahn-
Banach theorem.

Now fix a ∈ A and let x ∈ A1, f ∈ A∗
1 and ε > 0. Then there exists a functional∑n

j=1 cjϕj ∈ span(Δ(A)) such that ‖x · f −
∑n

j=1 cjϕj‖A∗ < ε. In particular,∥∥∥∥∥∥
n∑

j=1

cjϕj

∥∥∥∥∥∥
A∗

≤ ‖x‖ · ‖f‖A∗ + ε ≤ 1 + ε.

It follows that

|〈a, x · f〉| =

∣∣∣∣∣∣
〈
a, x · f −

n∑
j=1

cjϕj

〉∣∣∣∣∣∣+
∣∣∣∣∣∣
〈
a,

n∑
j=1

cjϕj

〉∣∣∣∣∣∣
≤ ε‖a‖+ 1

1 + ε
· ‖â‖BSE .
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Letting ε → 0, we conclude that |〈ax, f〉| ≤ ‖â‖BSE . Since f ∈ A∗
1 was arbitrary,

‖ax‖ ≤ ‖â‖BSE . Replacing x by 1
β(A)eα, we get

‖a‖ = lim
α

‖aeα‖ = β(A) · lim
α

∥∥∥∥a( 1

β(A)
eα

)∥∥∥∥ ≤ β(A) · ‖â‖BSE ,

as required. Finally, if β(A) = 1, then ‖a‖ = ‖â‖BSE for all a ∈ A and hence
Γ : M(A) → Cb(Δ(A)) is a semi-embedding by Theorem 2.6. �

The following corollary is an immediate consequence of Theorem 3.1. In this
context the reader should compare [34, Theorem 8].

Corollary 3.3. Let A be a semisimple commutative Banach algebra which is an
ideal in A∗∗. Suppose that A is a BSE-algebra and that I is a closed ideal in A.
Then

(i) A/I is a BSE-algebra.
(ii) I is a BSE-algebra if and only if I has a bounded approximate identity.

Example 3.4. (1) Let A = lp, 1 < p < ∞, be the sequence space. Under pointwise
multiplication, A is a commutative semisimple Banach algebra. Being reflexive, A
is an ideal in its second dual. A does not have a bounded approximate identity and
hence fails to be a BSE-algebra.

(2) Let G be an infinite compact abelian group and Ĝ the discrete dual group of
G. For 1 ≤ p < ∞, Lp(G) equipped with convolution is a semisimple commutative

Banach algebra with Δ(Lp(G)) = Ĝ. Whereas L1(G) is a BSE-algebra, Lp(G),
for p > 1, does not have a bounded approximate identity and therefore is not a
BSE-algebra.

Theorem 3.1 shows that lp and Lp(G), p > 1, do not even have Δ-weak bounded
approximate identities.

The following remark gives a fairly exhaustive class of commutative Banach
algebras which are ideals in their second duals. We remind the reader that a
commutative Banach algebra is said to be Tauberian if the set of all elements a ∈ A
such that â has compact support in Δ(A) is dense in A.

Remark 3.5. Let A be a semisimple commutative Banach algebra and suppose that
A is Tauberian and Δ(A) is discrete. Then A is an ideal in A∗∗. In fact, for every
a ∈ A such that â has finite support, the multiplication operator La : x → ax is a
finite rank operator on A, and since such elements are dense in A, it follows that
La is compact for every a ∈ A. This property implies that A is an ideal in A∗∗

(compare [29, Proposition 1.4.13]).

4. The BSE-property: A versus M(A) and Ae

In this section we study the problem of how the BSE-property of A is related to
the BSE-property of the unitization Ae and of the multiplier algebra M(A). We
start with M(A).

Theorem 4.1. Let A be a semisimple commutative Banach algebra with bounded
approximate identity and satisfying ‖â‖BSE = ‖a‖ for all a ∈ A. If M(A) is a
BSE-algebra, then so is A.
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Proof. Suppose that M(A) is a BSE-algebra. To prove that A is a BSE-algebra we
are going to show that the Fourier-Stieltjes transform Γ : M(A) → Cb(Δ(A)) is a
semi-embedding. To this end, let f be a continuous function on Δ(A) belonging to
the closure of Γ(M(A)1) in Cb(Δ(A)). So there exists a sequence (Tn)n in M(A)1
such that T̂n → f uniformly on Δ(A). For any a ∈ A, we then have

‖T̂n â− f â‖Cb(Δ(A)) = ‖T̂n ◦ La − f â‖C(Δ(M(A))

since â vanishes on Δ(M(A))\Δ(A). Since M(A) is a BSE-algebra, it follows from

Theorem 2.4 that f â ∈ M̂(A)1 for each a ∈ A1. So, for each a ∈ A, there exists

Ta ∈ M(A) such that T̂a = f â on Δ(M(A)). Then, for any b ∈ A, f â b̂ = T̂a(b)

on Δ(A). Since f â ∈ M̂(A), we see that the product f â b̂ is in Â. Now, because
A has a bounded approximate identity, A2 = A by Cohen’s factorization theorem.

Thus Â2 = Â and so f · Â ⊆ Â. This shows that there a multiplier T of A such

that T̂ = f on Δ(A). Exactly as in the proof of Theorem 2.4 we can now verify
that ‖T‖ ≤ 1. Thus we have seen that Γ(M(A)1) is closed in Cb(Δ(A)), and hence
A is a BSE-algebra by Theorem 2.4. �

We next aim at results in the reverse direction (Corollaries 4.3 and 4.5).

Proposition 4.2. Let A be a semisimple BSE-algebra with bounded approximate
identity. Then the following conditions are equivalent.

(i) M(A) is a BSE-algebra.

(ii) If σ ∈ CBSE(Δ(M(A))) and T ∈ M(A) are such that σ = T̂ on Δ(A),

then σ = T̂ on Δ(M(A)).

Proof. We first remark that if S, T ∈ M(A) are such that Ŝ = T̂ on Δ(A), then
S = T . Indeed, this follows immediately from the semisimplicity of A.

If (i) holds and σ and T are as in (ii), then σ = Ŝ on Δ(M(A)) for some

S ∈ M(A) and then T̂ = Ŝ = σ on Δ(M(A)) by the preceding remark. So (i) ⇒
(ii).

For (ii) ⇒ (i), let σ ∈ CBSE(Δ(M(A))). Then σ|Δ(A) ∈ CBSE(Δ(A)) by Lemma

1.4 and hence, since A is a BSE-algebra, σ|Δ(A) = T̂ for some T ∈ M(A). By

hypothesis, σ = T̂ on all of Δ(M(A)). Thus CBSE(Δ(M(A))) ⊆ M̂(A) and hence
M(A) is a BSE-algebra. �

Corollary 4.3. Let A be a semisimple commutative Banach algebra with bounded
approximate identity such that Δ(A) is dense in Δ(M(A)). If A is a BSE-algebra,
then so is M(A).

Proof. This is an immediate consequence of the implication (ii) ⇒ (i) of Proposition
4.2. �

The next lemma might be known. However, since we are not aware of a reference,
we include the simple proof.

Lemma 4.4. Let A be a semisimple commutative Banach algebra with bounded
approximate identity. Then Δ(A) is dense in Δ(M(A)) in the hull-kernel topology.
In particular, if M(A) is regular, then Δ(A) is dense in Δ(M(A)) in the Gelfand
topology.
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Proof. Suppose that T ∈ M(A) is such that T̂ (ϕ) = 0 for all ϕ ∈ Δ(A). Then

T̂ (a)(ϕ) = T̂ (ϕ)â(ϕ) = 0 for all ϕ ∈ Δ(A) and a ∈ A. Since A is semisimple, this
implies that T (a) = 0 for all a ∈ A, as required. Because the hull-kernel and the
Gelfand topology on Δ(M(A)) coincide if M(A) is regular, the second assertion
follows. �

As an immediate consequence of Lemma 4.4 and Corollary 4.3 we note

Corollary 4.5. Let A be a semisimple commutative Banach algebra with bounded
approximate identity. If M(A) is regular and A is a BSE-algebra, then M(A) is a
BSE-algebra.

Now we turn to the problem of whether the unitization of a BSE-algebra also is
a BSE-algebra.

Lemma 4.6. Let A be a non-unital commutative Banach algebra and Ae its uniti-
zation.

(i) If σ ∈ CBSE(Δ(Ae)), then σ|Δ(A) − σ(ϕ∞) ∈ CBSE(Δ(A)) ∩ C0(Δ(A))
and

‖σ|Δ(A) − σ(ϕ∞)‖BSE ≤ ‖σ‖BSE + |σ(ϕ∞)|.
(ii) Let τ ∈ CBSE(Δ(A)) ∩ C0(Δ(A)) and λ ∈ C. Define σ on Δ(Ae) by

σ(ϕ) = τ (ϕ) for ϕ ∈ Δ(A) and σ(ϕ∞) = λ. Then σ ∈ CBSE(Δ(Ae)) and

‖σ‖BSE ≤ ‖τ‖BSE + |λ|.

Proof. We apply the characterization of BSE-functions established in Theorem 4
of [34].

(i) There exists a net (xα)α in Ae such that ‖xα‖ ≤ ‖σ‖BSE for all α and
ψ(xα) → σ(ψ) for all ψ ∈ Δ(Ae). Let xα = aα + λαe, where aα ∈ A and λα ∈ C.
Then λα = ϕ∞(xα) → σ(ϕ∞) and

âα(ϕ) = x̂α(ϕ)− λα → σ(ϕ)− σ(ϕ∞)

for all ϕ ∈ Δ(A). Since ‖aα‖ ≤ ‖xα‖ + |λα| and |λα| → |σ(ϕ∞)|, it follows that
σ|Δ(A) − σ(ϕ∞) ∈ CBSE(Δ(A)) ∩ C0(Δ(A)) and

‖σ|Δ(A) − σ(ϕ∞)‖BSE ≤ ‖σ‖BSE + |σ(ϕ∞)|.
Clearly, σ|Δ(A) − σ(ϕ∞) vanishes at infinity on Δ(A).

(ii) Since τ ∈ C0(Δ(A)), σ is continuous on Δ(Ae). There is a bounded net
(aα)α in A such that ‖aα‖ ≤ ‖τ‖BSE for all α and âα(ϕ) → τ (ϕ) for all ϕ ∈ Δ(A).
The net (xα)α ⊆ Ae with xα = aα + λe, is bounded and satisfies

x̂α(ϕ) = âα(ϕ) + λ → τ (ϕ) + λ = σ(ϕ)

for all ϕ ∈ Δ(A) and x̂α(ϕ∞) = λσ(ϕ∞). So σ ∈ CBSE(Δ(Ae)) and ‖σ‖BSE ≤
‖τ‖BSE + |λ|. �

Corollary 4.7. Let A be a non-unital commutative Banach algebra and suppose
that A has a Δ-weak bounded approximate identity. Then the map σ → σ|Δ(A) is
a topological isomorphism from CBSE(Δ(Ae)) onto the closed subalgebra

(CBSE(Δ(A)) ∩ C0(Δ(A))) + C1Δ(A)

of CBSE(Δ(A)).
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Proof. Let B = (CBSE(Δ(A)) ∩ C0(Δ(A))) + C1Δ(A) and note first that B ⊆
CBSE(Δ(A)) since A has a Δ-weak bounded approximate identity. By Lemma
4.6(i), σ → σ|Δ(A) − σ(ϕ∞) is a continuous linear mapping of CBSE(Δ(Ae)) into
CBSE(Δ(A)) ∩ C0(Δ(A)). Consequently, the restriction map r : σ → σ|Δ(A) is a
continuous linear mapping from CBSE(Δ(Ae)) into B. Clearly, r is injective since
Δ(A) is dense in Δ(Ae). Since both CBSE(Δ(Ae)) and B are semisimple, r is a
topological isomorphism provided that r is surjective. However, surjectivity follows
from Lemma 4.6(ii). �

Theorem 4.8. Let A be a non-unital commutative Banach algebra. Then Ae is a
BSE-algebra if and only if

CBSE(Δ(A)) ∩ C0(Δ(A)) = Â.

Proof. Suppose that Ae is a BSE-algebra and let τ ∈ CBSE(Δ(A)) ∩ C0(Δ(A)).
Let σ : Δ(Ae) → C be defined as in Lemma 4.6(ii) (taking λ = 0). Since Ae

is a BSE-algebra, σ = â+ μe for some a ∈ A and μ ∈ C. Then μ = 0 since

â(ϕ∞) = σ(ϕ∞) = 0, and this shows that τ = â. So CBSE(Δ(A))∩C0(Δ(A)) ⊆ Â,
and the reverse inclusion is trivial.

Conversely, let CBSE(Δ(A))∩C0(Δ(A)) = Â. Then, by Lemma 4.6(i), for every

σ ∈ CBSE(Δ(Ae)), σ|Δ(A)−σ(ϕ∞) ∈ Â and hence σ = x̂, where x = a+σ(ϕ∞)e ∈
Ae. Thus CBSE(Δ(Ae)) ⊆ Âe, and again the reverse inclusion is clear. �

Corollary 4.9. Suppose that A is Tauberian and has a Δ-weak bounded approxi-
mate identity. If Ae is a BSE-algebra, then so is A.

Proof. Let C0
BSE(Δ(A)) be the subalgebra of CBSE(Δ(A)) introduced in [19, Def-

inition 3.5]. Then C0
BSE(Δ(A)) ⊆ C0(Δ(A)) and Â ⊆ C0

BSE(Δ(A)) whenever A
is Tauberian [19, Proposition 4.1]. Hence, if Ae is BSE and A is Tauberian, then

Â = C0
BSE(Δ(A)) by (i). This implies that CBSE(Δ(A)) ⊆ M̂(A) [19, Proposition

4.3]. On the other hand, M̂(A) ⊆ CBSE(Δ(A)) since A has a Δ-weak bounded
approximate identity [34, Corollary 5]. So A is a BSE-algebra. �

The following example shows that it is not true that conversely Ae is a BSE-
algebra whenever A is a BSE-algebra and A is Tauberian and has a Δ-weak bounded
approximate identity. A further application of Theorem 4.8 involving Fourier and
Fourier-Stieltjes algebras will be given in the next section.

Example 4.10. Let A = lp, as in Example 2. Then A fails to be a BSE-algebra.
However, its unitization Ae is a BSE-algebra. In fact, since Ae is reflexive, C(A∗∗

e ) =
A∗∗

e = Ae, so that Ae is a BSE-algebra.

In Section 6 we shall present a second example of a BSE-algebra A, for which
the unitization fails to be a BSE-algebra.

5. Fourier and Fourier-Stieltjes algebras

of locally compact groups

The Fourier-Stieltjes algebra, B(G), and the Fourier algebra, A(G), of a locally
compact group G have been introduced by Eymard [8]. B(G) consists of all finite
linear combinations of continuous positive definite functions on G and is the dual
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space of the group C∗-algebra of G. More precisely, given u ∈ B(G), there exist a
unitary representation π of G and ξ, η ∈ H(π), the Hilbert space of π, such that

u(x) = 〈π(x)ξ, η〉, x ∈ G, and ‖u‖ = ‖ξ‖ · ‖η‖.

The Fourier algebra is the closed ideal of B(G) generated by all compactly sup-
ported functions in B(G) and turns out to be just the set of coordinate functions of
the left regular representation of G in L2(G). Recall that when G is abelian, B(G)

is isometrically isomorphic (by means of the Fourier-Stieltjes transform) to M(Ĝ),

the measure algebra of the dual group Ĝ of G, and this isomorphism identifies A(G)

with L1(Ĝ), the L1-algebra of Ĝ.
We remind the reader that a locally compact group G is amenable if there exists

a translation-invariant mean on L∞(G). Amenability can be characterized in many
different ways and plays an important role in harmonic analysis and many other
branches of mathematics. Abelian groups and compact groups are amenable and
so are closed subgroups and quotient groups of amenable groups. Furthermore, the
class of amenable groups is closed under the formation of extensions, and conse-
quently solvable groups are amenable. On the other hand, free groups on more
than one generator and non-compact semisimple Lie groups fail to be amenable.
As references to amenability of locally compact groups, we mention [15] and [30].

The spectrum of A(G) can be canonically identified with G. In fact, the map
x → ϕx, where ϕx(u) = u(x) for u ∈ A(G), is a homeomorphism from G onto
Δ(A(G)). Moreover, A(G) is regular in the sense that given a compact subset C of
G and a closed subset E of G such that C ∩E = ∅, there exists u ∈ A(G) ∩Cc(G)
with u(x) = 1 for all x ∈ C and u(x) = 0 for all x ∈ E. All these basic results can
be found in [8].

Since A(G) is an ideal in B(G), every u ∈ B(G) defines a multiplier Mu of
A(G), Mu(v) = uv for v ∈ A(G), and ‖Mu‖ = ‖u‖. If G is amenable, each
multiplier of A(G) is of this form (see [30, Corollary 19.2]), that is, M(A(G)) =
B(G). Conversely, as was shown in [28] for discrete groups and in [26] for non-
discrete locally compact groups, the condition that M(A(G)) = B(G) implies that
G is amenable.

We start with a characterization of those locally compact groups G for which
the Fourier algebra A(G) is a BSE-algebra. In the sequel we identify throughout
Δ(A(G)) with G.

Theorem 5.1. Let G be a locally compact group. Then the following conditions
are equivalent.

(i) The Fourier algebra A(G) is a BSE-algebra.
(ii) A(G) has a Δ-weak bounded approximate identity.
(iii) G is amenable.

In this case, the BSE-norm and the B(G)-norm on B(G) = CBSE(G) coincide.

Proof. Assume first that G is amenable. Let ρ denote the left regular representation
of G and V N(G) the von Neumann algebra generated by the set of operators ρ(x)
on L2(G), x ∈ G. Then V N(G) is isometrically isomorphic to the dual space
A(G)∗, and for u ∈ A(G) and x ∈ G, we have 〈ρ(x), u〉 = u(x). By [8, Chapitre 2,
especially Lemme 2.13 and Corollaire 2.24], a continuous function u on G belongs
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to B(G) if and only if there exists a constant C ≥ 0 such that∣∣∣∣∣∣
n∑

j=1

cju(xj)

∣∣∣∣∣∣ ≤ C ·

∥∥∥∥∥∥ρ
⎛⎝ n∑

j=1

cjδxj

⎞⎠∥∥∥∥∥∥
for any choice of finitely many elements x1, . . . , xn of G and complex numbers
c1, . . . , cn. In this case, ‖u‖ equals the infimum of all such constants C. On the
other hand, by definition of the BSE-norm,

‖u‖BSE = sup

⎧⎪⎨⎪⎩
∣∣∣∣∣∣

n∑
j=1

cju(xj)

∣∣∣∣∣∣ :
∥∥∥∥∥∥

n∑
j=1

cjϕxj

∥∥∥∥∥∥
A(G)∗

≤ 1

⎫⎪⎬⎪⎭ .

Since∥∥∥∥∥∥
n∑

j=1

cjϕxj

∥∥∥∥∥∥
A(G)∗

= sup

⎧⎨⎩
∣∣∣∣∣∣

n∑
j=1

cjv(xj)

∣∣∣∣∣∣ : v ∈ A(G), ‖v‖ ≤ 1

⎫⎬⎭
= sup

⎧⎨⎩
∣∣∣∣∣∣〈ρ

⎛⎝ n∑
j=1

cjδxj

⎞⎠ , v〉

∣∣∣∣∣∣ : v ∈ A(G), ‖v‖ ≤ 1

⎫⎬⎭
=

∥∥∥∥∥∥ρ
⎛⎝ n∑

j=1

cjδxj

⎞⎠∥∥∥∥∥∥ ,
it follows that CBSE(G) = B(G) and ‖u‖BSE = ‖u‖ for each u ∈ B(G).

Since a semisimple commutative Banach algebra has a Δ-weak bounded approx-

imate identity if (and only if) M̂(A) ⊆ CBSE(Δ(A)), (i) ⇒ (ii). It therefore only
remains to show (ii) ⇒ (iii). So let (eα)α be a Δ-weak bounded approximate iden-
tity and let e ∈ A(G)∗∗ be a w∗-cluster point of (eα)α. Then 〈e, ϕ〉 = 1 for all
ϕ ∈ Δ(A(G)) = G and hence, by [38, Proposition 2.8], Δ(A(G)) is weakly closed
in A(G)∗. This in turn implies that G is amenable [4, Corollary 2.8]. �

Theorem 5.1, (iii) ⇒ (i), combined with Theorem 2.4 reproves the following
known result [8, Corollaire 2.25]. Note that the Fourier-Stieltjes transform Γ :
B(G) → Cb(G) is just the identity mapping.

Corollary 5.2. Let G be an amenable locally compact group. Then the unit ball
B(G)1 of B(G) is norm closed in Cb(G).

Let A be a commutative Banach algebra and E a closed subset of Δ(A). We
remind the reader that associated to E are two distinguished ideals, namely,

I(E) = {a ∈ A : â|E = 0}

and

j(E) = {a ∈ A : â has compact support disjoint from E}.
If A is semisimple and regular, then I(E) is the largest ideal of A with hull E and

j(E) is the smallest such ideal. Then E is called a set of synthesis if I(E) = j(E).
For any (discrete) group D, the coset ring R(D) is defined to be the Boolean

ring of subsets of D generated by all left cosets of subgroups of D. If G is a locally
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compact group and Gd denotes the group G with the discrete topology, then the
closed coset ring of G, Rc(G), is defined to be

Rc(G) = {E ∈ R(Gd) : E is closed inG}.
Then Rc(G) is precisely the collection of all subsets E of G of the form

E =

n⋃
i=1

⎛⎝aiHi \
mi⋃
j=1

bijKij

⎞⎠ ,

where ai, bij ∈ G, Hi is a closed subgroup of G, and Kij is an open subgroup of
Hi, n,mi ∈ N0, 1 ≤ i ≤ n, 1 ≤ j ≤ mi [11].

Let G be a locally compact abelian group, and for any closed subset E of Ĝ =

Δ(L1(G)), let I(E) = {f ∈ L1(G) : f̂ = 0 on E}. It was recently shown in
[19, Theorem 5.6] that the ideal I(E) of L1(G) is a BSE-algebra if and only if

E ∈ Rc(Ĝ). The following result is a far-reaching generalization of Theorem 5.6 of
[19]. Note that by [13, Theorem 2.3] the ideals in (iii) of the following theorem are
precisely the closed ideals in A(G) which possess bounded approximate identities.

It was shown in [12, Theorem 1] that if G is any locally compact group and I is a
closed ideal in A(G), which has a Δ-weak bounded approximate identity, then the
hull of I is an element of Rc(G). The following theorem improves [12, Corollary 2].
However, the proof of the implication (ii) ⇒ (iii) follows the arguments used in the
proof of [12, Theorem 1] and is only included for the reader’s convenience.

Theorem 5.3. Let G be an amenable locally compact group and I a closed ideal of
the Fourier algebra A(G). Then the following are equivalent.

(i) I is a BSE-algebra.
(ii) I has a Δ-weak bounded approximate identity.
(iii) I is of the form I = I(E) = {u ∈ A(G) : u|E = 0} for some set E in

Rc(G).

Proof. If E ∈ Rc(G), then I(E) is a BSE-algebra by Corollary 2.9 of [22].
Therefore we only have to show (ii) ⇒ (iii). Thus let I be a closed ideal of A(G)

which has a Δ-weak bounded approximate identity, (uα)α say. Let

E = {x ∈ G : u(x) = 0 for all u ∈ I}.
It follows that uα(x) = 0 for all x ∈ E and uα(x) → 1 for all x ∈ G \ E.

Consider the functions uα as functions on Gd. Then (uα)α is a bounded net in
B(Gd) = C∗(Gd)

∗. Let u be a w∗-cluster point of (uα)α in B(Gd). Then, denoting
again by (uα)α the corresponding subnet,

uα(x) = 〈uα, δx〉 → 〈u, δx〉 = u(x)

for every x ∈ G and hence u(x) = 1 for all x ∈ G \ E and u(x) = 0 for all x ∈ E.
Host’s [17] idempotent theorem now implies that E ∈ R(Gd). Since E is closed in
G, E ∈ Rc(G). Now, since G is amenable, every set in Rc(G) is a set of synthesis
for A(G) [13, Lemma 2.2] and therefore I = I(E), as was to be shown. �

Let G be a locally compact abelian group. The Bochner-Schoenberg-Eberlein
theorem characterizes the elements ofM(G) in terms of their Fourier-Stieltjes trans-

forms among all bounded continuous functions on Ĝ. A theorem of Doss [7] singles
out among these functions those which are Fourier transforms of elements of L1(G).
This latter result was generalized to A(G) for an amenable locally compact group G
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in [10]. In [19], the authors have recently taken up for the first time the problem of
characterizing the image of A under the Gelfand homomorphism within C0(Δ(A))
for general commutative Banach algebras and for ideals in L1(G) in particular. We
next study this question for ideals in the Fourier algebra A(G).

Theorem 5.4. Let G be a locally compact group and E a closed subset of G =
Δ(A(G)). For σ ∈ CBSE(G \ E), consider the following two conditions:

(i) σ ∈ I(E).
(ii) For each ε > 0 there exists a compact subset K of G \E such that for any

x1, . . . , xn ∈ (G \ E) \K and c1, . . . , cn ∈ C,∥∥∥∥∥∥
n∑

j=1

cjϕxj

∥∥∥∥∥∥
I(E)∗

≤ 1 ⇒

∣∣∣∣∣∣
n∑

j=1

cjσ(xj)

∣∣∣∣∣∣ ≤ ε.

Then (i) ⇒ (ii) provided that E is a set of synthesis, and conversely (ii) ⇒ (i) if G
is amenable.

Proof. Suppose first that σ = u ∈ I(E) and that E is a set of synthesis. Given
ε > 0, there exists v ∈ A(G) such that v has compact support disjoint from E and
‖u− v‖A(G) ≤ ε. Now, for any x1, . . . , xn ∈ (G \ E) \ supp v and c1, . . . , cn ∈ C,∣∣∣∣∣∣

n∑
j=1

cjσ(xj)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
〈

n∑
j=1

cjϕxj
, u

〉
−
〈

n∑
j=1

cjϕxj
, v

〉∣∣∣∣∣∣
≤

∥∥∥∥∥∥
n∑

j=1

cjϕxj

∥∥∥∥∥∥
I(E)∗

· ‖u− v‖A(G),

and hence |
∑n

j=1 cjσ(xj)| ≤ ε whenever ‖
∑n

j=1 cjϕxj
‖I(E)∗ ≤ 1. So (ii) holds for

σ.
Conversely, suppose that σ satisfies (ii) and that G is amenable. Then σ vanishes

at infinity on G \ E and hence the extension σ̃ : G → C defined by σ̃(x) = 0 for
x ∈ E belongs to CBSE(G) by Lemma 1.5(i). Let ε > 0 be given and let K be a
compact subset of G\E as in (ii). Let x1, . . . , xn ∈ G\K and c1, . . . , cn ∈ C. Then
we can assume that xj ∈ G \ E exactly for j ≤ m for some 0 ≤ m ≤ n. Then

n∑
j=1

cjσ̃(xj) =
m∑
j=1

cjσ(xj)

and ∥∥∥∥∥∥
m∑
j=1

cjϕxj
|I(E)

∥∥∥∥∥∥
I(E)∗

=

∥∥∥∥∥∥
n∑

j=1

cjϕxj
|I(E)

∥∥∥∥∥∥
I(E)∗

≤

∥∥∥∥∥∥
n∑

j=1

cjϕxj

∥∥∥∥∥∥
A(G)∗

.

Thus ∥∥∥∥∥∥
n∑

j=1

cjϕxj

∥∥∥∥∥∥
A(G)∗

≤ 1 ⇒

∣∣∣∣∣∣
n∑

j=1

cj σ̃(xj)

∣∣∣∣∣∣ ≤ ε.

From the result of [10] we conclude that σ̃ = u for some u ∈ A(G). Since u(x) =
σ̃(x) = 0 for all x ∈ E, u ∈ I(E) and so (i) holds for σ. �
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In the terminology of [19], combining Theorems 5.3 and 5.4 says that if G is an
amenable locally compact group and E ∈ Rc(G), then the ideal I(E) is a BED-
algebra (here BED stands for Bochner-Eberlein-Doss).

Let H be a non-discrete locally compact abelian group. Then the measure alge-
bra M(H) is not BSE. This was pointed out in [34, p. 157] and is a consequence
of the fact (which we already exploited in Remark 2.7) that there exists a singular
measure μ ∈ M(H) such that the Fourier-Stieltjes transform μ̂ vanishes at infinity

on Ĥ . Consequently, the Fourier-Stieltjes algebra B(G) of a non-compact locally
compact abelian group G fails to be a BSE-algebra. We shall use this to draw
the same conclusion for a nilpotent locally compact group. We need the following
preparatory lemma.

Lemma 5.5. Let G be an amenable locally compact group and N a closed normal
subgroup of G. If B(G) is a BSE-algebra, then so is B(G/N).

Proof. Let σ ∈ CBSE(G/N) and let q : G → G/N denote the quotient homomor-
phism. Then, for any x1, . . . , xn ∈ G and c1, . . . , cn ∈ C,∣∣∣∣∣∣

n∑
j=1

cj(σ ◦ q)(xj)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
n∑

j=1

cjσ(xjN)

∣∣∣∣∣∣ ≤ ‖σ‖BSE

∥∥∥∥∥∥
n∑

j=1

cjϕxjN

∥∥∥∥∥∥
A(G/N)∗

= ‖σ‖BSE · sup

⎧⎨⎩
∣∣∣∣∣∣

n∑
j=1

cjv(xjN)

∣∣∣∣∣∣ : v ∈ A(G/N)1

⎫⎬⎭ .

Since G is amenable, given any c > 1, there exists w ∈ A(G) such that ‖w‖ ≤ c
and w(xj) = 1 for j = 1, . . . , n (see [28, Lemma 15.21]). Then u = w(v ◦ q) ∈ A(G)
and u satisfies ‖u‖ ≤ c‖v ◦ q‖ = c‖v‖ and

n∑
j=1

cjv(xjN) =

n∑
j=1

cju(xj).

It follows that ∣∣∣∣∣∣
n∑

j=1

cj(σ ◦ q)(xj)

∣∣∣∣∣∣ ≤ c ‖σ‖BSE ·

∥∥∥∥∥∥
n∑

j=1

cjϕxj

∥∥∥∥∥∥
A(G)∗

.

So σ ◦q ∈ CBSE(G) and hence, since M(A(G)) = B(G), σ ◦q ∈ B(G). This implies
that σ ∈ B(G/N), as was to be shown. �

Proposition 5.6. Let G be a nilpotent locally compact group. Then B(G) is a
BSE-algebra (if and) only if G is compact.

Proof. We only have to show that if B(G) is a BSE-algebra, then G must be
compact. Let

{e} = Z0(G) ⊆ Z1(G) = Z(G) ⊆ · · · ⊆ Zn(G) = G

denote the ascending central series of G; that is, Zj+1(G)/Zj(G) is the centre of
G/Zj(G), j = 0, . . . , n − 1. We prove by induction that G/Zn−j(G) is compact.
Suppose that, for some k, G/Zk+1(G) is known to be compact, and consider H =
G/Zk(G). Then B(H) is a BSE-algebra by Lemma 5.5 and H/Z(H) is compact
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since Z(H) = Zk+1(G)/Zk(G). Since H/Z(H) is compact, the closed commutator
subgroup, C say, ofH is compact [16]. Now, as B(H/C) is BSE and H/C is abelian,
H/C is compact and hence so is H. This finishes the induction and shows that G
is compact. �

A natural question arising is whether B(G) always fails to be a BSE-algebra
when G is non-compact. It will turn out shortly that this is not the case, regardless
of whether G is amenable (Theorem 5.9 and Example 5.11) or not (Corollary 5.8).

Theorem 5.7. Let G be a locally compact group such that B(G) = A(G) + C1G.
Then B(G) is a BSE-algebra.

Proof. The hypothesis implies that B(G) is the unitization of A(G). Therefore, by
Theorem 4.8, we have to verify that CBSE(G) ∩ C0(G) = A(G). It is clear that
A(G) is contained in CBSE(G) ∩ C0(G).

Conversely, let σ ∈ CBSE(G) ∩ C0(G). Then σ̃, the extension of σ to all of
Δ(B(G)) = G∪{ϕ∞} defined by σ̃(ϕ∞) = 0, is in CBSE(Δ(B(G)) (Lemma 1.5(i)).
Hence there exists a bounded net (uα)α in B(G) such that ûα(ϕ) → σ̃(ϕ) for all
ϕ ∈ Δ(B(G)). This implies that uα ∈ B(G) ∩ C0(G) and uα(x) → σ(x) for all
x ∈ G and uα(ϕ∞) → 0.

Now let Gd denote the group G with the discrete topology. Since the net (uα)α is
bounded and converges pointwise to σ, σ ∈ B(Gd) by [8, Corollaire 2.25]. However,
σ ∈ C0(G), and hence σ ∈ B(G) ∩ C0(G) = A(G) by [8, Corollaire 2.24]. This
finishes the proof. �

Corollary 5.8. Let G be a connected simple Lie group with finite centre. Then
B(G) is a BSE-algebra.

Proof. If G is compact, nothing has to be shown, whereas if G is non-compact, the
hypothesis of the theorem is satisfied by [5, Theorem]. �

Theorem 5.9. Let G be an amenable locally compact group and let N be a closed
normal subgroup of G such that G/N is compact. Suppose that, with q : G → G/N
denoting the quotient homomorphism,

B(G) = B(G/N) ◦ q +A(G).

Then G is dense in Δ(B(G)) and B(G) is a BSE-algebra.

Proof. Of course, we can assume that G, and hence N , is non-compact. Since G is
amenable, A(G) is a BSE-algebra and M(A(G)) = B(G). It suffices to show that
G is dense in Δ(B(G)) because then B(G) is a BSE-algebra by Corollary 4.3.

Since G/N is compact and B(G) = B(G/N) ◦ q + A(G), the Gelfand space of
B(G), as a set, is equal to the disjoint union of G and Δ(B(G/N)) = G/N . We
have to verify that given aN ∈ G/N and any neighbourhood U of aN in Δ(B(G)),
U ∩ G �= ∅. Thus, let ε > 0 and uj = vj ◦ q + wj ∈ B(G), j = 1, . . . , n, where
vj ∈ B(G/N) and wj ∈ A(G), and let

U = U(aN, u1, . . . , un, ε) = U1 ∪ U2,

where U1 = {bN : |vj(bN)− vj(aN)| < ε, j = 1, . . . , n} and

U2 = {x ∈ G : |uj(x)− uj(a)| < ε, j = 1, . . . , n}.
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Since A(G) ⊆ C0(G), there exists a compact subset C of G such that |wj(x)| < ε for
j = 1, . . . , n and all x ∈ G\C. Moreover, since N is non-compact, aN∩(G\C) �= ∅.
For any x ∈ aN ∩ (G \ C), we then have

|uj(x)− uj(a)| = |vj(xN)− vj(aN) + wj(x)| = |wj(x)| < ε

for all j, so that x ∈ U2. Consequently, G is dense in Δ(B(G)). �
Corollary 5.10. Let G be an amenable locally compact group and N a closed
normal subgroup of G such that G/N is abelian and

B(G) = B(G/N) ◦ q +A(G).

Then the following conditions are equivalent.

(i) G/N is compact.
(ii) G is dense in Δ(B(G)).
(iii) B(G) is a BSE-algebra.

Proof. (i) ⇒ (ii) and (ii) ⇒ (iii) follow from Theorem 5.9. If (iii) holds, then
B(G/N) is a BSE-algebra (Lemma 5.5) and this forces G/N to be compact since
G/N is abelian. �

As mentioned earlier, ifG is a non-compact abelian (more generally, non-compact
nilpotent) locally compact group, then A(G) is a BSE-algebra, whereas B(G) is not.
On the other hand, for a non-compact connected simple Lie group with finite centre,
B(G) is BSE (Corollary 5.8), but A(G) is not BSE. We now exhibit examples of non-
compact locally compact groups G satisfying any of the remaining two alternatives:
both A(G) and B(G) are BSE-algebras, and none of A(G) and B(G) is a BSE-
algebra.

Example 5.11. Let G be a semidirect product G = N �K, where

(i) K is a compact group acting on the locally compact abelian group N , with
each of the groups second countable, and

(ii) the dual space Ĝ of G is countable and decomposes as K̂ ◦q∪{πj : j ∈ N},
where q : G → K is the quotient map and each πj is a subrepresentation
of the left regular representation of G.

For such G, it was shown in [32, Proposition 2.1] that

B(G) = A(K) ◦ q +A(G).

Thus, since G is amenable and G/N is compact, B(G) is a BSE-algebra by The-
orem 5.9. Of course, A(G) is a BSE-algebra as well. There are several examples
satisfying conditions (i) and (ii). We mention two of them, taken from [32] and
[25], respectively.

(1) For any prime number p, let Qp denote the locally compact field of p-adic
numbers, Op the compact open subring of p-adic integers and Tp the multiplicative
group of p-adic numbers of valuation 1. Let SL(n,Op) denote the multiplicative
group of n × n matrices with entries in Op and determinant of valuation 1. This
compact group acts on the vector space Qn

p by matrix multiplication and, as shown
in [27], the semidirect product G = Qn

p � SL(n,Op) satisfies condition (ii) above.
(2) Let G be the semidirect product G = N �K, where N is a countably infinite

discrete abelian group and K is a compact group of automorphisms of N such that

N̂ decomposes into {1N} and countably many open K-orbits. As shown in [25],
one can for instance take N =

∑∞
n=1 Z2, the infinite direct sum of copies of Z2, and
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for K the group of all automorphisms of N which can be written as infinite upper
triangular Z2-valued matrices.

Note that the group Qp � SL(1,Op) = Qp � Tp in Example 5.10(1) is 2-step
solvable. This shows that Proposition 5.6 does not extend to solvable groups.

Example 5.12. Let F2 be the free group on two generators a and b, and let α denote
the automorphism of F2 interchanging a and b. Let H be the cyclic group generated
by α and form the semidirect product G = F2 �H. Then G is not amenable since
F2 is not amenable, and hence A(G) is not a BSE-algebra. However, B(G) also
fails to be a BSE-algebra because B(H) = B(G/F2) is not BSE (Lemma 5.5).

We conclude this section by considering two examples concerning the unitization
A(G)e of A(G).

Example 5.13. (1) Let G be the (ax + b)-group, that is, the semidirect product
G = R � R×

+, where the multiplicative group of positive real numbers acts on R

by multiplication. As shown in [23], B(G) = B(R×
+) ◦ q + A(G). It follows from

Theorem 2.3 that A(G)e is a BSE-algebra. However, by Lemma 5.5, B(G) is not
BSE since B(G/R) is not BSE.

(2) Let G be a second countable non-compact locally compact group whose
regular representation is not completely reducible. Then A(G) �= B(G) ∩ C0(G)
[1, 9]. Thus, if in addition G is amenable, then A(G) is a BSE-algebra, but A(G)e
is not.

6. Two examples

In this final section we present two examples. The first one shows that the
algebra LipαX of Lipschitz functions of order α, 0 < α ≤ 1, on a compact metric
space X is a BSE-algebra, but the subalgebra lipαX for 0 < α < 1 fails to be a
BSE-algebra. The second example concerns the BSE-algebra

A = {f ∈ Lip1(R) ∩ C0(R) : lim
R→∞

ρR(f) = 0}

(see below for the definition of ρR(f)). As an application of Theorem 4.8, we show
that its unitization is not a BSE-algebra.

Example 6.1. Let X be a compact metric space with metric d and let 0 < α ≤ 1.
Then LipαX is the space of all continuous complex-valued functions f on X such
that

pα(f) = sup

{
|f(x)− f(y)|

d(x, y)α
: x, y ∈ X, x �= y

}
is finite. With pointwise multiplication and the norm ‖f‖ = ‖f‖∞ + pα(f), LipαX
is a commutative Banach algebra. The map x → ϕx, where ϕx(f) = f(x) for
f ∈ LipαX, is a homeomorphism from X onto Δ(LipαX) (see [6, Theorem 4.4.24]).

We claim that LipαX is a BSE-algebra. To see this, let σ ∈ CBSE(X) and
C = ‖σ‖BSE . Then, for any x, y ∈ X with x �= y,

|σ(x)− σ(y)|
d(x, y)α

≤ C · sup
{
|f(x)− f(y)|

d(x, y)α
: f ∈ LipαX, ‖f‖ ≤ 1

}
≤ C · sup {pα(f) : f ∈ LipαX, ‖f‖ ≤ 1} ≤ C.

So pα(σ) < ∞ and hence σ ∈ LipαX.
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On LipαX, the original norm and the BSE-norm coincide. Since ‖f‖BSE ≤ ‖f‖,
we only have to show the reverse inequality. Let f �= 0 and 0 < ε < ‖f‖. There
exist x1, x2, x3 ∈ X such that x2 �= x3 and

|f(x1)|+
|f(x2)− f(x3)|

d(x2, x3)α
≥ ‖f‖ − ε.

Choose γ, δ ∈ C of absolute value one such that δ(f(x2)− f(x3)) = |f(x2)− f(x3)|
and γf(x1) = |f(x1)|, and set c1 = γ, c2 = δd(x2, x3)

−α and c3 = −c2. Then∣∣∣∣∣∣
3∑

j=1

cjf(xj)

∣∣∣∣∣∣ = |f(x1)|+
|f(x2)− f(x3)|

d(x2, x3)α
≥ ‖f‖ − ε.

On the other hand, for any g ∈ LipαX,∣∣∣∣∣∣
〈

3∑
j=1

cjϕxj
, g

〉∣∣∣∣∣∣ =

∣∣∣∣γg(x1) + δ
g(x2)− g(x3)

d(x2, x3)α

∣∣∣∣
≤ |g(x1)|+

|g(x2)− g(x3)|
d(x2, x3)α

≤ ‖g‖,
so that ‖

∑3
j=1 cjϕxj

‖ ≤ 1. It follows that ‖f‖BSE ≥ ‖f‖ − ε. Since ε > 0 was

arbitrary, ‖f‖BSE ≥ ‖f‖.
For 0 < α < 1, let lipαX be the subspace of all functions f ∈ LipαX such that

|f(x)− f(y)|
d(x, y)α

→ 0 as d(x, y) → 0.

Then lipαX is a closed subalgebra of LipαX and the map x → ϕx|lipαX is a home-

omorphism from X onto Δ(lipαX). Now, the two algebras (lipαX)∗∗ and LipαX
are isometrically isomorphic [6, Theorem 4.4.34]. Thus, identifying Δ(lipαX) with
X, we have

CBSE(X) = (lipαX)∗∗|X ∩ Cb(X) = LipαX

[34, Theorem 4], and hence lipαX fails to be a BSE-algebra.

Example 6.2. Let Cb(R) denote the space of all bounded continuous functions on
the real line R, and for each f ∈ Cb(R), let

ρ(f) = sup

{∣∣∣∣f(s)− f(t)

s− t

∣∣∣∣ : s, t ∈ R, s �= t

}
∈ [0,∞].

Then Lip1(R) = {f ∈ Cb(R) : ρ(f) < ∞}, equipped with pointwise operations and
the norm ‖f‖ = ‖f‖∞ + ρ(f), is a commutative Banach algebra, the algebra of
Lipschitz functions of order 1. Moreover, for any R > 0, let

ρR(f) = sup

{∣∣∣∣f(s)− f(t)

s− t

∣∣∣∣ : |s|, |t| ≥ R, s �= t

}
.

Define a closed subalgebra A of Lip1(R) by

A = {f ∈ Lip1(R) ∩ C0(R) : lim
R→∞

ρR(f) = 0}.

Then A is regular and Tauberian, and Δ(A) can be canonically identified with R
by means of point evaluations. It was shown in [19] that A is a BSE-algebra. More
precisely, according to the proof of Theorem 5.9 in [19], CBSE(Δ(A)) = Lip1(R).
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Now, it is not difficult to construct functions f in Lip1(R) ∩ C0(R) such that
ρR(f) does not converge to zero as R → ∞. For instance, let f(t) = 0 for t < 0
and f(t) = t

4 for 0 ≤ t ≤ 2, and for all n ≥ 2, define f on the interval [n, n+ 1] by

f(t) =

{
1
n + (t− n) for n ≤ t ≤ n+ 1

n ,
2
n + (t− n2+1

n ) n
(n+1)2 for n+ 1

n ≤ t ≤ n+ 1.

Using that the ascent of f on each interval [n, n+ 1
n ], n ≥ 2, is one, it is straight-

forward to check that ρR(f) = 1 for all R ≥ 2. Thus

f ∈ Lip1(R) ∩ C0(R) and f �∈ A.

It follows from Theorem 4.8 that Ae, which is isomorphic to the subalgebra of
Lip1(R) ∩ C0(R) consisting of all f for which the limit limR→∞ ρR(f) exists, fails
to be a BSE-algebra.
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[18] J. Inoue and S.-E. Takahasi, Constructions of bounded weak approximate identities for Se-
gal algebras on LCA groups, Acta Sci. Math. (Szeged) 66 (2000), 257-271. MR1768865
(2001i:43004)

[19] J. Inoue and S.-E. Takahasi, On characterizations of the image of the Gelfand trans-
form of commutative Banach algebras, Math. Nachr. 280 (2007), 105-126. MR2290386
(2007m:46071)

[20] K. Izuchi, The Bochner-Schoenberg-Eberlein theorem and spaces of analytic functions on the

open unit disc, Math. Japon. 37 (1992), 65-77. MR1148517 (93b:46044)
[21] C.A. Jones and C.D. Lahr, Weak and norm approximate identities are different, Pacific J.

Math. 72 (1977), 99-104. MR0447972 (56:6282)
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