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MORSE-BOTT HOMOLOGY

AUGUSTIN BANYAGA AND DAVID E. HURTUBISE

Abstract. We give a new proof of the Morse Homology Theorem by con-
structing a chain complex associated to a Morse-Bott-Smale function that
reduces to the Morse-Smale-Witten chain complex when the function is Morse-
Smale and to the chain complex of smooth singular N-cube chains when the
function is constant. We show that the homology of the chain complex is
independent of the Morse-Bott-Smale function by using compactified moduli
spaces of time dependent gradient flow lines to prove a Floer-type continuation
theorem.

1. Introduction

1.1. Overview. Let Cr(f) = {p ∈ M | dfp = 0} denote the set of critical points of
a smooth function f : M → R on a smooth m-dimensional manifold M . A critical
point p ∈ Cr(f) is said to be non-degenerate if and only if df is transverse to the
zero section of T ∗M at p. In local coordinates this is equivalent to the condition

that the m×m Hessian matrix
(

∂2f
∂xi∂xj

)
has rank m at p. If all the critical points

of f are non-degenerate, then f is called a Morse function.
A Morse function f : M → R on a finite-dimensional compact smooth Riemann-

ian manifold (M, g) is called Morse-Smale if all its stable and unstable manifolds
intersect transversally. Such a function gives rise to a chain complex (C∗(f), ∂∗),
called the Morse-Smale-Witten chain complex. The chains of this complex are gen-
erated by the critical points of f , and the boundary operator is defined by counting
gradient flow lines between critical points (with sign). The Morse Homology Theo-
rem says that the homology of the Morse-Smale-Witten chain complex is isomorphic
to the singular homology of M with integer coefficients [7], [41].

If Cr(f) is a disjoint union of finitely many connected submanifolds and the
Hessian of f is non-degenerate in the direction normal to Cr(f), then f is called a
Morse-Bott function [11]. In this paper we construct a new chain complex associated
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to a Morse-Bott function meeting certain transversality requirements (see Definition
3.4) that generalizes the Morse-Smale-Witten chain complex. This singular Morse-
Bott-Smale chain complex has the following form:

. . .
...

· · · C1(B2)
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∂2
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0

· · · C2(B1)

⊕

∂0 ��

∂1

�����������
C1(B1)

⊕

∂0 ��

∂1

�����������
C0(B1)

⊕

∂0 ��

∂1

����������� 0

· · · C3(B0)

⊕

∂0 �� C2(B0)

⊕

∂0 �� C1(B0)

⊕

∂0 �� C0(B0)

⊕

∂0 �� 0

· · · C3(f)

‖

∂ �� C2(f)

‖

∂ �� C1(f)

‖

∂ �� C0(f)

‖

∂ �� 0

where Cp(Bi) is the group of “p-dimensional chains” in the critical submanifolds of
Morse-Bott index i, and the boundary operator is defined as a sum of homomor-
phisms ∂ = ∂0 ⊕ · · · ⊕ ∂m.

When the function f : M → R is Morse-Smale the critical set Bi is a discrete
set of points for all i = 0, . . . ,m, and the groups Cp(Bi) are trivial for all p > 0.
When the function is constant the entire manifold M is a critical submanifold of
Morse-Bott index zero. In this case Bi = ∅ for all i > 0, and the groups Cp(Bi)
are trivial for all i > 0. These two cases appear in the above diagram of a general
Morse-Bott-Smale chain complex as follows:

. . .
∂1

������������

C0(B2)

∂1

�����������

C0(B1)

∂1

�����������

· · · ∂0 �� C3(B0)
∂0 �� C2(B0)

∂0 �� C1(B0)
∂0 �� C0(B0)

∂1

����
��

��
��

�
∂0 �� 0

0

In the first case the homomorphism ∂1 is the Morse-Smale-Witten boundary oper-
ator, and in the second case the homomorphism ∂0 is comparable to the boundary
operator on singular cubical chains found in [35]. Thus, the Morse-Bott-Smale
chain complex provides a means of interpolating between the Morse-Smale-Witten
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chain complex and the chain complex of singular cubical chains. Moreover, a Floer-
type continuation theorem shows that the homology of the Morse-Bott-Smale chain
complex is independent of the Morse-Bott-Smale function f : M → R and gives a
new proof of the Morse Homology Theorem.

Any Morse function can be smoothly deformed to a constant function (which is
a Morse-Bott function), and any Morse-Bott function f : M → R can be smoothly
perturbed to a Morse function since the space of smooth Morse functions on M is an
open dense subspace of the space C∞(M,R) of all smooth functions on M . In fact,
one can define an explicit perturbation of a Morse-Bott function f : M → R to a
Morse function using Morse functions defined on the critical submanifolds [4]. These
sorts of explicit perturbations can be quite useful for simplifying computations, since
the boundary operator of the chain complex associated to the perturbed function
is given by ∂ = ∂1 with all the other homomorphisms ∂j = 0 for j �= 1. An
example of this approach can be found in [6], where the Morse-Bott inequalities are
proved without reference to the full Morse-Bott-Smale chain complex discussed in
this paper.

Although perturbing a Morse-Bott function to a Morse function greatly simplifies
the Morse-Bott-Smale chain complex, i.e. ∂j = 0 for i �= 1, there are cases where it
is undesirable to perturb the Morse-Bott function. For instance, there are certain
Morse-Bott functions that arise naturally in contexts where there is some sort of
symmetry or a group action where the perturbation would destroy the symmetry or
be incompatible with the group action [1], [2], [3], [5], [12], [16], [17], [23], [31]. In
these cases it is important to have the full Morse-Bott-Smale chain complex defined
by the given Morse-Bott function, even though ∂j may not be zero for j �= 1.

Heuristically, the homomorphisms ∂j : Cp(Bi) → Cp+j−1(Bi−j) for j = 1, . . . ,m
can be described as follows. Imagine that every topological space under consid-
eration has a preferred triangulation. Then a map σ : P → Bi from some tri-
angulated space P of dimension p would determine a chain in the singular chain
group Sp(Bi;Z). Using σ : P → Bi we could form a fibered product with respect

to the beginning point map ∂− : M(Bi, Bi−j) → Bi from the compactified mod-
uli space of gradient flow lines from Bi to Bi−j , and then by projecting onto the
second component of the fibered product and composing with the endpoint map
∂+ : M(Bi, Bi−j) → Bi−j we would have a map

∂j : P ×Bi
M(Bi, Bi−j)

π2−→ M(Bi, Bi−j)
∂+−→ Bi−j .

The dimension of M(Bi, Bi−j) is bi+j−1, where bi = dim Bi, and (assuming some

transversality conditions) the dimension of the fibered product P ×Bi
M(Bi, Bi−j)

is p+j−1. Thus, if we were to assume that the fibered product also has a preferred
triangulation, then the above map would determine a singular chain in the singular
chain group Sp+j−1(Bi−j ;Z).

Of course, a topological space does not necessarily have a preferred triangulation.
One approach to making the above heuristic discussion rigorous would be to show
that all the spaces under consideration can be triangulated in some way and then
prove that the homology of the resulting complex does not depend on the chosen
triangulations. However, this approach would involve picking triangulations on
an uncountably infinite number of spaces, namely all the fibered products P ×Bi

M(Bi, Bi−j). This approach seems quite daunting in light of the fact that there are
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simple diagrams of polyhedra and piecewise linear maps that are not triangulable:

Y
σ1←− X

σ2−→ Z.

That is, there may not exist triangulations of X,Y , and Z with respect to which
both σ1 and σ2 are simplicial [15]. (See also Example 5.17 in Subsection 5.5 of this
paper.)

In light of these observations, our approach to constructing a singular Morse-
Bott-Smale chain complex is not based on picking triangulations, but on defining
singular chain complexes where the generators are allowed to have a variety of
domains. We generalize the usual singular chain complexes based on maps from
the standard p-simplex Δp ⊂ Rp+1 (or the unit p-cube Ip) to allow maps from the
faces of an N -cube (for some large N), the endpoint maps from compactified moduli
spaces of gradient flow lines, and the endpoint maps from their fibered products.
We call these generalizations of Δp abstract topological chains, and we refer to the
corresponding singular chains as singular topological chains. Thus, the maps

∂j : P ×Bi
M(Bi, Bi−j)

π2−→ M(Bi, Bi−j)
∂+−→ Bi−j

for j = 1, . . . ,m described above are singular topological chains in our new frame-
work (without any need for a triangulation on the domain). However, the homo-
morphism ∂0 is no longer the “usual” boundary operator on singular chains, since
the generators have a variety of domains.

Of course, a singular chain complex with maps defined on a variety of domains
will contain more maps than a singular chain complex where all the p-chains are
defined on the domain Δp, and some redundancy may appear in the larger chain
complex. Hence, we define degeneracy relations to identify singular chains that are
“essentially” the same but defined on different domains. For example, fix a large
integer N and let Cp be the p-dimensional faces of the unit N -cube IN . There
are a large number of elements in Cp (which are all “essentially” the same), and
different elements may support singular chains that are “essentially” the same. For
instance, any element P ∈ Cp is homeomorphic to the standard unit p-cube Ip via
a homeomorphism α : P → Ip, and the usual singular boundary operator on a
singular p-cube σ : Ip → B in a topological space B induces a singular boundary
operator on the singular Cp-space σ ◦α : P → B such that the boundary operators
commute with the homeomorphism α : P → Ip. So, σ : Ip → B and σ ◦α : P → B
are “essentially” the same, even though they are defined on different domains.

More precisely, to construct our singular Morse-Bott-Smale chain complex we
begin by defining the set Cp of allowed domains of degree p for all p, and then we
define a boundary operator on the free abelian group generated by the elements of
Cp, i.e. Sp = Z[Cp]. This boundary operator

∂ : Sp → Sp−1

induces a boundary operator

∂ : Sp(B) → Sp−1(B)

on singular Cp-chains in B as follows. If σ : P → B is a singular Cp-space in B,
then ∂(σ) is given by the formula

∂(σ) =
∑
k

nkσ|Pk
,
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where

∂(P ) =
∑
k

nkPk

and nk = ±1 for all k. The degeneracy relations define a subgroup Dp(B) ⊆ Sp(B)
of degenerate singular topological chains in B such that ∂(Dp(B)) ⊆ Dp−1(B), and
hence the boundary operator on singular Cp-chains in B descends to a boundary
operator on the quotient groups:

∂ : Sp(B)/Dp(B) → Sp−1(B)/Dp−1(B).

This describes our framework for defining the homomorphism ∂0 in the Morse-
Bott-Smale chain complex. In fact, in the above diagram for a general Morse-Bott-
Smale chain complex we have

Cp(Bi) = S∞
p (Bi)/D

∞
p (Bi),

where S∞
p (Bi) ⊂ Sp(Bi), D∞

p (Bi) ⊂ Dp(Bi), and ∂0 : Cp(Bi) → Cp−1(Bi) is

(−1)p+i times the boundary operator on singular topological chains developed in
Section 4 of this paper (see Definitions 5.2, 5.4, and 5.11). The homomorphisms
∂1, . . . , ∂m are then defined as above using fibered products of compactified mod-
uli spaces, and it is shown that they preserve the groups of degenerate singular
topological chains (see Lemma 5.10). Hence there are induced homomorphisms

∂j : S
∞
p (Bi)/D

∞
p (Bi) → S∞

p+j−1(Bi−j)/D
∞
p+j−1(Bi−j)

for all j = 0, . . . ,m, and these induced homomorphisms fit together to form the
boundary operator ∂ = ∂0 ⊕ · · · ⊕ ∂m in the Morse-Bott-Smale chain complex.

1.2. Comparison with other approaches. The Morse-Bott-Smale chain com-
plex constructed in this paper is inspired by several other authors ([4], [22], [23],
[32], [33], and [39]) who have studied both the finite-dimensional case addressed
here and the infinite-dimensional version of Floer-Bott homology.

However, the approach taken in this paper is fundamentally different and, in
our opinion, more straightforward and more like singular homology than previous
approaches. For instance, other authors use the machinery of spectral sequences;
cf. [4], [23], and [39]. In contrast, the approach taken here does not require spectral
sequences (although several of the diagrams found in Section 5 are inspired by and
resemble first quadrant spectral sequences).

Moreover, as a novel feature, the Morse-Bott-Smale chain complex defined in
Section 5 provides a common framework for encoding both smooth singular cubi-
cal chains and Morse-Smale-Witten chains. In particular, it reduces to the chain
complex of smooth singular N -cube chains when the function is constant (Example
5.13), and it reduces to the Morse-Smale-Witten chain complex when the func-
tion is Morse-Smale (Example 5.14). This is quite different from the approaches
that count flow lines with cascades [22], where the chain complex reduces to the
Morse-Smale-Witten chain complex for both Morse-Smale functions and constant
functions.

To construct a Morse-Bott-Smale chain (or cochain) complex, one must first
choose a category for the objects in the chain (or cochain) complex. For instance,
Austin and Braam [4] use differential forms on the critical submanifolds to define
the groups Cp(Bi) in their Morse-Bott-Smale cochain complex, and they define
the homomorphisms ∂1, . . . , ∂m in their cochain complex using integration along
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the fibers. They then use the machinery of spectral sequences to prove that the
cochain complex they construct computes the de Rahm cohomology of the manifold.

In contrast, Latschev [32] views the stable and unstable manifolds (and their
fibered products) as currents. Latschev shows (following [25]) that these currents
determine an operator (from differential forms to currents) that is chain homotopic
to the inclusion. After showing that this operator can be extended to singular chains
that are “sufficiently transverse” to the unstable manifolds, Latschev shows that
the image of the extended operator is the set of “stable bundles of smooth chains”
in the critical submanifolds. A formula for the differential on the chain complex
whose groups consist of stable bundles over chains in the critical submanifolds is
given, and it is proved that the homology of this (Morse-Bott-Smale) chain complex
is isomorphic to the singular homology of the manifold with integer coefficients.

Another approach to Morse-Bott homology can be found in a paper by Fukaya
[23], where the Floer-Bott homology of the Chern-Simons functional is studied.
The groups in Fukaya’s version of Morse-Bott homology are generated by piecewise
smooth maps from objects he calls “abstract geometric chains” and attributes to
Gromov [24]. Similarly, Ruan and Tian’s version of “Bott-type symplectic Floer
cohomology” [39] is based on these same “abstract geometric chains”, which they
attribute to Fukaya [23]. According to Fukaya, an “abstract geometric chain” is a
finite simplicial complex (see Definition 1.14 of [23]) that satisfies certain conditions,
including a codimension 2 boundary condition, reminiscent of the conditions used
to define “pseudocycles” (see [30], [36], and [42]). The boundary operator in the
chain complex described by Fukaya is defined on the set of “transversal geometric
chains” by taking fibered products with moduli spaces of gradient flow lines, and
Theorem 1.2 of [23] says that there is a spectral sequence associated to a “generic”
Morse-Bott function which converges to the singular homology of the manifold.

In this paper, we construct our Morse-Bott-Smale chain complex over the cate-
gory of compact oriented smooth manifolds with corners. This is a natural choice
of category for a Morse-Bott-Smale chain complex because the compactified moduli
spaces of gradient flow lines of a Morse-Bott-Smale function are compact oriented
smooth manifolds with corners (see Theorem 4.9). Moreover, we prove in Subsec-
tion 5.5 that all the relevant fibered products are compact smooth manifolds with
corners. Hence, the fibered product constructions used in this paper stay within
the chosen category for the objects in the chain complex.

1.3. Outline of the paper. In Section 2 we recall some basic facts about the
Morse-Smale-Witten chain complex, and in Section 3 we recall some basic facts
about Morse-Bott functions and state the Morse-Bott-Smale transversality condi-
tion.

Section 4 establishes the framework we use to define the homomorphism ∂0 in
the Morse-Bott-Smale chain complex constructed in Section 5.

In Subsection 4.1 we introduce the notion of abstract topological chains and
singular topological chains, which generalize the usual singular chain complexes
based on maps from the standard p-simplex Δp ⊂ Rp+1 or the unit p-cube Ip.
Abstract topological chains are introduced in order to provide the flexibility of
constructing singular chain complexes with maps from a variety of domains. To
construct the Morse-Bott-Smale chain complex in Section 5, we need to allow maps
from the faces of an N -cube (for some large N), the compactified moduli spaces of
gradient flow lines, and their fibered products.
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The formalism of abstract topological chains and singular topological chains is
very general and provides a natural framework for some of the formulas found in
[23].

In Subsection 4.2 we show how the faces of an N -cube can be viewed as abstract
topological chains. Using the degeneracy relations in Definition 4.3, this produces
the chain complex of singular N -cube chains, which is comparable to the singular
cubical chain complex of [35] (see Theorem 4.4). The reader should note that in
Subsection 4.2 the singular topological chain group Sp(B) is generated by maps from
the p-dimensional faces of the unit N -cube. So, the maps in Sp(B) are defined on
several different domains. However, these domains are identified via the subgroup
Dp(B) of degenerate singular topological chains. Hence, every equivalence class
in Sp(B)/Dp(B) contains a representative defined on the standard p-cube Ip ×
(0, . . . , 0) ⊆ IN .

In Subsection 4.3 we define the fibered product of singular topological chains
and show that the fibered product of singular topological chains is an abstract
topological chain. The formal constructions in Subsection 4.3 are used in Subsection
4.4, where the abstract topological chain structure on compactified moduli spaces
of gradient flow lines is defined. This abstract topological chain structure is defined
in terms of fibered products (see Definition 4.11), and the general results proved
in Subsection 4.3 are used to prove that the degree and boundary operator for
compactified moduli spaces of gradient flow lines satisfy the axioms for abstract
topological chains (see Lemma 4.12).

In Section 5 we construct our Morse-Bott-Smale chain complex (C∗(f), ∂). The
construction begins by defining the set Cp of allowed domains for the singular
topological chains. The set of allowed domains Cp includes the p-dimensional faces
of the unit N -cube IN and the p-dimensional connected components of fibered
products with compactified moduli spaces of gradient flow lines. Subsection 5.5 is
devoted to the proof of Lemma 5.1, which says that the elements of Cp are compact
oriented smooth manifolds with corners.

In Subsection 5.1 we define the chain complex (C̃∗(f), ∂). The groups in the
Morse-Bott-Smale chain complex (C∗(f), ∂) are defined in Definition 5.11 as the

quotient of the groups in (C̃∗(f), ∂) by the degenerate singular topological chains.
These degenerate singular topological chains are defined in Subsection 5.3 using the
orientation conventions given in Subsection 5.2. The degenerate singular topological
chains defined in Subsection 5.3 include the degenerate singular N -cube chains from
Subsection 4.2 together with additional chains having domains that are components
of fibered products. The degenerate singular topological chains are used to identify
chains that are “essentially” the same, but defined on different domains.

The chain complex (C̃∗(f), ∂) defined in Subsection 5.1 has a natural filtration
determined by the Morse-Bott index, and the boundary operator decomposes into
a sum of differentials ∂ =

⊕m
j=0 ∂j , where ∂j is a homomorphism that decreases

the Morse-Bott index by j. In fact, in Subsection 5.1 the homomorphisms ∂j are
defined first, and then the full boundary operator is defined to be ∂ =

⊕m
j=0 ∂j .

Thus, the chain complex (C̃∗(f), ∂) looks like a first quadrant spectral sequence
where the homomorphisms ∂j are all defined on the E0 term (see Definition 5.11).

More precisely, the chain complex (C̃∗(f), ∂) is multicomplex [29], [37].
The homomorphism ∂0 in Subsection 5.1 is defined in terms of the singular topo-

logical chain structure discussed in Section 4, and the homomorphisms ∂1, . . . , ∂m
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are defined using fibered products of compactified moduli spaces of gradient flow
lines. It is shown in Lemma 5.10 that these homomorphisms preserve the groups
of degenerate singular topological chains, and hence they induce homomorphisms
(still denoted by ∂0, . . . , ∂m) on the groups in the Morse-Bott-Smale chain com-
plex (C∗(f), ∂). Thus, Corollary 5.6 implies that ∂2 = 0 for the Morse-Bott-Smale
chain complex (C∗(f), ∂). In Subsection 5.4 we give several examples of computing
Morse-Bott homology, including the cases where the function is constant (Example
5.13) and where the function is Morse-Smale (Example 5.14).

Section 6 is devoted to proving a Floer-type continuation theorem (Theorem
6.17) that shows that the homology of the Morse-Bott-Smale chain complex defined
in Section 5 is independent of the Morse-Bott-Smale function f : M → R used to
define the complex. The proof follows standard arguments involving compactified
moduli spaces of time dependent gradient flow lines that can be found in [4], [9],
[18], [19], [41], and [44]. (An outline of the proof of the continuation theorem can
be found at the beginning of Section 6.) When the Morse-Bott-Smale function
f : M → R is constant, the entire manifold M is a critical submanifold of Morse-
Bott index zero, and the Morse-Bott-Smale chain complex defined in Section 5
reduces to the chain complex of smooth singular N -cube chains (Example 5.13).
Hence, Theorem 6.17 implies that, for any Morse-Bott-Smale function f : M → R,
the homology of the Morse-Bott-Smale chain complex associated to f is isomorphic
to the singular homology of the manifold with integer coefficients. Moreover, when
the function f : M → R is Morse-Smale, the complex reduces to the Morse-Smale-
Witten chain complex (Example 5.14). Thus, the Morse Homology Theorem follows
as a corollary to the results in this paper.

Other authors have shown that the theory of Morse-Bott homology can be ap-
plied to a variety of problems in algebraic topology, Floer homology, gauge the-
ory, and quantum cohomology. For instance, applications to equivariant homol-
ogy/cohomology and cup products are discussed in [4] and [32], applications to
the Floer homology of the Chern-Simons functional and Donaldson polynomials
are discussed in [5] and [23], and applications to symplectic Floer homology and
quantum cohomology are discussed in [33] and [39]. Although we do not discuss
applications of the Morse-Bott-Smale chain complex constructed in Sections 4 and
5, the techniques developed in this paper were designed with the above applica-
tions in mind. Thus, we expect that our approach to Morse-Bott homology can be
applied to problems such as the ones listed above and can be readily extended to
the infinite-dimensional case of Floer-Bott homology.

2. The Morse-Smale-Witten chain complex

In this section we briefly recall the construction of the Morse-Smale-Witten chain
complex and the Morse Homology Theorem. For more details we refer the reader
to [7].

Let f : M → R be a Morse function on a finite-dimensional compact smooth
Riemannian manifold (M, g). The stable manifold of a critical point p ∈ Cr(f)
is defined to be

W s(p) = {x ∈ M | lim
t→∞

ϕt(x) = p},

where ϕt is the 1-parameter group of diffeomorphisms generated by minus the
gradient vector field, i.e. −∇f . Similarly, the unstable manifold of p is defined
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to be

Wu(p) = {x ∈ M | lim
t→−∞

ϕt(x) = p}.

The Stable/Unstable Manifold Theorem for a Morse function says that the tangent
space at p splits as

TpM = T s
pM ⊕ Tu

p M,

where the Hessian is positive definite on T s
pM and negative definite on Tu

p M . More-
over, the stable and unstable manifolds of p are the surjective images of smooth
embeddings

Es : T s
pM → W s(p) ⊆ M,

Eu : Tu
p M → Wu(p) ⊆ M.

Hence, W s(p) is a smoothly embedded open disk of dimension m− λp, and Wu(p)
is a smoothly embedded open disk of dimension λp where m is the dimension of M
and λp is the index of the critical point p, i.e. the dimension of Tu

p M .
If the stable and unstable manifolds of a Morse function f : M → R all intersect

transversally, then the function is called Morse-Smale. The next result describes
the abundance of Morse-Smale functions.

Theorem 2.1 (Kupka-Smale Theorem). If (M, g) is a finite-dimensional compact
smooth Riemannian manifold, then the space of all Cr Morse-Smale functions on
M is a dense subspace of Cr(M,R) for any 2 ≤ r ≤ ∞.

If f : M → R is a Morse-Smale function, then using Palis’ λ-Lemma one can
show that there is a partial ordering on the critical points of f defined as follows.

Definition 2.2. Let p and q be critical points of f : M → R. We say that q is
succeeded by p, q � p, if and only if W (q, p) = Wu(q) ∩ W s(p) �= ∅, i.e. there
exists a gradient flow line from q to p.

Note thatW (q, p) is an embedded submanifold ofM of dimension λq−λp. Hence,
q � p implies that λq ≥ λp. As other consequences of Palis’ λ-Lemma we have the
following.

Theorem 2.3. If p and q are critical points of f : M → R such that q � p, then

W (q, p) = Wu(q) ∩W s(p) =
⋃

q�q̃�p̃�p

W (q̃, p̃),

where the union is over all critical points between q and p.

Corollary 2.4. If p and q are critical points of relative index one, i.e. if λq−λp = 1
and q � p, then

W (q, p) = W (q, p) ∪ {p, q}.
Moreover, W (q, p) has finitely many components, i.e. the number of gradient flow
lines from q to p is finite.

If we assume that M is oriented and we choose an orientation for each of the
unstable manifolds of f , then there is an induced orientation on the stable man-
ifolds. The preceding corollary shows that we can then define an integer n(q, p)
associated to any two critical points p and q of relative index one by counting the
number of gradient flow lines from q to p with signs determined by the orientations.
The Morse-Smale-Witten chain complex is defined to be the chain complex
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(C∗(f), ∂∗), where Ck(f) is the free abelian group generated by the critical points
q of index k and the boundary operator ∂k : Ck(f) → Ck−1(f) is given by

∂k(q) =
∑

p∈Crk−1(f)

n(q, p)p.

Theorem 2.5 (Morse Homology Theorem). The pair (C∗(f), ∂∗) is a chain com-
plex, and its homology is isomorphic to the singular homology H∗(M ;Z).

Note that the Morse Homology Theorem implies that the homology of (C∗(f), ∂∗)
is independent of the Morse-Smale function f : M → R, the Riemannian metric g,
and the orientations.

3. Morse-Bott functions and transversality

Let f : M → R be a smooth function on a finite-dimensional compact smooth
Riemannian manifold (M, g). Assume that the critical point set

Cr(f) = {p ∈ M | dfp = 0} =
n∐

α=1

Bα

is a finite disjoint union of connected submanifolds Bα in M , called critical sub-
manifolds. For any p ∈ B, a critical submanifold, the tangent space of M splits
as

TpM ≈ TpB ⊕ νp(B),

where νp(B) denotes the normal bundle of B in M . For V,W ∈ TpM , the Hessian

is a symmetric bilinear form defined by Hessp(f)(V,W ) = Vp(W̃ (f)) where W̃ is
any extension of W to a neighborhood of p. If V ∈ TpB, then Hessp(f)(V,W ) = 0

because W̃x(f) = 0 for all x ∈ B. Thus the Hessian determines a symmetric bilinear
form on the normal space

Hessνp(f) : νp(B)× νp(B) → R.

Definition 3.1. A function f : M → R is said to be Morse-Bott if and only if
the critical point set Cr(f) is a finite disjoint union of connected submanifolds of
M and for each connected submanifold B ⊆ Cr(f) the normal Hessian Hessνp(f)
is non-degenerate for all p ∈ B. The index λp of a critical point p ∈ B ⊆ Cr(f) is
defined to be the maximal dimension of a subspace of νp(B) on which Hessνp(f) is
negative definite.

For a proof of the following lemma see Section 3.5 of [7] or [8].

Lemma 3.2 (Morse-Bott Lemma). Let f : M → R be a Morse-Bott function, and
let B be a connected component of the critical set Cr(f). For any p ∈ B there is a
local chart of M around p and a local splitting of the normal bundle of B,

ν∗(B) = ν+∗ (B)⊕ ν−∗ (B),

identifying a point x ∈ M in its domain to (u, v, w), where u ∈ B, v ∈ ν+∗ (B), and
w ∈ ν−∗ (B) such that within this chart f assumes the form

f(x) = f(u, v, w) = f(B) + |v|2 − |w|2.
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Note that the Morse-Bott Lemma shows that if B is connected, then λp is inde-
pendent of p ∈ B. Hence, we may also refer to λp as the index λB of the critical
submanifold B. Moreover, the lemma shows that at a critical point p ∈ Cr(f) the
tangent space splits as

TpM = TpB ⊕ ν+p (B)⊕ ν−p (B),

where λp = dim ν−p (B). If we let b = dim B and λ∗
p = dim ν+p (B), then we have

the fundamental relation

m = b+ λ∗
p + λp,

where m = dim M .
Let ϕt : M → M denote the flow associated to −∇f , i.e. ϕt(x) = γ(t), where

γ′(t) = −(∇f)(γ(t)) and γ(0) = x. For p ∈ Cr(f) the stable manifold W s(p)
and the unstable manifold Wu(p) are defined the same as they were for a Morse
function:

W s(p) = {x ∈ M | lim
t→∞

ϕt(x) = p},

Wu(p) = {x ∈ M | lim
t→−∞

ϕt(x) = p}.

However, for a Morse-Bott function we can also consider the stable and unstable
manifolds of a critical submanifold B ⊆ Cr(f). These are defined to be

W s(B) =
⋃
p∈B

W s(p),

Wu(B) =
⋃
p∈B

Wu(p).

For the following see Proposition 3.2 of [4].

Theorem 3.3 (Stable/Unstable Manifold Theorem for a Morse-Bott function).
The stable and unstable manifolds W s(B) and Wu(B) are the surjective images of
smooth injective immersions E+ : ν+∗ (B) → M and E− : ν−∗ (B) → M . There
are smooth endpoint maps ∂+ : W s(B) → B and ∂− : Wu(B) → B given by
∂+(x) = limt→∞ ϕt(x) and ∂−(x) = limt→−∞ ϕt(x), which when restricted to a
neighborhood of B have the structure of locally trivial fiber bundles.

Definition 3.4 (Morse-Bott-Smale transversality). A Morse-Bott function f :
M → R is said to satisfy the Morse-Bott-Smale transversality condition with
respect to a given metric on M if and only if for any two connected critical sub-
manifolds B and B′, Wu(p) intersects W s(B′) transversely, i.e. Wu(p) � W s(B′),
for all p ∈ B.

Note. By the Kupka-Smale Theorem (Theorem 2.1) we can always find a Morse-
Smale function as close as we like to a given Morse-Bott function. However, there
are situations where a certain Morse-Bott function has some desired properties that
will be lost if it is perturbed. In those cases it might be preferable to look for a
Riemannian metric such that the function is Morse-Bott-Smale with respect to the
chosen metric. Unfortunately, it is not always possible to perturb the Riemannian
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metric to make a given Morse-Bott function satisfy the Morse-Bott-Smale transver-
sality condition. See Section 2 of [32] for some interesting counterexamples.

If the gradient flow of f : M → R does satisfy the Morse-Bott-Smale transver-
sality condition, then the space

W (B,B′) = Wu(B) ∩W s(B′)

of points x ∈ M such that ∂−(x) ∈ B and ∂+(x) ∈ B′ is a submanifold of M . The
following lemma is an immediate consequence of transversality.

Lemma 3.5. Suppose that B is of dimension b and index λB and that B′ is of
dimension b′ and index λB′ . Then we have the following, where m = dim M :

dim Wu(B) = b+ λB,

dim W s(B′) = b′ + λ∗
B′ = m− λB′ ,

dim W (B,B′) = λB − λB′ + b (if W (B,B′) �= ∅).

Note that the dimension of W (B,B′) does not depend on the dimension of
the critical submanifold B′. This fact will be used when we define the boundary
operator in the Morse-Bott-Smale chain complex.

We end this section with the following lemma, which says that a Morse-Bott-
Smale function is weakly self-indexing [4], i.e. the Morse-Bott index is strictly
decreasing along gradient flow lines.

Lemma 3.6. If f : M → R satisfies the Morse-Bott-Smale transversality condition,
then W (B,B′) = ∅ whenever λB ≤ λB′ and B �= B′.

Proof. If B �= B′ and there exists an x ∈ W (B,B′), then x lies on a one-dimensional
gradient flow line that begins at ∂−(x) ∈ B and ends at ∂+(x) ∈ B′. Hence,
dim W (∂−(x), B

′) ≥ 1, and the Morse-Bott-Smale transversality condition implies
that dim W (∂−(x), B

′) = λB − λB′ + 0 ≥ 1. Therefore, λB > λB′ . �

4. Topological chains and fibered products

In this section we introduce the concept of abstract topological chains and sin-
gular topological chains. Abstract topological chains are generalizations of the
standard p-simplex Δp ⊂ R

p+1, and singular topological chains are generalizations
of singular chains where we consider continuous maps from abstract topological
chains. Applying these definitions to the faces of an N -cube, we construct a chain
complex that is comparable to the singular cubical chain complex of [35]. We also
define the fibered product of singular topological chains and show that the fibered
product of singular topological chains is an abstract topological chain. The homo-
morphism ∂0 in the Morse-Bott-Smale chain complex constructed in Section 5 is
defined in terms of abstract topological chains that are constructed from fibered
products of compactified moduli spaces of gradient flow lines and the faces of an
N -cube. In this section we define the degrees and boundary operators for these
spaces and show that they satisfy the axioms for abstract topological chains.

4.1. Some general abstract definitions. For each integer p ≥ 0 fix a set Cp of
topological spaces and let Sp be the free abelian group generated by the elements
of Cp, i.e. Sp = Z[Cp]. Set Sp = {0} if p < 0 or Cp = ∅.
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Definition 4.1. A boundary operator on the collection S∗ of groups {Sp} is a
homomorphism ∂p : Sp → Sp−1 such that

(1) For p ≥ 1 and P ∈ Cp ⊆ Sp, ∂p(P ) =
∑

k nkPk, where nk = ±1 and
Pk ∈ Cp−1 is a subspace of P for all k.

(2) ∂p−1 ◦ ∂p : Sp → Sp−2 is zero.

We will call (S∗, ∂∗) a chain complex of abstract topological chains. Elements
of Sp are called abstract topological chains of degree p.

Definition 4.2. Let B be a topological space and p ∈ Z+. A singular Cp-space
in B is a continuous map σ : P → B where P ∈ Cp, and the singular Cp-chain
group Sp(B) is the free abelian group generated by the singular Cp-spaces. Define
Sp(B) = {0} if Sp = {0} or B = ∅. Elements of Sp(B) are called singular
topological chains of degree p.

For p ≥ 1 there is a boundary operator ∂p : Sp(B) → Sp−1(B) induced from the
boundary operator ∂p : Sp → Sp−1. If σ : P → B is a singular Cp-space in B, then
∂p(σ) is given by the formula

∂p(σ) =
∑
k

nkσ|Pk
,

where

∂p(P ) =
∑
k

nkPk.

The pair (S∗(B), ∂∗) is called a chain complex of singular topological chains
in B.

Note. The preceding definitions are quite general. To construct the Morse-Bott-
Smale chain complex in Section 5 we only need Cp to include the p-dimensional faces
of an N -cube, the compactified moduli spaces of gradient flow lines of dimension
p, and the components of their fibered products of dimension p. In this section we
show that these spaces carry the structure of abstract topological chains.

4.2. Singular N-cube chains. In this subsection we show how the above abstract
definitions apply to the faces of an N -cube to produce a chain complex comparable
to the singular cubical chain complex of [35].

Pick some large positive integer N and let IN = {(x1, . . . , xN ) ∈ RN | 0 ≤ xj ≤
1, j = 1, . . . , N} denote the unit N -cube. For every 0 ≤ p ≤ N let Cp be the
set consisting of the faces of IN of dimension p, i.e. subsets of IN where p of the
coordinates are free and the rest of the coordinates are fixed to be either 0 or 1.
For every 0 ≤ p ≤ N let Sp be the free abelian group generated by the elements of
Cp.

For P ∈ Cp we define

∂p(P ) =

p∑
j=1

(−1)j
[
P |xj=1 − P |xj=0

]
∈ Sp−1,

where xj denotes the jth free coordinate of P . The boundary operator ∂p extends
linearly to a homomorphism ∂p : Sp → Sp−1. To see that ∂p−1 ◦ ∂p = 0 note that



4010 AUGUSTIN BANYAGA AND DAVID E. HURTUBISE

in the sum for ∂p−1(∂p(P )),

p−1∑
i=1

(−1)i

⎡
⎣ p∑

j=1

(−1)j
[
P |xj=1 − P |xj=0

]∣∣∣∣∣∣
x̃i=1

−
p∑

j=1

(−1)j
[
P |xj=1 − P |xj=0

]∣∣∣∣∣∣
x̃i=0

⎤
⎦ ,

the terms cancel in pairs, and hence ∂p−1(∂p(P )) = 0 ∈ Sp−2. A continuous map
σP : P → B into a topological space B is a singular Cp-space in B. The boundary
operator applied to σP is

∂p(σP ) =

p∑
j=1

(−1)j
[
σP |xj=1 − σP |xj=0

]
∈ Sp−1(B),

where σP |xj=0 denotes the restriction σP : P |xj=0 → B and σP |xj=1 denotes the

restriction σP : P |xj=1 → B. We will show that the pth singular homology group
of B is isomorphic to the homology of a quotient of the chain complex (S∗(B), ∂∗)
by the degenerate singular chains for p < N .

Definition 4.3 (Degeneracy relations for singular N -cube chains). Let σP and
σQ be singular Cp-spaces in B and let ∂p(Q) =

∑
j njQj ∈ Sp−1. For any map

α : P → Q, let ∂p(σQ) ◦ α denote the formal sum
∑

j nj(σQ ◦ α)|α−1(Qj). Define

the subgroup Dp(B) ⊆ Sp(B) of degenerate singular N-cube chains to be the
subgroup generated by the following elements:

(1) If α is an orientation preserving homeomorphism such that σQ ◦ α = σP

and ∂p(σQ) ◦ α = ∂p(σP ), then σP − σQ ∈ Dp(B).
(2) If σP does not depend on some free coordinate of P , then σP ∈ Dp(B).

Note. We orient the faces of IN of dimension p by requiring that the map which
identifies the free coordinates (x1, . . . , xp) of a face with the standard coordinates
of Rp be orientation preserving. Also, a map from a vertex to a vertex is orientation
preserving.

Theorem 4.4 (Singular N -cube chain theorem). The boundary operator for sin-
gular N-cube chains ∂p : Sp(B) → Sp−1(B) descends to a homomorphism

∂p : Sp(B)/Dp(B) → Sp−1(B)/Dp−1(B),

and

Hp(S∗(B)/D∗(B), ∂∗) ≈ Hp(B;Z)

for all p < N .

Proof. Let σP ∈ Sp(B) be a singular Cp-space and assume that there exists a
singular Cp-space σQ ∈ Sp(B) and an orientation preserving homeomorphism α :
P → Q such that σQ ◦ α = σP and ∂p(σQ) ◦ α = ∂p(σP ). Since ∂p−1(∂p(σQ)) =
∂p−1(∂p(σP )) = 0, we have ∂p−1(∂p(σQ))◦α = ∂p−1(∂p(σP )). Thus, ∂p(σP −σQ) =
∂p(σP )− ∂p(σQ) ∈ Dp−1(B).

Now assume that σP ∈ Sp(B) is a singular Cp-space that does not depend on
some free coordinate xj . Then in the sum for ∂p(σP ) the term σP |xj=1−σP |xj=0 ∈
Dp−1(B) because σP |xj=0 and σP |xj=1 satisfy the first condition for degeneracy, and
the rest of the terms are all independent of the coordinate corresponding to xj and
thus satisfy the second condition for degeneracy. Therefore ∂p(Dp(B)) ⊆ Dp−1(B),
and the boundary operator ∂p descends to a homomorphism of the quotient groups.
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We now recall the definition of singular homology using singular cubes in [35].
Let Ip be the standard unit p-cube for p > 0 and let I0 be the origin in RN . We
will view Ip ∈ Cp by identifying Ip with Ip × (0, . . . , 0) ⊆ IN . A singular p-cube
in B is a continuous map T : Ip → B, i.e. a singular Cp-space in B with domain
Ip. Let Qp(B) ⊆ Sp(B) denote the free abelian group generated by the set of
all singular p-cubes in B. A singular p-cube is called degenerate if it satisfies the
second condition listed in Definition 4.3. Note that the first condition is not needed
to define singular homology using singular p-cubes because all singular p-cubes are
defined on the same domain. Let DQp(B) denote the subgroup of Qp(B) generated
by the degenerate singular p-cubes.

If T : Ip → B is a singular p-cube, then for i = 1, . . . , p there are singular p− 1
cubes defined by the formulas

AiT (x1, . . . , xp−1) = T (x1, . . . , xi−1, 1, xi, . . . , xp−1),

BiT (x1, . . . , xp−1) = T (x1, . . . , xi−1, 0, xi, . . . , xp−1)

and a boundary operator defined by

∂̃p(T ) =

p∑
i=1

(−1)i[AiT −BiT ].

The boundary operator satisfies ∂̃p(DQp(B)) ⊆ DQp−1(B), and the singular ho-

mology of B is the homology of the chain complex (Q∗(B)/DQ∗(B), ∂̃∗). For more
details see Chapter VII of [35].

Now assume that p < N . Since Qp(B) ⊆ Sp(B) and DQp(B) ⊆ Dp(B) there
are induced maps such that

Qp(B)/DQp(B)
∂̃p

��

��

Qp−1(B)/DQp−1(B)

��

Qp(B)/(Dp(B) ∩Qp(B))
∂̃p

��

��

Qp−1(B)/(Dp−1(B) ∩Qp(B))

��

Sp(B)/Dp(B)
∂p

�� Sp−1(B)/Dp−1(B)

commutes for all p. We will show that the induced maps in homology are iso-
morphisms. To see that this is true for the bottom square, note that for any
P ∈ Cp there is an orientation preserving homeomorphism α−1 : Ip → P de-
fined by sending the fixed coordinates of Ip × (0, . . . , 0) ⊆ IN to the fixed coordi-
nates of P and the jth free coordinate of Ip to the jth free coordinate of P for all
j = 1, . . . , p. For any singular Cp-space σP ∈ Sp(B), σQ = σP ◦ α−1 : Ip → B is
a singular Cp-space that satisfies σQ ◦ α = σP and ∂p(σQ) ◦ α = ∂p(σP ). There-
fore, [σP ] = [σQ] ∈ Sp(B)/Dp(B), and we see that every equivalence class in
Sp(B)/Dp(B) has a representative that is defined on the standard unit p-cube Ip.
Therefore, Sp(B)/Dp(B) ≈ Qp(B)/(Dp(B) ∩ Qp(B)) for all p, and the homology

groups of (Q∗(B)/(D∗(B) ∩Q∗(B)), ∂̃∗) are isomorphic to the homology groups of
(S∗(B)/D∗(B), ∂∗).
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To show that the top square in the above diagram induces isomorphisms of the
homology groups, we will show that the homology groups of the chain complex

((D∗(B) ∩Q∗(B))/DQ∗(B), ∂̃∗)

are zero for all p. Thus, the long exact sequence induced from

0 → (D∗(B)∩Q∗(B))/DQ∗(B) → Q∗(B)/DQ∗(B) → Q∗(B)/(D∗(B)∩Q∗(B)) → 0

shows that the homology groups of (Q∗(B)/(D∗(B) ∩ Q∗(B)), ∂̃∗) are isomorphic

to the homology groups of (Q∗(B)/DQ∗(B), ∂̃∗).
LetGp = (Dp(B)∩Qp(B))/DQp(B). Note thatG0 = {0} sinceD0(B)∩Q0(B) =

{0}. Thus, ∂̃1 is surjective and H0(G∗, ∂̃∗) = {0}. Now assume that p > 0 and let∑
k

nk(σk ◦ αk − σk) ∈ Dp(B) ∩Qp(B)

be a representative for an element of ker(∂̃p) ⊆ Gp, i.e.

∂̃p

(∑
k

nk(σk ◦ αk − σk)

)
= 0,

and for every k we have ∂p(σk) ◦ αk = ∂p(σk ◦ αk), where αk : Ip → Ip is an
orientation preserving homeomorphism. Extend each αk to an orientation pre-
serving homeomorphism α̃k : Ip+1 → Ip+1 by the formula α̃k(x1, . . . , xp, xp+1) =
(αk(x1, . . . , xp), xp+1), and extend each σk : Ip → B to a map σ̃k : Ip+1 → B such
that for every 0 ≤ xp+1 ≤ 1 we have

∂p

(∑
k

nk(σ̃k(−, xp+1)) ◦ α̃k − σ̃k(−, xp+1)

)
= 0,

∂p(σ̃k(−, xp+1))◦α̃k = ∂p(σ̃k◦α̃k(−, xp+1)), and each σ̃k is constant when xp+1 = 1.
Then ∑

k

nk(σ̃k ◦ α̃k − σ̃k) ∈ Dp+1(B) ∩Qp+1(B)

satisfies

∂̃p+1

[∑
k

nk(σ̃k ◦ α̃k − σ̃k)

]
= (−1)p+1

[∑
k

nk(σk ◦ αk − σk)

]

in (Dp(B) ∩ Qp(B))/DQp(B). Therefore, ∂̃p+1 maps onto ker(∂̃p) and (G∗, ∂̃∗) is
acyclic. �

4.3. The fibered product of singular topological chains. In this subsection
we resume the discussion of our abstract definitions. We define the fibered prod-
uct of singular topological chains and show that the fibered product of singular
topological chains is an abstract topological chain.

Let σi : Pi → B for i = 1, 2 be two continuous maps into a topological space B.
Recall that the fibered product of σ1 and σ2 is defined to be

P1 ×B P2 = (σ1 × σ2)
−1(Δ),

where Δ is the diagonal in B ×B, i.e.

P1 ×B P2 = {(x1, x2) ∈ P1 × P2| σ1(x1) = σ2(x2)}.
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Lemma 4.5. Suppose that σ1 : P1 → B and σ2 : P2 → B are smooth maps, where
P1, P2, and B are smooth manifolds of dimension p1, p2, and b respectively. If
σ1 is transverse to σ2, then the fibered product P1 ×B P2 is a smooth manifold of
dimension p1 + p2 − b.

Proof. This follows from the fact that σ1 � σ2 if and only if (σ1 × σ2) � Δ. �

Given a collection of topological spaces {Cp}p≥0 we will say that an element
P ∈ Cp has degree p. If B is a topological manifold of dimension b, P1 ∈ Cp1

,
P2 ∈ Cp2

, and σi : Pi → B for i = 1, 2 are continuous maps, then we can associate
the degree p1 + p2 − b to the fibered product P1 ×B P2 using the same formula
as above. If we assume that the collection of spaces {Cp}p≥0 is closed under the
fibered product construction with respect to some collection of maps, i.e. if

P1 ×B P2 ∈ Cp1+p2−b,

then the fibered product construction extends linearly to the collection of free
abelian groups {Sp}.

Definition 4.6. Suppose that {Cp}p≥0 is a collection of topological spaces that
is closed under the fibered product construction with respect to some collection of
maps, and assume that (S∗, ∂∗) is a chain complex of abstract topological chains
based on the collection {Cp}p≥0. If σi =

∑
k ni,kσi,k ∈ Spi

(B) for i = 1, 2, where
σi,k : Pi,k → B is a singular Cpi

-space for all k, then the fibered product of σ1

and σ2 over B is defined to be

P1 ×B P2 =
∑
k,j

n1,kn2,j P1,k ×B P2,j ,

where P1 =
∑

k n1,kP1,k ∈ Sp1
and P2 =

∑
j n2,jP2,j ∈ Sp2

. The boundary
operator applied to the fibered product is defined to be

∂(P1 ×B P2) = ∂P1 ×B P2 + (−1)p1+bP1 ×B ∂P2.

If σi = 0 for either i = 1 or 2, then we define P1 ×B P2 = 0.

Note. We omit the subscript p on the boundary operator ∂p in order to simplify
the notation. Also, given the data of a triple

P1
σ11 �� B1 P2

σ12��
σ22 �� B2 P3

σ23��

we can form the iterated fibered product (P1×B1
P2)×B2

P3 using σ23 and the map
σ22 ◦ π2 : P1 ×B1

P2 → B2, where π2 : P1 ×B1
P2 → P2 denotes projection to the

second component. That is, we have the following diagram:

(P1 ×B1
P2)×B2

P3

π1

��
�
�
�

π3 ��������� P3

σ23

��

P1 ×B1
P2

π1

��
�
�
�

π2 ������� P2

σ12

��

σ22 �� B2

P1
σ11 �� B1

Similarly, we can form the iterated fibered product P1 ×B1
(P2 ×B2

P3) using σ11

and the map σ12 ◦ π1 : P1 ×B1
P2 → B1, where π1 : P2 ×B2

P3 → P2 denotes
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projection to the first component. This corresponds to the following diagram:

P1 ×B1
(P2 ×B2

P3)

π1

��
�
�
�
�
�
�
�

π2 ����� P2 ×B2
P3

π1

��
�
�
�

π2 ����� P3

σ23

��

P2

σ12

��

σ22 �� B2

P1
σ11 �� B1

It is easy to see that (P1 ×B1
P2) ×B2

P3 and P1 ×B1
(P2 ×B2

P3) are the same
as topological spaces. The following lemma shows that they are also the same as
abstract topological chains.

Lemma 4.7. The fibered product of two singular topological chains is an abstract
topological chain; i.e. the boundary operator on fibered products is of degree −1
and satisfies ∂ ◦ ∂ = 0. Moreover, the boundary operator on fibered products is
associative; i.e.

∂((P1 ×B1
P2)×B2

P3) = ∂(P1 ×B1
(P2 ×B2

P3)).

Proof. Since ∂ is a boundary operator on P1 and P2, the degree of ∂P1 is p1 − 1
and the degree of ∂P2 is p2− 1. Hence both ∂P1 ×B P2 and P1×B ∂P2 have degree
p1 + p2 − b− 1.

To see that ∂2(P1 ×B P2) = 0 we compute as follows:

∂(∂(P1 ×B P2)) = ∂(∂P1 ×B P2 + (−1)p1+bP1 ×B ∂P2)

= ∂2P1 ×B P2 + (−1)p1−1+b∂P1 ×B ∂P2

+(−1)p1+b(∂P1 ×B ∂P2 + (−1)p1+bP1 ×B ∂2P2)

= 0.

To prove associativity we compute as follows:

∂(P1 ×B1
(P2 ×B2

P3))

= ∂P1 ×B1
(P2 ×B2

P3) + (−1)p1+b1P1 ×B1
∂(P2 ×B2

P3)

= ∂P1 ×B1
(P2 ×B2

P3)

+ (−1)p1+b1(P1 ×B1
(∂P2 ×B2

P3 + (−1)p2+b2P2 ×B2
∂P3))

= ∂P1 ×B1
P2 ×B2

P3 + (−1)p1+b1P1 ×B1
∂P2 ×B2

P3

+ (−1)p1+p2+b1+b2P1 ×B1
P2 ×B2

×∂P3,

∂((P1 ×B1
P2)×B2

P3)

= ∂(P1 ×B1
P2)×B2

P3 + (−1)deg(P1×B1
P2)+b2(P1 ×B1

P2)×B2
∂P3

= (∂P1 ×B1
P2 + (−1)p1+b1P1 ×B1

∂P2)×B2
P3

+ (−1)p1+p2−b1+b2P1 ×B1
P2 ×B2

∂P3

= ∂P1 ×B1
P2 ×B2

P3 + (−1)p1+b1P1 ×B1
∂P2 ×B2

P3

+ (−1)p1+p2−b1+b2P1 ×B1
P2 ×B2

×∂P3. �
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4.4. Compactified moduli spaces as singular topological chains. In this
subsection we define a degree and boundary operator for compactified moduli spaces
of gradient flow lines. We will show in Subsection 5.5 that these compactified mod-
uli spaces are smooth manifolds with corners and that the degree defined in this
subsection coincides with the dimension of these manifolds. The abstract topolog-
ical chain structure defined in this subsection, together with those defined for the
faces of an N -cube and for fibered products, are used in Section 5 to define the
homomorphism ∂0 in the Morse-Bott-Smale chain complex.

Let f : M → R be a Morse-Bott function on a Riemannian manifold M and let
ϕt : M → M denote the flow associated to −∇f . For any two critical submanifolds
B and B′, the flow ϕt induces an R-action on Wu(B) ∩W s(B′). Let

M(B,B′) = (Wu(B) ∩W s(B′))/R

be the quotient space of gradient flow lines from B to B′. For proofs of the following
two fundamental theorems we refer the reader to Appendix §A.3 of [4] (see [13],
[27], and [26] for a different approach to Theorem 4.9).

Theorem 4.8 (Gluing). Suppose that B, B′, and B′′ are critical submanifolds
such that Wu(B) � W s(B′) and Wu(B′) � W s(B′′). In addition, assume that
Wu(x) � W s(B′′) for all x ∈ B′. Then for some ε > 0, there is an injective local
diffeomorphism

G : M(B,B′)×B′ M(B′, B′′)× (0, ε) → M(B,B′′)

onto an end of M(B,B′′).

Theorem 4.9 (Compactification). Assume that f : M → R satisfies the Morse-
Bott-Smale transversality condition. For any two distinct connected critical sub-
manifolds B and B′, the moduli space M(B,B′) has a compactification M(B,B′),
consisting of all the piecewise gradient flow lines from B to B′, which is either
empty or a compact smooth manifold with corners of dimension λB − λB′ + b− 1.
Moreover, the beginning and endpoint maps extend to smooth maps

∂− : M(B,B′) → B,
∂+ : M(B,B′) → B′,

where the beginning point map ∂− has the structure of a locally trivial fiber bundle.

The compactified moduli spaces of gradient flow lines for a Morse-Bott-Smale
function can be described inductively as follows. For any two critical submanifolds
B and B′, define B � B′ if B �= B′ and there exists a gradient flow line from
B to B′. Note that this relationship is transitive; i.e. if B � B′ and B′ � B′′,
then B � B′′ by Theorem 4.8. If there is no critical submanifold B′ such that
B � B′ � B′′, then M(B,B′′) = M(B,B′′). In general,

M(B,B′′) = M(B,B′′) ∪
⋃

B�B′�B′′

M(B,B′)×B′ M(B′, B′′),

where the union is taken over all critical submanifolds B′ between B and B′′.
Note that this description is inductive; i.e. both M(B,B′) and M(B′, B′′) may
contain fibered products of compactified moduli spaces of smaller dimension. Hence
M(B,B′′) consists of all piecewise gradient flow lines from B to B′′. The topology
of M(B,B′) is determined by considering its elements as one-dimensional subsets
of M .
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Definition 4.10. The topology on M(B,B′) is the topology induced from the
Hausdorff metric dH on subsets of M . That is, if l1, l2 ∈ M(B,B′), then l1 and l2
determine subsets l1, l2 ⊆ M , which are images of continuous injective paths from
B to B′, and

dH(l1, l2) = sup
x1∈l1

inf
x2∈l2

d(x1, x2) + sup
x2∈l2

inf
x1∈l1

d(x1, x2),

where d is the metric on M .

Note that this definition is compatible with the topology of fibered products.
That is, if B � B′ � B′′, then M(B,B′) ×B′ M(B′, B′′) inherits a topology as a
subspace of M(B,B′)×M(B′, B′′), and this topology coincides with the Hausdorff
topology on subsets of M [28].

The next definition shows how to use the above description of the compactified
moduli spaces to define a degree and boundary operator satisfying the axioms for
abstract topological chains. For this definition we only need to assume that the
Morse-Bott function f : M → R is weakly self-indexing (see Lemma 3.6). To
simplify the notation we will assume that for each i = 0, . . . ,m the components of
Bi, the set of critical points of index i, are of the same dimension. In general one
needs to group the components by their dimension and then define the degree and
boundary operator on each group.

Definition 4.11. Let Bi be the set of critical points of index i. For any j = 1, . . . , i
the degree of M(Bi, Bi−j) is defined to be j + bi − 1 and the boundary operator is
defined to be

∂M(Bi, Bi−j) = (−1)i+bi
∑

i−j<n<i

M(Bi, Bn)×Bn
M(Bn, Bi−j),

where bi = dim Bi and the fibered product is taken over the beginning and endpoint
maps ∂− and ∂+. If Bn = ∅, then M(Bi, Bn) = M(Bn, Bi−j) = 0. The boundary
operator extends to fibered products of compactified moduli spaces via Definition
4.6.

Note. For all p ≥ 0 let Cp be the set consisting of the connected components of
degree p of fibered products of the form

M(Bi1 , Bi2)×Bi2
M(Bi2 , Bi3)×Bi3

· · · ×Bin−1
M(Bin−1

, Bin),

where m ≥ i1 > i2 > · · · > in ≥ 0 and the fibered products are taken with re-
spect to the beginning and endpoint maps ∂− and ∂+. Let Sp be the free abelian
group generated by the elements of Cp, i.e. Sp = Z[Cp]. The preceding definition

describes M(Bi, Bi−j) and ∂M(Bi, Bi−j) as abstract topological chains in Sj+bi−1

and Sj+bi−2, respectively. If M(Bi, Bi−j) has more than one connected compo-

nent, then M(Bi, Bi−j) ∈ Sj+bi−1 is defined to be the sum of these components.

Similarly, M(Bi, Bn) ×Bn
M(Bn, Bi−j) ∈ Sj+bi−2 is defined to be the sum of its

connected components.

Notation. We will use the following notation for the fibered product over the be-
ginning and endpoint maps ∂− and ∂+. For any i− j < n < i we define

M(Bi, Bn, Bi−j) = M(Bi, Bn)×Bn
M(Bn, Bi−j).

Similarly for i − j < n < s < i, M(Bi, Bs, Bn, Bi−j) will denote the triple fibered
product over Bs and Bn. Iterated fibered products are well defined as abstract
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topological chains since the boundary operator on fibered products is associative
by Lemma 4.7.

Lemma 4.12. The degree and boundary operator for M(Bi, Bi−j) satisfy the ax-
ioms for abstract topological chains; i.e. the boundary operator on compactified
moduli spaces of gradient flow lines is of degree −1 and satisfies ∂ ◦ ∂ = 0.

Proof. For any n with i − j < n < i the degree of M(Bi, Bn) is i − n + bi − 1
and the degree of M(Bn, Bi−j) is n − i + j + bn − 1 by Definition 4.11. Thus the

degree of M(Bi, Bn)×Bn
M(Bn, Bi−j) is j + bi − 2 by Definition 4.6. We can also

apply Definition 4.6 and Definition 4.11 as follows. To simplify the notation let
d = deg M(Bi, Bn) = i− n+ bi − 1.

∂(M(Bi, Bn)×Bn
M(Bn, Bi−j))

= ∂M(Bi, Bn)×Bn
M(Bn, Bi−j) + (−1)d+bnM(Bi, Bn)×Bn

∂M(Bn, Bi−j)

= (−1)i+bi
∑

n<s<i

M(Bi, Bs, Bn, Bi−j)

+ (−1)i+bi−1
∑

i−j<t<n

M(Bi, Bn, Bt, Bi−j).

Therefore,

∂2M(Bi, Bi−j) = (−1)i+bi

⎡
⎣ ∑
i−j<n<i

(
(−1)i+bi

∑
n<s<i

M(Bi, Bs, Bn, Bi−j)

+ (−1)i+bi−1
∑

i−j<t<n

M(Bi, Bn, Bt, Bi−j)

)⎤⎦

= (−1)i+bi

⎡
⎣(−1)i+bi

∑
i−j<n<s<i

M(Bi, Bs, Bn, Bi−j)

+(−1)i+bi−1
∑

i−j<t<n<i

M(Bi, Bn, Bt, Bi−j)

⎤
⎦

= 0.

�

5. The Morse-Bott-Smale chain complex

In this section we define the Morse-Bott-Smale chain complex (C∗(f), ∂).
Throughout this section we will assume that f : M → R is a Morse-Bott-Smale
function on a compact oriented smooth Riemannian manifold (M, g) of dimension
m. Furthermore, we will assume that all the critical submanifolds B and their
negative normal bundles ν−∗ (B) are oriented. If f is constant, then the Morse-
Bott-Smale chain complex reduces to the chain complex of smooth singular N -cube
chains (Example 5.13). If f is a Morse-Smale function, then the Morse-Bott-Smale
chain complex reduces to the Morse-Smale-Witten chain complex (Example 5.14).
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5.1. The Morse-Bott degree and the chain complex (C̃∗(f), ∂). Recall that
Bi is the set of critical points of index i for i = 0, . . . ,m and let N > dim M . For
any p ≥ 0 let Cp be the set consisting of the faces of IN of dimension p and the
connected components of degree p of fibered products of the form

Q×Bi1
M(Bi1 , Bi2)×Bi2

M(Bi2 , Bi3)×Bi3
· · · ×Bin−1

M(Bin−1
, Bin),

wherem ≥ i1 > i2 > · · · > in ≥ 0, Q is a face of IN of dimension q ≤ p, σ : Q → Bi1

is smooth, and the fibered products are taken with respect to σ and the beginning
and endpoint maps ∂− and ∂+. The following lemma is proved at the end of this
section.

Lemma 5.1. The elements of Cp are compact oriented smooth manifolds with
corners.

Let Sp be the free abelian group generated by the elements of Cp, and let S∞
p (Bi)

denote the subgroup of the singular Cp-chain group Sp(Bi) generated by those maps
σ : P → Bi that satisfy the following two conditions:

(1) The map σ is smooth.
(2) If P ∈ Cp is a connected component of a fibered product, then σ = ∂+ ◦ π,

where π denotes projection onto the last component of the fibered product.

Definition 5.2. Define the Morse-Bott degree of the singular topological chains
in S∞

p (Bi) to be p+i. For any k = 0, . . . ,m the group of smooth singular topological
chains of Morse-Bott degree k is defined to be

C̃k(f) =

m⊕
i=0

S∞
k−i(Bi).

If σ : P → Bi is a singular Cp-space in S∞
p (Bi), then for any j = 1, . . . , i

composing the projection map π2 onto the second component of P×Bi
M(Bi, Bi−j)

with the endpoint map ∂+ : M(Bi, Bi−j) → Bi−j gives a map

P ×Bi
M(Bi, Bi−j)

π2−→ M(Bi, Bi−j)
∂+−→ Bi−j .

The next lemma shows that restricting this map to the connected components of
the fibered product P ×Bi

M(Bi, Bi−j) and adding these restrictions (with the sign
determined by the orientation when the dimension of a component is zero) defines
an element ∂j(σ) ∈ S∞

p+j−1(Bi−j).

Lemma 5.3. If σ : P → Bi is a singular Cp-space in S∞
p (Bi), then for any

j = 1, . . . , i adding the components of P ×Bi
M(Bi, Bi−j) (with sign when the

dimension of a component is zero) yields an abstract topological chain of degree
p+ j − 1. That is, we can identify

P ×Bi
M(Bi, Bi−j) ∈ Sp+j−1.

Thus, for all j = 1, . . . , i there is an induced homomorphism

∂j : S
∞
p (Bi) → S∞

p+j−1(Bi−j)

which decreases the Morse-Bott degree by 1.

Proof. The set Bi is a union of submanifolds of M , possibly of different dimensions.
Since σ : P → Bi is continuous and P is connected, the image σ(P ) must lie in
a connected component B ⊆ Bi. By Lemma 4.12, M(B,Bi−j) is an abstract
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topological chain of degree j + b− 1, and by the discussion after Lemma 4.5, P ×B

M(B,Bi−j) has degree p + j − 1. This degree is independent of the dimension of
the connected component B.

To see that P ×Bi
M(Bi, Bi−j) has finitely many components, first note that

P ∈ Cp is a compact smooth manifold with corners by Lemma 5.1, and if B′ is a

connected component of Bi−j , then M(B,B′) is a compact smooth manifold with
corners by Theorem 4.9. We will show in Lemma 5.21 that

P ×B M(B,B′)

is a compact smooth manifold with corners, and hence it has finitely many compo-
nents. By assumption (see Definition 3.1), the set Bi−j has finitely many compo-
nents. Thus,

P ×B M(B,Bi−j) = P ×Bi
M(Bi, Bi−j)

has finitely many components. �

Definition 5.4. For k = 1, . . . ,m define a homomorphism ∂ : C̃k(f) → C̃k−1(f)
as follows. If σ ∈ S∞

p (Bi) is a singular Sp-space of Bi where p = k − i, then

∂(σ) =
m⊕
j=0

∂j(σ),

where ∂0 is (−1)k times the boundary operator on singular topological chains de-
fined in Section 4, ∂j(σ) = ∂+ ◦ π2 : P ×Bi

M(Bi, Bi−j) → Bi−j for j = 1, . . . , i,
and ∂j(σ) = 0 otherwise. The map ∂ extends to a homomorphism

∂ :

m⊕
i=0

S∞
k−i(Bi) −→

m⊕
i=0

S∞
k−1−i(Bi).

When m = 2 this homomorphism can be pictured as follows:

S∞
0 (B2)

∂0 ��

∂1

������������

∂2

		
		

		

		
		

		
		

		

0

S∞
1 (B1)

⊕

∂0 ��

∂1

������������
S∞
0 (B1)

⊕

∂0 ��

∂1

������������ 0

S∞
2 (B0)

⊕

∂0 �� S∞
1 (B0)

⊕

∂0 �� S∞
0 (B0)

⊕

∂0 �� 0

C̃2(f)

‖

∂ �� C̃1(f)

‖

∂ �� C̃0(f)

‖

∂ �� 0

Proposition 5.5. For every j = 0, . . . ,m

j∑
q=0

∂q∂j−q = 0.

Proof. The case j = 0 follows from Lemma 4.7 and Lemma 4.12. Now, let σ ∈
S∞
p (Bi) be a singular Cp-space of Bi. Since ∂q(∂j−q(σ)) = 0 if j > i, we will

assume that 1 ≤ j ≤ i. To simplify the notation we give the following computation
in terms of abstract topological chains. This is sufficient because in C̃∗(f) the only
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map allowed from these fibered products is the endpoint map ∂+ composed with
the projection map onto the last component. We will also assume that for every
i = 0, . . . ,m all the components of Bi are of the same dimension bi; in general, the
components need to be grouped by their dimension and the computation repeated
on each group.

When q = 0 we use Definitions 4.6, 4.11, and 5.4 to compute as follows:

∂0(∂j(P )) = ∂0
(
P ×Bi

M(Bi, Bi−j)
)

= (−1)p+i−1
(
∂P ×Bi

M(Bi, Bi−j) + (−1)p+biP ×Bi
∂M(Bi, Bi−j)

)
= (−1)p+i−1∂P ×Bi

M(Bi, Bi−j)

+(−1)2p+2bi+2i−1
∑

i−j<n<i

P ×Bi
M(Bi, Bn)×Bn

M(Bn, Bi−j).

If 1 ≤ q ≤ j − 1, then by Definition 5.4

∂q(∂j−q(P )) = P ×Bi
M(Bi, Bi−j+q)×Bi−j+q

M(Bi−j+q, Bi−j),

and if q = j, then

∂j(∂0(P )) = (−1)p+i∂P ×Bi
M(Bi, Bi−j).

Summing these expressions gives the desired result. �

Corollary 5.6. The pair (C̃∗(f), ∂) is a chain complex, i.e. ∂ ◦ ∂ = 0.

5.2. Orientations. In this subsection we describe an explicit set of orientations
on the elements of Cp.

Recall the assumption that every critical submanifold B and every negative
normal bundle ν−∗ (B) are oriented. For any p ∈ B, the relation

TpM = TpB ⊕ ν+p (B)⊕ ν−p (B)

determines an orientation on ν+p (B). The stable and unstable manifolds are ori-

ented by requiring that the injective immersions E+ : ν+∗ (B) → W s(B) and
E− : ν−∗ (B) → Wu(B) are orientation preserving (see Theorem 3.3). If N ⊆ M is
an oriented submanifold, then the normal bundle of N is oriented by the relation
Tx(N)⊕νx(N) = Tx(M) for all x ∈ N . For any two connected critical submanifolds
B and B′, the orientation on W (B,B′) = Wu(B) � W s(B′) is determined by the
relation

Tx(M) = TxW (B,B′)⊕ νx(W
s(B′))⊕ νx(W

u(B))

for all x ∈ W (B,B′). Picking a non-critical value a between f(B′) and f(B), we
can identify M(B,B′) = f−1(a) ∩W (B,B′). An orientation on M(B,B′) is then
determined by

TxW (B,B′) = span((−∇f)(x))⊕ TxM(B,B′)

for all x ∈ f−1(a) ∩ W (B,B′). This determines an orientation on the compact
manifold with boundary M(B,B′) (see for instance Section VI.9 of [14]).

Definition 5.7. Suppose that B is an oriented smooth manifold without boundary
and P1 and P2 are oriented smooth manifolds with corners. If σ1 : P1 → B and σ2 :
P2 → B are smooth maps that intersect transversally and stratum transversally,
then the orientation on the smooth manifold with corners P1 ×B P2 is defined by
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the relation

(−1)(dim B)(dim P2)T∗(P1 ×B P2)⊕ (σ1 × σ2)
∗(ν∗(Δ(B))) = T∗(P1 × P2),

where ν∗(Δ(B)) denotes the normal bundle of the diagonal in B×B.

Note. Lemma 4.5 extends to the category of smooth manifolds with corners under
some additional assumptions; see the end of this section for more details. Also, the
normal bundle of the diagonal Δ(B) ⊂ B × B pulls back to the normal bundle of
the fibered product P1 ×B P2 in P1 × P2 via σ1 × σ2 : P1 × P2 → B ×B.

Lemma 5.8. The above orientation on fibered products of transverse intersections
of smooth manifolds with corners is associative, i.e.

(P1 ×B1
P2)×B2

P3 = P1 ×B1
(P2 ×B2

P3)

as oriented smooth manifolds with corners.

Proof. The proof is a straightforward computation. The sign (−1)(dim B)(dim P2)

is needed to prove associativity. �

We will see in the proof of Lemma 5.1 that Definition 5.7 applies to the fibered
products in Cp, and hence by Lemma 5.8 there is a well-defined orientation on the
components of

Q×Bi1
M(Bi1 , Bi2)×Bi2

M(Bi2 , Bi3)×Bi3
· · · ×Bin−1

M(Bin−1
, Bin)

in Cp.

Note. The boundary of M(B,B′) consists of fibered products of compactified mod-
uli spaces of gradient flow lines by Theorem 4.8. These fibered products are oriented
by Definition 5.7. The boundary of M(B,B′) also inherits an orientation from the
orientation on M(B,B′) (see for instance Lemma VI.9.1 of [14]). These two orien-
tations can be compared by using Proposition 2.7 of [4], which says that the gluing
map is orientation reversing. We will always use the orientation given by Definition
5.7.

5.3. Degenerate and non-degenerate singular topological chains. The
Morse-Bott-Smale chain complex (C∗(f), ∂) is defined as the quotient of the chain

complex (C̃∗(f), ∂) by the degenerate singular topological chains.

Definition 5.9 (Degeneracy relations for the Morse-Bott-Smale chain complex).
Let σP , σQ ∈ S∞

p (Bi) be singular Cp-spaces in Bi and let ∂Q =
∑

j njQj ∈ Sp−1.
For any map

α : P → Q,

let ∂0σQ ◦ α denote the formal sum (−1)p+i
∑

j nj(σQ ◦ α)|α−1(Qj). Define the

subgroup D∞
p (Bi) ⊆ S∞

p (Bi) of degenerate singular topological chains to be
the subgroup generated by the following elements:

(1) If α is an orientation preserving homeomorphism such that σQ ◦ α = σP

and ∂0σQ ◦ α = ∂0σP , then σP − σQ ∈ D∞
p (Bi).

(2) If P is a face of IN and σP does not depend on some free coordinate of P ,
then σP ∈ D∞

p (Bi) and ∂j(σP ) ∈ D∞
p+j−1(Bi−j) for all j = 1, . . . ,m.

(3) If P and Q are connected components of some fibered products and α is
an orientation reversing map such that σQ ◦ α = σP and ∂0σQ ◦ α = ∂0σP ,
then σP + σQ ∈ D∞

p (Bi).
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(4) If Q is a face of IN and R is a connected component of a fibered product

Q×Bi1
M(Bi1 , Bi2)×Bi2

M(Bi2 , Bi3)×Bi3
· · · ×Bin−1

M(Bin−1
, Bin)

such that deg R>dim Bin , then σR∈D∞
r (Bin) and ∂j(σR)∈D∞

r+j−1(Bin−j)
for all j = 0, . . . ,m.

(5) If
∑

α nασα ∈ S∗(R) is a smooth singular chain in a connected component
R of a fibered product (as in (4)) that represents the fundamental class of
R and

(−1)r+in∂0σR −
∑
α

nα∂(σR ◦ σα)

is in the group generated by the elements satisfying one of the above con-
ditions, then

σR −
∑
α

nα(σR ◦ σα) ∈ D∞
r (Bin)

and

∂j

(
σR −

∑
α

nα(σR ◦ σα)

)
∈ D∞

r+j−1(Bin−j)

for all j = 1, . . . ,m.

Note. Condition (3) does not apply to the p-faces of IN . If we allowed condition
(3) to apply to the p-faces of IN , then we could combine conditions (1) and (3).
However, the resulting chain complex would then reduce to a quotient of the chain
complex of smooth singular cubes when f : M → R is a constant function (see
Example 5.13).

Lemma 5.10. For any i, j = 0, . . . ,m there is an induced homomorphism

∂j : S
∞
p (Bi)/D

∞
p (Bi) → S∞

p+j−1(Bi−j)/D
∞
p+j−1(Bi−j).

Proof. Let σP : P → Bi be a singular Cp-space in S∞
p (Bi) such that σQ ◦ α = σP

and ∂0σQ ◦ α = ∂0σP for some singular Cp-space σQ : Q → Bi in S∞
p (Bi) and

some orientation preserving homeomorphism α : P → Q. By Proposition 5.5,
∂2
0σQ = ∂2

0σP = 0, and hence ∂0(∂0σQ) ◦ α = ∂0(∂0σP ). Thus, ∂0(σP − σQ) =
∂0σP −∂0σQ ∈ D∞

p−1(Bi). Now assume that 1 ≤ j ≤ i and recall that ∂j(σP ) is the
map

∂j(σP ) : P ×Bi
M(Bi, Bi−j)

π2−→ M(Bi, Bi−j)
∂+−→ Bi−j ,

where the fibered product is taken over σP : P → Bi and ∂− : M(Bi, Bi−j) → Bi.

The map β : P ×Bi
M(Bi, Bi−j) → Q ×Bi

M(Bi, Bi−j) defined by β(p, γ) =
(α(p), γ) is an orientation preserving homeomorphism that satisfies ∂j(σQ) ◦ β =
∂j(σP ) since σQ ◦ α = σP . By Definition 4.6,

∂(P ×Bi
M(Bi, Bi−j)) = ∂P ×Bi

M(Bi, Bi−j) + (−1)p+biP ×Bi
∂M(Bi, Bi−j)

and

∂(Q×Bi
M(Bi, Bi−j)) = ∂Q×Bi

M(Bi, Bi−j) + (−1)p+biQ×Bi
∂M(Bi, Bi−j).

The assumption ∂0σQ◦α = ∂0σP implies that ∂0(∂j(σQ))◦β = ∂0(∂j(σP )), and thus
∂j(σP − σQ) = ∂jσP − ∂jσQ ∈ D∞

p+j−1(Bi−j) by the first condition for degeneracy.
This completes the proof for the first case. The proof for the third case is similar.

Now assume that σP : P → Bi is a singular Cp-space in S∞
p (Bi), where P is a

face of IN and σP does not depend on some free coordinate xj . Then in the sum for
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∂0σP the term σP |xj=0−σP |xj=1 ∈ D∞
p−1(Bi) because it satisfies the first condition

for degeneracy, and the rest of the terms are all independent of the coordinate
corresponding to xj and thus satisfy the second condition for degeneracy. Thus,
∂0σP ∈ D∞

p−1(Bi). If j > 0, then the second condition for degeneracy implies that
∂j(σP ) ∈ D∞

p+j−1(Bi−j). This completes the proof for the second case of Definition
5.9. The fourth and fifth cases follow immediately from the definition. �

Definition 5.11. Define

Cp(Bi) = S∞
p (Bi)/D

∞
p (Bi)

to be the group of non-degenerate smooth singular topological chains in S∞
p (Bi).

The group Ck(f) of k-chains in the Morse-Bott chain complex of f is defined to
be the group of non-degenerate smooth singular topological chains of Morse-Bott
degree k, i.e.

Ck(f) =
m⊕
i=0

Ck−i(Bi) =
m⊕
i=0

S∞
k−i(Bi)/D

∞
k−i(Bi).

The boundary operator in the Morse-Bott-Smale chain complex

∂ :

m⊕
i=0

S∞
k−i(Bi)/D

∞
k−i(Bi) −→

m⊕
i=0

S∞
k−1−i(Bi)/D

∞
k−1−i(Bi)

is defined to be ∂ =
⊕m

j=0 ∂j , where ∂j is the induced homomorphism from Lemma
5.10.

When m = 2 this homomorphism can be pictured as follows:

S∞
0 (B2)/D

∞
0 (B2)

∂0 ��

∂1



















∂2

���
���

��
�

������������

0

S∞
1 (B1)/D

∞
1 (B1)

⊕

∂0 ��

∂1


















S∞
0 (B1)/D

∞
0 (B1)

⊕

∂0 ��

∂1

















 0

S∞
2 (B0)/D

∞
2 (B0)

⊕

∂0 �� S∞
1 (B0)/D

∞
1 (B0)

⊕

∂0 �� S∞
0 (B0)/D

∞
0 (B0)

⊕

∂0 �� 0

C2(f)

‖

∂ �� C1(f)

‖

∂ �� C0(f)

‖

∂ �� 0

Corollary 5.12. The pair (C∗(f), ∂) is a chain complex, i.e. ∂ ◦ ∂ = 0.

Proof. This follows from Proposition 5.5 and Lemma 5.10. �

5.4. Computing Morse-Bott homology.

Example 5.13 (A constant function).

Let f : M → R be a constant function on a compact oriented smooth Riemannian
manifold (M, g), and let N > dim M . Since f is constant there is only one critical
submanifold B0 = M , and for any p ≥ 0 the set Cp consists of the faces of IN

of dimension p. For any k ≥ 0 the group C̃k(f) = S∞
k (B0) is the subgroup of

smooth chains in the group Sk(B) of continuous singular N -cube chains of degree
k, ∂0 = (−1)k∂, and ∂j is trivial for all j > 0.
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Conditions (1) and (2) for degeneracy in Definition 5.9 agree with the two con-
ditions for degeneracy in Definition 4.3, and the other conditions are vacuous since
Bi = ∅ for all i > 0. Thus, D∞

k (B0) is the subgroup smooth chains in the group
Dk(B0) of continuous degenerate singular N -cube chains, and the Morse-Bott-
Smale chain complex (C∗(f), ∂), with its boundary operator multiplied by (−1)k,
is the subchain complex of the chain complex (S∗(B)/D∗(B), ∂∗) from Theorem 4.4
consisting of non-degenerate smooth singular N -cube chains. The proof of Theo-
rem 4.4 carries over verbatim to the smooth case, and standard arguments can be
used to show that the homology of the smooth singular cube chain complex of a
smooth manifold M is isomorphic to the homology of the continuous singular cube
chain complex; cf. Chapter 5 of [43]. Thus, the homology of the Morse-Bott-Smale
chain complex (C∗(f), ∂) is isomorphic to the singular homology H∗(M ;Z). When
m = 2, this chain complex can be pictured as follows:

0
∂0 ��

∂1

�����������������������

∂2

���
���

�

���

������������

0

0

⊕
∂0 ��

∂1



����������������� 0

⊕
∂0 ��

∂1



����������������� 0

S∞
2 (B0)/D

∞
2 (B0)

⊕

∂0 �� S∞
1 (B0)/D

∞
1 (B0)

⊕

∂0 �� S∞
0 (B0)/D

∞
0 (B0)

⊕

∂0 �� 0

C2(f)

‖

∂ �� C1(f)

‖

∂ �� C0(f)

‖

∂ �� 0

Example 5.14 (A Morse-Smale function).

Let f : M → R be a Morse-Smale function on a compact oriented smooth
Riemannian manifold (M, g), and let N > dim M . Since the critical points of f are
isolated, dim Bi = 0 for all i and conditions (2) and (4) for degeneracy in Definition
5.9 imply that D∞

p (Bi) = S∞
p (Bi) for all i ≥ 0 and p > 0. This implies that ∂j is

trivial unless j = 1 (see Lemma 5.3).
Moreover, the first condition for degeneracy in Definition 5.9 implies that Ck(f)=

S0(Bk)/D0(Bk) is isomorphic to the free abelian group generated by the critical
points of index k for all k = 0, . . . ,m. If q ∈ Bk is a critical point of index k, then
the map ∂1 applied to q,

∂1(q) : q ×Bk
M(Bk, Bk−1)

π2−→ M(Bk, Bk−1)
∂+−→ Bk−1,

counts the number of gradient flow lines (with sign) between q and the critical
points in Bk−1, i.e.

∂1(q) =
∑

p∈Bk−1

n(q, p)p ∈ Ck−1(f),

where n(q, p) is the number of gradient flow lines between q and p counted with the
signs coming from the orientation of the zero-dimensional manifold M(Bk, Bk−1).
Hence, (C∗(f), ∂) is the Morse-Smale-Witten chain complex, and the homology of
(C∗(f), ∂) is isomorphic to the singular homologyH∗(M ;Z) by the Morse Homology
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Theorem. When m = 2, this chain complex can be pictured as follows:

S∞
0 (B2)/D

∞
0 (B2)

∂0 ��

∂1



















∂2

���
���

��
�

����
��

��
��

��
��

0

0

⊕

∂0 ��

∂1
























 S∞
0 (B1)/D

∞
0 (B1)

⊕

∂0 ��

∂1

















 0

0

⊕

∂0 �� 0

⊕

∂0 �� S∞
0 (B0)/D

∞
0 (B0)

⊕

∂0 �� 0

C2(f)

‖

∂ �� C1(f)

‖

∂ �� C0(f)

‖

∂ �� 0

Example 5.15 (A Morse-Bott-Smale function on S2).

Consider M = S2 = {(x, y, z) ∈ R3| x2 + y2 + z2 = 1}, and let f(x, y, z) = z2.
Then B0 ≈ S1, B1 = ∅, and B2 = {n, s} where n = (0, 0, 1) and s = (0, 0,−1).

S

z

0

1

1

f

2

2

B0

B2

n

s

Note that

S∞
0 (B2)/D

∞
0 (B2) ≈ 〈n, s〉 ≈ Z⊕ Z

by the first two conditions for degeneracy, and S∞
p (B2)/D

∞
p (B2) = 0 for p > 0 by

the second condition for degeneracy in Definition 5.9. Thus, the Morse-Bott-Smale
chain complex can be pictured as follows:

〈n, s〉 ∂0 ��

∂1



�������������������

∂2













��











0

0

⊕

∂0 ��

∂1



����������������� 0

⊕

∂0 ��

∂1



����������������� 0

S∞
2 (B0)/D

∞
2 (B0)

⊕

∂0 �� S∞
1 (B0)/D

∞
1 (B0)

⊕

∂0 �� S∞
0 (B0)/D

∞
0 (B0)

⊕

∂0 �� 0

C2(f)

‖

∂ �� C1(f)

‖

∂ �� C0(f)

‖

∂ �� 0

The group S∞
k (B0)/D

∞
k (B0) is non-trivial for all k ≤ N , but

Hk(C∗(f), ∂) = 0 if k > 2
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and ∂0 : S∞
3 (B0)/D

∞
3 (B0) → S∞

2 (B0)/D
∞
2 (B0) maps onto the kernel of the bound-

ary operator ∂0 : S∞
2 (B0)/D

∞
2 (B0) → S∞

1 (B0)/D
∞
1 (B0) because the homology of

the bottom row in the above diagram is the smooth integral singular homology of
B0 ≈ S1.

The moduli space M(B2, B0) is a disjoint union of two copies of S1 with opposite
orientations. This moduli space can be viewed as a subset of the manifold S2 since
M(B2, B0) = M(B2, B0).

S2n

s

M(B ,B )2 0
@+

n£ M(B ,B )2 0

s£ M(B ,B )2 0B

2

2

B

Thus, there is an orientation reversing map α : n×nM(B2, B0) → s×sM(B2, B0)
such that ∂2(n) ◦ α = ∂2(s). Since ∂0(∂2(n)) = ∂0(∂2(s)) = 0, the third condition
for degeneracy from Definition 5.9 implies that

∂2(n+ s) = ∂2(n) + ∂2(s) = 0 ∈ S1(B0)/D1(B0),

and the fifth condition for degeneracy implies that ∂2 maps either n or s onto a
representative of the generator of

ker ∂0 : S∞
1 (B0)/D

∞
1 (B0) → S∞

0 (B0)/D
∞
0 (B0)

im ∂0 : S∞
2 (B0)/D∞

2 (B0) → S∞
1 (B0)/D∞

1 (B0)
≈ H1(S

1;Z) ≈ Z

depending on the orientation chosen for B0. Therefore,

Hk(C∗(f), ∂) =

{
Z if k = 0, 2,
0 otherwise.

Example 5.16 (Another Morse-Bott-Smale function on S2).

Consider M = S2 = {(x, y, z) ∈ R
3| x2 + y2 + z2 = 1}, and let f(x, y, z) = −z2.

Then B0 = {n, s}, where n = (0, 0, 1) and s = (0, 0,−1), B1 ≈ S1, and B2 = ∅.

S
z

0

1

f

2

2

B1

B0

n

s

¡
¡

1¡

We have

S∞
0 (B0)/D

∞
0 (B0) ≈ 〈n, s〉 ≈ Z⊕ Z
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by the first two conditions for degeneracy, and S∞
p (B0)/D

∞
p (B0) = 0 for p > 0

by the second and fourth conditions for degeneracy in Definition 5.9. Thus, the
Morse-Bott-Smale chain complex can be pictured as follows:

0
∂0 ��

∂1



�����������������

∂2



















��













0

S∞
1 (B1)/D

∞
1 (B1)

⊕

∂0 ��

∂1






















S∞
0 (B1)/D

∞
0 (B1)

⊕

∂0 ��

∂1



������������ 0

0

⊕

∂0 �� 0

⊕

∂0 �� 〈n, s〉

⊕

∂0 �� 0

C2(f)

‖

∂ �� C1(f)

‖

∂ �� C0(f)

‖

∂ �� 0

The middle row computes the smooth integral singular homology of B1 ≈ S1 when
k > 1, and hence H2(C∗(f), ∂) = Z. However, for k = 1 the kernel of ∂ = ∂0 ⊕ ∂1 :
C1(f) → C0(f) is trivial because ∂1(σP ) is non-zero for any map σP : P → B1

from a point P ∈ C0 to B1. In fact, the fibered product P ×B1
M(B1, B0) consists

of two points, and

∂1(σP ) : P ×B1
M(B1, B0)

π2−→ M(B1, B0)
∂+−→ {n, s}

represents either n − s ∈ C0(f) or s − n ∈ C0(f), depending on the orientation
chosen for B1. (If we fix an orientation on B1, then the sign is determined by
Definition 5.7). Therefore,

Hk(C∗(f), ∂) =

{
Z if k = 0, 2,
0 otherwise.

5.5. Manifolds with corners. In this subsection we recall some facts about man-
ifolds with corners, and we prove Lemmas 5.1 and 5.21. Note that the definition
of the Morse-Bott-Smale chain complex does not rely on the smooth manifold with
corners structure on the objects in Cp. All that is required (in addition to the ab-
stract topological chain structure) is the notion of an orientation on these objects
and some finiteness conditions. In fact, to define the Morse-Bott-Smale chain com-
plex it would be sufficient to show that the objects in Cp are oriented topological
manifolds with boundary and that for any P ∈ Cp

P ×Bi
M(Bi, Bi−j)

has finitely many components.
However, the following example (adapted from [10]) shows that some additional

structure is needed to guarantee that these fibered products have finitely many
components.

Example 5.17. Let f : [0, 1] → [0, 1]× [−1, 1] be given by

f(t) =

{
(t, e−1/t2 sin(π/t)) if t �= 0,
(0, 0) if t = 0

and g : [0, 1]× [0, 1] → [0, 1]× [−1, 1] be given by g(x, y) = (x, 0). Then f and g are
smooth maps between finite-dimensional compact oriented topological manifolds



4028 AUGUSTIN BANYAGA AND DAVID E. HURTUBISE

with boundary whose fibered product

[0, 1]×(f,g) [0, 1]× [0, 1] = {(t, t, 0) ∈ [0, 1]× [0, 1]× [0, 1]| t = 0, 1, 1/2, 1/3, . . .}

has infinitely many components.

Note that this example also shows that the fibered product of two finite CW-
complexes might not be a CW-complex, and the fibered product of two finite sim-
plicial complexes might not be a finite simplicial complex. So, a category with
some additional structure is needed in order to prove that the fibered products of
interest for Morse-Bott homology have finitely many components. An analysis of
the above example shows that the failure of this fibered product to have finitely
many components is due to a lack of transversality. Thus, the category of com-
pact smooth manifolds with corners is a good candidate for proving the required
finiteness conditions. Other choices are possible, including the category of compact
manifolds with corners of class Cs where s ≥ 1.

Recall that a manifold with corners of dimension m is a Hausdorff topological
space X such that every point x ∈ X has a neighborhood Ux ⊆ X that is locally
homeomorphic via a chart ψx : Ux → Rm

(r) to some open subset of Rm
(r) = Rr ×

[0,∞)m−r. A manifold with corners is said to be of class Cs if and only if for
any two charts ψx : Ux → Rm

(r) and ψy : Uy → Rm
(r) the composition ψx ◦ ψ−1

y :

ψy(Ux∩Uy) → ψx(Ux∩Uy) extends to a map of class Cs between open sets of Rm.
We will assume that s ≥ 1, and if s = ∞, then we will call X a smooth manifold
with corners.

If ψx : Ux → Rm
(r) is a local chart on X such that ψx(x) = 0 ∈ Rm

(r), then the

number r does not depend on the choice of the chart ψx and is called the index
of x in X, denoted ind(X, x). A manifold with corners X is stratified by manifolds
(without boundary) X0, X1, . . . , Xm defined by

Xr = {x ∈ X| ind(X, x) = r}
for all r = 0, . . . ,m. A connected component of Xr is called an r-stratum of X,
and a subset of X that is an r-stratum for some r is called a stratum of X. The
set Xm is the interior of X, and the set X − Xm is called the boundary of X.
For more details see [32], [34], or [38].

The strata of the compact smooth manifold with corners M(Bi, Bi−j) can be
described as follows. To simplify the notation assume that the components of Bi are
all of dimension bi, which implies that M(Bi, Bi−j) has dimension m = bi + j − 1.
The strata are then the connected components of the sets

Xm−r =
⋃

0<j1<···<jr<j

M(Bi, Bi−j1)×Bi−j1
M(Bi−j1 , Bi−j2)

×Bi−j2
· · · ×Bi−jr

M(Bi−jr , Bi−j)

where r = 0, . . . , j − 1, and the union is taken over all increasing sequences of
integers j1 < j2 < · · · < jr between 1 and j − 1. Note that Xm = M(Bi, Bi−j),
and if 1 ≤ r ≤ j − 1, then the set Xm−r consists of those piecewise gradient flow
lines that pass through exactly r intermediate critical submanifolds.

We will use the following theorem (see Theorem 3 of [38]).

Theorem 5.18. Let X and Y be Cs manifolds with corners, where s ≥ 1. Let
A ⊆ Y be a Cs submanifold with corners, and f : X → Y be a local Cs map
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which preserves local facets relative to A and intersects A transversally and stratum
transversally. Then either f−1(A) = ∅ or

(1) f−1(A) is a Cs submanifold with corners of X, and
(2) dim X − dim f−1(A) = dim Y − dim A, and
(3) ind(X, x)−ind(f−1(A), x) = ind(Y, f(x))−ind(A, f(x)) for all x ∈ f−1(A).

For a definition of “local facets” see [38]. We will not define local facets here
because we will only apply this theorem in the case where Y is a manifold with-
out boundary, and the local facets condition is always satisfied in that case. The
assumption that f intersects A stratum transversally means that for any x ∈
f−1(A) we have

dfx(T̂xX) + T̂yA = T̂yY,

where y = f(x) and T̂xX denotes the tangent space of the stratum containing
x ∈ X. Similarly, we will say that a map f : X → Y is a stratum submersion
at x ∈ X if and only if dfx maps T̂xX onto T̂yY where y = f(x). Note that if
f is a stratum submersion at x ∈ X and A ⊆ Y is any submanifold with corners
containing y, then f intersects A stratum transversally.

Lemma 5.19. For any two connected critical submanifolds B and B′, the beginning
point map

∂− : M(B,B′) → B

is a submersion.

Proof. Let B be a connected critical submanifold of a Morse-Bott-Smale function
f : M → R of dimension b and index λB. By Theorem 3.3 the beginning point map

∂− : Wu(B) → B

is a locally trivial fiber bundle, and if B′ is any other critical submanifold, then
either W (B,B′) = ∅ (in which case the lemma holds trivially) or W (B,B′) is a
manifold of dimension λB − λB′ + b (by Lemma 3.5).

Let x ∈ B and let U ⊂ B be a coordinate neighborhood of x such that the
bundle ∂− : Wu(B) → B is trivial over U . We can extend the coordinate chart U
on B to a coordinate chart V on M so that in V we have local coordinates

R
b × R

λB × R
m−b−λB ,

where Rb represents the coordinates on B and RλB represents the coordinates along
the fiber of Wu(B). In these local coordinates the beginning point map ∂− :
Wu(U) → U is given by the projection map

π : Rb × R
λB ×
0 → R

b ×
0×
0.

Let x̃ ∈ V be a point in the fiber above x, i.e. ∂−(x̃) = x, such that x̃ ∈ W s(B′).

In the local coordinates we have Tx̃W
u(x) = 
0×RλB ×
0, and the Morse-Bott-Smale

transversality condition

(
0× R
λB ×
0) + Tx̃W

s(B′) = R
m ≈ Tx̃M

implies that we can find a smooth section s : U ′ → V of the bundle ∂− : Wu(B) →
B on an open set U ′ ⊆ U containing x such that s(x) = x̃ and s(z) ∈ W s(B′) for
all z ∈ U ′. The image of the section s : U ′ → V is in W (B,B′) = Wu(B)∩W s(B′)
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by construction, and diffeomorphic to the open set U ′ ⊆ B via the beginning point
map ∂− : Wu(U ′) → U ′. This shows that the beginning point map

∂− : W (B,B′) → B

is a submersion at x̃, and using the diffeomorphisms determined by the gradient flow
we see that the beginning point map is a submersion at every point x̃ ∈ W (B,B′).

If we pick an appropriate level set f−1(a) between B and B′, then we can identify

M(B,B′) = W (B,B′) ∩ f−1(a).

This shows that

∂− : M(B,B′) → B

is a submersion because the level sets are transverse to the gradient flow. �

Corollary 5.20. For any two connected critical submanifolds B and B′, the begin-
ning point map

∂− : M(B,B′) → B

is a submersion and a stratum submersion.

Proof. Since B is a manifold without boundary, T̂yB = TyB for all y ∈ B. Hence, it

suffices to show that ∂− : M(B,B′) → B is a stratum submersion. The boundary
of M(B,B′) is stratified by fibered products of moduli spaces of gradient flow lines
of the form

M(B,B1)×B1
M(B1, B2)×B2

· · · ×Bn
M(Bn, B

′)

for some intermediate critical submanifolds B1, . . . , Bn. To see that these strata
are smooth manifolds without boundary, assume for the purpose of induction that

M(B,B1)×B1
M(B1, B2)×B2

· · · ×Bn−1
M(Bn−1, Bn)

is a smooth manifold without boundary. By Lemma 5.19 the map ∂− : M(Bn, B
′)→

Bn is a submersion, and hence

M(B,B1)×B1
M(B1, B2)×B2

· · · ×Bn
M(Bn, B

′)

is a smooth manifold without boundary by Lemma 4.5.
Now let P = M(B1, B2)×B2

· · · ×Bn
M(Bn, B

′) and assume for the purpose of
induction that ∂− : P → B1 is a submersion. This assumption implies that the
projection

π1 : M(B,B1)×B1
P → M(B,B1)

is a submersion. To see this, let v ∈ TxM(B,B1), and let α : (−ε, ε) → M(B,B1)
be a smooth curve such that α(0) = x and α′(0) = v. Since ∂− : P → B1 is a
submersion, it is locally a projection map. Hence, if ∂+(α(0)) ∈ B1 is contained
in the image of ∂− : P → B1, then for t sufficiently small we have ∂+(α(t)) ∈
∂−(P ). This implies that we can find a smooth curve γ : (−ε, ε) → P such that
∂+(α(t)) = ∂−(γ(t)) for t sufficiently small. The smooth curve α × γ then lies in
M(B,B1)×B1

P for t sufficiently small and satisfies dπ1(α
′(0)× γ′(0)) = v.

To complete the proof of the corollary, simply note that ∂− : M(B,B1) → B is
a submersion by Lemma 5.19 and hence the composition of this map with π1:

∂− : M(B,B1)×B1
M(B1, B2)×B2

· · · ×Bn
M(Bn, B

′) → B

is also a submersion. �
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Lemma 5.21. If B and B′ are connected critical submanifolds and σ : P → B is
a smooth map from a compact smooth manifold with corners P , then

P ×B M(B,B′)

is a compact smooth manifold with corners.

Proof. Let Δ = {(b, b)| b ∈ B} be the diagonal in B × B. By Corollary 5.20
the beginning point map ∂− : M(B,B′) → B is a submersion and a stratum
submersion. Hence, the map σ × ∂− : P × M(B,B′) → B × B is transverse and
stratum transverse to the submanifold Δ ⊂ B ×B. Thus,

P ×B M(B,B′) = (σ × ∂−)
−1(Δ)

is a manifold with corners by Theorem 5.18. The space P ×B M(B,B′) is compact
because it is a closed subset of the compact space P ×M(B,B′). �

Proof of Lemma 5.1. The faces of IN are obviously compact smooth manifolds with
corners, and for any two connected critical submanifolds B and B′ the compactified
moduli space M(B,B′) is a compact smooth manifolds with corners by Theorem
4.9. The rest of the elements in Cp are constructed inductively from these elements,
and hence Lemma 5.21 can be applied inductively to show that all the elements of
Cp are compact smooth manifolds with corners. The orientations on these manifolds
were defined previously. �

6. Independence of the function

In this section we prove that the homology of the Morse-Bott chain complex
(C∗(f), ∂) is independent of the Morse-Bott-Smale function f , and hence is isomor-
phic to the singular homology of M with integer coefficients. The method of proof
follows standard arguments found in [4], [9], [18], [19], [41], and [44]. The outline
of the proof is as follows.

Given two Morse-Bott-Smale functions f1, f2 : M → R we pick a smooth function
F21 : M × R → R meeting certain transversality requirements such that

lim
t→−∞

F21(x, t) = f1(x) + 1,

lim
t→+∞

F21(x, t) = f2(x)− 1

for all x ∈ M . The compactified moduli spaces of gradient flow lines of F21 (the time
dependent gradient flow lines) are used to define a chain map (F21)� : C∗(f1) →
C∗(f2), where (C∗(fk), ∂) is the Morse-Bott chain complex of fk for k = 1, 2.

Next we consider the case where we have four Morse-Bott-Smale functions fk :
M → R where k = 1, 2, 3, 4, and we pick a smooth function H : M × R × R → R

meeting certain transversality requirements such that

lim
s→−∞

lim
t→−∞

H(x, s, t) = f1(x) + 2,

lim
s→+∞

lim
t→−∞

H(x, s, t) = f2(x),

lim
s→−∞

lim
t→+∞

H(x, s, t) = f3(x),

lim
s→+∞

lim
t→+∞

H(x, s, t) = f4(x)− 2
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for all x ∈ M . The compactified moduli spaces of gradient flow lines of H are used
to define a chain homotopy between (F43)� ◦ (F31)� and (F42)� ◦ (F21)�, where
(Flk)� : C∗(fk) → C∗(fl) is the map defined above for k, l = 1, 2, 3, 4. In homology
the map (Fkk)∗ : H∗(C∗(fk), ∂) → H∗(C∗(fk), ∂) is the identity for all k, and hence

(F12)∗ ◦ (F21)∗ = (F11)∗ ◦ (F11)∗ = id,

(F21)∗ ◦ (F12)∗ = (F22)∗ ◦ (F22)∗ = id.

Therefore,

(F21)∗ : H∗(C∗(f1), ∂) → H∗(C∗(f2), ∂)

is an isomorphism.

6.1. Time dependent gradient flow lines. Let ρ : R → (−1, 1) be a smooth
strictly increasing function such that limt→−∞ ρ(t) = −1 and limt→+∞ ρ(t) = 1.
The function ρ determines a function on the compactified real line R = R ∪ {±∞}
by defining ρ(−∞) = −1 and ρ(+∞) = 1. (The compactified real line R is a
compact smooth manifold with boundary with a single chart h : R → [−1, 1] given
by h(t) = t√

1+t2
; see Definition 2.1 of [41]. Note that we could choose ρ = h.)

Let f1, f2 : M → R be Morse-Bott-Smale functions, and let Bf1
i and Bf2

j denote
the set of critical points of f1 and f2 respectively of index i, j = 0, . . . ,m. Let
F21 : M × R → R be a smooth function that is strictly decreasing in its second
component such that for some large T � 0 we have

F21(x, t) =

⎧⎨
⎩

f1(x)− ρ(t) if t < −T,
ht(x) if −T ≤ t ≤ T,
f2(x)− ρ(t) if t > T,

where ht(x) is an approximation to 1
2 (T − t)(f1(x)− ρ(t)) + 1

2 (T + t)(f2(x)− ρ(t))
that makes F21 smooth. (To simplify the notation in the following computations
we will sometimes drop the subscript on F12.)

Let ϕα : M × R → M × R denote the flow associated to −∇F21 with respect to
the product metric on M × R. Thus, ϕα(x, t) = (γ(α), σ(α)) ∈ M × R, where

(γ′(α), σ′(α)) =

{
(−(∇f1)(γ(α)), ρ

′(α)) if t < −T,

(−(∇f2)(γ(α)), ρ
′(α)) if t > T,

and (γ(0), σ(0)) = (x, t). The negative gradient flow ϕα : M × R → M × R of F21

determines stable and unstable manifolds in M × R of the critical submanifolds of
f1 and f2:

W s
F (B

f2
j ) = {(x, t) ∈ M × R| lim

α→+∞
π1(ϕα(x, t)) ∈ Bf2

j },

Wu
F (B

f1
i ) = {(x, t) ∈ M × R| lim

α→−∞
π1(ϕα(x, t)) ∈ Bf1

i },

where π1 : M ×R → M denotes projection onto the first component. These stable
and unstable manifolds inherit orientations from the stable and unstable manifolds
of f1 and f2, and since both f1 and f2 satisfy the Morse-Bott-Smale transversality

condition, we can choose the approximation ht(x) so that Wu
F (B

f1
i ) � W s

F (B
f2
j ) is

an oriented submanifold of M × R for all i, j = 0, . . . ,m.
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Definition 6.1. The moduli spaces of gradient flow lines of F21 (the time dependent
gradient flow lines) are defined to be

MF (B
f1
i , Bf2

j ) = (Wu
F (B

f1
i ) ∩W s

F (B
f2
j ))/R

for all i, j = 0, . . . ,m, where the R-action is defined by the negative gradient flow.

Lemma 6.2. For a generic function F21 satisfying the conditions listed above,

the moduli space MF (B
f1
i , Bf2

j ) is either empty or an oriented smooth manifold of

dimension bf1i + i− j.

Proof. The dimension of Wu
F (B

f1
i ) is bf1i + i+ 1, and the dimension of W s

F (B
f2
j ) is

m+1− j. Thus, the dimension of the transverse intersection Wu
F (B

f1
i ) � W s

F (B
f2
j )

is

(bf1i + i+ 1) + (m+ 1− j)− (m+ 1) = bf1i + i− j + 1. �

Note. The preceding lemma implies that MF (B
f1
i , Bf2

j ) = ∅ whenever bf1i + i < j.
This is a weaker statement than the one found in Lemma 3.6, where the function
is assumed to satisfy the Morse-Bott-Smale transversality condition.

There are gluing and compactification results for time dependent gradient flow
lines analogous to Theorems 4.8 and 4.9. In order to distinguish between the time
independent gradient flow lines and the time dependent gradient flow lines, we
will denote the moduli spaces of (time independent) gradient flow lines of f1 by

Mf1(B
f1
i , Bf1

j ). Similarly, we will denote the (time independent) moduli spaces

of gradient flow lines of f2 by Mf2(B
f2
i , Bf2

j ). The proofs of the following two

fundamental theorems follow from the results in Appendix §A.2 and §A.3 of [4].
See [13], [27], and [26] for an alternate approach to these theorems.

Theorem 6.3 (Gluing). For large N � 0 there are injective local diffeomorphisms

GL : Mf1(B
f1
i , Bf1

n )×
B

f1
n

MF (B
f1
n , Bf2

j )× (N,∞) → MF (B
f1
i , Bf2

j ),

GR : MF (B
f1
i , Bf2

n )×
B

f2
n

Mf2(B
f2
n , Bf2

j )× (N,∞) → MF (B
f1
i , Bf2

j )

onto the open ends of MF (B
f1
i , Bf2

j ).

Theorem 6.4 (Compactification). The moduli space MF (B
f1
i , Bf2

j ) has a com-

pactification MF (B
f1
i , Bf2

j ), consisting of all the piecewise gradient flow lines from

Bf1
i to Bf2

j (including both time dependent and time independent gradient flow

lines), which is either empty or a compact oriented smooth manifold with corners

of dimension bf1i + i− j. The beginning and endpoint maps extend to smooth maps
on the compactified spaces.

The compactification of the moduli spaces of time dependent gradient flow lines
by piecewise gradient flow lines determines a degree and boundary operator that
satisfies the axioms for abstract topological chains. To simplify the notation we will

assume that for each i = 0, . . . ,m the components of Bf1
i are of the same dimension.

In general one needs to group the components by their dimension and then define
the degree and boundary operator on each group.
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Definition 6.5. The degree of MF (B
f1
i , Bf2

j ) is defined to be bf1i + i− j, and the

boundary operator ∂MF (B
f1
i , Bf2

j ) is defined to be (−1)i+b
f1
i times the quantity(∑

n<i

Mf1(B
f1
i , Bf1

n )×
B

f1
n

MF (B
f1
n , Bf2

j )

−
∑
j<n

MF (B
f1
i , Bf2

n )×
B

f2
n

Mf2(B
f2
n , Bf2

j )

⎞
⎠ ,

where bf1i = dim Bf1
i and the fibered products are taken over the beginning and

endpoint maps ∂− and ∂+. If Bn = ∅, then the corresponding compactified mod-
uli spaces and fibered products are identified with zero. The boundary operator
extends to fibered products of compactified moduli spaces via Definition 4.6.

The proof of the following lemma is analogous to the proof of Lemma 4.12.

Lemma 6.6. The degree and boundary operator for MF (B
f1
i , Bf2

j ) satisfy the ax-
ioms for abstract topological chains, i.e. the boundary operator is of degree −1 and
satisfies ∂ ◦ ∂ = 0.

6.2. Representing chain systems. Intuitively, the chain map (F21)� : C̃∗(f1) →
C̃∗(f2) should be defined as follows. Given a singular Cf1

p -space σ : P → Bf1
i

that is transverse and stratum transverse to ∂− : MF (B
f1
i , Bf2

j ) → Bf1
i for all

j = 0, . . . ,m, we would like to define

(F21)�(σ) =
m⊕
j=0

(
∂+ ◦ π2 : P ×

B
f1
i

MF (B
f1
i , Bf2

j ) → Bf2
j

)
∈

m⊕
j=0

S∞
p+i−j(B

f2
j ),

where P ×
B

f1
i

MF (B
f1
i , Bf2

j )
π2−→ MF (B

f1
i , Bf2

j )
∂+−→ Bf2

j is defined as in Lemma

5.3. However, fibered products of the compactified moduli spaces of time depen-
dent gradient flow lines with singular cubes in the critical submanifolds of f1 are not
elements of the sets {Cf2

p }p≥0 of allowed domains for the singular topological chains

in C̃∗(f2). So, to define the map rigorously we need to choose a topological chain

in S∞
p+i−j(B

f2
j ) that represents the map ∂+ ◦π2 : P ×

B
f1
i

MF (B
f1
i , Bf2

j ) → Bf2
j . To

do this we adapt the idea of representing chain systems from [9] to our setup.
For every p ≥ 0 let CF

p be the set of p-dimensional components of the fibered
products of the compactified moduli spaces of time dependent gradient flow lines of
F21 with elements of C̃∗(f1) that intersect the ∂− maps transversally and stratum
transversally, and let SF

p be the free abelian group generated by the elements of

CF
p , i.e. SF

p = Z[CF
p ]. Note that for any p ≥ 0 the elements of CF

p are compact
oriented smooth manifolds with corners, and hence they have fundamental classes
in relative homology. Moreover, (SF

∗ , ∂) is a chain complex of abstract topological
chains by Lemma 4.7.

Definition 6.7. A representing chain system for {CF
p }p≥0 is a family of smooth

singular cubical chains {sP ∈ Sp(P )| P ∈ CF
p }p≥0 such that

(1) The image of the smooth singular cubical chain sP in the relative cubical
chain group Sp(P, ∂P ) = Sp(P )/Sp(∂P ) (where ∂P denotes the topological
boundary of P ) is a cycle that represents the fundamental class of P .
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(2) If ∂P =
∑

k nkPk ∈ SF
p−1 where nk = ±1 and Pk ∈ CF

p−1, then

∂sP =
∑
k

nksPk
∈ Sp−1(P ),

where ∂sP denotes the boundary operator on smooth singular cubical
chains.

Lemma 6.8. There exists a representing chain system for {CF
p }p≥0.

Proof. The proof is by induction on the degree p. For p = 0 the statement is
obvious. So, assume that we have chosen representing chain systems for all the
elements in CF

j where j < p, and let P ∈ CF
p . Consider the following diagram:

SF
p

∂ ��

Rp

��

SF
p−1

Rp−1

��

∂ �� SF
p−2

Rp−2

��

Sp(P )
∂ �� Sp−1(P )

∂ �� Sp−2(P )

where Rp−1 and Rp−2 are defined by sending linear combinations of subsets of P
in SF

p−1 and SF
p−2 to their representing chains and all other elements to zero.

If ∂P =
∑

k nkPk ∈ SF
p−1, then by the induction hypothesis Rp−1(∂P ) =∑

k nksPk
, where sPk

∈ Sp−1(Pk) ⊆ Sp−1(P ) is a smooth singular cubical chain
whose image in Sp−1(Pk, ∂Pk) is a cycle that represents the fundamental class of
Pk. Therefore, we can choose an element sP ∈ SpP such that ∂sP =

∑
k nksPk

and the image of sP in Sp(P, ∂P ) represents the fundamental class of P . (See for
instance Lemma VI.9.1 of [14].) Define Rp(P ) = sP . �

6.3. The chain map (F21)� : C∗(f1) → C∗(f2). Assume that a representing chain

system {sP ∈ Sp(P )| P ∈ CF
p }p≥0 has been chosen. The map (F21)� : C̃∗(f1) →

C̃∗(f2) is defined as follows.

Definition 6.9. If σ : P → Bf1
i is a singular Cf1

p -space in Bf1
i that intersects

the beginning point map ∂− : MF (B
f1
i , Bf2

j ) → Bf1
i transversally and stratum

transversally, then define

(F21)�(σ) =
m⊕
j=0

F j
21(σ) ∈

m⊕
j=0

S∞
p+i−j(B

f2
j ),

where

F j
21(σ) =

∑
k

nk(∂+ ◦ π2 ◦ sk)

and ∑
k

nksk ∈ Sp+i−j(P ×
B

f1
i

MF (B
f1
i , Bf2

j ))

is the representing chain for P ×
B

f1
i

MF (B
f1
i , Bf2

j ) if P ×
B

f1
i

MF (B
f1
i , Bf2

j ) �= ∅
and F j

21(σ) = 0 otherwise.
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Note. By general transversality arguments we may assume without loss of gen-

erality that the map σ : P → Bf1
i intersects the beginning point map ∂− :

MF (B
f1
i , Bf2

j ) → Bf1
i transversally and stratum transversally. Also, to simplify

the notation we will suppress the representing chain systems and denote the chain

F j
21(σ) ∈ S∞

p+i−j(B
f2
j ) in the preceding definition by

∂+ ◦ π2 : P ×
B

f1
i

MF (B
f1
i , Bf2

j ) → Bf2
j .

The proof of the following lemma is similar to the proof of Lemma 5.10.

Lemma 6.10. The map (F21)� : C̃∗(f1) → C̃∗(f2) induces a map (F21)� :
C∗(f1) → C∗(f2).

Proposition 6.11. The map (F21)� : C∗(f1) → C∗(f2) is a chain map of degree
zero. That is, the map preserves degree and ∂ ◦ (F21)� = (F21)� ◦ ∂.

Proof. Let σ : P → Bf1
i be a singular Cf1

p -space in Bf1
i that intersects the beginning

point map ∂− : MF (B
f1
i , Bf2

j ) → Bf1
i transversally and stratum transversally. The

dimension of P ×
B

f1
i

MF (B
f1
i , Bf2

j ) is p + i − j by Lemma 4.5 and Theorem 6.4,

and thus ∂+ ◦ π2 : P ×
B

f1
i

MF (B
f1
i , Bf2

j ) → Bf2
j has Morse-Bott degree p + i for

all j = 0, . . . ,m. Therefore, the map (F21)� : C∗(f1) → C∗(f2) preserves degree.

We will now show that (F21)�(∂(σ)) = ∂(F21)�(σ) ∈ C̃∗(f2). Thus (F21)�(∂(σ))
= ∂(F21)�(σ) ∈ C∗(f2) by Lemma 5.10 and Lemma 6.10. To simplify the nota-
tion we give the following computation in terms of abstract topological chains and

assume that for every i = 0, . . . ,m all the components of Bf1
i are of the same dimen-

sion bf1i . In general the components need to be grouped by their dimensions and
the computation repeated on each group. The abstract topological chain associated
to ∂(σ) ∈ Cp+i−1(f1) is

(−1)p+i∂P +
∑
k<i

P ×
B

f1
i

Mf1(B
f1
i , Bf1

k ).

Hence, by Definition 6.9 we have

(F21)�(∂(σ)) = (−1)p+i
m∑
j=0

∂P ×
B

f1
i

MF (B
f1
i , Bf2

j )

+

m∑
j=0

∑
k<i

P ×
B

f1
i

Mf1(B
f1
i , Bf1

k )×
B

f1
k

MF (B
f1
k , Bf2

j ).

Using Definition 6.9 again we have (F21)�(σ) =
∑m

j=0 P ×
B

f1
i

MF (B
f1
i , Bf2

j ), and

hence by Definition 4.6, Definition 5.4, and Definition 6.5

∂0(F21)�(σ) = (−1)p+i
m∑
j=0

∂(P ×
B

f1
i

MF (B
f1
i , Bf2

j ))

= (−1)p+i
m∑
j=0

[
∂P ×

B
f1
i

MF (B
f1
i , Bf2

j )

+(−1)p+b
f1
i P ×

B
f1
i

∂MF (B
f1
i , Bf2

j )
]
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= (−1)p+i
m∑
j=0

∂P ×
B

f1
i

MF (B
f1
i , Bf2

j )

+ (−1)i+b
f1
i

m∑
j=0

P ×
B

f1
i

∂MF (B
f1
i , Bf2

j )

= (−1)p+i
m∑
j=0

∂P ×
B

f1
i

MF (B
f1
i , Bf2

j )

+

m∑
j=0

∑
k<i

P ×
B

f1
i

Mf1(B
f1
i , Bf1

k )×
B

f1
k

MF (B
f1
k , Bf2

j )

−
m∑
j=0

∑
j<q

P ×
B

f1
i

MF (B
f1
i , Bf2

q )×
B

f2
q

Mf2(B
f2
q , Bf2

j ).

Since

(∂1 ⊕ · · · ⊕ ∂m)((F21)�(σ))

=
∑

0≤k<j≤m

P ×
B

f1
i

MF (B
f1
i , Bf2

j )×
B

f2
j

Mf2(B
f2
j , Bf2

k )

=

m∑
j=0

∑
j<q

P ×
B

f1
i

MF (B
f1
i , Bf2

q )×
B

f2
q

Mf2(B
f2
q , Bf2

j )

we have (F21)�(∂(σ))=(∂0⊕· · ·⊕∂m)((F21)�(σ)) ∈ C̃∗(f2), and hence (F21)�(∂(σ))
= ∂(F21)�(σ) ∈ C∗(f2). �

Corollary 6.12. The map F21 : M×R → R induces a homomorphism in homology,

(F21)∗ : H∗(C∗(f1), ∂) → H∗(C∗(f2), ∂),

which is independent of the choice of representing chain system.

6.4. Chain homotopies from time dependent gradient flows. Assume now
that we have four Morse-Bott-Smale functions fk : M → R, where k = 1, 2, 3, 4.
By Proposition 6.11 these four functions determine chain maps

(Flk)� : C∗(fk) → C∗(fl)

for all k, l = 1, 2, 3, 4. We will show that the moduli spaces of gradient flow lines of
a function H : M ×R×R → R meeting certain transversality requirements can be
used to construct a chain homotopy between (F43)� ◦ (F31)� and (F42)� ◦ (F21)�.

Following [4], [21], [40], and [44] we let H : M×R×R → R be a smooth function
that is strictly decreasing in its last two components such that for some large T � 0
we have

H(x, s, t) =

⎧⎪⎪⎨
⎪⎪⎩

f1(x)− ρ(s)− ρ(t) if s < −T and t < −T,
f2(x)− ρ(s)− ρ(t) if s > T and t < −T,
f3(x)− ρ(s)− ρ(t) if s < −T and t > T,
f4(x)− ρ(s)− ρ(t) if s > T and t > T,

where ρ : R→(−1, 1) is a smooth strictly increasing function such that limt→−∞ ρ(t)
= −1 and limt→∞ ρ(t) = 1. Taking the standard metric on R and the product met-
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ric on M × R × R, the gradient flow of H : M × R × R → R on the last two
components of its domain can be pictured in R× R as follows.

H f=H f= + 2

H f=

1

3 4

2

H f= 2¡

s

t

Let ϕα : M × R × R → M × R × R denote the flow associated to −∇H with
respect to the product metric on M × R × R, and denote the stable and unstable

manifolds of the critical point sets Bf4
j and Bf1

i by

W s
H(Bf4

j ) = {(x, s, t) ∈ M × R× R| lim
α→+∞

π1(ϕα(x, s, t)) ∈ Bf4
j },

Wu
H(Bf1

i ) = {(x, s, t) ∈ M × R× R| lim
α→−∞

π1(ϕα(x, s, t)) ∈ Bf1
i },

where π1 : M × R × R → M denotes projection onto the first component. These
stable and unstable manifolds inherit orientations from the stable and unstable
manifolds of f1 and f4, and since both f1 and f4 satisfy the Morse-Bott-Smale

transversality condition we can choose H so that Wu
H(Bf1

i ) � W s
H(Bf4

j ) is an ori-
ented submanifold of M × R× R for all i, j = 0, . . . ,m.

The moduli spaces of gradient flow lines of H are defined to be

MH(Bf1
i , Bf4

j ) = (Wu
H(Bf1

i ) ∩W s
F (B

f4
j ))/R

for all i, j = 0, . . . ,m, where the R-action is defined by the negative gradient flow,
and we have

dim MH(Bf1
i , Bf4

j ) = bf1i + i− j + 1.

Moreover, there are gluing and compactification results for the moduli spaces of H

similar to those stated above. Hence, the moduli space MH(Bf1
i , Bf4

j ) has a com-

pactification MH(Bf1
i , Bf4

j ), consisting of all the piecewise gradient flow lines of H

from Bf1
i to Bf4

j , which is a compact smooth manifold with corners. The beginning
and endpoint maps ∂− and ∂+ extend to smooth maps on the compactified space.

Theorem 6.13. The function H : M × R× R → R induces a chain homotopy

(F43)� ◦ (F31)� − (F42)� ◦ (F21)� = ∂H� +H�∂.

Proof. Assume that the components of Bf1
i are of the same dimension and that

appropriate representing chains have been chosen. The boundary of MH(Bf1
i , Bf4

j )

is (−1)i+b
f1
i times the quantity

m∑
k=0

MF21
(Bf1

i , Bf2
k )×

B
f2
k

MF42
(Bf2

k , Bf4
j )
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−
m∑

n=0

MF31
(Bf1

i , Bf3
n )×

B
f3
n

MF43
(Bf3

n , Bf4
j )

+
∑
n<i

Mf1(B
f1
i , Bf1

n )×
B

f1
n

MH(Bf1
n , Bf4

j )

+
∑
j<n

MH(Bf1
i , Bf4

n )×
B

f4
n

Mf4(B
f4
n , Bf4

j ).

If σ : P → Bf1
i satisfies the required transversality requirements, then H�(σ) ∈

C∗(f4) is represented by the abstract topological chain

m∑
j=0

P ×
B

f1
i

MH(Bf1
i , Bf4

j )

and ∂H�(σ) ∈ C∗(f4) is represented by the abstract topological chain

m∑
j=0

(
∂0
(
P ×

B
f1
i

MH(Bf1
i , Bf4

j )
)

+
∑
k<j

P ×
B

f1
i

MH(Bf1
i , Bf4

j )×
B

f4
j

Mf4(B
f4
j , Bf4

k )

)
.

For the ∂0 terms in the above sum we have

∂0

(
P ×

B
f1
i

MH(Bf1
i , Bf4

j )
)

= (−1)p+i+1
(
∂P ×

B
f1
i

MH(Bf1
i , Bf4

j ) + (−1)p+b
f1
i P ×

B
f1
i

∂MH(Bf1
i , Bf4

j )
)
,

where ∂MH(Bf1
i , Bf4

j ) is the sum given above. In addition, the term H�(∂σ) is
represented by the abstract topological chain

m∑
j=0

(
(−1)p+i∂P ×

B
f1
i

MH(Bf1
i , Bf4

j )

+
∑
n<i

P ×
B

f1
i

Mf1(B
f1
i , Bf1

n )×
B

f1
n

MH(Bf1
n , Bf4

j )

)
.

Hence, ∂H�(σ)+H�(∂σ) is represented by the sum from j = 0 to m of the abstract
topological chains

m∑
n=0

P ×
B

f1
i

MF31
(Bf1

i , Bf3
n )×

B
f3
n

MF43
(Bf3

n , Bf4
j )

−
m∑

k=0

P ×
B

f1
i

MF21
(Bf1

i , Bf2
k )×

B
f2
k

MF42
(Bf2

k , Bf4
j ).

�

Corollary 6.14. For every Morse-Bott-Smale function f : M → R there exists a
smooth function F : M × R → R such that

F∗ : H∗(C∗(f), ∂) → H∗(C∗(f), ∂)

is the identity homomorphism.
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Proof. Let F : M×R → R be defined as F (x, t) = f(x)−ρ(t) for all (x, t) ∈ M×R.

If σ : P → Bf
i is a singular Cf

p -space in Bf
i , then

F�(σ) =
∑
j≤i

(
∂+ : P ×Bf

i
MF (B

f
i , B

f
j ) → Bf

j

)
,

since the Morse-Bott index of a Morse-Bott-Smale function is decreasing along its

gradient flow lines by Lemma 3.6. The moduli space MF (B
f
i , B

f
i ) is diffeomorphic

to Bf
i , and the beginning point map ∂− : MF (B

f
i , B

f
i ) → Bf

i is the identity map
with respect to this diffeomorphism. Hence,

P ×Bf
i
MF (B

f
i , B

f
i ) ≈ {(x, y) ∈ P ×Bf

i | σ(x) = y} ≈ P,

and the endpoint map ∂+ : P ×Bf
i
MF (B

f
i , B

f
i ) → Bf

i agrees with σ : P → Bf
i .

Therefore,

F�(σ) = σ +
∑
j<i

(
∂+ : P ×Bf

i
MF (B

f
i , B

f
j ) → Bf

j

)
.

Note that if f is a Morse-Smale function or a constant function, then the terms in the
above sum with j < i are all zero in C∗(f), and thus the map F� : C∗(f) → C∗(f)
is the identity at the level of chains.

In general, let F̃ : M × R → R be a smooth function that is strictly decreasing
in its second component such that for some large T � 0 we have

F̃ (x, t) =

⎧⎨
⎩

f(x)− ρ(t) if t < − 1
2T,

ht(x) if − 1
2T ≤ t ≤ 1

2T,
f(x)− ρ(t) if t > 1

2T,

where the approximation ht(x) is chosen so that the non-constant time depen-

dent gradient flow lines of F̃ all flow into W s(Bf
0 ) × R. This is possible because

dim W s(Bf
0 ) = m, and every piecewise gradient flow line of f can be extended to a

piecewise gradient flow line that ends in Bf
0 . If σ : P → Bf

i is a singular Cf
p -space

in Bf
i , then

F̃�(σ) = σ +
(
∂+ : P ×Bf

i
MF̃ (B

f
i , B

f
0 ) → Bf

0

)
.

Now, let f1 = f2 = f4 = f , and let f3 ≡ 0 be a constant function. Choose

F31(x, t) =

⎧⎨
⎩

f(x)− ρ(t) if t < −T,
μ(t)f(x)− ρ(t) if −T ≤ t ≤ − 1

2T,
0− ρ(t) if t > − 1

2T,

where μ : R → [0, 1] is a smooth decreasing function that is 1 for t ≤ −T and 0 for
t ≥ − 1

2T . If we choose

F43(x, t) =

⎧⎪⎪⎨
⎪⎪⎩

0− ρ(t) if t < −T,
(1− μ(t))f(x)− ρ(t) if −T ≤ t ≤ − 1

2T,
ht(x) if − 1

2T ≤ t ≤ 1
2T,

f(x)− ρ(t) if t > 1
2T,

then for all i = 0, . . . ,m we have diffeomorphisms

MF31
(Bf

i ,M)×M MF43
(M,Bf

0 ) ≈ MF̃ (B
f
i , B

f
0 ),

and hence, (F43)�◦(F31)� = F̃�. Thus, if we choose F21 = F42 = F̃ , then Theorem

6.13 implies that F̃∗ = F̃∗ ◦ F̃∗.
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If
∑

k nkσk is a cycle in C∗(f), then we have

F̃∗

([∑
k

nkσk

])
=

[∑
k

nkσk

]
+ [C],

where C is a sum of singular spaces in Bf
0 of the form ∂+ : Pk×Bf

i
MF̃ (B

f
ik
, Bf

0 ) →
Bf

0 . Hence,

(F̃∗ ◦ F̃∗)

([∑
k

nkσk

])
=

[∑
k

nkσk

]
+ 2[C],

and the fact that F̃∗ = F̃∗ ◦ F̃∗ implies that [C] = 0. Therefore,

F̃∗

([∑
k

nkσk

])
=

[∑
k

nkσk

]
,

and F̃∗ : H∗(C∗(f), ∂) → H∗(C∗(f), ∂) is the identity homomorphism. �

Corollary 6.15. For any two Morse-Bott-Smale functions f1, f2 : M → R the time
dependent gradient flow lines from f1 to f2 determine a canonical homomorphism

(F21)∗ : H∗(C∗(f1), ∂) → H∗(C∗(f2), ∂),

i.e. the map (F21)∗ is independent of the choice of the function F21 : M × R → R

and the representing chain system used to define the chain map (F21)� : C∗(f1) →
C∗(f2).

Proof. Let f2 = f3 = f4 in Theorem 6.13, let F21 : M×R → R and F31 : M×R → R

be two functions that define time-dependent gradient flow lines from f1 to f2 = f3,
and let F22 and F33 be the functions from Corollary 6.14. Theorem 6.13 implies

(F33)∗ ◦ (F31)∗ = (F22)∗ ◦ (F21)∗,

and since (F22)∗ = (F33)∗ = id, we have (F31)∗ = (F21)∗. �

Corollary 6.16. For any four Morse-Bott-Smale functions fk : M → R, where
k = 1, 2, 3, 4, the canonical homomorphisms satisfy

(F43)∗ ◦ (F31)∗ = (F42)∗ ◦ (F21)∗

and

(F32)∗ ◦ (F21)∗ = (F31)∗.

Proof. This follows immediately from Theorem 6.13 and Corollary 6.14. �

Theorem 6.17. The homology of the Morse-Bott chain complex (C∗(f), ∂) is in-
dependent of the Morse-Bott-Smale function f : M → R. Therefore,

H∗(C∗(f), ∂) ≈ H∗(M ;Z).

Proof. Let f1, f2 : M → R be Morse-Bott-Smale functions. If we take f3 = f1 in
Corollary 6.16, then we see that (F12)∗ ◦ (F21)∗ = (F11)∗ = id by Corollaries 6.14
and 6.15. Similarly, (F21)∗ ◦ (F12)∗ = id. �
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