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SMALL EXOTIC RATIONAL SURFACES

WITHOUT 1- AND 3-HANDLES

KOUICHI YASUI

Abstract. We give new rational blowdown constructions of exotic

CP2#nCP2 (5 ≤ n ≤ 9) without using elliptic fibrations. We also show
that our 4-manifolds admit handle decompositions without 1- and 3-handles,
for 7 ≤ n ≤ 9. A strategy for rational blowdown constructions of exotic

CP2#nCP2 (1 ≤ n ≤ 4) is also proposed.

1. Introduction

It is not known if every smooth 4-manifold admits an exotic smooth structure.
Various methods for constructing exotic smooth structures on small 4-manifolds are
currently in rapid progress. Park [10], Stipsicz-Szabó [14], Fintushel-Stern [6] and

Park-Stipsicz-Szabó [12] constructed exotic smooth structures on CP2#nCP2 (5 ≤
n ≤ 8) by using rational blowdowns as main tools. They used elliptic fibrations (and
knot surgeries) to perform rational blowdowns. Akhmedov-Park [3], [4] et al. later

constructed exotic CP2#nCP2 (2 ≤ n ≤ 4) without using rational blowdowns.
However, it is still unknown whether or not S4 and CP2 admit an exotic smooth

structure. If such a structure exists, then every handle decomposition of it must
contain 1- or 3-handles (cf. [15]). On the contrary, many classical closed 4-manifolds
are known to admit neither 1- nor 3-handles (cf. [8], [1], [16]). Thus the follow-
ing question seems to be reasonable: “What is the smallest n for which an exotic
CP2#nCP2 without 1- and 3-handles exists”? In [15], we constructed an exotic

CP2#9CP2 without 1- and 3-handles by using rational blowdowns and Kirby cal-
culus. In [1], Akbulut later proved that the elliptic surface E(1)2,3, which is an

exotic CP2#9CP2, has neither 1- nor 3-handles by using knot surgery and inves-
tigating a dual handle decomposition of E(1)2,3.

The purpose of this paper is two-fold. The first is to give new constructions of
exoticCP2#nCP2 (5 ≤ n ≤ 9) by using rational blowdowns, Kirby calculus and no
elliptic fibrations. Our constructions give explicit procedures to draw handlebody
pictures. In particular, our manifolds are the first examples in the following sense.
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Theorem 1.1. (1) For 7 ≤ n ≤ 9, there exists a smooth 4-manifold which is

homeomorphic but not diffeomorphic to CP2#nCP2 and has neither 1- nor 3-
handles in a handle decomposition.

(2) There exists a smooth 4-manifold which is homeomorphic but not diffeomor-

phic to CP2#6CP2 and has no 1-handles in a handle decomposition.

In general, it is difficult to show that exotic 4-manifolds admit neither 1- nor 3-
handles. See, for example, [1]. However, in [15] and this paper, we constructed our
exotic rational surfaces so that their 1- and 3-handles naturally disappear. Thus it
is easy to eliminate 1- and 3-handles of our handlebodies.

The second purpose is to propose a strategy for rational blowdown constructions
of exotic CP2#nCP2 (1 ≤ n ≤ 9), though the author could not carry out the
strategy for 1 ≤ n ≤ 4. The author thought of the strategy in connection with a
natural question on handle decompositions of CP2#2CP2.

2. Rational blowdown

In this section we review the rational blowdown introduced by Fintushel-Stern
[5]. For the procedure to draw handlebody diagrams of rational blowdowns, see
also Gompf-Stipsicz [8, Section 8.5].

Let Cp and Bp be the smooth 4-manifolds defined by handlebody diagrams in
Figure 1, and u1, . . . , up−1 elements of H2(Cp;Z) given by corresponding 2-handles
in the figure such that ui · ui+1 = +1 (1 ≤ i ≤ p− 2). The boundary ∂Cp of Cp is
diffeomorphic to the lens space L(p2, p− 1) and to the boundary ∂Bp of Bp.

−p−2 −2 −2 −2

Cp : p

p−1

Bp :

−2

up−1 up−2 up−3 u2 u1

Figure 1

Suppose that Cp embeds in a smooth 4–manifold X. Let X(p) be the smooth
4-manifold obtained from X by removing Cp and gluing Bp along the boundary.
The smooth 4-manifold X(p) is called the rational blowdown of X along Cp. Note
that X(p) is uniquely determined up to diffeomorphism by a fixed pair (X,Cp) (see

Fintushel-Stern [5]). This operation preserves b+2 , decreases b−2 , and may create
torsions in the first homology group.

3. Construction

In this section we give constructions of exotic CP2#nCP2 (5 ≤ n ≤ 9). In
handlebody diagrams, we write the second homology classes given by 2-handles,
instead of the usual framings. Note that the square of the homology class given by
a 2-handle is equal to the usual framing. We do not draw (whole) handlebody dia-
grams of exotic rational surfaces and the other manifolds appearing in the following
construction. However, one can draw whole diagrams, following the procedures in
this section.
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Let h, e1, e2, . . . , en be a canonical orthogonal basis of H2(CP2#nCP2;Z) =

H2(CP2;Z) ⊕n H2(CP2;Z) such that h2 = 1 and e21 = e22 = · · · = e2n = −1. We
begin with the proposition below. This proposition is a key of our constructions.

Proposition 3.1 (cf. [15]). (1) For a ≥ 1, the complex projective plane CP2 admits
the handle decomposition in Figure 2.

(2) For a ≥ 1, the 4-manifold CP2#2CP2 admits the handle decomposition in
Figure 3.

(a+1)h

a + 1 a
h

2h
∩ 4-handle

∩2 3-handles

Figure 2. CP2 (a ≥ 1)

Proof. (1) Figure 4 is a standard diagram of CP2. Introduce 2-handle/3-handle
pairs and slide handles as in [15, Figures 9 ∼ 14]. Repeat a handle slide as in [15,
Figures 15 ∼ 17]. An isotopy now gives Figure 2. Notice that the a = 3 case of
Figure 2 is isotopic to [15, Figure 17].

(2) Figure 5 is a standard diagram of CP2#2CP2. Handle slides similar to the
proof of (1) give Figure 3. �

Proposition 3.2. (1) CP2#(3a+ 2)CP2 (a ≥ 3) admits a handle decomposition
as in Figure 6.

(2) CP2#(3a+ 4)CP2 (a ≥ 3) admits a handle decomposition as in Figure 7.

Proof. (1) Start with Figure 2. Blow up as in Figure 8. An isotopy gives Figure 9.
Isotope and slide a 2-handle as in Figure 10. Blowups make the first diagram of
Figure 11. Handle slides give the second diagram of Figure 11. We now obtain the
last diagram of Figure 11 by blowing up. This diagram clearly provides us Figure 6.

(2) Start with Figure 3. Blowups and handle slides similar to the proof of (1)
give Figure 7. �

We can find Cp in Figures 6 and 7.
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(a+1)h+e2

a + 1 a
h

2h+e1

∩ 4-handle

Figure 3. CP2#2CP2 (a ≥ 1)

∩

 4-handle

h

Figure 4. CP2

∩

 4-handle

e1h e2

Figure 5. CP2#2CP2

(a+3)h−(a−1)e1−2e2−2e3− −2e3a+1 −e3a+2

∩ 4-handle

∩a+1 2-handles

e3a − e3a+1

ea − ea+1

ea−1 − ea

∩2 3-handles

e3a+1 − e3a+2

2a+4

Figure 6. CP2#(3a+ 2)CP2 (a ≥ 3)

Corollary 3.3. (1) CP2#(3a+2)CP2 (3 ≤ a ≤ 7) contains a copy of C4a−9 such

that the elements u1, u2, . . . , u4a−10 of H2(C4a−9;Z) in H2(CP2#(3a+ 2)CP2;Z)
satisfy

ui = e12−a+i − e13−a+i (1 ≤ i ≤ 4a− 11) and

u4a−10 = (a+ 3)h− (a− 1)e1 − 2e2 − 2e3 − · · · − 2e3a+1 − e3a+2.
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(a+3)h+e1+e2−(a−1)e3−2e4−2e5− −2e3a+3 −e3a+4

∩ 4-handle

∩a+1 2-handles

e3a+2 − e3a+3

ea+2 − ea+3

ea+1 − ea+2

e3a+3 − e3a+4

2a+4

Figure 7. CP2#(3a+ 4)CP2 (a ≥ 3)

+ 1 + 1

(a+1)h
(a+1)h−(a−1)e1

(a+1)h

a
a−2 a−2

a−3

a−3

(a+1)h−(a−1)e1−2e2−2e3− −2ea−2

(a+1)h−(a−1)e1−2e2−2e3− −2ea−2

isotopy

blow-ups

isotopy blow-up

Figure 8. Blow-ups of CP2 (a ≥ 3)

(2) CP2#(3a+4)CP2 (3 ≤ a ≤ 6) contains a copy of C4a−7 such that the elements

u1, u2, . . . , u4a−8 of H2(C4a−7;Z) in H2(CP2#(3a+ 4)CP2;Z) satisfy

ui = e12−a+i − e13−a+i (1 ≤ i ≤ 4a− 9) and

u4a−8 = (a+ 3)h+ e1 + e2 − (a− 1)e3 − 2e4 − 2e5 − · · · − 2e3a+3 − e3a+4.

Remark 3.4. One can easily check that Corollary 3.3(1) (resp. (2)) does not hold
for a ≥ 12 (resp. a ≥ 10). However, we do not know if Corollary 3.3(1) (resp. (2))
holds for 8 ≤ a ≤ 11 (resp. 7 ≤ a ≤ 9). We discuss this question in Section 6.
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(a+1)h−(a−1)e1−2e2−2e3− −2ea−2

2h

∩

a−1 2-handles

∩

 4-handle

∩

2 3-handles

2a

Figure 9. CP2#(a− 2)CP2 (a ≥ 3)

(a+1)h−(a−1)e1−2e2−2e3− −2ea−2

2h ∩

a−1 2-handles

∩
 4-handle

∩

2 3-handles

2a+1

(a+3)h−(a−1)e1−2e2−2e3− −2ea−2

∩

a 2-handles

∩

 4-handle

∩

2 3-handles
2a+1

(a+3)h−(a−1)e1−2e2−2e3− −2ea−2

∩a 2-handles

∩ 4-handle

∩2 3-handles
2a+3

slide

iso
top

y

Figure 10. CP2#(a− 2)CP2 (a ≥ 3)

Definition 3.5. Let Xa,3 (3 ≤ a ≤ 7) be the rational blowdown of CP2#(3a +

2)CP2 along the copy of C4a−9 in Corollary 3.3(1). Let X ′
a,3 (3 ≤ a ≤ 6) be the

rational blowdown ofCP2#(3a+4)CP2 along the copy of C4a−7 in Corollary 3.3(2).

Remark 3.6. The smooth 4-manifolds X3,3 and X ′
3,3 correspond to the smooth

4-manifolds E3 and E′
3 in [15], respectively.

We use the lemma below. We can easily prove this lemma, similarly to the proof
of [15, Lemma 5.1].

Lemma 3.7. Let X be a simply connected closed smooth 4-manifold which con-
tains a copy of Cp. Let X(p) be the rational blowdown of X along the copy of Cp.
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(a+3)h−(a−1)e1−2e2−2e3− −2e3a+1

∩ 4-handle

∩a 2-handles

ea−1 ea e3a+1

∩2 3-handles

(a+3)h−(a−1)e1−2e2−2e3− −2e3a+1

∩ 4-handle

∩a 2-handles
e3a+1

e3a − e3a+1

e3a−1 − e3a

ea − ea+1

ea−1 − ea

∩2 3-handles
(a+3)h−(a−1)e1−2e2−2e3− −2e3a+1

∩ 4-handle

∩a 2-handlese3a+2

e3a − e3a+1

e3a−1 − e3a

ea − ea+1

ea−1 − ea
∩2 3-handles

e3a+1 − e3a+2

slide

blow
 up

Figure 11. Handle slides and a blow-up of CP2#(3a + 1)CP2

(a ≥ 3)

(1) Suppose that there exists an element δ of H2(X;Z) such that δ and the el-
ements u1, u2, . . . , up−1 of H2(Cp;Z) in H2(X;Z) satisfy that δ · u1 = 1 and
δ · u2 = δ · u3 = · · · = δ · up−1 = 0. Then H1(X(p);Z) = 0.
(2) Suppose that there exists an element δ of H2(X;Z) such that δ and the ele-
ments u1, u2, . . . , up−1 of H2(Cp;Z) in H2(X;Z) satisfy that δ · u1 = δ · u2 = · · · =
δ · up−2 = 0 and gcd(δ · up−1, p) = 1. Then H1(X(p);Z) = 0.

Remark 3.8. We do not use Lemma 3.7(2), in this section. We use it to prove
Proposition 6.7 in Section 6.

Proposition 3.9. The smooth 4-manifolds Xa,3 and X ′
a,3 are homeomorphic to

CP2#(12− a)CP2.

Proof. We give a proof for Xa,3. We can similarly prove it for X ′
a,3.

Recall that the rational homology 4-ball B4a−9 has only one 1-handle. It thus
follows from Proposition 3.2 that Xa,3 admits a handle decomposition such that
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the number of 1-handles is one. Hence the fundamental group of Xa,3 is commu-

tative. Define an element δ of H2(CP2#(3a + 2)CP2;Z) by δ := e12−a − e13−a.
Lemma 3.7(1) then shows that H1(Xa,3;Z) = 0. Therefore Xa,3 is simply con-
nected.

SinceXa,3 is obtained fromCP2#(3a+2)CP2 by rationally blowing down C4a−7,
we easily have b+2 = 1 and b−2 = 12−a. Therefore Freedman’s theorem together with

Rochlin’s theorem shows that Xa,3 is homeomorphic to CP2#(12− a)CP2. �

We can easily prove the lemma below, following the rational blowdown procedure
introduced by Gompf-Stipsicz [8, Section 8.5].

Lemma 3.10 ([15, Lemma 3.6]). Suppose that a simply connected closed smooth
4-manifold X has a handle decomposition as in Figure 12. Here n is an arbitrary
integer, and h2 and h3 are arbitrary natural numbers. Note that we write the usual
framings instead of homology classes in the figure.

Let X(p) be the rational blowdown of X along the copy of Cp in Figure 12. Then
X(p) admits a handle decomposition

X(p) = one 0-handle ∪ (h2 + 1) 2-handles ∪ h3 3-handles ∪ one 4-handle.

In particular X(p) admits a handle decomposition without 1-handles.

−p−2 −2 −2

Cp

−2 n

∩ 4-handle

∩h2 2-handles∩h3 3-handles

Figure 12. Handle decomposition of X

Lemma 3.10 together with Proposition 3.2 gives the following proposition.

Proposition 3.11. (1) For 3 ≤ a ≤ 6, the smooth 4-manifold Xa,3 admits a handle
decomposition without 1-handles, namely,

Xa,3 = one 0-handle ∪ (14− a) 2-handles ∪ two 3-handles ∪ one 4-handle.

(2) For 3 ≤ a ≤ 5, the smooth 4-manifold X ′
a,3 admits a handle decomposition

without 1- and 3-handles, namely,

X ′
a,3 = one 0-handle ∪ (12− a) 2-handles ∪ one 4-handle.

(3) For a = 6, the smooth 4-manifold X ′
a,3 admits a handle decomposition without

3-handles, namely,

X ′
a,3 = one 0-handle ∪ one 1-handle ∪ (13− a) 2-handles ∪ one 4-handle.
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4. Seiberg-Witten invariants

In this section, we briefly review facts about the Seiberg-Witten invariants with
b+2 = 1. For details and examples of computations, see Fintushel-Stern [7], [5], [6],
Stern [13], Park [10], [11], Ozsváth-Szabó [9], Stipsicz-Szabó [14] and Park-Stipsicz-
Szabó [12].

Suppose that X is a simply connected closed smooth 4-manifold with b+2 (X) =
1. Let C(X) be the set of characteristic elements of H2(X;Z). Fix a homology
orientation on X, that is, orient H2

+(X;R) := {H ∈ H2(X;Z) |H2 > 0}. Then
the (small-perturbation) Seiberg-Witten invariant SWX,H(K) ∈ Z is defined for
every positively oriented element H ∈ H2

+(X;R) and every element K ∈ C(X)
such that K · H �= 0. Let e(X) and σ(X) be the Euler characteristic and the
signature of X, respectively, and dX(K) the even integer defined by dX(K) =
1
4 (K

2 − 2e(X) − 3σ(X)) for K ∈ C(X). It is known that if SWX,H(K) �= 0 for

some H ∈ H2
+(X;R), then dX(K) ≥ 0. The wall-crossing formula tells us the

dependence of SWX,H(K) on H: if H,H ′ ∈ H2
+(X;R) and K ∈ C(X) satisfy

H ·H ′ > 0 and dX(K) ≥ 0, then

SWX,H′(K) = SWX,H(K)

+

⎧⎪⎨
⎪⎩

0 if K ·H and K ·H ′ have the same sign,

(−1)
1
2dX(K) if K ·H > 0 and K ·H ′ < 0,

(−1)1+
1
2dX(K) if K ·H < 0 and K ·H ′ > 0.

Note that these facts imply that SWX,H(K) is independent of H in the case
b−2 (X) ≤ 9; in other words, the Seiberg-Witten invariant SWX : C(X) → Z is
well defined.

We recall the change of the Seiberg-Witten invariants by rationally blowing down.
Assume thatX contains a copy of Cp. LetX(p) be the rational blowdown ofX along
the copy of Cp. Suppose that X(p) is simply connected. The following theorems
are well known.

Theorem 4.1 (Fintushel-Stern [5]). For every characteristic element K of

H2(X(p);Z), there exists a characteristic element K̃ of H2(X;Z) such that

K|X(p)−intBp
= K̃|X−intCp

and dX(p)
(K) = dX(K̃). Such a characteristic element

K̃ of H2(X;Z) is called a lift of K.

Theorem 4.2 (Fintushel-Stern [5]). If a characteristic element K̃ of H2(X;Z)
is a lift of some characteristic element K of H2(X(p);Z), then SWX(p),H(K) =

SWX,H(K̃) for every positively oriented element H of H2
+(X;R) which is orthog-

onal to the subspace H2(Cp;R) of H2(X;R). Note that we view H as a positively
oriented element of H2

+(X(p);R).

Theorem 4.3 (Fintushel-Stern [5]; cf. Park [10]). If a characteristic element K̃ of

H2(X;Z) satisfies that (K̃|Cp
)2 = 1−p and K̃|∂Cp

= mp ∈ Zp2 ∼= H2(∂Cp;Z) with

m ≡ p − 1 (mod 2), then there exists a characteristic element K of H2(X(p);Z)

such that K̃ is a lift of K.

Corollary 4.4. If a characteristic element K̃ of H2(X;Z) satisfies K̃(u1) =

K̃(u2) = · · · = K̃(up−2) = 0 and K̃(up−1) = ±p, then K̃ is a lift of some charac-
teristic element K of H2(X(p);Z).
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5. Computations of SW invariants

In this section, we prove our manifolds are homeomorphic but not diffeomorphic
to rational surfaces. We denote the symbol Rn as CP2#nCP2.

Lemma 5.1. (1) For 3 ≤ a ≤ 7, there exists a characteristic element Ka,3 of
H2(Xa,3;Z) such that SWXa,3

(±Ka,3) = ±1.

(2) For 3 ≤ a ≤ 6, there exists a characteristic element K ′
a,3 of H2(X ′

a,3;Z) such
that SWX′

a,3
(±K ′

a,3) = ±1.

Proof. (1) Let K̃a,3 ∈ H2(R3a+2;Z) and Ha,3 ∈ H2
+(R3a+2;R) be the elements

defined by
K̃a,3 = PD(3h− e1 − e2 − · · · − e3a+2)

and

Ha,3 = PD((8a− 1)h− 2(a+ 3)e1 − (a+ 3)e2 − (a+ 3)e3 − · · · − (a+ 3)e3a+2).

Here the symbol PD denotes the Poincaré dual. It is well known SWRn,PD(h)(K̃) =

0 for every n ≥ 0 and every characteristic element K̃ of H2(Rn;Z). Applying the

wall-crossing formula to ±K̃a,3, Ha,3 and PD(h), we have SWR3a+2,Ha,3
(±K̃a,3) =

±1. Corollary 4.4 shows that K̃a,3 is a lift of some characteristic element
Ka,3 of H2(Xa,3;Z). Since Ha,3 is orthogonal to the subspace H2(C4a−9;R) of

H2(R3a+2;R), Theorem 4.2 shows SWXa,3
(±Ka,3) = SWR3a+2,Ha,3

(±K̃a,3) = ±1.

(2) Let K̃ ′
a,3 ∈ H2(R3a+2;Z) and H ′

a,3 ∈ H2
+(R3a+2;R) be the elements defined

by
K̃a,3 = PD(3h+ e1 + e2 − e3 − e4 − · · · − e3a+4)

and

H ′
a,3 = PD((8a+ 1)h+ (a+ 3)e1 + (a+ 3)e2 − 2(a+ 3)e3 − (a+ 3)e4

− (a+ 3)e5 − · · · − (a+ 3)e3a+4).

We now can prove the required claim, similarly to the proof of (1). �
The corollary below follows from the fact that SWCP2#nCP2 ≡ 0 (0 ≤ n ≤ 9).

Corollary 5.2. (1) For 3 ≤ a ≤ 7, the 4-manifold Xa,3 is not diffeomorphic to

CP2#(12− a)CP2.
(2) For 3 ≤ a ≤ 6, the 4-manifold X ′

a,3 is not diffeomorphic to CP2#(12 −
a)CP2.

This corollary together with Propositions 3.9 and 3.11 shows the following main
theorem.

Theorem 5.3. (1) For 3 ≤ a ≤ 7, the smooth 4-manifold Xa,3 is homeomorphic

but not diffeomorphic to CP2#(12−a)CP2. Furthermore, Xa,3 (3 ≤ a ≤ 6) admits
a handle decomposition without 1-handles, namely,

Xa,3 = one 0-handle ∪ (14− a) 2-handles ∪ two 3-handles ∪ one 4-handle.

(2) For 3 ≤ a ≤ 6, the smooth 4-manifold X ′
a,3 is homeomorphic but not diffeomor-

phic to CP2#(12− a)CP2. Furthermore,
(i) X ′

a,3 (3 ≤ a ≤ 5) admits a handle decomposition without 1- and 3-handles,
namely,

X ′
a,3 = one 0-handle ∪ (12− a) 2-handles ∪ one 4-handle;
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(ii) X ′
a,3 (a = 6) admits a handle decomposition without 3-handles, namely,

X ′
a,3 = one 0-handle ∪ one 1-handle ∪ (13− a) 2-handles ∪ one 4-handle.

Remark 5.4. (1) We can prove similarly to [15] that the Seiberg-Witten basic classes
of Xa,3 (resp. X ′

a,3) are only ±Ka,3 (resp. ±K ′
a,3), at least for a = 3, 4. Therefore

Xa,3 and X ′
a,3 (a = 3, 4) are minimal 4-manifolds, that is, they contain no smooth

2-sphere with self-intersection number −1. It seems that they are minimal for every
a. Perhaps, one may show the minimality by the method in Ozsváth-Szabó [9].

(2) It later turned out that constructions of exotic rational surfaces in [15] and
this paper are suitable for finding corks. See [2].

6. Strategy toward exotic CP2#CP2

In this section, we propose a strategy for rational blowdown constructions of
exotic CP2#nCP2 (1 ≤ n ≤ 9), though the author could not carry out the strategy
for 1 ≤ n ≤ 4. Our constructions of exotic rational surfaces in [15] and Section 3
are based on the strategy. We begin with the question below.

Question 6.1. Does CP2#2CP2 admit a handle decomposition as in Figure 13,
for some a, b ≥ 3?

ah−(a−1)e1
∩n2 2-handles

∩ 4-handle

∩n3 3-handles

ab

bh−(b−1)e2

Figure 13

Remark 6.2. (1) Question 6.1 seems to be natural, because the elements ah− (a−
1)e1 and bh− (b− 1)e2 of H2(CP2#2CP2;Z) are represented by smooth 2-spheres

in CP2#2CP2.
(2) One can easily check that Question 6.1 is affirmative when a = 1 and b is

an arbitrary positive number. We can also give an affirmative solution when a = 2
and b is an arbitrary positive number, by blowing up in Figure 2.

For some numbers a and b, an affirmative solution to Question 6.1 gives a con-
struction of exotic CP2#nCP2 (2 ≤ n ≤ 9) as follows.

Proposition 6.3. Suppose that Question 6.1 is affirmative. Then CP2#(ab +

2)CP2 admits a handle decomposition as in Figure 14.

Proof. Slide handles and blow up as in Figure 17. �

Question 6.4. (1) Does CP2#(3a+ 2)CP2 (3 ≤ a ≤ 11) admit a handle decom-
position as in Figure 15?

(2) Does CP2#(4a + 2)CP2 (3 ≤ a ≤ 6) admit a handle decomposition as in
Figure 16?
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(a+b)h−(a−1)e1−(b−1)e2 −2e3 −2e4 − −2eab+1 −eab+2

eab− eab+1

e4 − e5

e3 − e4

eab+1 − eab+2

ab

∩n2+2 2-handles

∩ 4-handle

∩n3 3-handles

Figure 14

(a+3)h−(a−1)e1−2e2−2e3− −2e3a+1 −e3a+2

∩ 4-handle
∩m2 2-handles

e3a − e3a+1 e13−a − e14−a

∩m3 3-handles

e3a+1 − e3a+2

C4a−9

e14−a − e15−a

Figure 15

(a+4)h−(a−1)e1−3e2−2e3−2e4− −2e4a+1 −e4a+2

∩ 4-handle

∩m2 2-handles

e4a − e4a+1 e15−2a − e16−2a

∩m3 3-handles

e4a+1 − e4a+2

C6a−11

e16−2a − e17−2a

Figure 16

Remark 6.5. (1) Proposition 6.3 shows that Question 6.4(1) (resp. (2)) is affirmative
for 3 ≤ a ≤ 10 (resp. 3 ≤ a ≤ 6) if Question 6.1 is affirmative for corresponding a
and b.

(2) In Section 3, we proved that Question 6.4(1) is affirmative for 3 ≤ a ≤ 7. We
can also prove that Question 6.4(2) is affirmative for 3 ≤ a ≤ 4, by appropriately
changing the constructions in Section 3.
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e3 e4 eab+1

eab+1

eab − eab+1

eab−1 − eab

e4 − e5

e3 − e4

eab+2

eab − eab+1

eab−1 − e3a

e4 − e5

e3 − e4

eab+1 − eab+2

slide

blow
 up

ah−(a−1)e1

∩n2 2-handles

∩ 4-handle

∩n3 3-handles

ab

bh−(b−1)e2

(a+b)h−(a−1)e1−(b−1)e2

ab−1

(a+b)h−(a−1)e1−(b−1)e2−2e3−2e4− −2eab+1

∩n2+1 2-handles

∩ 4-handle

∩n3 3-handles

(a+b)h−(a−1)e1−(b−1)e2−2e3−2e4− −2eab+1

(a+b)h−(a−1)e1−(b−1)e2−2e3−2e4− −2eab+1 −eab+2

∩n2+1 2-handles

∩ 4-handle

∩n3 3-handles

∩n2+1 2-handles

∩ 4-handle

∩n3 3-handles

∩n2+1 2-handles

∩ 4-handle

∩n3 3-handles

slide

blow
 up

Figure 17

Definition 6.6. Suppose that Question 6.4 is affirmative. Let Xa,3 (3 ≤ a ≤ 11) be

the rational blowdown of CP2#(3a+2)CP2 along the copy of C4a−9 in Figure 15.
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Let Xa,4 (3 ≤ a ≤ 6) be the rational blowdown of CP2#(4a + 2)CP2 along the
copy of C6a−11 in Figure 16.

Proposition 6.7. Suppose that Question 6.4 is affirmative. Then,
(1) Xa,3 (3 ≤ a ≤ 11) is homeomorphic but not diffeomorphic to CP2#(12 −

a)CP2 ;
(2) Xa,4 (3 ≤ a ≤ 6) is homeomorphic but not diffeomorphic to CP2#(14 −

2a)CP2.

Proof. Lemma 3.7 implies that Xa,3 and Xa,4 are simply connected. One can
easily check that b+2 (Xa,3) = b+2 (Xa,4) = 1, b−2 (Xa,3) = 12 − a and b−2 (Xa,4) =
14 − 2a. Rochlin’s theorem shows that the intersection forms of Xa,3 (a �= 11)
and Xa,4 are odd. We can also prove that the intersection form of Xa,3 (a = 11)

is odd as follows. Let v be the element of H2(CP2#(3a + 2)CP2;Z) defined by
v = (8a − 1)h − 2(a + 3)e1 − (a + 3)e2 − (a + 3)e3 − · · · − (a + 3)e3a+2. Then

v is orthogonal to the subspace H2(C4a−9;Z) of H2(CP2#(3a + 2)CP2;Z). We
can, similarly to [15, Remark 5.2.(1)], view v as an element of H2(CP2#(3a +

2)CP2 − C4a−9;Z) ⊂ H2(Xa,3;Z). Since v2 = 121 when a = 11, the intersection
form of X11,3 is odd. Freedman’s theorem thus shows that Xa,3 (resp. Xa,4) is

homeomorphic to CP2#(12− a)CP2 (resp. CP2#(14− 2a)CP2).
We can easily prove that Xa,3 and Xa,4 are not diffeomorphic to rational surfaces

by computing the Seiberg-Witten invariants, similarly to the proof of Lemma 5.1(1).
�

Remark 6.8. (1) In Questions 6.1 and 6.4, we assumed that there is no 1-handle in
the handle decompositions. This is because we used this assumption to prove that
Xa,3 and Xa,4 are simply connected. However, the author does not know if we need
this assumption.

(2) In Section 3, we constructed Xa,3 according to the strategy in this section,
though we could not solve Question 6.1 for corresponding a and b. By modifying the
construction of Xa,3, we constructed X ′

a,3 so that X ′
a,3 naturally has no 3-handles.

We can also construct an exotic CP2#6CP2 which corresponds to X4,4.
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