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CONTINUITY IN WEAK TOPOLOGY

AND EXTREMAL PROBLEMS OF EIGENVALUES

OF THE p-LAPLACIAN

PING YAN AND MEIRONG ZHANG

Abstract. We will study the dependence of eigenvalues of the one-dimension-
al p-Laplacian on potentials or weights. Two results are obtained. One is the
continuity of eigenvalues in potentials with respect to the weak topologies of
Lγ spaces, 1 ≤ γ ≤ ∞, and the other is the continuous differentiability of
eigenvalues in potentials with respect to Lγ norms. As applications, we will
study some extremal problems of eigenvalues by developing some analytical
methods.

1. Introduction

Given an exponent 1 < p < ∞, define the mapping φp : R → R by

φp(x) := |x|p−2x.

For a potential q ∈ Lγ := Lγ([0, 1],R), γ ∈ [1,∞], we consider the eigenvalue
problem of the one-dimensional p-Laplacian

(1.1) (φp(x
′))′ + (λ+ q(t))φp(x) = 0

(
′ =

d

dt

)

with the separated boundary condition

(1.2) c11x(0) + c12x
′(0) = 0, c21x(1) + c22x

′(1) = 0,

where cij are constants such that c211 + c212 = c221 + c222 = 1. By an eigenvalue λ
of problem (1.1)-(1.2) is meant that with such a parameter λ, equation (1.1) has a
non-zero solution x(t) satisfying the conditions in (1.2). It is well known that all
eigenvalues of problem (1.1)-(1.2) are given by a sequence

λ0(q) < λ1(q) < · · · < λm(q) < · · · , lim
m→∞

λm(q) = +∞.

Here λ0(q) may be void for some boundary conditions. See, for example, [4, 28, 29].
The eigenvalues λm(q) are also dependent on the exponent p and the boundary data
cij .
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In this paper we will study the dependence of the eigenvalues λm(q) on the
potentials q. As usual, one typical topology on the space Lγ of potentials is the Lγ

topology induced by the Lγ norm, denoted simply by ‖ · ‖γ = ‖ · ‖Lγ [0,1]. Besides
this, we will also consider the weak topologies in these spaces. More precisely, for
γ ∈ [1,∞), we use wγ to indicate the topology of weak convergence in the Banach
space (Lγ , ‖ · ‖γ), and for γ = ∞, by considering the space (�L∞, ‖ · ‖∞) as the

conjugate space of the Banach space (�L1, ‖ · ‖1), one has the topology w∞ induced
by the weak∗ convergence in (�L∞, ‖ · ‖∞). In a unified way, gn → g0 in (Lγ , wγ) if
and only if ∫ 1

0

gn(t)f(t)dt →
∫ 1

0

g0(t)f(t)dt

for each f(t) ∈ �Lγ∗
. Here γ∗ := γ/(γ − 1) is the conjugate exponent of γ. See [27,

Ch. 38].
For eigenvalues of the p-Laplacian with potentials, we can establish two funda-

mental results. The first one is the continuity of eigenvalues in weak topologies.

Theorem 1.1. Given γ ∈ [1,∞] and an admissible m, the following functional is
continuous:

(Lγ , wγ) → R, q → λm(q).

This theorem is a generalization of the results in [24, 30]. See also [22] for some
related results on eigenvalues of Dirac operators.

The second result is the differentiability (in the sense of Fréchet) of eigenvalues
in potentials with the Lγ norms.

Theorem 1.2. Given γ ∈ [1,∞] and an admissible m, the functional

(Lγ , ‖ · ‖γ) → R, q → λm(q)

is continuously differentiable. Moreover, at any q ∈ Lγ , the differential of λm(q),
denoted by ∂qλm(q) ∈ (Lγ , ‖ · ‖γ)∗, is given by

(1.3) ∂qλm(q)(t) = −|Em(t; q)|p, t ∈ [0, 1].

Here Em(t; q) is the eigenfunction associated with λm(q) satisfying the normaliza-
tion condition

(1.4) ‖Em(·; q)‖p =

(∫ 1

0

|Em(t; q)|pdt
)1/p

= 1,

while the function −|Em(·; q)|p of (1.3) is understood as

−|Em(·; q)|p ∈ (�Lγ∗
, ‖ · ‖γ∗) ⊂ (Lγ , ‖ · ‖γ)∗.

The differentiability result is a generalization of the works [23] where the dif-
ferentiability of simple eigenvalues of linear differential operators is proved using
an approach different from here. It is interesting to notice that formula (1.3) for
differentials of eigenvalues can be expressed simply by using the associated eigen-
functions.

Consider the scalar equation

(1.5) (φp(x
′))′ + q(t)φp(x) = 0, t ∈ [0, 1].

Let y = −φp(x
′) and introduce the following p-polar coordinates:

(1.6) x = r2/pCp(θ), y = r2/p
∗
Sp(θ),



EIGENVALUES OF THE p-LAPLACIAN 2005

where Cp(θ) and Sp(θ) are the so-called p-cosine and p-sine functions whose prop-
erties will be collected in Lemma 2.1. In order to prove Theorems 1.1 and 1.2, we
will mainly study in Section 2 the dependence of θ = θ(t;ϑ, q), the argument of
equation (1.5), on the potential q. It will be proved that the argument θ(t;ϑ, q)
is continuous in q with respect to wγ and is continuously differentiable in q with
respect to ‖ · ‖γ . See Theorem 2.3 and Theorem 2.5, respectively.

The complete proofs of Theorems 1.1 and 1.2 will be given in Section 3. In
this section, by considering q ∈ Lγ as 1-periodic potentials, we will also prove that
the rotation number �(q) of (1.5) (see [29]) and the variational 1-periodic and 1-
anti-periodic eigenvalues of (1.1) (see [5, 6]) are also continuous in q ∈ (Lγ , wγ).
See Theorem 3.5 and Theorem 3.6, respectively. It is well known that even for
the linear case p = 2, the latter objects are not continuously differentiable at all
q ∈ (Lγ , ‖ · ‖γ). In this sense, the results in Theorems 1.1 and 1.2 are optimal.

In Section 4, taking the Dirichlet problem as an example, we will give a par-
tial generalization of Theorems 1.1 and 1.2 to weighted eigenvalues of the one-
dimensional p-Laplacian

(1.7) (φp(x
′))′ + μω(t)φp(x) = 0, t ∈ [0, 1],

with the Dirichlet boundary condition

(1.8) x(0) = x(1) = 0.

Here the weight ω ∈ Lγ\{0}. When the weight ω = ρ is (positive-) definite, i.e.,

(1.9) ρ ∈ Wγ :=
{
ρ ∈ Lγ : ρ(t) ≥ 0 a.e. t ∈ [0, 1], and

∫ 1

0
ρ(t)dt > 0

}
,

it is well known [15, 28] that the eigenvalues of (1.7)-(1.8) are a sequence {μm(ρ)}m∈N

of positive numbers. We will show that the μm(ρ) are also continuous in ρ ∈
(Wγ , wγ). See Theorem 4.2. Notice that for any γ ∈ [1,∞], Wγ ⊂ (Lγ , ‖ · ‖γ) is
not open because of the restriction ρ(t) ≥ 0 for a.e. t ∈ [0, 1]. However, we can
apply the Implicit Function Theorem to prove that μm|Wγ can be locally extended
to a continuously differentiable functional. See Theorem 4.3.

We think the results of this paper will be important in many problems concerned
with eigenvalues. As an example, in Section 5, we will present an application of the
results of this paper to a basic extremal problem of weighted eigenvalues. Roughly
speaking, the continuity of eigenvalues in weak topologies can yield the existence
of minimizers and maximizers if only the domains are compact in weak topologies,
while differentials of eigenvalues can be used to deduce the critical equations for
minimal and maximal potentials or weights, as done in [31] for the smallest periodic
eigenvalues of linear Hill’s equations. Compared with the traditional approach to
extremal problems of eigenvalues in [16, 18, 20, 25], the approach here is quite
different and is easy to handle. Some further applications to extremal problems of
eigenvalues will be undertaken in future works.

2. The p-polar coordinates and the arguments

Given an exponent p ∈ (1,∞) and a potential q ∈ Lγ , γ ∈ [1,∞], let us consider
the scalar equation (1.5). By setting y = −φp(x

′), equation (1.5) can be rewritten
as a planar system

(2.1) x′ = −φp∗(y), y′ = q(t)φp(x).
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In the (x, y)-plane, let us introduce the p-polar coordinates (1.6), where (Cp(θ),
Sp(θ)), θ ∈ R, is the unique solution of

dx

dθ
= −φp∗(y),

dy

dθ
= φp(x),

satisfying (x(0), y(0)) = (1, 0). These functions Cp(θ) and Sp(θ) are the so-called
p-cosine and p-sine because they possess properties similar to those of the standard
cosine and sine as shown in the following lemma.

Lemma 2.1. The p-cosine and the p-sine have the following properties.
(i) Both Cp(θ) and Sp(θ) are 2πp-periodic, where

πp =
2π(p− 1)1/p

p sin(π/p)
;

(ii) Cp(θ) is even in θ and Sp(θ) is odd in θ;
(iii) Cp(θ + πp) = −Cp(θ), Sp(θ + πp) = −Sp(θ);
(iv) Cp(θ) = 0 if and only if θ = πp/2 + nπp, n ∈ Z, and Sp(θ) = 0 if and only

if θ = nπp, n ∈ Z;

(v) d
dθCp(θ) = −φp∗(Sp(θ)) and

d
dθSp(θ) = φp(Cp(θ));

(vi) |Cp(θ)|p + (p− 1)|Sp(θ)|p
∗ ≡ 1.

In the p-polar coordinates (1.6), system (2.1) is transformed into the following
equations for r and θ:

(log r)′ = G(t, θ; q) := (p/2) (q(t)− 1)φp(Cp(θ))φp∗(Sp(θ)),(2.2)

θ′ = A(t, θ; q) := q(t) |Cp(θ)|p + (p− 1) |Sp(θ)|p
∗
.(2.3)

Notice that A(t, θ; q) is independent of r. Moreover, both G(t, θ; q) and A(t, θ; q)
are πp-periodic in θ, and A(t, θ; q) is continuously differentiable in θ:

(2.4)
∂A(t, θ; q)

∂θ
≡ −2G(t, θ; q).

For the detailed constructions, one can refer to [29].
In the following we first consider equation (2.3) for the argument θ. For any

ϑ ∈ R, denote by θ(t;ϑ, q), t ∈ [0, 1], the unique solution of (2.3) satisfying the
initial condition θ(0;ϑ, q) = ϑ.

The solution θ(·;ϑ, q) is a function in the space C0 := C([0, 1],R) of continuous
functions from [0, 1] to R. Suppose that ϑ ∈ R is fixed. It is well known that
the solution θ(·;ϑ, q) depends on q ∈ Lγ in a continuous way when the usual Lγ

topology ‖ · ‖γ on Lγ is considered. In this paper, in order to prove Theorem
1.1, we will actually show that θ(·;ϑ, q) has a stronger continuity in the potential
q. From the characterization of sequentially compact subsets in the space (�L1, w1)
(see [10, p. 294]), one has the following important observation on weak convergence
in (�L1, w1).

Lemma 2.2 ([22]). Let {fn}n≥0 ⊂ �L1 be such that fn → f0 in (�L1, w1) and
{gn}n≥0 ⊂ �L∞. Set

hn(t) :=

∫ t

0

fn(s)gn(s)ds, t ∈ [0, 1].
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It is obvious that {hn}n≥0 ⊂ C0. We have the following conclusions.
(i) If {gn}n≥1 ⊂ (�L∞, ‖ · ‖∞) is bounded, then {hn}n≥1 ⊂ (C0, ‖ · ‖∞) is a

relatively sequentially compact subset.
(ii) If gn → g0 in (�L∞, ‖ · ‖∞), then hn → h0 in (C0, ‖ · ‖∞).

Now we can give one of the main results of this section on arguments.

Theorem 2.3. Let γ ∈ [1,∞] and ϑ ∈ R. The following solution mapping of
equation (2.3) is continuous:

(Lγ , wγ) → (C0, ‖ · ‖∞), q → θ(·;ϑ, q).

Proof. At first, let us notice that if γ ∈ (1,∞], then one has

qn → q0 in (Lγ , wγ) =⇒ qn → q0 in (�L1, w1).

Thus it suffices to prove the theorem only for the case γ = 1.
Let {qn}n≥0 ⊂ �L1 be such that qn → q0 in (�L1, w1). Denote

θn(t) := θ(t;ϑ, qn) ∈ C0, n ≥ 0.

We need to prove that θn → θ0 in (C0, ‖ · ‖∞).

Step 1. Since θn(t) is the solution of equation (2.3) with q = qn, we get

θn(t) = ϑ+

∫ t

0

qn(s) |Cp(θn(s))|p ds+
∫ t

0

(p− 1) |Sp(θn(s))|p
∗
ds(2.5)

=: ϑ+ θ1n(t) + θ2n(t), t ∈ [0, 1],(2.6)

where, for n = 0, 1, 2, . . . ,

θ1n(t) =

∫ t

0

qn(s) |Cp(θn(s))|p ds,(2.7)

θ2n(t) =

∫ t

0

(p− 1) |Sp(θn(s))|p
∗
ds.(2.8)

Step 2. Now we are going to apply Lemma 2.2 (i) to (2.7) and (2.8). For the
sequence (2.7), let fn(t) = qn(t), n ≥ 0, and gn(t) = |Cp(θn(t))|p, n ≥ 1. We

know that fn → f0 in (�L1, w1) and {gn}n≥1 ⊂ (�L∞, ‖ · ‖∞) is bounded. Thus
{θ1n}n≥1 ⊂ (C0, ‖ · ‖∞) is relatively (sequentially) compact. Similarly, by setting

fn(t) ≡ p − 1, n ≥ 0 and gn(t) = |Sp(θn(t))|p
∗
, n ≥ 1, we know that {θ2n}n≥1 ⊂

(C0, ‖ · ‖∞) is also relatively compact. In conclusion, by formula (2.6), the sequence
{θn}n≥1 ⊂ (C0, ‖ · ‖∞) is relatively compact.

Step 3. Let {θn′} be any subsequence of {θn}n≥1. From Step 2, one has a sub-
subsequence {θn′′} of {θn′} such that, as n′′ → ∞, it follows that

(2.9) θn′′ → θ∗ in (C0, ‖ · ‖∞) for some θ∗ ∈ C0.

As Cp and Sp are continuous, the corresponding sequences {|Cp(θn′′(t))|p} and

{|Sp(θn′′(t))|p
∗
} converge to |Cp(θ∗(t))|p and |Sp(θ∗(t))|p

∗
in (C0, ‖ · ‖∞), respec-

tively. Now applying Lemma 2.2 (ii) to these sub-subsequences, we know from the
right-hand sides of (2.5) that

(2.10) θn′′(t) → ϑ+

∫ t

0

q0(s) |Cp(θ∗(s))|p ds+
∫ t

0

(p− 1) |Sp(θ∗(s))|p
∗
ds
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in (C0, ‖ · ‖∞). From the uniqueness of the limit of {θn′′}, by (2.9) and (2.10), the
limit θ∗(t) satisfies

θ∗(t) ≡ ϑ+

∫ t

0

q0(s) |Cp(θ∗(s))|p ds+
∫ t

0

(p− 1) |Sp(θ∗(s))|p
∗
ds, t ∈ [0, 1].

This shows that θ∗(t) is just the solution of (2.3) with q = q0. We conclude that

(2.11) θ∗(t) ≡ θ0(t) = θ(t;ϑ, q0).

Step 4. Equality (2.11) shows that the limit θ0 ∈ C0 is independent of the choice
of subsequences {θn′} and {θn′′}. Consequently, the sequence {θn}n≥1 itself is
convergent to θ0 in (C0, ‖ · ‖∞), proving the theorem. �

Remark 2.4. (i) By similar arguments as in the proof of Theorem 2.3, we can obtain
a little bit stronger continuity result. That is, the following mapping,

(2.12) R× (Lγ , wγ) → (C0, ‖ · ‖∞), (ϑ, q) → θ(·;ϑ, q),
is jointly continuous in (ϑ, q).

(ii) Notice that the solutions θ(t;ϑ, q) = θ(t;ϑ, q, p) are also dependent on the
exponent p. If we consider the exponent p as another parameter, then

R× (Lγ , wγ)× (1,∞) → (C0, ‖ · ‖∞), (ϑ, q, p) → θ(·;ϑ, q, p),
is also jointly continuous in (ϑ, q, p).

Now we can give the continuous differentiability of solutions θ(t;ϑ, q) in poten-
tials q with respect to the Lγ norms. Without loss of generality, we only consider
solutions at t = 1. Given ϑ ∈ R, let us define the solution functional Θ : Lγ → R

of equation (2.3) by

(2.13) Θ(ϑ, q) := θ(1;ϑ, q).

Theorem 2.5. Let γ ∈ [1,∞] and ϑ ∈ R be fixed.
(i) The following functional is continuously differentiable:

(Lγ , ‖ · ‖γ) → R, q → Θ(ϑ, q).

(ii) Define

X(t;ϑ, q) = exp

(∫ t

1

(q(τ )− 1)φp(Cp(θ(τ ;ϑ, q)))φp∗(Sp(θ(τ ;ϑ, q)))dτ

)

×Cp(θ(t;ϑ, q)), t ∈ [0, 1].(2.14)

Then X(·;ϑ, q) is a solution of equation (1.5). Moreover, the differential of Θ(ϑ, q)
at q ∈ Lγ , denoted by ∂qΘ(ϑ, q), is the following function:

(2.15) ∂qΘ(ϑ, q)(t) = |X(t;ϑ, q)|p ∈ C0 ⊂ (Lγ , ‖ · ‖γ)∗.

Proof. Step 1. Let q ∈ Lγ be fixed. We first compute the directional derivative of
Θ(ϑ, q) along the direction h ∈ Lγ , which is defined as

Dq(h) =
dΘ(ϑ, q + εh)

dε

∣∣∣∣
ε=0

.

For simplicity, let us write

(2.16) θ(t) := θ(t;ϑ, q), θ(t, ε) := θ(t;ϑ, q + εh), t ∈ [0, 1].



EIGENVALUES OF THE p-LAPLACIAN 2009

Notice that θ(0, ε) ≡ ϑ. Moreover, from (2.3) we know that θ(t, ε) satisfies

(2.17)
d

dt
θ(t, ε) = (q(t) + εh(t)) |Cp(θ(t, ε))|p + (p− 1) |Sp(θ(t, ε))|p

∗
.

Thus θ(t, ε) is continuously differentiable in ε. For simplicity, let us denote

ψ(t) :=
dθ(t, ε)

dε

∣∣∣∣
ε=0

.

Thus ψ(0) = 0 because θ(0, ε) ≡ ϑ. Moreover, by differentiating (2.17) with respect
to ε at ε = 0, we have the following variational equation for ψ(t):

(2.18)
d

dt
ψ(t) = h(t) |Cp(θ(t))|p + p a(t)ψ(t).

Here

(2.19) a(t) := −(2/p)G(t, θ(t); q) = − (q(t)− 1)φp(Cp(θ(t)))φp∗(Sp(θ(t))).

See (2.2)–(2.4) and the notation for θ(t) in (2.16). As ψ(0) = 0, the unique solution
of the linear equation (2.18) is

ψ(t) =

∫ t

0

exp

(∫ t

s

p a(τ )dτ

)
|Cp(θ(s))|p · h(s)ds, t ∈ [0, 1].

In particular,

Dq(h) =

∫ 1

0

exp

(∫ 1

s

p a(τ )dτ

)
|Cp(θ(s))|p · h(s)ds

=

∫ 1

0

|X(s;ϑ, q)|p · h(s)ds,(2.20)

where X(t;ϑ, q) is as in (2.14). Since

|X(·;ϑ, q)|p ∈ C0 ⊂ (�Lγ∗
, ‖ · ‖γ∗) ⊂ (Lγ , ‖ · ‖γ)∗,

Dq(h) of (2.20) defines a bounded linear functional Dq ∈ (Lγ , ‖ · ‖γ)∗.
Step 2. In order to prove the continuous differentiability of Θ(ϑ, q) in the po-

tential q ∈ (Lγ , ‖ · ‖γ), it suffices to prove that the bounded linear functional Dq is
continuous in q. More precisely, we need only to prove that the following mapping,

(Lγ , ‖ · ‖γ) → (�Lγ∗
, ‖ · ‖γ∗), q → |X(·;ϑ, q)|p,

is continuous. In Corollary 2.6 below, we will prove a stronger continuity result.
Now (2.20) can be explained as the equality (2.15) for the differential of Θ(ϑ, q) in
q.

Step 3. Finally, let us prove that X(t;ϑ, q) is a solution of equation (1.5). Recall
that θ(t;ϑ, q) is a solution of (2.3). It follows from equation (2.2) that

r(t;ϑ, q) := exp

(∫ t

1

G(τ, θ(τ ;ϑ, q); q)dτ

)

is a solution of (2.2) satisfying r(1;ϑ, q) = 1. Let us write the first factor of (2.14)
as

(2.21) R(t;ϑ, q) := exp

(∫ t

1

(q(τ )− 1)φp(Cp(θ(τ ;ϑ, q)))φp∗(Sp(θ(τ ;ϑ, q)))dτ

)
.

By (2.19), we have the equality

R(t;ϑ, q) ≡ (r(t;ϑ, q))2/p.
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Now the function X(t;ϑ, q) of (2.14) can be rewritten as

(2.22) X(t;ϑ, q) = R(t;ϑ, q)Cp(θ(t;ϑ, q)) = (r(t;ϑ, q))2/pCp(θ(t;ϑ, q)).

Using the p-polar coordinates (1.6), we know that X(t;ϑ, q) is a solution of equation
(1.5). �

Corollary 2.6. Given γ ∈ [1,∞] and ϑ ∈ R, the following mappings are continu-
ous:

(Lγ , wγ) → (C0, ‖ · ‖∞), q → X(·;ϑ, q),(2.23)

(Lγ , wγ) → (C0, ‖ · ‖∞), q → |X(·;ϑ, q)|p.(2.24)

Proof. It suffices to prove (2.23), because the continuity of (2.24) is simply a conse-
quence of (2.23). Let qn → q0 in (Lγ , wγ). By Theorem 2.3, we have, in (C0, ‖·‖∞),

θ(·;ϑ, qn) → θ(·;ϑ, q0), Cp(θ(·;ϑ, qn)) → Cp(θ(·;ϑ, q0)).

By the first formula of (2.22), we need only to prove

(2.25) R(·;ϑ, qn) → R(·;ϑ, q0) in (C0, ‖ · ‖∞).

Notice that

fn(t) := qn(t)− 1 → q0(t)− 1 =: f0(t) in (�L1, w1),

gn(t) := φp(Cp(θ(t;ϑ, qn)))φp∗(Sp(θ(t;ϑ, qn)))

→ φp(Cp(θ(t;ϑ, q0)))φp∗(Sp(θ(t;ϑ, q0))) =: g0(t) in (C0, ‖ · ‖∞).

By Lemma 2.2 (ii), we have∫ t

1

fn(s)gn(s)ds =

∫ t

0

fn(s)gn(s)ds−
∫ 1

0

fn(s)gn(s)ds

→
∫ t

0

f0(s)g0(s)ds−
∫ 1

0

f0(s)g0(s)ds

=

∫ t

1

f0(s)g0(s)ds in (C0, ‖ · ‖∞).

By formula (2.21), one has

R(t;ϑ, qn) = exp

(∫ t

1

fn(s)gn(s)ds

)
→ exp

(∫ t

1

f0(s)g0(s)ds

)
= R(t;ϑ, q0)

in (C0, ‖ · ‖∞), proving the desired result (2.25). �

Let qi ∈ Lγ , i = 0, 1. We write q1 ≥ q0 if q1(t) ≥ q0(t) for a.e. t ∈ [0, 1]. We

write q1 
 q0 if q1 ≥ q0 and
∫ 1

0
q1(t)dt >

∫ 1

0
q0(t)dt.

Lemma 2.7 ([29]). Let ϑ ∈ R. Then

q0, q1 ∈ Lγ , q1 ≥ q0 =⇒ Θ(ϑ, q1) ≥ Θ(ϑ, q0),

q0, q1 ∈ Lγ , q1 
 q0 =⇒ Θ(ϑ, q1) > Θ(ϑ, q0).

These results were proved in [29] using the comparison result for solutions of
the first-order ODEs (2.3). They can also be obtained from (2.15) because the
differentials are positive functionals.
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3. Eigenvalues of the p-Laplacian with potentials

3.1. Equations for eigenvalues. It is well known that separated eigenvalues of
(1.1)-(1.2) can be obtained by solving equations concerned with the arguments. To
this end, let us write the separated boundary conditions (1.2) in the following way:

(3.1) φp∗(Sp(α))x(0) + Cp(α)x
′(0) = 0, φp∗(Sp(β))x(1) + Cp(β)x

′(1) = 0,

where the boundary data α, β can take in any interval of length πp. In this
paper, we assume that α, β ∈ [−πp/2, πp/2). For example, the Dirichlet boundary
condition corresponds to α = β = −πp/2.

In the p-polar coordinates (1.6), we have

x(t) = (r(t))2/pCp(θ(t)), x′(t) = −(r(t))2/pφp∗(Sp(θ(t))).

Then the boundary conditions (3.1) can be rewritten as

θ(0) = α+ kπp, θ(1) = β + lπp,

where k, l ∈ Z. In terms of Θ of (2.13), λ ∈ R is an eigenvalue of problem (1.1)-(3.1)
if and only if λ ∈ R satisfies

(3.2) Θ(α, λ+ q) = β +mπp

for some integer m ∈ Z. The range of m depends on the boundary data β. To
describe this, some well-known properties of θ(t;ϑ, q) and Θ(ϑ, q) are listed in the
following lemmas.

Lemma 3.1. Given q ∈ Lγ and ϑ ∈ R, let θ(t) = θ(t;ϑ, q) be the solution of (2.3).
Then

θ(t) ≥ −πp/2 +mπp at t ∈ [0, 1) ⇒ θ(s) > −πp/2 +mπp ∀ s ∈ (t, 1].

Here m ∈ Z. In particular, Θ(ϑ, λ + q) > −πp/2 for any ϑ ∈ [−πp/2, πp/2) and
any λ ∈ R.

Lemma 3.2. Given q ∈ Lγ and ϑ ∈ R, then
(i) Θ(ϑ, λ+ q) is strictly increasing in λ ∈ R;
(ii) limλ→+∞ Θ(ϑ, λ+ q) = +∞;
(iii) limλ→−∞ Θ(ϑ, λ+ q) = −πp/2 if ϑ ∈ [−πp/2, πp/2).

Consequently, (3.2) has some solution λ = λm(q;α, β) when and only when

m ∈ Nβ :=

{
N if β = −πp/2,
Z
+ := N ∪ {0} otherwise.

Namely, all the eigenvalues of problem (1.1)-(3.1) consist of a sequence λ = λm(q) =
λm(q;α, β), m ∈ Nβ . In particular, for the Dirichlet boundary conditions, the
zeroth eigenvalues λ0(q) are meaningless. For detailed proofs of these results, see
[4] and [5, Theorem 1.1].

3.2. Continuity of eigenvalues and eigenfunctions in weak topologies.

Proof of Theorem 1.1. Let α, β and m ∈ Nβ be specified. Suppose that qn → q0
in (Lγ , wγ). Denote νn := λm(qn;α, β). One has

(3.3) Θ(α, νn + qn) = β +mπp, n ∈ Z
+.
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We need to prove that νn → ν0 as n → ∞. If not, passing to a subsequence, we
assume that there exists ε0 > 0 such that

|νn − ν0| ≥ ε0 ∀ n ≥ 1.

Without loss of generality, we may assume further that

νn ≥ ν0 + ε0 ∀ n ≥ 1.

Thus

(3.4) νn + qn ≥ ν0 + ε0 + qn.

By the monotonicity in Lemma 2.7, we obtain from (3.3) and (3.4) that

(3.5) β +mπp = Θ(α, νn + qn) ≥ Θ(α, ν0 + ε0 + qn) ∀ n ≥ 1.

Letting n → ∞ in (3.5) and noticing that ν0 + ε0 + qn → ν0 + ε0 + q0 in (Lγ , wγ),
we have

β +mπp ≥ Θ(α, ν0 + ε0 + q0) (by Theorem 2.3)

> Θ(α, ν0 + q0) (by Lemma 2.7)

= β +mπp (by (3.3)).

Such a contradiction proves Theorem 1.1. �

Remark 3.3. Instead of Theorem 2.3, if we apply the results in Remark 2.4, we
can actually prove that the eigenvalues λm(q;α, β, p) are also continuous in the
boundary data (α, β) and the exponent p. More precisely, the following mapping,

(Lγ , wγ)× [−πp/2, πp/2)× [−πp/2, πp/2)× (1,∞) → R,

(q, α, β, p) → λm(q;α, β, p),

is jointly continuous in (q, α, β, p).

For any admissible α, β, m, for simplicity, denote λm(q) := λm(q;α, β). Let us
define

Êm(t; q) = Êm(t; q, α, β) := X(t;α, λm(q) + q) ∈ C0,(3.6)

Em(t; q) = Em(t; q, α, β) :=
Êm(t; q)

‖Êm(·; q)‖p
∈ C0.(3.7)

One knows from Theorem 2.5 (ii) that x(t) = Êm(t; q) is a solution of

(φp(x
′))′ + (λm(q) + q(t))φp(x) = 0.

Moreover, combining (2.22) and (3.2), which determines λm(q), one knows that

x(t) = Êm(t; q) satisfies the boundary condition (3.1). Thus Êm(t; q) of (3.6) is an
eigenfunction and Em(t; q) of (3.7) is a normalized eigenfunction associated with

λm(q), respectively. These eigenfunctions Êm(t; q) and Em(t; q) also have a very
strong continuous dependence on the potentials q.

Theorem 3.4. Given admissible α, β and m, both the eigenfunctions Êm(t; q) and
Em(t; q) are continuous in q ∈ (Lγ , wγ). More precisely, the following mappings
are continuous:

(Lγ , wγ) → (C0, ‖ · ‖∞), q → Êm(·; q), q → Em(·; q).
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Proof. The proof combines the continuity results of Theorem 1.1 and Corollary 2.6.
Let us first consider Êm(·; q). Suppose that qn → q0 in (Lγ , wγ). By Theorem

1.1, we know that λm(qn) → λm(q0) in R. Consequently,

q̃n := λm(qn) + qn → λm(q0) + q0 =: q̃0 in (Lγ , wγ).

By (2.23), we have, in (C0, ‖ · ‖∞),

(3.8) Êm(·; qn) = X(·;α, q̃n) → X(·;α, q̃0) = Êm(·; q0) in (C0, ‖ · ‖∞).

Next, (3.8) implies that

(3.9) ‖Êm(·; qn)‖p → ‖Êm(·; q0)‖p.

Now (3.8) and (3.9) can yield

Em(·; qn) =
Êm(·; qn)

‖Êm(·; qn)‖p
→ Êm(·; q0)

‖Êm(·; q0)‖p
= Em(·; q0)

in (C0, ‖ · ‖∞), which proves the continuity of Em(·; q) in q ∈ (Lγ , wγ). �

3.3. Differentiability of eigenvalues in Lγ norms. Given admissible α, β and
m, from (2.15) and (3.6), we have the equality

(3.10) ∂qΘ(α, ·)|λm(q)+q = |Êm(·; q)|p.

Proof of Theorem 1.2. Equation (3.2) for λ = λm(q) can be rewritten as the fol-
lowing implicit function equation:

(3.11) F (λ, q) = β +mπp,

where F : R × (Lγ , ‖ · ‖γ) → R is F (λ, q) := Θ(α, λ + q). By Theorem 2.5, F is
continuously differentiable in (λ, q). Moreover, the derivative of F (λ, q) in λ ∈ R is
simply

d

dλ
F (λ, q) =

∫ 1

0

|X(s;α, λ+ q)|pds > 0.

See (2.20). Applying the Implicit Function Theorem to (3.11), we conclude that the
solution function λ = λm(q) of (3.11) is continuously differentiable in q ∈ (Lγ , ‖·‖γ).

Next let us give the differential ∂qλm(q). Let q, h ∈ (Lγ , ‖ · ‖γ). Write

λm(q + εh) = λm(q) + ε�(h) + o(ε) as ε → 0,

where �(h) = ∂qλm(q) · h ∈ R is linear in h. By equation (3.11), we have

β +mπp ≡ Θ(α, λm(q + εh) + q + εh)

= Θ(α, λm(q) + q + ε(�(h) + h) + o(ε)).

Differentiating this equality in ε at ε = 0, we get

0 =

∫ 1

0

∂qΘ(α, λm(q) + q)(s) · (�(h) + h(s))ds

=

(∫ 1

0

∣∣∣Êm(s; q)
∣∣∣p ds

)
· �(h) +

∫ 1

0

∣∣∣Êm(s; q)
∣∣∣p · h(s)ds,
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where (3.10) is used. Thus

�(h) = −

∫ 1

0

∣∣∣Êm(s; q)
∣∣∣p · h(s)ds∫ 1

0
|Êm(s; q)|pds

= −
∫ 1

0

∣∣∣Êm(s; q)
∣∣∣p∥∥∥Êm(·; q)
∥∥∥p
p

· h(s)ds

=

∫ 1

0

(−|Em(s; q)|p) · h(s)ds.

See definition (3.7) for Em(s; q). Therefore we have ∂qλm(q)(t) = −|Em(t; q)|p.
This proves (1.3) and (1.4). �

Since the differentials (1.3) of the eigenvalues define negative linear functionals
of (Lγ , ‖ · ‖γ), the eigenvalues possess the following monotonicity in potentials:

q0, q1 ∈ Lγ , q1 ≥ q0 =⇒ λm(q1;α, β) ≤ λm(q0;α, β),

q0, q1 ∈ Lγ , q1 
 q0 =⇒ λm(q1;α, β) < λm(q0;α, β).

These can be proved using the monotonicity of Θ(ϑ, q) in Lemma 2.7. For details,
see [29].

3.4. Rotation numbers. Given γ ∈ [1,∞], the space Lγ = Lγ([0, 1];R) can be
identified as Lγ(R/Z;R) of 1-periodic integrable functions. For any q ∈ Lγ , the
equation

(3.12) (φp(x
′))′ + q(t)φp(x) = 0, t ∈ R,

defines a dynamical system. In the p-polar coordinates, one has (2.2)-(2.3). Now
the argument θ(t;ϑ, q) is well-defined for t ∈ R. The evolution of θ(t;ϑ, q) defines
the rotation number of equation (3.12), or of equation (2.3), by

(3.13) �(q) = �p(q) := lim
t→+∞

θ(t;ϑ, q)− ϑ

2πpt
= lim

t→+∞

θ([t];ϑ, q)− ϑ

2πp[t]
.

It is independent of the initial value ϑ ∈ R. See [13, 17]. In the present case,
�(q) ∈ [0,∞). See [26, 29]. Due to the 1-periodicity of q(t), we know that θ(t;ϑ, q)
satisfies

θ(t+ n;ϑ, q) = θ(t; θ(n;ϑ, q), q), θ(t;ϑ+ 2nπp, q) = θ(t;ϑ, q) + 2nπp

for any n ∈ Z.

Theorem 3.5. As a functional, the rotation number

(Lγ , wγ) → R, q → �(q)

is continuous in the weak topology of potentials.

Proof. Let us introduce

Homeo(R) :=
{
h : R → R : h is an orientation-preserving homeomorphism of R

such that h(ϑ+ 2nπp) ≡ h(ϑ) + 2nπp for all ϑ ∈ R and n ∈ Z
}
.

The metric on Homeo(R) is defined as

d∞(h1, h2) := max
ϑ∈R

|h1(ϑ)− h2(ϑ)| = max
ϑ∈[0,2πp]

|h1(ϑ)− h2(ϑ)|.
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It is known that for each h ∈ Homeo(R), the rotation number

�̂(h) := lim
n→+∞

hn(ϑ)− ϑ

2πpn
∈ R

is well-defined and independent of ϑ. Moreover,

�̂ : (Homeo(R), d∞) → R

is continuous [17, Proposition 11.1.6]. By Remark 2.4, for each q ∈ Lγ , the solution
θ(t;ϑ, q) defines a homeomorphism Θ(q)(·) := θ(1; ·, q) ∈ Homeo(R). Due to the
continuity of (2.12), one sees that

Θ : (Lγ , wγ) → (Homeo(R), d∞), q → Θ(q)

is continuous. Now (3.13) shows that

q ∈ (Lγ , wγ) → Θ(q) ∈ (Homeo(R), d∞) → �̂ ◦Θ(q) = �(q) ∈ R

is continuous. �

For the case p = 2, Theorem 3.5 was proved in [30]. For some continuity result
of random dynamical systems on the circle, see [19].

3.5. Periodic and anti-periodic eigenvalues. Given q ∈ Lγ . One can consider
the periodic boundary condition

(3.14) x(1)− x(0) = x′(1)− x′(0) = 0,

and the anti-periodic boundary condition

(3.15) x(1) + x(0) = x′(1) + x′(0) = 0.

In case p �= 2, the structure of the eigenvalues of problem (1.1)-(3.14) and problem
(1.1)-(3.15) is more complicated than the linear case p = 2. See [5, 6]. It is known
that for each q ∈ Lγ , problems (1.1)-(3.14) and (1.1)-(3.15) have the so-called
variational eigenvalues, denoted by

(3.16) λ0(q) < λ1(q) ≤ λ1(q) < · · · < λm(q) ≤ λm(q) < · · ·

such that λm(q) and λm(q) are the eigenvalues of (1.1)-(3.14) (of (1.1)-(3.15), re-
spectively) when m is even (odd, respectively). Notice that λ0(q) is valid. In the
linear case p = 2, these have exhausted all periodic and anti-periodic eigenvalues for
any potential q(t). See [21]. The eigenvalues in (3.16) are also called the rotational
eigenvalues in [29], because they can be characterized using rotation numbers in
the following way:

λ0(q) = max {λ ∈ R : �(λ+ q) = 0} ,(3.17)

λm(q) = min {λ ∈ R : �(λ+ q) = m/2} ,(3.18)

λm(q) = max {λ ∈ R : �(λ+ q) = m/2} ,(3.19)

where m ∈ N. See [29, Theorem 3.3]. It is remarkable that there is some potential
q ∈ �L∞ such that besides these eigenvalues in (3.16), problem (1.1)-(3.14) will
admit some non-variational eigenvalues [5, 6]. Some characterization different from
(3.17)–(3.19) on those non-variational eigenvalues was given there. In this paper
we are only interested in variational eigenvalues because they are easily handled
and are more useful [1, 9, 14].
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Theorem 3.6. As functionals of potentials, variational eigenvalues are also con-
tinuous in weak topologies. That is, the following mappings are continuous:

(Lγ , wγ) → R, q → λm(q), q → λm(q).

Proof. As in [30], due to the rotation number approach (3.17)–(3.19), we can in-
troduce the functionals Θ, Θ : (Lγ , wγ) → R by

(3.20) Θ(q) := max
ϑ∈[0,2πp]

(Θ(ϑ, q)− ϑ), Θ(q) := min
ϑ∈[0,2πp]

(Θ(ϑ, q)− ϑ).

From the continuity of (2.12), one sees that both functionals Θ and Θ are continuous
in (Lγ , wγ). Now

λ = λm(q) ⇐⇒ Θ(λ+ q) = mπp,(3.21)

λ = λm(q) ⇐⇒ Θ(λ+ q) = mπp.(3.22)

See [29, Theorem 3.3]. Equalities (3.21) and (3.22) are the equations for variational
eigenvalues. One may compare them with equations (3.2) for separated eigenvalues.
In the proof of the continuity of separated eigenvalues in weak topologies, the crucial
fact we used was the monotonicity (3.5) of Θ(α, λ + q) in λ. By Lemma 2.7, it is
easy to see from (3.20) that both Θ(λ+ q) and Θ(λ+ q) have the monotonicity as
(3.5). Now the continuity of λm(q) and λm(q) in q ∈ (Lγ , wγ) can be obtained in a
similar way. �

Remark 3.7. Since λ0(q) is a simple eigenvalue, the following mapping,

(Lγ , ‖ · ‖γ) → R, q → λ0(q),

is continuously differentiable at all potentials q. Moreover, it can be proved that

∂qλ0(q) = −|E0(·; q)|p,

where E0(t; q) is a normalized eigenfunction associated with λ0(q). For higher-
order variational eigenvalues, due to the so-called coexistence of periodic and anti-
periodic eigenvalues [7] or the so-called parametric resonance [3], λm(q) and λm(q),
m ∈ N, cannot be continuously differentiable in q ∈ (Lγ , ‖ · ‖γ) at all potentials.

For example, λm(q) and λm(q), m ∈ N, are always not continuously differentiable
at constant potentials. Similarly, the rotation number �(q) is also not continuously
differentiable at some potentials such as q = 0. See [30].

4. Eigenvalues of the p-Laplacian with weights

4.1. Continuity of weighted eigenvalues in weak topologies. Given γ ∈
[1,∞], the set Wγ ⊂ Lγ of weights is defined by (1.9). Any ρ ∈ Wγ is called a
(positive) definite weight.

Given a definite weight ρ ∈ Wγ , we consider the eigenvalue problem

(4.1) (φp(x
′))′ + μρ(t)φp(x) = 0,

with the Dirichlet boundary condition (1.8). In the terminology of (3.1), condition
(1.8) corresponds to α = β = −πp/2. Since ρ 
 0, the eigenvalue problem is clear.
That is, the weighted eigenvalues of (4.1)-(1.8) are:

(0 <) μ1(ρ) < μ2(ρ) < · · · < μm(ρ) < · · · , μm(ρ) → +∞.

For detailed proofs, see, for example, [15, 28].
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Since we are only considering the boundary condition (1.8), for q ∈ Lγ , we make
use of the following simple notation:

Θ(q) := Θ(−πp/2, q) = θ(1;−πp/2, q), X(t; q) := X(t;−πp/2, q).

Now the eigenvalue μ = μm(ρ), m ∈ N, is determined by the following equation:

(4.2) Θ(μρ) = −πp/2 +mπp.

By the monotonicity of Θ(·) of Lemma 2.7, one also has the following monotonicity
results for weighted eigenvalues.

Lemma 4.1. Let m ∈ N be specified. Then

ρ0, ρ1 ∈ Wγ , ρ1 ≥ ρ0 =⇒ μm(ρ1) ≤ μm(ρ0),

ρ0, ρ1 ∈ Wγ , ρ1 
 ρ0 =⇒ μm(ρ1) < μm(ρ0).

Notice that Wγ ⊂ Lγ . Besides the usual topology induced by ‖ · ‖γ , one also has
the weak topology wγ in the space Wγ .

Theorem 4.2. Given γ ∈ [1,∞] and m ∈ N, the functional

(Wγ , wγ) → (0,∞), ρ → μm(ρ)

is continuous. That is, if ρn → ρ0 in (Wγ , wγ), one has μm(ρn) → μm(ρ0).

Proof. The proof is similar to that of Theorem 1.1. Suppose that ρn → ρ0 in
(Wγ , wγ). Denote νn := μm(ρn), n ∈ Z

+. One has

(4.3) Θ(νnρn) = −πp/2 +mπp, n ∈ Z
+.

We aim to prove that νn → ν0 as n → ∞. Notice that ν0 > 0. If νn �→ ν0, passing
to a subsequence, we assume that there exists ε0 ∈ (0, ν0) such that

|νn − ν0| ≥ ε0 ∀ n ≥ 1.

Without loss of generality, we may assume further that

0 < νn ≤ ν0 − ε0 ∀ n ≥ 1.

Thus

(4.4) ρn 
 0 =⇒ νnρn ≤ (ν0 − ε0)ρn.

By Lemma 2.7 and equalities (4.3), we have

−πp/2 +mπp = Θ(νnρn) ≤ Θ((ν0 − ε0)ρn) ∀ n ≥ 1.

Letting n → ∞ and noticing that (ν0 − ε0)ρn → (ν0 − ε0)ρ0 in (Lγ , wγ), we know
from Theorem 2.3 and Lemma 2.7 that

−πp/2 +mπp ≤ Θ((ν0 − ε0)ρ0) < Θ(ν0ρ0),

because ρ0 
 0 and (ν0 − ε0)ρ0 ≺ ν0ρ0. However, this contradicts the equality for
ν0. See (4.3) with n = 0. �
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4.2. Continuously differentiable extension of weighted eigenvalues. The
space (Lγ , ‖ · ‖γ) for potentials is a Banach space. However, the space Wγ for
positive-definite weights is only a cone of (Lγ , ‖ · ‖γ). In case γ ∈ [1,∞), due to
the restriction ρ 
 0, Wγ does not have any interior point in the space (Lγ , ‖ · ‖γ).
To make sense of the differentials of μm(ρ) in ρ, we must extend functionals μm(ρ),
ρ ∈ Wγ , to some open subset of (Lγ , ‖ · ‖γ). This will lead to weighted eigenvalues
of indefinite weights [2, 8, 11].

Now let ω ∈ Lγ\{0}, which may be sign-changing. Consider the weighted eigen-
value problem (1.7)-(1.8). In terms of the argument Θ(·), μ ∈ R is an eigenvalue of
(1.7)-(1.8) if and only if μ satisfies

(4.5) Θ(μω) = −πp/2 +mπp

for some m ∈ N. Notice that

(4.6) −πp/2 < Θ(0) < 0.

Hence all eigenvalues of (1.7)-(1.8) are necessarily non-zero. Though it is a classical
problem, different from the eigenvalue theory for the p-Laplacian with potentials, it
seems that the eigenvalue theory for (1.7)-(1.8) has not been completely established
for general integrable sign-changing weights from �Lγ , γ ∈ [1,∞).

In order to state some known results, let us introduce the following notation.
For any ω ∈ Lγ , we write

ω+(t) := max(ω(t), 0), ω−(t) = max(−ω(t), 0).

Hence ω(t) ≡ ω+(t)− ω−(t). Denote

Wγ
± := {ω ∈ Lγ : ω± 
 0} =

{
ω ∈ Lγ :

∫ 1

0

ω±(t)dt > 0

}
, γ ∈ [1,∞].

In case γ = ∞ and ω ∈ W∞
+ , the authors of [2] have applied the minimax

technique to prove that all positive eigenvalues of (1.7)-(1.8) are given by

(0 <) μ+
1 (ω) < μ+

2 (ω) < · · · < μ+
m(ω) < · · · , μ+

m(ω) → +∞.

It is not difficult to see that μ = μ+
m(ω) ∈ (0,∞) satisfies (4.5). For piecewise

continuous weights which are necessarily in �L∞, an ODE approach is given in [11].
See also [8] for the study of the (positive) principal eigenvalues μ+

1 (ω). Dually, for
ω ∈ W∞

− , problem (1.7)-(1.8) has a sequence of negative eigenvalues

μ−
m(ω) ≡ −μ+

m(−ω), m ∈ N.

Consequently, for ω ∈ W∞
+ ∩W∞

− , called a sign-changing weight, one has eigenvalues
{μ±

m(ω)}m∈N.
However, in case γ ∈ [1,∞), for those sign-changing weights ω ∈ Wγ

+ ∩Wγ
−, we

are not able to find general references on problems (1.7)-(1.8), though the desired
results can be expected. Considering this, we need to write the results of Theorem
4.3 in a moderate way. These will be used in the study of extremal problems in the
next section.

Notice that Wγ ⊂ Wγ
+ and Wγ

+ ⊂ (Lγ , ‖ · ‖γ) is an open subset. Recall that, for
any m ∈ N fixed, the following functional is well-defined:

Wγ → (0,∞), ρ → μm(ρ).

We have the following local extension of the functional μm(·).
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Theorem 4.3. Given γ ∈ [1,∞] and m ∈ N, then, for any ρ ∈ Wγ , there exists
δ = δρ,γ,m > 0 such that

Bδ(ρ) := {ω ∈ Lγ : ‖ω − ρ‖γ < δ} ⊂ Wγ
+,

and there exists a functional

Bδ(ρ) → (0,∞), ω → μ+
m(ω),

such that μ = μ+
m(ω) ∈ (0,∞) satisfies (4.5) and

(4.7) μ+
m(w) = μm(w), w ∈ Bδ(ρ) ∩Wγ .

Moreover, μ+
m(ω) is continuously differentiable in ω ∈ (Bδ(ρ), ‖ · ‖γ), with the

differential

(4.8) ∂ωμ
+
m(ω)(t) = −μ+

m(ω) · |E+
m(t;ω)|p ∈ C0 ⊂ (Lγ , ‖ · ‖γ)∗,

where E+
m(t;ω) is an eigenfunction associated with μ+

m(ω) and satisfies the following
normalization condition:

(4.9)

∫ 1

0

|E+
m(t;ω)|p · ω(t)dt = 1.

Proof. Since μ+
m(ω) ∈ (0,∞) will be constructed from equation (4.5), it is neces-

sarily a weighted eigenvalue of (1.7)-(1.8).
Step 1. The existence of Bδ(ρ) and μ+

m(·) will be proved by applying the Implicit
Function Theorem to equation (4.5). By Theorem 2.5, Θ(μω) is continuously dif-
ferentiable in (μ, ω) ∈ R× (Lγ , ‖ · ‖γ). Moreover, (μ, ω) = (μm(ρ), ρ) satisfies (4.5).
In order to apply the Implicit Function Theorem, we need only verify the following
condition:

(4.10)
d

dμ
Θ(μρ)

∣∣∣∣
μ=μm(ρ)

�= 0.

More generally, let ω ∈ Lγ be fixed. The derivative of Θ(μω) with respect to μ
is

(4.11)
d

dμ
Θ(μω) = ∂qΘ(q)|q=μω · ω =

∫ 1

0

|X(t;μω)|p · ω(t)dt.

See (2.15) and (2.20). Recall that X(t;μω) satisfies X(0;μω) = 0 and

(φp(X
′(t;μω)))′ + μω(t)φp(X(t;μω)) = 0.

Multiplying by X(t;μω) and integrating over [0, 1], we can get

μ ·
∫ 1

0

|X(t;μω)|p · ω(t)dt

= −
∫ 1

0

X(t;μω) · (φp(X
′(t;μω)))′dt

=

∫ 1

0

|X ′(t;μω)|pdt− X(t;μω)φp(X
′(t;μω))|1t=0

=

∫ 1

0

|X ′(t;μω)|pdt−X(1;μω)φp(X
′(1;μω))(4.12)

because X(0;μω) = 0. Substituting into (4.11), we get another equality:

(4.13)
d

dμ
Θ(μω) =

∫ 1

0
|X ′(t;μω)|pdt−X(1;μω)φp(X

′(1;μω))

μ
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for μ �= 0. Notice that for general μ, we have no further information on X(1;μω)
and X ′(1;μω).

However, if μ ∈ (0,∞) satisfies (4.5), we know that μ is necessarily a positive
eigenvalue of (1.7)-(1.8) and X(1;μω) = 0. Now (4.13) shows that

d

dμ
Θ(μω)

∣∣∣∣
μ>0 satisfies (4.5)

=

∫ 1

0
|X ′(t;μω)|pdt

μ
> 0.

Notice that (μ, ω) = (μm(ρ), ρ) satisfies (4.5). Consequently, we know that the
derivative (4.10) is actually positive.

Now the Implicit Function Theorem shows that there exists δ = δρ,γ,m > 0
and a continuously differentiable function μ+

m : (Bδ(ρ), ‖ · ‖γ) → (0,∞) such that
Bδ(ρ) ⊂ Wγ

+ and μ = μ+
m(ω) satisfies (4.5) for all ω ∈ Bδ(ρ). Due to equations (4.2)

and (4.5), we know that μ+
m(·) is a local extension of μm(·), i.e., (4.7) is satisfied.

Step 2. For any ω ∈ Bδ(ρ), as mentioned before, μ+
m(ω) is a positive eigenvalue

of (1.7)-(1.8). One can introduce the corresponding eigenfunction

Ẽm(t;ω) := X(t;μ+
m(ω)ω).

Let us now evaluate the differential of μ+
m(ω) at ω ∈ Bδ(ρ). To this end, let

h ∈ Lγ and ε ∈ R with |ε| small. Write

μ+
m(ω + εh) = μ+

m(ω) + ε�(h) + o(ε),

where �(h) ∈ R is linear in h. Now we get from (4.5) that

−πp/2 +mπp = Θ
(
μ+
m(ω + εh) (ω + εh)

)
= Θ

((
μ+
m(ω) + ε�(h) + o(ε)

)
(ω + εh)

)
= Θ

(
μ+
m(ω)ω + ε

(
�(h)ω + μ+

m(ω)h
)
+ o(ε)

)
.

Differentiating this with respect to ε at ε = 0, using the eigenfunction Ẽm(t;ω), we
can apply (2.15) and (2.20) to obtain

0 =

∫ 1

0

|Ẽm(t;ω)|p ·
(
�(h)ω(t) + μ+

m(ω)h(t)
)
dt

=

(∫ 1

0

|Ẽm(t;ω)|p · ω(t)dt
)
· �(h) + μ+

m(ω)

∫ 1

0

|Ẽm(t;ω)|p · h(t)dt.

Thus

(4.14) ∂ωμ
+
m(ω) · h = �(h) = −μ+

m(ω) ·
∫ 1

0

|Ẽm(t;ω)|p∫ 1

0
|Ẽm(s;ω)|p · ω(s)ds

· h(t)dt.

Let μ = μ+
m(ω) > 0 in (4.12). We have

A :=

∫ 1

0

|Ẽm(s;ω)|p · ω(s)ds = 1

μ+
m(ω)

∫ 1

0

|Ẽ′
m(s;ω)|pds > 0.

We can define an eigenfunction associated with μ+
m(ω) by

E+
m(t;ω) := A−1/p · Ẽm(t;ω).

Now (4.8) can be obtained from (4.14). Moreover, by the definition of E+
m(t;ω), it

satisfies the normalization condition (4.9). �

For any ω ∈ Bδ(ρ), formula (4.8) shows that ∂ωμ
+
m(ω)(t) is negative. Since Bδ(ρ)

is convex, one has the following monotonicity for μ+
m(ω).
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Lemma 4.4. Let μ+
m : Bδ(ρ) → (0,∞) be as in Theorem 4.3. Then

ω0, ω1 ∈ Bδ(ρ), ω1 ≥ ω0 =⇒ μ+
m(ω1) ≤ μ+

m(ω0),

ω0, ω1 ∈ Bδ(ρ), ω1 
 ω0 =⇒ μ+
m(ω1) < μ+

m(ω0).

For L∞ weights ω, global monotonicity results for μ+
m(ω) have been proved in

[2, 8] using the minimax characterization. However, the proof of our local results
of Lemma 4.4 is based on the differentials.

Remark 4.5. (i) We have not yet known whether μ+
m : Bδ(ρ) → (0,∞) is also

continuous in wγ . The reasons are as follows. For a sign-changing weight ω ∈ Bδ(ρ),
the function

(0,∞) → R, μ → Θ(μω),

is, in general, not increasing. Hence the inequalities such as (3.4) and (4.4) are now
incorrect. Thus the proofs of Theorem 1.1 and Theorem 4.2 do not work in the
present case.

(ii) In Theorem 4.3, we have found a local continuation μ+
m(ω) of the weighted

eigenvalue μm(ρ) which gives positive eigenvalues of (1.7)-(1.8) for some sign-
changing weights in Lγ , γ ∈ [1,∞). However, Theorem 4.3 has not given a general
spectrum result for sign-changing integrable weights, even for those weights which
are close to Wγ . The reason is that the intersection⋂

m∈N
Bδρ,γ,m

(ρ)

may shrink to a single point ρ.
(iii) Once the spectrum of (1.7)-(1.8) can be established for all integrable weights

ω ∈ Wγ
+, γ ∈ [1,∞), the eigenvalues μ+

m(ω) are globally continuously differentiable.
Moreover, results (4.8) and (4.9) hold for all ω ∈ Wγ

+. Dually, similar results can
be established for μ−

m(ω), ω ∈ Wγ
−.

5. Applications to extremal problems of eigenvalues

In this section, we will present some applications. Further work will be under-
taken in other papers.

5.1. The extremal problem of Krein. The following is a classical extremal
problem, which was solved by Krein [18] for the Laplacian case and by Yan and
Zhang [25] for the p-Laplacian case.

Let 0 < r ≤ h < ∞ be fixed. Define the set

(5.1) Er,h :=

{
ρ ∈ �L1 : 0 ≤ ρ(t) ≤ h a.e. t ∈ [0, 1],

∫ 1

0

ρ(t)dt = r

}
⊂ W1

+.

Given an exponent p ∈ (1,∞), for any ρ ∈ Er,h, we use μm(ρ), m ∈ N, to denote
the weighted Dirichlet eigenvalues of (4.1). Notice that they depend on p as well.
The following extremal problems,

(5.2) Lm(r, h) := inf
ρ∈Er,h

μm(ρ), Mm(r, h) := sup
ρ∈Er,h

μm(ρ),

have been solved in [18, 25], where there are two crucial steps.
The first step is to prove that both extremal values of (5.2) can be attained

by some weights in Er,h. This step is now quite easy by the weak continuity of
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Theorem 4.2, because the set Er,h of (5.1) is a sequentially compact subset of �L1

with respect to the weak topology w1. In fact,{
ρ ∈ �L1 : 0 ≤ ρ ≤ h

}
is an order interval and is sequentially compact in (�L1, w1), and{

ρ ∈ �L1 :

∫ 1

0

ρ(t)dt = r

}

is a sequentially closed subset of (�L1, w1). Notice that the restriction h on the
heights of weights is necessary to ensure that Er,h is sequentially compact in

(�L1, w1).
The second step is to find the minimizers and maximizers. This step is very

tricky, depending on the problem studied. For the L1 potentials and weights, the
solution is suggested by Pontrjagin’s Maximum Principle [27, §§48.6–48.8].

The explicit expressions of Lm(r, h) and Mm(r, h) can be found in [25]. That is,

(5.3) Lm(r, h) =
mp2php−1

rp
χp

( r

h

)
, Mm(r, h) =

mpπp
ph

p−1

rp
,

where, for any t ∈ (0, 1), χ = χp(t) ∈ (0, (−πp/2)
p) is the least positive root of the

following equation:

(5.4) χ1/p

(
Sp(χ

1/p)
)p∗−1

Cp(χ1/p)
=

t

1− t
,

and, for t = 1,

χp(1) := lim
t→1−

χp(t) = (πp/2)
p.

In [16], Karaa has studied several extremal problems concerned with eigenvalues
or weighted eigenvalues. One step is also the existence of minimizers or maximiz-
ers. This can also be explained using the continuity of these eigenvalues in weak
topologies.

5.2. The extremal problem in balls. Let γ ∈ [1,∞]. For any r ∈ (0,∞), we
can define the ball

Bγ [r] := {q ∈ Lγ : ‖q‖γ ≤ r}.
The extremal problems for eigenvalues of the p-Laplacian with potentials in Bγ [r],

(5.5) Lp
m,γ(r) := inf{λm(q) : q ∈ Bγ [r]}, Mp

m,γ(r) := sup{λm(q) : q ∈ Bγ [r]},
where m ∈ N, are of interest. In case γ ∈ (1,∞], it is well known that Bγ [r] is a
sequentially compact subset of (Lγ , wγ). An immediate result of Theorem 1.1 is

Corollary 5.1. Let γ ∈ (1,∞]. Then, for any r ∈ [0,∞), the extremal values
Lp
m,γ(r) and Mp

m,γ(r) of (5.5) are finite.

For the most interesting case γ = 1, the finiteness of Lp
m,1(r) and Mp

m,1(r) does
not follow from Theorem 1.1 in a direct way. By some topological fact on Lγ balls
in [31], one has the following limiting equalities:

(5.6) Lp
m,1(r) = lim

γ↓1
Lp
m,γ(r), Mp

m,1(r) = lim
γ↓1

Mp
m,γ(r).

In another paper, by examining Lp
m,γ(r) and Mp

m,γ(r), γ ∈ (1,∞), in a careful way,

we will use (5.6) to prove that both Lp
m,1(r) and Mp

m,1(r) are also finite for all r.
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In fact, these two important extremal values can be evaluated explicitly by using
r, as done in [31] for the case p = 2.

Due to the continuity result of Theorem 3.5, one can study the following extremal
problem for the rotation number:

(5.7) Rp
γ(r) := sup {�(ρ) : ρ ∈ Bγ [r]} .

Like the consideration in [12] for the case p = 2, we can obtain the following upper
bound:

Rp
γ(r) ≤ C(γ, p)r1/p, r ∈ [0,∞), γ ∈ [1,∞].

Here C(γ, p) is some constant which can be evaluated using the Sobolev constant
K(pγ∗, p) of (5.19) below. However, problem (5.7) remans open.

5.3. An extremal problem on non-compact sets. Notice that the problems
above are all defined in sets which are sequentially compact in weak topologies.
In this subsection, we will give a complete solution to an extremal problem on a
non-compact set of weights. Of particular interest is that we will use some methods
which are completely different from those in [16, 18, 25].

Given γ ∈ [1,∞] and r ∈ (0,∞), one can define the positive semi-sphere

Eγ
r := {ρ ∈ Lγ : 0 ≤ ρ(t) a.e. t ∈ [0, 1], ‖ρ‖γ = r} ⊂ Wγ .

Different from the previous two problems, the set Eγ
r of weights is not sequentially

compact even in the weak topology wγ .
Let p ∈ (1,∞) be given. We use μm(ρ), m ∈ N, to denote weighted Dirichlet

eigenvalues of (4.1) with ρ ∈ Wγ . We are interested in the following extremal value:

(5.8) Lm,γ(r) := inf
ρ∈Eγ

r

μm(ρ),

which is well-defined and is positive [28]. Of particular interest is the case γ = 1.
In Theorem 5.6 below, we will give an answer to Lm,γ(r).

Preliminarily, as μm(cρ) = μm(ρ)/c for all ρ ∈ Wγ and c > 0, by definition (5.8)
of Lm,γ(r), it is easy to see that Lm,γ(r) satisfies

0 < r1 < r2 < ∞ =⇒ Lm,γ(r2)

Lm,γ(r1)
=

r1
r2

< 1.

In particular, we have the following result.

Lemma 5.2. Given γ ∈ [1,∞] and m ∈ N, as a function of r, Lm,γ(·) : (0,∞) →
(0,∞) is strictly decreasing.

We distinguish three cases for γ ∈ [1,∞].

Case γ = ∞. By the monotonicity results of Lemma 4.1, it is easy to see that

Lm,∞(r) = μm(r) =
(mπp)

p

r
.

Case γ ∈ (1,∞). The values Lm,γ(r) can be evaluated using the critical equations.

As Eγ
r is not sequentially compact in wγ , the existence of minimizers of (5.8)

cannot be obtained directly from the continuity in the weak topology.

Lemma 5.3. For each r ∈ (0,∞), there exists some ρ0 = ρ0(γ,m, r, p) ∈ Eγ
r such

that μm(ρ0) = Lm,γ(r). That is, the minimum of (5.8) can be attained.
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Proof. By definition of Lm,γ(r), there exists a sequence {ρn}n∈N,

ρn ∈ Eγ
r ⊂ Kγ

r := {ρ ∈ Lγ : ρ ≥ 0, ‖ρ‖γ ≤ r}
such that

(5.9) lim
n→∞

μm(ρn) = Lm,γ(r).

Notice that Kγ
r ⊂ (Lγ , ‖ · ‖γ) is a bounded closed convex set. Thus Kγ

r ⊂ (Lγ , wγ)
is sequentially compact. Without loss of generality, we may assume that

(5.10) ρn → ρ0 ∈ Kγ
r in wγ .

Hence ρ0 ≥ 0 and ‖ρ0‖γ ≤ r.
Let us prove that ρ0 is actually in Eγ

r . By (5.9) and (5.10), we have

μm(ρn)ρn → Lm,γ(r)ρ0. in wγ .

By Theorem 2.3, we get from

Θ(μm(ρn)ρn) = −πp/2 +mπp

the limiting equality
Θ(Lm,γ(r)ρ0) = −πp/2 +mπp.

This shows that ρ0 �= 0 because of (4.6). Thus ρ0 
 0 and ρ0 ∈ Wγ . Now we can
apply Theorem 4.2 to ρn and get from (5.9),

(5.11) μm(ρ0) = Lm,γ(r).

We assert that ‖ρ0‖γ = r and consequently ρ0 ∈ Eγ
r . Otherwise, r̂ := ‖ρ0‖γ ∈ (0, r).

In this case, (5.11) implies that

Lm,γ(r̂) ≤ μm(ρ0) = Lm,γ(r),

which contradicts Lemma 5.2. �
Lemma 5.4. Given r ∈ (0,∞) and m ∈ N, as a function of γ, Lm,·(r) : [1,∞) →
(0,∞) is increasing.

Proof. Given 1 ≤ γ1 < γ2 < ∞, let ρ0 := ρ0(γ2,m, r, p) be the minimizer in Lemma
5.3. By the definition of Lm,γ(·), one has

Lm,γ1
(‖ρ0‖γ1

) ≤ μm(ρ0) = Lm,γ2
(r).

The Hölder inequality implies that ‖ρ0‖γ1
≤ ‖ρ0‖γ2

= r. Therefore it follows from
Lemma 5.2 that Lm,γ1

(r) ≤ Lm,γ1
(‖ρ0‖γ1

) ≤ Lm,γ2
(r), proving the lemma. �

Due to the restriction ρ 
 0 in Eγ
r , the set E

γ
r has boundary in the ‖·‖γ topology.

It is not easy to apply the variational method to (5.8) to find the minimizers ρ0
in a direct way. To overcome this, let us extend (5.8) to a minimum problem of a
smooth functional under some smooth constraint.

Lemma 5.5. Let ρ0 ∈ Eγ
r be as in Lemma 5.3 and δ = δρ0,m,γ > 0 be as in

Theorem 4.3. Denote

Bδ := {ω ∈ Lγ : ‖ω − ρ0‖γ < δ} , Sr := {ω ∈ Lγ : ‖ω‖γ = r} ,
Mδ,r := Bδ ∩ Sr.

Then we have

(5.12) inf
{
μ+
m(ω) : ω ∈ Mδ,r

}
= μ+

m(ρ0) = μm(ρ0) = Lm,γ(r).

That is, the functional μ+
m : Mr,δ → R attains its minimum at ρ0.
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Proof. Let us notice the following simple facts:

ω ∈ Lγ =⇒ ω+ ≥ ω and ‖ω+‖γ ≤ ‖w‖γ ,
ω ∈ Bδ =⇒ ω+ ∈ Bδ.

The latter fact is obtained from the elementary inequality |ω+(t)− ρ0(t)| ≤ |ω(t)−
ρ0(t)| because ρ0 
 0.

If (5.12) is false, there exists ω ∈ Mδ,r such that

μ+
m(ω) < μ+

m(ρ0) = μm(ρ0) = Lm,γ(r).

Now we apply the monotonicity result of Lemma 4.4 to obtain

μm(ω+) = μ+
m(ω+) ≤ μ+

m(ω) < Lm,γ(r).

Denote r̂ := ‖ω+‖γ . Then 0 < r̂ ≤ ‖ω‖γ = r and ω+ ∈ Eγ
r̂ . Thus

Lm,γ(r̂) ≤ μm(ω+) < Lm,γ(r),

a contradiction to Lemma 5.2. �
The set Mδ,r is a differentiable manifold of (Lγ , ‖·‖γ) of codimension one without

boundary. Since μ+
m(ω) defines a continuously differentiable functional on the open

ball Bδ, now the Lagrangian multiplier method [27, Ch. 43] can be applied to
(5.12). More precisely, the condition ω ∈ Sr can be rewritten as

(5.13) V (ω) :=

∫ 1

0

|ω(t)|γdt− rγ = 0.

Notice that V (ω) is continuously differentiable in ω ∈ (Lγ , ‖ · ‖γ) because γ > 1. In
fact one has

(5.14) ∂ωV (ω)(t) = γφγ(ω(t)).

Now (5.12) shows that the minimizer ρ0 of μ
+
m(ω), ω ∈ Mδ,r, under condition (5.13),

must satisfy

−μm(ρ0) · |E+
m(t; ρ0)|p = ∂ωμ

+
m(ω)

∣∣
ω=ρ0

(t) = c · γφγ(ρ0(t))

for some constant c �= 0. See (4.8) and (5.14) for differentials. Since ρ0 
 0, we
have φγ(ρ0(t)) = (ρ0(t))

γ−1. Now the equality is

(ρ0(t))
γ−1 = c̃|E+

m(t; ρ0)|p,
where c̃ = −μm(ρ0)/(c · γ) is necessarily positive. Let us introduce

(5.15) y(t) := c̃1/pE+
m(t; ρ0).

Then we have

(5.16) ρ0(t) = |y(t)|p/(γ−1).

Moreover, y(t) is an eigenfunction associated with ν := μm(ρ0) = Lm,γ(r) > 0; i.e.,
y(t) satisfies (1.8) and

(5.17) (φp(y
′))′ + νρ0(t)φp(y) = 0.

Substituting (5.16) into (5.17), we finally know that y(t) is a solution of the following
superlinear autonomous Lagrangian equation:

(5.18) (φp(y
′))′ + νφpγ∗(y) = 0

with a parameter ν > 0. Equation (5.18) is called the critical equation for ρ0,
written in the form of some special eigenfunction y(t).
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In order to find Lm,γ(r), one needs to find all possible solutions y(t; ν) of (5.18)
that satisfy the Dirichlet boundary condition and have precisely m − 1 zeros in
t ∈ (0, 1) because of (5.15). Then one can use (5.16) and the condition ‖ρ0‖γ = r
to yield an equation for ν, whose solution gives Lm,γ(r). Since (5.18) is integrable,
all of these can be accomplished in a simple way. See the treatment in [31] for
extremal problems of eigenvalues of Sturm-Liouville operators.

In the following we use another idea to solve (5.18). Let us notice that Lm,γ(r)
and equation (5.18) are related with the following Sobolev constants:

(5.19) K(α, p) := inf
u∈W 1,p

0 (0,1)

‖u′‖pp
‖u‖pα

,

where α ∈ [1,∞]. These constants have been found explicitly by G. Talenti. See,
for example, [28, Formula (4.1)]. For instance, K(p, p) = πp

p and K(∞, p) = 2p. As
a function of α, K(α, p) is continuous in α ∈ [1,∞].

For the case α ∈ (1,∞), the equation for the minimizer u, which can be assumed
to satisfy ‖u‖α = 1, of (5.19) is just

(5.20) (φp(u
′))′ + μφα(u) = 0,

where μ = K(α, p) is the first eigenvalue of equation (5.20) subject to the Dirichlet
boundary conditions. See equation (4.2) of [28]. Thus (5.18) coincides with (5.20)
with the choice α = pγ∗. Applying the result in [28] to (5.20), we can give the final
answer to Lm,γ(r) for the case γ ∈ (1,∞). That is,

(5.21) Lm,γ(r) ≡ mp · K(pγ∗, p)

r
, r ∈ (0,∞).

Case γ = 1. In this case, Lm,1(r) cannot be attained at any ρ ∈ E1
r . However, we

will see that Lm,1(r) can be realized by limγ↓1 Lm,γ(r).

By the monotonicity of Lm,γ(r) in γ (Lemma 5.4), we have

(5.22) Lm,1(r) ≤ lim
γ↓1

Lm,γ(r).

On the other hand, any ρ ∈ E1
r can be approximated by elements in Eγ

r , γ > 1, in
the sense that there exists ργ ∈ Eγ

r , γ ∈ (1,∞), such that limγ→1 ‖ργ−ρ‖1 = 0. See
[31, Lemma 2.1]. By the continuity of weighted eigenvalues and the monotonicity
of Lm,γ(r) in γ, we have

μm(ρ) = lim
γ↓1

μm(ργ) ≥ lim
γ↓1

Lm,γ(r).

Thus

Lm,1(r) = inf
ρ∈E1

r

μm(ρ) ≥ lim
γ↓1

Lm,γ(r).

This, together with (5.22), implies that

(5.23) Lm,1(r) = lim
γ↓1

Lm,γ(r) = mp · K(∞, p)

r
=

(2m)p

r
.

Theorem 5.6. For any γ ∈ [1,∞], m ∈ N and r ∈ (0,∞), the extremal value
Lm,γ(r) is given by formula (5.21).
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We end the paper with some remarks.
(i) When γ = 1, the extremal value Lm,1(r) of (5.23) can also be deduced from

[18, 25]. To this end, let us notice that the union
⋃

h∈[r,∞)
Er,h

is dense in E1
r in the space (�L1, ‖ · ‖1). Using the continuity of eigenvalues, one has

then

(5.24) Lm,1(r) = lim
h→+∞

Lm(r, h).

Let h → +∞ in (5.3) and (5.4). One sees that the limit of Lm(r, h) in (5.24) is the
same as that in (5.23).

(ii) Though (5.23) and (5.24) lead to the same conclusion for Lm,1(r), the meth-
ods are quite different. Roughly speaking, (5.24) is proved by approximating the
non-compact set E1

r by compact ones Er,h. In this case, it is also very difficult to
find the minimizers of (5.2). In (5.23), the set E1

r in the L1 space is approximated
by the sets Eγ

r in the Lγ spaces, γ ∈ (1,∞). By the results of this paper, the
minimizers in Eγ

r can be found via the critical equations. The present method is
also used in [31] to find the extremal values of eigenvalues of linear operators. To
the knowledge of the authors, although such an approach is quite natural, it has
not been applied to extremal problems of eigenvalues before.
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24. J. Pöschel and E. Trubowitz, The Inverse Spectral Theory, Academic Press, New York, 1987.
MR894477 (89b:34061)

25. P. Yan and M. Zhang, Best estimates of weighted eigenvalues of one-dimensional p-Laplacian.
Northeast. Math. J. 19 (2003), 39–50. MR2011510 (2004j:34193)

26. C. Zanini, Rotation numbers, eigenvalues and the Poincaré-Birkhoff theorem. J. Math. Anal.
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