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SOME RESULTS ON TROPICAL COMPACTIFICATIONS

MARK LUXTON AND ZHENHUA QU

Abstract. In this paper, we establish some further results on tropical com-
pactifications. We give an affirmative answer to a conjecture of Tevelev in
characteristic 0: any variety contains a Schön very affine open subvariety.
Also we show that any fan supported on the tropicalization of a Schön very
affine variety produces a Schön compactification. As an application, we show
that the moduli space of six points of P2 in linear general position is Hübsch.
Using toric schemes over a discrete valuation ring, we extend tropical com-
pactifications to the nonconstant coefficient case.

1. Introduction and statement of results

Compactification problems play an important role in algebraic geometry. Trop-
ical compactification is introduced and developed by Tevelev in [12] as certain nice
compactification for subvarieties of tori. This is applied to the study of compact-
ification of moduli spaces of del Pezzo surfaces in a subsequent paper [3]. Our
motivation for this paper comes from an attempt to solve the following problem
using the idea of tropical compactification.

Conjecture 1.1 ([5]). The Chow quotient compactification X(3, n) has log canon-
ical singularity and is the log canonical model of X(3, n) when n = 6, 7, 8, where
X(r, n) is the moduli space of order n hyperplanes in Pr−1 in linear general position.

1.2. We recall some basic terminology of tropical compactification [12]. Let Y ⊂ T
be a subvariety of an algebraic torus over an algebraically closed field k. Let X(Δ)
be a toric variety containing T and let Y be the closure of Y in X(Δ). We say Y
is a tropical (resp. Schön) compactification if Y is proper and the structure map
T × Y → X(Δ) is flat (resp. smooth) and surjective.

1.3. We say Y is very affine if Y can be embedded into a torus. The lattice of
units MY := O∗(Y )/k∗ is a free abelian group of finite rank. When Y is very
affine, Y is embedded into the intrinsic torus Spec k[MY ] once we choose a section
MY → O∗(Y ). We say Y is Schön if there exists a Schön compactification in the
intrinsic torus; if this Schön compactification at the same time is the log canonical
model of Y , we say that Y is Hübsch. It is conjectured by Tevelev [12] that any
variety contains an open very affine Schön subvariety. We show that this is true
assuming char k = 0.
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Theorem 1.4. Assuming char k = 0, any variety contains an open very affine
Schön subvariety.

We show that being Schön is an intrinsic property of Y in the following sense.

Theorem 1.5. If Y ⊂ T admits a Schön compactification, then any fan Δ sup-
ported on trop(Y ) produces a Schön compactification.

This is very useful in applications. One usually verifies a Schön compactification
in a refined fan structure on trop(Y ); then one can claim that it is also true for the
minimal fan structure (if it exists). As an application, we will show the following.

Theorem 1.6. X(3, 6) is Hübsch.

The rest of the paper is devoted to generalizing tropical compactifications to
the nonconstant coefficient case, which is probably more interesting in tropical
geometry. In the nonconstant coefficient case we consider a very affine variety Y
defined over the field of Puiseux series over k; trop(Y ) is then a polyhedral complex
which may not admit a fan structure. However trop(Y ) can be realized as the fibre
of a map of sets T (Y ) → Q≥0 at 1, where T (Y ) is the closure of the cone over
trop(Y ) in NQ⊕Q. T (Y ) does admit fan structures and we take it as a replacement
of trop(Y ) in the nonconstant coefficient case. This leads us to consider relative
toric varieties, or toric schemes over a discrete valuation ring. Using T (Y ) and toric
schemes, we are able to generalize tropical, Schön and Hübsch compactifications to
the nonconstant coefficient case. With some appropriate modification, Theorems
1.4 and 1.5 remain true in this case.

This paper is organized in the following way. Some preliminaries on tropical-
ization and tropical compactification are included in section 2. We prove Theorem
1.4 in section 3, Theorem 1.5 in section 4 and Theorem 1.6 in section 5. Section
6 introduces toric schemes over a discrete valuation ring in order to extend our
results to the nonconstant coefficient case, which is done in section 7.

2. Preliminaries

We recall the basics of tropical geometry; see for example [2, 10]. Let k be an
algebraically closed field of any characteristic, and let K be the algebraic closure of
k(t) with a natural valuation v : K∗ → Q.

Definition 2.1. For a subscheme Y ⊂ T ∼= (K∗)n, the tropicalization of Y is
defined to be

trop(Y ) = {(v(y1), . . . , v(yn)) ∈ Qn|(y1, . . . , yn) ∈ Y (K)} ⊂ Qn.

It has several equivalent descriptions.

Theorem 2.2 ([10], 2.1.2). The following sets are equal:

(1) trop(Y ) defined as above.
(2) The set {(u(t1), . . . , u(tn))|u : O(Y ) → Q ∪ {∞}}, where u runs over all

ring valuations O(Y ) → Q ∪ {∞} extending v.
(3) The set of w ∈ Qn such that inwf is not a monomial for any f ∈ I\{0},

or equivalently inwY 	= ∅.
The set in Theorem 2.2 (2) is also called a BG-set (short for Bieri-Groves set, [1]).

trop(Y ) is a polyhedral complex of pure dimension (= dimY ). If I is generated
by a set of functions in k[t±1 , . . . , t

±
n ], then we may think of Y as a subscheme of
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Tk, and we call this the constant coefficient case. When we are in the constant
coefficient case, trop(Y ) is conical and admits a fan structure. In this section we
consider the constant coefficient case only.

Tropicalization is functorial in the following sense. Given a commutative diagram

Y ��

��

T

��
Y ′ �� T ′

where the horizontal maps are closed embeddings, T → T ′ is a homomorphism of
tori, then we have an induced commutative diagram

trop(Y ) ��

��

NT ⊗Z Q

��
trop(Y ′) �� NT ′ ⊗Z Q.

If Y → Y ′ is dominant, then trop(Y ) → trop(Y ′) is onto.
Now assume that Y is a closed (irreducible) subvariety of Tk, let M be the lattice

of characters of T , and N the dual of M . The set trop(Y ) can be naturally consid-
ered in NQ = N ⊗Z Q. Let Δ ⊂ NQ be a fan, denote by X(Δ) the corresponding
toric variety, and Y (or Y (Δ) when one wants to specify the fan Δ) the closure of
Y in X(Δ). Recall the definitions in Definition 1.2. The basic result about tropical
compactification is the following.

Theorem 2.3 ([12]). Tropical compactifications exist for any closed subvariety
Y ⊂ Tk. If Y (Δ) is a tropical compactification, then Δ is supported on trop(Y )
and Y (Δ′) is also a tropical compactification, where Δ′ is any refinement of Δ.
If Y ⊂ T admits a Schön compactification, then any tropical compactification is
Schön.

Remark 2.4. It is often useful to consider an arbitrary closed subscheme Y ⊂ T .
The reason is that if Y is a tropical (resp. Schön) compactification of an irreducible
variety Y , andW ⊂ X(Δ) is a toric orbit closure, then Y ∩W has flat (resp. smooth)
surjective structure map in the toric variety W , but Y ∩O is usually not irreducible
where O ⊂ W is the open orbit. We can define tropical and Schön compactification
of an arbitrary closed scheme Y ⊂ T in the same way. It remains true in this general
case that tropical compactification exists, and |Δ| = trop(Y ) (see for example
Proposition 7.4). Indeed, Tevelev’s constructive proof works when Y is reduced
(not necessarily irreducible). For the general (nonreduced) case, one can use a
flattening technique of Raynaud and Gruson [8]. If Y is a closed subscheme and Y
is a Schön compactification, then Y is necessarily reducible. Since T × Y → X(Δ)
is smooth, we conclude that Y is a disjoint union of irreducible components. Let

Y
′ ⊂ Y be an irreducible component. Then there is a possibly smaller toric open

subset X ′ ⊂ X(Δ) containing Y
′
with a smooth surjective structure map. It follows

that the fan of X ′, being a subfan of Δ, is supported on trop(Y
′ ∩ T ).

Geometric tropicalization computes the set trop(Y ) in terms of a nice compacti-
fication of Y . Let Y be a compactification with a simple normal crossing divisorial
boundary. For each boundary divisor D, the valuation valD restricted on MY de-
termines a point in NY , still denoted by valD. For each collection S of boundary
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divisors with nonempty intersection, let σS be the cone in N generated by valD
with D ∈ S. Then we have the following theorem.

Theorem 2.5 ([3]). trop(Y ) is the union of all σS, where S runs over all collections
of boundary divisors with nonempty intersection.

Remark 2.6. The collection of σS does not form a fan in general. In the proof
of Theorem 1.4, we search a nice compactification whose geometric tropicalization
produces a fan with simplicial cones.

Remarks 2.7. In Theorem 2.5, the requirement for the boundary being a simple
normal crossing can be weakened. In fact, when Y ⊂ Y is a toroidal embedding
without self-intersection (as defined in [6]), Theorem 2.5 remains true.

Mumford associates to every toroidal embedding Y ⊂ Y a conical polyhedral
complex with integral structure Δ = (|Δ|, σS ,MS), whose cells are in one-to-one
correspondence with the strata of Y . Recall that for a strata S, MS is the group of
Cartier divisors of Star(S) supported on Star(S)\Y , MS

+ is the submonoid of MS

consisting of effective Cartier divisors, NS = Hom(MS ,Z), and the cell σS of Δ is
spanned by v ∈ NS such that 〈v,D〉 ≥ 0 for any D ∈ MS

+.

Assuming T = Spec k[M ], we have a morphism M → MS for any stratum S,
namely m �→ (m) on Star(S), hence a corresponding dual map NS → N and
|Δ| → NQ. The image of σS ⊂ NS

Q in NQ is exactly σS ; thus the image of |Δ| is⋃
S σS as in Theorem 2.5 (here we make no difference between a stratum S and the

collection of divisors containing S).
Let Δ′ be a subdivision of Δ such that all cells are strictly simplicial. By

the theory of toroidal embeddings, a subdivision corresponds to another toroidal

embedding Y ⊂ Y
′
with a canonical birational morphism Y

′ → Y . Y
′
has simple

normal crossing boundary divisors. By Theorem 2.5, the image of |Δ′| is trop(Y ),
so is the image of |Δ|.

Recall the definitions in §1.3. Let Y be a very affine variety, and Y → Tin

be the intrinsic embedding. For any other embedding Y → T , after a suitable
translation, it factors through Tin for a homomorphism of tori Tin → T . The
intrinsic tropicalization has the richest structure and dominates all others.

Definition 2.8. Given Y ⊂ T , we say Y is Schön in T if it admits a Schön
compactification for some X(Δ) ⊃ T . If such a Schön compactification is at the
same time the log canonical model of Y , then we say Y is Hübsch in T .

Theorem 2.9 ([3], 1.10). If Y ⊂ T is Hübsch, then trop(Y ) has a minimal fan
structure Δ, and Y (Δ) is the log canonical compactification.

Theorem 2.10 ([3], 3.1). Let Y ⊂ T be a Schön closed subvariety. Then either Y
is log minimal, or Y is preserved by a nontrivial subtorus of T .

Lemma 2.11. If Y is Schön (resp. Hübsch) in some torus T , then Y is Schön
(resp. Hübsch) in the intrinsic torus.

Proof. Without loss of generality, we can assume Tin → T is surjective. Let Δ be a
Schön fan supported on trop(Y ) ⊂ NT ⊗ZQ, and let Δ′ be any fan supported on the
intrinsic tropicalization trop(Y ) ⊂ NTin

⊗Z Q such that the induced map Δ → Δ′

is a fan map. Letting Y and Y
′
be closures in X(Δ) and X(Δ′) respectively, we
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have a fibre diagram

Tin ×k Y
′ ��

��

X(Δ′)

��
T ×k Y �� X(Δ).

Now suppose Y ⊂ T is Hübsch. Let Δ be the canonical (minimal) fan supported
on trop(Y ) ⊂ NQ. The compactification of Y in X(Δ) is the log canonical model for

Y , denoted by Y lc. Let Δ
′ be any fan supported on the intrinsic tropicalization and

let Y
′
be the closure of Y in X(Δ′); thus we have a canonical birational morphism

Y
′ → Y lc. Recall that a ray ρ in Δ′ corresponds to some boundary divisors in Y

′

(namely Y
′ ∩ Vρ) and a collection of rays forms a fan if the corresponding divisors

intersect, similarly for Y lc; thus the map Y
′ → Y lc induces a fan map Δ′ → Δ.

We may use Y lc to get a fan structure on the intrinsic trop(Y ) (Remark 2.7). Note
that in Theorem 2.5, these cones do not necessarily form a fan, but here they do
if we ignore repeated cones because the images of these cones in NT ⊗Z Q form a
fan, and 1-dimensional cones map to 1-dimensional cones. Call this fan Δlc. Then
the closure of Y in X(Δlc) recovers Y lc. �

3. Embedding into toric varieties

We prove Theorem 1.4 in this section. Now assume char k = 0. It suffices to
prove the theorem for a smooth variety Y . Our strategy is to first compactify Y so
that the compactification Y is a smooth projective variety and the boundary Y \Y
is a simple normal crossing divisor. We then study how to embed Y into a toric
variety X with a one-to-one correspondence between the strata of Y and the toric
strata of X and with a smooth structure map. Certain requirements have to be
imposed on the log structure of Y (Theorem 3.1). These requirements are achieved
when we add more generic hyperplane sections to Y .

The problem of embedding an arbitrary variety (possibly singular and nonpro-
jective) into some toric variety is studied in [13]. Embedding a variety into a given
toric variety is equivalent to giving a compatible log structure. Our proof has a
similar flavor. We also notice that in [3], the authors obtained some similar require-
ments using the quotient of affine conoid technique, but only applicable when the
Picard group PicY is a free abelian group of finite rank.

Let Y ⊂ Y be a (partial) smooth compactification with simple normal crossing
divisorial boundary B =

⋃
i∈I Di. We have a stratification induced by B, where a

stratum is defined by
⋂

j∈J Dj −
⋃

i∈I\J Di for a subset J ⊂ I; when J = ∅, the
corresponding stratum is the open complement Y = Y \B. We don’t require each
stratum to be irreducible. This is a little different from the definition in [6] where a
stratum is an irreducible component of our stratum here, but it is more convenient
for our purposes for avoiding repeated cones in the geometric tropicalization. For a
stratum S, let DS be the set {Di|S ⊂ Di}, and let Star(S) be Y −

⋃
Di /∈DS

. Since

B is a simple normal crossing, a stratum S is regular (not necessarily irreducible),
and also #DS = codimS.

Fix (M,ϕ), a pair of an abstract lattice M and a group homomorphism ϕ : M →
O∗(Y ) such that k[M ] → O(Y ) is a surjection. For any submonoid M ′ ⊂ M , we
have an induced k-algebra homomorphism ϕ∗ : k[M ′] → O(Y ). For any stratum S,
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let σ∨
S ⊂ M be the submonoid of M consisting of all m ∈ M such that m is regular

on Star(S) or equivalently valD m ≥ 0 for any D ∈ DS . By abuse of notation
sometimes we use m for which we actually mean ϕ(m), for example valD m. Let
N be the dual of M , and for any stratum S, let σS ⊂ NQ be the dual cone of σ∨

S

which is generated by valD for D ∈ DS . Let

MS := {m ∈ M | valD m = 0, ∀D ∈ DS};

i.e., m extends to a unit on Star(S).

Theorem 3.1. With the notation as above, Y ⊂ Y is a partial compactification.
Assume the following conditions are satisfied:

(1) For any stratum S, either Star(S) is affine and the induced map k[σ∨
S ] →

O(Star(S)) is surjective, or S is affine, and the induced map k[MS ] → O(S)
is surjective.

(2) For any stratum S 	= Y , and any D ∈ DS , there exists m ∈ M such that
valD m = 1 and valD′ m = 0 for any D′ ∈ DS\{D}.

(3) The collection of cones {σS} as S runs over all strata is a fan Δ.

Then there is a canonical closed immersion Y → X(Δ) and S = Y ∩ OσS
as

a scheme-theoretic intersection for any stratum S. Hence the structure map is
smooth and surjective. When Y is proper, Y ⊂ X(Δ) is a Schön compactification.

Remarks 3.2. If Star(S) is very affine, then k[σ∨
S ] → O(Star(S)) is automatically

surjective. If S is very affine, and the restriction map MS → MS is surjective, then
k[MS ] → O(S) is surjective.

Condition (2) in the above theorem is equivalent to that valD for D ∈ DS forms
part of a basis of N . If Λ is the subgroup of PicY generated by boundary divisors,
then it is also equivalent to that Λ is generated by boundary divisors not in DS .

Condition (3) in the above theorem is equivalent to the following: for any two
strata S, S′, there exists a unit m ∈ M such that valD m > 0 for all D ∈ DS\DS′ ,
valD m = 0 for all D ∈ DS ∩DS′ and valDm < 0 for all D ∈ DS′\DS .

Proof of Theorem 3.1. We have a canonical homomorphism of rings k[σ∨
S ] →

O(Star(S)), and correspondingly Star(S) → Spec k[σ∨] =: US . If S′ is another
stratum such that S′ ⊂ S, then we have a commutative diagram

Star(S) ��

��

US

��
Star(S′) �� US′ .

σS is a face of σS′ and the two vertical arrows are inclusions. By gluing schemes and
morphisms, we have a canonical morphism Y → X(Δ). This is a closed embedding
if and only if for each stratum S ⊂ Y , the induced morphism S → X(Δ) is an
immersion.

Let mS
D ∈ M be a unit with valuation 1 on D and 0 on other divisors in DS .

Then S is cut out by mS
D on Star(S) scheme-theoretically. On the other hand US

is isomorphic to Ad ×Gn−d
m with mS

D as coordinates of Ad, where d = dim σS and
n = rkM . Therefore the closed orbit OσS

⊂ US is also cut out by mS
D scheme-

theoretically. We conclude that S is the scheme-theoretic intersection Y ∩OσS
.
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If Star(S) is affine and k[σ∨
S ] → O(Star(S)) is surjective, then Star(S) → US

is a closed embedding and S → OσS
is a closed embedding. If S is affine and

k[MS ] → O(S) is surjective, this just says that S → OσS
is a closed embedding.

The structure map TM × Y → X(Δ) has fiber S × ker(TM → OσS
) over any

point x ∈ OσS
, so it has a reduced, equidimensional, regular fibre. It follows that

the structure map is surjective and smooth. �

Proof of Theorem 1.4. Let Y be a smooth variety and Y be any smooth projec-
tive compactification of Y with simple normal crossing boundary divisor B =
{D1, . . . , Dr}. Let L be a very ample line bundle such that L + Di is very am-
ple for any i. Choose a finite set Ei ⊂ |L + Di| of generic sections with #Ei ≥
dim |L+Di|+dimY +1 for i = 0, 1, . . . , r where we take D0 to be the zero divisor.
Let E be the union of all Di and all divisors in Ei, i = 0, 1, . . . , r. By Bertini’s
theorem, E is a simple normal crossing. Let Y ◦ be the complement Y \E and
M ∼= O(Y ◦)/k∗. We show that (Y ,E,M) satisfies the conditions in Theorem 3.1.

The following facts are frequently used: if L is a very ample line bundle on a
projective variety Y , and if s1, . . . , sl are sections of |L| in general linear position
with l = dim |L| + 1, then the complement is very affine. The intersection of two
very affine open subvarieties of Y is again very affine; hence it is also true for
l ≥ dim |L|+ 1.

Letting S be any stratum, we have #DS ≤ dimY . For any Di ∈ B\DS , we pair
it with a divisor D′

i ∈ E0\DS . We can write

E\DS =

r⋃
i=0

Fi,

where Fi = Ei\DS or (Ei\DS) ∪ {Di +D′
i} if Di ∈ D\DS . All Fi ⊂ |L +Di| are

sections in general linear position with #Fi ≥ dim |L + Di| + 1; thus Star(S) =⋂
(Y \Fi) is very affine.
Let D ∈ DS be any divisor. If D = Di ∈ B, we choose some D′ ∈ F0 and

consider D +D′ ∈ |L+Di|; otherwise D ∈ Ei ⊂ |L+Di| for some i. We can find
another divisor G ∈ Ei\DS , such that G 	= D or D +D′. There is a unit m ∈ M
with the associated divisor (m) = D − G or D + D′ − G. In either case, this m
satisfies condition (2) of Theorem 3.1.

To verify condition (3), let S, S′ be any two strata. For each D ∈ DS\DS′ ,
as in the above argument, we can find mD ∈ M such that (mD) = D − G (or
D +D′ −G if D ∈ B, for some D′ ∈ E0\(DS ∪DS′)) and G /∈ DS . Let m be the
product of all mD. Then m has positive valuation on D ∈ DS\DS′ , 0 valuation on
D ∈ DS ∩DS′ and nonpositive valuation on D ∈ DS′\DS . Since σS ∩ σS′ is their
common face, condition (3) is satisfied. Similarly we can find m′ such that m′ has
positive valuation on DS′ , 0 on DS′ ∩ DS and nonpositive valuation on DS\DS′ .
Then m/m′ satisfies condition (3) in Theorem 3.1 for S, S′. �

4. Intrinsic property of Schön varieties

We will prove Theorem 1.5. Let Y ⊂ T be Schön, and let Δ′ be any fan supported

on trop(Y ). Let Δ be a refinement of Δ′ such that Δ is Schön. Denote Y and Y
′

to be the closures of Y in X(Δ) and X(Δ′) respectively. We have a commutative
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diagram,

Y ��

��

X(Δ)

��

T ×k Y��

��
Y

′ �� X(Δ′) T ×k Y
′
.��

The first step is to show that the left square is a set-theoretic Cartesian diagram,
and so is the right square (Theorem 4.4).

Lemma 4.1. Let Z ⊂ T be a Zariski closed subset of equidimension. If trop(Z)
is preserved by translation by a linear subspace L of NQ, then each irreducible
component of Z is preserved by the corresponding subtorus of T .

Proof. Let T → T ′ be a homomorphism of tori corresponding to NQ → NQ/L. Let
Zi ⊂ Z be irreducible components, and let Yi be the closure of the image of Zi

in T ′. Since trop(Yi) is the image of trop(Zi) in NQ/L, we have dim trop(Yi) ≤
dim trop(Z)−dimL = dimZ−dimL. On the other hand, dim trop(Yi) = dimYi ≥
dimZi − dimL; hence dimZi = dimYi + dimL. Thus the generic fibre of Zi → Yi

is the relative torus; hence Zi
∼= Yi × ker(T → T ′). �

Lemma 4.2. Let Y ⊂ X(Δ) be a tropical compactification, W ⊂ X(Δ) an orbit
closure, and Z = Y ∩W . Then Z is equidimensional and each irreducible component
intersects the open orbit in W .

Proof. By pulling back the structure map, we see that the structure map of Z in
W is also flat. By the openness of flat morphisms, each irreducible component of
Z intersects the open orbit O of W . Note that (Z ∩O)×ker(T → O) is the fibre of
T × Y → X(Δ) at any point in O; thus Z ∩O is equidimensional and so is Z. �

Lemma 4.3. With the notation and assumptions as in Lemma 4.2, if p : X(Δ) →
X(Δ′) is a proper toric map, then Z is preserved by TW , where TW is the relative
torus of W → p(W ).

Proof. Since Z ⊂ W is a tropical compactification of Z ∩ O, trop(Z ∩ O) is the
support of the fan of W (see Remark 2.4), which is the inverse image of the support
of the fan of p(W ) since p is proper. Thus trop(Z) is preserved by translation of a
linear subspace of NO whose corresponding subtorus of O is the relative torus TW .
The proof then follows from Lemma 4.1. �

Theorem 4.4. Let Y ⊂ T be a closed subvariety, Y ⊂ X(Δ) a tropical compact-
ification, p : X(Δ) → X(Δ′) a proper toric map. Then we have a commutative
diagram

Y ��

��

X(Δ)

p

��
Y ′ �� X(Δ′),

where Y ′ = p(Y ), and then Y is a set-theoretic inverse image of Y ′ under the map
X(Δ) → X(Δ′). This applies in particular to the case when Δ is a refinement of
Δ′.
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Proof. We show that if y ∈ p−1(y′)∩Y , then p−1(y′) ⊂ Y . Letting O′ be the torus
orbit containing y′, p−1(O′) is a union of toric varieties with connected fibres. It
suffices to show that if y′ falls in one irreducible component of p−1(O′), then the
whole fibre in that irreducible component is contained in Y . Then this follows from
Lemma 4.3. �

Corollary 4.5. With the notation as in Theorem 4.4, let P be the fiber product
Y ′ ×X(Δ′) X(Δ). Then the induced map Y → P is the reduction of P .

Proof. P is a closed subscheme of X and so is Y . The induced map Y → P is
surjective by Theorem 4.4, and since Y is integral, we have Y = Pred. �

The following lemma completes the proof of Theorem 1.5.

Lemma 4.6. In the following commutative diagram, X,X ′, Y and Y ′ are varieties
with X,X ′ and Y normal, and p is proper with connected fibres:

Y
f ��

��

X

p

��
Y ′ f ′

�� X ′.

Letting P = Y ×X′ X, assume the induced map Y → P is the reduction of P . If f
is smooth, then so is f ′.

Proof. Letting y′ ∈ Y ′(k) be a closed point, we show that f ′ is smooth at y′.
Let x′ = f ′(y′), F = Y ′

x′ be the scheme-theoretic fibre over x′ viewed as a closed

subscheme of Y ′, and let G = Xx′ . Let Ỹ be the normalization of Y ′. Then the

map Y → Y ′ factors through Ỹ , as we have the following diagram:

Y
i ��

��

P
j ��

q

��

X

p

��
Ỹ �� Y ′ f ′

�� X ′.

Note that j−1(G) = F ×k G, and f−1(G) is a closed subscheme of j−1(G) with
the same support, and is smooth over G; thus we have f−1(G) = Fred ×k G and
Fred is regular.

Let f1, . . . , fd ∈ OFred,y′ be a regular system of parameters, and lift them to the
local ring OY ′,y′ with the same notation. Assuming f1, . . . , fd ∈ Γ(U,OY ′), we may
shrink U a little to assume U ∩ V (f1, . . . , fd) ∩ F = {y′}.

Let U → X ′×kA
d
k be the map defined by (f ′, f1, . . . , fd), and ϕ : YU → X×kA

d
k

be defined by (f, f1, . . . , fd). For any point y ∈ Y lying over y′, f1, . . . , fd restricted
in Of−1(f(y)),y is a regular system of parameters since f−1(f(y)) = Fred. By Lemma
4.7, ϕ is étale at y; thus ϕ is étale in a neighborhood of Yy′ .

Since p has connected fibres, Ỹ → Y ′ is a homeomorphism of the underlying

topological spaces; thus there is a unique ỹ ∈ Ỹ lying over y′ and ϕ is also étale
in a neighborhood of Yỹ. We have ϕ−1(Xx, 0) = Yy, so applying Lemma 4.8 for
W = Yy ⊂ Y and Z = (Xx, 0) ⊂ X ×k Ad

k, and the formal function theorem for

proper maps Y → Ỹ and X × Ad → X ′ × Ad, we have an isomorphism of formal

local rings Ô
˜Y ,ỹ

∼= ÔX′×Ad,(x,0).
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Thus Ỹ → X ′ × Ad is étale at ỹ, so it separates tangent vectors at ỹ. It fol-

lows that Ỹ → Y ′ also separates tangent vectors at ỹ; hence Ỹ → Y is a closed

immersion, we have Ỹ ∼= Y ′, and f ′ : Y ′ → X ′ is smooth. �
Lemma 4.7. Let f : Y → X be a morphism of k-schemes, y ∈ Y (k) a closed point.
Then f is smooth at y iff there exist f1, . . . , fd ∈ my ⊂ OY,y such that the locally
defined map Y → X ×k Ad

k given by (f, f1, . . . , fd) is étale at y.

Proof. If there is a map Y → X ×k Ad
k that is étale at y, by composing a smooth

map X×k A
d
k → X, Y → X is smooth at y. Conversely we know that Yx is regular

at y. So choose f1, . . . , fd in OY,y, which form a regular system of parameters in
OYx,y, and consider the map

ϕ : OX,x[X1, . . . , Xd](X1,...,Xd) → OY,y

given by Xi �→ fi. ϕ is flat since OX,x → OX,x[X1, . . . , Xd](X1,...,Xd) is faithfully
flat, and ϕ is also geometrically regular since the geometric fiber of the closed point
is a reduced point; thus ϕ is smooth of relative dimension 0, hence étale. �
Lemma 4.8. Let f : Y → X be an étale morphism of schemes, Z ⊂ X a closed sub-
scheme. If W = f−1Z → Z is an isomorphism, then Wn → Zn is an isomorphism
for all n > 0.

Proof. Let I and J be the ideal sheaves of Z and W respectively. Clearly J =
f−1I · OY , and Jn = f−1In · OY ; thus Wn = f−1(Zn) and we have a morphism
Wn → Zn for each n > 0 and it is an isomorphism for n = 1. It follows that
Wn → Zn is a homeomorphism for the underlying spaces and is étale. Z is defined
by a nilpotent ideal in Zn, by the formal property of étale,

Z = W ��

��

Wn

��
Zn

= ��

���
�

�
�

�
Zn,

Wn → Zn admits a section, and then it follows that this is an isomorphism. �
The following theorem is an immediate result. A fan Δ is called convexly disjoint

if any convex set contained in |Δ| is contained in some cone of Δ. If Δ is convexly
disjoint, it is clearly the minimal fan structure on the support. Moreover, it has
the following property: for any σ ∈ Δ, Star(σ) is not preserved by any translation.

Theorem 4.9. Let Y be a Schön very affine variety. If Y (Δ′) ⊂ X(Δ′) is a Schön
compactification such that Y ∩Oσ′ is connected for all σ ∈ Δ′ except maximal cones,
and there exists a convexly disjoint fan Δ supported on trop(Y ), then Y is Hübsch.

Proof. By Theorem 1.5, Y (Δ) is also a Schön compactification, and we have a fiber
diagram

Y (Δ′)

��

�� X(Δ′)

��
Y (Δ) �� X(Δ).

Since X(Δ′) → X(Δ) has connected fibres, we conclude that Y ∩ Oσ is connected
for all σ ∈ Δ except maximal cones. Thus Y ∩ Oσ is irreducible and log minimal
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by the fact that Star(σ) is not preserved by a translation and Theorem 2.10. By
[3], Theorem 9.1, Y (Δ) is the log canonical model. �

5. The log canonical model of the moduli space of six points

in the projective plane in general position

We regard X = X(3, 6) as the space of six general position points in P2 and note
thatX carries a copy ofM0,6, the subvariety consisting of arrangements for which all
points lie on a conic. Away fromM0,6, blowing up the six points determines a degree
6 del Pezzo surface S together with a canonical marking of its (−1)-curves induced
by the blow-up model of S. In particular, the complement Y = Y 6 = X \M0,6 may
be identified with the moduli space of marked, smooth del Pezzo surfaces of degree
6, and the root system E6 may then be realized as

{α|KS ⊥ α, α2 = −2} ⊂ PicS

with positive roots

E+
6 = {β} ∪ {αij |i < j} ∪ {αijk|i < j < k},

where β = 2h−
∑

ei, αij = ei− ej , and αijk = h− ei− ej − ek. Here, h is the class
of a line in P2 and ei is the class of an exceptional divisor. We will often write I
for a root of the form αI .

W (E6) acts on Y and in these given coordinates on E6, Y ⊂ X is S6 ⊂ W (E6)-
equivariant. We will make significant use of Naruki’s compactification Y of Y [7]
and results in [3]. We recall the following results.

5.1. Y is Hübsch and Y is the log canonical model of Y . Y is smooth with simple
normal crossing boundary. The stratification Y ⊂ Y satisfies conditions (1), (2)
and (3) in Proposition 3.1 ([7], Theorem 1, [3], 1.11, 1.16, 7.4, 8.7, 9.18).

5.2. There are 76 irreducible boundary divisors which form two W (E6)-orbits. The
first orbit is in bijective correspondence with the subsystems A1 ⊂ E6, and these are
isomorphic toM0,6. The others are in bijective correspondence with the subsystems

A2 × A2 × A2, and these are isomorphic to M0,4 × M0,4 × M0,4. A collection of
divisors corresponding to the subsystems Θ1, . . . ,Θk meet iff, for each pair Θi,Θj ,
Θi ⊥ Θj or one is contained in the other ([3] 1.14).

5.3. For Δ = Dn or E6, E7, E8, let

M(Δ) :=

{ ∑
α∈Δ+

nαα ∈ ZΔ+ |
∑

α∈Δ+

nαα
2 = 0

}
⊂ ZΔ+

.

M(Δ) is identified with MY (Δ). Under this identification, if D is a boundary

divisor of Y (Δ) corresponding to a root subsystem Θ ⊂ Δ, then valD and ψ(Θ) :=∑
α∈Θ∩Δ+ ψ(α) are on the same ray, where ψ : ZΔ+ → N(Δ) is the dual of the

inclusion M(Δ) → ZΔ+

. In our case Δ = E6, Y = Y 6 = Y (E6) and Y = Y
6
=

Y (E6). When D corresponds to an A1 (resp. A×3
2 ) subsystem, then valD = ψ(Θ)

(resp. 3 valD = ψ(Θ)). See [3], sections 5, 6 and Theorem 7.4.

5.4. We use ΔY to denote the minimal fan on trop(Y ). The rays of ΔY correspond
to subsystems of E6 and a collection of rays spans a cone if and only if the corre-
sponding divisors meet. In what follows, we identify a root system with its positive
roots and will often use the same notation to refer to a root system, the associated



4864 MARK LUXTON AND ZHENHUA QU

ray of ΔY and the corresponding divisor. We will need an explicit description of
ΔY . The maximal cones of ΔY are spanned by the following rays:

β, (ij), (kl), (mn)
(ij), (kl), (ijm), (ijn)

(ijk), (klm), (mni), (jln)
β, (ij), (kl), (ijm)� (kln)

(ij)(kl)(mn), (ij), (kl), (mn)
(ij)(kl)(mn), (ij), (kl), (lkm)
(ij)(kl)(mn), (ij), (ijk), (lkm)
(ijk)� (lmn), (ijk), (ij), (lm)

(ij)(kl)(mn), (ijk), (klm), (imn)

where

(ijk) � (lmn) = {β, αijk, αlmn} × {αij , αik, αjk} × {αlm, αln, αmn}

and

(ij)(kl)(mn) = {αij , αimn, αjmn} × {αkl, αijk, αijl} × {αmn, αklm, αkln}.

Note that (ij)(kl)(mn) = (kl)(mn)(ij) = (mn)(ij)(kl). The description of ΔY is
calculated explicitly in [7].

5.5. Let D4 ⊂ E6 be a subsystem. Then there is a canonical homomorphism
N(E6) → N(D4), which corresponds to a KSBA cross ratio of type I, Y (E6) → M0,4

under the identification N(E6) = NY and N(D4) = NM0,4
. The map NY =

N(E6) →
⊕

D4⊂E6
N(D4) is an injection. The log canonical fan ΔY is the intersec-

tion fan (NY )Q ∩
⊕

Δ4, where Δ4 denotes the log canonical fan of Y (D4) = M0,4,
which consists of 3 rays in a 2-dimensional space such that the first lattice points
add up to 0. There is a unique decomposition D+

4 = F1 � F2 � F3 into three

quadruples of pairwise orthogonal positive roots, and M(D4) ⊂ ZD+
4 is identified

with functions with the same values on elements in one quadruple, and these values
add up to 0. N(D4) consists of 3 rays and each corresponds to an Fi (see [3], 5.7,
6.7, 9.14).

5.6. We will also need a list of D4 ⊂ E6. There are two types.

(1) D(abcd|e) = {ab, cd, abe, ede} � {ac, bd, ace, bde} � {ad, bc, ade, bce} (30 of
these).

(2) D(ab|cd|ef) = {ab, cd, ef, β} � {ace, adf, bcf, bde} � {acf, ade, bcd, bdf} (15
of these).

Let Uβ be the toric variety determined by the ray β and let Y β be the closure
of Y in Uβ .

Lemma 5.7. Y β is isomorphic to X.

Proof. Let D be the boundary divisor X\Y , since X is very affine, by Proposition
3.1, it suffices to show that valD = φ(β) in NY , which is identified with N(Δ). This
can be done by an explicit calculation.

Note that if m =
∑

α∈Δ+ nαα ∈ M(Δ) and Θ ⊂ Δ is a subsystem, then
〈φ(Θ),m〉 =

∑
α∈Θ∩Δ+ nα. Recall that the identification M(Δ) = MY is obtained

as follows: X (Δ) = {x ∈ Λ∗
k|〈α, x〉 	= 0, ∀α ∈ Δ+}. MX (Δ), the units of X (Δ), is
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naturally identified with ZΔ+

. Letting qi = h−3ei be a basis of Λk and q∗i the dual
basis, define φ : X (Δ) → Y to be

x =

6∑
i=1

aiq
∗
i �→ (P2, [a1 : a31 : 1], . . . , [a6 : a36 : 1]).

Then we have an inclusion MY ⊂ MX (Δ) = ZΔ+

which identifies MY with M(Δ) ⊂
ZΔ ([3], 6.6).

After an automorphism of P2, we may assume, for (P2, P1, . . . , P6) ∈ Y , P1 = [1 :
0 : 0], P2 = [0 : 1 : 0], P3 = [0 : 0 : 1], P4 = [1 : 1 : 1], P5 = [x : y : 1], P6 = [z : w : 1].
Thus we may identify Y with an open subset of A4, removing the divisors fijk = 0
and fc = 0, where fc = 0 is the divisor corresponding to the six points lying on
a conic and fijk = 0 is the divisor corresponding to the collinear points Pi, Pj , Pk,
1 ≤ i < j < k ≤ 6 (excluding 1 ≤ i < j < k ≤ 4 and 125, 126). We have
valD fijk = 0 and valD fc = 1.

φ∗(fijk) = (ai− aj)(aj − ak)(ak − ai)(ai+ aj + ak) = αij +αjk +αik +αijk. We
have 〈β, fijk〉 = 0 and

φ∗(fc) = det(aji )1≤i≤6,j=0,1,2,3,4,6

= −(a1 + a2 + · · ·+ a6)
∏

1≤i<j≤6

(ai − aj) = β +
∑

1≤i<j≤6

αij .

We have 〈β, fc〉 = 1. This verifies the lemma. �

We now regard Y as a compactification of X with simple normal crossing bound-
ary divisor. Since Y → X is dominant, trop(X) is the image of |ΔY |.

Proposition 5.8. The image of the fan ΔY in NX = NY /βZ is a fan, denoted by
Δ′, which is strictly simplicial.

Proof. First note that if D4 ⊂ E6 is a subsystem, then the image of β is 0 in
N(E6) → N(D4) if and only if β /∈ D4. Thus we have a commutative diagram

NY
��

��

⊕
D4

N(D4)

��
NX

�� ⊕
β/∈D4

N(D4).

The top arrow is injective. We claim that the bottom arrow is also injective, or
equivalently

⊕
β/∈D4

M(D4) → MX is surjective. The possible missing units are the

units in M(D4) for β ∈ D+
4 = F1 � F2 � F3. If β ∈ F1, then we may lose the unit

m with value 1 on F2 and −1 on F3. By symmetry, assume β ∈ D4 = D(12|34|56).
We note that

{(135) + (146) + (236) + (245)} − {(136) + (145) + (235) + (246)}
can be written as

({(13) + (24) + (135) + (245)} − {(14) + (23) + (145) + (235)})
+ ({(14) + (23) + (146) + (236)} − {(13) + (24) + (136) + (246)}) ,

a sum of a unit in M(D(1234|5)) and a unit in M(D(1234|6)). The claim follows.
To show that the image of ΔY is a fan, it is enough to show that if two distinct

points x, y ∈ |ΔY | map to the same point in (NX)Q, then x, y are in some cone
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σ ∈ ΔY such that β is a ray of σ. Assume y = x + cβ for some c > 0. Since ΔY

is the intersection fan (NY )Q ∩
⊕

D4⊂E6
Δ4, the image of y in

⊕
Δ4 must be in a

cone of the form
⊕

D4⊂E6
ρ(D4), where ρ(D4) is a ray in Δ4 such that for β ∈ D4,

ρ(D4) is the ray containing the image of β. Thus the image of x is in the same
cone. Intersecting (NY )Q, x, y are in the same cone containing β. �
5.9. We again use (ij), (ijk), (ijk) � (lmn), (ij)(kl)(mn) for the image of these
in NX . We verify the following two relations by a direct computation in every
projection NX → N(D(abcd|e)).

(1) (ijk)� (lmn) = (ijk) + (lmn) in NX .
(2) (ij)(kl)(mn) + (ij)(kl)(mn) = (ij) + (kl) + (mn).

Recall that for an A×3
2 type subsystem Θ ⊂ E6, ψ(Θ) is divisible by 3. Here

(ijk) � (lmn) and (ij)(kl)(mn) mean the valuation lattice points of the corre-
sponding divisors, which are 1

3ψ((ijk) � (lmn)) and 1
3ψ((ij)(kl)(mn)). By sym-

metry, for case (1), one can only check for the maps NX → N(D(ijkl|m)) and
NX → N(D(ijlm|k)). For case (2), one can only check NX → N(D(ijkl|m)) and
NX → N(D(ijkm|l)). The computation is left to the reader. We see that the
image of the cones

(ijk) � (lmn), (ijk), (ij), (lm) and (ijk) � (lmn), (lmn), (ij), (lm)

is the single cone spanned by (ijk), (lmn), (ij), (lm), and the two cones spanned by

(ij)(kl)(mn), (ij), (kl), (mn) and (ij)(mn)(kl), (ij), (kl), (mn)

span a single cone

(ij)(kl)(mn), (ij)(mn)(kl), (ij), (kl), (mn),

which we call a bipyramid cone. Let ΔX be the fan with the above combined cones
and other cones in Δ′.

Remark 5.10. Note that (ijk) � (lmn) is no longer a ray in ΔX (10 of these). By
counting numbers, we see that ΔX has 65 = 76−10−1 rays, 990 simplicial maximal
cones and 15 bipyramid cones. We recovered the description of the tropicalization
of G(3, 6) in [11] by a geometric method.

Theorem 5.11. ΔX is the intersection fan (NX)Q∩
⊕

β/∈D4
Δ4. In particular ΔX

is convexly disjoint. With the exception of the 15 bipyramid cones, ΔX is strictly
simplicial.

Proof. Let σ ∈ ΔX be a maximal cone. We consider the following 3 cases.

(1) σ is not a combined cone, and the inverse image in ΔY is a maximal cone
σ′ which maps isomorphically onto σ.

(2) σ is spanned by (ijk), (lmn), (ij), (lm).
(3) σ is spanned by (ij)(kl)(mn), (ij)(mn)(kl), (ij), (kl), (mn).

For case (1), σ′ = (NY )Q ∩ τ ′ for some cone τ ∈
⊕

D4
Δ4; thus σ = (NX)Q ∩ τ ,

where τ is the image cone of τ ′.
For cases (2) and (3), we first check that σ → Δ4 is a fan map for each D4 ⊂ E6

not containing β. For case (3), by symmetry one can only check for D(ijkl|m)
and D(ijkm|l). For case (2), recall that D(abcd|e) = F1 � F2 � F3 if (ij) ∈ F1.
Then for any other three, it is either in F1 or not in D(abcd|e) and similarly for
(lm). If both (ij), (lm) are not in D(abcd|e), by symmetry, one can only check for
D(ikln|j). The computation is left to the reader.
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Let σ(D4) be the image cone of σ in N(D4) and let σ′ the intersection cone
(NX)Q ∩

⊕
β/∈D4

σ(D4); clearly σ ⊂ σ′. To show that σ = σ′, it is enough to show

that for a subset D ⊂ {D4 ⊂ E6|β /∈ D4}, the induced map σ ⊂ σ′ →
⊕

D4∈D σ(D4)

is an isomorphism of σ onto the image of σ′. Note that the image of σ′ is the
intersection of the image of (NX)Q with the cone

⊕
D4∈D σ(D4) in

⊕
D4∈D N(D4)Q.

For case (2), we take D = {D(ikln|j), D(ikln|m), D(ijkl|m), D(lmni|j)} and
identify

⊕
D4∈D σ(D4) with Q4

+. We see that the image of (ijk), (lmn), (ij) and

(lm) is the standard basis of Q4; hence σ maps isomorphically onto the image of σ′

(which is Q4
+).

For case (3), we take D = {D(ijkm|l), D(ijkm|n), D(klim|n), D(klim|j),
D(mnki|j), D(mnki|l)}, and identify

⊕
D4∈D σ(D4) with Q6

+. We have

(ij)(kl)(mn) �→ (1, 0, 1, 0, 1, 0),
(ij)(mn)(kl) �→ (0, 1, 0, 1, 0, 1),

(ij) �→ (1, 1, 0, 0, 0, 0),
(kl) �→ (0, 0, 1, 1, 0, 0),
(mn) �→ (0, 0, 0, 0, 1, 1).

One can use ψ(A⊥
2 ) = 2ψ(A2) to simplify the computation ([3], 5.10). The image

of σ′ is the intersection of Q6
+ with the 4-dimensional subspace given by x1 + x4 =

x2 + x3 and x1 + x6 = x2 + x5. One verifies that this is exactly the cone spanned
by the above 5 vectors by checking the intersection with each 3-dimensional face of
Q6

+ given by xi = xj = xk = 0.
We showed that ΔX is indeed the intersection fan; the other results are imme-

diate. �
Proposition 5.12. The stratification induced by X ⊂ Y satisfies condition (1) in
Theorem 3.1.

Proof. The stratification on Y induced by X ⊂ Y (resp. Y ⊂ Y ) is denoted by
S (resp. S ′). Let S be a stratum in S; we may assume dimS > 0. There is a
unique stratum S◦ in S ′ such that S◦ ⊂ S is an open subset. There are two cases
to consider:

(1) S◦ = S; in this case β and σS do not span a cone in ΔY .
(2) S◦ � S; in this case S◦ is the complement of the divisor of S cut out by β.

We shall show that S is very affine and that MS
X → MS is surjective; i.e. MS

is generated by the restriction of units on X with 0 valuation on D ∈ DS (or
equivalently units on Y with 0 valuation on D ∈ DS and β).

For case (1), it is clear that S is very affine since S is also a stratum in S ′. We
first assume that σS is a ray. Then σS is of the form (ijk) or (ij)(kl)(mn), and S
is isomorphic to M0,6 or M×3

0,4 . For σS = (ijk), a morphism X → Y (D4) for some

D4 not containing β extends to a unit on the stratum S if and only if (ijk) /∈ D4.
Thus we have a commutative diagram⊕

β,(ijk)/∈D4
M(D4) ��

r

����
���

���
���

MS
X

��
MS .

To show that r is a surjection, we make a W (E6) action which sends (ijk) to β and
β to some (i′j′k′). Then S is sent to D = X\Y , which is identified with the locus
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where 6 points lie on a conic. We need to show that
⊕

β,(i′j′k′)/∈D4
M(D4) → MD

X

is a surjection. A D4 cross ratio of the form D(abcd|e) corresponds to the mor-
phism X → M0,4 defined by the four points a, b, c, d on the conic passing through
a, b, c, d, e. This is explicit in the proof of [3], Theorem 6.6. Thus the extension
map restricted on D = M0,6 is forgetting e and f , where f is the 6th point. It is
well known that these units generate the units on M0,6. There are 30 D4 ⊂ E6 not
containing β (of the form D(abcd|e)). They form 15 pairs with same forgetful map
(D(abcd|e) and D(abcd|f) form a pair). At least one in each pair does not contain
(i′j′k′), which implies the result.

For σS = (ij)(kl)(mn) = Θ, a cross ratio of the form D4 = D(abcd|e) =
F1�F2�F3 extends to a unit on S if and only if 〈ψ(Θ),m〉 = 0 for any m ∈ M(D4),
or equivalently |Θ∩F1| = |Θ∩F2| = |Θ∩F3|. Among D(abcd|e), those of the form
D(ijkm|n) will do (12 of these). The 9 divisors of M

×3

0,4 are intersections with divi-
sors {(ij), (imn), (jmn)}, {(kl), (kij), (lij)} and {(mn), (mkl), (nkl)}. The divisors
in the same group are disjoint. It’s easy to check that the units of M×3

0,4 induced

from the first component (cut out by the divisors (ij), (imn), (jmn)) are the re-
strictions of the cross ratio map corresponding to D(ijkm|n) and similarly for the
other two components.

For dimσS > 1, one of the rays of σS is of the form ρ = (ijk) or (ij)(kl)(mn).
Letting Z be the corresponding stratum, we view S as a stratum of the closure of

Z, which is a Schön compactification (either M0,6 or M
×3

0,4 with the usual stratifica-
tion). Thus S is embedded in the corresponding torus orbit of rank rkMZ − d+ 1.
We have a commutative diagram

MS
X

��

��

MZ
X

��
MS

Z
��

��

MZ

MS .

The horizontal arrows are inclusions, MZ
X → MZ and MS

Z → S are surjective.
MS

X → MS
Z is also surjective by rank counting. We have completed case (1).

For case (2), we have a commutative diagram

MS
X

��

��

MS◦

Y

��
MS

�� MS◦ .

Assume S is very affine, the existence of a unit on Y with valuation 1 on β and
0 on D ∈ DS implies that rkMS = rkMS◦ − 1. Since rkMS

X = rkMS◦

Y − 1, and

MS◦

Y → MS◦ is surjective, so is MS
X → MS .

Finally we need to show that S is very affine. First assume codimS = 1. Then σS

is either (ij) or (ijk)� (lmn). If σS = (ij), then S ⊂ M0,6, removing all boundary

divisors except the divisor corresponding to β, which is a divisor of type M0,5. If we
identify this divisor with n pointed stable rational curves of type {1, 2, 3, 4}�{5, 6},
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and identify the first 3 points with 0,∞, 1 after an automorphism of P1, then S is a
subset of A3 with coordinates x4, x5, x6 satisfying x4, x5, x6 	= 0, 1 and x4 	= x5, x6

(the equation x5 = x6 defines the divisor cut out by β on S). It is clear that S is

very affine. If σS = (ij)(kl)(mn), then S ⊂ M
×3

0,4, removing all boundary divisors
except one. S is then isomorphic to Gm ×M0,4 ×M0,4, which is very affine.

For higher codimension, S is the complement of M
×i

0,4 or M0,5 with one less
boundary divisor of the usual boundary. These are clearly very affine. �

Theorem 5.13. X = X(3, 6) is Hübsch, and ΔX is the log canonical fan. The log
canonical model X lc is smooth with simple normal crossing boundary divisor outside
of 15 isolated singularities which form a single S6-orbit. Locally analytically, each

singularity is isomorphic to C(P1×P2), the cone over P1×P2. The map Y
6 → X lc

is obtained by 10 divisorial contractions and 15 small contractions.

Proof. By Proposition 5.8 and 5.12, X ⊂ Y satisfies the assumptions in Theorem
3.1; thus Y is a Schön compactification of X in X(Δ′). Y ∩Oσ′ is connected for any
σ′ ∈ Δ′ by the explicit description of boundary divisors of Y . By Theorem 5.11,
ΔX , supported on trop(X), is convexly disjoint. By Theorem 4.9, we conclude that
X is Hübsch. Other statements are clear from the description of ΔX . �

6. Toric schemes over a discrete valuation ring

In order to extend tropical compactification to the nonconstant coefficient case,
we need to introduce the notion of toric schemes over a discrete valuation ring.
This has first appeared in Mumford [6] in an effort of extending the semi-stable
reduction theorem. Smirnov [9] constructed toric schemes from certain polyhedra
(his so-called admissible polyhedra). We observe that a simple construction is just
by pulling back a toric map X(Δ) → A1

k to the spectrum of the local ring at 0. We
shall also compare a toric scheme (with the same combinatorial data) in various
ring extensions since we ultimately intend to study a subvariety Y ⊂ T over the
field of Puiseux series.

First let’s fix some notation: (R,m, k) is a discrete valuation ring with m the
maximal ideal, k the residue field, and K the quotient field; assume k ⊂ R ⊂ K.
Let K be the algebraic closure of K. We write SpecR = {η, s}, where η is the
generic point and s the closed point. For any scheme X over SpecR, we use Xη

and Xs to denote the generic fibre and special fibre respectively. We fix t ∈ m\m2,
a uniformizer. Our main application would be that k is an algebraically closed field
of characteristic 0, K is the algebraic closure of k(t), i.e. the field of Puiseux series
over k, and K = k((t1/n)) for some n > 0.

Definition 6.1. A (normal) toric scheme over R is an integral normal scheme X

together with a map X → SpecR which is separated and of finite type, such that
it contains the torus TK in its generic fibre Xη and there is a group scheme action
TR ×R X → X which extends the left multiplication of TK on itself.

To construct a toric scheme, we need the following data. Let N be a lattice of

rank n, Ñ = N ⊕ Z, Δ ⊂ ÑQ a fan such that pr2(Δ) ⊆ Q≥0. We call such a fan
an admissible fan and cones in it admissible cones. This gives a toric morphism of
ordinary toric varieties X(Δ) → A1

k, the toric scheme X(Δ) → SpecR is obtained
from X(Δ) via the base change SpecR → A1

k, where the map SpecR → A1
k is
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defined by the map k[x] → R : x �→ t. If Δ consists of a single cone σ together with
all its faces, we write Xσ instead of X(Δ).

This construction is essentially the same as in [6]. We shall describe O(Xσ)

explicitly for σ ∈ Δ. Let M and M̃ = M ⊕Z be the dual of N and Ñ respectively.

For a lattice point m̃ ∈ M̃ , we write m̃ = (m, s) where m ∈ M and s ∈ Z, and let

e = (0, 1) ∈ M̃ . Note that for any admissible cone σ, e is contained in its dual cone

σ∨. If we write Sσ for the monoid σ∨ ∩ M̃ , then

O(Xσ) = k[Sσ]⊗k[x] R = R[χm̃]m̃∈Sσ
/(χe − t) = R[χmts](m,s)∈Sσ

.

Denote R[χmts](m,s)∈Sσ
by A[Sσ], and note that A[S] can be defined for any sub-

monoid S ⊂ M̃ containing e. In [6], X(Δ) is constructed by gluing all SpecA[Sσ];
we refer the reader to [6] IV §3 for basic properties of X(Δ) which are analogous to
ordinary toric varieties; for example the one-to-one correspondence between toric
orbits and cones, the correspondence of T -linearized invertible sheaves and piece-
wise linear maps |Δ| → Q, etc. We give a brief proof of the following properties of
X(Δ) since they are not included in [6] and are sort of special for toric R-schemes.

Proposition 6.2. (1) The generic fiber of X is X(Δ∩N), where Δ∩N is the

subfan of Δ consisting of all cones of Δ which are in N ⊂ Ñ .
(2) For any ρ ∈ Δ(1), a 1-dimensional cone, let vρ be the first lattice point

on ρ. Then valVρ
(χmts) = 〈m̃, vρ〉, where m̃ = (m, s) ∈ M̃ and Vρ is the

closure of the orbit Oρ corresponding to ρ.
(3) The special fibre of X(Δ) is a union of irreducible components indexed by

ρ ∈ Δ(1) not contained in N , whose reduction is the union of Vρ. The
irreducible component indexed by ρ is reduced if and only if pr2(vρ) = 1,
and the special fibre Xs is reduced if and only if pr2(vρ) = 1 for all ρ 	⊂ N .

(4) For an admissible fan Δ ⊂ Ñ = N ⊕ Z, let Δ[d] be the same fan but
considered in N ⊕ dZ. There exists an integer d > 0 such that for any
discrete valuation ring R′, X(Δ[d]) as a toric R′-scheme has reduced special
fibre, and furthermore when R′ = R[t1/d], X(Δ[d]) is obtained from X(Δ)
via the base change SpecR[t1/d] → SpecR followed by normalization.

Proof. (1) follows easily from the pullback construction of X and the toric orbit
structure of the ordinary toric variety X(Δ).

Letting O′
σ and V ′

σ be the usual toric orbit and orbit closure of X(Δ), it is easy
to check that Oσ and Vσ are obtained via the base change X → X(Δ). For (2),
note that the rational function χmts ∈ K[M ] on X is induced from the rational

function χm̃ ∈ k[M̃ ] on X(Δ); thus valVρ
χmts = valVρ

χm̃ = 〈m̃, vρ〉.
For (3), we already know that (Xs)red =

⋃
ρ Vρ for ρ 	⊂ N . Let Xs,ρ be the

irreducible component indexed by ρ, with Vρ its reduction. Xs,ρ is reduced if and
only if valVσ

t = 1, that is, pr2(vρ) = 1 by (2). This can also be shown by the affine

ring. Let σ ∈ Δ; then O(Xσ ×R k) = k[σ∨ ∩ M̃ ]/(χe), where the effect of modulo

(χe) is to make χm̃ = 0 if m̃− e ∈ σ∨ ∩ M̃ . If pr2(vρ) = 0 or 1, for all ρ < σ, then

χm̃ = 0 for all m̃ in the interior of σ∨; hence k[σ∨ ∩ M̃ ]/(χe) is reduced.
For (4), let d be the least common multiple of vρ for all ρ 	⊂ N . Then Δ[d]

satisfies the assumption in (3); hence X(Δ[d]) has reduced special fibre. Now assume
R′ = R[t1/d]. We show that X(Δ[d]) is the normalization of X(Δ)×R R[t1/d]. This
is a local question. We show this for each σ ∈ Δ. Note that the dual of N ⊕ dZ
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is M ⊕ 1
dZ and we have a natural embedding M̃ ⊂ M ⊕ 1

dZ corresponding to

N ⊕ dZ ⊂ Ñ . Let σ[d] be the same cone but considered in N ⊕ dZ, and Sσ[d] the

monoid σ∨ ∩ (M ⊕ 1
dZ).

The affine ring of Xσ ×RR[t1/d] is R[χmts](m,s)∈Sσ
⊗R R[t1/d]. The effect of this

tensor product is just introducing 1
de in Sσ; i.e., if S

′ is the monoid generated by

Sσ and 1
de in Sσ[d], then

R[χmts](m,s)∈Sσ
⊗R R[t1/d] = R[χmts](m,s)∈S′ .

The effect of normalization is saturating S′, which is Sσ[d]. �

Remark 6.3. If X(Δ) has reduced special fibre, then X(Δ[d]) = X(Δ) ×R R[t1/d].
This is because S′ (the monoid generated by Sσ and 1

de in Sσ[d]) is already saturated,
i.e. S′ = Sσ[d].

7. Tropical compactification in nonconstant coefficient case

We first define tropical and Schön compactification for Y ⊂ T over a field with
discrete valuation and establish parallel results as in the constant coefficient case.
With the notation as in the previous section, let Y ⊂ TK be a subvariety. trop(Y )
in this case is taken to be the tropicalization of YK ⊂ TK.

Note that trop(Y ) sits inside NQ and define T (Y ) to be the closure of the set

{(t · x, t) ∈ NQ ⊕ Q = ÑQ|x ∈ trop(Y ), t ∈ Q>0}. We take T (Y ) as a replacement
of trop(Y ) in the nonconstant coefficient case. If we modify the BG-set definition
of trop(Y ) (Theorem 2.2, (2)), then T (Y ) coincides with the following set:

{(u|MQ
, u(t)) ∈ NQ ⊕Q|u : O(Y ) → Q},

where u runs over all valuations trivial on R∗ and nonnegative on R. Letting

Δ ⊂ ÑQ be an admissible fan, X(Δ) the corresponding toric scheme over R, Y the
closure of Y in X(Δ), we make the following definitions.

Definition 7.1. We say Y is a tropical (resp. Schön) compactification if Y is
proper over R and the structure map TR ×R Y → X(Δ) is flat (resp. smooth) and
surjective. For a very affine variety Y , we say Y is Schön if it admits a Schön
compactification in the intrinsic torus.

Definition 7.2. Y ⊂ X(Δ) is called a Hübsch compactification if it is Schön, X(Δ)
has reduced special fibre and KY + BY is ample. We say Y is Hübsch in T if it
admits a Hübsch compactification in the intrinsic torus.

Remark 7.3. Since X(Δ) has reduced fibre and Y has a smooth structure map, KX

and KY are well defined. We have KX + BX = 0, and by the adjunction formula,
KY +BY = detNY /X(Δ).

Proposition 7.4. Y is proper over R if and only if |Δ| ⊃ T (Y ). If Δ is a tropical
fan, then |Δ| = T (Y ).

Proof. This can be proved following the same idea as in the constant coefficient
case in [12]. Here we proceed with a new proof using the BG-set definition and
valuative criterion.
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Suppose Y is proper over R. Let u be a valuation K(Z)× → Q which is trivial
on R∗ and nonnegative on R for some subvariety Z of Y . Let R(Z) be the valuation
ring. Then we have the following commutative diagram:

SpecK(Z) ��

��

�� Y �� X(Δ)

��

Xσ

�����������

SpecR(Z) ��

f

�������������������
g

������������
SpecR ,

where the existence of f is due to the valuative criterion of properness of Y . f then
factors through some open affine toric scheme Xσ ⊂ X(Δ). g corresponds to a ring
homomorphism O(Xσ) → R(Z), which implies that u takes nonnegative values on

Sσ; thus [u] ∈ σ, where [u] denotes the image of u in ÑQ. We proved |Δ| ⊃ T (Y ).
Suppose |Δ| ⊃ T (Y ). If Y is not proper, there is a proper R-scheme Y ′, contain-

ing Y as an open dense subscheme. Let y1 be the generic point of Y ′ and y0 any
point of Y ′ not contained in Y . Then OY ′,y0

is dominated by a discrete valuation
ring of K(Y ′) = K(Y ). Let u denote the valuation, and R(Y ) the valuation ring.
Then [u] ∈ σ for some σ ∈ Δ. The map SpecR(Y ) → Y ′ sending the generic point
to y1 and the closed point to y0 factors through Xσ, a contradiction.

Let Δ be a tropical fan. We already proved Δ ⊃ T (Y ); hence for any Δ′ refining
Δ, Y (Δ′) is proper over R. Let Y = Y (Δ)×X(Δ)X(Δ

′). We show that Y = Y (Δ′).
Indeed we have a fibre diagram

TR ×R Y
f ��

��
�

X(Δ′)

��
TR ×R Y (Δ) �� X(Δ) .

Since Y (Δ) is tropical, the top arrow is also flat and surjective. Restricting on
the open subscheme TK ⊂ X(Δ′), f−1(TK) = TK ×K Y , which is integral. By the
lemma below, TR ×R Y is integral, so is Y. Hence Y is π−1(Y (Δ)) ⊂ X(Δ′) with
reduced induced structure; hence Y (Δ′) = Y, and it is tropical and is the pullback
of Y (Δ).

It remains to prove that Δ is supported on T (Y ). Suppose it is not. Let Δ′

refine Δ such that there is a subfan Δ′′ ⊂ Δ′ with |Δ′′| = T (Y ). X(Δ′′) is an open
subscheme of X(Δ′), but not equal to X(Δ′). Y (Δ′′) = Y (Δ′); thus the structure
map TR ×R Y (Δ′) → X(Δ′) fails to be surjective. �
Lemma 7.5. Let f : X → Y be a flat morphism of schemes. Assume Y is integral.
If there exists a dense Zariski open subset U ⊂ Y such that f−1(U) is integral, then
X is integral.

Proof. For any x ∈ X, let y = f(x). Take affine open neighborhoods SpecB and
SpecA of x and y respectively such that f : SpecB → SpecA. Then A → B is
flat. We can find a ∈ A such that SpecAa ⊂ U . Since f−1(SpecAa) ∩ SpecB =
SpecBa, we know Ba is a domain. Tensoring 0 → A → Aa with B over A, we have
0 → B → Ba; hence B is a domain. X is reduced.
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If X is not irreducible, there is an irreducible component X ′ of X such that
f : X ′ → Y −U . However each irreducible component of X should dominate Y by
the openness of a flat map. This is a contradiction, which proves the lemma. �

Proposition 7.6. Any refinement of a tropical fan is tropical. If Y ⊂ TK admits
a Schön compactification, then any tropical fan produces a Schön compactification.
Let Y ⊂ X(Δ) = X be a Schön compactification. Then Y is locally a complete

intersection in X(Δ). Furthermore for any refinement Δ′ of Δ, let Y
′
be the closure

of Y in X(Δ′) = X′ with proper birational map π : Y
′ → Y . Then detNY

′
/X′ =

π∗(detNY /X).

Proof. The proof is the same as in the constant coefficient case [12] using the fibre
diagram in Proposition 7.4. �

Proposition 7.7. Tropical compactifications exist for any subvariety Y ⊂ TK .

Proof. The proof is the same as in the constant coefficient case using Kapranov’s
visible contour construction and Laforgue’s transversality argument. �

Lemma 7.8. Let Y ⊂ TK be a subvariety and assume Y is geometrically integral.
If Δ produces a tropical (resp. Schön, resp. Hübsch) compactification of Y , then
Δ[d] also produces a tropical (resp. Schön, resp. Hübsch) compactification for
YK′ ⊂ TK′ , where K ′ = K(t1/d).

Proof. Let R′ = R[t1/d] and Y (Δ[d]) be the closure of YK′ in X(Δ[d]). We have a
fibre diagram (by Lemma 7.5)

TR′ ×R′ Y (Δ[d]) ��

��

X(Δ[d])

��
TR ×R Y �� X(Δ).

Hence if Y is tropical (resp. Schön), so is Y (Δ[d]).
If Y is Hübsch, X(Δ) has reduced special fibre and so does X(Δ[d]). Thus

Y (Δ[d]) and X(Δ[d]) are obtained from Y and X(Δ) simply by the ring extension
SpecR′ → SpecR (see Remark 6.3). Therefore Y (Δ[d]) is also Hübsch. �

Proposition 7.9. If Y ⊂ TK admits a Hübsch compactification and Y is geomet-
rically integral, then T (Y ) has a minimal fan structure Δ corresponding to the log
canonical compactification.

Proof. Let Δ′ be another fan supported on T (Y ). We show that Δ′ is a refinement
of Δ. Suppose on the contrary that Δ′ does not refine Δ. Then there exists a
d-dimensional cone σ′ ∈ Δ′ (d = dimY ), which is not contained in any cone of Δ.
There is a (d− 1)-dimensional cone α ∈ Δ which meets the interior of σ′. Let Δ′′

be a common strictly simplicial refinement. Then there is a (d − 1)-dimensional
cone α′′ ⊂ α ∩ σ′, meeting the interior of both α and σ′. We may assume that
X(Δ),X(Δ′) and X(Δ′′) all have reduced fibre; otherwise consider Δ[l],Δ′[l] and
Δ′′[l] for some l (Lemma 7.8).

We have proper birational maps

p1 : X′′ := X(Δ′′) → X := X(Δ)
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and

p2 : X′′ → X
′ := X(Δ′).

Let Z, Z ′ and Z ′′ be the orbit closures of Vα, Vσ′ and Vα′′ in X, X′ and X′′

respectively.
Note that σ′ is not contained in N since it’s a maximal cone in T (Y ), and

consequently the same holds for α and α′′; hence Z, Z ′ and Z ′′ are all on the
special fibre, in particular, are all normal toric varieties over k.

Z ′ is isomorphic to a torus T ′
k. The induced morphism p2 : Z ′′ → Z ′ is a proper

toric morphism of relative dimension 1; thus Z ′′ ∼= Z ′ ×k P1
k. p1 : Z ′′ → Z is

birational.
Let Y and Y

′′
be the closure of Y in X and X′′ respectively. Y

′′
is a Schön

compactification with reduced special fibre. The scheme-theoretic intersection C :=
Y ′′ ∩ Z ′′ ⊂ T ′

k ×k P1
k is 1-dimensional, reduced, proper and smooth over k. Thus

C ∼= z×P1 for some z ∈ T ′
k a 0-dimensional reduced closed subscheme. So we have

that KC +BC is trivial. Since Y
′′ → Y is log crepant, and KY +BY is ample, by

the projection formula we conclude that C is contracted by p1 : Z ′′ → Z. Since
p1 is equivariant, all fibres z′ × P1 are contracted, a contradiction to p1 being a
birational map. �

Theorem 7.10. Assume charK = 0. Then for any variety Y over K, Y contains
a Schön very affine variety.

Proof. The proof proceeds in an analogous streamline as in the constant coefficient
case, only with some technical issues to be taken care of. Let Y o be a regular
very affine variety over K and Y a regular compactification, projective over SpecR
with reduced special fibre and simple normal crossing boundary divisor. Let M
be a lattice with a homomorphism φ : M → O∗(Y ) such that K[M ] → O(Y ) is

surjective. For any stratum S, let M̃S be the set {m̃ = (m, r) ∈ M̃ = M ⊕ Z|m̃ ∈
O(Star(S))} (where we think of m̃ = φ(m)tr as a rational function on Y ). The
conditions in Theorem 3.1 are now the following:

(1) For each stratum S, StarM is affine and A[MS ] → O(Star(S)) is surjective.

(2) For each stratum S and any divisor D0 ∈ DS , there exists m̃ ∈ M̃S such
that valD0

m̃ = 1 and valD′ m̃ = 0 for all D′ ∈ DS\{D0}.
(3) The cones σS (the dual cone of M̃S) form an admissible fan in ÑQ.

We may assume Y is regular. By Hironaka’s resolution theorem and Mumford’s
semi-stable reduction theorem, there is a compactification Y , possibly over a ring
extension R ⊂ R[t1/d], which is regular with reduced special fibre and simple normal
crossing boundary divisor. Thanks to the following lemma of a relative version of
Bertini’s theorem, the above conditions can be achieved by adding more generic
hyperplane sections as in the proof of Theorem 1.4. �

Lemma 7.11 ([4]). Let X be a regular scheme, flat and quasi-projective over
SpecR. Assume that Xs is a reduced and simple normal crossing. Then a gen-
eral hyperplane H ⊂ Pn

R intersects X transversely and (X ∩ H) ∪ Xs is a simple
normal crossing.

Theorem 7.12. If Y is Schön in TK , then any fan supported on T (Y ) produces a
Schön compactification.
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Proof. This is a relative version of Theorem 1.5, which is proved by reducing to the
constant case. Let Δ′ be any fan supported on T (Y ), and let Δ be a refinement

of Δ′ which is Schön. Let Y and Y
′
be the closures of Y in X(Δ) and X(Δ′)

respectively. We have a commutative diagram as follows:

TR ×R Y
f ��

��

X(Δ)

p

��
TR ×R Y

′ g �� X(Δ′).

Note that f is smooth. Pulling the diagram back to the generic fibre and lifting
to the algebraic closure K, we have

TK ×K Y K

fK ��

��

X(Δ)K

��
TK ×K Y

′
K

gK �� X(Δ′)K.

Now Y K is a disjoint union of irreducible components of pure dimension, and each
irreducible component has a smooth surjectives structure map possibly in a smaller
toric open set (see Remark 2.4). Applying Theorem 4.4 to each irreducible compo-

nent of Y K, we see that Y K is a set-theoretic inverse image of Y
′
K; hence Y

′
K is also

a disjoint union of irreducible components of pure dimension. We can now apply
Theorem 1.5 to each irreducible component of YK, where gK is smooth.

Let W be any toric orbit closure of X(Δ) on the special fibre (which is a normal
toric variety over k) and let O ⊂ W be the open orbit. Then W → p(W ) is a
proper toric map. Restricting the diagram on W , we have

Y ∩W ��

��

W

p

��
Y

′ ∩ p(W ) �� p(W ).

Y ∩ W has a smooth structure map in W . By the same argument as above, we

can show that Y
′ ∩ p(W ) also has a smooth structure map. Combining the above

result, we see that f is smooth. �

Assume that k is of characteristic 0. K is then the field of Puiseux series over
k. For a subvariety Y ⊂ TK, Y is defined over Kn := k((t1/n)) for some n. We
propose the following definition.

Definition 7.13. Y ⊂ TK is Schön (resp. Hübsch) if for some n, Y is defined over
Kn and Y ⊂ TKn

is Schön (resp. Hübsch).

This is to avoid some technical difficulty such as schemes over a non-Noetherian
ring. It is clear that if Y ⊂ TK is Hübsch, then T (Y ) has a minimal fan structure.
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