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COVARIANT DERIVATIVES OF THE BEREZIN TRANSFORM

MIROSLAV ENGLIŠ AND RENATA OTÁHALOVÁ

Abstract. Improving upon recent results of Coburn, Xia, Li, Englǐs and
Zhang, Bommier-Hato, and others, we give estimates for higher-order covari-
ant derivatives of the Berezin transform of bounded linear operators on a
reproducing kernel Hilbert space of holomorphic functions. The answer turns
out to involve the curvature of the Bergman-type metric associated to the
reproducing kernel.

1. Introduction

For a domain Ω ⊂ Cn, denote by O(Ω) the vector space of all holomorphic
functions on Ω, and let H ⊂ O(Ω) be an arbitrary Hilbert space which has a
reproducing kernel, i.e. such that the point evaluation functionals f �→ f(z) are
continuous from H into C for any z ∈ Ω. The reproducing kernel K(z, w) of H is
then a function on Ω×Ω, holomorphic in z, w, which has the reproducing property

f(z) = 〈f,Kz〉 ∀f ∈ H,

whereKz = K(·, z) ∈ H. We will assume throughout that ‖Kz‖2 = K(z, z) satisfies

K(z, z) > 0 ∀z ∈ Ω.

The formula

K(z, z) = ‖Kz‖2 = sup{|f(z)|2 : f ∈ H, ‖f‖ ≤ 1}
then exhibits logK(z, z) as a supremum of logarithms of moduli of holomorphic
functions, implying that logK(z, z) is plurisubharmonic. In other words, the matrix
of mixed second-order derivatives

(1) gjk :=
∂2

∂zj∂zk
logK(z, z)

defines an Hermitian (semi-)Riemannian metric on Ω by

(2) ‖v‖2z :=
∑
j,k

gjkvjvk

for v ∈ TzΩ ∼= Cn the tangent space at z ∈ Ω, which in turn induces the (semi-)
distance function β(·, ·) on Ω in the standard way [19], [20].
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In his quantization program in the 1970s, Berezin [4] introduced a general symbol
calculus for linear operators on reproducing kernel spaces. More specifically, for
X ∈ B(H), the algebra of all bounded linear operators on H, the Berezin symbol
(or Berezin transform) of X is the function on Ω defined as

X̃ := 〈Xkz, kz〉,
where

kz = K(z, z)−1/2K(·, z) = Kz

‖Kz‖
is the normalized kernel function at z. It is immediate that X̃ is real analytic and

‖X̃‖∞ ≤ ‖X‖, and it is well known that X is uniquely determined by X̃.
The prototypes of the spaces H are the Bergman spaces A2(Ω) of all holomorphic

functions in L2(Ω, dV ) on a bounded domain Ω ⊂ Cn with Lebesgue measure dV ,
or the Segal-Bargmann(-Fock) spaces A2(Cn) of all entire functions in L2(Cn, dμ)
for the Gaussian measure

dμ(z) = (2π)−ne−|z|2/2 dV (z).

The reproducing kernel K(z, w) is then just the original kernel function of Bergman
[5] for Ω bounded, while K(z, w) = ez·w/2 for Ω = Cn. Similarly, the metric (1)
is the Bergman metric on Ω � Cn and coincides (up to a constant factor) with
the Euclidean metric for Ω = Cn. In both cases, Coburn [11] obtained a Lipschitz
estimate for the Berezin symbol on A2(Ω), namely,1

(3) |X̃(a)− X̃(b)| ≤ 2 ‖X‖ β(a, b)

for any a, b ∈ Ω and X ∈ B(A2(Ω)). Furthermore, he showed in [12] that the above
estimate is sharp in the sense that

(4) sup
a,b∈Ω,a �=b,

0�=X∈B(A2(Ω))

|X̃(a)− X̃(b)|
‖X‖ β(a, b)

= 2.

It was subsequently noted by Xia (unpublished) that for Ω = Cn, the proof in [11]

can even be used to provide a stronger result: namely, X̃ and its partial derivatives
of all orders are bounded. The present author and G. Zhang [15] improved upon

and extended Xia’s result by showing that LX̃ is bounded for any invariant linear
differential operator L on Ω and any X ∈ B(H), when H is any one of the standard
weighted Bergman spaces on a bounded symmetric domain Ω.

The proof in [15] relied on the homogeneity of Ω under its group of holomorphic
automorphisms and made it clear that the invariant geometry of Ω was, at least for

bounded symmetric domains, the right context in which to view X̃; for this reason,
there was also stated a conjecture there to the effect that, for any k = 1, 2, . . . ,

(5) sup
z∈Ω

‖∇kX̃(z)‖z ≤ ck ‖X‖ ∀X ∈ B(A2(Ω))

with some constants ck, for any bounded domain Ω ⊂ Cn. Here ∇kX̃ stands for

the k-th covariant derivative of X̃, and ‖ · ‖z for its (tensor) norm at z ∈ Ω with
respect to the Bergman metric (1).

1The constant 2 appears here instead of
√
2 in [11] due to a different normalization of the

metric (2): the one used in [11] is twice our (2).
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For k = 1, the above conjecture was settled in the affirmative by Coburn and Li
[13], who showed that the directional derivative in the direction of v ∈ Cn satisfies

(6) ‖DvX̃(z)‖ ≤ 2 ‖X‖ ‖v‖z,
implying that (5) holds for k = 1 with c1 = 2. For k ≥ 2, the conjecture re-
mained open.

In a different direction, H. Bommier-Hato studied the case of H = A2(Cn, dμm),
the space of all entire functions on Cn square-integrable with respect to the “power-
Gaussian” measures

(7) dμm(z) = e−|z|m dV (z)

on Cn, with an arbitrary m > 0. It was proved in [8] that X̃ is locally Lipschitz;
more specifically,

|X̃(a)− X̃(b)| ≤ C ‖X‖ |a|m2 −1|b− a|
for |a| large and b in a small neighbourhood of a. Similarly, in [9] it was shown that
the directional derivatives satisfy

|DvX̃(a)| ≤ C ‖X‖ |a|m2 −1 ‖v‖,

implying that X̃ is even globally Lipschitz form ≤ 2. Her proof went by highly tech-
nical computations using an explicit formula for the reproducing kernel in terms of
a certain special function (the Mittag-Leffler function with parameter 2/m), and
also provided similar estimates for higher-order derivatives.

The Lipschitz estimate (3) means, in particular, that X̃ is uniformly continuous
with respect to the Bergman metric; this was applied for Ω = D, the unit disc,
by Suárez [28], and for Ω the unit ball of Cn, n > 1, by Nam, Zheng and Zhong
[25], in the study of Toeplitz algebras.

In this paper, we, first of all, extend the Lipschitz and directional derivative esti-
mates (3), (4), (6) to arbitrary reproducing kernel Hilbert spaces H of holomorphic
functions on Ω; this covers, in particular, the Hardy space and various Dirichlet
spaces on bounded domains, or Sobolev spaces of holomorphic functions.

Second, we show that, again for an arbitrary reproducing kernel Hilbert space
H contained in O(Ω),

(8) ‖∇2X̃(z)‖z ≤ 2
√

2(S + n2 + 5n) ‖X‖
for all z ∈ Ω, where S stands for the scalar curvature of the Riemannian metric (1).
(See e.g. [19], [27] or [7] for the technical background.) Furthermore, for n = 1
the result is optimal, and hence the left-hand side is in general unbounded if the
right-hand side is: we exhibit an example of a reproducing kernel Hilbert space H
of holomorphic functions on the unit disc D and an operator X ∈ B(H) for which

‖∇2X̃(z)‖z → +∞ as z tends to the boundary. Thus, in particular, the conjecture
(5) does not hold for k ≥ 2.

The proof of (8) in fact implies that

(9) S ≥ −n(n+ 1)

for any metric associated as in (1) to a reproducing kernel Hilbert space H ⊂ O(Ω).
This contrasts with the fact that it is easy to devise Kähler metrics on Ω whose
scalar curvature assumes arbitrarily large negative values. The inequality (9) must
thus be something inherent to metrics coming from reproducing kernels.
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Finally, we give the following variant of (8) for ∇kX̃ with k ≥ 3,

(10) ‖∇kX̃(z)‖2z ≤ rk(z) ‖X‖2,
where rk is given by a scalar expression involving the curvature tensor Rijkl of the

metric (1) and its covariant derivatives ∇mR of orders m ≤ 2k − 4.
Note that for H the Segal-Bargmann space on Cn or one of the usual weighted

Bergman spaces on a bounded symmetric domain, S is constant and ∇R vanishes;
thus (8) and (10) reduce to (5), recovering the results of J. Xia and [15].

Expressions of a similar kind as our rk occur as the coefficients of the asymptotic
expansion of the heat kernel and related geometric quantities; see e.g. [16] or [3].

The proofs of (3) and (6) appear in Section 2; the proof of (8) is contained
in Section 3, along with a brief review of the required prerequisites from Kähler
geometry. The proof of (10) occupies Section 4. The final section, Section 5, lists
some applications and open problems.

The authors are grateful to the anonymous referee for valuable suggestions.

2. Lipschitz estimates

The assumption K(x, x) > 0 ∀x implies that there exists a well-defined branch
of logK(x, y) =: L(x, y) in some neighbourhood U of the diagonal in Ω × Ω, with
L(x, y) real for x = y. The following assertion is standard for the ordinary Bergman
kernel; its proof for a general reproducing kernel Hilbert space H ⊂ O(Ω) can be
found e.g. in [14], Proposition 2.

Proposition 1. Let z ∈ Ω. The matrix

gjk(z) =
∂2L(z, z)

∂zj∂zk
, j, k = 1, . . . , n,

is positive semidefinite. It is positive definite if and only if for each v ∈ Cn, v �= 0,
there exist f, g ∈ H such that

g(z)Dvf(z)− f(z)Dvg(z) =
n∑

j=1

vj

(
g(z)

∂f

∂zj
(z)− f(z)

∂g

∂zj
(z)

)
does not vanish.

In particular, gjk is positive definite on all of Ω whenever the constants and the
coordinate functions belong to H.

Let us denote by

Az = A(z) := 〈·, kz〉kz
the rank-one orthogonal projection onto Ckz.

Our first result generalizes the directional derivative estimate proved for H =
A2(Ω) in [13] and also implies the Lipschitz estimates.

Theorem 2. For T ∈ B(H) and v ∈ Cn,

(11) |DvT̃ (z)| ≤ 2 ‖T‖ ‖v‖z,
with ‖v‖z as in (2).

Proof. As

T̃ (z) = tr(TA(z)),
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it is standard [17] that

(12) |T̃ (x)− T̃ (y)| ≤ ‖T‖ ‖Ax −Ay‖tr,
where ‖ · ‖tr stands for the trace norm. A routine computation [11] shows that

(13) ‖Ax −Ay‖tr = 2
√
1− |〈kx, ky〉|2.

From the Taylor series for L(x, y) around y we have, for (x, y) ∈ U ,

L(x, y) = L(y, y) + ∂L(y, y) · (x− y) +
1

2
∂2L(y, y) · (x− y)2 +O(|x− y|3)

and similarly for L(y, x), while

L(x, x) = L(y, y) + ∂L(y, y) · (x− y) + ∂L(y, y) · (x− y)

+
1

2
∂2L(y, y) · (x− y)2 +

1

2
∂2L(y, y) · (x− y)2

+ ∂∂L(y, y) · (x− y)(x− y) +O(|x− y|3),

where, for brevity, we are writing just ∂L(y, y) · (x − y) for
∑n

j=1
∂L(y,y)

∂yj
(xj − yj)

and so on. Subtracting, we get

log |〈kx, ky〉|2 = L(x, y) + L(y, x)− L(x, x)− L(y, y)

= −∂∂L(y, y) · (x− y)(x− y) +O(|x− y|3).
It follows that

1− |〈kx, ky〉|2 = 1− elog |〈kx,ky〉|2

= ∂∂L(y, y) · (x− y)(x− y) +O(|x− y|3)

=
∑
j,k

gjk(y) (xj − yj)(xk − yk) +O(|x− y|3),(14)

by (1).
It was shown in [15] that the function A(z) has derivatives of all orders in the

trace-norm topology, and thus

DvT̃ (z) = tr(T DvA(z))

exists for all z ∈ Ω and v ∈ Cn. On the other hand, from (12), (13) and (14) we
have for any real t �= 0 sufficiently small,

|T̃ (z + tv)− T̃ (z)| ≤ 2‖T‖
√
1− |〈kz+tv, kz〉|2

≤ 2‖T‖
√
t2‖v‖2z +O(t3);

that is, ∣∣∣ T̃ (z + tv)− T̃ (z)

t

∣∣∣ ≤ 2‖T‖
√
‖v‖2z +O(t).

Letting t → 0, the assertion follows. �

Corollary 3. For T ∈ B(H) and x, y ∈ Ω,

(15) |T̃ (x)− T̃ (y)| ≤ 2 ‖T‖ β(x, y).

Indeed, this is immediate from the standard definition of β(x, y) as the infimum
of lengths, with respect to (2), of curves joining x to y. The next corollary is even
more straightforward.
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Corollary 4. If ‖v‖z is majorized by a multiple of the Euclidean length |v|, then
T̃ is Lipschitz.

From the formula (22) in §18.1 of [2], one learns that the Mittag-Leffler function

Eα,α(t) =
∞∑
k=0

tk

Γ(kα+ α)

has the asymptotic expansion

Eα,α(t) = et
1/α

+O(e−θ|t|1/α)

as t → ∞ in a small conical neighbourhood of the positive real axis, with some θ > 0.
By Cauchy’s formula (integrating over circles of radius 1 around t), it also follows
that

(16) E(k)
α,α(t) = (et

1/α

)(k) + O(e−θ|t|1/α),

for any k = 1, 2, 3, . . . . Since E
(k)
α,α > 0 on the positive real axis, there exists a

branch G(t) of logE(n−1)(t) in some neighbourhood of R+, and (16) gives

G(k)(t) = O(t(k/α)−k)

as t → +∞ through R+, for k = 1, 2. Recalling now the formula [10]

K(x, y) = E
(n−1)
2/m,2/m(x · y) ≡ F (x · y)

for the reproducing kernel of A2(Cn, dμm) with μm given by (7), and using the
relation

gjk(z) =
δjkF

′(|z|2)
F (|z|2) + zjzk

F (|z|2)F ′′(|z|2)− |F ′(|z|2)|2
F (|z|2)2

= δjkG
′(|z|2) + zjzkG

′′(|z|2),
it follows that

‖v‖2z = ‖v‖2G′(|z|2) + |〈v, z〉|2G′′(|z|2) = O(|z|2m−2|v|2).

In particular, for m ≤ 1 the last corollary applies, and thus T̃ is globally Lipschitz.
This is Corollary 4 of [8]. Of course, for m = 2 (i.e. α = 1), we get G′′ = 0 and
‖v‖z = |v|, recovering thus from our last corollary the original result of [11], too.

As in [12] and [13], we can also show that the estimates in Theorem 2 and
Corollary 3 are sharp. The only missing piece is the analogue of the formula (4) in
[13], which was proved for H = A2(Ω) in [24]; for general H, we provide it as the
next proposition.

Proposition 5. For v ∈ Cn, the directional derivative of the function A(z) =
〈·, kz〉kz satisfies

‖DvA(z)‖tr = 2‖v‖z.

Proof. From (13) and (14) we get, for any t �= 0,∥∥∥Az+tv −Az

t

∥∥∥
tr
=

2
√
t2‖v‖2z +O(t3)

|t| = 2
√
‖v‖2z +O(t).

Letting t → 0 yields the claim. �
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Theorem 6. For any z ∈ Ω and v ∈ Cn, the operator X = DvA(z) satisfies

|DvX̃(z)| = 2 ‖X‖ ‖v‖z.
Consequently, the constant 2 in (11) and (15) is optimal.

Proof. The proof is the same as the proof of Theorem 3.3 in [13], with (4) from
that paper substituted by the preceding proposition. �

3. Second-order covariant derivatives

From now on we assume that the condition in Proposition 1 is fulfilled, so that

the metric (1) is Riemannian and not just semi-Riemannian. Let gkj(z) denote the
inverse matrix to gjk(z), i.e.

(17) gjkg
kl = glkgkj =

{
0 if l �= j,

1 if l = j,

where we have started using the usual convention of summing automatically over
any index which occurs once in the upper and once in the lower position. For any
covariant k-tensor field Tα1...αk

on Ω, its covariant derivative is the covariant (k+1)-
tensor field ∇T defined as

(∇T )α1...αkβ = DβTα1...αk
−

k∑
m=1

Γγ
βαm

Tα1...αm−1γαm+1...αk
.

The notation Tα1...αk/β is also sometimes used instead of (∇T )α1...αkβ. Here Dβ

denotes the directional derivative in the direction of the β-th coordinate, and the
Greek letters α1, . . . , αk, β, γ can be either the unbarred indices such as i, j, k, . . .
or the barred ones j, k, l, . . . . The Riemann-Christoffel coefficients Γγ

βα are given by

Γl
jk = gmlgjkm, Γl

jk
= glmgmjk, Γl

jk
= Γl

jk
= Γl

jk
= Γl

jk
= Γl

jk = Γl
jk

= 0,

where

gjkm =
∂3L(z, z)

∂zj∂zk∂zm
=

∂gkm
∂zj

=
∂gjm
∂zk

and similarly for gmjk, gjklm, and so forth.
It will be convenient to split ∇T into its holomorphic and anti-holomorphic parts

(∂T )α1...αkj = ∂jTα1...αk
−

k∑
m=1

Γl
jαm

Tα1...αm−1lαm+1...αk
,

(∂T )α1...αkj
= ∂jTα1...αk

−
k∑

m=1

Γl
jαm

Tα1...αm−1lαm+1...αk
,

where we also introduced the shorthand ∂j = ∂/∂zj , ∂j = ∂/∂zj .
Since ∇T is again a covariant tensor field, the procedure can be iterated, yielding

higher-order covariant derivatives ∇mT , m = 2, 3, . . . , which can again be split
into the various holomorphic and anti-holomorphic components ∂m1∂m2∂m3 . . . T ,
m1 +m2 +m3 + · · · = m. In particular, for f a function on Ω, we have

f/j = ∂jf, f/k = ∂kf, f/jk = f/kj = ∂j∂kf,

f/jl = ∂l∂jf − Γm
lj ∂mf = ∂l∂jf − gkmgljk∂mf.(18)
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The curvature tensor Rijkl of the metric (1) is given by

Rijkl = gijkl − gqpgikqgjlp.

The contraction

(19) gligjkRijkl = S

is the scalar curvature.
Recall that, quite generally, the norm of a tensor Tα1α2... is given by

‖Tα1α2...‖2 = gβ1α1gβ2α2 . . . Tα1α2...Tβ1β2....

Accordingly, we set, for a function f on Ω,

‖∂f‖2 = gkjf/jf/k, ‖∂f‖2 = gkjf/kf/j ,

and2

‖∇f‖2 := 2(‖∂f‖2 + ‖∂f‖2).
Of course, all these quantities depend on the point z where they are taken, so strictly
speaking we should write ‖∂f(z)‖z, and so on.

Note that

(20) ‖∂f(z)‖z = sup{|vjf/j(z)| : ‖v‖z ≤ 1}

and similarly for ‖∂f‖. Indeed, denoting for a second by γ the n × n (positive
definite) matrix gkj , and identifying vj with the column n-vector in Cn, we have

‖v‖2z = 〈γv, v〉, and

sup
〈γv,v〉≤1

|〈∂f, v〉|2 = sup
|w|≤1

|〈∂f,γ−1/2w〉|2

= sup
|w|≤1

|〈γ−1/2∂f, w〉|2

= |γ−1/2∂f |2 = 〈γ−1∂f, ∂f〉,

proving the claim. Similarly,

(21) ‖∂∂f‖2 = gkjgqpf/jpf/kq = sup{|vjpf/jp| : gj1j2gp1p2
vj1p1vj2p2 ≤ 1}.

The last expression is a summand in

(22) ‖∇2f‖2 = 4(‖∂∂f‖2 + ‖∂∂f‖2 + ‖∂∂f‖2 + ‖∂∂f‖2).

For some background on Kähler geometry, the reader is referred e.g. to [22], Chap-
ter IX, or [7], Chapter VIII.

We begin with a coordinate-free version of the estimate (11) from the last section.

Theorem 7. For any T ∈ B(H) and z ∈ Ω,

‖∂T̃ (z)‖z ≤ ‖T‖, ‖∂T̃ (z)‖z ≤ ‖T‖.

2The factor “2” is inserted to conform with the usual definition ‖∇f‖2 =
∣
∣ ∂f
∂x

∣
∣2 +

∣
∣ ∂f
∂y

∣
∣2 of the

norm of the gradient of a function of z = x+ iy ∈ C. Similarly, for ∇m we get a factor of 2m.
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Proof. Since T̃ ∗ = T̃ , hence T̃/j = T̃ ∗
/j , while ‖T ∗‖ = ‖T‖, it is enough to prove

the estimate for ‖∂T̃‖. From T̃ (z) = tr(TA(z)) we get

T̃/j(z) = tr(TA/j(z)),

where

A/j(z) = ∂jA(z) = ∂j(K
−1〈·,Kz〉Kz)

= −∂jK

K2
〈·,Kz〉Kz +

1

K
〈·, ∂j,zKz〉Kz,

since Kz depends anti-holomorphically on z; here we started omitting, for the sake
of brevity, the arguments (z, z) and z in K(z, z), ∂jK(z, z), A(z), and so on. Thus

A/j = 〈·, aj〉Kz, where aj = −∂jK

K2
Kz +

1

K
∂j,zKz.

It follows that for any v = (vj) ∈ Cn,

|vj T̃/j |2 = |tr(T vjA/j)|2 = |〈TKz, v
jaj〉|2

≤ ‖T‖2 ·K · vjvk 〈aj , ak〉.

Now

〈aj , ak〉 =
∂jK

K2

∂kK

K2
〈Kz,Kz〉 −

∂jK

K3
〈Kz, ∂k,zKz〉

− ∂kK

K3
〈∂j,zKz,Kz〉+

1

K2
〈∂j,zKz, ∂k,zKz〉

=
∂jK ∂kK

K3
− ∂jK

K3
∂kK − ∂kK

K3
∂jK +

1

K2
∂k∂jK

= −∂jK ∂kK

K3
+

∂j∂kK

K2

=
1

K

[
− LjLk + (LjLk + Ljk)

]
=

Ljk

K
,(23)

where we have introduced one more piece of shorthand by setting

Lj = ∂jL =
∂jK

K
, Lk = ∂kL, Ljk = ∂j∂kL, etc.,

and have used the formula

(24)
∂j∂kK

K
= e−L∂j∂ke

L = LjLk + Ljk.

We thus get

|vj T̃/j |2 ≤ ‖T‖2 Ljkv
jvk = ‖T‖2‖v‖2z,

since Ljk = gkj . By (20) also follows that

‖∂T̃‖2 ≤ ‖T‖2,

completing the proof of the theorem. �

The rest of this section is devoted to estimating ‖∇2T̃‖.
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Theorem 8. For T ∈ B(H) and z ∈ Ω,

‖∂∂T̃ (z)‖z ≤
√

S + n2 + n ‖T‖,

where S is the scalar curvature (19). A similar result holds for ‖∂∂T̃ (z)‖z.

Proof. Again, passing from T to T ∗, it is enough to prove the assertion concerning

∂∂T̃ . As before, we have

T̃/jm(z) = tr(TA/jm(z)),

where (we are again omitting the arguments z or (z, z))

A/jm = ∂mA/j − Γp
mjA/p

= 〈·, ∂m,zaj〉Kz − Γp
mj〈·, ap〉Kz

= 〈·, ∂m,zaj − Γp
mjap〉Kz,

since ∂m,zKz = 0. Thus for any v = (vjm) ∈ Cn2 ,

|vjmT̃/jm|2 = |tr(T vjmA/jm)|2

≤ ‖T‖2 K ‖vjm(∂m,zaj − Γp
mjap)‖2.

To compute the last norm-square, note that by (23),

〈Γp
mjap,Γ

q
klaq〉 = Γq

klΓ
p
mj〈ap, aq〉 = grqgklrg

psgsmj

gpq
K

=
grqgklrgqmj

K
.

Next,

〈∂m,zaj , aq〉 =
〈
∂m,z

(
− ∂jL

K
Kz +

1

K
∂j,zKz

)
,−∂qL

K
Kz +

1

K
∂q,zKz

〉
=

〈(
− ∂m∂jL

K
+

∂jL∂mL

K

)
Kz −

∂jL

K
∂m,zKz −

∂mL

K
∂j,zKz

+
1

K
∂m,z∂j,zKz,−

∂qL

K
Kz +

1

K
∂q,zKz

〉
=

(
−

Lmj

K
+

LjLm

K

)
·
(
−Lq

K
K +

1

K
∂qK︸ ︷︷ ︸

0

)

−
Lj

K

(
− Lq

K
∂mK +

1

K
∂m∂qK

)
− Lm

K

(
− Lq

K
∂jK +

1

K
∂j∂qK

)
+

1

K

(
− Lq

K
∂m∂jK +

1

K
∂q∂m∂jK

)
= −

Lj

K
Lmq −

Lm

K
Ljq +

1

K

[
− Lq(LmLj + Lmj)

+ (LqLmLj + LqLmj + LmLqj + LjLqm + Lqmj)
]

=
1

K
Lqmj =

1

K
gqmj .

Thus

〈∂m,zaj ,Γ
q
klaq〉 = gpqgpkl ·

1

K
gqmj .
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Similarly,

〈Γp
mjap, ∂k,zal〉 = gpsgsmj

1

K
gpkl.

Finally, one more computation as above yields

〈∂m,zaj , ∂k,zal〉 =
1

K
(Lklmj + LkmLlj + LkjLlm).

Putting all four pieces together, we therefore obtain

‖vjm(∂m,zaj − Γp
mjap)‖2 = vjmvkl〈∂m,zaj − Γp

mjap, ∂k,zal − Γq
klaq〉

=
vjmvkl

K

(
Lklmj + LkmLlj + LkjLlm − gpqgklpgmjq

)
=

vjmvkl

K
(Rkjlm + gkmglj + gkjglm).(25)

Denote, for a second, Qjm,kl := Rkjlm + gkmglj + gkjglm, and let 〈〈·, ·〉〉 stand for

the scalar product in Cn2 . Thus we have shown that

(26) K · ‖vjm(∂m,zaj − Γp
mjap)‖2 = 〈〈Qv,v〉〉.

Let g stand for the n2 × n2 matrix gjm,kl = gkjglm. Then we have

sup{vjmvklQjm,kl : gkjglmvklvjm ≤ 1} = sup{〈〈Qv,v〉〉 : 〈〈gv,v〉〉 ≤ 1}
= sup{〈〈Qg−1/2w,g−1/2w〉〉 : 〈〈w,w〉〉 ≤ 1}
= sup{〈〈g−1/2Qg−1/2w,w〉〉 : 〈〈w,w〉〉 ≤ 1}.

Since the trace of an operator X ∈ B(Cn2) is equal to the sum of 〈〈Xw,w〉〉 over w
in an (arbitrary) orthonormal basis of Cn2 , we can continue with

≤ tr(g−1/2Qg−1/2) = tr(g−1Q)

= gjkgmlQjm,kl

= gjkgml(Rkjlm + gkmglj + gkjglm)

= gjk(Rkjl
l + gkj + ngkj)

= S + n+ n2.

Hence by (21),

‖∂∂T̃‖2 = sup{|vjmT̃/jm|2 : 〈〈gv,v〉〉 ≤ 1}
≤ ‖T‖2 sup{〈〈Qv,v〉〉 : 〈〈gv,v〉〉 ≤ 1}
≤ (S + n2 + n) ‖T‖2,

completing the proof. �

We also have the analogous estimate for the mixed covariant derivatives.

Theorem 9. For T ∈ B(H) and z ∈ Ω,

‖∂∂T̃ (z)‖z = ‖∂∂T̃ (z)‖z ≤ 2
√
n ‖T‖.
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Proof. The assertion for ∂∂T̃ again follows from the one for ∂∂T̃ by passing from
T to T ∗ and making complex conjugation. Thus we only need to estimate

‖∂∂T̃‖2 = gljgkmT̃/jkT̃/lm.

Since the argument is completely similar to the preceding two proofs, we will be
brief. One has

A/jk = ∂j∂kA = ∂k(〈·, aj〉Kz) = 〈·, ∂kaj〉Kz + 〈·, aj〉∂k,zKz

=
〈
·,
(
−

Ljk

K
+

LjLk

K

)
Kz −

Lk

K
∂j,zKz

〉
Kz + 〈·, aj〉∂k,zKz

= K〈·, aj〉ak −
Ljk

K
〈·,Kz〉Kz.

Thus, for any v = (vj), w = (wk) in Cn,

|vjwkT̃/jk| = |tr(T vjwkA/jk)|

≤ ‖T‖
∥∥∥K〈·, vjaj〉wkak −

vjwkLjk

K
〈·,Kz〉Kz

∥∥∥
tr

≤ ‖T‖
[
K ‖vjaj‖ ‖wkak‖+ ‖v‖z‖w‖z

]
= 2 ‖T‖ ‖v‖z ‖w‖z,(27)

since ‖vjaj‖2 = ‖v‖2z/K by (23), and similarly for wk.

Identifying, for a moment, (T̃/jk) ≡ F with an n × n matrix operating on Cn,

and letting γ again stand for the matrix gjk, we have

gljgkmT̃/jkT̃/lm = tr(γ−1Fγ−1F ∗)

= tr(γ−1/2Fγ−1F ∗γ−1/2)

≤ n sup
|e|=1

〈γ−1/2Fγ−1F ∗γ−1/2e, e〉

= n sup
|e|=1

|γ−1/2F ∗γ−1/2e|2

= n sup
|e|=|f |=1

|〈F ∗γ−1/2e,γ−1/2f〉|2

= n sup
|γ1/2v|=|γ1/2w|=1

|〈F ∗v, w〉|2

= n sup
〈γv,v〉=〈γw,w〉=1

|〈Fw, v〉|2

= n sup
‖v‖z=‖w‖z=1

|vjwkT̃/jk|
2

≤ 4n ‖T‖2,
by (27), proving the claim. �

Corollary 10. For T ∈ B(H) and z ∈ Ω,

‖∇2T̃ (z)‖z ≤ 2
√
2(S + n2 + 5n) ‖T‖.

As noted in the introduction, it is also a consequence of Theorem 8 that

S ≥ −n(n+ 1).
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It is easy to see that this need not be true for general Kähler metrics: for instance,
the metric on C given by the potential 2

ρ log(1+ |z|2), with arbitrary ρ > 0, that is,

g11 = ∂1∂1 log(1 + |z|2)2/ρ =
2

ρ(1 + |z|2)2 ,

has constant scalar curvature S = −ρ.
We also note that the estimate in Theorem 8 cannot be improved in general:

in particular, ‖∂∂T̃ (z)‖2z need not be bounded on Ω if S is not.

Example 11. Let H be the space of all holomorphic functions f(z) =
∑∞

m=0 fmzm

on the unit disc D ⊂ C for which

‖f‖2H := 1
2

∞∑
m=0

(m+ 1)(m+ 2)|fm|2 < ∞.

With the scalar product obtained by polarization, H has the reproducing kernel

K(z, w) =
∞∑

m=0

2zmwm

(m+ 1)(m+ 2)

= 2
t+ (1− t) log(1− t)

t2
, t := zw.

Let T ∈ B(H) be the orthogonal projection in H onto the constants:

T = 〈·,1〉1,
so that

T̃ (z) =
1

K(z, z)
.

A calculation shows that

‖∂∂T̃‖2 =

∣∣∣∣∣ T̃/11

g11

∣∣∣∣∣
2

=

∣∣∣∣−t(t+ (1− t) log(1− t))[t2(2 + t) + (4− 3t)t log(1− t) + 2(1− t)2 log2(1− t)]

2(t2 − (1− t) log2(1− t))2

∣∣∣∣2
with t := |z|2, which tends to infinity as |z| ↗ 1.

It can be shown that the scalar curvature S equals 4 at the origin, and also
increases with |z| to infinity as |z| ↗ 1.

The space H in the last example is a Dirichlet-type space. We do not know if
there is an example of the form H = A2(Ω, w) for some domain Ω and positive
weight function w (i.e. a weighted Bergman space).

4. Higher-order derivatives

So far, we have never really used the fact that norms of tensors — in particular,

of the covariant derivatives of T̃ — are scalar quantities, i.e. independent of the

change of coordinate system. To get an analogue of Corollary 10 for ∇mT̃ with
arbitrary m, it turns out to be convenient to use such a coordinate change.

Fix a point z0 ∈ Ω; for ease of notation, we will assume that z0 = 0. Then for
any M ≥ 1, there exists a normal (other names: Bochner, geodesic) coordinate
system of order M at 0, in which

(28) gjk(0) = gkj(0) = δjk, gjk1...km
(0) = gj1...jmk(0) = 0 if 1 < m ≤ M.
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For a proof of existence of normal coordinate systems of any order for an arbitrary
Kähler metric, see e.g. [16], Lemma 3.7.1, or [7], Chapter VIII. Note that in terms
of L(z, z) = logK(z, z), (28) becomes

(29) Ljk(0, 0) = δjk, Ljk1...km
(0) = Lj1...jmk(0) = 0 if 1 < m ≤ M.

Differentiating the relation (17), we see that gkl∂ig
jk = −gjkgkli, or

(30) ∂ig
jp = −glpgjkgkli;

a similar result holds for ∂ig
jp. From the definition of the covariant derivative and

the formulas for the Riemann-Christoffel symbols, it thus follows by the Leibniz
rule that the covariant derivatives of the curvature tensor Rijkl = gijkl−gqpgikqgjlp
can be expressed as

Rijkl/α1...αm
= gijklα1...αm

+ (a polynomial in gγ1γ2 and gβ1...βs
, 3 ≤ s ≤ m+ 3).

A simple recursion argument then implies that

gijklα1...αm
= Rijklα1...αm

+(a polynomial in gγ1γ2 , gδ1δ2δ3 and

Rβ1β2β3β4/β5...βs
with s ≤ m+ 3).

Consequently, in a normal coordinate system, we have in addition to (28),

(31) gijklα1...αm
(0) = Rijkl/α1...αm

(0) + (a polynomial in the components of
the curvature tensor and its covariant
derivatives of order ≤ m− 1),

for any m ≤ M − 4.
After these preparations, we can prove the main result of this section.

Theorem 12. For any m ≥ 2, there exists a scalar quantity rm on Ω, given by a

polynomial expression involving the contravariant metric tensor gjk, the curvature
tensor Rijkl, and the latter’s covariant derivatives of orders ≤ 2m− 4, such that

‖∇mT̃ (z)‖2z ≤ rm(z) ‖T‖2

for any z ∈ Ω and T ∈ B(H).

Proof. Fix z0 ∈ Ω and pass to a normal coordinate system around z0 = 0 of order
M ≥ 2m, as above. By (28) and (31), we will thus have

(32)
Lij(0, 0) = δij , Lijk1...kp

(0, 0) = Lijk1...kp
(0, 0) = 0,

Lijklα1...αp
(0, 0) = Rijkl/α1...αp

(0) + (a polynomial in ∇sR, s ≤ p− 1 ),

for all p ≤ 2m− 4.
If φ is any holomorphic function on Ω with φ(0) �= 0, then the multiplication

operatorMφ : f �→ φf is a unitary isomorphism of the Hilbert spaceH onto another
Hilbert space, say, H′ ⊂ O(Ω), whose reproducing kernel is given by

K ′(x, y) = φ(x) φ(y) K(x, y).

It follows that the Berezin transform (in H) of an operator T ∈ B(H) is equal
to the Berezin transform (in H′) of the operator T ′ := MφTM

−1
φ ∈ B(H′), and

‖T‖H→H = ‖T ′‖H′→H′ . Since L′(x, y) = L(x, y)+log φ(x)+log φ(y), taking φ(x) =√
K(0, 0)/K(x, 0) we can achieve upon passing from L to L′ that

(33) Lj1...jp(0, 0) = Lj1...jp
(0, 0) = 0 ∀p ≥ 0.
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Note that since L′
jk

= Ljk, (32) remains in force upon passage from L to L′. From

now on, we will therefore assume that both (32) and (33) hold.
As before,

(34) |T̃/α1...αm
| = |tr(T A/α1...αm

)| ≤ ‖T‖ ‖A/α1...αm
‖tr.

Using again the definition of covariant derivative, the formulas for the Riemann-
Christoffel symbols, and (30), we see that

(35) A/α1...αm
=

∑
p≤m

∑
β=(β1,...,βp)

Pαβ DβA,

with Dβ = Dβ1
. . .Dβp

, where Dβ = ∂j if β = j and = ∂j if β = j, and Pαβ is a

polynomial, depending only on α := (α1, . . . , αm) and β, in gjk and gγ1...γs
with

2 ≤ s ≤ m+ 1.
Next, applying the Leibniz rule to A(z) = K(z, z)−1〈·,Kz〉Kz shows that

DβA(z) =
∑

γ∪δ∪ε=β

cβγδε D
γK(z, z)−1 〈·, Dδ

zKz〉Dε
zKz

≡
∑

γ∪δ∪ε=β

cβγδε D
γK(z, z)−1 Xδ,ε

z ,(36)

where the sum extends over all disjoint partitions of the index set β1, . . . , βp into

subsets γ, δ, ε, with δ and ε containing only barred indices; here cαβγδ are constants

depending only on the subscripts indicated, and the subscript z inDδ
z , D

ε
z is supplied

in order to make it clear what is the differentiated variable.
The last two formulas show that A/α1...αm

is an operator of rank at most Nm,n,
the number of multi-indices (δ1, . . . , δn) of length δ1 + · · · + δn ≤ m. Clearly,
Nm,n ≤ (m+ 1)n.

Now if F is any operator of rank r and λ1, . . . , λr are the nonzero eigenvalues of
(F ∗F )1/2, then

‖F‖2tr =
(∑

j

λj

)2

≤ r
∑
j

λ2
j = r tr(F ∗F ).

Consequently,

(37) ‖A/α1...αm
‖2tr ≤ Nm,ntr(A

∗
/α1...αm

A/α1...αm
).

Finally,

(38) tr(Xδ′,ε′∗
z Xδ,ε

z ) = 〈∂z
δ′
Kz, ∂z

δKz〉〈∂z
εKz, ∂z

ε′Kz〉 = ∂δ∂δ′K · ∂ε′∂
ε
K.

Let us now switch temporarily to the normal coordinate system with (32) and (33).

Since gjk(0) = δjk, we have

‖∇mT̃ (0)‖2 = 2m
∑

α1,...,αm

|T̃/α1...αm
(0)|2

≤ 2m‖T‖2
∑

α1,...,αm

‖A/α1...αm
(0)‖2tr by (34)

≤ 2mNm,n‖T‖2
∑

α1,...,αm

tr(A∗
/α1...αm

(0)A/α1...αm
(0)) by (37)

≤ 2mNm,n‖T‖2gα
′
1α1(0) . . . gα

′
mαm(0) tr(A∗

/α′
1...α

′
m
(0)A/α1...αm

(0)).
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Since both the left-hand side and the ultimate right-hand side are scalar quantities,
it follows that

(39) ‖∇mT̃‖2 ≤ 2mNm,n‖T‖2gα
′
1α1 . . . gα

′
mαmtr(A∗

/α′
1...α

′
m
A/α1...αm

)

holds in any coordinate system (not necessarily normal). Furthermore, from (35),
(36) and (38),

tr(A∗
/α′

1...α
′
m
A/α1...αm

) =
∑

p,p′≤m

∑
β=(β1,...,βp)
β′=(β′

1,...,β
′
p′ )

PαβPα′β′

×
∑

γ∪δ∪ε=β
γ′∪δ′∪ε′=β′

cβγδε cβ′γ′δ′ε′ D
γ(K−1)·Dγ′

(K−1) · ∂δ∂δ′
K · ∂ε′∂εK.

Using the formula

DθK

K
= e−LDθeL =

∑
θ=θ1+θ2+...

Lθ1Lθ2 . . . ,

where the summation extends over all disjoint partitions of the multi-index θ into
nonempty sub-multi-indices θ1, θ2, . . . , and similarly for KDθ(K−1) = eLDθe−L,
we see that

Dγ(K−1) ·Dγ′
(K−1) · ∂δ∂δ′

K · ∂ε′∂εK = Pγγ′δδ′εε′ ,

where Pγγ′δδ′εε′ is a polynomial in the derivatives of L of orders ≤ 2m, whose
coefficients depend only on γ,γ′, δ, δ′, ε, ε′ and n. Now evaluating everything at
z0 = 0 and using (32) and (33), we obtain

gα
′
1α1(0) . . . gα

′
mαm(0) tr(A∗

/α′
1...α

′
m
(0)A/α1...αm

(0)) = Rm(0),

where Rm is a polynomial, whose coefficients depend only on m and n, in gjk,
Rijkl, and the covariant derivatives of Rijkl of orders ≤ 2m − 4 at z0 = 0. Since
the left-hand side is a scalar quantity, it follows again that Rm must also be of
the indicated form in any other (i.e. not necessarily normal) coordinate system.
Inserting this into (39) and setting rm = Nm,nRm, the assertion of the theorem
follows. �

5. Concluding remarks

For bounded strictly-pseudoconvex domains Ω ⊂ Cn with smooth boundary, the
scalar curvature of the Bergman metric is known to tend to n at the boundary [21]3;
thus S has a finite upper bound on Ω. By Corollary 10, it follows that for these
domains with the Bergman metric, the covariant differentiation conjecture (5) is
true for k = 2. Since the exact formulas for rk with k ≥ 3 are not available (nor is
— to the authors’ knowledge — very much known about the boundary behaviour
of the covariant derivatives of the curvature tensor of the Bergman metric), it is
still possible that the conjecture holds for the Bergman metric on such domains.

3More precisely, [21] deals with the holomorphic sectional curvature ρ(z,X) (defined further
below) rather than S; the latter can be obtained (with the normalizations for ρ and S used in
this paper, which differ from those in [21] or [30] by factors of 2 and −2, respectively, and from
those in [23] by sign) as −n(n+1)/2 times the average of the former over all X in the unit sphere.
See also [23] and [6] for later generalizations to some weakly pseudoconvex domains.
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Note that our estimate for the scalar curvature

S ≥ −n(n+ 1)

seems to be new even for the weighted Bergman metrics.
Taking in the formula (25) vjm = ujum for u = (uj) ∈ Cn, we get

(40) |∂∂T̃ (u, u)|2 ≡ |ujumT̃/jm|2 ≤ ‖T‖2 (Rjklmujukulum + 2‖u‖4z).
The quantity

ρ(z, u) := −
Rjklm(z)ujukulum

‖u‖4z
is known as the holomorphic sectional curvature4 of the metric (1) at z in the
direction u; (40) thus shows that ρ(z, u) ≤ 2, a result known for H = A2(Ω) since
Bergman [5]. Similarly one can get from (40) that the bisectional curvature

B(z;u,w) := −
Rjklm(z)ujukwlwm

‖u‖2z ‖w‖2z
is bounded from above by 2 as well, again for any H ⊂ O(Ω).

Going through the proof of Theorem 8, one can check that the estimate ‖∂∂T̃‖2 ≤
(S+n2+n)‖T‖2 is sharp for n = 1, while for n ≥ 2 there is obviously some room left
as a result of estimating the operator norm by the trace norm. A similar comment

applies to the estimate ‖∂∂T̃‖2 ≤ 4n‖T‖2 in Theorem 9. Getting better (if not
sharp) estimates for n ≥ 2 would be of considerable interest.

If f ∈ O(Ω) is a multiplier for H, i.e. fh ∈ H for all h ∈ H, then the multiplica-

tion operator Mf : h �→ fh is bounded on H and M̃f = f . Thus Theorems 7 and 8
yield

‖∂f(z)‖z ≤ ‖Mf‖, ‖∂∂f(z)‖z ≤
√
S + n2 + n ‖Mf‖.

In particular, for H = A2(Ω, w) the weighted Bergman space on a bounded do-
main Ω with respect to an integrable positive weight w, any bounded holomorphic
function f ∈ H∞(Ω) is a multiplier, with ‖Mf‖ ≤ ‖f‖∞, and hence

(41) ‖∂f(z)‖z ≤ ‖f‖∞ ∀z ∈ Ω,

and similarly for ‖∂∂f‖. The holomorphic functions f satisfying

(42) ‖f‖Bl := sup
z∈Ω

‖∂f(z)‖z < ∞

form the Bloch space Bl(Ω) of Timoney [29]. As in [13], (41) thus shows that
H∞(Ω) ⊂ Bl(Ω) continuously, a result proved for H = A2(Ω) by Hahn [18].

Following [13], one can also define the real-analytic Bloch space Blω(Ω) to consist
of all real-analytic functions on Ω satisfying

sup
z∈Ω

‖∇f(z)‖z < ∞.

Theorem 7 thus says that T̃ belongs to Blω(Ω), for any T ∈ B(H).
For H = A2(D), the Bergman space on the unit disc, and f holomorphic, (42) is

actually known to be equivalent to

sup
z∈Ω

‖∂∂f(z)‖z < ∞,

4See e.g. [30], §7.5, page 177.
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and similarly for ‖∂kf‖, k > 2. It does not seem to be known whether this equiv-
alence prevails for all bounded strictly-pseudoconvex domains in Cn with smooth
boundary. For bounded symmetric domains, or other domains with nonsmooth
boundaries (including the polydisc), the situation is more complicated; see [1].

Although the authors made no effort to proceed in this direction, it is highly
likely that most (if not all) of the results in this paper also remain in force for
reproducing kernel Hilbert spaces H of holomorphic sections of line bundles over
complex manifolds Ω. See Peetre [26] for the definition of the Berezin transform in
this context.
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