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AUTOMORPHISMS OF A
1-FIBERED AFFINE SURFACES

JÉRÉMY BLANC AND ADRIEN DUBOULOZ

Abstract. We develop techniques of birational geometry to study automor-
phisms of affine surfaces admitting many distinct rational fibrations, with a
particular focus on the interactions between automorphisms and these fibra-
tions. In particular, we associate to each surface S of this type a graph encod-
ing equivalence classes of rational fibrations from which it is possible to decide
for instance if the automorphism group of S is generated by automorphisms
preserving these fibrations.

Introduction

Motivated by the example of the affine plane A
2 on which algebraic automor-

phisms act transitively, it is a natural problem to determine which affine surfaces
are homogeneous under the action of their automorphism group. It turned out
that it is more interesting to consider affine surfaces that are only almost homo-
geneous in the sense that the orbit of a general point has a finite complement.
Indeed, in his pioneer work, M.H. Gizatullin [10] obtained a geometric characteri-
zation of such surfaces in terms of the structure of the boundary divisors in minimal
projective completions of these. Namely, he established that up to finitely many
exceptional cases, such surfaces are precisely those which admit completions by
so-called zigzags, that is, chains of proper nonsingular rational curves. The auto-
morphism groups of such surfaces were studied later on by V.I. Danilov and M.H.
Gizatullin [6, 7].

It is a well-known fact first observed by W. van der Kulk [17] after the work of
H.W.E. Jung [11] that the automorphism group of the affine plane admits a struc-
ture of an amalgamated product of two of its subgroups over their intersection. The
notion of amalgamated product was generalized later on by J.-P. Serre [16] to the
one of a fundamental group of graphs of groups. In this context, V.I. Danilov and
M.H. Gizatullin established that the automorphism groups of the surfaces under
consideration can indeed be realized as the fundamental groups of certain graphs of
groups associated to suitable families of projective completions. In principle, this
description would allow us to derive a more explicit presentation of these automor-
phism groups. This was done by V.I. Danilov and M.H. Gizatullin in the case of
surfaces admitting a completion by an irreducible zigzag [7]. But in general, the
corresponding graphs of groups are infinite, and it becomes very difficult to even
extract any explicit description of potentially interesting subgroups.
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5888 JÉRÉMY BLANC AND ADRIEN DUBOULOZ

A noteworthy geometric feature of affine surfaces S completable by a zigzag is
that they are rational and admit A1-fibrations π : S → A1, that is, surjective
morphisms with general fibers isomorphic to the affine line. Actually, except for
the case of A1 \ {0} × A1, it turns out that every such surface admits at least two
fibrations of this type with distinct general fibers (see e.g. [4]). This motivates
an alternative approach consisting of understanding the automorphisms of these
surfaces in terms of their interactions with A

1-fibrations. In particular, the following
questions seem natural in this context:

1) Does the automorphism group Aut (S) of S act transitively on the set of
A1-fibrations on S?

2) Can Aut (S) be generated by automorphisms that each preserves an A
1-

fibration?
For instance, both questions are answered affirmatively for the affine plane A2, as
consequences of the Abhyankar-Moh Theorem [1] and of the Jung-van der Kulk
Theorem [11, 17] giving the description of Aut

(
A

2
)
.

In this article, we develop a general method to address these questions, based on
the study of birational relations between suitably chosen projective models. Namely,
starting with an A

1-fibered surface π : S → A
1, we consider projective completions

(X,B, π̄) of S that we call 1-standard (see Definition 1.0.2 below), following the
notation of [6]. Here X is a projective surface, B = X \ S is a boundary zigzag,
and π extends to a rational fibration π̄ : X → P1. We introduce two classes of
birational transformations φ : (X,B, π̄) ��� (X ′, B′, π̄′) between such completions

that restrict to isomorphisms X \ B
∼→ X ′ \ B′. The first ones, called fibered

modifications, have the property that they are compatible with the given rational
fibrations on X and X ′ respectively. The second ones, called reversions as in [9],
can be thought of as the simplest possible birational transformations between such
completions that are not compatible with the rational fibrations π̄ and π̄′. One of
the main results of the article is the fact that these basic birational transformations
are the building blocks for general birational maps between 1-standard completions
preserving the complement of the boundaries. More precisely, we establish the
following result (Theorem 3.0.2, proved in Section 3).

Theorem. Let φ : (X,B) ��� (X ′, B′) be a birational map between 1-standard

pairs restricting to an isomorphism X \B ∼→ X ′ \B′. If φ is not an isomorphism,
then it can be decomposed into a finite sequence

φ = φn ◦ · · · ◦ φ1 : (X,B) = (X0, B0)
φ1��� (X1, B1)

φ2��� · · · φn��� (Xn, Bn) = (X ′, B′)

of fibered modifications and reversions between 1-standard pairs (Xi,Bi),i=1, . . . , n.
Furthermore, such a factorization of minimal length is unique up to composition

by isomorphisms between intermediate pairs.

This leads in particular to a canonical procedure to factor an automorphism of
an affine surface S completable by a zigzag considered as a birational transforma-
tion of a fixed 1-standard completion of S. Using this description, we associate to
every such surface S a connected graph FS with equivalence classes of 1-standard
completions (X,B) of S as vertices and with edges being given by reversions. This
graph, which is in general smaller than the ones constructed by V.I. Danilov and
M.H. Gizatullin [6], encodes all the necessary information to understand the in-
teractions between automorphisms of S and A1-fibrations on it. For instance, in
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contrast with the two graphs used in loc. cit. which are trees, FS need not be a
tree in general, and we establish that under mild assumptions on S, the automor-
phism group Aut (S) is generated by automorphisms of A1-fibrations if and only if
the associated graph FS is a tree. In general, we show that it is also possible to
equip FS with an additional structure of a graph of groups having Aut (S) as its
fundamental group.

The article is organized as follows. Section 1 introduces the basic definition
concerning 1-standard pairs (X,B) and the existing rational fibrations on these.
Section 2 contains a detailed geometric study of fibered modifications and rever-
sions. Section 3 is devoted to the proof of the main theorem above, and Section 4
presents the construction and the interpretation of the graph FS together with its
additional structure of a graph of groups.

Finally, in Section 5, we apply our general machinery to the study of classical
examples of affine surfaces completable by a zigzag. After explaining how to recover
the Jung-van der Kulk Theorem from our description, we consider normal surfaces
defined by an equation of the form uv = P (w) in A3. In this case we not only recover
generators of their automorphism groups as obtained by L. Makar-Limanov [15], but
we also show that they can be equipped with an additional amalgamated product
structure. As a byproduct, we also recover the D. Daigle Transitivity Theorem [3],
asserting that such surfaces admit a unique equivalence class of A1-fibrations. We
also prove that if the degree of P is at least 3, the group of automorphisms of the
corresponding surface is not generated by automorphisms of A1-fibrations. In the
last subsection, we give examples of affine surfaces with the total inverse properties:
in general, they admit infinitely many equivalence classes of A1-fibrations, but the
group is generated by automorphisms of A1-fibrations.

1. Preliminaries: Standard zigzags

and associated rational fibrations

In what follows we fix a field k. All varieties occuring in the sequel are implicitly
assumed to be geometrically integral and defined over k, and all morphisms between
these are assumed to be defined over k.

Definition 1.0.1. A zigzag on a normal projective surface X is a connected SNC-
divisor, supported in the smooth locus of X, with irreducible components isomor-
phic to the projective line over k and whose dual graph is a chain.

If Supp (B) =
⋃r

i=0 Bi, then the irreducible components Bi, i = 0, . . . , r, of B
can be ordered in such a way that

Bi ·Bj =

{
1 if |i− j| = 1,

0 if |i− j| > 1.

A zigzag with such an ordering on the set of its components is called oriented,
and the sequence

(
(B0)

2, . . . , (Br)
2
)
is called the type of B. The components B0

and Br are called the boundaries of B. For an oriented zigzag B, the same zigzag
with the reverse ordering is denoted by tB.

An oriented sub-zigzag of an oriented zigzag is an SNC divisor B′ with Supp (B′)
⊂ Supp (B) which is a zigzag for the induced ordering.
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We say that an oriented zigzag B is composed of sub-zigzags Z1, . . . , Zs, and we
write B = Z1�· · ·�Zs if the Zi’s are oriented sub-zigzags of B whose union is B and
the components of Zi precede those of Zj for i < j.

Definition 1.0.2. A zigzagB on a normal projective surfaceX is calledm-standard
if it can be written as B = F �C �E, where F and C are smooth irreducible
rational curves with self-intersections F 2 = 0 and C2 = −m, m ∈ Z, and where
E = E1 � · · ·�Er is a (possibly empty) chain of irreducible rational curves with
self-intersections (Ei)

2 ≤ −2 for every i = 1, . . . , r.
An m-standard pair is a pair (X,B) consisting of a normal rational projective

surface X and an m-standard zigzag B. A birational map φ : (X,B) ��� (X ′, B′)
between m-standard pairs is a birational map φ : X ��� X ′ which restricts to an
isomorphism X \B ∼→ X ′ \B′.

1.0.3. Since it is rational, the underlying projective surface of an m-standard pair
(X,B = F �C�E) comes equipped with a rational fibration π̄ = π̄|F | : X → P1

defined by the complete linear system |F | (see e.g. [4]). In the sequel, we will
implicitly consider m-standard pairs as equipped with this fibration π̄. Recall that
the generic fiber of a rational fibration π̄ is isomorphic to the projective line over
the function field of P1 and that the total transform of the singular fibers of π̄
in a minimal resolution μ : Y → X of the singularities of X consist of trees of
nonsingular rational curves (see e.g., Lemma 1.4.1 p. 195 in [14], which remains
valid over an arbitrary base field).

The rational fibration π̄ restricts on the quasi-projective surface S = X \ B
to a faithfully flat morphism π : S → A

1 with generic fiber isomorphic to the
affine line over the function field of A1. The general fibers of π are isomorphic to
affine lines, and π has finitely many degenerate fibers whose total transforms in
a minimal resolution of singularities of S consists of nonempty disjoint unions of
trees of rational curves, with irreducible components isomorphic to either affine or
projective lines, possibly defined over finite algebraic extensions of k. In contrast,
the restriction of π to the complement of its degenerate fibers has the structure of
a trivial A1-bundle. In what follows, such morphisms will be simply referred to as
A

1-fibrations or A1-fibered surfaces.

Definition 1.0.4. We say that two A1-fibered surfaces (S, π) and (S′, π′) are iso-
morphic if there exist an isomorphism Ψ : S → S′ and an automorphism ψ of A1

such that π′ ◦Ψ = ψ ◦ π.
On a surface S, two A1-fibrations π, π′ : S → A1 are said to be equivalent if

(S, π) and (S, π′) are isomorphic.

1.0.5. If B is moreover the support of an ample divisor, then S is affine and π : S →
A1 has a unique degenerate fiber π−1 (π̄ (E)) which consists of a nonempty disjoint
union of affine lines, again possibily defined over finite algebraic extensions of k when
equipped with its reduced scheme structure. Furthermore, if any, the singularities
of S are all supported on the degenerate fiber of π and admit a minimal resolution
whose exceptional set consists of a chain of rational curves possibly defined over a
finite algebraic extension of k (this follows from the same argument as in the proof
of Lemma 1.4.4 in [14]). In particular, if k is algebraically closed of characteristic
0, then S has at worst Hirzebruch-Jung cyclic quotient singularities.
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1.0.6. Hereafter, we will mostly consider 1-standard pairs (X,B). The simplest ex-
ample (F1, F �C0) consists of the Hirzebruch surface ρ : F1 = P (OP1 ⊕OP1 (−1)) →
P
1 and the union of a fiber F of ρ and the negative section C0 of ρ. More generally,

we have the following description.

Lemma 1.0.7. Let (X,B = F �C�E, π̄) be a 1-standard pair and let μ : Y → X
be the minimal resolution of the singularities of X. Then there exists a birational
morphism η : Y → F1, unique up to automorphisms of F1, that restricts to an
isomorphism outside the degenerate fibers of π̄ ◦ μ, and a commutative diagram

Yμ

��������
������

��

μ◦π̄
��

η

�������
������

���

X

π̄ �������
������

�� F1

ρ��������
������

�

P
1.

Furthermore, if (X ′, B′ = F ′�C ′�E′, π̄′) is another 1-standard pair with asso-
ciated morphism η : Y ′ → F1, then (X,B, π̄) and (X ′, B′, π̄′) are isomorphic if
and only if there exists an automorphism of F1 mapping isomorphically η

(
μ−1
∗ F

)
onto η′

(
(μ′)

−1
∗ F ′

)
and sending isomorphically the base-points of η−1 (including

infinitely near ones) onto those of (η′)
−1

.

Proof. Since B is supported in Xreg, its proper transform in Y coincides with its
total transform and is again a 1-standard zigzag. We may therefore assume that X
is smooth.

Let us prove the first assertion. By contracting successively all the (−1)-curves in
the degenerate fibers F1, . . . , Fs of π̄, one obtains a birational morphism η : X → Fm

onto a certain Hirzebruch surface ρm : Fm → P
1, which maps C, F and the Fi’s

onto a section and s+1 distinct fibers of ρm respectively. Let r (η) = (η∗C)
2 ≥ −1.

If r (η) = −1, then m = 1 and we are done. Otherwise, since C2 = −1 in X, it
follows that η contracts at least one of the irreducible components of a degenerate
fiber, say F1, onto the point p = η(F1) ∈ η(C). Therefore, η factors through the

blow-up σ : F̃m → Fm of p. Letting τ : F̃m → Fm±1 be the contraction of the
strict transform of the fiber ρ−1

m (ρm (p)), we obtain a new birational morphism
η′ = τ ◦ σ−1 ◦ η : X → Fm±1 satisfying r (η′) = r (η) − 1. Hence, the existence
of η : X → F1 follows by induction. Suppose that η′ : X → F1 is another such
morphism. Then η′ ◦ η−1 : F1 ��� F1 is a birational map which does not blow
up any point of η(C) and does not contract any curve intersecting η(C). Since
η(C) is a section and η′ ◦ η−1 may be decomposed into elementary links between
Hirzebrurch surfaces, η′ ◦ η−1 is an isomorphism.

The second assertion follows from the fact that an isomorphism between 1-
standard pairs (X,B, π̄) and (X ′, B′, π̄′) induces an isomorphism between B and
B′ which preserves the orientation, whence descends to an automorphism of F1. �

2. Two basic birational maps between 1-standard pairs

2.1. Base-points and curves contracted. We will study isomorphisms between
the complements of the boundary as birational maps between 1-standard pairs. We
can distinguish two different kinds of such maps, according to the following result.

Lemma 2.1.1. Let φ : (X,B = F �C�E) ��� (X ′, B′) be a birational map between

two 1-standard pairs, which is not an isomorphism, and let X
σ← Z

σ′
→ X ′ be a

minimal resolution of φ.
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Then every curve contracted by φ and every base-point of φ is defined over k.
Moreover, φ has a unique proper base-point q ∈ B, and one and exactly one of the
following occur:

a) the strict transform of C in Z is the unique (−1)-curve contracted by σ′,
and q ∈ F \ C;

b) the strict transform of F in Z is the unique (−1)-curve contracted by σ′,
and q = F ∩ C.

(Note that in both cases, it is possible that F and C are contracted by φ.)

Proof. To any base-point of respectively φ and φ−1 is associated a curve contracted
by respectively φ−1 and φ. Since any curve contracted by φ and φ−1 is contained in
the boundary, it is defined over k. This implies that all base-points also are defined
over k.

Each (−1)-curve in Z which is contracted by σ′ is the proper transform of either
C or F . Since C2 = −1 and C · F = 1 in X, the two possibilities cannot occur
simultaneously, so φ−1 (and thus φ) has at most one proper base-point. If C is the
(−1)-curve contracted by σ′, to avoid a positive self-intersection for the curve F ,
there is one base-point on F \ C (case a). If F is the (−1)-curve contracted by σ′,
there is one base-point on F ; either the base-point is F ∩C (case b), or C becomes
a nonnegative curve, hence the (0)-curve of B′, but this implies that only one curve
is contracted by σ′, a contradiction. If no (−1)-curve is contracted by σ′, then σ′

is an isomorphism, and the discussion made above shows that so is σ. �

Remark 2.1.2. Because of this result, when dealing with birational maps between 1-
standard pairs the fact that k is not algebraically closed, and even its characteristic,
is not relevant. There will only be some distinction in the last section, where the
construction of the examples uses the birational morphism that blows up points of
F1 not necessarily defined over k.

Definition 2.1.3. If p ∈ X is the unique proper base-point of a birational map
φ : (X,B) ��� (X ′, B′) (which induces an isomorphism X \ B ∼= X ′ \ B′), we say
that φ is centered at p and that p is the center of φ.

In subsections 2.2 and 2.3, we review two basic classes of birational transforma-
tions between 1-standard pairs that will play a central role in the sequel and that
are the simplest examples of maps satisfying respectively conditions a) and b) of
Lemma 2.1.1.

2.2. Fibered modifications.

Definition 2.2.1. A birational map φ : (X,B, π̄) ��� (X ′, B′, π̄′) between (1)-
standard pairs is fibered if it restricts to an isomorphism of A

1-fibered quasi-
projective surfaces

S = X \B
π̄|S ��

∼
φ

�� S′ = X ′ \B′

π̄′|S′��
A1 ∼ �� A1.

We say that φ is a fibered modification if it is not an isomorphism.

Example 2.2.2. Let F1 = {((x : y : z), (s : t)) ⊂ P
2 × P

1 | yt = zs} be the Hirze-
bruch surface of index 1. The projection on the first factor yields a birational
morphism τ : F1 → P2 which is the blow-up of (1 : 0 : 0) ∈ P2, and the projection
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on the second factor yields a P1-bundle ρ : F1 → P1. Denote by C ⊂ F1 the excep-
tional curve τ−1((1 : 0 : 0)) = (1 : 0 : 0)× P1 and by F ⊂ F1 the fiber ρ−1((0 : 1)).
The map (x, y) �→ ((x : y : 1), (y : 1)) yields an isomorphism A

2 → F1 \ (C ∪ F ).
Then every triangular automorphism Ψ of A2 of the form

(x, y) �→ (ax+ b, cy + P (x)) ,

where P ∈ k [x], preserves the A1-fibration prx = ρ|A2 : A2 → A1 and extends
to a fibered birational map φ : (F1, F �C, ρ) ��� (F1, F �C, ρ) of 1-standard pairs.
The latter is a biregular automorphism if Ψ is affine and a fibered modification
otherwise.

More generally, we have the following description which says in essence that every
fibered birational map between 1-standard pairs arises as the lift of a triangular
automorphism of A2 as above.

Lemma 2.2.3. Let φ : (X,B = F �C�E, π̄) ��� (X ′, B′ = F ′�C ′�E′, π̄′) be a bi-

rational map between 1-standard pairs and let X
μ← Y

η→ F1 and X
μ′

← Y ′ η′

→ F1 be
the morphisms constructed in Lemma 1.0.7. Then the following are equivalent:

a) φ restricts to an isomorphism of A1-fibered surfaces (X \B, π̄)
∼→(X ′\B′, π̄′);

b) (μ′)
−1 ◦φ◦μ : Y ��� Y ′ is the lift via η and η′ of an isomorphism of A1-fibered

affine surfaces

A2 = F1 \ (η(F ) ∪ η(C))
ρ|

A2 ��
Ψ

∼ �� A2 = F1 \ (η′(F ′) ∪ η′(C ′))
ρ|

A2��
A1

ψ

∼ �� A1

which maps isomorphically the base-points of η−1 onto those of η′−1.
Furthermore, φ : (X,B) ��� (X ′, B′) is an isomorphism if and only if Ψ is affine.

Proof. One checks that φ : (X,B, π̄) ��� (X ′, B′, π̄′) restricts to an isomorphism
between the A1-fibered surfaces (X \ B, π̄) and (X \ B, π̄) if and only if its lift

(μ′)
−1 ◦ φ ◦ μ restricts to an isomorphism between the A1-fibered surfaces (Y \

μ−1
∗ B, π̄ ◦ μ) and (Y ′ \ (μ′)

−1
∗ B′, π̄′ ◦ μ′). We may thus assume that X and X ′ are

smooth.

Suppose that φ is not an isomorphism, and let X ′ σ′
← Z

σ→ X be a minimal
resolution of φ where σ′ and σ are sequences of blow-ups with centers outside S′

and S respectively.
Assume that φ satisfies a), which implies that the rational fibrations π̄′ and π̄

lift to a same rational fibration π̃ : Z → P
1 and that the proper transforms of C ′

and C in Z coincide with the unique section C̃ of π̃ contained in the boundary

D = (σ′)
−1

(B′) = σ−1 (B) in Z. Thus φ restricts to a birational map C ��� C ′.
The only (−1)-curve of Z which is contracted by σ (respectively σ′) is therefore the
proper transform of F (respectively of F ′) in X. Consequently, φ restricts to an
isomorphism E → E′; φ actually restricts to an isomorphism of A1-fibered surfaces
(X \ (F ∪ C) , π̄) � (X ′ \ (F ′ ∪ C ′) , π̄′). Conversely, such isomorphisms extend to
birational maps satisfying a).

Now the equivalence follows from the one-to-one correspondence between such
isomorphisms and those of the form Ψ : (F1 \ η∗ (F ∪ C) , ρ)

∼→ (F1 \ η′∗ (F ′ ∪ C ′) , ρ)

which map isomorphically the base-points of η−1 onto those of (η′)
−1

. The last as-

sertion follows from the fact that φ extends to an isomorphism X
∼→ X ′ if and
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only if the corresponding automorphism Ψ of A2 extends to an automorphism of
F1 (both conditions are equivalent to saying that the proper transform of F is not
contracted). �

2.2.4. It follows from the above description (Lemmas 2.1.1 and 2.2.3) that a fibered
modification

φ : (X,B = F �C�E, π̄) ��� (X ′, B′ = F ′�C ′�E′, π̄′)

has a unique proper base-point q = F ∩ C. Letting Ψ : A2 ∼→ A2, (x, y) �→
(ax+ b, cy + P (x)) be the triangular automorphism associated with φ, one checks

that the total transform B̃ of B in a minimal resolution (X,B)
σ← (Z, B̃)

σ′
→ (X ′, B′)

of φ is a tree of rational curves with the following dual graph:

•
E = E′

•
C = C ′

− degP
•
−2

degP − 2•
F

−1

degP − 2•
F ′

−1

H

H ′

where the two boxes represent chains of degP − 2 (−2)-curves. Furthermore, the
morphisms σ : Z → X and σ′ : Z → X are given by the smooth contractions of the
sub-trees H ∪H ′ ∪ F ′ and H ∪H ′ ∪ F onto the proper base-points q = F ∩C and
q′ = F ′ ∩ C ′ of φ and φ−1 respectively.

2.3. Zigzag reversions.

Definition 2.3.1. A strictly birational map

φ : (X,B = F �C�E) ��� (X ′, B′ = F ′�C ′�E′)

between 1-standard pairs is called a reversion if it admits a resolution of the form

(Z, B̃ = t(C�E)�H�(C′�E′))
σ

����������
σ′

���������(
X, tB = t(C�E)�F

) φ �������������������� (X′, B′ = F ′�(C′�F ′))

where H is a zigzag with boundaries F (left) and F ′ (right) and where σ : Z → X
and σ′ : Z → X ′ are smooth contractions of the sub-zigzags H � (C ′�E′) and
t(C�E)�H of B̃ onto their left and right boundaries F and F ′ respectively.

Example 2.3.2. Let n1, n2 ≥ 3 be two integers, let Z be a normal rational pro-
jective surface and let B̃ ⊂ Zreg be a zigzag having the following dual graph:

•
E2

−n2

•
E1

−n1

•
C

−1
•
F

−2
n1−3 •

−3
n2−3 •

F ′

−2
•
C ′

−1
•
E′

1

−n2

•
E′

2

−n1

H

where the boxes represent chains of n1−3 and n2−3 (−2)-curves respectively. One
checks that there exist two birational morphisms

σ : (Z, B̃) →
(
X, tB = E2�E1�C�F

)
and

σ′ : (Z, B̃) → (X ′, B′ = F ′�C ′�E′
1�E

′
2)
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consisting of a sequence of smooth blow-downs of irreducible components of B̃ start-
ing with those of C ′ and C respectively. By construction, σ′ ◦ σ−1 : (X,B) ���
(X ′, B′) is a reversion between 1-standard pairs of type (0,−1,−n1,−n2) and
(0,−1,−n2,−n1) respectively.

The following lemma summarizes some of the main properties of reversions.

Lemma 2.3.3 (Properties of reversions). Let

φ : (X,B = F �C�E) ��� (X ′, B′ = F ′�C ′�E′)

be a reversion and let(
X, tB

) σ←
(
Z, B̃ = t(C�E)�H�(C ′�E′)

)
σ′
→ (X ′, B′)

be a minimal resolution of φ as in Definition 2.3.1 above. Then, the unique proper
base-point of φ (respectively φ−1) belongs to F \ C (respectively F ′ \ C ′); moreover
the following hold:

a) The sub-zigzag H of B̃ consists of a unique smooth rational curve (F = H =
F ′) if and only if E consists of a possibly empty chain of (−2)-curves.

b) Otherwise (if E contains at least an irreducible component with self-intersec-

tion ≤ −3) H can be written as H = F �H̃�F ′ and the morphisms σ : Z → X and

σ′ : Z → X ′ are the contractions of the sub-chains H̃�F ′�(C ′�E′) and t(C�E)�F�H̃
to a point of X and X ′ respectively.

c) If E is not empty, then the birational morphisms σ : Z → X and σ′ : Z → X ′

factor into unique sequences of smooth blow-downs starting with the contractions of
the (−1)-curve C ′ and C respectively and ending with the contractions of the right
boundaries of E′ and E.

Proof. Since C is not affected by σ, it has self-intersection −1 in Z. Since C is
contracted by σ′, the unique proper base-point of φ belongs to F \ C (Lemma
2.1.1). Exchanging C and C ′ yields the analogue result for φ−1.

Since the exceptional locus as a smooth contraction cannot contain two (−1)-
curves which intersect, it follows that F or F ′ has self-intersection −1 in Z if and
only if H = F = F ′ and E = E′ = ∅; this is a degenerate case of a).

We may now assume that F 2, (F ′)2 ≤ −2 in Z. Let us prove that σ′ does not

factor through the contraction η′ : Z → X̃ ′ of H ′�C ′�E′ for some strict sub-zigzag
H ′ ⊂ (H \ F ). Suppose the contrary. Since σ contracts a connected curve – which

is (H \ F )�C ′�E′ – the same holds for η. Then η(H \ F ) is a contractible connected
curve containing a unique (−1)-curve which is its right boundary. This implies
(since F is the right boundary of H and F 2 ≤ −2 in Z) that F has self-intersection
≤ −1 in X ′, a contradiction.

This observation proves the following two results: (i) if C ′ �E′ is contractible
(which is equivalent to saying that each component of E′ has self-intersection −2),
then H = F ; the converse being obvious we obtain assertions a) and b). (ii) if E′

is not empty the last curve contracted by σ′ is the right boundary of E′. The same
argument for σ achieves to prove c). �

2.3.4 (Description of reversions between 0-standard pairs by means of elementary
links). A reversion between 0-standard pairs was introduced in [9]. Given some
pair with a zigzag of type (..., n1, 0, n2, ...), the blow-up of the point on the (0)-
curve which also belongs to the next component, followed by the contraction of
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the proper transform of the (0)-curve, yields a pair with a zigzag of type (..., n1 +
1, 0, n2 − 1, ...). Starting from a 0-standard pair (X,B) of type (−nr, ...,−n1, 0, 0),
one can then construct a birational map ϕ1 : (X,B) ��� (X1, B1) to a pair with
a zigzag of type (−nr, ...,−n2, 0, 0,−n1). Repeating this process yields birational
maps ϕ1, ..., ϕr, and a reversion φ = ϕr ◦ ... ◦ ϕ1 : (X,B) ��� (Xr, Br), where Br

has type (0, 0,−nr, ...,−n1).

•
−nr

•
−n2

•
−n1

•
0

•
0

ϕ1

•
−nr

•
−n2

•
0

•
0

•
−n1

ϕ2

•
−nr

•
0

•
0

•
−n2

•
−n1

ϕ3

ϕr

•
0

•
0

•
−nr

•
−n2

•
−n1

The construction also decomposes the reversion into birational maps ϕi, where
each ϕi preserves the A1

∗-fibration on the open part that is given by the (0)-curve
involved. However, the disadvantage of the decomposition is that (ϕi)

−1 and ϕi+1

have the same proper base-point, which is the intersection of the two (0)-curves of
Xi+1.

†

2.3.5 (Description of reversions between 1-standard pairs by means of elementary
links). On 1-standard pairs, the analogue of §2.3.4 is possible. We start with a pair
(X,B) of type (−nr, ...,−n2,−n1,−1, 0). We choose a point p ∈ X that belongs
to the (0)-curve of B but not to its (−1)-curve. The contraction of the (−1)-
curve of B followed by the blow-up of p yields a birational map θ0 : (X,B) ���
(X0, B0) to a pair with a zigzag of type (−nr, ...,−n2,−n1 + 1, 0,−1). As before,
we can produce a birational map ϕ1 : (X0, B0) ��� (X ′

1, B
′
1), where B′

1 is of type
(−nr, ...,−n2,−1, 0,−n1 + 1). The blow-down of the (−1)-curve followed by the
blow-up of the point of intersection of the (0)-curve with the curve immediately
after it yields a birational map θ1 : (X ′

1, B
′
1) ��� (X1, B1), where B1 is a zigzag of

type (−nr, ...,−n2 + 1, 0,−1,−n1). Repeating this process yields birational maps
θ0, ϕ1, θ1, ..., ϕr, θr described by the following figure:

•
−nr

•
−n2

•
−n1

•
−1

•
0

θ0 •
−nr

•
−n2

•
−n1+1

•
0

•
−1

ϕ1

•
−nr

•
−n2

•
−1

•
0

•
−n1+1

θ1

•
−nr

•
−n2+1

•
0

•
−1

•
−n1

ϕ2

•
−nr

•
−1

•
0

•
−n2+1

•
−n1

θ2

ϕr

•
−1

•
0

•
−nr+1

•
−n2

•
−n1

θr •
0

•
−1

•
−nr

•
−n2

•
−n1

Then, the composition φ = θrϕr · · · θ1ϕ0θ0 is a birational map φ : (X,B) ���
(Xr, Br) between two 1-standard pairs.

Lemma 2.3.6. The map φ defined in §2.3.5 is a reversion between the two 1-
standard pairs (X,B) and (X ′, B′).

†Note also that the same problem holds when dealing with reversion and fibered modifica-
tion on 0-standard pairs, which have the same proper base-point. There is thus no analogue of
Lemma 2.1.1 for 0-standard pairs.
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Proof. Since φ is a birational map of pairs, it has one proper base-point only
(Lemma 2.1.1), which is p: the unique proper base-point of θ0. Denote by σ :
Z → X the blow-up of the base-points of φ, so that σ′ = φσ is a morphism. If q is
a base-point of φ, distinct from p, then q is infinitely near to p and corresponds to
a base-point of some ϕi or some θi; so q belongs to exactly two components of the
total transform of B. Consequently, the total transform B̃ of B in Z is a zigzag,
equal to B�H, for some zigzag H (here B ⊂ Z is the strict transform of B ⊂ X).
Doing the same for φ−1 shows that the resolution given by σ and σ′ satisfies the
properties of Definition 2.3.1. �

Proposition 2.3.7 (Unicity of reversions). For every 1-standard pair (X,B =
F �C�E) and every point q ∈ F \ C, there exists a 1-standard pair (X ′, B′) and a
reversion φ : (X,B) ��� (X ′, B′), unique up to an isomorphism at the target, having
q as a unique proper base-point. Furthermore, if B is of type (0,−1,−n1, . . . ,−nr),
then B′ is of type (0,−1,−nr, . . . ,−n1).

Proof. The existence follows from §2.3.5 and Lemma 2.3.6 (it was also described in
the proof of [4, Proposition 2.10]).

It remains to prove unicity. For i = 1, 2, let

φi : (X,B = F �C�E) ��� (Xi, Bi = Fi�Ci�Ei)

be a reversion centered at q ∈ F \ C, admitting a minimal resolution (X,B)
σi←

(Zi, B̃i)
σ′
i→ (Xi, Bi) such that B̃i = (tEi�Ci)�Hi�(C�E). Denoting by η : (X̂, B̂) →

(X,B) the blow-up of the common base-points of σ1 and σ2, we have a commutative
diagram

(W,D)
ν1�����

ν2				
	

(Z1, B̃1)

σ′
1



















σ1

���
��

��
��

��
� τ1

				
		

(Z2, B̃2)

σ′
2

���
��

��
��

��
�

σ2



















τ2
������

(X̂, B̂)
η��

(X1, B1) (X,B)
φ2

��������
φ1

��� � � � � � (X2, B2),

where τi are birational morphisms, where (Z1, B̃1)
ν1← (W,D)

ν2→ (Z2, B̃2) is the
minimal resolution of (τ2)

−1 ◦ τ1, and where each map is an isomorphism on the
open part. We now prove that φ2 ◦ (φ1)

−1 is an isomorphism.
We first prove that either τ1 or τ2 is an isomorphism. Suppose the contrary;

then, for i = 1, 2 the map (τi)
−1 has a unique proper base-point pi ∈ X̂ (because so

is σ−1
i , by Lemma 2.3.3). Recall that B̂ = A�F�C�E for some nonempty sub-zigzag

A ⊂ B̂ corresponding to the exceptional divisor of η. Furthermore p1, p2 are two
distinct singular points of B̂, belonging to the same component D ⊂ B̂, which is
the unique (−1)-curve of A. Assume that p1 belongs to the component of A which

precedes D, which implies that the point τ−1
2 (p1) ∈ B̃2 = (tE2�C2)�H2 �(C�E)

belongs to a component which precedes C2 ⊂ τ−1
2 (p2) and thus belongs to E2.

Since ν2 blows up τ−1
2 (p1) and sends C1 onto this point, the map φ2 ◦ (φ1)

−1 sends
the curve C1 on a point of E2 ⊂ B2 which is a proper base-point of φ1 ◦ (φ2)

−1,
contrary to Lemma 2.1.1.

We may now suppose that τ2 is an isomorphism, and consider that it is the
identity. We prove that so is τ1. Suppose on the contrary that (τ1)

−1 has a unique
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proper base-point p1 ∈ X̂ = Z2. Since σ1 contracts a chain which contains only
one (−1)-curve, the point p1 belongs to the unique (−1)-curve of Z2 contracted by
η = σ2, i.e. p1 ∈ C2. Since φ2(φ1)

−1 contracts C1 on σ′
2(p1), the point σ′

2(p1) is a
proper base-point of φ1(φ2)

−1 and consequently belongs to F2, so p1 = F2∩C2 ∈ Z2.

Hence the strict transform of tE2�C2 precedes C1 in B̃1 = (tE1�C1)�H1�(C�E).

The fact that φ1 is a reversion implies that no component at the left of C1 in B̃1 is
contracted by σ′

1, hence φ1(φ2)
−1 does not contract any curve of B2 except perhaps

F2; this implies that φ1(φ2)
−1 is a fibered modification. However, φ2(φ1)

−1 cannot
be a fibered modification, as it contracts C1.

The contradiction shows that τ1 is an isomorphism, hence τ1(τ2)
−1(B̃2) = B̃1.

This means that neither φ1(φ2)
−1 nor φ2(φ1)

−1 contracts any curve, hence both
maps are isomorphisms. �

If the type of the sub-zigzag E of B = F �C�E is not a palindrome, then the
composition of two reversions cannot be a reversion. However, the following shows
that this may occur.

Lemma 2.3.8 (Composition of two reversions). For i = 1, 2, let φi : (X,B) ���
(Xi, Bi) be a reversion, and assume that every irreducible curve of B has self-
intersection ≥ −2. If the proper base-points of φ1 and φ2 are distinct (respectively
equal), the map φ2 ◦ (φ1)

−1 is a reversion (respectively an isomorphism).

Proof. Denote by r ≥ 0 the number of components of E (each one is a (-2)-curve).

For i = 1, 2, let (X,B = F�C�E)
σi← (Zi, B̃i)

σ′
i→ (Xi, Bi = Fi�Ci�Ei) be a minimal

resolution of φi such that B̃i = (tEi�Ci)�Hi�(C�E). Observe that Hi is the proper
transform of F and Fi by respectively (σi)

−1 and (σ′
i)

−1, and that Ei is a chain of
r (-2)-curves. We therefore have a commutative diagram

(Zi, B̃i) σ′
i

				
		σi

�����
�

(X,B)

νi
				

		 φi

�������� (Xi, Bi)

ν′
i

�����
�

(Wi, B
′
i),

where νi and ν′i contract the curves E�C and Ei �Ci respectively. Since ν1 and
ν2 contract the same curves, we may assume that ν1 = ν2 = ν and (W1, B

′
1) =

(W2, B
′
2) = (W,B′). This yields the following commutative diagram:

(Z1, B̃1)σ′
1

�����
� σ1

				
		

(Z2, B̃2) σ′
2

				
		σ2

�����
�

(X1, B1)

ν′
1

����
�����

��� (X,B)
ν��

φ2

��������
φ1

��� � � � � � (X2, B2),

ν′
2

��




(W,B′)

where the proper base-point of (ν′i)
−1 is equal to the image by ν of the proper

base-point of φi (and (σi)
−1). Consequently, if these two base-points are equal,

then φ2 ◦ (φ1)
−1 = (ν′2)

−1 ◦ ν′1 is an isomorphism; otherwise it is a reversion. �

Remark 2.3.9. By definition, a reversion φ : (X,B, π̄) ��� (X ′, B′, π̄′) restricts to

an isomorphism φ : S = X \ B ∼→ S′ = X ′ \B′ of quasi-projective surfaces, which,
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in contrast with the case of fibered modifications, is never an isomorphism of A1-
fibered surfaces between (S, π̄ |S) and (S′, π̄′ |S). Indeed, it is easily seen that the
rational fibrations π̄ : X → P

1 and π̄′ : X ′ → P
1 lift to rational fibrations with

distinct general fibers on the minimal resolution (Z, B̃) of φ. This implies that the
induced A1-fibrations π̄ |S and π̄′ ◦ φ |S on S have distinct general fibers.

2.4. Summary on the base-points and curves contracted. Recall that the
center of a birational map (X,B) ��� (X ′, B′) is its unique proper base-point.

Lemma 2.4.1. Let φ : (X,B = F �C�E) ��� (X ′, B′ = F ′�C ′�E′) be a birational
map.

a) If φ is a fibered modification, it is centered at p = F ∩ C, and F ′ is the only
irreducible component of B′ contracted by φ−1.

b) If φ is a reversion, it is centered at a point p ∈ F \ C, and φ−1 contracts the
curves C ′ and E′ on p, and it also contracts F ′ on p if and only if some irreducible
component of E′ has self-intersection ≤ −3.

Proof. Follows respectively from §2.2.4 and Lemma 2.3.3. �

3. Factorization of birational maps between 1-standard pairs

This section is devoted to the proof of the following result.

Theorem 3.0.2. Let φ : (X,B) ��� (X ′, B′) be a birational map between 1-

standard pairs restricting to an isomorphism X \ B
∼→ X ′ \ B′. If φ is not an

isomorphism, then it can be decomposed into a finite sequence

φ = φn ◦ · · · ◦ φ1 : (X,B) = (X0, B0)
φ1��� (X1, B1)

φ2��� · · · φn��� (Xn, Bn) = (X ′, B′)

of fibered modifications and reversions between 1-standard pairs (Xi, Bi), i=1, . . . , n.
Furthermore, such a factorization of minimal length is unique, which means that

if

φ = φ′
n ◦ · · · ◦ φ′

1 : (X,B) = (X ′
0, B

′
0)

φ′
1��� · · ·

φ′
n��� (X ′

n, B
′
n) = (X ′, B′)

is another factorization, then there exist isomorphisms of pairs αi : (Xi, Bi) →
(X ′

i, B
′
i) for i = 1, ..., n such that αi ◦ φi = φ′

i ◦ αi−1 for i = 2, ..., n.

3.0.3. Let us compare Theorem 3.0.2 with the existing results in the literature.
Since φ restricts to an isomorphism between X \ B and X ′ \ B′, we know that it
can be factored into a sequence of smooth blow-ups and contraction with centers
on the successive boundaries. A refined description of such factorizations, based on
a careful study of base-points of the birational maps under consideration, was ob-
tained by V. Danilov and M. Gizatullin [6]. Namely, they established that one can
always find a factorization as above with the additional property that the bound-
aries of all intermediate pairs consist of a certain type of zigzags called standard
in loc. cit. Moreover, such a factorization of minimal length is unique up to com-
position by automorphisms of the intermediate projective surfaces preserving the
boundaries. In general, the intermediate pairs which arise in a Danilov-Gizatullin
factorization

φ : (X,B) = (X0, B0)
ψ1��� (X1, B1)

ψ2��� · · · ψs��� (Xs, Bs) = (X ′, B′)
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of φ of minimal length are not all 1-standard. However, there is an obvious way to
concatenate these maps into a sequence of birational maps φj+1 :

(
Xαj

, Bαj

)
���(

Xαj+1
, Bαj+1

)
between all successive 1-standard pairs

(
Xαj

, Bαj

)
among the pairs

(Xi, Bi) occurring in the factorization. Theorem 3.0.2 would follow provided we
show that the birational maps obtained by this procedure are either reversions
or fibered modifications. This is the case, and the uniqueness properties actually
imply that a minimal factorization as in Theorem 3.0.2 coincides with one obtained
from a minimal Danilov-Gizatullin factorization by the above procedure. However,
a proof of this fact would require us to redo a careful analysis of the base-points
of the birational maps φ : (X,B) ��� (X ′, B′) under consideration. So we find it
simpler and more enlightening to give a complete and self-contained proof.

We proceed in two steps. First we show in §3.1 below that every birational map
φ : (X,B) ��� (X ′, B′) between 1-standard pairs restricting to an isomorphism

φ : X \ B
∼→ X ′ \ B′ can be decomposed in an essentially unique sequence of

elementary birational maps between a certain class of pairs which strictly contains
the 1-standard ones. Then we check in §3.2 that these elementary birational maps
can be concatenated into sequences of reversions and fibered modifications between
the 1-standard pairs occurring in the factorization.

3.1. Elementary birational links between almost standard pairs. Here we
construct an enlargement of the class of 1-standard pairs consisting of pairs (X,B)
with a boundary zigzag B of a more general type. We show that within this class
every birational map φ : (X,B) ��� (X ′, B′) between 1-standard pairs restricting

to an isomorphism φ : X \ B
∼→ X ′ \ B′ can be decomposed into an essentially

unique sequence of suitable elementary birational links consisting of either smooth
blow-ups or contractions. Some of the results of this subsection are closely related
to those in [9].

Definition 3.1.1. A pair (X,B) consisting of a normal rational projective surface
X and a nonempty zigzag B = B1�· · ·�Bs (each Bi being irreducible) supported
in the regular part of X is called almost standard if the following hold:

a) There exists a unique irreducible component Bm of B with nonnegative self-
intersection, called the positive curve of B.

b) There exists at most one irreducible component Bl of B with self-intersection
(Bl)

2 = −1. Furthermore, if it exists, it is called the (−1)-curve of B and Bm ·Bl =
1, i.e., l = m± 1.

Definition 3.1.2. Let (X,B) be an almost standard pair and letBm be the positive
curve of B.

A birational map φ : (X,B) ��� (X ′, B′) between almost standard pairs is called
an elementary link if it consists of one of the following four operations:

I) The contraction of the (−1)-curve of B if it exists.
II) If B contains a (−1)-curve Bm±1, the blow-up of the intersection point p of

Bm with Bm±1, immediately followed by the contraction of the strict transform of
Bm when (Bm)2 = 0 in X:

•
a

Bm
•

−1

Bm±1

•
a−1

Bm
•

−1
•

−2

Bm±1
(

a = 0
•
0

•
−2

Bm±1
)
.
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III) If B contains no (−1)-curve and if Bm is not a boundary of B, the blow-up
of one of the two points p = Bm−1 ∩Bm or p = Bm ∩Bm+1, immediately followed
by the contraction of the strict transform of Bm when (Bm)2 = 0 in X:

•
−b

Bm±1

•
a

Bm
•

−c

Bm∓1

•
−b

Bm±1

•
a−1

Bm
•

−1
•

−c−1

Bm∓1
(

a = 0
•

−b+1

Bm±1

•
0

•
−c−1

Bm±1
)
.

IV) If B contains no (−1)-curve and if Bm is a boundary of B, the blow-up of
an arbitrary point p ∈ Bm, immediately followed by the contraction of the strict
transform of Bm when (Bm)2 = 0 in X.

As before, the elementary links of types II), III) and IV) are said to be centered
at p.

Proposition 3.1.3. Let φ : (X,B) ��� (X ′, B′) be a birational map between almost

standard pairs restricting to an isomorphism X \ B
∼→ X ′ \ B′. Then φ is either

an isomorphism or it can be factored into a finite sequence

φ = ϕr ◦ · · · ◦ ϕ1 : (X,B) = (X1, B1)
ϕ1��� (X2, B2)

ϕ2��� · · · ϕr��� (Xr, Br) = (X ′, B′)

of elementary links between almost standard pairs.

Proof. We proceed by induction on the total number of base-points s
(
φ, φ−1

)
of

φ and φ−1. If s
(
φ, φ−1

)
= 0, then φ is an isomorphism. We thus assume that

s
(
φ, φ−1

)
> 0, and let (X,B)

σ← (Z, B̃)
σ′
→ (X ′, B′) be the minimal resolution of φ,

where the birational morphisms σ and σ′ consist of blow-ups of the successive base
points of φ and φ−1 respectively. The map σ′ contracts at most two (−1)-curves
of B, namely the proper transforms of the positive curve Bm and of the unique
possible (−1)-curve Bl of B if it exists. If the proper transforms of Bm and Bl

in Z are both (−1)-curves, then Bm · Bl = 1 in Z necessarily, and so they cannot
both be exceptional for σ. Therefore φ has at most one proper base-point. In turn,
this implies that φ and all its successive lifts to the intermediate pairs occurring in
the decomposition of σ into a sequence of smooth blow-ups have a unique proper
base-point. A similar description holds for φ−1.

If the proper base-point of φ (respectively φ−1) corresponds to the proper trans-
form in Z of the unique possible (−1)-curve of B′ (respectively of B), we factor φ by
the contraction of this (−1)-curve. This decreases the total number of base-points
of φ (respectively φ−1). We may thus assume that the unique proper base-points
p and q of φ and φ−1 respectively correspond to the positive curve of B′ and B
respectively (if φ contracts the positive curve, it has to have a base-point, so either
both have base-points or φ is an isomorphism, a case eliminated before).

We decrease s
(
φ, φ−1

)
by performing an elementary link with center at p ∈ Bm.

The existence of such a link is clear if Bm is a boundary of B and if there is no
(−1)-curve in B. Otherwise, we distinguish two cases:

a) If B contains a (−1)-curve Bl, then Bm intersects it and p = Bm ∩Bl neces-
sarily. Indeed, otherwise, after the contraction of the proper transform of Bm by
σ′, Bl would be a curve with nonnegative self-intersection and not contracted by
φ−1, which contradicts our assumptions.

b) If Bm intersects two irreducible components Bm−1 and Bm+1 of B with self-
intersection ≤ −2, then p = Bm−1 ∩ Bm or p = Bm ∩ Bm+1. Indeed, otherwise,
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after the contraction of the proper transform of Bm by σ′, the total transform of
B would not be an SNC divisor, which is absurd.

We conclude that in any of these two cases, φ can be factored through an el-
ementary link with center at p, of type II) in case a) and of type III) in case b).
This completes the proof. �

Example 3.1.4 (Factorization of fibered modifications). Let φ : (X,B = F �C�E)
��� (X ′, B′) be a fibered modification between 1-standard pairs lifting a triangular
automorphism φ : (x, y) �→ (ax+ b, cy + P (x)) of A2, where d = degP ≥ 2 as in
Lemma 2.2.3. It follows from the description of the resolution of such a birational
map given in §2.2.4 that φ factors into a sequence of d − 1 elementary links of
type IV) with centers at the intersection of the positive curve with the proper
transform of C, followed by a sequence of d− 1 elementary links of type IV) with
centers at points outside the proper transform of C. One easily checks that this
factorization is obtained by the lift (described in Lemma 2.2.3) of the factorization of
the corresponding birational map φ : (F1, F1�C0) ��� (F1, F1�C0), which consists of
a sequence of d−1 elementary transformations σi : (Fi, Fi�C0) ��� (Fi+1, Fi+1�C0)
with center at Fi ∩C0, i = 1, . . . , d− 1, followed by a sequence of d− 1 elementary
transformations σ′

i :
(
Fi+1, F

′
i+1�C0

)
��� (Fi, F

′
i �C0) with center at a point of

F ′
i+1 \ C0, i = d− 1, . . . , 1.

Example 3.1.5 (Factorization of reversions). Let φ : (X,B=F �C�E)���(X ′, B′)
be a reversion between 1-standard pairs, where B is of type (0,−1,−n1, ...,
−nr). According to Lemma 2.3.6 and Proposition 2.3.7, φ may be decomposed as
φ = θrϕr...ϕ0θ0, where ϕi : (Xi−1, Bi−1) ��� (X ′

i, B
′
i) and θi : (X

′
i, B

′
i) ��� (Xi, Bi)

are defined in §2.3.4 (note that (X,B) = (X ′
0, B

′
0)):

•
−nr

•
−n2

•
−n1

•
−1

•
0

θ0 •
−nr

•
−n2

•
−n1+1

•
0

•
−1

ϕ1

•
−nr

•
−n2

•
−1

•
0

•
−n1+1

θ1

•
−nr

•
−n2+1

•
0

•
−1

•
−n1

ϕ2

•
−nr

•
−1

•
0

•
−n2+1

•
−n1

θ2

ϕr

•
−1

•
0

•
−nr+1

•
−n2

•
−n1

θr •
0

•
−1

•
−nr

•
−n2

•
−n1

If ni ≥ 3, then (Xi−1, Bi−1) and (X ′
i, B

′
i) are almost-standard pairs and ϕi :

(Xi−1, Bi−1) ��� (X ′
i, B

′
i) is the composition of a link of type II and ni − 3 links of

type III.
If ni = 2, then ϕi is an isomorphism between two pairs which are not almost-

standard (there are two (−1)-curves in the boundary). Let ni, ni + 1, ..., ni + m
be a sequence of multiplicities equal to 2 (with m ≥ 0) such that either ni−1 –
respectively ni+m+1 – does not exist (i = 1 or i+m = r) or is strictly larger than
2. Then, the map θi+mϕi+m · · · θiϕiθi−1 is the composition of m+ 2 links of type
I and m+ 2 links of types III or IV.

The remaining maps to decompose are the θi which are between two almost
standard pairs. Then θi is the composition of a link of type I and a link of type III
(respectively IV), if i > 0 (respectively if i = 0).
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3.2. Concatenating elementary links into birational maps between 1-stan-
dard pairs.

3.2.1. Given a birational map φ : (X,B) ��� (X ′, B′) between 1-standard pairs,

restricting to an isomorphism X \ B ∼→ X ′ \ B′, it follows from Proposition 3.1.3
that there exists a factorization

φ = ϕr ◦ · · · ◦ ϕ1 : (X,B) = (X1, B1)
ϕ1��� (X2, B2)

ϕ2��� · · · ϕr��� (Xr, Br) = (X ′, B′)

of φ into a finite sequence of elementary links between almost standard pairs.
By concatenating these elementary links into birational maps φj = ϕαj+1−1 ◦
· · ·ϕαj+1 ◦ ϕαj

:
(
Xαj

, Bαj

)
���

(
Xαj+1

, Bαj+1

)
between all successive 1-standard

pairs
(
Xαj

, Bαj

)
among the pairs (Xi, Bi) occurring in the factorization φ =

ϕr ◦ · · · ◦ϕ1, we obtain a new factorization of φ = φn ◦ · · · ◦φ1 into a finite sequence
of birational maps between 1-standard pairs. The following lemma gives the first
part of the proof of Theorem 3.0.2.

Lemma 3.2.2. The birational maps φj :
(
Xαj

, Bαj

)
���

(
Xαj+1

, Bαj+1

)
defined

above are either reversions or fibered modifications.

Proof. There are only two possible elementary links starting with a 1-standard pair
(X,B = F �C�E), namely the contraction of the (−1)-curve C or the blow-up of
the point F ∩ C followed by the contraction of the proper transform of F . It is
enough to show that each possibility gives rise to a birational map which is reversion
in the first case and a fibered modification in the second one.

a) If ϕ1 is the contraction of the (−1)-curve C, then one easily checks that
the only possible sub-sequence of elementary links occurring in the decomposition
of φ before we reach the first 1-standard pair (Xα1

, Bα1
) coincides with the one

described in Example 3.1.5 above. Indeed at each step there are only two possible
links, one being the inverse of the last link produced. This shows that if ϕ1 is the
contraction of the (−1)-curve C, then φ1 : (X,B) ��� (Xα1

, Bα1
) is a reversion.

b) If ϕ1 : (X,B) ��� (X1, B1) is the blow-up of the point F ∩ C followed by
the contraction of the proper transform of F , then the proper transform of C has
self-intersection −2 and intersects the (0)-curve Fi produced, which is the boundary
of Bi, for i = 1. Until the self-intersection of (the proper transform of) C becomes
−1 again, the elementary links ϕi+1 : (Xi, Bi) ��� (Xi+1, Bi+1), i = 1, . . . , d − 1,
consist necessarily of a sequence of the blow-up of a point of the (0)-curve Fi of Bi

– having self-intersection 0 – followed by the contraction of the proper transform
of this curve. Consequently, the map φ1 does not contract the curve C, which is
a section of the fibration on (X,B), and thus φ1 : (Xα1

, Bα1
) ��� (Xα2

, Bα2
) is a

fibered modification. �

As a consequence of the descriptions, we recover [6, Corollary 2]:

Corollary 3.2.3. If (X,B) and (X ′, B′) are two 1-standard pairs of type
(0,−1,−n1, ...,−nr) and (0,−1,−n′

1, ...,−n′
s) such that X \ B ∼= X ′ \ B′, then

r = s and either ni = n′
i for each i or ni = n′

r+1−i for each i.

Proof. Denote by φ : X ��� X ′ the birational map obtained by extension of the
isomorphism. Lemma 3.2.2 yields a decomposition of φ into fibered modifications
and reversions. The fibered modifications do not change the type of the zigzag, and
the reversions reverse the order of the ni. �
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Now that the existence of the factorization of Theorem 3.0.2 is proved, it remains
to deduce the unicity. It is a consequence of the following lemma, which completes
the proof of the theorem.

Lemma 3.2.4. Let φ : (X,B = F �C�E) ��� (X ′, B′) be a strictly birational map

between 1-standard pairs restricting to an isomorphism X \B ∼→ X ′ \B′ and let

φ = φn ◦ · · · ◦ φ1 : (X,B) = (X0, B0)
φ1��� (X1, B1)

φ2��� · · · φn��� (Xn, Bn) = (X ′, B′)

be a decomposition of φ, for n ≥ 1, satisfying the fact that φi is either a reversion
or a fibered modification. Then, the following are equivalent:

(1) the decomposition above is minimal (i.e. there does not exist another such
decomposition with less than n factors);

(2) for any i < n, the centers of (φi)
−1 and φi+1 are distinct, and if φi and

φi+1 are reversions, then E contains at least one curve of self-intersection
≤ −3.

Furthermore, if the conditions are satisfied, the following hold:

(a) the map φ is not an isomorphism, and the centers of φ and φ1 (respectively
of φ−1 and (φn)

−1) are equal;

(b) if φ = φ′
n ◦ · · · ◦ φ′

1 : (X,B) = (X ′
0, B

′
0)

φ′
1��� · · ·

φ′
n��� (X ′

n, B
′
n) = (X ′, B′)

is another factorization, there exist isomorphisms αi : (Xi, Bi) → (X ′
i, B

′
i)

for i = 1, ..., n such that αi ◦ φi = φ′
i ◦ αi−1 for i = 2, ..., n.

Proof. For any i, we write (Xi, Bi = Fi�Ci�Ei) and recall that the type of Ei is
equal to the type of E or of tE (Corollary 3.2.3).

We now prove the implication (1) ⇒ (2), or in fact its contraposition. First as-
sume that (φi)

−1 and φi+1 have the same proper base-point p ∈ Bi. According to
Lemma 2.4.1, either p = Fi∩Ci and both (φi)

−1 and φi+1 are fibered modifications,
or p ∈ Fi \ Ci and (φi)

−1 and φi+1 are reversions. In the first case, φi+1 ◦ φi is
a fibered modification, and in the second this map is an isomorphism; the decom-
position is thus not minimal. Assume now that φi and φi+1 are reversions and E
(and thus Ei) is a chain of (−2)-curves. Lemma 2.3.8 shows that φi+1 ◦φi is either
a reversion or an isomorphism, and once again the decomposition is not minimal.

We now prove (2) ⇒ (a). Since (2) is symmetric, it suffices to assume (2) and to
prove by induction on n that φ is not an isomorphism and that the center of φ−1

and (φn)
−1 are equal. If n = 1, this is obvious. If n > 1, the map ψ = φn−1◦· · ·◦φ1

contracts some curve on the center p ∈ Bn−1 of (φn−1)
−1, by induction hypothesis.

Then p is not a base-point of φn, and φn contracts a curve Γ ⊂ Bn−1 that contains
p. Consequently, the map φ = φn ◦ ψ contracts a curve on φn(Γ) = φn(p). This
point is furthermore the center of (φn)

−1 (Lemma 2.4.1).
Assume now that two decompositions φ = φn ◦ · · · ◦ φ1 = φ′

m ◦ · · · ◦ φ′
1 satisfying

(2) exist. Then, the identity map factors as φ′
m◦· · ·◦φ′

1◦(φ1)
−1◦· · ·◦(φn)

−1. Since
it is an isomorphism, condition (2) is not satisfied for this decomposition. Three
possibilities occur; in each one we prove that φ′

1 ◦ (φ1)
−1 is an isomorphism.

i) Both φ′
1 and (φ1)

−1 are fibered modifications. In this case, φ′
1 ◦(φ1)

−1 is either
a fibered modification or an isomorphism. The first case is not possible, as it yields
a decomposition of the identity satisfying (2).

ii) Both φ′
1 and (φ1)

−1 are reversions with the same center. Proposition 2.3.7
shows that φ′

1 ◦ (φ1)
−1 is an isomorphism.
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iii) Both φ′
1 and (φ1)

−1 are reversions with distinct centers, and each irreducible
curve of E has self-intersection ≥ −2. This case is not possible, as it implies that
φ′
1 ◦ (φ1)

−1 is a reversion (Lemma 2.3.8) and yields a decomposition of the identity
satisfying (2).

Denote by α1 the isomorphism φ′
1 ◦ (φ1)

−1 and replace it in the decomposition
of the identity written above. Writing ψ′

2 = φ′
2 ◦ α1, which is again a reversion or

a fibered reversion, we find as before that ψ′
2 ◦ (φ2)

−1 is an isomorphism that we
denote by α2. By induction, we define ψ′

r = φ′
r ◦ αr−1 and obtain an isomorphism

αr = ψ′
r ◦ (φr)

−1 for r = 2, ...,m+ 1. The last relation obtained is αm = id, which
shows that m = n. Choosing α0 = id we find that αi ◦φ1 = φ′

i ◦αi−1 for i = 1, ..., n.
This proves the two remaining implications needed, which are (2) ⇒ (1) and

(2) ⇒ (b). �

4. Graphs associated to pairs and fibrations

In this section, we associate a graph to every normal quasi-projective surface S
admitting a completion by a 1-standard pair. The graph reflects the A1-fibrations
on S and the links between these.

Definition 4.0.5. To every normal quasi-projective surface S we associate the
oriented graph FS , defined in the following way:

a) A vertex of FS is an equivalence class of 1-standard pairs (X,B) such that
X \ B ∼= S, where two 1-standard pairs (X1, B1, π1) and (X2, B2, π2) define the
same vertex if and only if the A1-fibered surfaces (X1 \ B1, π1) and (X2 \ B2, π2)
are isomorphic.

b) Any arrow of FS is an equivalence class of reversions. If φ : (X,B) ��� (X ′, B′)
is a reversion, then the class [φ] of φ is an arrow starting from the class [(X,B)] of
(X,B) and ending at the class [(X ′, B′)] of (X ′, B′). To follow the notation of [16],
we write o([φ]) = [(X,B)] and t([φ]) = [(X ′, B′)] for respectively the origin and the
target. Two reversions φ1 : (X1, B1) ��� (X ′

1, B
′
1) and φ2 : (X2, B2) ��� (X ′

2, B
′
2)

define the same arrow if and only if there exist two isomorphisms θ : (X1, B1) →
(X2, B2) and θ′ : (X ′

1, B
′
1) → (X ′

2, B
′
2) such that φ2 ◦ θ = θ′ ◦ φ1.

Remark 4.0.6. Note that, as in [16, 2.1], this graph is oriented and that any arrow
a admits an inverse arrow ā, which is the class of θ−1 for any θ such that a = [θ].
However, contrary to the definition of [16], here it is possible that a = ā. The
factorization theorem yields the following basic properties for the graph FS .

Proposition 4.0.7. Let S be a normal quasi-projective surface with a nonempty
graph FS . Then, the following hold:

a) The graph FS is connected.
b) There is a natural bijection between the set of vertices of FS and the set of

equivalence classes of A1-fibrations on S (see Definition 1.0.4).
c) Assume that (X,B) is a 1-standard pair with X \B ∼= S and that B contains

at least one curve of self intersection ≤ −3. Then, the graph FS is a tree if and
only if Aut(S) is generated by automorphisms of A1-fibrations on S. Moreover, we
have a natural exact sequence

1 → H → Aut(S) → Π1(FS) → 1,

where H is the (normal) subgroup of Aut(S) generated by all automorphisms of
A

1-fibrations and Π1(FS) is the fundamental group of the graph FS .
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Proof. The connectedness is a direct consequence of Theorem 3.0.2. In the sequel,
we fix a vertex v of FS and a 1-standard pair (Xv, Bv) with Xv \ Bv = S and
v = [(X,B)].

If α : S → A1 is a A1-fibration, then there exists a 1-standard pair (X,B, π) and
an isomorphism (S, α) → (X \B, π) of A1-fibered surfaces. The isomorphism class
of (S, α) gives the one of (X \ B, π), which is equal to the vertex [(X,B)]. This
yields b).

Given any birational map φ : (Xv, Bv) ��� (Xv, Bv), we use Theorem 3.0.2
to write φ = θn+1rn · · · θ2r1θ1, where n ≥ 0, each ri is a reversion and each
θi is a fibered birational map between 1-standard pairs (which may be the iden-
tity). We associate to φ the element [rn][rn−1] · · · [r2][r1] of the fundamental group
Π1(FS , v). Observe that because B contains at least a curve of self-intersection
≤ −3, the element of Π1(FS , v) does not depend on the choice of the decomposition
(Lemma 3.2.4) and the map defined is a surjective homomorphism ν : Aut(S) →
Π1(FS , v).

Given an A1-fibration β : S → A1, let ψ : (Xv, Bv) ��� (X,B, π) be a birational
map of pairs such that ψ restricts to an isomorphism (S, β) → (X \ B, π). Then,
the group Aut(S, β) is equal to ψ−1Aut(X \B, π)ψ. By construction, this group is
contained in the kernel of ν.

Take an element φ = θn+1rn · · · θ2r1θ1 as before, and assume that ν(φ) = 1.
We prove by induction on the number of reversions in the decomposition (here
n) that φ belongs to H. If n = 0, φ is a fibered birational map of (Xv, Bv).
Otherwise, [ri+1][ri] vanishes in Π1(FS), for some i, which means that ri+1 =
γ ◦ (ri)

−1 ◦ δ for certain isomorphisms of 1-standard pairs γ and δ. Writing φ =
ϕ′ri+1θi+1riθiϕ, we have φ = ϕ′γ(ri)

−1δθi+1riθiϕ = ϕ′γθiϕ(riθiϕ)
−1δθi+1(riθiϕ).

Since (riθiϕ)
−1δθi+1(riθiϕ) ∈ H, we may conclude by applying an induction hy-

pothesis to ϕ′γθiϕ. �

Then we give to the graph FS a natural structure of graph of groups. Before
doing it in Definition 4.0.9, we recall the notion of graph of groups, following [16,
4.4].

Definition 4.0.8. Let G be a graph.
• A graph of groups structure on G is given by the choice of

a) a group Gv, for any vertex v of G;
b) a group Ga and an injective morphism ρa : Ga → Gt(a), for any arrow a of

G;
c) an anti-isomorphism¯: Ga → Gā, for any arrow a, such that ¯̄x = x for any

x ∈ Ga.
• A path in the graph of groups is a sequence gnan−1gn−1 · · · a2g2a1g1, where ai

is an arrow from vi to vi+1 and gi ∈ Gvi . The path starts at v1 and ends at vn,
and it is closed if and only if v1 = vn.

• The fundamental group of the graphs of groups at the vertex v consists of closed
paths starting and ending at v, modulo the relations ρa(h) ·a = a ·ρā(h̄) and aā = 1
for any arrow a and any h ∈ Ga.

Note that ρa(g) is written ga in [16]. Furthermore, the two groups Ga and Gā

are said to be equal, which yields the same structure as our definition but is less
convenient for the following definition.
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Definition 4.0.9. Let S be a normal quasi-projective surface and let FS be its
associated graph. Then, a graph of groups structure on FS is given by the choice
of

a) for any vertex v of FS , a fixed 1-standard pair (Xv, Bv, πv) in the class v.
The group Gv is then equal to Aut(Xv \Bv, πv);

b) for any arrow a of FS , a reversion ra in the class of a, which is (Xa, Ba, πa)
ra���

(X ′
a, B

′
a, π

′
a), and also an isomorphism μa : (X ′

a \ B′
a, π

′
a) → (Xt(a) \ Bt(a), πt(a)).

The group Ga is then equal to

{(φ, φ′) ∈ Aut(Xa, Ba)×Aut(X ′
a, B

′
a) | ra ◦ φ = φ′ ◦ ra},

and ρa : Ga → Gt(a) is given by ρa((φ, φ
′)) = μa ◦ φ′ ◦ (μa)

−1.

We ask further that rā = (ra)
−1 and¯: Ga → Gā is the map (φ, φ′) �→ (φ′, φ).

4.0.10. In most cases (in particular, when the sub-zigzag E of B = F �C �E is
not a palindrome) a �= ā for any arrow a of FS , and it is clear that a graph of
groups structure exists on FS . If a = ā for a certain a, then we may choose that
(Xa, Ba, πa) = (X ′

a, B
′
a, π

′
a) and we have (ra)

−1 = λ ◦ ra ◦ μ for some elements
λ, μ ∈ Aut(Xa, Ba). Replacing ra by μra we may choose that μ = 1. Consequently,
(ra)

2 = rāra ∈ Aut(Xa, Ba), but, it is not clear that this one can always be chosen
to be the identity. However, we will see that this property is satisfied for all the
cases that we deal with in the sequel.

Theorem 4.0.11. Let (X,B) be a 1-standard pair such that at least one component
of B has self-intersection ≤ −3, and let S = X \B.

If FS admits a structure of graph of groups, then the fundamental group of the
graph of groups obtained is naturally isomorphic to Aut(S).

Proof. Let us fix a graph of groups structure for FS , as in Definition 4.0.9.
We will work with g-sequences s = gnangn−1 · · · a1g0, where n ≥ 1, gi ∈ Gvi for

i = 0, ..., n and ai is an arrow for i = 1, ..., n, satisfying o(ai) = vi−1, t(ai) = vi.
We write t(s) = vn and o(s) = v1. There is a natural way of concatening g-
sequences s1, s2 to s2s1 satisfying t(s1) = o(s2), by multiplying the last term of
s1 with the first of s2. Then, to any g-sequence s we can associate a birational
map ψs : (Xo(s), Bo(s)) ��� (Xt(s), Bt(s)) by saying that ψa = μa ◦ ra ◦ (μā)

−1 :
(Xo(a), Bo(a)) ��� (Xt(a), Bt(a)) for any arrow a of FS , that ψg = g : (Xv, Bv) ���
(Xv, Bv) for any g ∈ Gv, and that ψss′ = ψs ◦ ψs′ for any g-sequences s, s′ with
t(s) = o(s′).

Let us now prove that for any two vertices v, v′ and any birational map φ :
(Xv, Bv) ��� (Xv′ , Bv′) there exists a g-sequence s such that φ = ψs. We de-
compose φ into a minimal sequence of fibered modifications and reversions, using
Theorem 3.0.2, and proceed by induction on the number of reversions that occur
in the decomposition. If there is no reversion, φ is a fibered birational map; thus
v = v′ and φ ∈ Gv. Otherwise, φ = φ′ ◦ θ2ϕθ1, where θ1 and θ2 are fibered bira-
tional maps (which may be isomorphisms), ϕ is a reversion and the decomposition
of φ′ involves less reversions than the one of φ. Up to isomorphisms, which change
the maps θ1 and θ2, we may assume that ϕ = ra for some arrow a starting from
v. Since ra is a birational map starting from (Xa, Ba) and both θ1 and (μā)

−1 are
fibered modification or isomorphisms (Xv, Bv) ��� (Xa, Ba), the map μāθ1 belongs
to Gv. We write φ = φ′θ2(μa)

−1ψa(μāθ1) and use induction hypothesis on the map
φ′θ2(μa)

−1 : (Xt(a), Bt(a)) ��� (Xv, Bv) to conclude.
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Let us fix a vertex w of FS , write S = Xw \ Bw, and denote by Λ the group
of g-sequences s such that t(s) = o(s) = w. The map s �→ ψs yields a surjective
homomorphism Ψ : Λ → Aut(Xw \ Bw) = Aut(S). The fundamental group of the
graph of groups at w is the quotient of the group Λ by the relations ρa(h) · a =
a · ρā(h̄), and aā = 1 for any arrow a and any h ∈ Ga. To prove the theorem we
prove that these relations generate the kernel of Ψ.

Let a be an arrow. Then, ψa = μa ◦ ra ◦ (μā)
−1 and ψā = μā ◦ rā ◦ (μa)

−1.
Since rā = (ra)

−1, we have ψaā = id. Recall that Ga = {(φ, φ′) ∈ Aut(Xa, Ba) ×
Aut(X ′

a, B
′
a) | ra ◦φ = φ′ ◦ ra}. If h = (φ, φ′) ∈ Ga, then ρa(h) = μa ◦φ′ ◦ (μa)

−1 ∈
Gt(a) and ρā(h̄) = μā◦φ◦(μā)

−1 ∈ Go(a) by definition. Consequently, the birational

maps ψρa(h)a = μa ◦ φ′ ◦ ra ◦ (μā)
−1 and ψaρā(h̄) = μa ◦ ra ◦ φ ◦ (μā)

−1 are equal.

This shows that each relation of the fundamental group is satisfied in Aut(S).
Let s = gnangn−1 · · · a1g0 ∈ Λ as above, and suppose that ψs = id. We prove by

induction on n that s is trivial in the fundamental group. If n = 0, then s = g0 ∈ Gv,
and ψg0 = id means that g0 = 1. Now assume that n > 0. We fix ϕ0 = (μa1

)−1 ◦g0,
ϕi = (μai+1

)−1 ◦ gi ◦ μai
for 1 ≤ 1 ≤ n − 1 and ϕn = gn ◦ μan

. Since ψai
=

μai
◦ rai

◦ (μai
)−1 for each i, ψs decomposes as ψs = ϕnran

· · ·ϕ1ra1
ϕ0, where each

rai
is a reversion and each ϕi is a fibered birational map. Because ψs is the identity,

there are simplifications in this decomposition, which means (by Theorem 3.0.2, and
because the boundary contains at least a curve of self-intersection ≤ −3) that for
some j ∈ {1, ..., n−1} the map ϕj is an isomorphism of 1-standard pairs which sends
the proper base-point of (raj

)−1 on the one of raj+1
. Consequently, (raj

)−1 and

raj+1
ϕj are two reversions centred at the same point, so raj+1

ϕj = θ(raj
)−1 for some

isomorphism of pairs θ. This means that aj = [(raj
)−1] = [raj+1

] = aj+1, whence

(raj
)−1 = raj

= raj+1
. Moreover, (ϕj , θ) ∈ Gaj+1

= Gaj
, so the element h = (θ, ϕj)

belongs to Gaj
= Gaj+1

. Thus we have ϕj = (μaj
)−1 ◦ gj ◦ μaj

, which means that

ρaj
(h) = μaj

◦ ϕj ◦ (μaj
)−1 = gj . Since ajρaj

(h)aj = ρaj
(h̄) in the fundamental

group, we may replace aj+1gjaj by ρāj
(h̄) ∈ Gt(aj+1) in the decomposition of s,

and reduce its length. By induction, we find that s is trivial in the fundamental
group. �

5. Explicit examples of affine surfaces

In this section, we apply the tools used before (especially Lemma 1.0.7 and
Theorem 3.0.2) to describe examples of affine surfaces.

5.1. Explicit form–notation. According to Lemma 1.0.7 the resolution of sin-
gularities of any 1-standard pair may be obtained by some blow-up of points on a
fiber of F1. We embed F1 into P

2 × P
1 as

F1 = {((x : y : z), (s : t)) ⊂ P
2 × P

1 | yt = zs}.
The projection on the first factor yields the birational morphism τ : F1 → P2 which
is the blow-up of (1 : 0 : 0) ∈ P

2, and the projection on the second factor yields
a P1-bundle ρ : F1 → P1. We denote by F,L ⊂ P2 the lines with equations z = 0
and y = 0 respectively. We also call F,L ⊂ F1 their proper transforms on F1, and
we denote by C ⊂ F1 the exceptional curve τ−1((1 : 0 : 0)) = (1 : 0 : 0)× P1. The
affine line L \ C ⊂ F1 and its image L \ (1 : 0 : 0) ⊂ P

2 will be called L0.
In the sequel, we associate to any 1-standard pair (X,B, π) its minimal resolution

of singularities μ : (Y,B, π ◦ μ) → (X,B, π) and a birational morphism η : Y → F1
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which is the blow-up of a finite number of points. Each of these points belongs – as
proper or infinitely near point – to the affine line L0 = L \ C ⊂ P1 and is defined
over k but not necessarily over k. However, the set of all points blown-up by η is
defined over k. We have D = F �C�Ê for some (possibly reducible) curve Ê ⊂ Y
contained in η−1(L0), and where π ◦ μ = ρ ◦ η, as in the diagram of Lemma 1.0.7.

We fix embeddings of

A
2 = Spec (k [x, y])

into F1 and P2 as (x, y) �→ ((x : y : 1), (y : 1)) and (x, y) �→ (x : y : 1), which give

natural isomorphisms A
2 ∼→ F1 \ (F ∪ C) and A

2 ∼→ P
2 \ F . The restriction to

the line y = 0 yields a canonical isomorphism A1 → L0 which sends α ∈ k on
(α : 0 : 1) ∈ L0 ⊂ P2. The group of affine automorphisms of A2 – which is the
group of automorphisms that extend to automorphisms of P2 – is denoted by Aff ,
and the group of triangular or de Jonquières automorphisms – automorphisms of
the fibered surface (A2, ρ|A2) – is denoted by Jon. Explicitly, we have

Aff = {(x, y) �→ (a1x+ a2y + a3, b1x+ b2y + b3) | ai, bi ∈ k, a1b2 �= a2b1} ,
Jon = {(x, y) �→ (ax+ P (y), by + c) | a, b ∈ k∗, c ∈ k, P ∈ k[y]} .
Two 1-standard pairs are isomorphic (respectively induce isomorphic affine

fibered surfaces) if and only if their corresponding set of points blown-up are equiv-
alent after the action of some element of Aff ∩ Jon (respectively of Jon). This
follows from Lemma 2.2.3 and is explained more precisely in Lemma 5.2.1 below.

5.2. Links between 1-standard pairs–isomorphisms of fibrations. Here we
describe the links between 1-standard pairs obtained from isomorphisms of affine
fibered surfaces. In general it is possible that for two nonisomorphic 1-standard
pairs (X,B, π) and (X ′, B′, π′), the affine A1-fibered surfaces (X \B, π) and (X ′ \
B′, π′) are isomorphic; the following simple result describes the situation.

Lemma 5.2.1. For i = 1, 2, let (Xi, Bi, πi) be a 1-standard pair, with a minimal
resolution of singularities μi : (Yi, Bi, πi ◦ μi) → (Xi, Bi, πi), and let ηi : Yi → F1 be
a birational morphism as in §5.1 above. Then, the following relations are equivalent:

(1) the A1-fibered surface (X1 \B1, π1) and (X2 \B2, π2) (respectively the pairs
(X1, B1, π1) and (X2, B2, π2)) are isomorphic;

(2) there exists an element of Jon (respectively of Jon ∩ Aff) which sends
the points blown-up by η1 onto those blown-up by η2 and sends the curves
contracted by μ1 onto those contracted by μ2.

Proof. Follows directly from Lemma 2.2.3. �

Recall that each point of the exceptional curve obtained by blowing up a point
p on a surface is in the first neighbourhood of p and that if q is in the m-th neigh-
bourhood of p, then any point in the first neighbourhood of q is in the (m+ 1)-th
neighbourhood of p; by convention, a point p is in its 0-th neighbourhoud.

Corollary 5.2.2. Let (X,B, π) be a 1-standard pair with X\B affine. The group of
automorphisms of the affine fibered-space (X \B, π) contains a subgroup isomorphic
to the polynomial group (k[x],+), acting algebraically on X and trivially on the base
of the fibration.

Proof. Consider as before a minimal resolution of singularities μ : (Y,B, π ◦ μ) →
(X,B, π), and let η : Y → F1 be a birational morphism as in §5.1. Denote by m the
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maximal height of the points blown-up by η (so that each point blown-up belongs to
the i-th neighbourhood of a point of F1, for i ≤ m). Then, the algebraic subgroupH
(of infinite dimension) of Jon equal to

{
(x, y) �→ (x+ ym+1 · P (y), y) | P ∈ k[y]

}
acts trivially on the line y = 0 and on the set of points that belong to the i-th
neighbourhood of this line, for i ≤ m. Consequently, H fixes any point blown-
up by η and then preserves any irreducible curve contracted by μ. According to
Lemma 2.2.3, μη−1 conjugates H to a group of automorphims of the affine fibered
surface (X \B, π). �
5.3. The simplest case: 1-standard pairs of type (0,−1) / the affine plane.
The simplest 1-standard zigzag is of type (0,−1). Assuming that the complement
of the boundary is affine implies that it is isomorphic to A2, as the following simple
result shows:

Lemma 5.3.1. Let (X,B, π) be a 1-standard pair of type (0,−1), and assume that
S = X \B is affine. Then (X,B) ∼= (F1, F �C), and thus X \B ∼= A

2.

Proof. Let (X,B, π)
μ← (Y,B, πμ) be a minimal resolution of the singularities of

X and let Y
η→ F1 be the morphism defined in §5.1. Suppose that some point

p ∈ L0 ⊂ F1 is blown-up by η. Then η−1(p) is a connected tree of smooth rational
curves of negative intersection, and at least one irreducible curve in η−1(p) is a (−1)-
curve, which is not contracted by μ by minimality. The image of this (−1)-curve by
μ is thus a projective curve, which does not intersect B because no singular point of
X belongs to B. This contradicts the fact that S is affine, so η – and consequently
μ – is an isomorphism. �

As a direct consequence of our approach, we find the following well-known results
for this simple case. Recall the notation of §5.1 for the natural isomorphism A2 ∼→
F1 \ (F ∪ C) such that ρ : F1 → P1 restricts on A2 to the projection on the first
factor.

Proposition 5.3.2. Let (X,B, π) = (F1, F �C, ρ), and let S = A2 = X \ B, with
the natural isomorphism (x, y) �→ ((x : y : 1), (y : 1)) (as in §5.1), such that π
extends the map π : S → A

1 which is (x, y) �→ x. Then:

(1) the automorphism Ψ1 : (x, y) �→ (y, x) of S extends to a reversion Ψ1 :
(X,B) ��� (X,B);

(2) letting J = Aut(S, π), A = 〈Aut(X,B),Ψ1〉, the group Aut(S) is the free
product of A and J amalgamated over their intersection:

Aut(S) = A �A∩J J ;

(3) the following equalities occur:

Aff = A = {(x, y) �→ (a1x+ a2y + a3, b1x+ b2y + b3) | ai, bi ∈ k, a1b2 �= a2b1} ,
Jon = J = {(x, y) �→ (ax+ P (y), by + c) | a, b ∈ k∗, c ∈ k, P ∈ k[y]} ;

(4) there exist infinitely many A1-fibrations on S, but only one up to automor-
phisms of S;

(5) the group Aut(S) is generated by automorphisms of A1-fibrations.

Remark 5.3.3. Assertion (2) is the famous Jung-van der Kulk theorem, proved from
many different manners since the original proof [11] of Jung, who found the gen-
erators, and van der Kulk [17], who exhibited the amalgamated product structure.
We refer to [12] and [8] for the proofs which are the closest to our approach.
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Proof. Any reversion or fibered modification that starts from (X,B) gives a 1-
standard pair with a zigzag of type (−1, 0) (Corollary 3.2.3), and thus which is
isomorphic to (X,B) (Lemma 5.3.1). This implies assertion (4).

Observe that a reversion consists of the contraction of the (−1)-curve of F1,
followed by the blow-up of a point of F . It is therefore the lift of an automorphism
of P2 which sends the point (1 : 0 : 0) on another point of F (the line z = 0), which
yields a new fibration. Since the map Ψ1 : (x : y : z) �→ (y : x : z) of P2 is an
example of such a map, assertion (1) is clear.

The group Aut(X,B) is the lift of the group of automorphisms of P2 that fix
(1 : 0 : 0) and leave F invariant. Since Ψ1 exchanges the two points (1 : 0 : 0),
(0 : 1 : 0) ∈ F , the group A is equal to Aut(P2, F ) = Aff . The equality Jon =
Aut(S, π) being obvious, (3) follows directly.

Let us now prove that A and J generate the group Aut(S). Any element φ ∈
Aut(S) extends to a birational map φ : (X,B) ��� (X,B), which belongs either to
Aut(X,B) ⊂ A or factorises as φn ◦· · ·◦φ1, where each φi is a reversion or a fibered
modification (Theorem 3.0.2). Since each pair which occurs in this decomposition is
isomorphic to (X,B), we may assume that φi ∈ Aut(S). The fibered modifications
belong to J , and the reversions are equal to αΨ1β, for some α, β ∈ Aut(X,B) (this
follows from Proposition 2.3.7 and from the transitivity of the action of Aut(X,B)
on L). This yields the equality Aut(S) = 〈A, J〉.

Since J contains Aut(X,B), we also have Aut(S) = 〈Ψ1, J〉. Note that ele-
ments of A are products of reversions and then are either reversions or elements
of Aut(X,B) (Lemma 2.3.8). To prove the amalgamated product structure, we
take an element g = gn ◦ · · · ◦ g1 ◦ g0 ∈ Aut(S), where n ≥ 1 and the gi belong
alternatively to A \ J or to J \A, and prove that g is not the identity. Since both
A and J contain Aut(X,B), elements of A \ J are reversions and elements of J \A
are fibered modifications. The fact that g is not trivial – and furthermore is not an
automorphism – follows from Theorem 3.0.2, or more precisely from Lemma 3.2.4.
Assertion (2) is now clear.

It remains to prove assertion (5). Since Ψ1 corresponds to (x, y) �→ (y, x), it
preserves the A1-fibration (x, y) �→ x+y. The equality Aut(S) = 〈Ψ1, J〉 yields the
assertion. �
5.4. 1-standard pairs of type (0,−1,−n)/surfaces with equation uv = P (w)
in A3. In §5.4.2 below, we construct a 1-standard pair of type (0,−1,−n) associated
to any polynomial P ∈ k[w] of degree n. Then, Lemma 5.4.3 shows that any such
pair is obtained in this way. Lemma 5.4.4 provides an isomorphism of the surface
with the hypersurface of A3 with equation uv = P (w).

5.4.1. Surfaces defined by an equation of the form uv = P (w) have been inten-
sively studied during the last decade, with a particular focus on the classification of
additive group actions on them. In particular, L. Makar-Limanov [15] determined
by careful algebraic analysis of the coordinate ring a set of generators of their au-
tomorphism group. Every surface with equation uv = P (w) admits at least two
A1-fibrations over A1 induced respectively by the restrictions of the projections pru
and prv. The latter obviously differ by the composition of the involution of the
surface which exchanges u and v. In [3], D. Daigle used similar algebraic methods
as L. Makar-Limanov to show every A

1-fibration over A
1 on these is of the form

pru ◦φ, where φ is an automorphism of the surface. Here we recover these results as
corollaries of the description of birational maps between 1-standard pairs associated
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with these surfaces. It follows from a general description due to V.I. Danilov and
M.H. Gizatullin [7] (see also S. Lamy [13] for a self-contained proof) that the auto-
morphism group of a smooth affine quadric with equation uv = w2 − 1 admits the
structure of an amalgamated product analogous to the one of the automorphism
group of the plane. In Theorem 5.4.5, we show that this holds more generally for
every surface with equation uv = P (w).

We keep the notation of §5.1. Recall that L0 = L \ C ⊂ A2 ⊂ F1 is identified
with A

1 via the inclusion α �→ (α, 0) of A1 into A
2 ⊂ F1.

5.4.2. To any polynomial P ∈ k[x] of degree n ≥ 2, we associate a birational
morphism ηP : Y → F1 which is the blow-up of n points. For each root α ∈ k of P
of multiplicity r, the point α ∈ F0(k) ⊂ F1 is blown-up by ηP , and for i = 1, ..., r−1,
the point in the i-th neighbourhood of α that belongs to the proper transform of F
is also blown-up. It follows from the definition of ηP that it is defined over k. In this
construction, any irreducible curve of Y contracted by η has self-intersection −1 or
−2; the curves of self-intersection −1 intersect E, and the others do not intersect
E; furthermore L2 = −n in Y .

The contraction of every irreducible curve contracted by ηP which has self-
intersection −2 gives rise to a birational morphism μP : Y → X to a 1-standard
pair (X,B = F �C �L) with a zigzag of type (0,−1,−n). The following figure
describes the situation. In the sequel, all the figures will represent all curves and
their intersections over k.

•
F

0
•
C

−1
•
L

0

ηP •
−1

rl − 1

...

•
−1

r1 − 1

•
F

0
•
C

−1
•
E

−n

μP •

•
...

•
F

0
•
C

−1
•
E

−n

Figure 5.1. The description of the morphisms (F1, F � C � L)
ηP←

(Y,B)
μP→ (X,B), where r1, ..., rl are the multiplicities of the roots of

P , the degree of P is n =
∑l

i=1 ri, and where a block with label t
consists of a zigzag of t (−2)-curves.

Moreover, the birational morphism ηP ◦ (μP )
−1 : X → F1 is locally given by the

blow-up of the ideal (P (x), y) in A2.

Lemma 5.4.3 (Isomorphism classes of surfaces of type (0,−1,−n)). Let (X,B =
F �C�E, π) be a 1-standard pair such that B is of type (0,−1,−n) (n ≥ 2), with a
minimal resolution of singularities μ : (Y,B, π ◦ μ) → (X,B, π), and let η : Y → F1

be a birational morphism as in §5.1 above. Assuming that X \ B is affine, the
following hold:

(1) the morphisms η, μ are equal to the morphisms ηP , μP defined in §5.4.2,
for some polynomial P of degree n;

(2) any 1-standard pair (X ′, B′, π′) such that (X \ B, π) ∼= (X ′ \ B′, π′) is
isomorphic to (X,B, π);

(3) the isomorphism classes of 1-standard pairs (X,B) of type (0,−1,−n) with
X \ B affine correspond to polynomials in k[X] of degree n up to affine
automorphisms of the line.

Proof. Since S = X \B is affine, only one fiber of π is singular, and each singularity
of X is solved by a chain of rational curves of Y (see §1.0.3). Note that E ⊂ X,Y
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is the proper transform of L ⊂ F1 and has self-intersection −n in X and Y . Denote
by f ⊂ Y the unique singular fiber of π ◦ μ. Then f contains E, which is in the
boundary B = F�C�E of Y , and f \E is contained in the affine part S. Denote by

Γ a connected component of f \ E. Then, Γ contains one irreducible curve Γ0 not
contracted by μ which intersect E and a (possibly empty) set of connected chains
of smooth rational curves, each of self-intersection ≤ −2, contracted by μ. Since Γ
is contracted by η, it contains a (−1)-curve, which is necessarily Γ0, and therefore

Γ \ Γ0 is a chain of smooth rational curves of self-intersection −2. This shows that
each point blown-up by η belongs – as a proper or infinitely near point – to L.

Denote by a1, ..., al ∈ L0(k) ⊂ A
2 ⊂ F1 the proper base-points of η−1. For

i = 1, ..., l, denote by ri ∈ N the number of components of η−1(ai) ⊂ Y . Since
F 2 = 0 in F1 and F 2 = E2 = −n in Y , we have

∑r
i=1 ri = n. Then, η and

μ correspond to the morphisms ηP and μP defined in §5.4.2, for the polynomial

P =
∏l

i=1(x− ai)
ri ∈ k[x]. This gives the first assertion.

Let us prove the remaining assertions. Denote by B(η−1
P ) the set of points blown-

up by ηP , which belong to L0 ⊂ F1 as proper or infinitely near points. Let α ∈
Jon. According to Lemma 5.2.1, to prove (2) it suffices to show that there exists
β ∈ Aff ∩ Jon such that β−1α fixes each point of B(η−1

P ). The map α restricts
to an automorphism of the affine line L0 = L \ C ⊂ F1, which extends to an
element β ∈ Aff ∩ Jon = Aut(F1, F �C). Then, β−1α acts trivially on L ⊂ F1 and
consequently fixes ai for i = 1, ..., r. It also fixes each point of B(η−1

P ), since these
points belong to the proper transform of L. This yields (2). Assertion (3) follows
directly from Lemma 5.2.1. �

Lemma 5.4.4 (Reversions between pairs of type (0,−1,−n)). Let P, P ′ ∈ k[x] be
two polynomials of degree n ≥ 2, and let

(X,B = F �C�E, π)
μP←− (Y,B, πμP )

ηP−→ (F1, F �C�L),

(X ′, B′ = F ′�C ′�E′, π′)
μP ′←− (Y ′, B′, π′μP ′)

ηP ′−→ (F1, F �C�L)

be the corresponding construction made in §5.4.2. Suppose that there exists a rever-
sion φ : (X,B) ��� (X ′, B′) centered at p ∈ F \C, with φ−1 centered at p′ ∈ F ′\C ′.
Then, the following hold:

(1) Let a1, ..., al ∈ k and a′1, ..., a
′
l′ ∈ k be the roots of P and P ′ respectively. For

i = 1, ..., l, let ri ∈ N be the multiplicity of ai, which is the number of components of
η−1
P (ai) ⊂ Y . We denote by Ai the component of self-intersection −1 and by Ai the
union of the ri − 1 components of self-intersection −2. We also denote by Di the
strict transform by (τηP )

−1 of the line of P2 passing through p and ai. Doing the
same with primes for P ′, we get on Y and Y ′ the following dual graphs of curves:

•−1

Al

•−1

A1

•
0

Dl

•
0

D1

rl−1

Al

...

r1−1

A1

E C F•
−n

•
−1

•
0

•
0

D′
t

•
0

D′
1

•−1

A′
t

•−1

A′
1

r′t−1

A′
r

...

r′1−1

A′
1

F ′ C ′ E′
•
0

•
−1

•
−n

(2) The numbers l and l′ are equal, and, after renumbering ri = r′i for each i,
there exists an automorphism of L0 which sends ai on a′i for each i. Moreover
(X,B) is isomorphic to (X ′, B′).
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(3) Let ψ = (μP ′)−1φμP : Y ��� Y ′ be the lift of the reversion. Then ψ restricts
to an isomorphism from respectively Ai, Di and Ai to D′

i, A′
i and A′

i. Also, ψ
decomposes as in the following diagram:

•−1

Al

•−1

A1

•
0

A′
l

•
0

A′
1

rl−1

Al

...

r1−1

A1

E C F•
−n

•
−1

•
0

θ0

•−1

Al

•−1

A1

•−1

A′
l

•−1

A′
1

rl−1

Al

...

r1−1

A1

E F Ep•
−n+1

•
0

•
−1

ϕ1

•−1

Al

•−1

A1

•−1

A′
l

•−1

A′
1

rl−1

Al

...

r1−1

A1

Ep′ F ′ E′
•

−1
•
0

•
−n+1

θ1

•
0

Al

•
0

A1

•−1

A′
l

•−1

A′
1

rl−1

Al

...

r1−1

A1

F ′ C ′ E′
•
0

•
−1

•
−n

where θ0, ϕ1 and θ1 correspond to the maps described in §2.3.5 and where Ep and
Ep′ correspond to the exceptional curve contracted on p and p′ respectively, which
are the proper transforms of respectively E′ and E.

(4) We have the following commutative diagram of birational maps:

Y

ψ

��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �θ0 ��� � � � � � �

ηP
{Ai}
{Ai}

��

C �����
����

���� ϕ1
��� � �

{Ai}
{Ai}

��

Ep�������
����

���

Ep′ �����
����

����
� θ1 ��� � � � � � �

{A′
i}

{A′
i}

��

Y ′

C′�������
����

��

ηP ′ {A′
i}

{A′
i}

��{Ai}
{Ai}

��

{A′
i}

{A′
i}

��
F1

C

τ

�����
����

��� F1 ψ1

� � �

Ep������
����

�� F1

Ep′ �����
����

��� F1

C′
τ

������
����

��

P2

Ψ1

������������������� P2

where each straight line is a birational morphism which contracts the curves (or
proper transform of curves) written above the arrow, where ψ1 is a birational map
which preserves the ruling of F1, and where Ψ1 is given by

Ψ1 : (x : y : z) ��� (xyzn−2 : G(x, z) : yzn−1),

up to automorphisms of (Y,B) and (Y ′, B′).
(5) Letting χ : P2 ��� (P1)3 be the rational map

χ : (x : y : z) ���
(
(y : z), (G(x, z) : yzn−1), (x : z)

)
,

the map χ ◦ τηP (μP )
−1 restricts to an embedding of X \B to the hypersurface of

A
3 =

{
(u : 1), (v : 1), (w : 1) ∈ (P1)3, u, v, w ∈ k

}
given by {

(u, v, w) ∈ A
3 | uv = P (w)

}
.

The restrictions of the three canonical projections A3 → A1 give respectively the
A1-fibration π, the A1-fibration π ◦ (Ψ1|X\B) obtained by means of the reversion

ψ0, and the A1
∗-fibration given by the pencil of lines of P2 passing through the point

where the reversion Ψ1 is centered.

Proof. Each curve Di has self-intersection 0 in Y and intersects B transversally
and only at p. Moreover, it also intersects the curve corresponding to the blow-up
of ai. This latter curve is Ai if ri = 1 and the component at the right side of Ai

otherwise. Since Di does not intersect any other curve Aj or in Aj , we obtain (1).
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Decompose ψ into ψ = θ1ϕ1θ0, as in §2.3.5, and compute the diagram of (3)
above for the Ai, Di,Ai. This shows that Di is sent by ψ on a curve of self-
intersection −1, intersecting B′ only at E′, and transversally. In consequence, any
Di is sent on a curve A′

j . Moreover, if ri > 0 the singular point of μP (Di) is sent

by φ onto the singular point of μP (A
′
j). Since

∑l
t=1 rt =

∑l′

t=1 r
′
t = n, we obtain

the equality l = l′ and get that after renumbering Di is sent on A′
i and Ai is sent

on A′
i, whence ri = r′i. Assertion (3) is now proved.

The projection by ηP (p) ∈ P2 on the line L = ηP (E) induces an isomorphism
Ep → E which sends Ep∩Di onto ai, and sends Ep∩F onto E∩C. Using the diagram
of (3), the map θ1ϕ1 restricts to an isomorphism Ep → E′ which sends Ep ∩Di =
onto E′ ∩A′

i and sends Ep ∩F onto E′ ∩C ′. Combining the two isomorphisms, and
since E′ is the proper transform of L by ηP ′ , we obtain (2).

In the decomposition of ψ given in (3), θ0 decomposes as the contraction of C,
followed by the blow-up of p. Moreover, each of these two steps does not change the
self-intersection of any of the components of {Ai}li=1, {Ai}li=1, contracted by ηP ,
which are thus still contractible in the surfaces obtained from Y by contracting C
and blowing-up p. Doing the same with (θ1)

−1, we obtain the diagram of (4). Since
any curve contracted by the map φ1 : F1 ��� F1 is a fiber of the ruling, φ1 preserves
the ruling. The lift of the group of automorphisms of P2 of the form (x : y : z) →
(x + λz : y : z), λ ∈ k, gives a group of automorphisms of (Y,B) or (X,B) which
acts transitively on the k-points of F . Thus, we may assume, up to automorphisms
of (Y,B) and (Y ′, B′), that p = p′ = (0 : 1 : 0). It remains to observe that Ψ1 can
be given in this case by the map Ψ0 : (x : y : z) ��� (xyzn−2 : G(x, z) : yzn−1).
The map Ψ0 clearly preserves the lines passing through (0 : 1 : 0), and this point is
a base-point of Ψ0 of multiplicity n− 1. Moreover, one can check that it has 2n− 2
other base-points defined as follows. a) The base-points which correspond to the
n − 2 base-points of ϕ1, all infinitely near p = (0 : 1 : 0) and lying on L, b) the n
points blown-up by ηP , which are {(ai : 0 : 1)}li=1 and points infinitely near, all on
F . Thus, Ψ1 and Ψ0 have the same base-points, and (4) is now proved.

Letting ζ = τηP (μP )
−1 : X ��� P2, we now prove that χ ◦ ζ restricts to an

embedding of S = X \ B into A
3. The first coordinate of (P1)3 corresponds to

the projection of P2 by (1 : 0 : 0) and then restricts exactly to π : S → A1;
the second coordinate is obtained by means of the reversion and it restricts to
the A1-fibration (πΨ1)|X\B; the last one corresponds to the projection of P2 by

(0 : 1 : 0) and restricts to a A1
∗-fibration on S. This last map separates the points

of the different regular fibers of π and separates the components of the reduced
fiber. Since each of these components is a section of the A

1-fibration (πΨ1)|X\B,

the map (χ ◦ ζ)|X\B is an embedding of S into A
3 ⊂ (P1)3. Taking coordinates

(u : 1), (v : 1), (w : 1) on A3 ⊂ (P1)3, we deduce from the explicit form of χ that
the image is the surface with equation uv = P (w). The reversion Ψ1 computed
before corresponds to the automorphism (u, v, w) �→ (v, u, w) of the surface, and
the fibration π is the projection on the first factor. �

Theorem 5.4.5. Let (X,B = F �C�E, π) be a 1-standard pair such that B is of
type (0,−1,−n) (n ≥ 2) and such that the surface S = X \B is affine.

Then there exists an isomorphism of fibered-surfaces from (S, π) to the hypersur-
face of A3 given by {

(u, v, w) ∈ A
3 | uv = P (w)

}
,
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for some polynomial P of degree n, equipped by the u-fibration; any such surface is
obtained in this way. Furthermore, the following assertions hold:

(1) the isomorphism class of the surface is given by the polynomial P , up to a
multiple and up to an automorphism of A1 = Spec (k [w]);

(2) there exist infinitely many fibrations on S, but only one up to an automor-
phism of S;

(3) the graph FS is •�� ;
(4) if n ≥ 3, the group Aut(S) is not generated by the automorphisms of A1-

fibration;
(5) if n = 2, the group Aut(S) is generated by the automorphisms of A1-

fibration;
(6) the involution (u, v, w) �→ (v, u, w) on S corresponds to a reversion Ψ1 :

(X,B) ��� (X,B);
(7) the group Aut(S) is the free product of A = 〈Aut(X,B),Ψ1〉 and J =

Aut(S, π), amalgamated over their intersection A ∩ J = Aut(X,B):

Aut(S) = A �A∩J J ;

(a) if n = 2, the contraction of C�E gives a birational morphism of pairs
(X,B) → (Z,D), which conjugates A to the group Aut(Z,D). More-
over, if P has two distinct roots in k, Z is a smooth quadric in P

3, and
D is a hyperplane section. If one adds that the two roots are defined
over k, then Z is isomorphic to P1 × P1 and D becomes a diagonal.
If P has only one multiple root (necessarily defined over k), Z is the
weighted plane P(1, 1, 2) obtained by contracting the (−2)-curve of F2

and D is the image of a section of self-intersection 2;
(b) if n > 3, we denote by Aut(X,B,Ψ1) the subgroup of Aut(X,B) which

fixes the unique proper base-point of Ψ1; then A is the free product of
Aut(X,B) and A0 = 〈Aut(X,B,Ψ1),Ψ1〉, amalgamated over their in-
tersection A0∩Aut(X,B) = Aut(X,B,Ψ1), and we also have another
amalgamated product structure for Aut(S):

Aut(S) = A0 �A0∩J J ;

(8) denoting by H, I, T, T0, Sp the following subgroups of automorphisms of S:

H = {(u, v, w) �→ (au, a−1v, w) | a ∈ k∗};
I = {(u, v, w) �→ (v, u, w), (u, v, w) �→ (u, v, w)};
T = {(u, v, w) �→ (u, u−1 · (P (w + uq(u))− P (w)), w + uq(u)) | q ∈ k[u]};
T0 = {(u, v, w) �→ (u, u−1 · (P (w + au)− P (w)), w + au) | a ∈ k};
Sp = {(u, v, w) �→ (u, cv, aw + b) | a, c ∈ k∗, b ∈ k, P (aw + b) = cP (w)};

then, H ∼= k∗, I ∼= Z/2Z, T ∼= k[u], T ⊃ T0
∼= k and

Sp ∼=
{

k∗ if p has only one root,
Z/mZ otherwise (m = 1 in general).

Furthermore, the following occur:
(a) J = 〈H,Sp, T 〉 ∼= k[u] � (k∗ × Sp) is the group of automorphisms of

(S, π).
(b) Aut(X,B) = 〈H,Sp, T0〉 ∼= k� (k∗ × Sp);
(c) Aut(X,B,Ψ1) = 〈H,Sp〉 ∼= (k∗ × Sp);
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(d) A0 = 〈H,Sp, I〉 ∼= (k∗ � Z/2Z)× Sp;

(e) A = 〈H,Sp, I, T0〉 ∼=
{

k� (k∗ × Sp) if n = 2,
Aut(X,B) �Aut(X.B)∩A0

A0 otherwise.

Proof. According to Lemma 5.4.3, there exist two morphisms (X,B = F�C�E, π)
μP←

(Y,B, πμP )
ηP→ (F1, F �C�L) as in §5.4.2, for some polynomial P of degree n. The

isomorphism between S and the surface {(u, v, w) ∈ A3 | uv = P (w)} follows from
Lemma 5.4.4. The isomorphism class of the pair (X,B) is determined by the points
blown-up by ηP , up to an action of Aff ∩Jon (Lemma 5.4.4), and consequently by
the polynomial P up to multiple and to an automorphism of L0 = A1 (this follows
from the description of ηP and μP , made in §5.4.2).

Since any reversion or fibered modification that starts from (X,B) yields an
isomorphic 1-standard pair (Lemma 5.4.4), any 1-standard pair (X ′, B′) such that
X \ B ∼= X ′ \ B′ is isomorphic to (X,B) (Theorem 3.0.2). This implies – with
the discussion above – assertions (1) and (2). It also shows that the graph FS

contains only one vertex; we prove now that it contains only one arrow. The
group of automorphisms of P

2 that fix each point of L and preserve the line F
lift to a subgroup of Aut(X,B) which acts transitively on F \ C. Consequently,
if φ : (X,B) ��� (X ′, B′) is a reversion, there exists α ∈ Aut(X,B) such that φα
is a reversion centered at the same point as Ψ1. Proposition 2.3.7 implies that
Ψ1 = βφα, for some isomorphism β : (X ′, B′) → (X,B). This yields assertions (3)
and thus (4) (using Proposition 4.0.7).

Let us prove assertion (5). Assume that n = 2, and let α be an element of
Aut(X,B) which does not fix the proper base-point of Ψ1. The reversions Ψ

−1
1 = Ψ1

and Ψ1α thus have distinct base-points, so Ψ1αΨ1 is a reversion (Lemma 2.3.8),
equal to βΨ1γ, for some β, γ ∈ Aut(X,B). Consequently Ψ1 = (α−1Ψ1)(βΨ1γ) =
α−1(Ψ1βΨ

−1
1 )γ. Since Ψ1βΨ

−1
1 preserves the fibration Ψ1π, the reversion Ψ1 is

generated by automorphisms of A1-fibrations. The equality

Aut(S) = 〈Aut(X,B),Ψ1, J〉

yields assertion (5).
Assertion (6) follows from Lemma 5.4.4. It remains to prove the main assertions,

i.e. (7) and (8).
Let us write I = 〈Ψ1〉 and J = Aut(S, π) (automorphisms of S which preserve

the fibration π). We now prove that Aut(X,B), I, J generate Aut(S). Any element
g ∈ Aut(S) extends to a birational map g : (X,B) ��� (X,B); either g belongs to
Aut(X,B) or it may be written – using Theorem 3.0.2) – as

g = gn ◦ · · · ◦ g1 : (X,B) = (X0, B0)
g1��� (X1, B1)

g2��� · · · gn��� (Xn, Bn) = (X,B) ,

where gi is a reversion or a fibered modification. We previously proved that each
(Xi, Bi) is isomorphic to (X,B). We may thus assume, by changing the gi, that
(Xi, Bi) = (X,B). Consequently, gi may be viewed as an element of Aut(S). If it is
a fibered modification, it belongs to J . Otherwise, it is a reversion; since Aut(X,B)
acts transitively on F \ E, gi = αΨ1β, for some α, β ∈ Aut(X,B). This achieves
the proof of the equality Aut(S) = 〈Aut(X,B), I, J〉.

Writing A = 〈Aut(X,B), I〉, the group Aut(S) is generated by A and J . Let
us prove that it is an amalgamated free product. Let g = an ◦ jn ◦ · · · ◦ a1 ◦ j1,
where each ai ∈ A \ J and ji ∈ J \ A. Then ai is a product of reversions which
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is not an isomorphism, and ji is a fibered modification. Theorem 3.0.2 (or more
precisely Lemma 3.2.4) implies that g does not belong to Aut(X,B) and then is
not the identity. This shows that Aut(S) = A �A∩J J .

Assume that n = 2. Then, C�E is a zigzag of type (−1,−2); the contraction of
this zigzag gives rise to a birational morphism of pairs ν : (X,B) → (Z,D) for some
projective surface Z and some curve D. Furthermore, ν induces an isomorphism

F → D. Let us describe the pair (Z,D) using the maps (Z,D)
ν← (X,B)

μP←
(Y,B)

ηP→ (F1, F�C�L)
τ→ (P2, F�L). If P has two distinct roots in k, then ηP is the

blow-up of two distinct points of L0 = L\C ⊂ F1 and μP is an isomorphism. Since
both ν and τ contract the same curve C, the birational map (P2, F �L) ��� (Z,D)
consists of the blow-up of two distinct points of F \ L, followed by the contraction
of F . This implies that Z is isomorphic to a smooth quadric in P

3 and that D
(which is the image of a line F ⊂ P2) is a hyperplane section of Z. Moreover, if the
two roots of P are defined over k, Z is isomorphic to P1 × P1 and D is a diagonal
(i.e. a curve of bidegree (1, 1)). If P has one root of multiplicity two, then ηP is
the blow-up of a point p1 ∈ L0 = L \C ⊂ F1, followed by the blow-up of the point
p2 in the first neighbourhood of p1, which belongs to the proper transform of the
line L. Furthermore, μP consists of the contraction of the exceptional curve Ep1

of
p1 (which is a (−2)-curve) on the unique singular point of X. Once again, both ν
and τ contract the same curve C. The map (P2, F �L) ��� (Z,D) is therefore the
composition of the blow-up of p1, p2 and the contraction of the two curves Ep1

and
L. The blow-up of p1 goes to a surface isomorphic to F1, where the exceptional
section is E1 and where C becomes a section of self-intersection 1. Then the blow-up
of p2 followed by the contraction of F is an elementary link F1 ��� F2; the curves E1

and F become sections of self-intersection −2 and 2 respectively. The contraction
of E2 gives the birational morphism F2 → P(1, 1, 2) = Z. Now that Z is described
in each case, let us prove that Aut(Z,D) = νAν−1. Since each of the three curves
F , C, E is preserved by any automorphism of (X,B), the group ν−1Aut(X,B)ν
is contained in Aut(Z,D) and corresponds in fact to the subgroup of elements of
Aut(Z,D) which fix the point ν(C ∪E). Note that νΨ1ν

−1 is an automorphism of
(Z,D) which sends the point ν(C ∪E) ∈ D onto the point ν(p) ∈ D, where p is the
base-point of Ψ1. Since the action of Aut(Z,D) on D yields a surjective morphism
ρ : Aut(Z,D) → Aut(D) ∼= PGL(2, k), and because ν−1Aut(X,B)ν contains the
kernel of ρ and its image by ρ is a maximal group, ν−1Aut(X,B)ν and ν−1Ψ1ν
generate Aut(Z,D). This shows (7)(a).

Assume now that n ≥ 3, let Aut(X,B,Ψ1) be the group of automorphisms of
(X,B) which fix the proper base-point p of Ψ1, and let A0 = 〈Aut(X,B,Ψ1),Ψ1〉.
Then, clearly A0 and Aut(X,B) (respectively J) generate A (respectively Aut(S)).
Let us prove that we have an amalgamated free product in both cases. Let g =
an ◦jn ◦· · ·◦a1 ◦j1, where each ai ∈ A0 \Aut(X,B) and ji ∈ Aut(X,B)\A0. Then,
ai is a reversion centered at p and ji is an automorphism of (X,B) which moves p.
Consequently, the decomposition g = (anjn) ◦ · · · ◦ (a1j1) has no simplification and
is minimal (Lemma 3.2.4), so g is not trivial. Assume now that each ai belongs to
A0\J and each ji belongs to J \A0. Once again, each ai is a reversion centered at p,
and now ji is either an automorphism which moves p or a fibered modification. We
may group the ji which belongs to Aut(X,B) with ai and obtain a decomposition
of g of minimal length (once again applying Lemma 3.2.4), so g is not trivial. This
yields (7)(b).
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There remains to prove the explicit forms of (8). Let ψ = ηP ◦(μP )
−1 : (X,B) ���

(F1, F �C), and recall that ψ restricts to a birational morphism S = X \B → A2 =
F1 \ (F ∪ C). According to Lemma 2.2.3, J = ψ−1J ′ψ, where J ′ is the group of
elements of Jon = {(x, y) �→ (ax+ P (y), by + c) | a, b ∈ k∗, c ∈ k, P ∈ k[y]} which
preserve the points blown-up by ψ−1 (or η−1

P ); furthermore, Aut(X,B) =
ψ−1(J ′∩Aff)ψ. The proper base-points of η−1 are the points (xi, 0) where P (xi) =
0. Furthermore, since the other base-points lying on the transform of the line L
(which corresponds to y = 0), J ′ is the subgroup of elements of Jon which preserve
the set of points of the form (xi, 0) with P (xi) = 0. This means that J ′ is generated
by

H ′ = {(x, y) �→ (x, ay) | a ∈ k∗},
Sp′ = {(x, y) �→ (ax+ b, y) | a ∈ k∗, b ∈ k,

P (ax+ b) is a multiple of P (x)}, and
T ′ = {(x, y) �→ (x+ yQ(y), y) | Q ∈ k[y]}.

The lift of these groups give respectively H,Sp, T , which generate J . Note that
J ′ ∩Aff is generated by H ′, Sp′, and T ′

0 = T ′ ∩Aff . The lift of these groups give
H,Sp, T0, which generate Aut(X,B). The proper base-point of Ψ1 corresponds to
(0 : 1 : 0) ∈ P

2 (see Lemma 5.4.4), which corresponds in A
2 to the pencil of lines

of the form ax+ b = 0. The group Aut(X,B,Ψ1) is thus the lift of 〈H ′, Sp′〉. The
remaining parts of (8) follow directly. �

5.5. 1-standard pairs with a zigzag of type (0,−1,−2,−3) or (0,−1,−3,−2).
The surfaces with a zigzag of type (0,−1,−n1,−n2) are the most simple immedi-
ately after the surfaces described in the previous section. All these surfaces can
give new examples of affine surfaces with unexpected properties. Here we give the
special case where the surface is smooth, the zigzag is of type (0,−1,−2,−3) or
(0,−1,−3,−2), and where each component of the degenerate fiber is k-rational.
Properties distinct from the previous surfaces already show up in this simple exam-
ple (Proposition 5.5.4). The general case will be treated in a forthcoming article.

First, we describe a family of 1-standard pairs (§5.5.1) and then prove that
these are the only examples (Lemma 5.5.2). We give the links between these maps
by studying the possible reversions (Lemma 5.5.3), and we then use this result
to describe the properties of the A1-fibrations and of the automorphism group
(Proposition 5.5.4).

5.5.1. Here we define four families of 1-standard pairs of surfaces (X,B) of type
(0,−1,−2,−3) or (0,−1,−3,−2), where X \ B is affine and smooth. The map
η : X → F1 (as in Lemma 1.0.7) is described here by its set of base-points which
are in each case four points belonging, as proper or infinitely near points, to L0 =
L \ C ⊂ A2 ⊂ F1. Recall that A2 is viewed in F1 via the embedding (x, y) → ((x :
y : 1), (y : 1)) and that L0 is the line of equation y = 0 in A2 (see §5.1).

I: Reduced case of type (0,−1,−2,−3): there is only one surface here, called
(X1, B1). The map η1 : X1 → F1 is the blow-up of (0, 0), (1, 0) ∈ L0 and of the two
points in the first neighbourhood of (0, 0) ∈ L0 corresponding to the two directions
x = 0 and x = y. E1 ⊂ X1 is the proper transform of L and E2 ⊂ X1 is the
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curve obtained by blowing-up (0, 0). The following figure describes the morphism

(F1, F �C�L)
η1← (X1, B1):

•
F

0
•
C

−1
•
L

0

η1

•−1 •−1•−1

•
F

0
•
C

−1
•

E1

−2
•

E2

−3

II: Reduced case of type (0,−1,−3,−2): there is a family here, parametrised
by a parameter a ∈ k\{0, 1}. The pair is called (X2,a, B2,a). The map η2,a : X2,a →
F1 is the blow-up of (0, 0), (1, 0), (a, 0) ∈ L0 and of the point in the first neighbour-
hood of (0, 0) ∈ L0 corresponding to the two directions x = 0. E1 ⊂ X2,a is the
proper transform of L, and E2 ⊂ X2,a is the curve obtained by blowing-up (0, 0).

The following figure describes the morphism (F1, F �C�L)
η2,a← (X2,a, B2,a):

•
F

0
•
C

−1
•
L

0

η2,a

•−1•−1 •−1

•
F

0
•
C

−1
•

E1

−3
•

E2

−2

III: Nonreduced case of type (0,−1,−2,−3): there is a family here, param-
etrised by a parameter a ∈ k \ {0, 1}. The pair is called (X3,a, B3,a). The map
η3,a : X3,a → F1 is the blow-up of p0 = (0, 0) ∈ L0, of the point p1 in the first
neighbourhood of p0 corresponding to the two direction x = 0, and of two points
in the neighbourhood of p1. In coordinates, (u, v) �→ (u, u2v) is the blow-up of p0
and p1, and the last two points correspond to (u, v) = (0, 1) and (u, v) = (0, a).
E1 ⊂ X3,a is the proper transform of L, and E2 ⊂ X3,a is the curve obtained by
blowing-up p1 (in the above coordinates it corresponds to u = 0). The following

figure describes the morphism (F1, F �C�L)
η3,a← (X3,a, B3,a):

•
F

0
•
C

−1
•
L

0

η3,a

•−1•−1 •−2

•
F

0
•
C

−1
•

E1

−2
•

E2

−3

IV: Nonreduced case of type (0,−1,−3,−2): there is only one pair here,
called (X4, B4). The map η4 : X4 → F1 is the blow-up of (1, 0) ∈ L0, of p0 =
(0, 0) ∈ L0, of the point p1 in the first neighbourhood of p0 corresponding to the two
directions x = 0, and of one more point in the neighbourhood of p1. In coordinates,
(u, v) �→ (u, u2v) is the blow-up of p0 and p1, and the last point corresponds here
to (u, v) = (0, 1). E1 ⊂ X4 is the proper transform of L, and E2 ⊂ X4 is the curve
obtained by blowing-up p1 (in the above coordinates it corresponds to u = 0). The

following figure describes the morphism (F1, F �C�L)
η4← (X4, B4):

•
F

0
•
C

−1
•
L

0

η4

•−1 •−1 •−2

•
F

0
•
C

−1
•

E1

−2
•

E2

−3

Lemma 5.5.2 (Isomorphism classes of surfaces of type (0,−1,−2,−3)). Let (X,B
= F �C �E, π) be a 1-standard pair, such that B is of type (0,−1,−2,−3) or
(0,−1,−3,−2), such that X \ B is smooth and affine and let η : X → F1 be a
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birational morphism as in §5.1 above. Assuming that any component in the singular
fiber of π is k-rational, the following hold:

(1) there exists an automorphism α of (F1, F �C �L) such that αη is equal to
one of the morphisms η1, η2,a, η3,a, η4 defined in §5.5.1 above. In particular,
(X,B) is isomorphic to one of the pairs given in §5.5.1;

(2) any 1-standard pair (X ′, B′, π′) such that (X \ B, π) ∼= (X ′ \ B′, π′) is
isomorphic to (X,B, π).

Proof. Since S = X \B is affine and smooth, only one fiber of π is singular and any
irreducible component of this fiber touches B or belongs to B. The self-intersections
of the components in the boundary being given, η : X → F1 is the blow-up of exactly
four points. One checks that all possibilities are given in the four cases described
in §5.5.1.

The second assertion can be checked directly, using the description of the base-
points and applying Lemma 5.2.1. �
Lemma 5.5.3. Let (X,B) and (X ′, B′) be pairs described in §5.5.1, given with
maps η : X → F1 and η′ : X ′ → F1. Suppose that there exists a reversion ψ : (X,B)
��� (X ′, B′), centered at p ∈ X, whose inverse is centered at p′ ∈ X ′, where p and p′

correspond respectively via η and η′ to ((λ : 1 : 0), (1 : 0)), ((λ′ : 1 : 0), (1 : 0)) ∈ F1

for some λ, λ′ ∈ k.
Then, up to automorphisms of the pairs (X,B), (X ′, B′), one of the following

situations occurs for ψ or its inverse, and every such situation can be realised:
(1) (X,B) = (X1, B1), λ ∈ k \ {0, 1}, (X ′, B′) = (X2,1−1/λ, B2,1−1/λ), λ

′ ∈ k∗.
(2) (X,B) = (X1, B1), λ ∈ {0, 1}, (X ′, B′) = (X4, B4), λ

′ ∈ k.
(3) (X,B) = (X2,a, B2,a), λ = 0, (X ′, B′) = (X3,a, B3,a), λ

′ ∈ k.

Proof. Let us fix some notation. We denote by εp : Xp → X the blow-up of p and
by Ep ⊂ Xp the exceptional curve produced, and we write B = F �C �E1 �E2,
B′ = F ′�C ′�E′

1�E
′
2, and π′ : X ′ → P1 as the fibration associated to F ′. We also

denote by R′ the set of components of the singular fiber of π′ which intersect B′.
There are 1, 2 or 3 elements in R′, depending on which family the pair (X ′, B′)
is in. We will compute the number of elements of R′ and their self-intersection
using the information on (X,B) and λ to know which of the four families the pair
(X ′, B′) is in.

Denote by T the set of curves of X which are sent by ψ on curves of R′. It
follows from the decomposition of ψ given in §2.3.5 (or from its resolution given in
Example 2.3.2) that ψ factors through εp and that ψp = ψ ◦ (εp)−1 restricts to an
isomorphism from Ep\F to E′

2\E′
1. Moreover, if a curve of R′ has self-intersection

−r, the corresponding curve in T has self-intersection −r+ 1, and it intersects the
boundary B transversally and only at p. Since r ∈ {−1,−2}, the curve of T is
the proper transform by (τη)−1 of a line passing through τη(p) = (λ : 1 : 0) and
through one or two points blown-up by η.

We now describe the set of curves in T for each family and each λ.
(I) If (X,B) = (X1, B1), the line of equation z = x−λy passes through (λ : 1 : 0)

and through the point (1 : 0 : 1) blown-up by η1. Hence, its transform on X gives
an element of T of self-intersection 0, and thus an element of R′ of self-intersection
−1.

(Ia) If λ /∈ {0, 1}, there is no other element of T , hence (X ′, B′) is equal to
(X2,a, B2,a) for some a ∈ k \ {0, 1}.
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(Ib) If λ ∈ {0, 1}, the line x = λy passes through the point (0 : 0 : 1), which is
blown-up by η1, and by one of the two points in its neighbourhood which
are also blown-up by η1. In this case, the transform of the line is an element
of self-intersection −1 of T and gives an element of R′ of self-intersection
−2. In consequence, (X ′, B′) = (X4, B4).

(II) If (X,B) = (X2,a, B2,a) for some a ∈ k\{0, 1}, the lines of equation z = x−λy
and az = x − λy pass through (λ : 1 : 0) and respectively through (1 : 0 : 1) and
(a : 0 : 1). Hence, their transforms give two elements of T of self-intersection
0 on X, and therefore two elements of R′ of self-intersection −1. Moreover, the
composition of the projection from (λ : 1 : 0) to the line L ⊂ P2 (of equation y = 0)
with εp gives rise to an isomorphism Ep\F → L\F , which induces with ψ ◦ (ηp)−1

an isomorphism L\F → E′
2\E′

1. Call D0 ⊂ X the proper transform of the line of
P
2 of equation x = λy, which passes through (λ : 1 : 0) and the point (0 : 0 : 1)

blown-up by η2,a.

(IIa) If λ �= 0, D0 has self-intersection 0 in X and intersects E2. It does not
belong to T , so (X ′, B′) is equal to (X1, B1). Moreover, ψ(D0) also has
self-intersection 0 and intersects B′ into two points, which are p′ = ψ(E2)
and (ψ ◦ (ηp)−1)(D0∩Ep) ∈ E′

2. In consequence, ψ(D0) is the lift by (η1)
−1

of the line of equation x = λ′y. The isomorphism L\F → E′
2\E′

1 sends
(1 : 0 : 1) and (a : 0 : 1) onto the directions of the lines x = y and x = 0,
each of these two curves passing through (0 : 0 : 1) = η1(E

′
2). Moreover,

the point (0 : 0 : 1) ∈ L is sent onto the direction of the line x = λ′y. Up to
an exchange of the two directions x = y and x = 0 (which is induced by an
automorphism of (X1, B1)), we obtain an automorphism of A1 which sends
respectively 1, a, 0 onto 0, 1, λ′. This automorphism is x �→ (x− 1)/(a− 1),
so λ′ = 1/(1− a).

(IIb) If λ = 0, the curve D0 belongs to T , since the line of equation x = λy
passes through the point (0 : 0 : 1), and by the point in its neighbour-
hood which is also blown-up by η2,a. In this case, (D0)

2 = −1 and D0

corresponds to an element of R′ of self-intersection −2. In consequence,
(X ′, B′) = (X3,b, B3,b), for some b ∈ k\{0, 1}. Let us prove that b = a.
The isomorphism Ep → E′

2 sends respectively the direction of z = x − λy,
az = x − λy and 0 = x − λy onto the points corresponding to the three
curves of R′. Taking the coordinates (u, v) as in the definition of family
III, the three points correspond respectively to 1, b, 0. We get an auto-
morphism of A1 which sends respectively 1, a, 0 onto 1, b, 0. In consequence,
b = a.

(III) If (X,B) = (X3,a, B3,a) for some a ∈ k \ {0, 1}, the line of equation x = λy
passes through (λ : 1 : 0) and through (0 : 0 : 1), blown-up by η3,a. Its transform is
the unique element of T , of self-intersection 0 on X. Hence, (X ′, B′) = (X2,b, B2,b)
for some b ∈ k \ {0, 1}. Moreover, b = a, since this reversion is the inverse of the
one described in (IIa).

(IV) If (X,B) = (X4, B4), the line of equation z = x − λy passes through
(λ : 1 : 0) and (1 : 0 : 1), blown-up by η4. Its transform is the unique element of T
and has self-intersection 0 on X. Hence, (X ′, B′) = (X1, B1).

By the above list, there are three possible cases for ψ or its inverse, which are
I → II, I → IV and II → III. It remains to study each case and to give the
values of the parameters associated to the surfaces or to the points.
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I → II. It follows from (Ia) and (IIa) that (λ, λ′) ∈ k\{0, 1} × k∗ and that
each couple of this form is possible. We now prove that here the parameter of the
surface (X2,a, B2,a) is a = 1− 1/λ (which proves in particular that any element of
family II can be obtained by a reversion on (X1, B1)). This link being the inverse
of the one described in (IIa), the equality λ = 1/(1 − a) follows from the equality
computed above.

I → IV . The equality λ = 0 follows from (Ib). Moreover, (IV) shows that λ′

can take all possible values in k.
II → III. It follows from (IIb) that λ = 0 and that the parameters of each pair

are the same. Moreover, (III) shows that λ′ can take all possible values in k. �
Proposition 5.5.4. All pairs described in §5.5.1 give the same affine surface S,
up to isomorphism. Moreover, the graph FS associated is the following:

(X2,a, B2,a) (X3,a, B3,a)����

(X4, B4) �� �� (X1, B1)
��

��
��

����
���

...
...

(X2,b, B2,b) �� �� (X3,b, B3,b)

where the a, b correspond to all values in k \ {0, 1}, up to equivalence a ∼ a−1.
There are infinitely many equivalence classes of A1-fibrations on S if and only

if k is infinite. Furthermore, Aut(S) is generated by the automorphisms of an
A1-fibration.

Remark 5.5.5. The structure of Aut(S) can be described by this method. It is an
amalgamated product of the group of automorphisms of A1-fibrations.

Proof. According to Lemma 5.5.3, we may obtain (X4, B4) and any surface of
type (X2,a, B2,a) by applying a reversion on (X1, B1). Applying a reversion on
(X2,a, B2,a), we get either (X1, B1) or (X3,a, B3,a).

Due to the descriptions of the families, (X2,a, B2,a) is isomorphic to (X2,b, B2,b)
if and only if there exists an element of Aff which sends the points blown-up by
η2,a onto points blown-up by η2,b. This amounts to asking for the existence of an
automorphism of the affine line L0 ⊂ A

2 which fixes (0, 0) and sends {(1, 0), (a, 0)}
onto {(1, 0), (b, 0)}, and it is thus equivalent to saying that a = b±1. The case of
family III is similar. Moreover, two pairs are isomorphic if and only if they induce
the same affine fibered surfaces (Lemma 5.5.2).

This gives the fact that all affine surfaces provided by the four families are
isomorphic and also gives the description of the graph FS . We obtain the last
assertion by applying Proposition 4.0.7. �
Remark 5.5.6. In fact, taking a, b ∈ k∗, c ∈ k, a �= b, the following equations in
A4 = Spec(k[w, x, y, z]) define a smooth affine surface Sa,b,c, already studied in [5]
(see also [2]):

xz = y(y − a)(y − b),
yw = z(z − c),
xw = (y − a)(y − b)(z − c).

The projection on the x-factor induces an A1-fibration which can be compactified
by a pair of family II ([5]). In fact, we can check that the surface is (X2,b/a, B2,b/a).

The projection on the w-factor also gives an A1-fibration, and one can observe that
this one belongs to family I if c �= 0 and to family IV otherwise. Proposition 5.5.4
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gives information on this affine surface and also shows that the isomorphism class
does not depend on the parameters (a, b, c) ∈ (k∗)2 × k.
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