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EXTENDING THE HÖLDER TYPE INEQUALITY

OF BLAKLEY AND ROY

TO NON-SYMMETRIC NON-SQUARE MATRICES

THOMAS H. PATE

Abstract. Suppose m, n, and k are positive integers, and let 〈·, ·〉 denote
standard inner product on the spaces Rp, p>0. We show that if D is an m×n

non-negative real matrix, and u and v are non-negative unit vectors in Rn and
Rm, respectively, then

(1) 〈(DDt)kDu, v〉 ≥ 〈Du, v〉2k+1,

with equality if and only if 〈(DDt)kDu, v〉 = 0, or there exists α > 0 such
that Du = αv and Dtv = αu. This inequality extends to non-symmetric non-

square matrices a 1965 result of Blakley and Roy which asserts that if D is a
non-negative n×n symmetric matrix, and u∈Rn is a non-negative unit vector,
then

(2) 〈Dku, u〉 ≥ 〈Du, u〉k,

with equality, when k ≥ 2, if and only if 〈Dku, u
〉
= 0, or there exists α > 0

such that Du = αu. The generality of the inequality (1) derives not only from
the fact that D is not assumed to be symmetric or square, but from the fact
that we admit two unit vectors u and v instead of the single unit vector u
appearing in inequality (2) of Blakley and Roy. We apply our result to verify
the conjecture of A. Sidorenko (1993) in the non-symmetric case provided that
the underlying graph is a path.

1. Introduction and main result

Our main result is a new inequality involving non-negative matrices. If m,n ∈ N,
the set of positive integers, then R

m×n
+ denotes the set of all m×n non-negative

real matrices. We let Rn
+, essentially R

n×1
+ , denote the set of all non-negative real

vectors of length n. The notation Rn and Cn will have their usual meanings, and
we equip these vector spaces with standard inner product, denoted by 〈·, ·〉. Thus,
if x = (x1, x2, . . . , xn)

t and y = (y1, y2, . . . , yn)
t are in Rn, then 〈x, y〉 =

∑n
i=1 xiyi,

while if x and y are in Cn, then 〈x, y〉 =
∑n

i=1 xiȳi, where A �→ At is the transpose
map. We let Rm×n and C

m×n denote, respectively, the set of all m×n real matrices,
and the set of all m×n complex matrices. The norm associated with 〈·, ·〉, the 2-
norm, is denoted by ‖ · ‖.

In the paper titled “A Hölder Type Inequality for Symmetric Matrices with
Non-negative Entries”, Blakley and Roy [1] proved the following.
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c©2012 American Mathematical Society

4267



4268 THOMAS H. PATE

Theorem 1. Suppose n and � are positive integers. If D is a symmetric member
of Rn×n

+ , then

(3) 〈D�u, u〉 ≥ 〈Du, u〉�, ∀u ∈ R
n
+ such that ‖u‖ = 1,

with equality, when �≥2, if and only if 〈D�u, u〉 = 0, or there exists α>0 such that
Du = αu.

We first extend Theorem 1 when � is even, obtaining Theorem 2 below. This
extension, which is by far the easier, depends upon Lemma 1, which is elementary,
and probably well known. A proof is included for the sake of completeness. The
extension in case � is odd, which we consider to be our main result, and is presented
in Theorem 4. In both the even and odd cases we eliminate the assumption that
D is symmetric. Moreover, in the odd case we obtain an extension that is consid-
erably stronger than would likely be expected. Necessary and sufficient conditions
for equality are presented in both cases, and an application to the conjecture of
Sidorenko [4] is given.

If x=(x1, x2, . . . , xn) and q=(q1, q2, . . . , qn) are non-negative sequences,
∑n

j=1 qj

= 1, and β > 0, then
(∑n

i=1 qix
β
i

)1/β
, which we denote by Mβ(x, q), is known as

a weighted power mean. According to [2, Theorem 96], the function t→Mt(x, q)
is non-decreasing on [1,∞). In particular, Mβ(x, q) ≥ M1(x, q) when β > 1, with
equality if and only if there exists a number c such that xi=c whenever qi �=0.

Lemma 1. Suppose A∈C
n×n, and A is both Hermitian and positive semidefinite.

If x is a unit vector in Cn, and α> 1, then 〈Aαx, x〉 ≥ 〈Ax, x〉α, with equality if
and only if x is an eigenvector of A.

Proof. Since A is Hermitian and positive semidefinite, there exists a unitary U ∈
Cn×n, and a non-negative diagonal matrix Λ, with diagonal sequence λ = (λ1, λ2,
, . . . , λn), such that A = U∗ΛU , where U∗ denotes the conjugate transpose of U .
Letting y = (y1, y2, . . . , yn)

t denote Ux, and letting p = (p1, p2, . . . , pn), where
pi = |yi|2 for each i, we have

∑n
i=1 pi = 1. Hence, for any β>0,

(4) 〈Aβx, x〉 = 〈U∗ΛβUx, x〉 = 〈Λβy, y〉 =
n∑

i=1

λβ
i |yi|2 =

(
Mβ(λ, p)

)β
.

But α>1, so Mα(λ, p) ≥ M1(λ, p). Combining this with (4) we obtain

(5) 〈Aαx, x〉 =
(
Mα(λ, p)

)α ≥
(
M1(λ, p)

)α
= 〈Ax, x〉α,

which is the desired inequality.
If x is a unit eigenvector of A, then Ax= γx for some γ≥ 0; hence, 〈Aαx, x〉 =

γα = 〈Ax, x〉α. Conversely, if 〈Aαx, x〉 = 〈Ax, x〉α, then Mα(λ, p) = M1(λ, p) by
(5), so there exists a number c such that λi = c whenever |yi|2 �= 0. But this is
equivalent to the statement that y is an eigenvector of Λ, which is in turn equivalent
to the statement that x is an eigenvector of A. The condition for equality is therefore
correct as stated. �

We make frequent use of the Cauchy-Schwartz inequality, particularly its associ-
ated necessary and sufficient condition for equality. If V is a complex vector space
with inner product 〈·, ·〉, then for all x, y ∈ V we have |〈x, y〉|2 ≤ 〈x, x〉〈y, y〉, with
equality if and only if there exists a number c such that y = cx or x = cy. If
equality results, and x �= 0, then there exists c such that y = cx, and if y �= 0,
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then there exists c such that x = cy. Alternately, equality results if and only if the
subspace Span{x, y} has dimension less than 2.

Theorem 2. Suppose m,n ∈ N, and A∈Cm×n. If u ∈ Cn, v ∈ Cm, and ‖u‖ =
‖v‖ = 1, then

(6) 〈(A∗A)αu, u〉 ≥ |〈Au, v〉|2α, ∀α > 1,

with equality if and only if Au = 0, or there exists a non-zero ζ ∈ C such that
Au = ζv and A∗v = ζ̄u.

Proof. Assuming that α > 1, and that u ∈ C
n and v ∈ C

m are a unit, we apply
Lemma 1 to the positive semidefinite Hermitian matrix A∗A to obtain

(7) 〈(A∗A)αu, u〉 ≥ 〈A∗Au, u〉α =
(
〈v, v〉〈Au,Au〉

)α ≥ |〈Au, v〉|2α,
where the second inequality in (7) is an instance of Cauchy-Schwartz. The in-
equality (6) is therefore true. In order for (6) to reduce to equality, both of the
inequalities in (7) must be equalities. By Lemma 1 the first inequality reduces to
equality if and only if there exists γ∈R such that A∗Au = γu. The second inequal-
ity reduces to equality if and only if there exists ζ ∈C such that Au = ζv. If ζ=0,
then Au=0. If ζ �=0, then γu = A∗Au = ζA∗v; so A∗v = (γ/ζ)u. But,

ζ = ζ〈v, v〉 = 〈Au, v〉 = 〈u,A∗v〉 = (γ/ζ̄)〈u, u〉 = γ/ζ̄,

so γ = |ζ|2 and γ/ζ = ζ̄. Therefore, Au = ζv and A∗v = ζ̄u. If Au = 0, then
both sides of (6) reduce to zero, while if Au = ζv and A∗v = ζ̄u for some ζ ∈ C,
then both sides of (6) reduce to |ζ|2α. The stated conditions are therefore both
necessary and sufficient for equality. �

Note that if u and v are non-zero vectors in C
n and C

m, respectively, then we
may apply Theorem 2 to the vectors ‖u‖−1u and ‖v‖−1v to obtain the inequality

(8) 〈u, u〉α−1〈v, v〉α〈(A∗A)αu, u〉 ≥ |〈Au, v〉|2α,
where inequality results if and only if Au = 0 or if there exists ζ ∈ C such that
Au = (ζρ)v and A∗v = (ζρ−1)u, where ρ = ‖u‖/‖v‖. It is this inequality and the
corresponding inequality that follows from Theorem 4 that we will apply to the
conjecture of Sidorenko.

By specializing Theorem 2 to the real case we obtain the following extension of
Theorem 1.

Theorem 3. Suppose m,n∈N, and D∈Rm×n. If u∈Rn, v∈Rm, and ‖u‖=‖v‖=
1, then

(9) 〈(DtD)αu, u〉 ≥ (〈Du, v〉)2α, ∀α > 1,

with equality if and only if Du= 0, or there exists ζ ∈ R such that Du = ζv and
Dtv = ζu.

Note that Theorem 3 improves upon Blakley and Roy in several ways. Not only
do we remove the assumption that D is symmetric and that u is non-negative, but
there is the additional unit vector v, and the exponent α which need not in this
case be a positive integer. One could say that the inequality of Blakley and Roy is
more or less expected in the case when � is even. It is the case when � is odd that
is surprising and significant.
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The natural analogue to Theorem 4 when � is even would be the inequality

(10) 〈(DtD)ku, v〉 ≥ (〈Du, v〉)2k,
which should hold if D ∈ R

n×n
+ , u ∈ Rn

+ and v ∈ Rn
+ are a unit, and k ∈ N. Un-

fortunately, this inequality is false, as can be demonstrated with a simple example.
Let

(11) D =

[
0 1
0 1

]
, u =

1√
2

[
1
1

]
, and v =

[
1
0

]
.

Then, u and v are non-negative unit vectors in R
2, and D ∈ R

2×2
+ . Moreover, it is

easy to see that

(12) (DtD)k =

[
0 0
0 2k

]
, so 〈(DtD)ku, v〉 = 0, while 〈Du, v〉 = 1√

2
.

The inequality (10) therefore fails for all k∈N.

Theorem 4. If m, n, and k are in N, and D is a member of Rm×n with non-
negative entries, then

(13) 〈(DDt)kDu, v〉 ≥ 〈Du, v〉2k+1,

for all u ∈ R
n
+ and v ∈ R

m
+ such that 〈u, u〉= 〈v, v〉=1, with equality if and only if

〈(DDt)kDu, v〉=0, or there exists α>0 such that Du=αv and Dtv=αu.

If u and v are arbitrary non-zero members of Rn
+ and Rm

+ , respectively, then
we may apply Theorem 4 to the unit vectors ‖u‖−1u and ‖v‖−1v to obtain the
equivalent inequality

(14) 〈u, u〉k〈v, v〉k〈(DDt)kDu, v〉 ≥ 〈Du, v〉2k+1,

with equality if and only if 〈(DDt)kDu, v〉 = 0, or there exists α > 0 such that
Du = (αρ)v and Dtv = (α/ρ)u, where ρ = ‖u‖/‖v‖. The proof of Theorem 4 is
included in Section 3.

Given q∈N, we let 1q denote the vector of length q, each of whose entries is 1.
Setting u = 1n and v = 1m in (14) and then in (8), we obtain the twin inequalities

mknk〈(DDt)kD1n,1m〉 ≥ 〈D1n,1m〉2k+1 and

mknk−1〈(DtD)k1n,1n〉 ≥ 〈D1n,1m〉2k,
(15)

where in both cases we assume that D ∈ R
m×n
+ . According to Theorem 4 the

condition for equality in the first of these inequalities is that 〈(DDt)kD 1n,1m〉=0,

or there exists α>0 such that D1n = α
√
n/m1m, and Dt1m = α

√
m/n1n. But,

if D �=0, then the former condition cannot be satisfied, for if 〈(DDt)kD 1n,1m〉 is 0,
then (DDt)kD = 0. So (DDt)kDDt, which is the same as (DDt)k+1, must also be
zero. But DDt is positive semidefinite and symmetric, so (DDt)k+1=0 implies that
DDt=0, which implies that D=0. Therefore the necessary and sufficient condition
for equality in either of the inequalities in (16) is that D = 0, or there exists α>0

such that D1n = α
√
n/m1m, and Dt1m = α

√
m/n1n. Letting S(A) denote the

sum of the entries of matrix A, we may restate (15) and its condition for equality
as follows.

Theorem 5. Suppose m, n, and k are positive integers. If D ∈ R
m×n
+ , then

(16) mknkS
(
(DDt)kD

)
≥

(
S(D)

)2k+1
and mknk−1S

(
(DtD)k

)
≥

(
S(D)

)2k
,
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with equality in either inequality if and only if each row sum of D is S(D)/m, and
each column sum of D is S(D)/n.

Of course, it follows from Theorem 5 that if D is a non-negative n×n matrix
whose entries sum to n, then equality results in (16) if and only if D is doubly
stochastic. Thus, we have

Theorem 6. Suppose n and k are positive integers and D∈R
n×n
+ . If the sum of

the entries of D is n, then

(17) S
(
(DDt)kD

)
≥ n and S

(
(DtD)k

)
≥ n,

with equality in either inequality if and only if D is doubly stochastic.

2. The conjecture of Sidorenko

We now show how Theorem 4 applies to Sidorenko’s Conjecture 1 [4]. Suppose
h(x, y) is bounded, non-negative, and measurable on [0, 1]2 with respect to Lebesgue
measure which we denote by μ, and let G be a bipartite graph with edge set E
whose first part has p vertices, and whose second part has q vertices. Sidorenko’s
Conjecture 1 asserts that

(18)

∫ ∏
(i,j)∈E

h(xi, yj) dμ
p+q ≥

(∫
h(x, y)dμ2

)|E|
.

Inequality (18), particularly the integral on the left side, is not easy to understand,
so we present a simple example. Suppose the graph G has vertex set {1, 2, 3, 4, 5}
and edge set {(1, 2), (3, 2), (3, 4), (5, 4)}. If we let A denote {1, 3, 5} and let B denote
{2, 4}, then G is bipartite with first part A and second part B. In this case p=3,
q=2, and |E|=4; moreover, G is a simple path that zig-zags back and forth from
A to B. If we assume that h is continuous and non-negative on [0, 1]2, then the
integral (18) transforms into∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

h(x1, x2)h(x3, x2)h(x3, x4)h(x5, x4) dx1 dx2 dx3 dx4 dx5

≥
(∫ 1

0

∫ 1

0

h(x, y) dx dy

)4

,

(19)

which, as we shall demonstrate, is a consequence of Theorem 4, our main result.
Theorem 1 implies the more general inequality (18) whenever h is symmetric on

[0, 1]2 and G is a path. We will show that (18) is true if G is a path even when h is
not symmetric. The inequality (19) of the above example is then a consequence of
our results. Additional notation is required. If p∈N, then Ip denotes {1, 2, . . . , p},
and if T is a set, then I(T , p) denotes the set of all functions from T to Ip. Let G
be a bipartite graph with first part A of cardinality r, second part B of cardinality
s, and edge set E, where (i, j)∈E not only means that there is an edge from vertex
i to vertex j, but that i ∈ A and j ∈ B. Suppose m,n ∈ N, and let h be a function
from Im×In to [0,∞); that is, h∈R

m×n
+ . An implication of Sidorenko’s conjecture

is that

(20) Km,n(G)
∑

f∈I(A,m)

∑
g∈I(B,n)

∏
(p,q)∈E

hf(p),g(q) ≥
( m∑

i=1

n∑
j=1

hij

)|E|
,
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where Km,n(G) is a coefficient that depends upon m, n, the graph G, and the
manner in which Sidoreko’s conjecture is converted to a discrete statement. In the
cases that we consider, namely that G is a path and h not necessarily symmetric,
the value of Km,n(G) will be apparent.

The direct application of Theorem 4 involves the assumption that |E| is odd,
so we set |E|= 2k+1. The case |E| even is considered separately. By a path we
mean what is sometimes called a simple path, so each vertex is visited exactly once
with first vertex in A, and, since |E| is odd, last vertex in B. This implies that A
and B both have exactly k+1 elements. We index our vertices with the integers
1, 2, . . . , 2k+2, letting A = {1, 3, 5, . . . , 2k+1} and B = {2, 4, . . . , 2k+2}. The graph
G consists of the ordered pair (1, 2) and all ordered pairs of the form (i, i±1) where
i ∈ {3, 5, . . . , 2k+1}. A discretization of Conjecture 1 of [4] appropriate to this case
is

(21)
∑

f∈I(A,m)

∑
g∈I(B,n)

∏
(p,q)∈E

hf(p),g(q)
1

mk+1

1

nk+1
≥

( m∑
i=1

n∑
j=1

hij
1

m

1

n

)|E|
,

where the summations above approximate the integrals of Sidorenko. The factors
m−k−1n−k−1 and m−1n−1 correspond to the expressions dμ2k+2 and dμ2. But,
|E| = 2k+1, so (21) is the same as (20), provided that Km,n(G) = mknk. Imagining
the odd integers written in a vertical column adjacent to a similar column containing
the even integers, we see the graph G as a simple zig-zag pattern going back and
forth from A to B. Consider the term

∏
(p,q)∈E hf(p),g(q) appearing in (20). Since

the edges of G are (1, 2), (3, 2), (3, 4), (5, 4), (5, 6), . . . , (2k+1, 2k), (2k+1, 2k+2), this
product appears as

(22) hf(1),g(2)hf(3),g(2)hf(3),g(4)hf(5),g(4)hf(5),g(6)hf(7),g(6)hf(7),g(8)

· · ·hf(2k+1),g(2k)hf(2k+1),g(2k+2).

If we substitute ht for h in alternate positions in (22) we obtain

(23) hf(1),g(2)h
t
g(2),f(3)hf(3),g(4)h

t
g(4),f(5)hf(5),g(6)h

t
g(6),f(7)hf(7),g(8)

· · ·ht
g(2k),f(2k+1)hf(2k+1),g(2k+2).

The left side of (20), minus the factorKm,n(G) which is currentlymknk, is therefore
equal to

m∑
f(1)=1

m∑
f(3)=1

· · ·
m∑

f(2k+1)=1

n∑
g(2)=1

n∑
g(4)=1

· · ·
n∑

g(2k+2)=1

hf(1),g(2)

k∏
i=1

ht
g(2i),f(2i+1)hf(2i+1),g(2i+2),

(24)

which is easily recognized to be the sum of the entries of the matrix h(hth)k =
(hht)kh. Thus, if we define 1j as above for each j and make the substitution
h = D, then (20) transforms into

(25) mknk〈(DDt)kD 1n,1m〉 ≥ 〈D 1n,1m〉2k+1,

which, since 〈1q,1q〉= q for all q ∈N, is an instance of the first part of (15), and
therefore a consequence of Theorem 4. The discrete version of the conjecture of
Sidorenko is therefore true when G is a path of odd length.
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If |E| = 2k, that is, |E| even, then we will apply the second part of (15). In
this case we let A = {1, 3, . . . , 2k+1} as before, and B = {2, 4, . . . , 2k}. The edge
set E is {(2i± 1, 2i) : i ∈ Ik}, so there are 2k+1 vertices indexed by the members
of I2k+1, and an analysis similar to that presented in the odd case indicates that
Km,n(G) = mk−1nk. The term corresponding to (23) is therefore

(26) hf(1),g(2)hf(3),g(2)hf(3),g(4)hf(5),g(4)hf(5),g(6)hf(7),g(6)hf(7),g(8)

· · ·hf(2k−1),g(2k)hf(2k+1),g(2k),

which may be rewritten as

(27) hf(1),g(2)h
t
g(2),f(3)hf(3),g(4)h

t
g(4),f(5)hf(5),g(6)h

t
g(6),f(7)hf(7),g(8)

· · ·hf(2k−1),g(2k)h
t
g(2k),f(2k+1).

Mindful of (27), we see that the left side of (20), if we omit the factor mk−1nk,
transforms into

(28)

m∑
f(1)=1

m∑
f(3)=1

· · ·
m∑

f(2k+1)=1

n∑
g(2)=1

n∑
g(4)=1

· · ·
n∑

g(2k)=1

k∏
i=1

hf(2i−1),g(2i)h
t
g(2i),f(2i+1),

which is easily seen to be the sum of the entries of (hht)k. That is, if we set D = h,
then (20) is

(29) mk−1nk〈(DDt)k1m,1m〉 ≥ 〈D1n,1m〉2k,
which is also an instance of (15) with the roles of m and n reversed. Conjecture 1
of [4] is therefore true in its discrete form, provided that G is a path, even if h is not
symmetric. The corresponding continuous version now follows via the application
of appropriate limiting theorems.

According to [4, pg. 2] the inequality (18) is true for the disjoint union of graphs
G1, G2, . . . , Gp if it is true for each of the graphs separately. This in conjunction
with Theorem 4 leads to additional matrix inequalities that are, however, not as
easy to state as (13).

3. Proof of Theorem 4

We begin with some notation and a technical lemma that will simplify the proof.
By Ωm,n we shall mean the set of all triples (D, u, v) such that D ∈ R

m×n
+ , u ∈ R

n
+,

v ∈ Rm
+ , and 〈u, u〉 = 〈v, v〉 = 1. Fix k ∈N and define the function Fm,n on Ωm,n

by

(30) Fm,n(D, u, v) = 〈 (DDt)kDu, v 〉 − 〈Du, v 〉2k+1.

The problem is to show that Fm,n(D, u, v) ≥ 0 for all (D, u, v)∈Ωm,n, and to verify
that the stated conditions are necessary and sufficient for equality.

Lemma 2. If m,n, and k are in N, and φ : Ωm,n → Ωn,m is defined by φ(D, u, v) =
(Dt, v, u), then φ is a bijection satisfying Fn,m ◦φ = Fm,n. Moreover, if P1 ∈
Rn×n, and P2 ∈Rm×m are permutation matrices, then Fm,n(P2DP t

1 , P1u, P2v) =
Fm,n(D, u, v) for all (D, u, v) ∈ Ωm,n.

Proof. It is obvious that φ is a bijection between Ωm,n and Ωn,m. Since (DDt)t =
DDt we have

(31) 〈(DDt)kDu, v〉 = 〈u,Dt(DDt)kv〉 = 〈u, (DtD)kDtv〉 = 〈(DtD)kDtv, u〉.
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Moreover, 〈Du, v〉 = 〈Dtv, u〉. Therefore,
Fm,n(D, u, v) = 〈(DtD)kDtv, u〉 − 〈Dtv, u〉2k+1

= Fn,m(Dt, v, u) = (Fn,m ◦ φ)(D, u, v),
(32)

so Fn,m◦φ = Fm,n. Let D̃ = P2DP t
1 . Note that D̃t = P1D

tP t
2 and that D̃D̃t =

P2DDtP t
2 , so (D̃D̃t)k = P2(DDt)kP t

2 , and (D̃D̃t)kD̃ = P2(DDt)kDP t
1 . Thus,

Fm,n(D̃, P1u, P2v) = 〈(D̃D̃t)kD̃P1u, P2v〉 − 〈D̃P1u, P2v〉2k+1

= 〈P2(DDt)kDP t
1P1u, P2v〉 − 〈P2DP t

1P1u, P2v〉2k+1

= 〈(DDt)kDu, v〉 − 〈Du, v〉2k+1 = Fm,n(D, u, v),

(33)

so the second part of Lemma 2 is also true. �

Lemma 3. Suppose m,n∈N, D ∈R
m×n
+ , u∈R

n, v ∈R
m, and 〈u, u〉= 〈v, v〉=1.

If there exists γ1, γ2 ∈ R such that Du = γ1v and Dtv = γ2u, then γ1 = γ2, and
Fm,n(D, u, v) = 0. If we assume further that u > 0 and v > 0, then γ1 = γ2 = α,
where α ≥ 0, and α2 is the spectral radius of DtD.

Proof. Suppose D ∈ R
m×n
+ . If 〈u, u〉 = 〈v, v〉 = 1, where u ∈ Rn and v ∈ Rm,

and there exist real γ1 and γ2 such that Du= γ1v and Dtv= γ2u, then 〈Du, v〉=
γ1〈v, v〉 = γ1, while 〈Du, v〉 = 〈u,Dtv〉 = γ2〈u, u〉 = γ2; thus, γ1 = γ2. More-
over, letting γ denote γ1 and γ2, we have DtDu = γ2u, so (DtD)ku = γ2ku and
(DDt)kDu = D(DtD)ku = γ2kDu = γ2k+1v. Thus, 〈(DDt)kDu, v〉 = γ2k+1. But
〈Du, v〉 = γ, so 〈Du, v〉2k+1 is also γ2k+1. Therefore, Fm,n(D, u, v) = 0.

Assume that u> 0 and v > 0 entrywise. If D=0, then α=0, and α=0= γ in
accordance with the lemma, so assume that D �= 0. Since D is non-negative and
non-zero, DtD, which is positive semidefinite and symmetric, is also non-negative
and non-zero. By the Perron-Frobenius theory [3, Theorem 8.3.1], and the Rayleigh-
Ritz characterization of eigenvalues of Hermitian matrices [3, Theorem 4.2.2], we
have

(34) α2 = sup
x�=0

〈DtDx, x〉
〈x, x〉 .

Since 〈DtDx, x〉 ≥ 0 for all x ∈ Rn, if α2 were 0, then we would have 〈DtDx, x〉 =
〈Dx,Dx〉 = 0 for all x ∈ Rn. But this immediately implies that D=0. Therefore,
D �=0 implies α>0.

Letting γ= γ1 = γ2 as above, we have DtDu = γDtv = γ2u. Since u �= 0, γ2 is
therefore an eigenvalue of the symmetric matrix DtD, as is α2. Let x be a non-zero
member of Rn such that DtDx = α2x. Since DtD has non-negative entries, we know
that we may assume that x has non-negative entries. If γ2 �=α2, then, because DtD
is symmetric, the eigenvectors u and x must be orthogonal with respect to 〈·, ·〉.
But, x is non-negative and non-zero, and u is strictly positive, so this is impossible.
Therefore, γ2=α2, and γ=α. �

Lemma 4. Suppose m,n ∈ N, and (D, u, v) ∈ Ωm,n. If there exists ρ > 0 such
that Du = ρv, then either Dtv = ρu and Fm,n(D, u, v) = 0, or Dtv �= ρu and
Fm,n(D, u, v) > 0.

Proof. If Du = ρv and Dtv = ρu, then Fm,n(D, u, v) = 0 by Lemma 3. Assume
that Du= ρv, but Dtv �= ρu. Then, by Lemma 3, we cannot have Dtv = βu for
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any β. Thus Span{Dtv, u} must have dimension 2, and the following instance of
the Cauchy-Schwartz inequality must in fact be strict inequality; that is, we have

(35) ρ2 = 〈Du, v〉2 = 〈u,Dtv〉2 < 〈u, u〉〈Dtv,Dtv〉 = 〈Dtv,Dtv〉 = 〈DDtv, v〉.
Therefore,

(36) 〈Du, v〉2k+1 = ρ2k+1 < ρ〈DDtv, v〉k ≤ ρ〈(DDt)kv, v〉 = 〈(DDt)kDu, v〉,
where we have obtained the third relation in (36) by applying Lemma 1 to DDt.
Thus, if Dtv �= ρu, then we must have 〈Du, v〉2k+1 < 〈(DDt)kDu, v〉. �

As a special case of Theorem 4, suppose u∈Rn
+, and ‖u‖= 1. If Du= 0, then

Fm,n(D, u, v) = 0 for any v ∈ Rm
+ . So, assume that Du �= 0, and let v = ρ−1Du,

where ρ= ‖Du‖. Then, v ∈ Rm
+ , ‖v‖ = 1, and Du= ρv, so Lemma 4 tells us that

either Dtv=ρu, and Fm,n(D, u, v) = 0, or Dtv �=ρu, and Fm,n(D, u, v) > 0. Thus,
given any unit vector u∈R

n
+ there is always at least one unit vector v ∈R

m
+ such

that (13) is true. Moreover, if Du �= 0, and v = ‖Du‖−1Du, then we have strict
inequality unless Dtv = ‖Du‖u.

Our proof of Theorem 4 is inductive. As noted previously, k remains fixed;
moreover, we assume that D �=0. If D=0 there is nothing to prove. Let Z denote
the set of all pairs (m,n) ∈ N×N such that Theorem 4 is true. We will show that
Z = N×N. Lemma 2 implies that

(37) (m,n) ∈ Z if and only if (n,m) ∈ Z.

We begin by showing that (m,n) ∈ Z if either m or n is 1. Due to (37), it is
sufficient to consider the case n=1. When n=1, D has a single non-negative non-
zero column which we denote by x. Since u ∈ R

1
+, and 〈u, u〉 = 1, we must have

u=1. Moreover, Du=x, Dtv = 〈x, v〉, and DtDu = 〈x, x〉u, so (DtD)ku = 〈x, x〉ku,
D(DtD)ku = (DDt)kDu = 〈x, x〉k x, and 〈(DDt)kDu, v〉 = 〈x, v〉(〈x, x〉)k. Since,
〈Du, v〉 = 〈x, v〉, we have

(38) 〈(DDt)kDu, v〉 − 〈Du, v〉2k+1 = 〈x, v〉
(
〈x, x〉k − 〈x, v〉2k

)
.

By the Cauchy-Schwartz inequality, 〈x, v〉2 ≤ 〈x, x〉〈v, v〉 = 〈x, x〉; thus, 〈x, x〉k −
〈x, v〉2k ≥ 0. Since x and v are non-negative, 〈x, v〉 is also non-negative; therefore,
〈x, v〉( 〈x, x〉k−〈x, v〉2k ) ≥ 0. This proves that the inequality (13) is true when n =
1. It is clear from (38) that 〈(DDt)kDu, v〉 = 〈Du, v〉2k+1 if and only if 〈x, v〉 = 0 or
〈x, x〉k − 〈x, v〉2k = 0. We noted above that 〈(DDt)kDu, v〉 = 〈x, v〉(〈x, x〉)k; thus,
〈x, v〉 = 0 if and only if 〈(DDt)kDu, v〉 = 0. Moreover, 〈x, x〉k − 〈x, v〉2k = 0 if
and only if 〈x, x〉 − 〈x, v〉2 = 0, which, due to the condition for equality in Cauchy-
Schwartz, can only happen if v = βx for some number β . Since 〈v, v〉 = 1, we
then have 1 = 〈v, v〉 = β2〈x, x〉, which implies that β = (〈x, x〉)−1/2. Therefore,
Dtv = 〈x, v〉 = β〈x, x〉 = (〈x, x〉)1/2u, and Du = x = β−1v = (〈x, x〉)1/2v. This
proves that equality can occur in (38) only if Du = αv and Dtv = αu, where
α = (〈x, x〉)1/2, or 〈(DDt)kDu, v〉 = 0. Since it is obvious that equality happens
under either of these two conditions, Theorem 4 is true when n = 1. At this point
we know that Z contains all pairs (m,n), where m=1 or n=1.

We now assume that (p, q) ∈ Z if p<m or if p=m and q ≤ n−1, and we show
that (m,n) ∈ Z. An important point is that for the pair (m,n) under consideration
it is true that both (m − 1, n) and (m,n − 1) are in Z. For each p ∈ N let Sp

denote the unit sphere in Rn; that is, Sp is the set of all x ∈ Rp such that ‖x‖ = 1,
and let Wp denote Sp ∩ R

p
+. We denote Wn×Wm by Wm,n, and partition Wm,n
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into Wm,n,+, the set of all pairs (x, y) ∈ Wm,n such that both x and y have strictly
positive entries, and Wm,n,0, which is the set of all (x, y) ∈ Wm,n such that at least
one of x and y has a zero entry. When there is no danger of confusion we will write
W+ instead of Wm,n,+, and W0 instead of Wm,n,0.

Suppose (u, v) ∈ Wm,n,0. This means that at least one of u and v has a zero
entry. We choose permutation matrices P1 ∈ Rn×n and P2 ∈ Rm×m such that the
zero entries of u are grouped together at the bottom of P1u, and the zero entries
of v are grouped together at the bottom of P2v. Due to Lemma 2 we know that
Fm,n(D, u, v) = Fm,n(P2DP t

1 , P1u, P2v), so we replace D with P2DP t
1 , u with P1u,

v with P2v, and rename our variables D, u, and v. At this point we know that
either the last entry of u or the last entry of v is zero. We will assume that the last
entry of u is 0. If instead each entry of u is positive, then the last entry of v is zero.
In this case we apply Lemma 2, obtaining that Fm,n(D, u, v) = Fn,m(Dt, v, u), and
proceed with (Dt, v, u) and the pair (n,m), instead of (D, u, v) and the pair (m,n).
We have noted previously that both (m−1, n) and (m,n−1) are in Z. From this it
follows from (37) that (n,m−1) ∈ Z. If we are considering (Dt, v, u) our argument
would use the fact that (n,m−1) ∈ Z to show that (n,m) ∈ Z. We then employ
(37) once more to conclude that (m,n) ∈ Z. It was therefore permissible to assume
that the last entry of u is 0. Let u = (u1, u2, . . . , un)

t, where un = 0, and let û be

the member of Rn−1
+ obtained by deleting the last entry of u. Let D̂ denote the

m× (n−1)-matrix obtained from D by deleting its last column, and let D̃ denote
the matrix obtained from D by replacing each of the entries of the last column

of D with 0. Then, D̂ ∈ R
m×(n−1)
+ , and û ∈ Wn−1. Since (m,n−1) ∈ Z, and

〈Du, v〉 = 〈D̂û, v〉, we therefore have

(39) 〈Du, v〉2k+1 = 〈D̂û, v〉2k+1 ≤ 〈 (D̂D̂t)kD̂û, v 〉.

Moreover, 0 ≤ D̃ ≤ D entrywise, so (D̃D̃t)kD̃ ≤ (DDt)kD entrywise. Therefore

(40) 〈 (D̂D̂t)kD̂û, v 〉 = 〈 (D̃D̃t)kD̃u, v 〉 ≤ 〈 (DDt)kDu, v 〉,

where the equality follows via a consideration of block multiplication of partitioned
matrices. Combining (39) with (40), we obtain that

(41) 0 ≤ 〈Du, v〉2k+1 = 〈D̂û, v〉2k+1 ≤ 〈 (D̂D̂t)kD̂û, v 〉 ≤ 〈 (DDt)kDu, v 〉.

The inequality (13) is therefore true in this case. We now consider the case for
equality. If 〈 (DDt)kDu, v 〉=0, then by (41) we also have 〈Du, v〉2k+1 = 0, which
in turn implies that Fm,n(D, u, v) = 0. Similarly, if there exists α > 0 such that
Du = αv and Dtv = αu, then Lemma 3 guarantees us that Fm,n(D, u, v) = 0. The
stated condition is therefore sufficient for equality on W0. Now, suppose conversely
that 〈 (DDt)kDu, v 〉 = 〈Du, v〉2k+1; that is, Fm,n(D, u, v) = 0. Assume also that
〈 (DDt)kDu, v 〉 �=0. This means that we have equality throughout (41), so

(42) 〈 (D̂D̂t)kD̂û, v〉 �= 0 and 〈D̂û, v〉2k+1 = 〈 (D̂D̂t)kD̂û, v 〉.

Inductive hypothesis now implies that there exists α> 0 such that D̂û = αv and
D̂tv = αû. But D̂û = Du, so we have Du = αv. Under these conditions Lemma 4
tells us that

(43) Dtv = αu or 〈 (DDt)kDu, v 〉 > 〈Du, v〉2k+1.
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Since the inequality in (43) is excluded, we must have both Du = αv and Dtv = αu.
This proves that the inequality holds on W0, and reduces to equality if and only if
the stated conditions hold.

SinceWm,n is compact as a subset of Rm×Rn, the function Fm,n(D, ·, ·), which we
now denote by F , is bounded on Wm,n, and we must therefore assume its absolute
minimum value at some point of Wm,n. If this point is not in W0, then it must
be in W+, and must therefore be a critical point of F restricted to W+. We will
complete the proof of Theorem 4 by showing that F (u, v) ≥ 0 for each critical point
(u, v) ∈ W+, with equality if and only if there exists α>0 such that Du = αv and
Dtv = αu, or if 〈(DDt)kDu, v〉 = 0.

By extension F (·, ·) is a function from R
n × R

m to R. We think of derivatives
in the sense of Fréchet; thus, the partial derivative of F with respect to its first
variable at the point (u, v), which we denote by F1(u, v), is a linear functional on Rn.
Similarly, F2(u, v), the partial derivative of F with respect to its second variable, is
a linear functional on R

m. For example, if we define the function G : Rp×R
p → R

by G(x, y) = 〈x, y〉2, then G1(x, y)(z) = 2〈x, y〉〈z, y〉 for all z ∈ Rp. Similarly,
G2(x, y)(z) = 2〈x, y〉〈x, z〉 for all z ∈ Rp.

We are concerned with the restriction of F to Wn×Wm, which is (Sn ∩ R
n
+) ×

(Sm ∩ Rm
+ ). If (u, v) is interior to this set, then u > 0 and v > 0 entrywise, and

〈u, u〉 = 〈v, v〉 = 1. To find the critical points of F restricted in this way we consider
the function

H(u, v, λ1, λ2) = F (u, v) + (λ1/2)(1− 〈u, u〉) + (λ2/2)(1− 〈v, v〉)
defined for all (u, v) ∈ Rn

+×Rm
+ , and (λ1, λ2) ∈ R×R. In order that (u, v) be

critical for F restricted as noted, it is necessary that (u, v, λ1, λ2) be critical for
H. Thus, each of the four partial derivatives Hi, 1 ≤ i ≤ 4, must be zero at
(u, v, λ1, λ2). Of course, that H3(u, v, λ1, λ2) = H4(u, v, λ1, λ2) = 0 merely conveys
that the constraints ‖u‖=1 and ‖v‖=1 are satisfied. We focus upon H1 and H2.
If (u, v, λ1, λ2) is critical with respect to H, then we must have

(44)

H1(u, v, λ1, λ2)(z1) = 〈(DDt)kDz1, v〉−(2k+1)〈Du, v〉2k〈Dz1, v〉−λ1〈z1, u〉 = 0,

∀z1 ∈ R
n,

and

(45)

H2(u, v, λ1, λ2)(z2) = 〈(DDt)kDu, z2〉−(2k+1)〈Du, v〉2k〈Du, z2〉−λ2〈z2, v〉 = 0,

∀z2 ∈ R
m.

We will use equations (44) and (45) to obtain information about (u, v, λ1, λ2). Set-
ting z1 = u in (44) and z2 = v in (45) we obtain that

(46) 〈(DDt)kDu, v〉 − (2k+1)〈Du, v〉2k+1 − λ1 = 0

and

(47) 〈(DDt)kDu, v〉 − (2k+1)〈Du, v〉2k+1 − λ2 = 0.

Subtracting (47) from (46), we obtain that λ1 = λ2. Letting λ denote λ1, equations
(44) and (45) become

(48) 〈(DDt)kDz1, v〉 − (2k+1)〈Du, v〉2k〈Dz1, v〉 = λ〈z1, u〉, ∀z1 ∈ R
n,
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and

(49) 〈(DDt)kDu, z2〉 − (2k+1)〈Du, v〉2k〈Du, z2〉 = λ〈z2, v〉, ∀z2 ∈ R
m.

But (48) and (49) hold for all z1 ∈ Rn and z2 ∈ Rm, respectively. Hence, the vector
equations

(50) (DtD)kDtv − (2k+1)〈Du, v〉2kDtv = λu

and

(51) (DDt)kDu− (2k+1)〈Du, v〉2kDu = λv

must also hold for some λ if (u, v) ∈ W+ is critical. Let C denote the set of all
(x, y) ∈ W+ such that (50) and (51) are satisfied when u = x and v = y. Since
F (x, y) ≥ 0 for all (x, y) ∈ W0, if there exists (x, y)∈Wm,n such that F (x, y)< 0,
then there must exist (x, y) ∈ C such that F (x, y)<0. We will show that F (x, y) ≥ 0
for all (x, y) ∈ C. We will first consider the case λ = 0, but first we need some
definitions.

Since D �=0 we know thatDtD ∈ R
n×n
+ and that its spectral radius α2, where α >

0, is a positive eigenvalue ofDtD having an associated non-negative unit eigenvector
which we denote by η1. Thus, ‖η1‖ = 1 and DtDη1 = α2η1. Let η2 = α−1Dη1 so
that Dη1 = αη2. Then, 〈η2, η2〉 = α−2〈Dη1, Dη1〉 = α−2〈DtDη1, η1〉 = 〈η1, η1〉 = 1
and Dtη2 = α−1DtDη1 = αη1. Thus, we have

(52) Dη1 = αη2, Dtη2 = αη1, η1 ≥ 0, η2 ≥ 0, and ‖η1‖ = ‖η2‖ = 1,

and F (η1, η2) = 0. Setting λ = 0 in (50) and (51) we obtain the equations

(53) (DtD)kDtv = (2k+1)〈Du, v〉2kDtv

and

(54) (DDt)kDu = (2k+1)〈Du, v〉2kDu.

Equation (54) implies that 〈(DDt)kDu, η2〉 − (2k+1)〈Du, v〉2k〈Du, η2〉 = 0. But,
〈Du, η2〉 = 〈u,Dtη2〉 = α〈u, η1〉. Since α > 0, ‖u‖ = ‖η1‖ = 1, u > 0, and
η1 ≥ 0, we have α〈u, η1〉 > 0. Moreover, DDtη2 = α2η2, so we have (DDt)kη2 =
α2kη2 and Dt(DDt)kη2 = (DtD)kDtη2 = α2k+1η1. Thus, 〈(DDt)kDu, η2〉 =
〈u, (DtD)kDtη2〉 = α2k+1〈u, η1〉. Combining these results we obtain the equation
(55)
〈(DDt)kDu, η2〉−(2k+1)〈Du, v〉2k〈Du, η2〉 = α〈u, η1〉

(
α2k−(2k+1)〈Du, v〉2k

)
= 0.

Since α〈u, η1〉 > 0, (55) implies that

(56) α2k = (2k+1)〈Du, v〉2k.
Substituting (56) into (53) and (54) we obtain the equations

(57) (DtD)kDtv = α2kDtv and (DDt)kDu = α2kDu.

Now, substituting the second of the equations in (57) into F , we obtain that

(58) F (u, v) = 〈(DDt)kDu, v〉 − 〈Du, v〉2k+1 = 〈Du, v〉
(
α2k − 〈Du, v〉2k

)
.

But D �=0, and both u and v are strictly positive, therefore 〈Du, v〉 > 0. Moreover,
the Cauchy-Schwartz inequality says that 〈Du, v〉2 ≤ 〈Du,Du〉〈v, v〉 = 〈DtDu, u〉 ≤
α2, since α2 is the largest eigenvalue of the symmetric matrix DtD. Therefore,
α2k ≥ 〈Du, v〉2k and F (u, v)≥ 0. This proves that F (u, v)≥ 0 for any (u, v) ∈ C
associated with λ=0. Now, for equality to happen it would have to be true that
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〈Du, v〉2 = α2, which can only happen if there exists β such that Du=βv. But then
β>0, since u>0 and v>0, so Lemma 4 says that we must have either Dtv = βu
or 〈(DDt)kDu, v〉 > 〈Du, v〉2k+1. Since the latter possibility is excluded, we have
Du = βv and Dtv = βu. Thus, if (u, v) ∈ C via association with λ = 0, then either
F (u, v) > 0 or else F (u, v) = 0, and there exists β > 0 such that Du = βv and
Dtv = βu. In fact, β = α.

Henceforth, we assume that λ �=0. Note that since u and η1 are unit non-negative
vectors, if we had β1η1 = u for some β1, then β1 would be 1; that is, u = η1. In
this case (DDt)kDu = α2k+1η2, so equation (51) transforms into

(59) α2k+1
(
1− (2k+1)〈η2, v〉2k

)
η2 = λv.

Since λ �= 0, equation (59) says that v = β2η2 for some β2. But η2 and v are
non-negative unit vectors, so β2 = 1; that is, v = η2. Thus, the assumption that
u = β1η1 implies that u = η1 and v = η2, in which case we have F (u, v) = 0, and
Du = αv and Dtv = αu. Similarly, if we start with the assumption that v = β2η2,
then we can prove in the same way that v = η2 and u = η1, so our theorem is true
in either of these cases. Henceforth, we assume that u is not a multiple of η1 and
v is not a multiple of η2. Thus, letting Zu = Span{u, η1} and Zv = Span{v, η2},
we know that dim(Zu) = dim(Zv) = 2. Let Z1 denote the orthogonal complement

of the subspace of Rn generated by η1; thus, Z1 =
(
Span{η1}

)⊥
. Similarly, let

Z2 =
(
Span{η2}

)⊥
. Since dim(Z1) = n−1, dim(Zu) = 2, and u /∈ Z1, the dimension

of Zu ∩ Z1 must be 1. Let ξ1 be a unit vector in Zu ∩ Z1 such that 〈u, ξ1〉 > 0.
Clearly there must exist a unit vector ξ1 ∈ Zu ∩ Z1. If 〈ξ1, u〉 = 0, then, since
{ξ1, η1} is an orthonormal basis for Zu, u would be a multiple of η1, which is a case
that has already been excluded, and if 〈ξ1, u〉 < 0, then we replace ξ1 with −ξ1.
Similarly, dim(Zv ∩ Z2) = 1, and there exists a unit vector ξ2 ∈ Zv ∩ Z2 such that
〈ξ2, v〉 > 0. The set {η2, ξ2} is an orthonormal basis for Zv just as {η1, ξ1} is an
orthonormal basis for Zu. Thus we have u = aη1 + bξ1 and v = cη2 + dξ2, where
a = 〈u, η1〉 > 0, b = 〈u, ξ1〉 > 0, c = 〈v, η2〉 > 0, and d = 〈v, ξ2〉 > 0. Due to (52) we
have Dη1 = αη2 and Dtη2 = αη1; thus, it is easily seen that (DDt)kDη1 = α2k+1η2
and (DtD)kDtη2 = α2k+1η1. Letting K denote (2k+1)〈Du, v〉2k, we employ (51)
to obtain that

λ〈v, η2〉 = 〈(DDt)kDu, η2〉 −K〈Du, η2〉 = 〈u, (DtD)kDtη2〉 −K〈u,Dtη2〉
= α2k+1〈u, η1〉−αK〈u, η1〉 = α〈u, η1〉

(
α2k−K

)
.

(60)

Taking the inner product of both sides of (50) with η1, using the fact that (DDt)kDη1
= α2k+1η2, and proceeding as in (60) we obtain the equation

(61) λ〈u, η1〉 = α〈v, η2〉
(
α2k−K

)
.

Since 〈v, η2〉 = c and 〈u, η1〉 = a, equations (60) and (61) imply that

(62) λ c = αa
(
α2k−K

)
and λ a = αc

(
α2k−K

)
.

Since λ �= 0 and a > 0, the term α2k − K �= 0. We may therefore divide the first
equation in (62) by the second to obtain that c/a = a/c or a2 = c2. But a>0 and
c>0, so a= c; that is, 〈u, η1〉 = 〈v, η2〉 > 0. But a2+b2 = c2 + d2 = 1, b > 0, and
d > 0; therefore a=c implies that b=d. Thus, u = aη1 + bξ1 and v = aη2 + bξ2.

Consider the functions x : [0, 1] → Rn and y : [0, 1] → Rm defined by x(t) =√
1− t2η1+ tξ1 and y(t) =

√
1− t2η2+ tξ2. Clearly, ‖x(t)‖ = ‖y(t)‖ = 1 for all
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t ∈ [0, 1]; moreover, we have x(0) = η1, x(1) = ξ1, y(0) = η2, and y(1) = ξ2. That
u = aη1 + bξ1 and v = aη2 + bξ2 implies that if we let t0 denote b, then 0<t0<1,
x(t0) = u, and y(t0) = v. Although u is in the interior of Rn

+ and v is in the interior
of Rm

+ , neither ξ1 nor ξ2 can be an interior point. Otherwise we could not have
〈η1, ξ1〉 = 0 and 〈η2, ξ2〉 = 0. There is therefore a number t1 such that t1 > t0,
x(t1) is on the boundary of Rn

+, but x(t) is in the interior of Rn
+ for all t such that

t0 ≤ t < t1. Similarly, there is a number t2 such that t2 > t0, y(t2) is on the
boundary of Rm

+ , but y(t) is in the interior of Rm
+ for all t such that t0 ≤ t < t2.

Let t̄ denote the minimum of t1 and t2. Then, for all t such that t0 ≤ t < t̄, both
x(t) and y(t) are in the interiors of Rn

+ and Rm
+ , respectively, while either x(t̄) or

y(t̄) is a boundary point. Define ζ : [0, t̄ ] → R by

(63) ζ(t) = Fm,n(D, x(t), y(t)) = 〈(DDt)kDx(t), y(t)〉 − 〈Dx(t), y(t)〉2k+1.

Then, ζ(t0) = Fm,n(D, u, v). We will use a convexity argument to show that
ζ(t0) > 0, thereby completing the proof. Note that ζ(0) = Fm,n(D, η1, η2) = 0,
and, since either x(t̄) is a boundary point of Rn

+ or y(t̄) is a boundary point of
Rm

+ , we must have ζ(t̄) ≥ 0. We require a simpler expression for ζ(t). We have

Dx(t) =
√
1− t2Dη1 + tDξ1 = α

√
1− t2η2 + tDξ1, so

(64)

〈Dx(t), y(t)〉 = α(1−t2)〈η2, η2〉+αt
√
1− t2〈η2, ξ2〉+t

√
1− t2〈Dξ1, η2〉+t2〈Dξ1, ξ2〉.

But 〈η2, η2〉 = 1, 〈η2, ξ2〉 = 0, and 〈Dξ1, η2〉 = 〈ξ1, Dtη2〉 = α〈ξ1, η1〉 = 0, so

(65) 〈Dx(t), y(t)〉 = α(1− t2) + t2〈Dξ1, ξ2〉 = α− t2K0,

where K0 = α− 〈Dξ1, ξ2〉. Similarly, (DtD)k(η1) = α2kη1, so we have

(DtD)kx(t) = α2k
√
1− t2 η1 + t(DtD)kξ1 and

(DDt)kDx(t) = α2k+1
√
1− t2 η2 + t(DDt)kDξ1.

(66)

Therefore,

(67) 〈(DDt)kDx(t), y(t)〉 = α2k+1(1−t2) + t2〈(DDt)kDξ1, ξ2〉
because the mixed inner product terms involving 〈η2, ξ2〉 and 〈(DDt)kDξ1, η2〉 are
both 0. Letting K1 denote α2k+1 − 〈(DDt)kDξ1, ξ2〉, we therefore have
(68)

〈(DtD)kx(t), y(t)〉 = α2k+1−t2K1 and ζ(t) = α2k+1 − t2K1 − (α− t2K0)
2k+1

for all t ∈ [0, t̄ ]. We claim that K0 ≥ 0 and that K1 ≥ 0; the cases K0 = 0
and K0 > 0 are then considered separately. By the Cauchy-Schwartz inequality
we have (〈Dξ1, ξ2〉)2 ≤ 〈Dξ1, Dξ1〉〈ξ2, ξ2〉 = 〈DtDξ1, ξ1〉 ≤ α2, since α2 is the
largest eigenvalue, and spectral radius, of DtD; thus, K0 ≥ 0. Consider the case
α = 〈Dξ1, ξ2〉; that is, K0=0. This causes the above instance of Cauchy-Schwartz
to reduce to equality, so there must exist β ∈ R such that Dξ1 = βξ2. But then
〈Dξ1, ξ2〉 = β〈ξ2, ξ2〉 = β, so β = α. Similarly,

(69) α2 = (〈Dξ1, ξ2〉)2 = (〈ξ1, Dtξ2〉)2 ≤ 〈Dtξ2, D
tξ2〉〈ξ1, ξ1〉 = 〈DDtξ2, ξ2〉 ≤ α2,

since DDt andDtD have the same spectral radius. So, one more instance of Cauchy-
Schwartz reduces to equality. Consequently, we have (〈ξ1, Dtξ2〉)2 = 〈Dtξ2, D

tξ2〉,
which can only happen if there exists γ ∈ R such that Dtξ2 = γξ1. But then
〈ξ1, Dtξ2〉 = 〈Dξ1, ξ2〉 = γ, so γ = α. At this point we have Dξ1 = αξ2 and
Dtξ2 = αξ1. Since u = aη1 + bξ1 and v = aη2 + bξ2, we then have Du = αv and
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Dtv = αu, and F (u, v) = 0. Our theorem is therefore true in this case because the
asserted inequality reduces to equality and the conditions for equality are in force.

Henceforth we assume that K0>0. Note that

(〈(DDt)kDξ1, ξ2〉)2 ≤ 〈(DDt)kDξ1, (DDt)kDξ1〉〈ξ2, ξ2〉
= 〈D(DtD)kξ1, D(DtD)kξ1〉 = 〈(DtD)2k+1ξ1, ξ1〉 ≤ α4k+2,

(70)

since the largest eigenvalue of (DtD)2k+1 is α4k+2. Consequently, 〈(DDt)kDξ1, ξ2〉
≤ α2k+1 and K1 ≥ 0. Noting that ζ is a function of t2 we define the function
ω : [0, t̄ 2] → R by

(71) ω(z) = ζ(
√
z) = α2k+1 − zK1 − (α− zK0)

2k+1.

Computing the second derivative of ω with respect to z we obtain

(72) ω′′(z) = −(2k+1)(2k)K2
0 (α−zK0)

2k−1.

Due to (65) we know that 〈Dx(t̄), y(t̄)〉 = α− t̄ 2K0 ≥ 0; thus, K0>0 implies that
α − t2K0 > 0 for all t ∈ [0, t̄ ). This implies that α−zK0 > 0 for all z ∈ [0,t̄ 2),
which in turn implies that ω′′(z)<0 for all z∈ (0, t̄ 2). At this point we know that
ω(0)=0, ω(t̄2)≥0, and ω is strictly concave down on (0, t̄2). This implies ([2, 75])
that ω(z)> 0 for all z ∈ (0, t̄2). In particular, we must have 0< ω(t20) = ζ(t0) =
Fm,n(D, u, v). This completes the proof.
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