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ON HARMONIC QUASICONFORMAL IMMERSIONS

OF SURFACES IN R3

ANTONIO ALARCÓN AND FRANCISCO J. LÓPEZ

Abstract. This paper is devoted to the study of the global properties of
harmonically immersed Riemann surfaces in R3. We focus on the geometry
of complete harmonic immersions with quasiconformal Gauss map, and in
particular, of those with finite total curvature. We pay special attention to
the construction of new examples with significant geometry.

1. Introduction

A smooth map X : M → N between Riemannian manifolds M and N, M
compact, is said to be harmonic if it is a critical point of the Dirichlet functional∫
M

‖dX‖2dV. If M is not compact, then X is said to be harmonic if X|Ω is for
all compact regions Ω ⊂ M. Harmonic maps model the extrema of the energy
functionals associated to some physical phenomena in viscosity, dynamics of fluids,
electromagnetism, cosmology, etc. When N = Rn, they simply correspond to the
solutions to the Dirichlet equation ΔX = 0, where Δ is the Laplace operator on
M. See, for instance, the surveys [Hl, HW] and the references therein for a good
setting.

If M has dimension two, the Dirichlet functional actually depends only on the
conformal structure of the surface. The interplay between conformality, minimality
and harmonicity is a core topic in geometrical analysis, and more particularly, in
surface theory. It is well known that a conformal immersion of a Riemann surface
in the Euclidean three-space is minimal if and only if it is harmonic, and in this
case its Gauss map is conformal. However, harmonic minimal immersions in R3

are not necessarily conformal as the following parameterization of the half helicoid
shows

X : C → R
3, X(z) = �(ez, ıez, ız).

The questions considered in this paper are all related to the global theory of har-
monic immersions of Riemann surfaces in R3. This study was initiated by Klotz
[Kl1, Kl2, Kl3, Kl4] in the sixties, at the same time when Osserman [Os3] laid the
foundations of the global theory of minimal surfaces. She made an effort to distin-
guish those facts about minimal surfaces which are special to them from among the
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many facts which apply to harmonic immersions. However, there have been several
difficulties for the development of this topic. Among them, we emphasize the lack
of enlightening examples (other than minimal surfaces) that facilitate the building
of intuition and geometric insight, and the fact that Hopf’s maximum principle
does not apply to this family of immersions.

In this paper we have introduced a Weierstrass type representation for harmonic
immersions that permits a better understanding of their geometric and analytic
properties, especially those related to the Gauss map. Although in general the
Gauss map of a non-flat harmonic immersion is far from being conformal, it shares
some basic topological properties with the one of minimal surfaces. For instance, it
is open and everywhere regular except at a discrete set of topological branch points.

For a good understanding of the subsequent results, the following notation is
required.

Let M be an open Riemann surface, and let X = (Xj)j=1,2,3 : M → R
3 be

a harmonic immersion. We denote by G : M → S2, K and σ the orientation-
preserving Gauss map, the (nowhere positive) Gauss curvature and the second

fundamental form of X, respectively. The holomorphic 2-form H :=
∑3

j=1(∂zXj)
2

is called the Hopf differential of X, where ∂z denotes the complex differential on
M. X is conformal (and so minimal) if and only if H = 0.

The immersion X is said to have vertical flux if ∂zXj is exact, j = 1, 2. Equiva-
lently, X has vertical flux if for any arc-length parameterized closed curve γ(s) ⊂ M
the flux vector

∫
γ
μ(s)ds, where μ(s) is the conormal vector of X at γ(s), is vertical.

Since X is harmonic, the flux of X on a curve depends only on its homology class.
A plane Π of R3 is said to be finite forX ifX(M) and Π meet transversally except

for a finite number of points, and X−1(Π) consists of a finite number of curves. X is
said to be of finite total curvature (FTC for short) if

∫
M

‖σ‖2dS < +∞, where dS is
the Euclidean area element on M. X is said to be algebraic if M is biholomorphic to
M−{Q1, . . . , Qk}, where M is a compact Riemann surface and {Q1, . . . , Qk} ⊂ M,
and the vectorial holomorphic 1-form ∂zX extends meromorphically to M with
polar singularities at Qj for all j.

The subclass of harmonically immersed Riemann surfaces with quasiconformal
Gauss map (harmonic QC immersions for short) is especially interesting and gives
rise to a rich theory. A harmonic X : M → R3 is QC if and only if the map X is
quasiconformal in the classical sense, that is to say, if the distortion function of X

DX :=
‖Xu‖2 + ‖Xv‖2
2‖Xu ×Xv‖

(z = u+ ıv a conformal parameter on M)

is bounded (see [Ka] and Remark 2.11). In this paper we have proved that this
family contains all complete harmonic immersions with FTC. Among other special
features, QC harmonic immersions are quasiminimal in the sense of Osserman [Os1],
and support both Huber-Osserman and Jorge-Meeks type results that generalize
the ones for minimal surfaces (see [Os3, JM]).

Theorem I. A complete harmonic immersion X of an open Rie-
mann surface M into R3 has FTC if and only if either of the fol-
lowing statements hold:

• X is algebraic and the Gauss map G : M → S
2 of X extends

continuously to M.
• X is algebraic and QC.
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• X is QC, X has two non-parallel finite planes and either
supM ‖σ‖2 < +∞ or X is proper.

Furthermore, if X has FTC and M = M −{Q1, . . . , Qk}, where M
is the compactification of M, then

• G : M → S2 is a finitely branched covering and the classical
Jorge-Meeks formula

∫
M

KdS = −4πDeg(G) = −2π
(
2Gen(M)− 2 +

k∑
j=1

(IQj
+ 1)

)

holds, where Gen(M), Deg(G) and IQj
+ 1 are the genus of

M, the number of sheets of G and the pole order of ∂zX at Qj

for all j, respectively.
• X is proper and X(M) viewed from infinity looks like a collec-
tion of k flat planes with multiplicities IQj

, j = 1, . . . , k, that
pass through the origin.

Figure 1.1. The rotational harmonic horn and a rotational har-
monic catenoid.

Complete harmonic embeddings of FTC share some basic topological properties
of embedded minimal surfaces [JM]. Outside a compact set in R3, a harmonic em-
bedded end of FTC is a graph either with non-zero logarithmic growth (harmonic
catenoidal end) or asymptotic to a plane (harmonic planar end). Consequently,
complete harmonic embeddings of FTC have parallel ends, and ordering them by
heights, two consecutive ends have opposite normals. In this paper we have classi-
fied complete harmonic embedded annuli with FTC, and in particular, rotational
harmonic immersions. It is worth mentioning that some of the most celebrated
classification theorems for embedded minimal surfaces (see [Os3, JM, LR, Sc]) do
not hold in the harmonic framework. For instance, there are complete rotational
harmonic embedded annuli non-linearly equivalent to a minimal catenoid in both
cases with FTC (rotational harmonic catenoids) and without FTC (the rotational
harmonic horn); see Figure 1.1. Contrary to the minimal case, one also has:

Theorem II. There exists a complete harmonic embedding X :
M → R3 of FTC satisfying either of the following properties:

• X(M) is a non-rotational annulus in both cases with and with-
out vertical flux (Figure 1.2).

• X(M) is a genus zero surface with vertical flux and more than
two ends (Figure 1.3).

• X(M) is a twice punctured torus (Figure 1.3). The existence
of this example was pointed out by Weber [We].
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Figure 1.2. Two non-rotational harmonic catenoids. On the left:
with non-vertical flux. On the right: with vertical flux.

Figure 1.3. On the left: a complete harmonic embedding of a
three punctured sphere with FTC and vertical flux. On the right:
Weber’s surface.

The study of the Gaussian image, which is one of the fundamental topics in the
global theory of minimal surfaces, can be naturally extended to the larger family
of harmonic immersions. In this setting, the image of the Gauss map of a complete
non-flat harmonic immersion with nowhere-vanishing Hopf differential cannot omit
a neighborhood of an equator, and if in addition the immersion is QC, then it
cannot lie in S2 ∩ {|x3| < 1− ε}, ε > 0 (see Klotz [Kl4]). One of the paradigmatic
examples in this setting is the rotational harmonic horn, whose Gaussian image
coincides, up to reversing the orientation, with the upper open hemisphere minus
the North pole. We have improved Klotz’s theorems by dropping the hypothesis
about the Hopf differential:

Theorem III. Let X : M → R3 be a harmonic immersion, where
M is an open Riemann surface, and call G its Gauss map. The
following statements hold:

• If X is complete and G(M) ⊂ S
2 ∩ {|x3| > ε} for some ε > 0,

then X(M) is a plane.
• If X is complete and QC, and G(M) ⊂ S2 ∩ {|x3| < 1− ε} for
some ε > 0, then X(M) is a plane.

Finally, we have obtained some Privalov type results for harmonic immersions.
A harmonic immersion X : M → R3 is said to be asymptotically conformal if the
Beltrami differential of its Gauss map vanishes at the ideal boundary of M. The
following theorem gives some information of how the asymptotic behavior of the
Gauss map influences the geometry of the immersion:

Theorem IV. Let X : M → R3 be a non-flat harmonic immersion,
where M is an open Riemann surface, and call G its Gauss map.
Assume that either of the following statements holds:

• M carries non-constant bounded holomorphic functions, X is
asymptotically conformal and G(M) ⊂ S2 ∩ {|x3| < 1− ε} for
some ε > 0.
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• M = D, C − g(D) has positive logarithmic capacity and the
Beltrami differential μ of G satisfies the quadratic Carleson
measure condition

lim
R→0

νR = 0 and

∫ 1

0

ν2RR
−2dR < +∞,

where νR = sup{|μ(x)| | x ∈ ΓR}, ΓR is the set of points in D

at distance R > 0 from Γ, and Γ ⊂ ∂(D) is an open arc.
Then X is conformal and incomplete.

This paper is laid out as follows. In Section 2 we introduce some background and
notation. We also study the first properties of the Gauss map of harmonic immer-
sions and obtain Weierstrass type formulas for them (see Proposition 2.9). Finally,
we deal with the basic geometry of QC harmonic immersions. Section 3 is devoted
to presenting some basic examples of complete harmonic immersions: graphs over
planar domains, rotational surfaces and harmonic horns. In Section 4 we study the
global geometry of harmonic immersions of FTC and prove Theorem I (see Corol-
laries 4.5 and 4.6 and Theorem 4.8). In Section 5 we classify complete harmonic
embedded annuli with FTC, construct the examples in Theorem II and prove their
geometrical properties (see Theorems 5.5, 5.8 and 5.10). Finally, Theorems III and
IV are proved in Section 6 (see Theorems 6.1, 6.2 and 6.3 and Corollary 6.6).

2. Harmonic immersions

Throughout this paper, 〈, 〉 and ‖ · ‖ will denote the Euclidean metric and the
Euclidean norm in R

3. As usual, we write C, C = C ∪ {∞} and D for the complex
plane, the Riemann sphere and the unit complex disc, respectively. Moreover, M
will denote either an open Riemann surface or a Riemann surface with non-empty
compact boundary.

An open Riemann surface is said to be hyperbolic if and only if it carries a negative
non-constant subharmonic function. Otherwise, it is said to be parabolic. If M has
non-empty boundary, then M is said to be parabolic if bounded harmonic functions
on M are determined by their boundary values, or equivalently, if the harmonic
measure of M with respect to a point P ∈ M − ∂(M) is full on ∂(M). M is said to
be of finite conformal type ifM = M−{P1, . . . , Pr}, whereM is a compact Riemann
surface possibly with non-empty boundary ∂(M) and {P1, . . . , Pr} ⊂ M − ∂(M).
In this case M is said to be the compactification of M. M is said to be an annular
end if it is homeomorphic to [0, 1[×S1. In this case and up to biholomorphisms,
M = {r < |z| ≤ 1}, where r ∈ [0, 1[. Notice that M is parabolic (or of finite
conformal type) if and only if r = 0, and in this case M := D. A smooth 1-form τ
onM is said to be of type (1, 0) if for any conformal chart (U, z) onM, τ (z) = f(z)dz
for a smooth function f : U → C.

See [AS] for a good reference on Riemann surfaces theory.
An immersion X : M → R3 is said to be conformal if the metric X∗(〈, 〉) is

conformal on M.
Let us present the fundamental objects of study in this article.

Definition 2.1. A map X = (Xj)j=1,2,3 : M → R
3 is said to be a harmonic

immersion if X is an immersion and Xj is a harmonic function on M, j = 1, 2, 3.
A subset S ⊂ R3 is said to be a harmonic surface if there exists a harmonic
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immersion X : M → R3 such that S = X(M). In this case, X is said to be a
harmonic parameterization of S.

A harmonic surface may admit different harmonic parameterizations. For in-
stance,

(2.1)
Y1 : C → R3, Y1(z) = �(ez, ıez, ız), and

Y2 : {�(z) > 0} → R3, Y2(z) = �
(
sinh(z), ı cosh(z), ız

)

are two different harmonic parameterizations of the same surface (the half helicoid).
Notice that Y2 is conformal, whereas Y1 is not.

Remark 2.2. A harmonic surface has no elliptic points by the maximum principle
for harmonic functions. In other words, its Gauss curvature is nowhere positive.

In the sequel, X : M → R3 will denote a harmonic immersion.
Given a linear transformation A ∈ Gl(3,R), the map A ◦X : M → R3 is a har-

monic immersion as well. Harmonic immersions differing in linear transformations
and translations are said to be linearly equivalent.

Denote by ∂z and ∂z the global complex operators on M given by ∂z|U = ∂
∂wdw

and ∂z|U = ∂
∂wdw, respectively, for any conformal chart (U,w) on M. Put X =

(Xj)j=1,2,3 and set

Φ = (Φj)j=1,2,3 := (∂zXj)j=1,2,3.

Notice that Φj is a holomorphic 1-form on M for all j.

Definition 2.3. The couple (M,Φ) is called the Weierstrass representation of X.

The holomorphic 2-form H :=
∑3

j=1 Φ
2
j on M is said to be the Hopf differential of

the harmonic immersion X.

Let w = u + ıv be a local conformal parameter on M and write Xu = ∂X
∂u ,

Xv = ∂X
∂v . Notice that |H(w)|2 =

(
(‖Xu‖2 − ‖Xv‖2)2 + 4〈Xu, Xv〉2

)
|dw|4, where

‖·‖ is the Euclidean norm. From the Cauchy-Schwarz inequality, |H(w)| < (‖Xu‖2+
‖Xv‖2)|dw|2 =

∑3
j=1 |Φj |2(w), where we have taken into account that {Xu, Xv}

are linearly independent.

In other words, if we set ‖Φ‖ :=
(∑3

j=1 |Φj |2
)1/2

, then

(2.2) |H| < ‖Φ‖2 everywhere on M

and ‖Φ‖2 is a conformal metric on M. The converse holds:

Lemma 2.4. Let Φ = (Φj)j=1,2,3 be a triple of holomorphic 1-forms on M such

that |
∑3

j=1 Φ
2
j | < ‖Φ‖2 everywhere on M and Φ has no real periods on M.

Then the map X : M → R3, X(P ) = �
(∫ P

Φ
)
, is a harmonic immersion.

Definition 2.5. The conformal Riemannian metric ‖Φ‖2 is said to be the Klotz
metric associated to X. The immersion X is said to be weakly complete if its asso-
ciated Klotz metric ‖Φ‖2 is complete.
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Remark 2.6. By [Kl4], X∗(〈, 〉) ≤ ‖Φ‖2. In particular, if X is complete, then X is
weakly complete (the converse is not true; see the example in Remark 4.2 below).

2.1. Gauss map and curvature. Let G : M → S2 be the orientation-preserving
Gauss map of X. If (U, z) is a conformal parameter in M and Φj(z) = φj(z)dz,
then

(2.3) G|U =
�(φ2φ3, φ3φ1, φ1φ2)

‖�(φ2φ3, φ3φ1, φ1φ2)‖
=

ıΦ ∧ Φ

‖ıΦ ∧ Φ‖
.

Therefore, G is an analytical map. If we denote by ξ : S2 − {(0, 0, 1)} → R2,
ξ(x1, x2, x3) = (x1/(1 − x3), x2/(1 − x3)) the stereographic projection, then the
orientation-preserving map g := ξ ◦G is said to be the complex Gauss map of X.

The topological properties of G are described in the following.

Lemma 2.7. Assume that X(M) does not lie in a plane. Then the following
assertions hold:

(a) For any ν ∈ S2, G−1({ν,−ν}) coincides with the zero set of 〈ν,Φ〉 on M.
(b) The Gauss map G : M → S2 is open and dG is bijective except for a discrete

subset S of points in M.
(c) If P ∈ S, then there exists an open disc U ⊂ M containing P such that G|U :

U → G(U) is a k-sheeted covering ramified only at P, where k is the zero order
of 〈G(P ),Φ〉 at P.

Proof. Take ν ∈ S
2 and consider a rigid motion A in R

3 preserving the orientation of
bothM and R3, and with A(ν) = (0, 0, 1). By equation (2.3), 〈A◦Φ, (0, 0, 1)〉(P ) = 0
if and only if A ◦G(P ) ∈ {(0, 0, 1), (0, 0,−1)}, which proves (a).

Let us check (b) and (c). Take P ∈ M, and up to a rigid motion as above assume
that G(P ) = (0, 0,−1). By equation (2.3), Φ3(P ) = 0, and since X(M) does not
lie in a horizontal plane, then Φ3 is not everywhere zero. Let (U, z) be a conformal
disc in M centered at P, and write Φj(z) = φj(z)dz, j = 1, 2, 3. Then we can put
φ1(z) = (c1 + zh1(z)), φ2(z) = (c2 + zh2(z)) and φ3(z) = zkh3(z), where cj ∈ C,
j = 1, 2, hj(z) is a holomorphic function, j = 1, 2, 3, c3 := h3(0) �= 0 and k is
the natural number given in the statement of the lemma. Notice that �(c1c2) �= 0
(otherwiseX would not be an immersion at P ). Up to a positive linear isomorphism
preserving the x3-axis, we can assume that c2c3 = −ı and c1c3 = 1 (recall that g is
orientation-preserving).

Therefore g(P ) = 0, and by equation (2.3),

g(z) =
1

2/|c3|2 +O3(z)

(
�(zk) +O1(z) , �(zk) +O2(z)

)
,

where lim supz→0 |Oj(z)/z
k+1| < +∞, j = 1, 2, and lim supz→0 |O3(z)/z| < +∞.

This shows that g(U) is a neighborhood of 0. Furthermore, g is regular at P if
and only if k = 1, and otherwise g has an (isolated) topological branch point at P
of order k − 1 ≥ 1. Since P is an arbitrary point of M we are done. �

Let us compute the curvatures of X. Consider a conformal parameterization
(U, z = u + ıv) in M, call Φj |U = φj(z)dz, j = 1, 2, 3, Φ = φ(z)dz, and note
that Xu := ∂X/∂u = �(φ) and Xv := ∂X/∂v = −�(φ). Following the classical
notation, the first and second fundamental forms of X in the basis {�(φ),−�(φ)}
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are determined by the coefficients

E = 〈�(φ),�(φ)〉, F = −〈�(φ),�(φ)〉, G = 〈�(φ),�(φ)〉, and

e = −g = 〈G,�(φ′)〉, f = −〈G,�(φ′)〉,

where we have chosen the normal direction G|U = − �(φ)∧�(φ)
‖�(φ)∧�(φ)‖ = − ıφ∧φ

‖ıφ∧φ‖ .

Since the Gauss curvature K and the mean curvature H of X are given by

K = eg−f2

EG−F 2 and H = 1
2
Eg−2Ff+Ge

EG−F 2 , straightforward computations give that

(2.4) K = −4
|〈G, φ′〉|2

‖φ ∧ φ‖2
, H = −2

〈G,�(hφ′)〉
‖φ ∧ φ‖2

,

where h := H/|dz|2 =
∑3

j=1 φ
2
j . Therefore,

(2.5) ‖σ‖2 = 4H2 − 2K =
8

‖φ ∧ φ‖2

(
2
〈G,�(hφ′)〉2

‖φ ∧ φ‖2
+ |〈G, φ′〉|2

)
,

where ‖σ‖ is the norm of the second fundamental form of X.
By (2.4), (2.5) and the Cauchy-Schwarz inequality, one also has that

(2.6) 0 ≤ −2K ≤ ‖σ‖2 ≤ −2K
(
2

|H|2

‖Φ ∧ Φ‖2
+ 1

)
.

Remark 2.8. From (2.4), K = 0 if and only if 〈dG, φ〉 = 0, that is to say, dG = 0
and G is constant. In particular, the only flat harmonic surfaces in R

3 are planes.

To finish this subsection, let us show that the Weierstrass data of X can be
rewritten in terms of its Hopf differential and complex Gauss map g. Recall that,
by Lemma 2.7, g is an orientation-preserving open map with a discrete set of topo-
logical branch points.

Proposition 2.9. If we set λ := Φ3(1+|g|2)
2|g| , then the 2-form λ2 − H has a globally

defined square root η on M so that �(ηλ) ≥ 0. Furthermore,

(W.1) Φ =

(
�(g)(1− |g|2)
|g|(1 + |g|2) λ− ı

�(g)
|g| η,

�(g)(1− |g|2)
|g|(1 + |g|2) λ+ ı

�(g)
|g| η,

2|g|
1 + |g|2λ

)
,

(W.2)
∂zg

∂zg
= −g(λ− η)

g(λ+ η)
, and

(W.3)
|H|

|λ|2 + |η|2 < 1.

As a consequence,

(2.7) ‖Φ‖2 = |λ|2 + |η|2.

Conversely, given two smooth 1-forms η and λ of type (1, 0) on M with �(ηλ) ≥
0, and an orientation-preserving smooth mapping g : M → C such that

• Φ3 := 2|g|λ/(1 + |g|2) and H := λ2 − η2 are holomorphic,
• (W.2) and (W.3) hold, and
• the vectorial 1-form Φ = (Φj)j=1,2,3 given by (W.1) has no real periods,

then Φ is holomorphic and the map Y : M → R
3, Y = �(

∫
Φ), is a harmonic

immersion with Hopf differential H and complex Gauss map g.
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Proof. Since G = 1
1+|g|2 (2�(g), 2�(g), |g|2 − 1), then

(2.8) 2�(g)Φ1 + 2�(g)Φ2 + (|g|2 − 1)Φ3 = 0.

(W.1) easily follows from (2.8) and the definition of H (see Definition 2.3) for
a suitable branch η of λ2 − H. Applying ∂z to (2.8) we deduce (W.2). Since g is

orientation-preserving one has that |∂zg
∂zg

| ≤ 1; hence �(ηλ) ≥ 0 everywhere on M.

Equation (2.7) is an elementary consequence of (W.1). Finally, equations (2.7) and
(2.2) give (W.3).

For the converse, notice that (W.2) implies that ∂zΦ = 0, and so Φ is holo-
morphic. Since Φ has no real periods, the map Y is well defined and harmonic.
Equation (2.7) holds as well, and (W.3) implies that Y is an immersion. The
remaining properties follow straightforwardly. �

If X is conformal (i.e., if H = 0), then η = λ, g is meromorphic and the above is
nothing but the Weierstrass representation for minimal surfaces.

2.2. Quasiconformal harmonic immersions. The geometry of harmonic im-
mersions is strongly influenced by the analytical properties of their Gauss map.
For instance, a harmonic immersion X is conformal (and so minimal) if and only
if its Gauss map G is, and in this case g is meromorphic. Since quasiconformality
generalizes conformality, it is natural to wonder about the global properties of har-
monic immersions with quasiconformal Gauss map. Recall that the stereographic
projection is conformal; hence G is quasiconformal if and only if g is, that is to say,
if and only if |μ| < 1− ε, ε > 0, where μ := ∂zg

∂zg
is the Beltrami differential of g.

Definition 2.10. A harmonic immersion X : M → R
3 is said to be quasiconformal

(QC for short) if its orientation-preserving Gauss map G : M → S2 is quasiconfor-
mal (or equivalently, if g is quasiconformal). In this case, X is said to be a harmonic
QC parameterization of the harmonic surface X(M).

A harmonic surface in R3 may admit both QC and non-QC harmonic parame-
terizations. Indeed, the immersion Y2 in (2.1) is even conformal, whereas Y1 is not
QC (for a proof of this assertion, use Proposition 2.12 below).

Remark 2.11. By Proposition 2.9 (W.2), the Beltrami differential of g is given by

(2.9) μ = −g(λ− η)

g(λ+ η)

(
∂zg

∂zg

)
.

The condition �(ηλ) ≥ 0 simply means that |μ| ≤ 1. Therefore X is QC if and only
if supM |μ| < 1.

Since ‖Xu‖2 + ‖Xv‖2 = |λ|2 + |η|2 and ‖Xu × Xv‖ =
√
‖Φ‖2 − |H|2 = �(λη)

for any conformal parameter z = u+ ıv on M, then the distortion function of X is
given by

DX =
|λ|2 + |η|2

2�(λη)
.

Then, supM |μ| < 1 if and only if DX is bounded, or in other words, X is QC if and
only if X is a quasiconformal map in the classical sense. See [Ka] for an alternative
proof of this assertion.
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In Proposition 2.12 below we will state several equivalent formulations of quasi-
conformality for harmonic immersions. The following notation is required.

For any bounded function f : M → R, we write lim supP→∞ f(P ) for
limn∈N supM−Cn

f, where C1 ⊂ C2 ⊂ ... is any exhaustion of M by compact sets.
Set

iX := lim sup
P→∞

|μ| and iX := lim sup
P→∞

|H|
‖Φ‖2 .

Proposition 2.12. The inequalities 0 ≤ iX ≤ iX ≤ 2iX
1+i2X

≤ 1 hold.

As a consequence, X is QC if and only if either of the following conditions is
satisfied:

(i) iX < 1.
(ii) supM |H|/‖Φ‖2 < 1.
(iii) iX < 1.
(iv) supM |μ| < 1.

Proof. If we write y = λ−η
λ+η , equation (2.9) gives that |μ| = |y| and equation (2.7)

that |H|/‖Φ‖2 ≤ 2|y|/(1 + |y|2). Taking into account that |y| ≤ 1 (recall that
|μ| ≤ 1), we deduce

(2.10) |μ| ≤ |H|
‖Φ‖2 ≤ 2|μ|

1 + |μ|2 ≤ 1 on M.

The first part of the proposition follows from the fact that x �→ 2x/(1 + x2) is
increasing in [0, 1].

Obviously X is QC if and only if (iv) holds. Equation (2.2) says that (i) ⇔
(ii). By equation (2.10) and the first part of the proposition, (ii) ⇔ (iv) and (i) ⇔
(iii). �

Let M0 denote the underlying oriented differentiable structure of M and write
M = (M0, C) for a suitable holomorphic atlas C on M0. Label E as the holomorphic
structure on M0 of isothermal coordinates for the metric X∗(〈, 〉), and denote by
Me the Riemann surface (M0, E). The real numbers iX and iX measure how far
the harmonic immersion is from being conformal. In other words and roughly
speaking, how far is the conformal structure C from E in the moduli space of
Riemann surfaces with underlying topology M0 (see Lemma 2.13-(i) below). In
this sense, the statements Id : M → Me is conformal, X : M → R3 is conformal,
and H = 0 on M are equivalent.

The notion of QC harmonic immersion is related to the one of quasiminimal
surface introduced by Osserman in [Os1]. Recall that a quasiminimal surface (a
QM surface for short) is a C2 surface in R3 with the property that the principal
curvatures k1, k2 satisfy an inequality 0 < δ ≤ −k1/k2 ≤ 1/δ at every point
where they do not vanish simultaneously. By the classical formula of Rodrigues,
the differential of the Gauss map takes the unit circle into an ellipse whose semi-
minor and semi-major axes are |k1| and |k2|. Thus, quasiminimality is equivalent
to the assumption that the Gauss curvature is nowhere positive and the Gauss
spherical map is quasiconformal with respect to the conformal structure on the
surface induced by isothermal charts for the Euclidean metric.

The following lemma provides a new interpretation of quasiconformality and
connects this concept with the one of quasiminimality.
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Lemma 2.13. The following statements hold:

(i) X is QC ⇔ Id : M → Me is quasiconformal.
(ii) If X is QC, then X(M) is QM.
(iii) If X is QC, then −2K ≤ ‖σ‖2 ≤ −cK for some constant c ≥ 2. In particular,

if X is QC, then
∫
M

|K|dS < +∞ ⇔
∫
M

‖σ‖2dS < +∞, where dS is the area
element of X∗(〈, 〉).

Proof. Let (U, z = u + ıv) and (U, ξ = x + ıy) be two conformal charts in M and
Me, respectively, and write (x(u, v), y(u, v)) for the transition map. For a map
f(u, v) write fu and fv for ∂f/∂u and ∂f/∂v, respectively. Label Cu = (xu, yu)
and Cv = (xv, yv) ∈ R2.

One has that ‖Xu‖2 = δ2‖Cu‖2, ‖Xv‖2 = δ2‖Cv‖2 and 〈Xu, Xv〉 = δ2〈Cu, Cv〉,
where we have taken into account that ξ is isothermal and written δ = ‖Xx‖ =
‖Xy‖. Then

|H|2/‖Φ‖4 = 1− 4
1− 〈Cu/‖Cu‖, Cv/‖Cv‖〉2

(‖Cu‖/‖Cv‖+ ‖Cv‖/‖Cu‖)2
,

and so supM
|H|

‖Φ‖2 < 1 if and only if there exists ε > 0 such that

1− 〈Cu/‖Cu‖, Cv/‖Cv‖〉2

(‖Cu‖/‖Cv‖+ ‖Cv‖/‖Cu‖)2
> ε

for any charts as above, that is to say, if and only if Id : M → Me is quasiconformal.
Taking into account Proposition 2.12, (i) holds.

To check (ii), use (i) and notice that if Id : M → Me is quasiconformal, then
G : Me → S2 is quasiconformal as well.

To see (iii), note that (ii) yields that X(M) is QM. Thus, −2K ≤ ‖σ‖2 ≤ −cK
for some constant c ≥ 2, and we are done. �
Remark 2.14. The converse of item (ii) in Lemma 2.13 is false. For instance, the
harmonic immersion Y1 in (2.1) is QM (in fact Y1(C) is a piece of the minimal
helicoid) but not QC. Indeed, since the Weierstrass data of Y1 are given by Φ =

(ez, ıez, ı)dz, then |H|
‖Φ‖2 = 1

2|e2z |+1 , and so iY1 = 1.

Definition 2.15. The immersion X is said to be asymptotically conformal (AC
for short) if iX = iX = 0. Harmonic immersions linearly equivalent to conformal
immersions are said to be essentially conformal (EC for short). Likewise, harmonic
immersions linearly equivalent to an AC harmonic immersion are said to be essen-
tially asymptotically conformal (EAC for short).

Proposition 2.16. The following statements hold:

(a) X is conformal ⇒ X is AC ⇒ X is QC.
(b) X is QC ⇔ A ◦X is QC for all A ∈ Gl(3,R).

Proof. Item (a) is trivial.

To check (b), take into account Proposition 2.12 and notice that supM
|H|

‖Φ‖2 < 1

if and only if there exists ε > 0 such that

(2.11) ε < ‖Xu‖/‖Xv‖ < 1/ε and |〈Xu/‖Xu‖, Xv/‖Xv‖〉| < 1− ε

for any conformal chart (U, z = u + ıv) in M (here Xu = ∂X/∂u and likewise for
Xv). For each A ∈ Gl(3,R), these inequalities still hold when replacing X and ε for
A ◦X and a suitable positive constant εA depending on A and ε, respectively. �
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In general, linear transformations preserve neither conformality nor asymptotic
conformality. Only orthogonal transformations do.

3. Basic examples

In this section we present some basic and further examples of complete har-
monic immersions in R3. Recall that any minimal surface in R3 admits a conformal
harmonic parameterization. Although the family of minimal surfaces is very vast
and provides a good source of examples, we are mostly interested in the harmonic
non-conformal case.

3.1. Harmonic graphs. For any harmonic function u : C → R, the map X :
C → R

3, X(z) = (�(z),�(z), u(z)), is a harmonic immersion and X(C) is an entire
graph over the plane {x3 = 0}. The plane is the simplest case (choose u = 0).

With a little more effort we can construct complete harmonic graphs over the
unit disc. We will need the following technical lemma.

Lemma 3.1. There exists a harmonic function u : D → R such that
∫
α
|�(∂zu)| =

+∞ for any divergent curve α ⊂ D with finite Euclidean length.

Proof. Consider the labyrinth of compact sets {Kn}n∈N in D described by Jorge-
Xavier in [JX1]. Let rn > 1 be the quotient between the outer and the inner radii
of the truncated annulus Kn, n ∈ N, and notice that limn→∞ rn = 1. Let h : D → C

be a holomorphic function satisfying

(3.1)

∣∣∣∣h′(z)− 1

ln(rn)z

∣∣∣∣ < 1, ∀z ∈ Kn, ∀n ∈ N.

The existence of such a function h is implied by Lemma 2 in [JX1].
Let α ⊂ D be a divergent curve with finite Euclidean length. Without loss of

generality we can assume that α crosses all the compact sets {Kn | n even, n ≥ n0},
for some n0 ∈ N (see [JX1] for details). From (3.1), ∀n even, n ≥ n0,∫

α∩Kn

|�(h′(z)dz)| ≥
∣∣∣∣
∫
α∩Kn

(∣∣∣∣�
(

dz

ln(rn)z

)∣∣∣∣− |dz|
)∣∣∣∣ ≥ |1− length(α ∩Kn)|.

This inequality and the finiteness of the Euclidean length of α give

∫
α

|�(h′(z)dz)| ≥

⎛
⎝ ∑

n even, n≥n0

1

⎞
⎠− length(α) = +∞.

To finish, it suffices to choose u = �(h). �

Corollary 3.2. There exist harmonic functions u : D → R so that the map X :
D → R

3, X(z) = (�(z),�(z), u(z)), is a complete harmonic immersion.

Proof. Let u : D → R be a harmonic function given by Lemma 3.1, and set X : D →
R3 as in the statement. Let α ⊂ D be a divergent curve. If α has infinite Euclidean
length, then the same holds for X(α) (recall that X(D) is a graph). Lemma 3.1
implies that X(α) has infinite length when α has finite Euclidean length. �

Complete harmonic graphs over finitely connected planar domains can be con-
structed by similar arguments.
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3.2. Rotational harmonic surfaces. Let X = (Xj)j=1,2,3 : M → R3 be a non-
flat rotational harmonic annulus. Without loss of generality, assume that X(M) is
invariant under the family of vertical rotations {Bθ : R3 → R

3}θ∈R, Bθ(x, y, t) =
(cos(θ)x + sin(θ)y,− sin(θ)x + cos(θ)y, t). Write (Φj)j=1,2,3 = (∂zXj)j=1,2,3, and
let m �= 0 denote the additive period ı�(

∫
γ
Φ3) of the conjugate harmonic function

X∗
3 : M → R of X3 (here γ is the loop generating H1(M,Z)). Set z = e(X3+ıX∗

3 )
2π
m ,

and observe that up to natural identifications M = {r1 < |z| < r2}, where 0 <
r1 < r2 < +∞ and Φ3(z) = dz/z. We also write Φj = φj(z)dz, j = 1, 2. Up to a
symmetry with respect to a vertical plane, we can suppose that Bθ induces on M
the biholomorphism z �→ eıθz. Then, one has

cos(θ)φ1(z) + sin(θ)φ2(z) = eıθφ1(e
ıθz)

− sin(θ)φ1(z) + cos(θ)φ2(z) = eıθφ2(e
ıθz)

}
∀θ ∈ R, z ∈ M,

and so φ1(e
ıθz)−ıφ2(e

ıθz) = φ1(z)−ıφ2(z) and φ1(e
ıθz)+ıφ2(e

ıθz) = e−2ıθ(φ1(z)+
ıφ2(z)), ∀θ ∈ R, z ∈ M. This gives that φ1− ıφ2 and z2(φ1+ ıφ2) are constant. Up
to the change z → cz or z → c/z for a suitable c ∈ C− {0}, one has

(3.2) Φ1 =

(
1− b

z2

)
dz, Φ2 = ı

(
1 +

b

z2

)
dz, Φ3 =

1

z
dz, H =

1− 4b

z2
dz2,

for a constant b ∈ C.

Proposition 3.3. X is a complete immersion if and only if M = C − {0} and
b /∈ (−∞, 0) ⊂ R.

Proof. If X were a complete immersion, (3.2) would imply that M = C− {0}. On
the other hand, Lemma 2.4 and (3.2) give that X is an immersion if and only if

(3.3) 2|z|4 + (1− |1− 4b|)|z|2 + 2|b|2 > 0, ∀z ∈ C− {0}.
If b = 0, the inequality (3.3) holds (and so X is an immersion). When b �= 0,
inequality (3.3) holds if and only if the function

p : R → R, p(x) = 2x4 + (1− |1− 4b|)x2 + 2|b|2,
never vanishes. This happens if and only if either |1−4b| ≤ 1 or |1−|1−4b|| < 4|b|,
or equivalently b /∈ {z ∈ C | �(z) < 0, �(z) = 0}. �

Denote by Xb : C − {0} → R3 the harmonic immersion with Weierstrass repre-
sentation given by (3.2) for b as in Proposition 3.3. The classification of complete
rotational harmonic surfaces in R3 can be found in the following.

Corollary 3.4. Let X : M → R
3 be a non-flat complete harmonic immersion, and

assume that X(M) is a rotational surface.
Then, up to coverings, homotheties and rigid motions, X = Xb for some b /∈

(−∞, 0).

X0 (respectively, Xb, b �= 0) is said to be the rotational harmonic horn (respec-
tively, a rotational harmonic catenoid); see Figure 1.1.

Remark 3.5. Elementary computations show that:

• The rotational harmonic horn is not QC.
• Any rotational harmonic catenoid is AC. Furthermore,

– two rotational harmonic catenoids Xb1 and Xb2 are linearly equivalent
⇔ b1 = b2.
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– Xb is EC ⇔ b ∈ R and b > 0.
– Xb(C− {0}) is a minimal surface ⇔ b = 1/4 ⇔ Xb is conformal.

The rotational harmonic horn lies in the boundary of the moduli space of rota-
tional harmonic catenoids. The last proposition shows that in fact it is the limit
of EC rotational catenoids. The family {Xb | b /∈ R} consists of “purely” harmonic
QC immersions, in the sense that they are linearly equivalent to neither conformal
nor minimal immersions.

The rotational harmonic horn lies in a larger family of complete embedded har-
monic annuli. By definition, a harmonic horn is any of the harmonic immersions
in the following family:

X : C− {0} → R
3, X(z) :=

(
r1 log(|z|) + �(z), r2 log(|z|) + �(z), log(|z|)

)
,

where r1, r2 ∈ R. When (r1, r2) �= (0, 0), the corresponding harmonic horn has
non-vertical flux (see Figure 3.1).

Figure 3.1. Two harmonic horns with non-vertical flux.

4. Harmonic immersions of finite total curvature

In this section we will study the global geometry of harmonic immersions of finite
total curvature. Our main results are Theorem 4.4 and Corollary 4.5, where these
objects are characterized from different points of view. Most of the subsequent
corollaries are extensions of some well-known results for minimal surfaces in R

3.

Definition 4.1. A harmonic immersion X : M → R3 is said to be algebraic if M
has finite conformal type and Φ extends meromorphically to M with poles at all
the ends of M.

On the other hand, X is said to be of finite total curvature (FTC for short) if∫
M

‖σ‖2dS < +∞, where σ is the second fundamental form of X and dS is the
area element of X∗(〈, 〉).

Obviously,
∫
M

|K|dS < +∞ is a much weaker condition than FTC.

Remark 4.2. There exist non-complete algebraic harmonic immersions. For in-
stance, take X : C−{0} → R3, X(z) = � (z, ız, 1/z) , and notice that the divergent
curve c : [−1, 0[→ C− {0}, c(t) = ıt, has finite length in (C− {0}, X∗(〈, 〉)).

Definition 4.3. Let X : M → R
3 be an algebraic harmonic immersion, and write

M and Φ = (Φj)j=1,2,3 for the compactification of M and the Weierstrass data

of X, respectively. For each P ∈ M − M, we set IP := max{OrdP (Φj) | j =
1, 2, 3} − 1 ≥ 0, where OrdP (·) means the pole order at P. The natural number IP
is said to be the weight of the end P.
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If X is a complete harmonic immersion with FTC of an open Riemann surface
M into R3, then Huber’s theorem [Hu] says that M has finite topology, and the
conformal structure on M induced by the (positively oriented) isothermal charts for
X (which in general is different from the original one of M) is parabolic. Therefore,
this classical theorem gives no information about the conformal type of M itself.
This question and more are answered in the following theorem and its corollaries.

Theorem 4.4. Let A be a conformal annular end, let X = (Xj)j=1,2,3 : A → R
3 be

a harmonic immersion, and let Φ = (Φj)j=1,2,3 denote its Weierstrass data. Then
the following statements are equivalent:

(i) X is complete and of FTC.
(ii) X is complete and algebraic, and the Gauss map G : A → S

2 of X extends
continuously to the compactification A ≡ D of A.

(iii) X is algebraic, and if Q0 ∈ A is the unique end of A, then IQ0
≥ 1 and there

exists R ∈ O(3,R) such that

OrdQ0
((R ◦ Φ)3) < OrdQ0

((R ◦ Φ)2) = OrdQ0
((R ◦ Φ)1) = IQ0

+ 1

and
(R ◦ Φ)2
(R ◦ Φ)1

(Q0) /∈ R.

(iv) X is complete, algebraic and QC.
(v) X is complete, QC and

∫
A
|K|dS < +∞.

Furthermore, if the above statements hold, then X is proper, ‖σ‖2 is bounded, X
is EAC and, up to removing a compact subset, X(A) is an IQ0

−sheeted sublinear
multigraph over Π−D, where Π is the limit tangent plane of X at Q0 and D ⊂ Π
is an open disc.

Proof. Let us show (i) ⇒ (ii). Let A0 denote the underlying differentiable structure
of A and write A = (A0, C) for a suitable holomorphic atlas C on A0. Likewise, call
E the conformal structure on A0 of isothermal coordinates for the metric X∗(〈, 〉),
and label Ae as the Riemann surface (A0, E).

Taking into account (2.6) and combining results by Huber [Hu] and White [Wh],
we infer that X is proper, Ae is biholomorphic to D − {0} and the Gauss map

G : Ae → S2 of X extends continuously to all of A
e ≡ D.

Label P0 ∈ A
e
as the unique end of Ae, and up to a rigid motion assume that

G(P0) = (0, 0, 1).Without loss of generality, suppose that G(Ae) ⊂ S2∩{x3 ≥ 1/2}.
Take R > 0 large enough so that X(∂(Ae)) ⊂ CR := {(x1, x2, x3) | x2

1 + x2
2 < R}.

By Jorge-Meeks [JM, Theorem 1], Ae ∩X−1(CR) is connected and compact, A′ :=
Ae −X−1(CR) is connected and
(4.1)
(X1, X2)|A′ : A′ → {(x1, x2) | x2

1 + x2
2 ≥ R} is a finite covering of sublinear growth.

In the sequel we relabel Ae = A′. As a consequence, X−1({xj = t}) consists of
a finite number of regular curves ∀t ∈ R, j = 1, 2. If A were hyperbolic, then
(X1, X2)

−1([0,+∞)2) would contain a hyperbolic connected component U (see
[MP]), contradicting that X1+X2 : U → R is a positive proper harmonic function.

Therefore, A is parabolic as well, and using the results of Meeks and Pérez [MP]
again, Φj extends meromorphically to the compactification A ≡ D of A, j = 1, 2. To

finish, let us see that Φ3 extends meromorphically to A. Indeed, otherwise Φ3 would
have an essential singularity at the unique end Q0 of A; hence Φ3/Φj would have
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an essential singularity at Q0 as well, j = 1, 2. By the great Picard theorem, there
would exist a sequence {Pn}n∈N → Q0 such that limn→∞ G(Pn) was horizontal (see
equation (2.3)), contradicting that G(Q0) = (0, 0, 1).

This shows that X is algebraic and (ii) holds.
Let us check that (ii) ⇒ (iii). Let R be a linear isometry in R3 preserving the

orientation of both A and R3, and such that (R◦G)(Q0) = (0, 0, 1).Write Y = R◦X,
Ψ = (Ψj)j=1,2,3 = R ◦Φ and G = R ◦G, and notice that Y is a complete harmonic
immersion satisfying (ii) with G(Q0) = (0, 0, 1).

Assume for a moment that OrdQ0
(Ψ3) ≥ OrdQ0

(Ψj) for some j ∈ {1, 2} (without
loss of generality, for j = 1). Then it is not hard to check that

lim sup
Q→Q0

|�(Ψ2Ψ3)|
|�(Ψ1Ψ2)|

> 0;

hence equation (2.3) gives that G(Q0) �= (0, 0, 1), a contradiction.
Let us now check that OrdQ0

(Ψ1) = OrdQ0
(Ψ2) and (Ψ2/Ψ1)(Q0) /∈ R. Other-

wise and up to a linear transformation in R3 fixing pointwise the x3-axis, we can
suppose that OrdQ0

(Ψ1) > OrdQ0
(Ψ2) > OrdQ0

(Ψ3). Then, we can find a sequence

{Pn}n∈N in A converging to Q0 such that �(Ψ1Ψ2)(Pn) = 0 for all n ∈ N. This
shows that G(Q0) �= (0, 0, 1) by equation (2.3), which is absurd.

To finish, let us show that IQ0
> 0. Indeed, if OrdQ0

(Ψ1) = OrdQ0
(Ψ2) = 1

and since (Ψ2/Ψ1)(Q0) /∈ R, then either Ψ1 or Ψ2 has non-purely real residue at
Q0. Thus, Y would not be well defined and (iii) holds. Notice that (iii) and (4.1)
imply that, up to removing a compact subset, X(A) is an IQ0

-sheeted sublinear
multigraph over the complement of a bounded set of {x3 = 0}.

Let us see that (iii) ⇒ (iv). The algebraic conditions in (iii) clearly imply that
X is complete. Then it suffices to prove that X is QC. Fix a conformal parameter
z : A → D−{0} and identify A = D−{0}. By item (iii), there exists a linear trans-
formation L preserving the x3-axis so that the Weierstrass data Ψ = (Ψj)j=1,2,3 of
Y := L ◦X are given by

Ψ1(z) =
1 +O1(z)

zn+m
dz, Ψ2(z) =

ı+O2(z)

zn+m
dz and Ψ3(z) =

c+O3(z)

zn
dz,

where n, m ∈ N, c ∈ C− {0} and lim supz→0 |Oj(z)/z| < +∞ ∀j = 1, 2, 3.

Then lim supz→0
|HY |
‖Ψ‖2 (z) = 0, where HY is the Hopf differential of Y. Thus Y is

AC; hence X is EAC and so QC (see Proposition 2.16) and we are done.
Let us now check that (iv) ⇒ (ii). Label H and g as the Hopf differential and

the complex Gauss map of X, respectively. Up to a suitable linear transformation
(which preserves both algebraicity and quasiconformality; see Proposition 2.16), we
can assume that limQ→Q0

H/Φ2
3(Q) = ∞. As X is QC, then there exist a quasicon-

formal homeomorphism q : A → A fixingQ0 and a meromorphic function f : A → C

such that g = f ◦ q. Reason by contradiction and assume that g does not extend
continuously to the unique end Q0 of A. Then f has an essential singularity at Q0,
and by the big Picard Theorem, there exists a sequence {Pn}n∈N → Q0 such that
{|f(Pn)|+1/|f(Pn)|}n∈N (and so, {|g(q−1(Pn))|+1/|g(q−1(Pn))|}n∈N) is bounded.
This implies that {(H/λ2)(q−1(Pn))}n∈N → ∞, where 2λ = Φ3(|g| + 1/|g|); hence
the immersion X is not QC by (2.9), a contradiction.

Let us check that (iv) ⇒ (v). We only have to prove that
∫
A
|K|dS < +∞. As

above, take a conformal parameter z : A → D − {0} and identify A = D − {0}.
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Write Φ(z) = φ(z)dz. By equation (2.4) and Remark 2.6, one has that∫
A

|K|dS =

∫
A

4
|〈G, φ′〉|2

‖φ ∧ φ‖2
dS ≤

∫
A

4
|〈G, φ′〉|2

‖φ ∧ φ‖2
‖φ‖2|dz|2.

Since |H|2 = ‖Φ‖4−‖Φ∧Φ‖2 and supA
|H|

‖Φ‖2 < 1 (see Proposition 2.12), the metrics

‖Φ ∧ Φ‖ and ‖Φ‖2 are equivalent. Thus,∫
A

|K|dS < a

∫
A

|〈G, φ′〉|2
‖φ‖2 |dz|2

for a suitable constant a > 0. Then, it suffices to prove that
∫
A

|〈G,φ′〉|2
‖φ‖2 |dz|2 < +∞.

Taking into account that (iv) ⇒ (ii) ⇒ (iii), and up to a suitable linear trans-
formation (which preserves the finiteness of the total curvature), we can suppose
that
(4.2)

Φ1(z) =
1 +O1(z)

zn+m
dz, Φ2(z) =

ı+O2(z)

zn+m
dz and Φ3(z) =

c+O3(z)

zn
dz,

where n, m ∈ N, c ∈ C − {0} and lim supz→0 |Oj(z)/z| < +∞ ∀j = 1, 2, 3. From

(4.2) and equation (2.3), one has that 1/‖φ(z)‖2 ≤ c1|z|2(n+m) and |〈G(z), φ′(z)〉|2
≤ c2/|z|2(n+1) for positive constants c1 and c2, proving that K is bounded and that
(v) holds. By Lemma 2.13 (iii), ‖σ‖2 is bounded as well.

Finally, (v) ⇒ (i) follows from Lemma 2.13 (iii), and the proof of Theorem 4.4
is done. �

Corollary 4.5. Let X = (Xj)j=1,2,3 : M → R3 be a harmonic immersion, where
M is an open Riemann surface, and let Φ = (Φj)j=1,2,3 denote its Weierstrass
data. Then the following statements are equivalent:

(i) X is complete and of FTC.
(ii) X is complete and algebraic, and the Gauss map G : M → S

2 of X extends
continuously to the compactification M of M.

(iii) X is algebraic, and for each end P ∈ M −M, IP ≥ 1 and there exists RP ∈
O(3,R) such that

OrdP ((RP ◦ Φ)3) < OrdP ((RP ◦ Φ)2) = OrdP ((RP ◦ Φ)1) = IP + 1

and
(RP ◦ Φ)2
(RP ◦ Φ)1

(P ) /∈ R.

(iv) X is complete, algebraic and QC.
(v) X is complete, QC and

∫
M

|K|dS < +∞.

Furthermore, if the above statements hold, then X is proper, ‖σ‖2 is bounded and
X(M) viewed from infinity looks like a finite collection of flat planes (with multi-
plicity) that pass through the origin.

Proof. In either case M has finite topology (take into account Huber’s theorem
[Hu] in cases (i) and (v)). The remaining cases follow from Theorem 4.4 applied to
each annular end of M. �

In the sequel, if X : M → R
3 is a complete harmonic immersion of FTC, we will

still denote by G and g the continuous extensions of the Gauss map and complex
Gauss map of X to M.
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The following corollary compiles some Osserman [Os1] and Jorge-Meeks [JM]
results for complete harmonic immersions of FTC.

Corollary 4.6. Let X be a complete non-flat harmonic immersion with FTC of
an open Riemann surface M into R3, and write M = M −{Q1, . . . , Qk}. Then the
following assertions hold:

(a) The Gauss map G : M → S2 of X is a finitely branched analytical covering.
(b) Qj is a branch point of G of order IQj

− OrdQj
(〈Φ, G(Qj)〉), where Φ =

(Φj)j=1,2,3 are the Weierstrass data of X, j = 1, . . . , k.

(c) If we write ν and Deg(G) for the genus of M and the degree of G, respectively,
then ∫

M

KdS = −4πDeg(G) = −2π
(
2ν − 2 +

k∑
j=1

(IQj
+ 1)

)
.

Proof. X is QM by Lemma 2.13 (ii); hence the topological part of item (a) fol-
lows from [Os1]. (An alternative proof of this fact is also implicit in the following
arguments.)

Let us see both that G is analytic and item (b) (for the first part, it only remains
to check that G is analytic at the ends; see Lemma 2.7). By Lemma 2.7, we only
have to study the local behavior of g around the ends of M. Take Q ∈ {Q1, . . . , Qk}
and fix an annular end A ∼= D− {0} corresponding to the end Q. Up to a suitable
linear transformation, we can suppose that

Φ1(z) =
1 + zh1(z)

zn+m
dz, Φ2(z) =

ı+ zh2(z)

zn+m
dz and Φ3(z) =

c+ zh3(z)

zn
dz,

where n, m ∈ N, c ∈ C− {0} and hj : D → C is holomorphic ∀j = 1, 2, 3.
Therefore g(Q) = 0 and, by equation (2.3), g(z) = czm(1+O(z)), where both the

real and imaginary parts of O(z) are real analytic functions and lim supz→0 |O(z)/z|
< +∞. In particular, G is analytic at Q and g(A) is a neighborhood of 0. Moreover,
g is regular at Q if and only if m = 1, and when m > 1 the map g has an (isolated)
topological branch point at Q of order m − 1 ≥ 1. Since Q is an arbitrary end of
M, item (b) holds.

To finish, let us check (c). By Osserman’s results [Os1],
∫
M

KdS = −4πDeg(G).
Up to a new rigid motion, assume that g(Qj) �= 0,∞ for all j = 1, . . . , k, and
dg(P ) �= 0 for all P ∈ g−1({0,∞}). By Lemma 2.7(b), Φ3 has exactly 2Deg(G) zeros

and
∑k

j=1(IQj
+ 1) poles on M. By the Riemann relation, 2Deg(G)−

∑k
j=1(IQj

+

1) = 2ν − 2 and we are done. �

Osserman [Os2] proved that the normals to a complete non-flat minimal surface
of FTC in R3 assume every spherical value with at most three exceptions (two in
the genus zero case). Furthermore, he also proved that the normals to a complete
QM surface of FTC can omit at most four values unless the surface is a plane (see
[Os1]). As a consequence of Corollaries 4.5 and 4.6, these results hold for complete
harmonic immersions of FTC in R3 as well. The proof of the following corollary is
essentially that given by Osserman (see [Os1, Os2, Os3]).

Corollary 4.7. Let M be an open Riemann surface and let X : M → R3 be a
complete harmonic immersion of FTC. If the Gauss map of X omits more than
three spherical values, then X(M) is a plane. The same conclusion holds when M
is a planar domain and the Gauss map of X omits more than two values.
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It still remains an open question to determine the precise number of values that
the normals to a complete non-flat minimal surface of FTC in R3 can omit. Since the
Gauss map of the minimal catenoid omits two directions, then the precise bound
must be “two” or “three”. This problem naturally extends to complete non-flat
harmonic immersions with FTC and still remains open even in this more general
setting.

4.1. Finite planes. In this subsection we will prove some Picard type theorems for
harmonic immersions (related results for minimal surfaces can be found in [Lo]). To
be more precise, we study how the existence of finite planes for a harmonic immer-
sion influences its global geometry. Our techniques are inspired by the arguments
of Xavier in [Xa2] and results of Meeks-Pérez in [MP].

Let X : M → R
3 be a harmonic immersion. A plane Π ⊂ R

3 is said to be
finite for X if X−1(Π) has only a finite number of connected components, and the
surfaces Π and X(M) meet transversally at all but at most finitely many points of
X(M) ∩ Π.

Theorem 4.8. Let A = {r < |z| ≤ 1}, r ∈ [0, 1[, be an annular end, and let
X = (Xj)j=1,2,3 : A → R

3 be a complete harmonic immersion. The following
statements hold:

(a) X is of FTC if and only if X is QC, supA ‖σ‖2 < +∞ and X has two non-
parallel finite planes.

(b) X is of FTC if and only if X is QC, proper and has two non-parallel finite
planes.

(c) If supA ‖σ‖2 < +∞ and X has three finite planes in general position, then X
is algebraic.

(d) If X is proper and has three finite planes in general position, then X is algebraic.

Proof. Let us show (a) and (b).
Assume that X is QC and has two non-parallel finite planes Π1 and Π2. Up to

a rigid motion suppose that Π1 ∩Π2 is a vertical straight line.

Claim 4.9. If either supA ‖σ‖2 < +∞ or X is proper, then r = 0.

Proof. Reason by contradiction and assume that r > 0. Put Πj = {ajx1+bjx2 = cj}
and Yj = ajX1 + bjX2, j = 1, 2. Label Ω = A − {�(z) = 0, �(z) > 0} and write
Fj : Ω → C for the holomorphic function Yj + ıY ∗

j , where Y ∗
j is the harmonic

conjugate of Yj , j = 1, 2. Xavier’s results [Xa2] imply that Fj has non-tangential
limits almost everywhere. This means that for almost every ξ ∈ ∂(Ω) and any
triangle Tξ ⊂ Ω with vertex ξ, the limit limz→ξ, z∈Tξ

Fj(z) exists in C. Moreover,
by the Privalov uniqueness theorem the non-tangential limits of Fj are finite for
almost every ξ ∈ ∂(Ω), j = 1, 2. Combined results by Marcinkiewicz, Zygmund and
Spencer, see [Ko, Xa1], imply that

∫
Tξ

|∂zYj |2|dz|2 < +∞, j = 1, 2, and so

(4.3)

∫
Tξ

|∂zXj |2|dz|2 < +∞

for almost every ξ and any Tξ as above, j = 1, 2.

Label C = supA
|H|

‖Φ‖2 , and notice that C < 1 by quasiconformality; see Proposi-

tion 2.12. Then

(4.4) |∂zX3|2 ≤ C + 1

1− C

(
|∂zX1|2 + |∂zX2|2

)
;
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hence from equation (4.3),
∫
Tξ

|∂zX3|2|dz|2 < +∞ for almost every ξ and Tξ as

above. Again by the results of Marcinkiewicz, Zygmund, Spencer and Privalov one
has that F3 : Ω → C has finite non-tangential limits for almost every ξ ∈ ∂(Ω),
where F3 = X3 + ıX∗

3 .
Therefore, there is ξ ∈ ∂(Ω) ∩ {|z| = r} and Tξ such that the limit

lim
z→ξ, z∈Tξ

(Fj(z))j=1,2,3

exists. This is absurd when X is proper. In case supA0
‖σ‖2 < +∞, a contradiction

can then be reached by considering the point p = limz→ξ, z∈Tξ
X(z) in R3 and using

the geometric lemma from [JX2, Xa1]. This proves the claim. �

Assume in addition that either supA ‖σ‖2 < +∞ or X is proper. Then, the
claim gives that A = D − {0}. By the results of Meeks-Pérez [MP], the function
∂zYj has a meromorphic extension to D, j = 1, 2; hence the same holds for ∂zXj ,

j = 1, 2. By equation (4.4), ∂zX3 has a meromorphic extension to D as well, and
Theorem 4.4 shows that X has FTC.

Obviously, all the planes in R
3 are finite for any algebraic harmonic immersion,

and so, for any complete harmonic immersion with FTC. The converses in (a) and
(b) follow from Theorem 4.4.

The proofs of items (c) and (d) are similar. �

The rotational harmonic horn and the example in Remark 4.2 are counterex-
amples for the converses in (c) and (d), respectively. Moreover, the hypothesis of
being QC plays a role in (a) and (b). Indeed, the map

Y : C− {0} → R
3, Y (z) =

(
�(−1 + z4

2z2
),�(1/z + z), log |z|

)
is a non-QC proper algebraic harmonic immersion with bounded ‖σ‖2 (and of
course, with infinite total curvature by Corollary 4.5). See Figure 4.1.

Figure 4.1. The surface Y (C− {0}).

5. Harmonic embeddings of finite total curvature

In this section we study the global geometry of complete harmonic embeddings
with FTC. We will describe some examples of harmonic embeddings with genuine
geometrical properties in contrast to the case of minimal surfaces in R3.
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We start with the following Schoen type expansion for embedded harmonic ends
of FTC (for the conformal case, see [Sc, Proposition 1]).

Lemma 5.1. Let A be a conformal annulus biholomorphic to D − {0}, and let
X = (Xj)j=1,2,3 : A → R

3 be a complete harmonic immersion of FTC.
Then, X is an embedding outside a compact set if and only if IQ = 1 (see

Definition 4.3), where Q ∈ A is the topological end of A. In this case, up to removing
a compact subset of A and up to a linear transformation, one has

X(A) = {(x, u(x)) ∈ R
2 × R | ‖x‖ ≥ C},

where u : {x ∈ R2 | ‖x‖ ≥ C} → R is an analytic function satisfying
(5.1)

either lim
x→∞

u(x) = +∞ and eu(x) = ‖x− (a1, a2)u(x)‖+O(1), or ‖x‖u(x) = O(1).

The expression O(1) is used to indicate a term which is bounded on {‖x‖ ≥ C}.

Proof. By Theorem 4.4, X is an embedding outside a compact subset of A if and
only if IQ = 1.

Let Φ = (Φj)j=1,2,3 denote the Weierstrass data of X. By Theorem 4.4 and up
to a rigid motion, there exists a conformal parameter z on A so that z(Q) = 0 and

Φ1 =
( 1

z2
− a1

z
+ h1(z)

)
dz, Φ2 =

( ı

z2
− a2

z
+ h2(z)

)
dz, Φ3 =

(
− δ

z
+ h3(z)

)
dz,

where a1, a2 ∈ R, δ ∈ {0, 1} and hj is bounded, j = 1, 2, 3. So X3 = −δ log |z| +
O(|z|),

X1 − a1X3 = −�(z)
|z|2 + (δ − 1)a1 log |z|+O(|z|),

X2 − a2X3 =
�(z)
|z|2 + (δ − 1)a2 log |z|+O(|z|),

where O(|z|) is used to indicate a term which is bounded by a constant times |z|.
The asymptotic expansions (5.1) easily follow from these expressions. �

An embedded annular end X = (Xj)j=1,2,3 : A → R3 of FTC is said to be
normalized if X(A) = {(x, u(x)) | ‖x‖ ≥ C} and (5.1) holds. In this case the limit
tangent plane at the end is horizontal.

Let Y : A → R3 be an embedded annular end of FTC, write A = A − {Q},
and take a linear transformation R ∈ Gl(3,R) so that X = (Xj)j=1,2,3 := R ◦ Y is
normalized.

Y is said to be a harmonic planar end if ‖(X1, X2)‖X3 = O(1). In the proof
of Corollary 4.6 it is shown that Y is planar if and only if Q is a branch point of
the Gauss map G of Y. When Y is planar and the branching number of G at Q
is one, then X is said to be a harmonic planar end of Riemann type. In this case
Φ3 = ∂zX3(Q) �= 0,∞; hence it is easy to see that, up to removing a compact
subset of A,

the limit tangent plane of Y at Q divides Y (A)(5.2)

into exactly two connected components.

Y is said to be a harmonic catenoidal end if eX3 = ‖(X1, X2)−(a1, a2)X3‖+O(1).
In this case, the straight line R−1 ({(a1, a2, 1)t | t ∈ R}) is said to be the axis of
Y (A). Note that the axis and the normal vector at infinity of a harmonic catenoidal
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end are not necessarily parallel. This only happens when the associated normalized
end is asymptotic to a rotational harmonic half catenoid (a1 = a2 = 0 in Lemma
5.1), or equivalently, if X has vertical flux.

The following corollary follows from Corollary 4.5, Lemma 5.1 and well-known
arguments by Jorge-Meeks [JM].

Corollary 5.2. Let X = (Xj)j=1,2,3 be a complete harmonic immersion with FTC
of an open Riemann surface M into R

3. Then the following statements hold:

(a) If M has an only end and X is an embedding outside a compact subset, then
X(M) is a plane.

(b) If X is an embedding and M has more than one end, then all its ends are
either catenoidal or planar, and up to a rigid motion, the limit tangent planes
of the ends are parallel to {x3 = 0}. Furthermore, ordering the ends by their
heights over {x3 = 0}, two consecutive ends have opposite normal, and the top
and bottom ends are of catenoidal type and with logarithmic growth of opposite
sign.

Proof. In case (a), equation (5.1) shows that, up to a rigid motion, X3 is positive,
hence constant by the maximum principle (recall that M is parabolic; see Corollary
4.5).

To check (b), use Lemma 5.1 to infer that all the ends ofX are parallel. Note that
the properly embedded surfaceX(M) splits R3 into two connected components, and
the Gauss map ofX points to one of them. SinceM carries no non-constant positive
harmonic functions, the top and bottom ends of X must be of catenoidal type and
with logarithmic growth of opposite sign. �

5.1. The harmonic catenoids. In this subsection we classify all complete har-
monic embeddings with FTC of an open annulus in R

3.
Consider the Weierstrass data

M = C− {0}, Φ1 =

(
1

z2
+

r1
z

+
α+ β

2

)
dz,(5.3)

Φ2 =

(
ı

z2
+

r2
z

+
α− β

2ı

)
dz, Φ3 =

dz

z
,

where α, β ∈ C, |α| �= |β| and r1, r2 ∈ R. Set Xα,β : C− {0} → R3, where

X = �
∫ ((

1

z2
+

r1
z

+
α+ β

2

)
dz,

(
ı

z2
+

r2
z

+
α− β

2ı

)
dz,

dz

z

)
.

Let Ω = C2 −
(
{(u, v) ∈ C2 | |u| ≤ |v|} ∪ {(u, v) ∈ C2 | �(u) ≥ 0 and |�(u)| ≤

|v|}
)
.

Lemma 5.3. The harmonic map Xα,β is well defined, and it is an immersion if
and only if (α, β) ∈ Ω.

Proof. Since r1, r2 ∈ R, Φ has no real periods and X is well defined.

By Lemma 2.4, X is an immersion if and only if
|
∑3

j=1 Φ2
j |∑3

j=1 |Φj |2
< 1 on C−{0}. Since

dz/z is holomorphic and never vanishes on C−{0}, this inequality is equivalent to
the fact that

(Φ1/Φ3,Φ2/Φ3) /∈ R
2 everywhere on C− {0}.
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Assume for a moment that (Φ1/Φ3,Φ2/Φ3)(w) ∈ R2 for some w ∈ C − {0}.
Therefore,

α+ β

2
w − α+ β

2
w +

1

w
− 1

w
= 0 and

α− β

2ı
w +

α− β

2ı
w +

ı

w
+

ı

w
= 0;

hence

(5.4) w (αw − βw) = 2.

If we set f : (0,∞) × [0, 2π] → C, f(t, θ) = t2
(
α− βe−2iθ

)
, equation (5.4) says

that X is an immersion if and only if 2 /∈ f((0,∞)× [0, 2π]), that is to say, if and
only if 2/t2 /∈ Cα(|β|) for all t > 0, where Cα(|β|) ⊂ C is the circle of center α and
radius |β|.

On the other hand, 2/t2 ∈ Cα(|β|) for some t > 0 if and only if either |α| < |β|
or �(α) > 0 and |�(α)| ≤ |β|. Taking into account that |α| �= |β| we are done. �

Definition 5.4. For any (α, β) ∈ Ω, the harmonic immersion Xα,β : C−{0} → R3

is said to be a harmonic catenoid.

Theorem 5.5. For any (α, β) ∈ Ω, Xα,β is a complete harmonic embedding of
total curvature −4π.

Furthermore, if X is a complete harmonic embedding with FTC of an open con-
formal annulus M into R3, then up to biholomorphisms and linear transformations,
X = Xα,β for some (α, β) ∈ Ω.

Proof. Let us check that Xα,β is a complete embedding of FTC for all (α, β) ∈ Ω.
By Lemma 5.3 and Corollaries 4.5 and 4.6, Xα,β is a complete harmonic immersion
of total curvature −4π.

Integrating (5.3) and using polar coordinates z = meıt, one has

Xα,β(m, t) =

(
(−2 + �(α+ β)m2) cos(t) + �(β − α)m2 sin(t) + 2r1m log(m)

2m
,

(−2 + �(α− β)m2) sin(t) + �(α+ β)m2 cos(t) + 2r2m log(m)

2m
, log(m)

)
.

For the sake of simplicity, write Xα,β = (Xj)j=1,2,3. Assume that Xα,β(m1, t1) =
Xα,β(m2, t2). Note that m2 = m1 and consider the identity (X1, X2)(m1, t1) =
(X1, X2)(m1, t2) as a system of linear equations with variables cos(t1) and sin(t1).

The determinant of the matrix of this system is −�(α) + 1
m2 + m2

4 (|α|2 − |β|2),
which is positive for (α, β) ∈ Ω. Therefore, the only solution is (cos(t1), sin(t1)) =
(cos(t2), sin(t2)), and so eıt1 = eıt2 . This proves that Xα,β is injective, hence an
embedding (recall that Xα,β is proper).

For the second part of the theorem, consider a conformal annulus M and a com-
plete harmonic embedding X = (Xj)j=1,2,3 : M → R3 of FTC. Write (Φj)j=1,2,3 =
∂zX for the Weierstrass data of X. Corollary 5.2 implies that X has two catenoidal
ends with opposite logarithmic growths. Furthermore, up to biholomorphisms and
linear isometries, Theorem 4.4 (see also Lemma 5.1) gives that

M = C− {0}, Φ1 =

(
1

z2
+

r1
z

+ a1

)
dz, Φ2 =

( ı

z2
+

r2
z

+ a2

)
dz, Φ3 =

1

z
,

where a1, a2 ∈ C − {0}, �(a1a2) �= 0 and r1, r2 ∈ R. For the condition on r1
and r2, take into account that X has no real periods. Write α = a1 + ıa2 and
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β = a1 + ıa2, and notice that �(a1a2) �= 0 if and only if |α| �= |β|. By Lemma 5.3,
X ∈ {Xα,β | (α, β) ∈ Ω} and we are done. �

Remark 5.6. Xα,β has vertical flux if and only if r1 = 0 = r2. A straightforward
computation gives thatXα,β is linearly equivalent to a rotational harmonic catenoid
if and only if Xα,β has vertical flux and β = 0. Furthermore, in this case Xα,β is in
fact rotational.

In Figure 1.2 can be found the pictures of Xα,β(C − {0}) for (r1, r2, α, β) =
(2, 0,−3 + 3ı,−1 − ı) on the left, and for (r1, r2, α, β) = (0, 0,−3 + 3ı,−1 − ı) on
the right.

5.2. Genus zero harmonic embeddings with vertical flux. It is well known
that there are no properly embedded minimal surfaces in R

3 of genus zero, finite
topology and more than two ends [LR, Co]. Furthermore, the minimal catenoid is
the only complete non-flat embedded minimal surface of FTC with vertical flux [LR,
PR]. Contrary to the minimal case, in this subsection we construct harmonically
embedded triply-connected planar domains in R

3 with FTC and vertical flux.
Set M = C − {−1, 1}, and for each b and c ∈ R consider the harmonic map

X : M → R3, given by

X(z) =

(
�
(
z(b− 2 +

8

z2 − 1
)
)
,�

(
z(c− 2 +

8

z2 − 1
)
)
, 6 log

∣∣z − 1

z + 1

∣∣) .

If we write (Φj)j=1,2,3 = ∂zX, a straightforward computation gives that:

Φ1 = −ı
6 + b+ (12− 2b)z2 + (b− 2)z4

(z2 − 1)2
dz,

Φ2 =
6 + c+ (12− 2c)z2 + (c− 2)z4

(z2 − 1)2
dz, Φ3 =

12dz

z2 − 1
.

Lemma 5.7. If b > 3 and c < 2, then X is a harmonic immersion.

Proof. Notice that Φ3 never vanishes on M. As in the preceding theorem, it suffices
to prove that (f1, f2) /∈ R2 everywhere on M, where f1 = Φ1

Φ3
and f2 = Φ2

Φ3
. For the

sake of simplicity, write t = z2 and hj(t) = fj(
√
t), j = 1, 2. Observe that

h1(t) = −ı
6 + b+ (12− 2b)t+ (b− 2)t2

12(t− 1)
, h2(t) =

6 + c+ (12− 2c)t+ (c− 2)t2

12(t− 1)
.

Let us see that (h1, h2)(t) /∈ R2 when t ∈ R. Indeed, in this case, h1(t) ∈ ıR;
hence h1(t) ∈ R if and only if h1(t) = 0. This is not possible since b > 3.

Reason by contradiction and assume there exists t ∈ M−R such that (h1, h2)(t) ∈
R

2. As h2(t) ∈ R, then an elementary computation gives that t = 18−c−2t+ct
(−2+c)(−1+t) . This

equality and the fact that h1(t) ∈ R imply that

−24 + 14b− 6c+ bc+ c2 − 2(−2 + c)(−12 + b+ c)t+ (−2 + c)(−4 + b+ c)t2 = 0.

As t is not real, the discriminant (2 − c)(24 + b2 + 2b(−4 + c) + (−12 + c)c) must
be negative, which contradicts that c < 2 and b > 3. �

Theorem 5.8. For any b > 3 and c < 2, X is a complete harmonic embedding
with FTC and vertical flux.
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Proof. By Lemma 5.7 and Corollaries 4.5 and 4.6, X is complete, of FTC and the
degree of its Gauss map G : C → S2 is Deg(G) = 2. On the other hand, clearly
Xj is the real part of a holomorphic function Xj : M → C, j = 1, 2; hence X has
vertical flux.

Let us check that X is an embedding. Observe that X(−z) = −X(z), X(z) =
(−X1, X2, X3)(z), X(ıR) ⊂ {x2 = x3 = 0} and X(R − {−1, 1}) ⊂ {x1 = 0}.
Therefore, G(R ∪ ıR ∪ {∞}) ⊂ S

2 ∩ {x1 = 0}. Since G has degree two, then
G−1(S2 ∩ {x1 = 0}) = R∪ ıR∪ {∞}, and 0 and ∞ are the only ramification points
of G. Consequently G(Mi,j) ⊂ S2 ∩ {(−1)i+jx1 > 0}, where Mi,j is the quadrant
{z ∈ M | (−1)i�(z) > 0, (−1)j�(z) > 0}, i, j ∈ {0, 1}.

Taking into account the geometry of harmonic catenoidal ends and Riemann type
harmonic planar ends (see Lemma 5.1 and (5.2)), we infer that X(M0,j) − {x2 =
x3 = 0} is a graph over the planar domain Ω0 in {x1 = 0} bounded by the Jordan
arcs X([0, 1)), X((1,+∞)) and the half-line {x3 = x1 = 0, x2 ≤ 0} (see Figure
5.1) and X|M0,j

is injective, j = 1, 2. Likewise, X(M1,j) − {x2 = x3 = 0} is a

graph over the planar domain Ω1 := −Ω0 in {x1 = 0}, and X|M1,j
is injective,

j = 1, 2. Notice that Ω1 is bounded by X((−1, 0]), X((−∞,−1)) and the half-line
{x3 = x1 = 0, x2 ≥ 0}, and Ω0 ∩ Ω1 = ∅.

Figure 5.1. The planar domain Ω0 ⊂ {x1 = 0} and X(M0,j) −
{x2 = x3 = 0} as a graph over it.

As (−1)jX1 > 0 and (−1)iX3 < 0 on Mi,j for all i, j and M =
⋃

i,j M i,j , then
X is injective. This concludes the proof. �

The picture on the left in Figure 1.3 corresponds to X(C − {−1, 1}) for b = 4
and c = 0.

5.3. The harmonic catenoidal tori. Numerical evidence of the existence of har-
monically embedded tori with two catenoidal ends was pointed out by Weber in
[We] (see the picture on the right in Figure 1.3). There are no equivalent surfaces
in the minimal case. In fact, the catenoid is the only complete embedded minimal
surface of finite genus with two topological ends [Sc, Co, CM]. Here we present a
rigorous proof of the regularity and embeddedness of these surfaces.

For each a ∈ (0, 1) and b ∈ R, set

Ma = {(z, w) ∈ C
2 | w2 =

(z − a)(az − 1)

z
}, Ma = Ma − {(0,∞), (∞,∞)},

(5.5) Φ1 =
ı(z2 − 1)

z2w
dz, Φ2 =

z2 + bz + 1

z2w
dz, Φ3 =

dz

z
.
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We will need the conformal transformations in Ma given by:

J(z, w) = (z,−w), T (z, w) = (1/z,−w), S(z, w) = (z, w).

Observe that J(Ma) = Ma, and likewise for T and S.
Let us study the period problem associated to the above Weierstrass data. First,

notice that Φ1 = 2ı
a dw is exact on Ma and Φ3 has no real periods on Ma. As Weber

showed in [We], for any a ∈ (0, 1) there exists a unique b(a) ∈ R such that the
1-form Φ2 for b = b(a) has no real periods on Ma. In order to prove the regularity
of the arising harmonic immersion, we need a little more information.

Lemma 5.9. b(a) ∈ (−2, 0).

Proof. Consider two closed curves c1 and c2 in the z-plane illustrated in Figure 5.2,
and let γj be any lifting of cj to Ma, j = 1, 2. Notice that γj is a closed curve in Ma

as well, j = 1, 2, and {γ1, γ2} is a basis of the homology group H1(Ma,Z). Observe
that Φ2 has no residues at neither (0,∞) nor (∞,∞). Moreover, since S∗(Φ2) = Φ2

and S∗(γ2) = −γ2, then �
( ∫

γ2
Φ2

)
= 0.

Figure 5.2. The curves c1 and c2 in the z-plane.

To finish, it suffices to prove that the solution b(a) of the equation
∫
γ1

Φ2 =∫
γ1

z2+1
z2w dz+ b

∫
γ1

1
zwdz = 0 lies in (0, 2). Indeed, recall that z2−1

z2w dz is exact. Then,

integrating by parts,
∫
γ1

Φ2 =
∫
γ1

2
wdz + b

∫
γ1

1
zwdz.

Notice that
∫
γ1

1
zwdz = 2

∫
[0,a]

1
zwdz �= 0, where, up to changing the branch,

w(z) ∈ ıR+ for all z ∈ (0, a). Since
∫
[0,a]

1
|w|dz <

∫
[0,a]

1
z|w|dz, one has that

b(a) := −2(

∫ a

0

1

z|w|dz)/(
∫ a

0

1

|w|dz)

is the unique solution of
∫
γ1

2
wdz + b

∫
γ1

1
zwdz = 0 and b(a) ∈ (−2, 0). �

From now on b = b(a).

Theorem 5.10. For each a ∈ (0, 1), the map X : Ma → R3, X(P ) = �(
∫ P

Φ) is
a complete harmonic AC embedding of FTC.

Proof. By Lemma 5.9, X is well defined. Let us show that X is an immersion. By

Lemma 2.4, we only have to check that F :=
|
∑3

j=1 Φ2
j |∑3

j=1 |Φj |2
< 1 on Ma. As dz/w is

holomorphic and never vanishes on Ma, then the inequality F < 1 is equivalent to
the fact that {�(w Φ

dz ),�(w
Φ
dz )} are R-linearly independent everywhere on Ma.
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A straightforward computation gives that this condition holds at the points (a, 0)
and (1/a, 0), just the zeros of Φ3 in Ma. Therefore, X is an immersion if and only
if

(5.6) (
Φ1

Φ3
,
Φ2

Φ3
) /∈ R

2 everywhere on Ma − {(a, 0), (1/a, 0)}.

For the sake of simplicity, write f1 = Φ1

Φ3
= ı(z2−1)

zw and f2 = Φ2

Φ3
= (z2+bz+1)

zw .

Let us see first that (5.6) holds when |z| = 1. Indeed, in this case, w2 = −|z−a|2

and then w ∈ ıR − {0}. Moreover, ( ı(z
2−1)
z , (z2+bz+1)

z ) ∈ R2 − {(0, 0)} (recall that
b ∈ (−2, 0)), and so f1 and f2 cannot be both real numbers.

Reason by contradiction and assume there exists P ∈ Ma − {(a, 0), (1/a, 0)}
such that (f1, f2)(P ) ∈ R2. Note first that f1 and f2 have no common zeros. Take

j ∈ {1, 2} so that fj(P ) �= 0 and write {i, j} = {1, 2}. Since �( fifj (P )) = 0 and

|z(P )| �= 1, a straightforward computation gives that |z(P )|2 + b�(z(P )) + 1 = 0.
However, |z|2 + b�(z) + 1 > 0 for all z ∈ C (recall that b ∈ (−2, 0)).

This contradiction shows that X is an immersion.
It is obvious that iX := lim supP→∞ F (P ) = 0; hence X is AC.
By Corollaries 4.5 and 4.6, X is complete and of FTC, and the degree of its

Gauss map G : Ma → S2 is 2.
Finally, let us prove that X is an embedding. First note that the B = |z|−1({1})

is the set of fixed points of the antiholomorphic involution T : Ma → Ma. Since
T ∗(Φ) = (Φ1,Φ2,−Φ3), then up to a translation X ◦T = T ◦X, where T : R3 → R3

is the reflection about the plane x3 = 0. As a consequence, X(B) ⊂ {x3 = 0} and
G(B) ⊂ S

2 ∩ {x3 = 0}. A straightforward computation (see equation (2.3)) gives
that G has no ramification points on B. Since B consists of two Jordan curves δ1, δ2
and G has degree two, we infer that G|δj : δj → S2 ∩ {x3 = 0} is a diffeomorphism,

j = 1, 2, and G−1(S2 ∩ {x3 = 0}) = B. Furthermore, the planar curve X(δj) is
convex, j = 1, 2.

Let M+
a denote the region X−1({x3 ≥ 0}), and note that ∂(M+

a ) = B and X|M+
a

has a unique catenoidal end. In particular, G(M+
a ) is contained in a hemisphere

bounded by S
2 ∩ {x3 = 0}. This fact and the geometry of harmonic catenoidal

ends (see Lemma 5.1) imply that X(M+
a ) is a graph over a region of {x3 = 0} and

X : M+
a → X(M+

a ) is one-to-one. To finish, just notice that X(M) = X(M+
a ) ∪

T (X(M+
a )) and use a symmetric argument to infer that X is an embedding. �

6. The Gaussian image of complete harmonic immersions

The questions considered in this section are all related to the size of the Gaussian
image of complete harmonic immersions in R3.

Let us start by proving some Bernstein type results. Theorems 6.1 and 6.2 below
were proved by Klotz [Kl4] under the extra hypothesis that the Hopf differential of
the immersion never vanishes.

Theorem 6.1. Let M be an open Riemann surface, and let X : M → R3 be a
complete harmonic immersion whose Gaussian image is contained in S2 ∩{x3 > ε}
for some ε > 0.

Then X(M) is a plane.
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Proof. As usual, label Φ and G as the Weierstrass data and the Gauss map of
X, respectively. Take a neighborhood U of (0, 0, 1) in S2 so that G(M) ⊂ S2 ∩
{〈ν, (x1, x2, x3)〉 > ε/2} for all ν ∈ U.

For each ν ∈ U, denote Πν ⊂ R3 as the vectorial plane orthogonal to ν, and write
πν : R3 → Πν for the orthogonal projection. Since G(M) ⊂ S2 ∩{〈ν, (x1, x2, x3)〉 >
ε/2} and X is complete, the mapping πν ◦X : M → Πν is a local diffeomorphism
satisfying the path-lifting property. As a consequence, πν ◦X is a global harmonic
diffeomorphism, and by Heinz’s theorem [He] M is biholomorphic to C (in the
sequel, M = C). Let {e1(ν), e2(ν)} be an orthonormal basis of Πν , and call Fj(ν) =
〈ej(ν),Φ〉, j = 1, 2. Since � (F1(ν), F2(ν)) : C → R

2 is a harmonic diffeomorphism,
then Fj(ν) : C → C is a biholomorphism, j = 1, 2. We infer that Fj(ν)(z) =
aj(ν)z + bj(ν) for some constants aj(ν), bj(ν) ∈ C, aj(ν) �= 0, j = 1, 2.

As this holds for any ν ∈ U, then Φ = ∂zX = (a1, a2, a3)dz for some constants
a1, a2 and a3 ∈ C, so X(M) lies in a plane and we are done. �

Notice that Theorem 6.1 is sharp in the sense that, up to a rigid motion, the
Gaussian image of the rotational harmonic horn is S2 ∩ {0 < x3 < 1}.

In the quasiconformal case a little more can be said. For instance, it is well
known that entire (non-necessarily harmonic) QM graphs in R3 are planes; see [Si].
By Lemma 2.13 (ii), QC harmonic parameterizations of entire graphs are planes.

In this context, we can also prove the following Osserman type result.

Theorem 6.2. Let M be a non-compact Riemann surface with compact boundary,
and let X : M → R3 be a complete QC harmonic immersion. Assume that the
Gaussian image of X lies in S

2 ∩ {|x3| < 1− ε} for some ε > 0.
Then X is of FTC. Furthermore, if in addition ∂(M) = ∅, then X(M) is a

plane.

Proof. Let Φ = (Φj)j=1,2,3 and H denote the Weierstrass data and the Hopf dif-

ferential of X. Let g : M → C denote the complex Gauss map of X, and write
2λ = Φ3(|g| + 1/|g|). Notice that from our hypothesis the function |g| + 1/|g| is
bounded and Φ3 never vanishes (see Lemma 2.7-(a)); hence the metrics |λ|2 and
|Φ3|2 are equivalent. Since X is QC, equation (2.9) gives that |1 − H/λ2| < k for
some constant k > 0. Furthermore, by equation (2.7) one has that

1 ≤ ‖Φ‖2/|λ|2 = 1 + |1− H/λ2| ≤ 1 + k.

Therefore, the metrics ‖Φ‖2, |λ|2 and |Φ3|2 are equivalent. SinceX is complete, then
so is the Klotz metric ‖Φ‖2 (see Remark 2.6). Therefore, |Φ3|2 is a complete flat
conformal metric on M and Huber’s theorem [Hu] implies that M is biholomorphic

to M̂ − {P1, . . . , Pk}, where M̂ is a compact Riemann surface with ∂(M̂) = ∂(M)

and {P1, . . . , Pk} ⊂ M̂ − ∂(M̂). Furthermore, by the results of Osserman [Os3],
the 1-form Φ3 has a pole at Pj for all j. As ‖Φ‖2/|Φ3|2 is bounded, then Φj is

meromorphic on M̂ as well, j = 1, 2, and X is algebraic. By Theorem 4.4, X is of
FTC.

Assume in addition that ∂(M) = ∅. Since g is quasiconformal, the big Picard
theorem for quasiconformal mappings implies that it is constant and X(M) is a
plane. �

To finish this section, we state some Privalov type results for harmonic immer-
sions. In other words, we show geometrical conditions for a harmonic immersion to
be conformal.
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Theorem 6.3. Let X : D → R3 be a non-flat QC harmonic immersion with
Weierstrass data Φ = (Φj)j=1,2,3, and label g and μ = ∂zg/∂zg as its complex
Gauss map and the Beltrami differential of g, respectively. Let Γ ⊂ ∂(D) be an
open arc, and assume that either of the following conditions holds:

(i) The Gaussian image of X lies in S
2 ∩ {|x3| < 1− ε} for some ε > 0, and |μ|

has angular limit zero almost everywhere on Γ.

(ii) C−g(D) has positive logarithmic capacity, limR→0 νR = 0 and
∫ 1

0
ν2RR

−2dR <
+∞, where νR = sup{|μ(x)| | x ∈ ΓR} and ΓR is the set of points in D at
distance R > 0 from Γ.

Then X is conformal and incomplete.

Proof. As usual, let H denote the Hopf differential of X.
Assume that (i) holds. Since 1/|g|+ |g| is bounded and |μ| has angular limit zero

almost everywhere on Γ, then Φ3 never vanishes and Proposition 2.9 (W.2) implies
that the holomorphic function H/Φ2

3 has angular limit zero almost everywhere on
Γ as well. The Luzin-Privalov theorem yields that H = 0 and we are done.

Suppose now that (ii) holds. Set μ̂ : C → C by

μ̂|D = μ, μ̂|∂(D) = 0 and μ̂|
C−D

= μ ◦ J,

where J : C → C is the antiholomorphic involution J(z) = 1/z. Let q : C → C be
the unique quasiconformal homeomorphism fixing 0, 1 and ∞ and satisfying that
∂zq/∂zq = μ̂. We have that q(D) = D and f = g ◦ q−1 : D → C is meromorphic; see
[Ah].

Claim 6.4. g has angular limits different from both zero and ∞ almost everywhere
on Γ.

Proof. From (ii) one has that μ̂ is continuous on Γ; hence q is asymptotically
homogeneous at any point ξ ∈ Γ (see [GR]), that is to say,

(6.1) lim
z→0

q(θz + ξ)− q(ξ)

q(z + ξ)− q(ξ)
= θ for all ξ ∈ Γ and θ ∈ ∂(D).

On the one hand, since q fixes the unit circle and preserves the orientation one has
that

lim
t→+0

q(eıt − 1 + ξ)− q(ξ)

|q(eıt − 1 + ξ)− q(ξ)| = ıq(ξ).

Taking into account (6.1),

lim
t→+0

q(θ(eıt − 1) + ξ)− q(ξ)

|q(eıt − 1 + ξ)− q(ξ)| = lim
t→+0

q(θ(eıt − 1) + ξ)− q(ξ)

q(eıt − 1 + ξ)− q(ξ)

q(eıt − 1 + ξ)− q(ξ)

|q(eıt − 1 + ξ)− q(ξ)|
= ıq(ξ)θ

for any θ ∈ ∂(D).
This shows that q maps non-tangential curves at ξ into non-tangential curves at

q(ξ), and likewise for q−1. Furthermore, the quadratic Carleson measure condition∫ 1

0
ν2RR

−2dR < +∞ guarantees that q and q−1 have weak derivatives on Γ (see
[Ma]); hence they preserve measure zero sets.

On the other hand, as C − f(D) has positive logarithmic capacity, then f has
bounded characteristic in the Nevanlinna sense (see [Ne, p. 213]), and in particular,
f has angular limits almost everywhere on ∂(D). By the Luzin-Privalov theorem,
the angular limits of f are neither 0 nor ∞ on a full subset E of q(Γ) (recall that
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f is not constant). Since q−1 preserves measure zero sets, then q−1(E) is a full
subset of Γ, and so, g has angular limits different from both 0 and ∞ everywhere
on Γ. �

The above claim, Proposition 2.9 (W.2) and the fact limR→0 νR = 0 imply that
H/Φ2

3 has angular limit zero almost everywhere on Γ.Once again, the Luzin-Privalov
theorem yields H = 0; hence X is conformal.

Finally, if X were a complete Osserman theorem, [Os3] would imply that X(D)
is a plane, contradicting Heinz’s theorem [He]. �
Remark 6.5. The conclusion of the previous theorem holds with a similar proof
when we replace the hypothesis “C− g(D) has positive logarithmic capacity” in (ii)
for the weaker one “g has angular limits almost everywhere on Γ”.

Corollary 6.6. Let X : M → R3 be a non-flat AC harmonic immersion, where M
is an open Riemann surface carrying non-constant bounded holomorphic functions.
Assume that the Gaussian image of X lies in S

2 ∩ {|x3| < 1− ε} for some ε > 0.
Then X is conformal and incomplete.

Proof. Fix a non-constant bounded holomorphic function f : M → C. Label Φ, g
and μ as the Weierstrass data of X, the complex Gauss map of X and the Beltrami
differential of g, respectively. Let π : D → M be the conformal universal covering

mapping of M, and write f̂ and μ̂ for the pullback of f and μ by π, respectively.

Fatou’s theorem gives that f̂ has (finite) angular limits on a full set E ⊂ ∂(D).
By Theorem 6.3, we only have to prove that μ̂ has angular limit zero at any ξ ∈ E.

To do this, it suffices to check that for any non-tangential Jordan arc α̂ : [0, 1) → D

such that limt→1 α̂(t) = ξ, one has limt→1 μ̂(α̂(t)) = 0. Here, “non-tangential”
means that α̂([0, 1)) lies in a triangle T ⊂ D with exterior vertex ξ.

Indeed, set α = π ◦ α̂ and call A ⊂ M the limit set of α. To be more precise,
P ∈ A if and only if there exists a sequence {tn}n∈N ⊂ [0, 1) with {tn} → 1 and
{α(tn)}n∈N → P. Assume for a moment that A �= ∅, and take a point P ∈ A and a
closed disc D ⊂ M with P ∈ D◦. Labelm as the (possibly infinite) number of sheets
of π and write π−1(D) =

⋃
1≤j<m+1Dj , where π|Dj

: Dj → D is a homeomorphism

for all j and Dj1 ∩Dj2 = ∅ when j1 �= j2. As α̂ is divergent and P is a limit point of
α, then necessarily m = ∞ and π−1 (α([0, 1)) ∩D) =

⋃∞
j=1 (α̂([0, 1)) ∩Dj) contains

infinitely many pairwise disjoint Jordan arcs whose images by π accumulate at a
continuum I in A ∩D connecting P and ∂(D). However, f |I is constant and equal
to the angular limit of f at ξ, contradicting the identity principle. This shows that
A = ∅ and α is divergent. The AC hypothesis for X gives that 0 = limt→1 μ(α(t)) =
limt→1 μ̂(α̂(t)).

Finally, if X were complete, then Osserman theorem, [Os3] would imply that X
is flat, a contradiction. �
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Departamento de Geometŕıa y Topoloǵıa, Universidad de Granada, E-18071 Granada,

Spain

E-mail address: alarcon@ugr.es
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