
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 366, Number 1, January 2014, Pages 309–339
S 0002-9947(2013)05828-X
Article electronically published on September 19, 2013

A DEGREE FORMULA FOR EQUIVARIANT COHOMOLOGY

REBECCA LYNN

Abstract. The primary theorem of this paper concerns the Poincaré (Hilbert)
series for the cohomology ring of a finite group G with coefficients in a prime
field of characteristic p. This theorem is proved using the ideas of equivariant
cohomology whereby one considers more generally the cohomology ring of the
Borel construction H∗(EG ×G X), where X is a manifold on which G acts.
This work results in a formula that computes the “degree” of the Poincaré
series in terms of corresponding degrees of certain subgroups of the group G.
In this paper, we discuss the theorem and the method of proof.

1. Introduction

The aim of this paper is to address the problem of how one can relate some
algebraic definitions and computations of multiplicity from commutative algebra
to computations done in the cohomology theory of group actions on manifolds. In
this paper, this problem is not analyzed using the theory of unstable modules and
algebras over the Steenrod algebra developed by Lannes, Schwartz, Henn, et al.
(see the excellent survey article by Henn [13] for an exposition of this point of view,
which includes an extensive bibliography). Rather, this paper uses the older point
of view of Quillen’s papers [22, 23] and was initially inspired by Maiorana’s work
[16]. Some recent work on the Poincaré series of equivariant cohomology rings is
also discussed in Symonds’ work in [14] and [28].

An outline of the paper is as follows. We begin with mostly expository sec-
tions on commutative algebra (Section 2) and equivariant cohomology (Section 3)
in order to set notation and for the reader’s convenience. The exposition from com-
mutative algebra follows (primarily) the discussions of [1], [11], [12], [16], [24], and
[25] and includes, for example, a brief exposition of the theory of multiplicities in
the graded case. The exposition from equivariant cohomology follows (primarily)
the discussions of [18], [15], [27], and [29].

Next, in successive sections, we

• review results from Quillen [22] and Maiorana [16]; review the Gysin trian-
gle and discuss the Poincaré series for exact triangles,

• prove our first main theorem (Theorem 4.21) which computes the degree of
the equivariant cohomology ring of a smooth G-manifold, where

deg(H∗
G(X)) = lim

t→1
(1− t)D(H∗

G(X)) PS(H∗
G(X), t),

• apply the work of Duflot [9] and our first main theorem, which results in our
second main theorem, Theorem 8.5, a topological sum formula which com-
putes the C-multiplicity of H∗

G using the C-multiplicities of H∗
CG(A), where
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A is a maximal rank p-torus of G. Theorem 8.5 could also be deduced from
Henn’s Theorem 4.8 in the above cited survey article, and some commuta-
tive algebra, but we do not give this argument here, instead presenting an
alternative and self-contained route to its deduction.

This paper includes the principle part of the author’s Ph.D. dissertation, com-
pleted at Colorado State University. The author would like to express her gratitude
to her advisor, Jeanne Duflot, for steady and insightful guidance.

2. Topics from commutative algebra

Much of the material in this section was developed for local rings by Serre [24].
We apply this theory in the context of graded rings. Many of the proofs follow
directly from Serre’s exposition with some minor notational adjustments. We also
include the degree function and some properties as outlined by Maiorana [16] and
brief treatments of Krull dimension and multiplicities as necessary to further our
discussion of the degree function.

2.1. Nonnegatively graded rings and graded modules. We will assume, un-
less specified otherwise, that our base graded ring is a nonnegatively graded ring

R = ⊕∞
i=0Ri

such that R0 = k is a field. Generally, our graded R-modules will be nonnegatively
graded R-modules as well. We can similarly define a graded vector space over the
field k (regarded as a graded ring concentrated in degree zero).

If R is a nonnegatively graded ring and M is a graded R-module, we can alter
M by “shifting” (or “twisting”) its grading d steps.

Definition 2.1. Define M(d) to be the shifted graded module (or, dth twist of M)
such that

M(d)e = Md+e.

Homomorphisms of graded R-modules will always preserve degree.
The category C(R) is the category of finitely generated graded R-modules with

degree preserving homomorphisms.
The superfluous ideal

m = R+ = ⊕
n≥1

Rn

is the unique graded homogeneous maximal ideal in R. Consequently, we see
R/m = k as graded rings concentrated in degree zero. Note also that k is a graded
submodule of R.

From now on, R will be finitely generated as a k-algebra by a set of homogeneous
elements of positive degree.

2.2. Poincaré series of graded modules. Now we define and state several prop-
erties of the Poincaré series. In addition, we define the number deg(M).

If M ∈ C(R), then Mi is a finite dimensional vector space over k for every i; this
is a consequence of our hypothesis that R is a finitely generated k-algebra and the
fact that M is a finitely generated R-module.

Definition 2.2 ([11]). For M ∈ C(R), we define

PS(M, t) =

∞∑
i=0

(dimk Mi) t
i,
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the Poincaré series (also called the Hilbert series [11]) for M . In fact, PS(M, t) is
defined in the same way for every nonnegatively graded k-vector space M such that
dimk Mi < ∞ for all i.

Proposition 2.3. For M,N ∈ C(R), the following properties hold:

(1) PS(M(−r), t) = tr PS(M, t) for all r ≥ 0.
(2) PS(M ⊕N) = PS(M) + PS(N).
(3) PS(M ⊗k N) = PS(M) PS(N).

It is well known that the Poincaré series of a finitely generated graded R-module
can be written as a quotient of polynomials where the denominator has a particular
form:

Proposition 2.4 ([1]). Suppose that M ∈ C(R), M �= 0. If R is generated as a
graded k-algebra by x1, . . . , xn of positive degrees d1, . . . , dn, then

PS(M, t) =
q(t)

n∏
i=1

(1− tdi)
,

where q(t) ∈ Z[t].

Therefore, we see that, given the hypotheses of Proposition 2.4, PS(M, t) has a
pole of order ≥ 0 at t = 1.

Definition 2.5. If M satisfies the hypotheses of Proposition 2.4, we define �(M)
to be the order of the pole at t = 1 of PS(M, t). For convenience, �(0)=̇−∞.

In [16], Maiorana makes the following definition.

Definition 2.6 ([16]). For M �= 0, define

deg(M)=̇lim
t→1

(1− t)�(M) PS(M, t) ∈ Q.

If M = 0, define deg(M)=̇0.

Rather than using Maiorana’s original notation C(M) for this invariant, we use
the degree notation, deg(M), as in Benson [3], among others.

PS(M, t) expanded as a Laurent series in (1− t) is

PS(M, t) = deg(M)(1− t)−�(M) + “higher order terms”,

where deg(M) �= 0, if M �= 0.
The reader may verify the following two lemmas.

Lemma 2.7 ([16, pg. 254]). Suppose that 0 → L → M → N → 0 is a short exact
sequence in C(R). Then �(M) = max{�(L), �(N)}. Also, the following properties
hold:

(1) If �(L) < �(M), then deg(M) = deg(N).
(2) If �(N) < �(M), then deg(M) = deg(L).
(3) If �(L) = �(N) = �(M), then deg(M) = deg(L) + deg(N).

Definition 2.8. For M,N ∈ C(R), we say that PS(M, t) ≤ PS(N, t) if and only if
dimk Mi ≤ dimk Ni for all i.
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Lemma 2.9 ([16, pp. 254-255]). Let L,M,N ∈ C(R). Then, the following proper-
ties hold:

(1) �(M(−r)) = �(M) and deg(M(−r)) = deg(M).
(2) �(M ⊗k N) = �(M) + �(N).
(3) If N is such that Nn = 0 for n 
 0, and PS(L, t) ≤ PS(M ⊗k N, t), then

�(L) ≤ �(M).
(4) deg(M ⊗k N) = deg(M) deg(N).

Now that we have several properties established for the Poincaré series, we define
the following invariants from Smoke [25] for future use. Another text reference for
these invariants is Bruns and Herzog [7].

Definition 2.10 ([25]). Let M ∈ C(R), M �= 0.

(1) Define d(M) to be the least d such that there exist positive integers ξ1, . . . , ξd
with (

d∏
i=1

(
1− tξi

))
PS(M, t) ∈ Z[t].

We define d(M) = 0 if and only if PS(M, t) is a polynomial in t.
(2) Define s(M) to be the least s such that there exist homogeneous elements

y1, . . . , ys ∈ m with M finitely generated over k 〈y1, . . . , ys〉 ⊆ R, where
k 〈y1, . . . , ys〉 is the k-subalgebra of R generated by y1, . . . , ys. We define
s(M) = 0 if and only if M is a finite dimensional vector space over k.

(3) For convenience, we define d(0) = s(0) = −∞.

2.3. Dimension and multiplicities for graded rings. We begin this portion
of the paper by reviewing some basic definitions and theorems from commutative
algebra in the graded context, followed by a definition of Krull dimension. Then
we will discuss another example of multiplicity, which we shall call the Smoke
multiplicity, for graded rings. We will end this section with some properties of
degree.

Recall that R is a nonnegatively graded ring with R0 = k, a field, and that R is
a finitely generated k-algebra. Let M be a (finitely generated) graded R-module.

Definition 2.11. A prime ideal p is associated to M if p is the annihilator of an
element of M (i.e., there exists x ∈ M such that p = ann(x)). The set of all
associated primes to M is called Ass(M).

Note that this definition does not require x to be homogeneous, but the following
lemma states that one can always choose such an element to be homogeneous.

Lemma 2.12 ([11]). For M ∈ C(R) where M �= 0, Ass(M) �= ∅; moreover, every
associated prime is homogeneous and contains Ann(M). In fact, if p ∈ Ass(M),
then p = ann(x) for some homogeneous element x ∈ M .

Forgetting the grading on M and R, form the localizations

Rp=̇S−1R and Mp=̇S−1M, where S = R− p.

Now consider the following theorem from commutative algebra, the proof of which
carries over to the category C(R) with slight modification.
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Theorem 2.13 ([24]). Let M ∈ C(R).

(1) There exists a finite filtration of M by graded submodules

0 = FN+1(M) ⊆ FN (M) ⊆ · · · ⊆ F i+1(M) ⊆ F i(M) ⊆ · · · ⊆ F0(M) = M,

a set of homogeneous prime ideals pi in R and integers di ≥ 0, for 0 ≤ i ≤
N , with F i(M)/F i+1(M) ∼= (R/pi) (−di) as graded R-modules, for every
i.

(2) For any filtration F of M satisfying the conditions of (1) above, define

SF=̇ {pi|1 ≤ i ≤ N} .

Then, Ass(M) ⊆ SF , and these sets have the same minimal elements. In
addition, there are only a finite number of associated primes.

(3) Let F be any filtration of M satisfying the conditions of (1) above. Let p be
a fixed minimal prime of M . Then, Mp has finite length l(Mp) as an Rp-
module, and the sum over all d ≥ 0 of the number of times that (R/p) (−d)
appears as (isomorphic to) a successive quotient F i(M)/F i+1(M) is equal
to l(Mp). Hence, this number is independent of the filtration.

2.3.1. Dimension. The length of the chain p0 ⊂ p1 ⊂ · · · ⊂ pn involving n + 1
distinct homogeneous prime ideals is n.

Definition 2.14. The Krull dimension (or just dimension) of a graded ring R,
written Dim(R), is the supremum of the lengths of chains of distinct homogeneous
prime ideals in R. We define Dim(0)=̇−∞.

Recall the invariants d(M) and s(M) as defined in Section 2.2. The following
proposition will prove to be valuable later in this section.

Proposition 2.15 (See, for example, [25], Thm. 5.5 and Prop. 6.2). Let M ∈
C(R), and let d(M) and s(M) be as defined in Section 2.2.

(1) d(M) = s(M) = Dim(M) < ∞.
(2) If d(M) = s(M) = Dim(M) = D, and y1, . . . , yD ∈ m are homogeneous ele-

ments such that M is finitely generated over k 〈y1, . . . , yD〉, then y1, . . . , yD
are algebraically independent over k.

Definition 2.16. If M ∈ C(R) with M �= 0, let s1(M) be the least s such that
there exist homogeneous elements y1, . . . , ys ∈ m such that M/(y1, . . . , ys)M is a
finite dimensional graded vector space over k. Note that s1(M) = 0 if and only if
M is a finite dimensional graded vector space over k. We define s1(0)=̇−∞.

Theorem 2.17 ([24, Sec. III.B.2, Thm. 1] or [10]). If M ∈ C(R), then Dim(M) =
s1(M).

Corollary 2.18. For M ∈ C(R), we define D(M)=̇d(M) = s(M) = s1(M) =
Dim(M).

Definition 2.19. If M ∈ C(R) with M �= 0, and D(M) = D, then a sequence
y1, . . . , yD of homogeneous elements of m ⊂ R such that M is a finitely generated
k 〈y1, . . . , yD〉-module is called a system of parameters for M , as an R-module.

Note that by Proposition 2.15, the yi’s are always algebraically independent.
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2.3.2. Properties of abstract multiplicities. A multiplicity function (or “degree”
function) for C(R) is a correspondence

M �→ E(M) ∈ Q

from objects of C(R) to the rational numbers such that,

1. for an exact sequence in C(R),

0 → L → M → N → 0,

we have the following:
a. if D(L) = D(M) = D(N), then E(M) = E(L) + E(N),
b. if D(L) = D(M) > D(N), then E(M) = E(L),
c. if D(L) < D(M) = D(N), then E(M) = E(N)

and

2. an associativity (or linearity) formula

E(M) =
∑

p∈D(M)

NpE (R/p)

holds, where Np ∈ Z for all p ∈ D(M), where D(M) is the subset of the
minimal primes p of M with D(R/p) = D(M).

More general multiplicities are defined with an index set taken as a different
subset of Ass(M) than that above. For example, some other multiplicities (or de-
gree functions) include the arithmetic and geometric multiplicities. Vasconcelos [30]
defines these multiplicities for nongraded rings as follows. Let R be a Noetherian
local ring with maximal ideal m and let M be a finitely generated R-module. The
arithmetic multiplicity of M is

adeg(M) =
∑

p∈Ass(M)

lRp
(H0

p(M)p) · e(R/p,m/p) ∈ Z,

and the geometric multiplicity of M , denoted gdeg(M), is

gdeg(M) =
∑

p∈M(M)

lRp
(H0

p(M)p) · e(R/p,m/p) ∈ Z,

where M(M) is the set of all minimal primes of M and H0
p(M) is the zeroth local

cohomology module for M , with respect to the prime ideal p. We don’t define
the number e(R/p,m/p) here. We can make variations of these definitions in the
graded case as well, but we do not address these multiplicities in this paper. We
will consider these in later work (e.g., [10]).

2.3.3. Smoke multiplicity. At this point, we define and state some properties of a
second multiplicity—what we will call the Smoke multiplicity. We begin by review-
ing some definitions of homological algebra following the treatment in [25]. For
more recent discussions, see [2].

Now, every free module in C(R) is of the form R⊗kV , for some finite dimensional
graded vector space V over k.

Definition 2.20. A surjective map θ : L → M in C(R) is minimal if L is free and
ker θ ⊂ mL.
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Definition 2.21. A minimal resolution of M in C(R) is a resolution

· · · θ2→ R ⊗k V1
θ1→ R⊗k V0

θ0→ M → 0

ofM by free modules in C(R) such that θ0 is a minimal surjection and θi : R⊗kVi →
ker θi−1 is a minimal surjection for every i > 0.

Theorem 2.22 ([25, Cor. 2.2]). Every module M in C(R) has a minimal resolution.

Theorem 2.23 ([25, Prop. 2.3]). Given a minimal resolution

· · · θ2→ R ⊗k V1
θ1→ R⊗k V0

θ0→ M → 0

of M , there are graded vector space isomorphisms

TorRi (M,k) ∼= Vi,

for every i ≥ 0.

Considering the vector spaces Vi of Theorem 2.23, we see that since Vi is a finite
dimensional graded vector space over k for every i, we must have dimk(Vi)j = 0 for
j 
 0.

Corollary 2.24. Given M ∈ C(R), the Poincaré series of the graded module

TorRi (M,k),

PS(TorRi (M,k), t) =
∞∑
j=0

dimk(Tor
R
i (M,k)j)t

j

is a polynomial in t for every i.

Consider a graded polynomial ring S = k[x1, . . . , xn] over k, where x1, . . . , xn

are algebraically independent of positive degree over k, and M ∈ C(S). Using the
Hilbert syzygy theorem (Theorem 1.13 of [11]), k has a finite free resolution by
finitely generated free graded S-modules Fi,

0 → Fn → · · · → F0 → k = S/(x1, . . . , xn) → 0.

Theorem 2.25 ([25]). Let M ∈ C(S), where S is defined as above. The Poincaré
series

PS
(
TorSi (M,k), t

)
=

∑
j

dimk

(
TorSi (M,k)j

)
tj

is a polynomial with nonnegative integer coefficients.

On the other hand, the existence of the above finite free resolution tells us that
TorSi (M,k) = 0 for i > n. Therefore, we may define a polynomial (the Smoke
polynomial) with integer coefficients as follows:

Definition 2.26 (Smoke polynomial). For S = k[x1, . . . , xn] a graded polynomial
ring over k, where x1, . . . , xn are algebraically independent of positive degree over
k and M ∈ C(S), we define the polynomial

χ(S,M)=̇
∑
i

(−1)i PS
(
TorSi (M,k), t

)
.

Evaluating this polynomial at t = 1 results in an integer.
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Definition 2.27 (Smoke multiplicity for S). For S = k[x1, . . . , xn] a graded poly-
nomial ring over k, where x1, . . . , xn are algebraically independent of positive degree
over k and M ∈ C(S), we define the multiplicity

e(S,M)=̇χ(S,M)(1) =
∑
i

(−1)i dimk Tor
S
i (M,k) ∈ Z.

Using these definitions, Smoke proves the following theorems. For another ex-
position, see [7, Chapter 4].

Theorem 2.28 ([25, Thm. 3.1]). If S is any finitely generated graded polynomial
ring over k and M ∈ C(S), then χ(S,M) = χ(S, k) PS(M, t).

Theorem 2.29 ([25, Prop. 4.1]). Let S be the graded polynomial ring S =
k[x1, . . . , xn], where the degree of xi is equal to di for every i. Then

χ(S, k) =

n∏
i=1

(1− tdi).

Corollary 2.30. If the graded polynomial ring S = k[x1, . . . , xn] and the degree of
xi equals di for every i, then for M ∈ C(S),

PS(M, t) =
χ(S,M)
n∏

i=1

(1− tdi)
.

Theorem 2.31 ([25, Cor. 6.5]). If S is any finitely generated graded polynomial
ring over k and M is in C(S), then e(S,M) ≥ 0. Furthermore, if M �= 0, then
e(S,M) > 0.

2.3.4. The degree function. We are now ready to study in more detail the multiplic-
ity with which this paper is concerned, the degree function. Recall the definition
of deg(M) in Definition 2.6. Let y1, . . . , yD(M) be a system of parameters for M
as an R-module, with deg yi = di. Recall that since y1, . . . , yD(M) are algebraically

independent over k, k
〈
y1, . . . , yD(M)

〉
is isomorphic to a polynomial ring in D(M)

variables. We define Sȳ=̇k
〈
y1, . . . , yD(M)

〉
. By definition of a system of parameters,

M is a finitely generated Sȳ-module.
We have shown that if M ∈ C(R), M �= 0, then D(M) = d(M) = s(M) =

s1(M) = Dim(M). Using Corollary 2.30, we see that

PS(M, t) =
χ(Sȳ,M)

D(M)∏
i=1

(1− tdi)

.

Therefore,

(2.1) (1− t)D(M) PS(M, t) =
χ(Sȳ,M)

D(M)∏
i=1

(1 + t+ · · ·+ tdi−1)

.

Thus, using Theorem 2.31, we may deduce the following well-known fact.

Proposition 2.32. If M ∈ C(R) with M �= 0, �(M), the order of the pole of
PS(M, t) at t = 1, is exactly D(M) = d(M) = s(M) = Dim(M).
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Other than the fact that deg(M) is not always an integer, the degree function
behaves “as a multiplicity should”. Lemma 2.7 demonstrates that deg behaves like
a multiplicity for properties under property 1 in Section 2.3.2. Now we show that
deg satisfies property 2 for multiplicities.

Lemma 2.33. Suppose that M ∈ C(R) and M �= 0. Let

0 = Fn+1(M) ⊆ Fn(M) ⊆ · · · ⊆ F0(M) = M

be a sequence of graded submodules of M . Let D(F) be the set of indices i with
D

(
F i(M)/F i+1(M)

)
= D(M). Then D(F) is nonempty and

deg(M) =
∑

i∈D(F)

deg
(
F i(M)/F i+1(M)

)
.

Proof. To prove this lemma, we combine Proposition 2.32 and Lemma 2.7, replacing
� in Lemma 2.7 with D. �

The above lemma yields the following theorem.

Theorem 2.34. Let M ∈ C(R). Let D(M) be the subset of the set of minimal
primes defined by: p ∈ D(M) if and only if Dim(M) = Dim (R/p). Then

deg(M) =
∑

p∈D(M)

Np deg (R/p) ,

where Np = lRp
(Mp).

Proof. Using Theorem 2.13, we have a filtration of M by graded submodules

0 = Fn+1(M) ⊆ Fn(M) ⊆ · · · ⊆ F0(M) = M,

homogeneous prime ideals pi, and positive integers di, for 1 ≤ i ≤ n, with(
F i(M)/F i+1(M)

) ∼= R/pi(−di)

as R-modules, for every i. We know that every minimal prime occurs as at least
one of the primes pi.

The proof follows directly from Lemma 2.33 with simply a different way of “book-
keeping”. Note first that since(

F i(M)/F i+1(M)
) ∼= R/pi(−di)

for every i, we have

Dim
(
F i(M)/F i+1(M)

)
= Dim (R/pi(−di))

and

deg
(
F i(M)/F i+1(M)

)
= deg (R/pi(−di))

for all i.
Now, instead of keeping track of each F i(M)/F i+1(M) for which

DimM = DimF i(M)/F i+1(M),

as we did in Lemma 2.33, we keep track of the homogeneous prime ideals, pi, for
which (

F i(M)/F i+1(M)
) ∼= R/pi(−di)

and

Dim(M) = Dim(R/pi) = Dim
(
F i(M)/F i+1(M)

)
,
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and let Npi
be the number of times that homogeneous ideal is used (since there

may be j �= i such that pi = pj). �

Therefore, by Lemma 2.7 and Theorem 2.34, deg(M) does act “as a multiplicity
should”.

Now, using the equation

(1− t)D(M) PS(M, t) =
χ(Sȳ,M)

D(M)∏
i=1

(1 + t+ · · ·+ tdi−1)

,

we have the following corollary which relates the degree function with Smoke’s
multiplicity.

Corollary 2.35. If M ∈ C(R) and y1, . . . , yD(M) of degrees d1 ≤ d2 ≤ · · · ≤ dD(M)

form a system of parameters for M as an R-module, then

deg(M) =
e(Sȳ,M)

d1 · · · dD(M)
,

and deg(M) > 0 for M �= 0. Furthermore, the ratio

e(Sȳ,M)

d1 · · · dD(M)

is independent of the choice of system of parameters y1, . . . , yD(M) for M .

Remark. As in the case for local rings, one can define a Samuel multiplicity for
graded R-modules. An exposition of the Samuel multiplicity for graded R-modules
will be included in [10]. We will not use Samuel multiplicities in this paper.

3. Smooth actions of compact Lie groups on manifolds

The material in this section follows the exposition of [4], [5], and [29]. Other
sources include [15], [17], [18], [19], [20], and [26].

If G is a topological group, a G-space X is a topological space on which G acts
continuously.

3.1. Group actions on topological spaces. To set notation, let G be a topo-
logical group, and let X be a G-space. Then, for x ∈ X, the orbit space of x under
the G action and the isotropy group of x ∈ X are

Gx=̇{gx ∈ X | g ∈ G} and Gx = {g ∈ G | gx = x},
respectively. Let X/G denote the set whose elements are the orbits Gx of G on X.
If H is a subgroup of G, we write H ≤ G. For every subgroup H of G, define the
fixed points of X with respect to the subgroups H as the set

XH=̇{x ∈ X | hx = x for every h ∈ H}.

Proposition 3.1. Let G be a group. Then the following hold:

(1) If G is a topological group acting on a Hausdorff topological space X, then
Gx is closed for every x ∈ X. [29, Prop. 3.5]

(2) If G is a compact Lie group, then every closed subgroup H is a submanifold
of G; i.e., H is a compact Lie group also. [6, Prop. 3.11]

(3) If G is a compact Lie group acting on a Hausdorff topological space X, then
Gx is a compact Lie group for every x ∈ X.
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Definition 3.2. For all A ≤ G, G a group, the conjugacy class of A in G is

[A] = {B ≤ G |B ∼ A},
where A is conjugate to B (A ∼ B) if and only if there exists g ∈ G such that
gAg−1 = B. For A,B ≤ G, we say that A is subconjugate to B (A � B) if and
only if there exists g ∈ G such that gAg−1 ⊆ B. In addition, we say that

[A] ≤ [B] ⇔ A � B.

Lemma 3.3. Let X be a set, and let A ≤ G, where G is a group acting on X. Then
x ∈ XA if and only if A ≤ Gx. More generally, z ∈ GXA .

= {gx | g ∈ G, x ∈ XA}
if and only if A � Gz.

Definition 3.4. If G is a Lie group acting on a differentiable (smooth) manifold
X and the function G×X → X defining the group action is differentiable, then G
acts smoothly (or differentiably) on X.

Proposition 3.5 ([29]). If G is a compact Lie group, X a smooth G-manifold and
H any subgroup of X, then X(H) = {x ∈ X | [Gx] = [H]} is a closed submanifold of
X. Moreover, the theorem on “finiteness of orbit types” says that if X is compact,
then the number of distinct X(H) is finite.

From the above proposition, we can conclude that XG = X(G) is a closed sub-
manifold ([29]); more generally, we have the following lemma.

Lemma 3.6. Let G be a compact Lie group, A be a closed subgroup of G, and
X be a compact differentiable G-manifold. Then GXA is a closed, G-invariant
submanifold of X.

Proof. Lemma 3.3 shows that GXA = {x ∈ X | [Gx] ≥ [A]}. Therefore, we may
write GXA as a disjoint union

GXA = ∪
[A]≤[H]

X(H),

where the “H” in the index set is a subgroup of G. This is a finite disjoint union
as noted in Proposition 3.5. �
3.2. The Borel construction. In this section, we let G be a compact Lie group,
let X be a G-space, and choose a principal universal G-bundle p : EG → BG with
EG contractible. For example, one may use the Milnor construction [17, 18] to
construct p : EG → BG. EG ×X has the diagonal action (i.e., g(a, b) = (ga, gb)
for all g ∈ G, for all a ∈ EG, and for all b ∈ X) since X is a G-space, and we can
form the associated orbit space

EG×G X=̇(EG×X)/G=̇XG.

Note that the universal bundle p : EG → BG induces a bundle map

pX : EG×G X = (EG×X)/G → EG/G = BG

such that [e, x] �→ [e]. One can show that this is a fibration with fiber X. The
equivariant cohomology with coefficients in Λ is defined by

H∗
G(X,Λ)=̇H∗(EG×G X,Λ) = H∗(XG,Λ),

where by H∗(Y,Λ) we usually mean singular cohomology of the space Y with co-
efficients in the ring Λ. This cohomology was introduced by Borel in [4].

Fixing a base field k, we denote H∗
G(X, k) by H∗

G(X), and H∗
G(pt) by H∗

G.
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Definition 3.7. For X and Y G-spaces, an equivariant map φ : X → Y is a map
which commutes with the group actions; that is, φ(g(x)) = g(φ(x)) for all g ∈ G
and x ∈ X.

More generally, a pair of continuous maps φ̃ : G1 → G2, φ : X → Y , whereG1, G2

are topological groups acting on the spaces X,Y respectively, is an equivariant pair
if φ̃ is a homomorphism, and if for every g ∈ G and x ∈ X, φ(gx) = φ̃(g)φ(x).

Such a map φ as defined above induces a ring homomorphism φ∗ : H∗
G2

(Y ) →
H∗

G1
(X) [22]. For example, for some x̂ ∈ X, if φ(gx) = gx̂ for all x ∈ X and for all

g ∈ G, then H∗
G → H∗

G(X).
We will need to use the Thom Isomorphism Theorem.

Theorem 3.8 ([26, Thm. 10, pg. 259], Thom Isomorphism Theorem). Let ξ be
an oriented n-disk bundle (a fiber bundle whose fiber is a unit ball Bn) over the

base space B. For Ė the boundary of E, there exist natural isomorphisms for any
coefficient ring Λ

γ : Hq(B,Λ)
∼=→ Hq+n(E, Ė,Λ).

In fact, γ(v) = p∗v ∪ Uξ, where p : E → B is the bundle projection for ξ, and

Uξ ∈ Hn(E, Ė,Λ) is the orientation class of ξ.

Another version of this theorem for equivariant cohomology is the following corol-
lary.

Corollary 3.9 ([29]). Let G be a compact Lie group, let X be a differentiable G-
manifold with a smooth G-invariant Riemannian metric, and let Y be a smooth
invariant submanifold of X, all of whose components have the same (geometric)
dimension. Let νY be the normal bundle to Y in X, and let d = dim νY . Consider
the embedding D(νY ) → X of D(νY ) as a closed invariant tubular neighborhood of
Y . Then, if νY is orientable, there exist natural isomorphisms for all q, for any
coefficient ring Λ,

τ : Hq
G(Y,Λ)

∼=→ Hq+d
G (D(νY ), D(νY )− Y,Λ).

From now on, if G is a compact Lie group, a smooth G-manifold is a differentiable
G-manifold endowed with a fixed G-invariant Riemannian metric with respect to
which all normal bundles are computed.

4. Linking commutative algebra and topology

This section summarizes some results from Quillen [22] and Maiorana [16] and
concludes with our own results, which use Quillen’s results but do not rely on Maio-
rana’s results. In the first part, we discuss ideas needed for the remainder of the
paper. The second part presents some of Quillen’s results, followed by a part in
which we make modifications to Maiorana’s work to fit within our context, result-
ing in a topological sum formula for computing the degree of a compact manifold
using fixed point sets. In a later section, we prove that the degree of H∗

G (as an
Hev

G -module) may be computed using the degrees of H∗
CG(A) where A is a max-

imal rank p-torus of G. We conclude our discussion with some remarks relating
this last topological sum formula for computing the degree to a sum formula from
commutative algebra in Theorem 2.34.
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4.1. H∗ and Hev. Since we will ultimately be applying results of Sections 2 through
4 to cohomology rings, we switch indexing for our graded rings to upper indexing,
and we use “H” instead of “R”.

Consider the graded ring H∗ = ⊕
i≥0

Hi, where H0 = k, a field with characteristic

p > 0 with p odd prime, and H∗ is graded-commutative (i.e. for every x, y ∈ H∗,
if x ∈ Hi and y ∈ Hj are homogeneous elements, then xy = (−1)ijyx.) Define the
subring Hev=̇ ⊕

i≥0
H2i, the even part of H∗. Note that Hev is a strictly commutative

graded ring.
If p = 2, then H∗ is already commutative, and we do not need to consider

Hev. In this paper, we address the p odd case, and we leave the corresponding
adjustments to the reader for the p = 2 case.

The results of Proposition 4.1, Theorem 4.2, and Lemma 4.3 are well known, but
we include them for completeness.

Proposition 4.1. Let the graded ring H∗ be finitely generated as a graded-commu-
tative algebra over H0 = k, a field of characteristic p > 0 odd. Then

(1) Hev is a finitely generated graded k-algebra.
(2) H∗ is finitely generated as a graded module over its subring Hev.
(3) If M is a finitely generated graded H∗-module, then M is also a finitely

generated graded Hev-module.

Proof. Note first thatH∗ = Hev⊕Hodd, whereHodd=̇H
i≥0

2i+1. By hypothesis, there

exist homogeneous elements x1, . . . , xm, y1, . . . , yn that generate H∗ as a k-algebra,
where the xi are of odd degree and the yj are of even degree.

Thus, everything inHev can be written as a linear combination of elements of the
form xa1

1 · · ·xam
m yb11 · · · ybnn with coefficients in k. Notice that since yi has even degree

for every i, yb11 · · · ybnn has even degree, and thereby xa1
1 · · ·xam

m must also have even
degree. For characteristic p > 0, p odd, we know that xai

i = 0 for ai ≥ 2, so ai = 0
or ai = 1 for all i. In addition, we know that xixj = −xjxi for i �= j. Applying these
two properties implies that Hev is spanned as a vector space over k by “monomials”
of the form xj1xj2 · · ·xjly

b1
1 · · · ybnn , where 1 ≤ j1 < j2 < · · · < jl ≤ m and l is even.

We can group the xji ’s in pairs as follows: let wj1,j2=̇xj1xj2 , j1 < j2. Clearly wj1,j2

must have even degree. Now we see that Hev is spanned by elements of the form
wj1,j2wj3,j4 · · ·wjl−1,jly

b1
1 · · · ybnn . As there are no more than

(
m
2

)
of the wi,j where

1 ≤ i < j ≤ m, we see that Hev is finitely generated as an algebra over k.
Similarly, since xai

i = 0 for ai ≥ 2 and xixj = −xjxi, the spanning set forH
∗ over

Hev consists of elements of the form xj1 · · ·xjl , where 1 ≤ j1 < j2 < · · · < jl ≤ m
and l is odd. (If l were even, then xj1 · · ·xjl ∈ Hev.) There are at most

(
m
l

)
of the

xj1 · · ·xjl , so we see that H∗ is a finitely generated Hev-module.
Finally, if M is finitely generated as a module over H∗, and H∗ is finitely gener-

ated as a module over Hev, then M is finitely generated as a module over Hev. �

Combining results from previous sections, specifically Proposition 2.32, with
Proposition 4.1, we have the following theorem.

Theorem 4.2. Suppose that H∗ is finitely generated as a graded-commutative al-
gebra over H0 = k. If M is a nonzero finitely generated graded H∗-module, then M
is a finitely generated graded Hev-module, and the order of the pole of the Poincaré
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series PS(M, t) at t = 1 is

D(M) = DimHev(M),

the Krull dimension of M as a finitely generated graded Hev-module. In particular,
the order of the pole at t = 1 of PS(H∗, t) is equal to the Krull dimension of the
graded ring Hev.

Adapting results from commutative algebra to the graded-commutative case, we
obtain the following lemma.

Lemma 4.3. Let H∗
1 and H∗

2 be finitely generated as graded-commutative algebras
over k = H0

1 = H0
2 , and let φ : H∗

1 → H∗
2 be a map of graded-commutative k-

algebras such that φ makes H∗
2 into a finitely generated H∗

1 -module. Then, φ :
Hev

1 → Hev
2 , making Hev

2 a finitely generated Hev
1 -module, and

DimHev
1

H∗
2 = DimHev

2
H∗

2 = Dim (Hev
1 / kerφ) = DimHev

2 .

4.2. Quillen’s results. In this section, we state some of Quillen’s results [22]
without proof, and we include several additional useful results, many of which
rely on Quillen’s work. Let G be a compact Lie group. Let X be a topological
space on which G acts continuously. We define

H∗
G(X)=̇H∗

G(X,Z/pZ),

where p is a prime number. We will assume that p is odd; the p = 2 case can be
handled similarly. In addition, for the rest of this section we let k = Z/pZ.

Recall that saying A is a p-torus is the same as saying that A is elementary
abelian; i.e.,

A ∼= Z/pZ× · · · × Z/pZ

as a group. We say that rankA, the rank of A, is equal to the number of Z/pZ
factors.

We remark that Quillen’s results were proven using sheaf cohomology, while we
use singular cohomology. That this is not a problem is explained, for example, in
[28], Section 3.

Let A(G,X) denote Quillen’s category of pairs with objects (A, c), where A
is a p-torus in G and c is a (nonempty) connected component of XA �= ∅, and
morphisms θ : (A, c) → (A′, c′), where θ is conjugation of A into (a subgroup of)
A′ by an element g ∈ G such that c′ ⊆ gc. If we say (A, c) ∈ A(G,X), we mean
that (A, c) is an object of A(G,X).

Recall the definitions of conjugate, subconjugate, conjugacy class, and inequality
of conjugacy classes for A ≤ G from Definition 3.2. We extend these definitions to
A(G,X).

Definition 4.4. (A, c) is subconjugate to (A′, c′), or (A, c) � (A′, c′), in A(G,X)
if and only if HomA(G,X) ((A, c), (A′, c′)) �= ∅. (A, c) is conjugate to (A′, c′), or
(A, c) ∼ (A′, c′), in A(G,X) if and only if (A, c) and (A′, c′) are isomorphic objects.

Let [(A, c)] be the conjugacy class of (A, c) in A(G,X). Then, [(A, c)] = [(A′, c′)]
if and only if (A, c) ∼ (A′, c′). We say that [(A, c)] ≤ [(A′, c′)] if and only if
(A, c) � (A′, c′).

Let A(G) = {A |A is an elementary abelian p-subgroup of G}.
Definition 4.5. (1) A0(G,X)

.
= {A ∈ A(G) | XA �= ∅}.

(2) B(G,X)
.
= {[A]|A ∈ A0(G,X) and A is of maximal rank in A0(G,X)}.
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When X = {x0} is a one point space, note that A0(G, {x0}) and B(G, {x0}) are
A0(G, {x0}) = A(G)

and
B(G)=̇B(G, {x0}) = {[A] |A a maximal rank p-torus in G},

respectively.
Note the following lemma.

Lemma 4.6 ([22, Lem. 6.3]). Every compact Lie group has finitely many conjugacy
classes of elementary abelian p-subgroups.

Recall that for a map X → {x0}, there exists a ring homomorphism

H∗
G({x0})=̇H∗

G → H∗
G(X)

making H∗
G(X) a graded H∗

G-module.

Theorem 4.7. Let G be a compact Lie group, acting on a topological space X.
Suppose that H∗(X) is finite dimensional as a graded vector space over k. Then
the following hold:

(1) H∗
G(X) is a finitely generated graded k-algebra. [22, Cor. 2.2]

(2) H∗
G(X) is a finitely generated graded module over H∗

G. [22, Cor. 2.3]

(3) If H ≤ G, then the natural homomorphism of rings H∗
G(X)

res→ H∗
H(X)

makes H∗
H(X) into a finitely generated graded module over H∗

G(X). [22,
Cor. 2.3]

As a result of this theorem, we apply Proposition 4.1 to conclude the following
corollary.

Corollary 4.8. Let G be a compact Lie group, and let H∗(X) be finite dimensional
as a graded vector space over k. Then, H∗

G(X) is a finitely generated graded module
over Hev

G , and Hev
G is a finitely generated k-algebra.

Therefore, applying the theory for graded rings developed in Section 2, the fol-
lowing invariants exist as in Corollary 2.18 and in Definitions 2.5 and 2.6.

• D(H∗
G(X)), defined by considering H∗

G(X) as an R = Hev
G -module, is equal

to the order of the pole of the Poincaré series for H∗
G(X), �(H∗

G(X)).

• The rational number deg(H∗
G(X)) = lim

t→1
(1 − t)D(H∗

G(X)) PS(H∗
G(X), t) is

the degree function. Note that deg is defined in terms of the Poincaré
series, so deg depends only on the vector space structure of H∗

G(X).

We also have the following theorem from Quillen.

Theorem 4.9 ([22, Thm. 7.7], Quillen’s Main Theorem). Let G be a compact
Lie group. For p prime, let X be a compact (or paracompact with finite mod-p
cohomological dimension) G-space. If H∗(X) is finite dimensional, then �(H∗

G(X))
equals the maximum rank of a p-torus A in G such that XA �= ∅, i.e.,

�(H∗
G(X)) = max{rankA |A a p-torus in G,XA �= ∅}

= max{rankA |A ∈ A0(G,X)}.
We do not define paracompact or mod-p cohomological dimension here. See [20]

and [22] for definitions.
For H any compact Lie group, we define the p-rank of H as follows:

p- rankH=̇max{rankB |B is a p-torus in H}.
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Corollary 4.10. Let X be a one-point space, and let G be a compact Lie group.
Then, for p prime, since H∗

G(X)=̇H∗(BG)=̇H∗
G,

�(H∗
G) = p- rankG.

The lemma below follows from Lemma 3.3 and the fact that every subgroup of
a p-torus is a p-torus.

Lemma 4.11. Suppose that G is a topological group acting on the topological space
X. If Gx is a p-torus for some x ∈ XA, then A is a p-torus also.

Moreover, if A ≤ G, then, for every z ∈ GXA, p-rankGz ≥ p-rankA.

Corollary 4.12. With the same hypotheses on G and X as Theorem 4.9, we have

�(H∗
G(X)) = max{p- rankGx | x ∈ X}

= max{�(H∗
Gx

) | x ∈ X}.

Proof. By Quillen’s Main Theorem and the definitions of a p-torus, we have that

� (H∗
G(X)) = max{rankA |A a p-torus in G,XA �= ∅}

= max{rankA |A ∈ A0(G,X)}.
For Gx the isotropy group for x ∈ X, let

�(H∗
Gx

) = max{rankB |B ∈ A(Gx)}.

Consider A ∈ A0(G,X). Since XA �= ∅, there exists x ∈ X such that A ≤ Gx.
Thus, A ∈ A(Gx). On the other hand, for some x ∈ X, consider B ∈ A(Gx). Then,
B ≤ Gx and x ∈ XB. Thus, XB �= ∅, and B ∈ A0(G,X). Therefore,

{A | A ∈ A0(G,X)} = ∪
x∈X

{B | B ∈ A(Gx)}

and

�(H∗
G(X)) = max{�(H∗

Gx
) | x ∈ X}. �

Corollary 4.13. With the same hypotheses on G and X as Theorem 4.9, if Y is
a G-invariant subspace of X such that Y also satisfies the hypotheses of Theorem
4.9, then

�(H∗
G(Y )) ≤ �(H∗

G(X)).

Using Quillen’s Main Theorem and our previous results that the Krull dimension
equals the order of the pole of the Poincaré series at t = 1, we have the following
corollary.

Corollary 4.14. With the same hypotheses on G and X as in Theorem 4.9, then
D(H∗

G(X)), the Krull dimension of H∗
G(X) as an Hev

G -module, equals the maximum
rank of an elementary abelian p-subgroup A of G such that XA �= ∅.

We take some time to discuss relationships between the various subspaces GXA,
as A varies.

Lemma 4.15. Let A,B ≤ G, a topological group, and let X be a topological space
on which G acts. Let z ∈ X. Then, z ∈ GXA ∩GXB if and only if [A] ≤ [Gz] and
[B] ≤ [Gz].

Lemma 4.16. Let G be a topological group acting on a topological space X such
that each isotropy group Gx, for all x ∈ X, has a unique maximal p-torus, and let
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A and B be maximal in A0(G,X). Then,

(a) A ∼ B if and only if GXA = GXB,
(b) if A � B in G, then GXA ∩GXB = ∅.

Proof. For (a), the implication ⇒ is a straightforward computation using the def-
initions. On the other hand, suppose that GXB = GXA. Then for all gx ∈ GXA

(where g ∈ G and x ∈ XA), there exists hy ∈ GXB (where h ∈ G and y ∈ XB)
such that gx = hy. Note that since B is maximal in A0(G,X), then B is maximal
in A(Gy). Similarly, since A is maximal in A0(G,X), then A is maximal in A(Gx).
Then, by the hypothesis, B is the unique maximal p-torus in Gy, and A is the
unique maximal p-torus in Gx.

Let ĝ = h−1g. Then one computes that ĝAĝ−1 ⊆ Gy. Consider the p-torus

ĝAĝ−1. Suppose there exists Ã ⊆ Gy such that ĝAĝ−1 ⊆ Ã ⊆ Gy. One can

compute that A ⊆ ĝ−1Ãĝ ⊆ Gx. However, since A is the unique maximal p-torus
in Gx, then A = ĝ−1Ãĝ. Thus, ĝAĝ−1 = Ã, so ĝAĝ−1 is a maximal p-torus in Gy.
Therefore, ĝAĝ−1 = B, and A ∼ B.

For (b), suppose that for some A,B maximal in A0(G,X), [A] �= [B] and that
GXA ∩GXB �= ∅. Then there exists z ∈ GXA ∩ GXB. By Lemma 4.15, we have
that [A] ≤ [Gz] and [B] ≤ [Gz]. Since A and B are maximal, and Gz has a unique
maximal p-torus, [A] = [B]. Contradiction. �

Lemma 4.17. Let G be a compact Lie group acting on a topological space X. For
any A ∈ A0(G,X) of maximal rank, let X and GXA satisfy the hypotheses of
Theorem 4.9. Then �(H∗

G(X)) = �(H∗
G(GXA)) for all [A] ∈ B(G,X).

Proof. By Theorem 4.9, for all A ∈ A0(G,X) of maximal rank,

�(H∗
G(X)) = rankA.

Using Corollary 4.12, we see that

�(H∗
G(GXA)) = max{p- rankGx|x ∈ GXA}.

If x ∈ GXA, thenGx contains a conjugate of A by Lemma 3.3. Since A is isomorphic
to its conjugates,

rankA ≤ p- rankGx.

Since A is a maximal rank p-torus in A0(G,X), rankA = p- rankGx. Therefore,
rankA = p- rankGx for all x ∈ GXA, and

�(H∗
G(X)) = rankA = �(H∗

G(GXA)) for all [A] ∈ B(G,X). �

Lemma 4.18. With the same hypotheses on G and X as in Lemma 4.17, if each
isotropy group Gx, for x ∈ X, has a unique maximal p-torus, then:

(a) The union
⋃

[A]∈B(G,X)

GXA is a disjoint union:
∐

[A]∈B(G,X)

GXA.

(b) If z /∈
∐

[A]∈B(G,X)

GXA, then �(H∗
Gz

) < �(H∗
G(GXA)) for all [A] ∈ B(G,X).

Proof. For (a), the indicated union is disjoint using Lemma 4.16.
For (b), since z /∈

∐
[A]∈B(G,X)

GXA, then z /∈ GXA for all [A] ∈ B(G,X). This

implies that Gz does not contain a conjugate of A for all [A] ∈ B(G,X), and

�(H∗
Gz

) = p- rankGz < rankA = �(H∗
G(GXA)) for all [A] ∈ B(G,X). �
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4.3. Results regarding the degree function. From this point forward, unless
otherwise stated, let X be a differentiable compact manifold with a Riemannian
metric on which a compact Lie group G acts differentiably. In this section, we
state Maiorana’s main result in [16] without proof. Then we prove variations of
Maiorana’s theorem suitable for our purposes. We do not use any of Maiorana’s
results in our proofs. With our definition of equivariant cohomology H∗

G(X) for an
action of G on X, we will obtain a formula for the invariant D(H∗

G(X)) in terms
of the isotropy groups, and ultimately we will obtain a formula for deg(H∗

G(X))
involving the collection of fixed point sets of subgroups. (Note that all cohomology
has Z/pZ coefficients, where p is a prime number.)

Definition 4.19. LetG be any group, and letX be a smooth, compact G-manifold.
Let F be an invariant submanifold of X. F is isolated if there is some neighborhood
Ux of x for each x ∈ F , such that �(H∗

Gy
) < �(H∗

G(F )) for y ∈ Ux − F .

Using the above definition for an isolated submanifold, Maiorana [16] proves the
following proposition, without using Quillen’s Main Theorem (Theorem 4.9).

Proposition 4.20 ([16, Prop. 4.2]). Let G be a p-group which acts on a com-
pact manifold X with F1, F2, . . . , Fm closed, invariant, disjoint, and isolated sub-
manifolds. If p is odd, then suppose that each normal bundle νFi

is oriented. If

�(H∗
G(Fi)) ≥ �(H∗

G(X)) for each i, and if �(H∗
Gx

) < �(H∗
G(X)) for all x ∈ X−

m
∪
i=1

Fi,

then
m∑
i=1

deg(H∗
G(Fi)) = deg(H∗

G(X)).

Using Quillen’s Main Theorem (Theorem 4.9), we will prove a variation of Maio-
rana’s Proposition 4.20 that suits our purposes. We do not use Maiorana’s results.

Theorem 4.21. Let G be a compact Lie group, and let X be a smooth, compact

G-manifold. Let Z =
n
∪
i=1

Zi, where the Zi’s are closed, G-invariant, disjoint sub-

manifolds of X such that νZi
is orientable for all i (but νZi

may have different
dimensions over different components of Zi). Assume that

(i) � (H∗
G(X)) = � (H∗

G(Zi)) for all i,
(ii) if z /∈ Z, then �

(
H∗

Gz

)
< � (H∗

G(Zi)) for all i, and
(iii) π0(Zi), the set of connected components of Zi, has a finite number, qi, of

orbits under the G action.

Then,

deg (H∗
G(X)) =

n∑
i=1

deg (H∗
G(Zi)) .

The proof of this theorem, finally accomplished on page 331, requires some no-
tation and several lemmas.

4.3.1. Notation. We begin the proof of Theorem 4.21 by setting notation and stat-
ing some basic facts.

Let Y =
m
∪
i=1

Yi, where the Yi’s are closed, connected, G-invariant disjoint sub-

manifolds of X such that νYi
is orientable and dim νYi

= di ≥ 0 for all i. There is
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an exact equivariant Gysin sequence for the embedding Y → X,

· · · → Hq
G(Yi)(−di)

φi→ Hq
G(X)

g∗
i→ Hq

G(X − Yi)
σi→ Hq+1

G (Yi)(−di) → · · ·
for every i.

To see this, we begin by lettingDi be a closed, G-invariant, tubular neighborhood
of Yi in X obtained by equivariantly embedding the total space of the disk bundle

associated to νYi
in X such that Di ∩Dj = ∅ for all i �= j. Define D =

m
∪
i=1

Di. Note

also that
m
∪
i=1

(Di − Yi) =
m
∪
i=1

Di −
m
∪
i=1

Yi.

Diagram 4.22. The maps in the diagram below are the natural ones induced by
the natural maps of pairs. Along with the connecting homomorphisms ΔY and Δi,
these maps yield the following commutative diagram with exact rows of the pairs:

(XG, (X − Yi)G), (XG, (X − Y )G) :

· · · → Hq
G(X,X − Yi)

f∗
i→ Hq

G(X)
g∗i→ Hq

G(X − Yi)
Δi→ Hq+1

G (X,X − Yi) → · · ·
↓ h∗

i ↓ ↓ h̃∗
i ↓ h∗

i

· · · → Hq
G(X,X − Y )

f∗
→ Hq

G(X)
g∗→ Hq

G(X − Y )
ΔY→ Hq+1

G (X,X − Y ) → · · ·

Diagram 4.23. Using excision, we have the isomorphisms

eD : Hq
G(X,X − Y ) → Hq

G

(
m
∪
i=1

Di,
m
∪
i=1

(Di − Yi)
)

obtained by excising X −D and have

ei : H
q
G(X,X − Yi) → Hq

G(Di, Di − Yi)

obtained by excisingX−Di for all i, resulting in the following commutative diagram
for all q:

Hq
G(X,X − Yi)

ei→ Hq
G(Di, Di − Yi)

↓ h∗
i ↓ ι∗i

Hq
G(X,X − Y )

eD→ Hq
G(∪m

i=1Di,∪m
i=1(Di − Yi)) ∼= ⊕m

i=1H
q
G(Di, Di − Yi)

where ι∗i : Hq
G(Di, Di − Yi) → Hq

G

(
m
∪
i=1

Di,
m
∪
i=1

(Di − Yi)
)
is the inclusion onto the

appropriate direct summand.

Diagram 4.24. Since the space (Yi)G is equivariantly embedded in (Di)G as the
zero section of the disk bundle associated to νG : NG → YG, then by Corollary 3.9,
there is a Thom isomorphism τi : Hq

G(Yi)(−di) → Hq
G(Di, Di − Yi). The Gysin

sequence for this normal bundle,

· · · → Hq
G(Yi)(−di)

φi→ Hq
G(X)

g∗
i→ · · ·

↓ τi ↑ f∗
i

Hq
G(Di, Di − Yi)

e−1
i→ Hq

G(X,X − Yi)

· · · g∗
i→ Hq

G(X − Yi)
σi→ Hq+1

G (Yi)(−di) → · · ·
↓ Δi ↑ τ−1

i

Hq+1
G (X,X − Yi)

ei→ Hq+1
G (Di, Di − Yi),

is obtained using φi=̇f∗
i e

−1
i τi and σi=̇τ−1

i eiΔi for all i.
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4.3.2. Basic lemmas. At this point, we will prove a series of lemmas which will aid
in the proof of Theorem 4.21.

Definition 4.25. Define

H̃q
G(Y )=̇

m
⊕
i=1

Hq
G(Yi)(−di)=̇

m
⊕
i=1

Hq−di

G (Yi)

as a graded object.

Lemma 4.26. Let G be a compact Lie group, and let X be a smooth, compact

G-manifold. Suppose that Y =
m
∪
i=1

Yi, where the Yi’s are closed, connected, G-

invariant, disjoint submanifolds of X such that νYi
is orientable for all i and

dim νYi
= di ≥ 0 for all i. Then,

(1) H̃∗
G(Y ) is a graded module over H∗

G.

(2) H̃∗
G(Y ) is a finitely generated H∗

G-module.

(3) �(H̃∗
G(Y )) = �(H∗

G(Y )).

(4) deg(H̃∗
G(Y )) = deg(H∗

G(Y )).

Define the homomorphism of graded H∗
G-modules

φ : H̃∗
G(Y ) → H∗

G(X)

such that if ξ ∈ H̃q
G(Y ), write ξ =!

m∑
i=1

ξi, where ξi ∈ Hq
G(Yi)(−di); then

φ(ξ)=̇
m∑
i=1

φi(ξi) ∈ Hq
G(X).

Notice that with this definition, φ preserves grading.
Define the homomorphism of graded H∗

G-modules

σ : H∗
G(X − Y ) → H̃∗

G(Y )

as follows. Let ζ ∈ Hq
G(X − Y ). Consider the connecting homomorphism ΔY for

the long exact sequence of the pair X,X − Y ,

ΔY : Hq
G(X − Y ) → Hq+1

G (X,X − Y ),

and the excision isomorphism eD obtained by excising M −D,

eD : Hq+1
G (X,X − Y ) → Hq+1

G

(
m
∪
i=1

Di,
m
∪
i=1

(Di − Yi)
)
=

m
⊕
i=1

Hq+1
G (Di, Di − Yi),

for all q. There exists a unique

[eD (ΔY (ζ))]i ∈ Hq+1
G (Di, Di − Yi) such that eD (ΔY (ζ)) =

m∑
i=1

[eD (ΔY (ζ))]i .

Then

τ−1
i [eD (ΔY (ζ))]i ∈ Hq+1

G (Yi)(−di) for all i.

Now define

σ(ζ) =
m∑
i=1

τ−1
i [eD (ΔY (ζ))]i ∈

m
⊕
i=1

Hq+1
G (Yi)(−di) = H̃q+1

G (Y ).

Notice that with this definition, σ raises the degree by 1.
The following lemma is an elaboration of [8].
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Lemma 4.27 (The Gysin triangle). Let G be a compact Lie group, and let X be

a smooth, compact G-manifold. Suppose that Y =
m
∪
i=1

Yi, where the Yi’s are closed,

connected, G-invariant, disjoint submanifolds of X such that the normal bundle νYi

is orientable and dim νYi
= di ≥ 0 for all i. Using the definitions of the maps above,

we have that

H∗
G(X − Y )

g∗

← H∗
G(X)

↘ σ ↗ φ

H̃∗
G(Y )

is an exact triangle, where φ and g∗ preserve degree and σ raises the degree by 1.

Corollary 4.28. Suppose that G = {e}. Then, if any two corners of the Gysin
triangle in Lemma 4.27 are finite dimensional graded vector spaces over k, then so
is the third.

In order to compare the Poincaré series in the exact triangle in Lemma 4.27,
we state a lemma about the Poincaré series for general exact triangles, which is
easily proved directly from the definitions. Note that

∑
ait

i ≤
∑

bit
i if and only if

ai ≤ bi for all i, where ai, bi ∈ R.

Lemma 4.29. Consider three graded vector spaces, A, B, and C, over k such that

their Poincaré series are defined. Let A =
∞
⊕
q=0

Aq, B =
∞
⊕
q=0

Bq, and C =
∞
⊕
q=0

Cq such

that there is a long exact sequence of finite dimensional spaces

· · · → Cq−1 σ→ Aq φ→ Bq g∗

→ Cq → · · ·
where Aq = Bq = Cq = 0 for all q < 0. Then,

(i) PS(B, t) ≤ PS(A, t) + PS(C, t).
(ii) PS(A, t) ≤ tPS(C, t) + PS(B, t).
(iii) tPS(C, t) ≤ PS(A, t) + tPS(B, t).

5. Two main theorems

Theorem 5.1 below, and Theorem 4.21 are proved in this section.

Theorem 5.1. Let G be a compact Lie group, and let X be a smooth, compact

G-manifold. Suppose that Y =
m
∪
i=1

Yi, where the Yi’s are closed, connected, G-

invariant, disjoint submanifolds of X such that each νYi
is orientable and dim νYi

=
di ≥ 0 for all i. Assume that

(i) � (H∗
G(X)) = � (H∗

G(Yi)) for all i and
(ii) if z /∈ Y , then �

(
H∗

Gz

)
< � (H∗

G(Yi)) for all i.

Then

deg (H∗
G(X)) =

m∑
i=1

deg (H∗
G(Yi)) .

Proof. Since X and Y are comact manifolds, we have that H∗(X) and H∗(Y ) are
finite dimensional graded vector spaces. By Corollary 4.28, H∗(X−Y ) is also finite
dimensional.

For D a closed G-invariant tubular neighborhood of Y as defined on page 327,
let D̊ be the interior of D. Notice that since X is compact, X − D̊ is also compact.
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Of course, X−D̊ ⊂ X−Y . Since there exists a G-deformation retraction X−Y →
X − D̊, H∗(X − D̊) is finite dimensional as well.

By Quillen’s results, as stated in Corollary 4.12, we have that

�(H∗
G(X − D̊)) = max

{
�
(
H∗

Gz

)
|z ∈ X − D̊

}
,

so �
(
H∗

G(X − D̊)
)
< � (H∗

G(Yi)) = �(H∗
G(X)) for all i, using hypotheses (i) and (ii).

In addition, the G-deformation retraction X−Y → X−D̊ induces an isomorphism

H∗
G(X − Y ) ∼= H∗

G(X − D̊).

Thus, we have that �(H∗
G(X − Y )) < �(H∗

G(X)).

Recall from Lemma 4.26 that �
(
H̃∗

G(Y )
)
= � (H∗

G(Y )). Also,

PS

(
m
⊕
i=1

H∗
G(Yi), t

)
= PS (H∗

G(Y1), t) + · · ·+ PS (H∗
G(Ym), t) ,

and �

(
m
⊕
i=1

H∗
G(Yi)

)
= � (H∗

G(Yi)) = �(H∗
G(X)) for all i = 1, . . . ,m. Therefore,

� (H∗
G(X − Y )) < �

(
H̃∗

G(Y )
)
= �(H∗

G(X)).

From Lemma 4.29 applied to the Gysin triangle of Lemma 4.27,

PS (H∗
G(Y ), t) ≤ tPS (H∗

G(X − Y ), t)
+PS (H∗

G(X), t) .

Hence, if �=̇�(H∗
G(X)) = �(H∗

G(Y )) = �(H∗
G(Yi)) for all i, since all Poincaré series

have nonnegative integer coefficients,

lim
t→1

(1− t)� PS
(
H̃∗

G(Y ), t
)

≤ lim
t→1

(1− t)�tPS (H∗
G(X − Y ), t)

+ lim
t→1

(1− t)� PS (H∗
G(X), t) ,

which results in

deg (H∗
G(Y )) = deg(H̃∗

G(Y )) ≤ deg (H∗
G(X))

since � (H∗
G(X − Y )) < � (H∗

G(X)) = �, using Lemma 4.26, part (4).
On the other hand, from Lemma 4.29 applied to the Gysin triangle of Lemma

4.27,

PS (H∗
G(X), t) ≤ PS

(
H̃∗

G(Y ), t
)
+ PS (H∗

G(X − Y ), t) .

Hence,

lim
t→1

(1− t)� PS (H∗
G(X), t) ≤ lim

t→1
(1− t)� PS

(
H̃∗

G(Y ), t
)

+ lim
t→1

(1− t)� PS (H∗
G(X − Y ), t) ,

which results in

deg (H∗
G(X)) ≤ deg

(
H̃∗

G(Y )
)
= deg(H∗

G(Y ))

since � (H∗
G(X − Y )) < � (H∗

G(X)). Therefore,

deg (H∗
G(X)) = deg

(
m
⊕
i=1

H∗
G(Yi)

)
=

m∑
i=1

deg(H∗
G(Yi)).

�
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Our last step is to finally prove Theorem 4.21, which was stated on page 326.

Proof. We can write

Zi =

qi∐
j=1

Gci,j ,

where ci,j ∈ π0(Zi), Gci,j = ∪
g∈G

gci,j , and Gci,j ∩Gci,k = ∅ for all j �= k. In other

words, {ci,j | 1 ≤ j ≤ qi} is a set of representatives for the orbits of the G-action
on π0(Zi). Notice that Gci,j is closed and G-invariant and that νGci,j is orientable
and of constant dimension for each i, j. Without loss of generality, we can order
the Gci,j such that

Zi = Gci,1
∐

· · ·
∐

Gci,ri
∐

Gci,ri+1

∐
· · ·

∐
Gci,qi ,

where

� (H∗
G(Gci,j)) = � (H∗

G(X)) for 1 ≤ j ≤ ri

and

� (H∗
G(Gci,j)) < � (H∗

G(X)) for ri < j ≤ qi.

Here we use the hypothesis that �(H∗
G(X)) = �(H∗

G(Zi)) for all i.

Let Z̃i =
rj∐
j=1

Gci,j ⊆ Zi for each i, and let Z̃ =
n∐

i=1

Z̃i ⊆ Z. Note that

�(H∗
G(Z̃i)) = �(H∗

G(X)) for all i,

by definition. Suppose that z ∈ X − Z̃. On the one hand, suppose z /∈ Z. Then
�(H∗

Gz
) < �(H∗

G(X)) = �(H∗
G(Z̃i)) for all i by the hypothesis. On the other hand,

suppose z ∈ Z. Then z ∈ Zi but z /∈ Z̃i for some unique i, and so z ∈ Gci,j for
some j, ri < j ≤ qi. By definition,

�(H∗
G(Gci,j)) < �(H∗

G(X)) since ri < j ≤ qi.

Now, since z ∈ Gci,j , Lemma 4.18 shows that

�(H∗
Gz

) ≤ �(H∗
G(Gci,j)),

and we know that, by definition of Z̃i,

�(H∗
G(X)) = �(H∗

G(Z̃i)) for all i.

So, we see that, if z ∈ X − Z̃,

�(H∗
Gz

) < �(H∗
G(Z̃i)) for all i.

By Theorem 5.1 applied to Z̃ ⊆ X, decomposed as
n∐

i=1

rj∐
j=1

Gci,j , we see that

deg(H∗
G(X)) =

n∑
i=1

ri∑
j=1

deg (H∗
G(Gci,j)) .

Since

Z =
n∐

i=1

Zi =
n∐

i=1

qi∐
j=1

Gci,j ,
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we have
n∑

i=1

PS(H∗
G(Zi), t) =

n∑
i=1

qi∑
j=1

PS(H∗
G(Gci,j), t)

=
n∑

i=1

ri∑
j=1

PS(H∗
G(Gci,j), t) +

n∑
i=1

qi∑
j=ri+1

PS(H∗
G(Gci,j), t).

Multiplying by (1− t)�(H
∗
G(X)), and taking the limit as t → 1, we have

n∑
i=1

deg(H∗
G(Zi)) =

n∑
i=1

ri∑
j=1

deg(H∗
G(Gci,j))

since �(H∗
G(Gci,j)) = �(H∗

G(X)) for 1 ≤ j ≤ ri and �(H∗
G(Gci,j)) < �(H∗

G(X)) for
ri < j ≤ qi for all i.

Therefore,

deg(H∗
G(X)) =

n∑
i=1

deg(H∗
G(Zi)).

�

6. Properties of U/S

In this section, we apply our results from Section 4.2 to a special manifold in
order to apply Theorem 4.21.

Setting notation, U(n) is a unitary group of n × n complex unitary matrices,
T (n) is the diagonal torus in U(n), and Sp(n) consists of the elements of T (n) of
order p. Since U(n) is a manifold and Sp(n) acts freely and differentiably on U(n)
via right multiplication, the orbit space

F (n)=̇U(n)/Sp(n)

is a manifold [29, Ch. 1, Prop. 5.2].
From this point forward, we will use U = U(n), T = T (n), S = Sp(n), and

F = F (n) for some n.
Fix an embedding of a compact Lie group G in the unitary group U . This makes

U a differentiable G-manifold with G acting on U by left multiplication. Of course,
S also acts on U by right multiplication. Let F = U/S be the compact smooth
G-manifold of orbits. We now consider several properties involving F .

Lemma 6.1. Let F = U/S, and let G be a compact Lie group embedded in U . For
all z ∈ F , Gz is a p-torus in G. Furthermore, for every p-torus A of G, there exists
a z ∈ F such that A ≤ Gz. Thus, A0(G,F ) = A(G), and B(G,F ) = B(G).

Proof. Recall that S ∼= Z/p× · · · × Z/p︸ ︷︷ ︸
n

, a p-torus.

Since z ∈ F = U/S, there exists u ∈ U such that z = uS. Then,

Gz = {g ∈ G | gz = guS = uS} = {g ∈ G | u−1gu ∈ S}
= {g ∈ G | g ∈ uSu−1} = uSu−1 ∩G.

Notice that Gz ≤ uSu−1 ∼= S, a p-torus of rank n. Therefore, Gz is a p-torus
also.

Now, suppose that A is a p-torus in G. Then A is a set of commuting matrices
over C, all of which are diagonalizable. Therefore the set A is “simultaneously
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diagonalizable”; i.e., there exists an element u ∈ U such that uAu−1 ⊂ T . Since
uAu−1 is a p-torus, we must have uAu−1 ⊆ S. So, Gu−1S = u−1Su ∩G ≥ A. �

A direct application of Lemmas 3.3, 6.1, 4.17, and 4.18 results in the following
lemma. Recall that B(G) is the set of conjugacy classes of p-tori in G of maximal
rank.

Lemma 6.2. For G a compact Lie subgroup of U and F = U/S, the following
properties hold.

(1) If A is a maximal (with respect to ≤) p-torus in G, then FA �= ∅, and for
all x ∈ FA, A = Gx. Furthermore, for all x ∈ GFA, A ∼ Gx.

(2) �(H∗
G(F )) = �(H∗

G(GFA)) for all [A] ∈ B(G).
(3) GFA ∩GFB = ∅ for all [A] �= [B] with [A], [B] ∈ B(G).
(4) If z ∈ F but z /∈

∐
[A]∈B(G)

GFA, then �(H∗
Gz

) < �(H∗
G(GFA)) for all [A] ∈

B(G).

The following lemma is well known (see e.g., Duflot [8]).

Lemma 6.3. Let G be a compact Lie group, and let X be a smooth G-manifold.
Suppose that A is a p-torus in G. Then, the normal bundle νXA has a complex
structure and, therefore, is orientable.

Applying this lemma to the differentiable manifold F = U/S and to the compact
Lie group G embedded in U , we have the following corollary.

Corollary 6.4. For G a compact Lie group embedded in U and F = U/S, the
normal bundle for FA, νFA , is orientable for every p-torus A of G.

7. Application of Theorem 4.21 to F = U/S

Given the many facts concerning the space F = U/S where G is a compact Lie
group embedded in U as shown in Lemmas 3.6, 4.16, 4.6, and 6.3 and Corollaries
4.12 and 4.13, we now apply Theorem 4.21 to this special case, resulting in a formula
for calculating the degree of H∗

G(F ).

Theorem 7.1. Let G be a compact Lie group which embeds in U , let F = U/S,
and let B(G) be the set of conjugacy classes of maximal rank p-tori of G. Then

deg (H∗
G(F )) =

∑
[A]∈B(G)

deg
(
H∗

G(GFA)
)
.

Using further results from [9], we will use the above theorem to conclude with a
nice formula for finding the degree ofH∗

G. Further embellishments will be considered
in future research.

The reader should compare the results proved here to those of [14], [28].

7.1. Review of Duflot’s results.

Definition 7.2. LetG be any group, and letX be aG-space. For (A, c) ∈ A(G,X),
we define

NG(A, c) = {g ∈ G | gA = Ag and gc = c},
CG(A, c) = {g ∈ G | ga = ag for all a ∈ A and gc = c},
WG(A, c) = NG(A, c)/CG(A, c).
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Lemma 7.3 ([9, Lem. 3.4]). Let G be a compact Lie group, and fix an embedding
of G in a unitary group U . Let F = U/S, and let (A, c) be maximal in A(G,X),
where X is a G-space. Then, there are isomorphisms for i ≥ 1,

H∗
G

(
G ·

(
c× (FA)i

)) ∼=→ H∗
NG(A,c)

(
c× (FA)i

)
.

Recall that if Y is a topological space, then π0(Y ) is the set of connected com-
ponents of Y .

The following theorem was proved on pages 98–99 of Duflot [9].

Theorem 7.4 ([9]). Let G be a compact Lie group, and let A be a p-torus of G.
Fix an embedding of G in a unitary group U , and let F = U/S be a G-space. Then,
for every A ∈ A(G,F ) = A(G), and for every component c of FA,

(1) CG(A, c) = CG(A), and CG(A) acts trivially on π0(F
A). Therefore the

group WG(A) = NG(A)/CG(A) acts on π0(F
A).

(2) WG(A)=̇NG(A)/CG(A) acts freely on π0(F
A).

Applying the theorem above, Duflot concludes the following lemma.

Lemma 7.5 ([9, Lem. 3.5 and 3.6]). Let G be a compact Lie group, and fix an
embedding of G in a unitary group U . If (A, c) ∈ A(G,X), where X is a G-space,
then

(1) For F = U/S, H∗
CG(A,c)

(
c× (FA)i

)
is a free Z/pZ[WG(A, c)]-module for

every i ≥ 1, where WG(A, c) = NG(A, c)/CG(A, c).
(2) There are isomorphisms for i ≥ 1,

H∗
NG(A,c)

(
c× (FA)i

) ∼=→ H∗
CG(A,c)

(
c× (FA)i

)WG(A,c)
.

Applying Lemmas 7.3 and 7.5 to X = {x0}, a one-point space, we have the
following corollary.

Corollary 7.6. Let G be a compact Lie group, and fix an embedding of G in a
unitary group U . Let F = U/S, and let A be maximal in A(G). Then, there are
isomorphisms

H∗
G

(
GFA

) ∼= H∗
CG(A)

(
FA

)WG(A)
.

7.2. Application of Duflot’s results. We first consider the following well-known
lemma from representation theory, which we will apply to the lemmas stated earlier
in this section.

Lemma 7.7. Let W be a finite group and let V be a free k[W ]-module, for k a
field, of rank d. Then

dimk V
W =

dimk V

|W | .

As a direct result of Lemmas 7.5 and 7.7, we get the following corollary.

Corollary 7.8. Let G be a compact Lie group, and fix an embedding of G in U .
Let F = U/S and let A be a maximal rank p-torus in G. Then,

dimZ/pZ

(
Hq

CG(A)(F
A)WG(A)

)
=

1

|WG(A)| dimZ/pZ H
q
CG(A)(F

A)

for all q ≥ 0.



A DEGREE FORMULA FOR EQUIVARIANT COHOMOLOGY 335

Applying Corollaries 7.6 and 7.8 to the definition of the Poincaré series, we have
the following result.

Corollary 7.9. Let G be a compact Lie group, and fix an embedding of G in U .
Let F = U/S, and let A be a maximal rank p-torus in G. Then,

PS
(
H∗

G(GFA)
)
=

1

|WG(A)|PS
(
H∗

CG(A)(F
A)

)
.

8. Main results regarding the degree function

In this portion of this paper, we conclude with a series of significant theorems.
The first of these theorems results in a formula for computing deg(H∗

G(F )), which
is more simple than that found in Theorem 7.1. The final theorem states a nice
formula for computing the degree of H∗

G using the C-multiplicities of H∗
CG(A) for A

a maximal rank p-torus in G.

Theorem 8.1. Let G be a compact Lie group embedded in a unitary group U ,
F = U/S, and B(G) be the set of conjugacy classes of maximal rank p-tori in G.
Then

deg (H∗
G(F )) =

∑
[A]∈B(G)

1

|WG(A)| deg
(
H∗

CG(A)(F
A)

)
.

Proof. From Corollary 7.9, we can conclude that

�=̇�
(
H∗

G(GFA)
)
= �

(
H∗

CG(A)(F
A)

)
.

Using the definition of the degree and applying it to the result in Corollary 7.9, we
see that

deg
(
H∗

G(GFA)
)

= lim
t→1

(1− t)�PS
(
H∗

G(GFA)
)

= lim
t→1

(1− t)� 1
|WG(A)|PS

(
H∗

CG(A)(F
A)

)
= 1

|WG(A)| limt→1
(1− t)�PS

(
H∗

CG(A)(F
A)

)
= 1

|WG(A)| deg
(
H∗

CG(A)(F
A)

)
.

From Theorem 7.1, we have that

deg (H∗
G(F )) =

∑
[A]∈B(G)

deg
(
H∗

G(GFA)
)

=
∑

[A]∈B(G)

1
|WG(A)| deg

(
H∗

CG(A)(F
A)

)
.

�
Now we want to connect H∗

G = H∗(BG) to ⊕
[A]∈B(G)

H∗
G(GFA). Quillen proves

the following lemma in [22].

Lemma 8.2. Let F = U/S and G be a compact Lie group embedded in U . Then

H∗
G(F ) ∼= H∗

G ⊗Z/pZ H∗(F ).

Theorem 8.3. If a compact Lie group G embeds in a unitary group U and F =
U/S, then

deg (H∗
G(F )) = deg(H∗

G)f(1),

where f(t) = PS (H∗(F ), t).
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Proof. Applying our facts about Poincaré series in Proposition 2.3 to Lemma 8.2,
we have

PS (H∗
G(F ), t) = [PS (H∗

G, t)] · [PS (H∗(F ), t)] .

Recall that F is a compact manifold with finite dimension, so Hq(F ) = 0 for all
q > dim(F ), implying that PS (H∗(F ), t) is a polynomial: f(t). In addition, f(1) �=

0 since f(1) =
dim(F )∑
i=0

dimZ/pZ

(
Hi(F )

)
, the total dimension of the cohomology of F ,

which is not 0. Hence,

�=̇� (H∗
G(F )) = � (H∗

G) .

Using the definition of the degree function, we have that

deg(H∗
G(F )) = lim

t→1
(1− t)�PS (H∗

G(F ), t)

= lim
t→1

(1− t)�PS (H∗
G, t) PS (H

∗(F ), t)

= lim
t→1

(1− t)�PS (H∗
G, t) f(t)

= deg (H∗
G) · f(1).

�

Corollary 8.4. Let G be a compact Lie group which embeds in U , let F = U/S,
and let A be a maximal rank p-torus in G. Then,

deg
(
H∗

CG(A)(F
A)

)
= deg

(
H∗

CG(A)

)
f(1),

where f(t) = PS (H∗(F ), t).

Proof. Notice that CCG(A)(A) = CG(A) and that NCG(A)(A) = CCG(A)(A), so
WCG(A)(A) contains only the identity. Applying the results of Theorem 8.1 to
CG(A) instead of G, since A is of maximal rank in CG(A) and there is only one
conjugacy class of A in CG(A), we have that

deg
(
H∗

CG(A)(F )
)

=
∑

[A]∈B(CG(A))

1
|WCG(A)(A)| deg

(
H∗

CG(A)(F
A)

)
= deg

(
H∗

CG(A)(F
A)

)
.

Applying Theorem 8.3 with CG(A) instead of G, CG(A) ⊆ G ⊆ U , we also have
that

deg
(
H∗

CG(A)(F )
)
= deg

(
H∗

CG(A)

)
· f(1),

where f(t) = PS (H∗(F ), t). Therefore,

deg
(
H∗

CG(A)(F
A)

)
= deg

(
H∗

CG(A)

)
· f(1). �

Finally, we have our “centerpiece” theorem:

Theorem 8.5. Let G be a compact Lie group, and let B(G) be the set of conjugacy
classes of maximal rank p-tori of G. Then

deg (H∗
G) =

∑
[A]∈B(G)

1

|WG(A)| deg
(
H∗

CG(A)

)
.



A DEGREE FORMULA FOR EQUIVARIANT COHOMOLOGY 337

Proof. Representation theory tells us that there exists a unitary group U and an
embedding G ↪→ U of G as a closed subgroup of U (see [21], Theorem 6.1.1). Fix
such an embedding, and let F = U/S, as usual.

By Theorem 8.3, we have that

deg (H∗
G(F )) = deg (H∗

G) · f(1),
where f(t) = PS (H∗(F ), t). By Theorem 8.1, we have that

deg (H∗
G(F )) =

∑
[A]∈B(G)

1

|WG(A)| deg
(
H∗

CG(A)(F
A)

)
.

Combining these two theorems and using the fact from Corollary 8.4, we have that

deg(H∗
G) · f(1) =

∑
[A]∈B(G)

1

|WG(A)| deg
(
H∗

CG(A)

)
f(1).

Therefore, dividing both sides by f(1) results in the nice formula

deg(H∗
G) =

∑
[A]∈B(G)

1

|WG(A)| deg
(
H∗

CG(A)

)
.

�

9. Further remarks

Let G be a compact Lie group. We know that the graded ring H∗
G is finitely

generated as an RG-module, where RG = Hev
G . Recall from Section 2 that we have

deg(H∗
G) =

∑
p∈D(H∗

G)

NG(p) deg(RG/p),

where NG(p) = l(RG)p((H
∗
G)p) and D(H∗

G) is the subset of minimal primes defined
by: p ∈ D(H∗

G) if and only if Dim(H∗
G) = Dim(RG/p).

By Quillen [23, Prop. 11.2], as applied to the context of X a one-point set,
there is a one-to-one correspondence between conjugacy classes of maximal p-tori
in A(G) and minimal prime ideals of RG given by associating to A the prime ideal
pA. This correspondence is defined by

RG
res→ RA

π→ RA/
√
0 ∼= k[y1, . . . , yn].

π ◦ res : RG → RA/
√
0 has kernel

pA=̇ kerπ ◦ res .
(Note:

√
0 is the nilradical of RA.)

Let rankA = n. Using Lemma 4.3 and Theorem 4.7, we see that RA/
√
0 is a

finitely generated RG-module, and

Dim (RG/pA) = Dim
(
RA/

√
0
)
= n = rankA,

since RA/
√
0 is a polynomial ring in n variables. Therefore, the primes pA ∈ RG

such that DimRG = Dim (RG/pA) are exactly those corresponding to A ∈ A(G)
with maximal rank; that is, [A] ∈ B(G).

Therefore, we also have

(9.1) deg(H∗
G) =

∑
[A]∈B(G)

NG(pA) deg(RG/pA).
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Notice that this sum formula has the same index set as the sum formula in Theorem
8.5.

Now, if A is a specific maximal rank p-torus in G, then CG(A) has A as a unique
maximal p-torus. Letting p̃A be the kernel of

RCG(A) → RA/
√
0,

we have

(9.2) deg(H∗
CG(A)) = NCG(A)(p̃A) deg(RCG(A)/p̃A).

Using the results of Duflot [9], we can compare NG(pA) to NCG(A)(p̃A). This
invites the question, which we propose to investigate in future work, of comparing
the summands in equation (9.1) to the summands of the sum formula in Theorem
8.5.
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